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Abstract 

A satisfactor:' theory of equivariant compactification for topological transfor
mation groups has existed since the early 1980's, and it is with the presenta
tion of the major results of this theory that the first part of this dissertation 
is concerned, This done, the second part begins with the introduction of the 
concept of bitopology, goes on to provide an outline of the theory of bitopo
logical compactification as established by Salbany, and concludes with the 
development of a theory of equivariant compactification for what we have 
coined 'bitopological transformation groups', largely analogous to the theory 
for topological transformation groups, 
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Chapter 1 

Topological Transformation 
Groups 

1.1 Int.roduction 

The subject of topological transformation groups arose as an offshoot of the 
study of differential equations. Around the turn of the 20th century, mathe
maticians such as Henri Poincare, Aleksandr Lyapunov and Garret Birkhoff 
developed techniques to study the behaviour of systems of differential equa
tions without ever having to actually integrate them. These systems typically 
arose from classical dynamics, hence the current name of the theory that they 
then began: dynamical systems. 

Dynamical systems grew to comprise both the continuous and the dis
crete. In the ftudy of continuous dynamical systems one considers flows on 
a manifold called the phase space that are parameterised by a real time vari
able. Discrete dynamical systems, on the other hand, are usually specified 
via a phase space and an iteration j1tnction that maps phase space hom eo
morphicallyonto itself. The system then evolves as the iteration function is 
repeatedly aprJied. 

It was noticed that in both of these cases, the 'time' variable ranges over 
a topological group (JR and Z respectively, both with their additive group 
structure and usual topologies) that continuously parameterises transforma
tions of the phase space. Substituting an arbitrary topological group G 
for the classical time and a topological space for the classical phase space, 
we obtain the structure known as a topological transformation group (or a 
G-space if only the phase space is under consideration). Since these topolog
ical transformation groups are essentially topological objects, it unsurprising 
that researchers began to ask, and answer, topological questions about them. 
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In particul~lr, a theory of equivariant compactification for these structures, 
known as G-compactification, was developed in the late 1970's and early 
1980's (see 9], [ID. 

Just before these developments took place, the notion of compactification 
was extended in another direction by S. Salbany. Although bitopological 
spaces had heen introduced by J. C. Kelly early on [19], a fruitful definition 
of compactness for such spaces came only with Salbany's thesis of 1970 [29J. 
Employing this definition, Salbany was able to develop a theory of bitopolog
ical compactification with many pleasing analogies to the topological theory. 

As things stood then, we had two very satisfactory theories of compact
ification that were totally unrelated to each other. Having presented the 
relevant results from each of them in Chapters 2 and 3, we set about unit
ing the two in Chapter 4. We first define a bitopological transformation 
group by replacing the topological components of a topological transforma
tion group with Salbany's bitopological equivalents, then seek a bitopological 
counterpart to each result from the theory of G-compactification presented 
in Chapter 2. 

\Ve present the fundamental result that a necessary and sufficient con
dition for a G-space to have a G-compactification is that it be initial with 
respect to its a,lgebra of continuous G-uniform functions (see Theorem 2.2.13, 
[9J), and then give an analogous characterisation for the existence of G
bicompactifications of bitopological G-spaces in terms of initiality with re
spect to the bitopological equivalents of the continuous G-uniform functions 
(see Theorem 4.2.10). 

The first example of Tychonoff G-space that is not G-Tychonoff was given 
in 1986 by ::VI Megrelishvili [24J. We present his construction in Example 
2.2.15 and mention in Section 3.4 that it also provides an example of a 
pairwise Tychonoff bitopological G-space that is not pairwise G-Tychonoff. 

J. de Vries was able to show that it is sufficient that the topological group 
G be locally compact for every G-space to have a G-compactification (see [8J 
or Corollary 2.3.6). We obtain a bitopological version of this result: if the 
parabitopologi<:al group G is locally bicompact and pairwise To then every 
bitopological G-space is G-Tychonoff (see Corollary 4.3.10). It is important 
to note, howev(~r, that we were only able to prove this by first showing that 
such a parabite.pological group is already a topological group (see Corollary 
4.3.9). 

It was estahlished by Ju. M. Smirnov that there is an order isomor
phism between the G-compactifications of the G-space X and the uniformly 
closed, point-separating, invariant su ba.lgebras of the algebra of all con
tinuous G-unife.rm functions (see [1] or Theorem 2.4.4). We introduce a 
partial order on the G-bicompactifications of a bitopological G-space and 
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show that, under this ordering, there is an order isomorphism between the 
G-bicompadifications and the uniformly closed, point-separating, invariant 
subsemi-algebras of the semi-algebra of all continuous G-uniform functions 
(see Theorem 4.4.4). 

Proposition 2.4.5 proves that if a G-space has a G-compactification then 
a sufficient condition for it to have a le11.'5t G-compactification is that it be 
locally compact. With Proposition 4.4.5 we reduce the problem of the exis
tence of a G-bicompactifiable, locally bicompact bitopological G-space with 
no least G-bicompactification to the problem of the existence of a pairwise 
Tychonoff, locally bicompact bitopoiogical space with no least bicompactifi
cation, but know of no solution to the latter problem. 

It is possible to characterise the existence of G-compactifications by the 
admissability of uniformities coarser than a special uniformity that is natu
rally induced by the action of a topological transformation group (see The
orem 2.5.1). The bitopological transformation groups that we have defined 
are naturally endowed with a special quasi-uniformity in a similar way, and 
Theorem 4.5.1 characterises the existence of G-bicompactifications in terms 
of the admissability of quasi-uniformities coarser than it. 

V. A. Chatyrko and K. L. Kozlov (see [5] or Section 2.4) showed that, in 
certain situations, the maximal G-compactification of a G-space is equiva
lent to some of the well-known classical T2 compactifications of the underlying 
topological space. In Section 4.4, we exhibit some special cases where the 
maximal G-bkompactification of a bitopological G-space coincides with well
known bitopological compactifications of the underlying bitopological space. 

It is interesting to determine what changes and what remains the same when 
we pass from a topologically symmetric setting to a topologically asymmetric 
setting. This dissertation fulfills a small part of this obviously very broad 
mandate. The following questions are intended as examples of what moti
vated our study of the subject of this work. 

EXAMPLE 1.1.1 Is every classical continuous dynamical system (lR-space) 
a subsystem of some classical continuous dynamical system with a com
pact phase space? What about the classical discrete dynamical systems 
(Z-spaces)? Dms the same hold in the bitopological setting? 

EXAMPLE 1.1.2 Do greatest and least G-compactifications always exist? 
What may be said of the order structure of the G-compactifications in be
tween? When is it possible to obtain well-known T2 compactifications of a 
G-space as maximal G-compactifications of the same space? 'What answers 
do these questions have in the bitopological setting? 
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1.2 Preliminaries 

The fundamentals of topology are presumed: the reader in need of illumina
tion is referred to Kelley [18]. 

DEFINITIO>l' 1.2.1 We shall take a left topological transformation group to 
be a triple, (G, X, 8), where G is a topological group, X is a T2 topological 
space and E1 : G x X -t X is a map satisfying the following conditions: 

1. "Ix EX: 8(e, x) = x. 

2. Vg, h t= G "Ix EX: 8(g, 8(h, .1:)) = 8(gh, x). 

3. 8 is continuous. 

We call G the phase group, X the phase space and 8 the action of G on 
X. In fact, these names are used even in the case when X is only a set and 
8 only satisJIes the first two conditions of Definition 1.2.1. For fixed phase 
group G, the pair (X,8), or just X if the action is understood, is called a 
G-space. Note that any two G-spaces must have the same phase group G, 
but may hav(~ different actions. 

For each .'7 E G, we have a continuous transition ()g : X -t X defined by 
Og(x) = 8(g, .r) and for each x E X a continuous motion Ox : G -t X defined 
by ()X(g) = 8(g, x). 

NOTATION 1.2.2 Throughout this text, actions will be denoted by capital 
Greek letters and their corresponding transitions and motions by their lower 
case counterparts, as above. 

Definition 1.2.1 referred to a left topological transformation group. This 
because of the ordering chosen for the composition rule (2). Had we (just as 
arbitrarily) chosen an action \It : G x X -t X that instead satisfied 

Vg, hE G "Ix EX: w(h, \It(g, x)) = \It (x, gh), 

then we would have a right topological transformation group. Given any 
right topological transformation group with action WT we can define a left 
topological transformation group with action \It I , that has exactly the same 
grollp of transitions by setting wl(g,x) = wr(X,g-l), and vice versa. The 
theory for the (lne variety carries over to the other via the obviolls modifica
tion. 
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It is cOllvenient to abbreviate the notation in certain cases and if the 
action 8 is dear from the context then we may write g(x) or gx for 8(g, x). In 
this notation, for example, conditions (1) and (2) in Definition 1.2.1 become 

ex = x and g(hx) = (gh)x 

or, for a right G-space, 

xe = x and (xg)h = x(gh). 

We extend 1his notation to subsets in the usual manner: if H ~ G and 
A ~ X then 

H (A) = {hx EX: h E H, x E A}. 

A set A ~ X is said to be invariant under G if G(A) = A. 
Consider the transitions induced by the action 8. vVe have ()e = idx and 

()g 0 fh = Ogh by (1) and (2) from Definition 1.2.1. Since Og is continuous for 
any 9 E G and 

Og 0 (}g-t = ()e = idx = ()g-l 0 ()g 

we have that each Og is a homeomorphism of X. Denote by Homeo(X) the 
group (under composition) of homeomorphisms of X. Then 9 >-, ()g defines 
a group hom(.morphism 

0- : G -+ Homeo(X). 

The kernel of this homomorphism is called the "kernel of the action 8". The 
kernel consist~ of those elements of G that induce the identity transformation 
on X: 

ker 8 = {g E G : gx = x for all x EX}. 

If the kernel (If 8 is trivial (0- is injective) then we say that the action is 
effective. Every action naturally induces an effective action as follows. 

PROPOSITION 1.2.3 Let 8 be an action ofG on X and let N = ker8. Then 
the action 81 ker 8 : GIN x X -+ X defined by (gN)x = gx is effective on 
X. 

Proof. Clearly the kernel of 81 ker 8 is trivial. The projection map 11 : G -+ 
G IN is open, bence for U an open set in X we have that 

(8/ker8)-1(U) = (11 x idx )(8-1(U)) 

is also open and 81 ker 8 is continuous. 

DEFINITION 1.:2.4 Let X and Y be G-spaces. A mapping if : X -+ Y is 
caned equivariant if it commutes with the group actions, that is, 

'P(gx) = g'P(x) for all 9 E G and x E X. 
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It is clear that invariant sets are preserved by such maps. An equivariant map 
which is also a homeomorphism is called an equivalence or an isomorphism 
of G-spaces and in this case the inverse ;0-1 of 'P is also equivariant, for if 
Y = ;o(;c) th2n 

The concept of G-space isomorphism determines an equivalence relation for 
which we shall write X c:::: Y. If all that is required to make two G-spaces 
equivalent is an automorphism of G i.e. if there is an automorphism a 
(continuous) of G and a homeomorphism 'P : X --+ Y with 

c,o(gx) a(g)c,o(x) 

then we say 1 hat they are weakly equivalent. 

EXAMPLE 1.2.5 Let G be the cyclic group of order 5, whose elements are 
the fifth roots of unity. Let X be the unit circle in the complex plane. 
Then the act.ion given by (g, z) N gz is inequivalent to the action given by 
(g, z) N g2Z. One way of seeing this is by considering the images of the arcs 
[0, gn]: it is not hard to show that a continuous map that commutes with 
the group actions cannot be bijective. However, these actions are weakly 
equivalent since 9 N g2 is an automorphism of G. 

DEFINITION 1.2.6 Let X be a G-space. Then for each x E X, the set 
Gx = {gx : 9 E G} s::; X is the orbit of the point x under the action of G. 

Clearly, a subsnt of the phase space is invariant if and only if it is the union of 
orbits. If A s::; X is invariant then so is X \ A, since g(X \ A) = X \ gA (09 is 
bijective). It follows from the fact that each Og : X -+ X is a homeomorphism 
that 

g(clA) = Og(clA) clOg(A) = clgA = clA. 

From this we Sfe that the invariance of A implies the invariance of cl A and, 
combining the facts above, also the invariance of int A. Note that if gx = hy 
for some g, hE G and x, y E X then for any g' E G, 

so that Gx <;;;' Gy. Conversely, Gy s::; Gx. It follows that the orbits Gx and 
Gy are either disjoint or equal, and thus that they define a partition of the 
phase space. 
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1.3 Constructions 

1. Let G be a T2 topological group with group operation 0 : G x G -+ G. 
Then G acts on itself (on the left or the right) via 0, and is a G-space 
with transitions given by the (left or right) translates of G. 

2. Let X he a G-space and let Z be a non-empty invariant set in X. Then 

81GxZ : G x Z -+ Z 

is a cortinuous action of G on Z. The G-space Z is then called a G
subspace of X. Note that 81Gxz is the unique action on Z making the 
inclusion mapping Z Y X equivariant. 

3. Let {X\.: A E A} be a family of G-spaces, each with associated 
action E1>.... Let X = D>"'EA X>... with the product topology and define 
e: G x X -+ X by 

for 9 E G and x = (X>...h,EA E X. In other notation, (gxh, = gx)... 8 is 
a continuous action of G on X, called the coordinate-wise action. The 
coordina.te-wise action is the unique action making all of the projections 
71',\ : X -+ X).. equivariant. 

4. Let lRG be the space of all real-valued functions on the topological group 
G. The group G acts on lRG , not necessarily continuously, by means of 
the action 8 : G x ]RG -+ lRG defined by 

8(g, J)(t) f(tg). 

We check that 8 satisfies condition (2) of Definition 1.2.1: 

((gh)f)(t) f(t(gh)) 
f((tg)h) 

(hf)(tg) 

= (g(hJ))(t) 

5. Let jRx be the space of all real-valued functions on the G-space X. 
The group G acts on jRx, not necessarily continuously, by means of the 
action e : G x lRx -+ lRx defined by 

8(g, f)(x) f(g-lX). 
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We check that 8 satisfies condition (2) of Definition 1.2.1: 

((gh)f) (x) = f((gh)-lX) 

= f(h-1g-1X) 

= (h f) (g -1 (X) ) 

= (g(hf))(x) 
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Chapter 2 

G-compactification 

2.1 Preliminaries 

In this chapter we shall review the theory of compact T2 extensions for G
spaces. As such, we shall only be interested in Tychonoff G-spaces and so 
we introduce the concept of uniform structure at the outset. 

DEFINITION 2.1.1 Let A and B be relations on a set X. We define the 
composition of A with B to be 

A 0 B = {(x. Y) E X x X : (x, z) E A and (z, y) E B for some z EX}. 

For theinversf.: of the relation A we write A-I = {(y,x) : (x,y) E A}. If 
x E X then we shall take A[:1:] to mean {y EX: (x, y) E A}. 

Note that the above definition for the composition of relations is the reverse 
of the usual definition one uses when dealing with functions. This does not 
usually lead to any confusion since it is mostly sufficient for the study of 
uniformities to consider only compositions of a relation with itself (see also 
[14]). 

DEFINITION 2.1.2 A uniform space is a pair (X, 11), where X is a set and the 
uniformity 11 is a filter on X x X. Each element of11, being a subset of X x X, 
is a relation on X. \Ve may thus speak of the composition and inversion of 
elements of 11. The uniformity must satisfy the following conditions: 

1. \fAE11: L'l = {(x, x) : XEX}~A. 

2. \fA E 11, 3B E 11: B2 = BoB ~ A. 

3. A E 11 => A -1 E 11. 
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Every uniformity gives rise to a completely regular topology. Since we have 
already asmmed that G-spaces are T2, we have that every uniformisable G
space is a Tychonoff space. Indeed, we might well have added to the above 
definition the requirement that any uniformity 'U must be separated, that is 
n'U = fl., which is equivalent to requiring that the induced topology of 'U 
be T2 , We didn't, but we may rest safe in the knowledge that this condition 
will be fulfilled by our assumption that all G-spaces are Tychonoff. 

It is well-known that the Tychonoff topological spaces are exactly those 
that have 7; compactifications. When we compactify a G-space, however, 
we would like the compactification to preserve the group action in the sense 
of the follmdng definition. 

DEFINITION 2.1.3 Let X be a G-space. A G-compactification of X is a 
compact G-space Y such that X is isomorphic to a dense subspace of Y. 

Then, by analogy to the standard topological case, we make the following 
definition. 

DEFINITIOi\ 2.1. 4 A G-space X is said to be G- Tychonoff if and only if it 
has a G-compactification. 

We now cannot but follow in the footsteps of J. de Vries [10J and ask whether 
it is the case that every Tychonoff G-space is G-Tychonoff. A first attempt 
at answering this question might be to try the well-behaved Stone-6ech com
pactification of X. Then for every g E G, the transition Og : X -+ X has a 
continuous extension Og : ;3X -+ ,ax. Since the equalities 

..... ""' ,... ~ 

Oe = idtJx and Og oOh = Ogh 

hold on a dense subset of ;3X, they hold on all of ,ax. Thus 8: Gx;3X -+;3X 
defined by 8(g, x) = tigx is an action of G on ;3X extending the action of G - ~ 

on X and ea,~h transition Og is a homeomorphism of ;3X. However, 8 is not 
in general a continuous action of G on ;3X. 

EXAMPLE 2.1.5 (de Vries [7]) Let + : lR x R -+ R be the natural addition 
mapping on R. Then lR is an lR-space via the action +. Now consider the 
sets 

A Nand B = {n + 1/ n : n E N \ {O} }. 

They are bot h closed and disjoint in R and thus have disjoint closures in 
;3lR, by the normality of lR. Let y be an accumulation point of A in ;3lR. 
If +- were continuous on lR x ;3lR at the point (0, y) then y O+y would 
be an accumulation point of the sequence (~+-n )nEN i.e. y E cl A n cl B - a 
contradiction. 
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2.2 Existence of G-compactifications 

In the case that G is the trivial group, {e}, the question of the existence 
of G-comp<Lctifications for a G-space X reduces to the standard topological 
problem of 1.he existence ofT2 compactifications of X. It is not clear, however, 
that more complicated groups will always allow G-compactifications of their 
G-spaces. \Ve thus address ourselves to the problem of characterising the 
G-Tychonoff G-spaces. 

Our approach will be analogous to the technique for solving the classical 
topological version of this problem: we shall attempt to identify a family 
of 'elementary' compact G-spaces and find a collection of equivariant maps 
to these spaces that separates the points and closed subsets of X. These 
elementary compact G-spaces take the place of the closed unit intervals in the 
classical construction in that we then use the evaluation map to equivariantly 
embed X int 0 their product. 

The spaces we seek vary from group to group and it is this realisation that 
leads us to consider the space C (G) of all continuous real-valued functions 
on the acting group G. This space is a subspace of the space JRG with action 
W described in Construction (4). 

NOTATION 2.2.1 Let (X,l1) be a uniform space and let QS be the usual 
uniformity on lR. The set of uniformly continuous functions from (X, 11) to 
(JR, QS) will b,~ denoted by l1e(X, 11) or just l1e(X) if no ambiguity arises. A 
superscript '*' will always denote the set of all bounded members of a set of 
real-valued functions, whilst a subscript 'p' on a function space or operator 
will indicate t,hat we are considering the space in question equipped with 
the topology of pointwise convergence, e.g. C;(X), clp A. Finally, we shall 
denote the left and right uniformities on a topological group by ,c and .9( 

respectively. 

In general, the action W is not jointly continuous on Cp ( G) or even l1ep ( G, .9() 

though it is separately continuous on both of these spaces. We thus restrict 
our attention to the equicontinuous subsets of Cp ( G). 

DEFINITION 2.2.2 Let X be a set. We say that A ~ JRx is pointwise bounded 
jf and only if A [.x] is a bounded subset of JR for each x E X. 

LEMMA 2.2.3 (de Vries [8]) Let Z be an invariant, equicontinuous subset of 
Cp(G). Then 1]1 : Gx Z -+ Z is jointly continuous. Moreover, Z ~ l1e(G, ::R). 

Proof. Since wn are working in the topology of pointwise convergence, it is 
sufficient to shuw that for each projection 7iso : JRG -+ 1Ft where So E G, the 
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mapping 'irs" 0 W : G x Z --t R is continuous at the (arbitrarily chosen) point 
(go, fo) E G x Z. To this end, let (g, f) E G x Z and consider the inequality 

!(gf)(EO) - (gofo) (so) I :; if(sog) - f(sogo)1 + If(sogo) - fo(sogo) I. 

Let E: > O. The condition on f that the second term on the right-hand side 
of the inequality be smaller than ~ defines a neighbourhood U of fo in Z. In 
view of the ('quicontinuity of Z at the point sog there is a neighbourhood V 
of go in G such that the first term on the right-hand side of the inequality is 
less than ~. Hence the left-hand side is smaller than E for all (g, f) E V x U 
and the continuity of W is proved. 

To see that Z ~ Ue( G, :R), note that fEZ:::} G f ~ Z so that the set 
G f is equicolltinuous. In particular, if we consider the point e E G, we have 
that for ever:; E > 0 there exists W E 'Ne such that If(sg) - f(g)1 < E for 
any.5 E Wand g E G. This means precisely that f E Ue(G,:R). 

COROLLARY 2.2.4 (de Vries [8]) Let Y be a pointwise bounded, invariant, 
equicontinuov:; :;ubset of C*( G). Then clp Y i:; a compact, invariant, equicon
tinuous sub8d of ue;( G,:R) and i8 thus a compact G-space under the action 
W. 

Proof. We start with the observation that the equicontinuity of Y implies 
that of its pointwise closure in IRc . Now, if s E G, then the continuity of the 
projection 'irs : Cp(G) --t IR implies that 

(cIp Y)(s) = 'irs(clp Y) ~ cl'irs(Y) = cl Y(s), 

which is a bounded set in lR. That cIp Y is compact follows from the fact 
that it is a closed subset of the compact product TIsEcclY(s). Finally, as we 
mentioned in Section 1.2, the invariance of Y implies that of clp Y. Combine 
these observations with Lemma 2.2.3 and the proof is complete. 

DEFINfTION 2.2.5 Let X be a G-space, QS be the usual uniformity on IR 
and f : X --t R be continuous. We say that f is G-uniform iffor any A E QS 

there exists a F E 'Ne such that for all.x E X, f(Vx) ~ A[f(x)]. 

NOTATION 2.2.6 Let X be a G-space and let C be any set of real-valued 
functions on X. Then Cc will denote the set of all G-uniform members of 
C. 

LEMMA 2.2.7 (de Vries [8]) Let X be a G-space with action e and let f E 
C(X). The following conditions are equivalent: 

1. f is G-unifoTrn. 
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2. The sr~t U 0 ex x E X} is equicontinuous at e E G. 

3. The set U 0 ex x E X} is right uniformly equicontinuous on G. 

Moreover, if f E C*(X) then U 0 ex : x E X} is pointwise bounded on G. 

Proof. To s('e that (2) ::::;,. (3) simply note that J 0 eX(V g) = J o09X(V). The 
rest of the lemma is obvious. 

LEMMA 2.2.8 (Smirnov [1]) Let X be a compact G-space and let f : X -+ lR 
be continuov,s. Then J is G-uniform. 

Proof. Let Q be the usual uniformity on JR.) let A E Q and let B E Q be a 
symmetric open entourage such that B2 ~ A. The open cover U-1(B[x]) : 
x E lR} has it finite subcover {r1(B[Xi]) : 1 ~ i ~ n}. Since the action of 
G on X is continuous we can find, for each y EX, a neighbourhood Uy E Ny 
and Vy E Ne such that 

Let {UYj : 1 ~ j ~ k} be a finite subcover of {Uy : y E X} and set 

V = n;=l VYi;' Then, for any z E X, J(z) E J(Vz) ~ B[xd for some Xi E lR 
and thus 

J(Vz) ~ B 2 [J(z)] ~ A[j(z)}. 

COROLLARY 2.2.9 If X is a compact G-space then C(X) = Ca(X). 

LEMMA 2.2 . .lD (de Vries [8]) Let X and Y be G-spaces with Y compact, and 
let rp: X -+ Y be a continuous equivariant map. Then J E C(Y) ::::;.. J 0 rp E 

Ca(X). 

Proof. Denote the action on X by e and the action on Y by \[I. Then for 
every x E X we have 

(f 0 rp) 0 ex = f 0 'l/J'P(x) 

and thus we obtain 

{(f 0 rp) 0 ex : x EX} ~ {f 0 1j;Y : y E Y}. 

As the latter set is equicontinuous, so is the former. The G-uniformity of 
J 0 rp follows from Lemma 2.2.8. 

Let X be a G-space with action e and let f E CG(X). Then it is ob
vious from Corollary 2.2.4 and the characterisation of G-uniform functions 
given by Lemma 2.2.7 that XI = clp U 0 ex : x E X} is a closed, pointwise 
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bounded, irlvariant, equicontinuous subset of Cp ( G) and is thus a compact 
G-space. 

PROPOSITION 2.2.11 (de Vries [8]) Let X be a G-.9pace with action e and 
let] E Ca (X). Then the mapping I{! f : X -+ X f defined by I{! f (x) = ] 0 (Fe is 
continuous and equivariant. 

Proof. That I{! f is continuous follows immediately from the observation that, 
for every 9 E G, the mapping x H (I{!f 0 (}g)(x) :::=: ](gx) is continuous. 
Equivarianc(~ follows from 

(I{!f(gr))(t) = ] 0 (}9X(t) = f(tgx) = (g] 0 (}X)(t) = (9CPf(x))(t). 

PROPOSITION 2.2.12 (de Vries [8]) Let X be a G-space. Then CG(X) sepa
rates the points and closed subsets a] X if and only if the continuous equivari
ant maps from X to compact G-spaces separate the points and closed subsets 
ofX. 

Proof. Let A be a closed non-empty subset of X, Xo EX \ A and f E CG(X) 
be such that f(xo) ¢ clf(A). This can be written as 

(f 0 OXO)(e) ¢ cl{(f 0 (}X)(e) : x E A}. 

The continuity of the projection Tie : X f -+ lR implies that f oOxo ¢ cl {(f 0 

OX) : x E A}. Thus, using the notation of Proposition 2.2.11, we have 
rp f(xo) ¢ cl rp f (A), where I{!f is a continuous equivariant function to a compact 
G-space. 

To prove the converse, consider a continuous equivariant map I{! : X -+ Z 
where Z is a compact G-space and assume rp(xo) ¢ cl cp(A). There exists 
hE C(Z) such that h(xo) = 0 and h(A) = {I}. Now let] = hOI{!. It follows 
from Lemma 2.2.10 that f E CalX) and it is clear that f(xo) ¢ clf(A). 

THEOREM 2.:J..13 (de Vries [8], [9]) A G-space X is G-Tychonoffif and only 
if CG(X) separates the points and closed subsets of x. 
Proof. Clear from Proposition 2.2.12. 

,'\JOTATION 2.2.14 It follows from Proposition 2.2.12 that, for each C ~ Ca 
that separates the points and closed subsets of X, we have a G-compactification 
of X with an equivariant embedding 

Pc: X y II Xf 
fEC 

where Pc is the evaluation map with respect to {rpf 
G-compactification will be written PcX. 
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EXAMPLE 2.2.15 (Megrelishvili [24]) A metrisable G-space X such that the 
set CO( X) does not separate the points and closed subsets of X. 

Let li = [0,1] be the unit interval of real numbers with its usual topology; let 
Homeo(li) b,~ the group of homeomorphisms of li with the topology of uniform 
convergence; let S = {lin : n E N} and let 

G1 = {g E Homeo(li) : Vs E S, gs = .9}. 

Then G1 is a closed subgroup of Homeo(li). The natural action 8 1 : G1 xli -+]I 
is continuous and has countably many orbits. All points of S and the point 0 
are fixed. AI! the remaining orbits are the intervals ofthe form (l/(n+l), lin) 
where n E N. The point 0 has a neighbourhood base consisting of the 
invariant intervals of the form [0, lin]' n E N. 

1. If {Uk : kEN} is a set of open neighbourhoods of 0 in the G1-space 
li such that Vk EN. G1(Uk ) ~ Uk+1 then Uko+l = K if ko E N is such 
that [0, II ko] ~ U1. 

Let {( Gn , lin, 8 n ) : n E N} be a countable set of copies of (G1 , Jr, 8 1). 

We now define the product of topological groups G = IT {Gn : n E N} 
with natural projections denoted by 7rn : G -+ Gn and the topological sum 
(disjoint union) X = U{lIn : n E N} with natural embeddings in : lin '-+ X. 
The action 8 : G x X -+ X is defined in the following natural way: 

where 9 E G, .c E in(lin) and in(xo) = x. 
We now form a set Y by collapsing the set {in(O) : n E N} ~ X to a 

point, while leilving the rest of X unchanged. The point {in(O) : n E N} E 
Y will be denoted by w. Let p : X -+ Y be the canonical projection. We 
define a topology on Y such that a neighbourhood base of w E Y is given by 
{A k : kEN}, where 

At all other pc<ints we take the usual neighbourhoods. It is easy to verify 
that Y is homeomorphic to J(~o) - the so-called metrisable hedgehog with 
cOllntably many thorns. 

We define an action 8 of G on Y. Every point of the set p-l(W) is fixed. 
Therefore, there exists a unique action 8 on Y under which p is equivariant. 
Formally, 

8(g,x) = p(8(g,p-l(X))). 
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Each set Ak is invariant under e so that e is continuous at points of the 
form (9, w), 9 E G. The continuity of e on the rest of Y is obvious and we 
thus have that Y is a Tychonoff G-space. It turns out that the closed subset 
F = {p( in (1 ) ) : n E N} of all "thorn tips" cannot be separated from the 
point w by a continuous G-uniform function. 

We proc(~ed by assuming the contrary: suppose f E Ga(X) is such that 
f(F) = {O} and f(w) 1. There exist a sequence (Un)nEN of neighbourhoods 
of wand a Sf'quence (Vn)nEN of neighbourhoods of the identity in G such that 

Vn E N, Un n F = 0 and Vn(Un) ~ Un+1. 

By definir,ion of the neighbourhood base at w, we have Ako c;: U1 for any 
ko E N. Since G has the product topology, there exists no E N such that if 
1 :::: k :::: ko + 1 and no :::: n then 1Tn (Vk ) = G n . Using property (1) of the 
action 8 1 , and the fact that the restriction of e to each "thorn" p{lIm ) is 
equivalent to 8 1 , we see that 

and, in particular, Uko+l n F :f. 0 - a contradiction. 

COROLLARY 2.2.16 There is a TychonoffG-space that is not G-Tychonoff. 

2.3 A Sufficient Condition 

DEFINITION 2.3.1 (de Vries [8)) Let X be a G-space with action 8. A 
function f E C*(X) is called locally equicontinuous if there exists a V E Ne 
such that the family {f 0 By : 9 E V} is equicontinuous on X. The set of all 
positive locally equicontinuous functions on X will be denoted by ,C£+ (X). 

Let f E 'c'£+(X) with V E Ne such that {J 0 Bg : 9 E V} is equicontinuous 
on X and define Ilfll = sUPxEx{if(x)I}. The left uniformly continuous real
valued functions on G separate its points and closed subsets so there is a 
cjJ E Ue(G,'c') such that 

cjJ(G) c;: [0, Ilfll + 2], cjJ(e) = 0, cjJ(G \ V) = {llfll + 2}. 

\Ve now use cjJ co define a new function II> : X --t lR by 

Jq,(x) = inf{cjJ(t) + f(tx)}. 
tEG 

Our aim is to show that J", E Gc(X) and that, if we apply this construction 
to a subset of ,C.::+ (X) that separates the points and closed subsets of X, then 

18 

Univ
ers

ity
 of

 C
ap

e T
ow

n



we obtain a subset of Cc(X) that separates the points and closed subsets of 
X. 

LEMMA 2.3.2 (de Vries (81) Let f E ..cc+(X), V E Ne and ¢ E Ue(G,..c) be 
as described in the construction above. Then j", E Cc(X). 

Proof. Firstly note that for every x E X we have 

o ~ j¢(x) ~ ¢(e) + f(x) = f(x) ~ Ilfll (2.3.1) 

so that j4> is bounded. In order to prove that j", is continuous we introduce 
the set 

A¢ = {t E G : ¢ (t) < II f II + I}. 

It is clear that Aq, c:;;; V. Moreover, for all t E G \ Aq, we have by inequality 
(2.3.1) and alIT definitions 

¢ (t) + f (tx) ~ II f II + 1 + f (tx) ~ II f II + 1 ~ j¢ (x) + 1 

for all x E X. This implies that, for any x E X 

l¢(x) = t~1<p {¢(t) + f(tx)}. (2.3.2) 

Now let c > 0 and x EX. By the local equicontinuity of f, there is aWE N x 

such that for all yEW and all t E V, If(ty) - f(tx)! < c. It follows from 
equation (2.3.2) that there exists r E A¢ c:;;; V such that 

¢(r) + f(rx) < l¢(x) + E. 

Fix any yEW. Because rEV we have, by the choice of W, f(ry) < 
f(rx) + E, hence 

j",(y) ~ ¢(r) + f(ry) < ¢(r) + f(rx) + E ~ j",(x) + 2E. 

Similarly, l¢(x) < 1¢(y) +2c. This completes the proof that lq, is continuous. 
Finally, we show that 1¢ is G-uniform. To this end, consider a point 

(t,x) E G x X. Then 

inf{¢(s) + f(stx)} 
sEG 

inf {¢(sC 1
) - ¢(s) + ¢(s) + f(sx)} 

sEG 

> inf{¢(sC 1
) - ¢(.s)} + l<t>(x). 

sEG 

Now because ¢ (= Ue(G, q, there is, for any c > 0, a V E Ne such that 
i¢(srl) - ¢(s)1 <: c for all t E V-I. It follows that l¢(tx) > lq,(x) - E for 
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all x E X and t E V-I. Now replace x by tx in this inequality, where t E V; 
because then rl E V-I we get 

j<t>(x) = j,p(rltx) > j¢(tx) - c. 

Combining these results, we see that 1/<t>(tx) - j¢(x)1 < E: for all ;1; E X and 
t E V n V-- 1 We have shown that I", E Cc(X). 

LEMMA 2.3.3 (de Vries [8]) Let 9 E £c+(X), let F s::: X be closed and 
let Xo E X \ F such that g(xo) ~ clg(F). Then there exist a uniformly 
continMUS 7/ : JR -+ [0,1] and a rjJ E Ue(G,£) such that, letting f = 1j; 0 g, 
we have l,p(xo) ~ clj,p(F). 

Proof. Giving JR its usual uniformity, there exists a uniformly continuous 
1j; : JR -+ [0,1] such that 1j;(g(xo)) = 1 and 1j;(clg(F)) = {O}. It is then 
easily seen that f = .'Ij; 0 g E £C+(X) with f(xo) = 1 and f(F) = {o}. As 
f(xo) = 1, there exists a V ENe such that f(txo) > 1/2 for all t E V. Since 
f E £c+(X), we may assume without loss of generality that {f o()t : t E V} 
is equicontinuous on X. 

As in the ('onstruction at the beginning of this section, we may now select 
rjJ E Ue(G,£) and, because of the preceding lemma, consider j¢ E Cc(X). 
Continuing, let Act> be defined as in the proof of the preceding lemma. Then 
by equation (2.3.2) we infer that 

jct>(Xo) = t~r;[;1 {rjJ(t) + f(txo)}, (2.3.3) 

and because Aq, ~ V, it follows that the right-hand side of (2.3.3) is at 
least 1/2. In addition, by equation (2.3.1), we have for every x E F that 
o ~ jq,(x) ~ f(x) = O. Thus jq,(F) = {O}. 

COROLLARY 2.3.4 (de Vries [8]) If £C+(X) separates the points and closed 
subsets of X then so does CG(X). 

COROLLARY 2.3.5 (de Vries [8]) If X is a Tychonoff G-space that admits a 
uniformity 11 Sitch that some V E Ne acts equicontinuously on X with respect 
to 11 then X is G-Tychonoff. 

Proof. In this case, if f : X -+ JR is uniformly continuous with respect to 
11, bounded and non-negative then f E £c+(X). Consequently, £C+(X) 
separates the points and closed subsets of X and the result follows. 

COROLLARY 2.3.6 (de Vries [8], [9]) If G is a locally compact topological 
group then every Tychonoff G -space is G -Tychonoff. 
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Proof. The joint continuity of the action implies that every compact V E Ne 
is equicontinuous on X [18J. 

This last cOiollary answers the topological questions posed by Example 1.1.1 
in the affirmative since the usual topologies on JR and Z, which are the ones 
used for classical dynamical systems, are both locally compact. 

2.4 Ordering G-compactifications 

As with the standard compactifications, we can put a partial order on the G
compactificalions of the G-space X. We say that PIX ~ P2X if there exists 
a continuous equivariant surjection cp : pzX --+ PIX such that cp 0 pz = Pl. 
If the mapping cp is a homeomorphism (or if !J1X ~ pzX ~ P1X) then 
/J1 X '::' pzX. 

In fact, this ordering turns out to be equivalent to the usual ordering on Tz 
compactifications when it is restricted to the G-compactifications. For if PI 
and P2 are dense equivariant embeddings of the G-space X into the compact 
G-spaces P1X and pzX respectively, and cp : /J2X --+ P1X is a continuous 
surjection that leaves X fixed then: for any 9 E G, the mappings cp 0 09 and 
09 0 cp agree on the dense subspace P2(X) and thus on the whole of pzX. 
Thus, cp is already equivariant. Conversely, it is clear that any equivariant 
surjection is already a surjection. 

LEMMA 2.4.1 Let X be a G-space. Then CG(X) is a uniformly closed sub
algebra of C*(X). 

Proof. To check that Cc(X) is an algebra is straightforward. Now suppose 
that ::r is a filter in CG(X) such that ::r --+ f E C*(X) uniformly. Let 11 
be the usual uniformity on JR, If~t B E 11 and let A E 11 be a symmetric 
entourage such that A3 <::;; B. There is an F E ::r such that if 9 E F then 
(f(x),g(x)) E A for all x E X. Since 9 is G-uniform, there is a V E Ne such 
that g(Vx) <::;; A[g(x)] for all :r E X. So 

f(Vx) <::;; A-1[g(Vx)] <::;; A-1oA[g(x)] <::;; A- 1oA2 [J(x)] = A3 [J(x)] <::;; B[J(x)]. 

Thus f E CG(X) and Cc(X) is uniformly closed. 

LEMMA 2.4.2 Let X be a G-space. Then C(X) is invariant under the action 
described in Construction 5. 

Proof Let f E C(X), 9 E G and x E X with Xo; --+ x. Then (gf)(xa.) = 
f(g-lXa.) -+ f(g-lX) = (gf)(x). We have shown that gf E C(X). 
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From now on we shall speak of the invariance of subsets of C(X) for a G
space X, awl take it to be understood that this invariance is meant in terms 
of the action described in Construction 5. 

PROPOSITION 2.4.3 Let X be a G-space and let C ~ C~(X) be invariant 
and separate the points and closed subset.s oj X. Then the G-compactijication 
(3cX is equivalent (as a compactijication) to the cla.ssical T2 compactiJication 
obtained Jrorn C. 

Proof. The classical T2 compactification obtained from C is typically con
structed by llsing the evaluation map to embed X as follows: 

e : X <.-+ IT clp J(X). 
fEC 

If we now df'fine i.p : (3c(X) -t clpe(X) by i.p((3c(x)) = e(x) and let 1if : 
JRc -t JR, 6f : fIfEC1"¥f -+ Xf and {Lg : lRG -+ R be the natural projections 
on the given products then 

1ifOi.p((3c(x)) = 1if(e(x)) 

f(x) 
fte (f 0 eX) 

= fte 0 6 f ((3c (x) ) 

so that the equality 1i f 0 i.p = lle 0 6 f holds on a dense subspace of (3cX, and 
thus determines the continuous extension of i.p to the whole of (3cX. 

Because (3cX is compact and fIfEC cl J{X) is T2 , c.p : (3cX -+ i.p((3cX) = 
clp e(X) is already a homeomorphism if it is bijective. Let x E (3cX and 
f) E (3cX and suppose c.p(.i) c.p(f)). We then have, for all J E C, 1i f(c.p(x)) = 
1i f (c.p(f))) or ft" 0 6 f (x) = fte 0 6 f (f)). Now because for any z EX, 

J(gz) 
(g-l f)(z) 

{Le 06g-lf(!:1C (z)), 

the equality ll:1 0 of = fte 0 5g-lf holds on (3c(X) and thus on (3cX. Invoking 
the invariance of C we find, for any 9 E G 
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so i; = fJ and <p is bijective. 

THEOREM 2.4.4 The mapping PcX H C is an order isomorphism between 
the G-compactijications of a G-space X and the uniformly closed invariant 
subalgebras of C;;(X) that separate the points and closed subsets of X. 

Proof. It is well-known that the mapping PcX H C is an order-isomorphism 
between the T2 compactifications of a topological space X and the uniformly 
closed subalgebras of C*(X) that separate the points and closed subsets of 
X. 

If X is a G-space then the algebra of continuous functions extendable to 
any G-compactification of X is a uniformly closed, invariant subalgebra of 
C;;(X) that separates the points and closed subsets of X by Lemmas 2.4.1 
and 2.4.2. Conversely, it follows from Proposition 2.4.3 that each uniformly 
closed, invariant subalgebra of C;;(X) that separates the points and closed 
subsets of X gives rise to a G-compactification over which exactly that alge
bra is extendable. 

With this and the comments made at the beginning of this section, it 
follows that the restriction of the classical order isomorphism to the G
compactifications of a G-space X is as advertised. 

PROPOSITIO:--J 2.4.5 If X is a locally compact, G-TychonoffG-space then X 
has a least G -compactijication. 

Proof. The one-point compactification of X is the least T2 compactification 
of X. We then know from the classical theory of compactification that there 
is a least uniformly closed subalgebra C of C*(X) that separates the points 
and closed subsets of X. Since X is G-Tychonoff, we have by Theorem 2.2.13 
and Lemma 2.4.1 that C is a sub algebra of CMX) and we thus conclude by 
Theorem 2.4.1 that PcX is the least G-compactificat.ion of X. 

2.5 G-compactifications as Completions 

There is a uniformit.y on any G-space X that is induced by the phase group 
G in a natural way. For each V E Ne define 

Av={(x,y): YEVx}. 

Then the set {Av : V ENe} is a base for a uniformity on X t.hat we shall 
call tib. Note that the uniformit.y tib characterises the G-uniform functions 
on X in the smse that the G-uniform functions are exactly those functions 
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that are uniformly continuous with respect to U'(;< This allows us to give the 
following characterisation of the property 'G-Tychonoff' < 

THEOREM ~~<5<1 (de Vries [9]) The G-space X is G-Tychonoff if and only if 
there is a uniformity U on X, compatible with its topology, such that 11 ~ 11'(;< 

Proof. If U ~ 11'(; then every bounded real-valued function on X that is 
uniformly continuous with respect to U is uniformly continuous with respect 
to 11'(; and hence G-uniform. Since 11e*(X, 11) separates the points and closed 
subsets of X. so does the superset Ca(X) and X is G-Tychonoff. 

Conversely, if X is G-Tychonoff then CG(X) separates the points and 
closed subsets of X and thus the coarsest uniformity on X making every 
f E CalX) uniformly continuous is compatible with the topology of X. It is 
clear that this uniformity, having a base generated by G-uniform fUIlctions, 
is coarser than 11'(;. 

If the G-space X admits a uniformity 11 such that 11 ~ 11'(; it is said that 
the action e is bounded by 11. It is noteworthy that it is not always possi
ble to bound t.he action by a uniformity compatible with the topology of X 
(not every Tychonoff G-space is G-Tychonoff), in spite of the fact that the 
topology induced by 11'(; is always finer than the topology on X. 

NOTATION 2.5.2 If X is a G-space then we shall write U* for the finest 
totally bounded uniformity admitted by X. 

PROPOSITION 2.5.3 (Chatyrko & Kozlov [5]) Let X be a G-space such that 
11* ~ U'(;. Then PC2;(X)X = pX. 

Proof. In this case we have C*(X) = Ca(X). As every continuous bounded 
function can be extended to the completion of X with respect to the unifor
mity 11*, so can every continuous, bounded G-uniform function. Since the 
completion of X with respect to the uniformity U* is pX, it follows from 
Theorem 2.4.4 that PC' (X)X = pX. e 

PROPOSITION 2.5.4 (Chatyrko & Kozlov [5]) Let X be a G-space such that 
the uniformity H'(; is compatible with its topology_ Then PCb(XlX is the 
Samuel compacbjication of X with respect to Ua -

Proof. Each function f E ue*(X, '11'(;) can be extended to the Samuel 
compactification of X with respect to U'(;. We have already noted that 
'11e*(X, '11'(;) is exactly the set of bounded G-uniform functions on X and 
since Uc is compatible with the topology on X we must have Ca(X) = 
'11e*(X, '11'(;). The result now follows from Theorem 2.4.4. 
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Chapter 3 

Bitopological Spaces 

3.1 Preliminaries 

DEFINITION .3.1.1 Let X be a set and let 'T1 and 'T2 be topologies on X. 
Then the tripJe (X, 'T1, 'T2) is a bitopologicalspace. If (X, 'TIl 'T2) and (Y, SI, ~h) 
are bitopological spaces then we say that f : X -+ Y is bicontinuous if and 
only if f : (X, 'T1) -+ (Y, ~h) and f : (X, 'T2 ) -+ (Y, S2) are both continuous 
in the topological sense. 

We define products of bitopological spaces so as to make them initial with 
respect to the natural projections: 

EXAMPLE 3.1.2 Let 'Tu = {(x, (0) : x E JR} U JR U 0 (the so-called upper 
topology on JR) and let 'Tl = {( -00, x) : x E JR} U JR U 0 (the so-called lower 
topology on JR), Then (JR, 'TU ) 'T1) is a bitopological space such that 'Tu V 'Tl is 
the usual topology on R 

NOTATION 3.1.3 If (X, 'T1, 'T2) is a bitopological space and x E X then we 
speak of the 'T1-neighbourhoods of x and t.he 'Y2-neighbourhoods of x. Nat
urally, a 'Tj-neighbourhood of x is just a set A ~ X such that x E A and 
there is aBE 'J1 such that B ~ A. The definition of a 'Tz-neighbourhood is 
similar, In the same way, we have 'Jj-open sets, 'T2-closed sets, et cetera. 

Our notation for the canonical function spaces is to be understood in a 
bitopological sellse from now on. In particular, when (X, 'T1, 'J2) is a bitopo
logical space, BC(X) is the set of bicontinuous maps from (X, 'T1, 'T2) to 
(JR, Tu ) Td. Unless specified otherwise, function spaces will be equipped with 
the bitopology of pointwise convergence. 
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DEFINITION 3.1.4 (Salbany [29]) Let (X, 71, 7 2) be a bitopological space 
with A ~ X. We write d~ A for the closure of A in 71 V 7 2 , The set A is 
pairwise clo.sed if and only if A = cIS A. 

DEFINITION 3.1.5 (Salbany [29]) The bitopological space (X, 71, 7 2) is pair
wise T2 if and only if, for any x, y E X such that x i=- y, there exists a 7 1-

neighbourhood of x and a disjoint 7 2-neighbourhood of y or there exists a 
7 2-neighbourhood of x and a disjoint 7 1-neighbourhood of y. 

The previously accepted definition of pairwise T2, as used by J.C. Kelly in 
the study of hitopology in the 60's [19], differed from Salbany's above in that 
the 'or' was an 'and'. This definition was found to be too strong - under it, 
a pairwise T2 bitopological space (X, 710 'J2) with both 71 and 72 compact 
satisfied 71 = 'J2-

DEFINITION ~L1.6 (Kelly [19]) The bitopological space (X, 7lJ 7 2) is pair
wise regular if and only if each point has a 7 1-neighbourhood base of 7 2-

closed sets and a 'J2-neighbourhood base of 'Jr-closed sets. 

DEFINITION 3.1.7 (Fletcher [13]' Lane [22]) A bitopological space (X, '1r, 7 2) 

is pairwise completely regular if and only if, for each x E X and disjoint 7 1-

closed set F, there is a bicontinuous function 

such that f(x) = 1 and f(F) = {OJ; and, for each 'J2-closed set E not 
containing x, there is a bicontinuous function 

g: (X, 71, 7 2) ~ (lI, 7w 7t) 

such that f(E) = {I} and f(x) = o. 
Pairwise complete regularity is initiality with respect to bicontinuous maps 
into (lI, 7Ul 7 1) [29J. When we say that a set of functions separates the points 
and closed subsets of a bitopological space, we mean this in the sense of the 
above definition. 

DEFINITION 3.1.8 The bitopological space (X, 'J1, 'J2 ) is pairwise TychonoJJ 
if and only if (X, 7 1, 7 2) is pairwise completely regular and pairwise T2 . 

DEFINITION 3.1.9 (Salbany [29]) The bitopological space (X, 'II, 7 2) is bi
compact if and only if the topological space (X, 'II V 'J2) is compact. 

26 

Univ
ers

ity
 of

 C
ap

e T
ow

n



A number of other definitions for the bicompactness of a bitopological space 
had been proposed before Salbany gave the condition above. For example: 
Fletcher, Hoyle and Patty suggested in [12] that a bitopological space should 
be considered bicompact if any cover consisting of open sets from both topolo
gies, and containing at least one non-empty open set from each, had a finite 
subcover. The objections to this definition are that it is not productive and 
that it makes the bitopological space (JR, 'JU ) 'It) bicompact. 

A better behaved notion of bicompactness was given by T. Birsan in 
[2]. It, however, fails to ensure that every bicontinuous map on a bicom
pact quasi-uniform space is quasi-uniformly continuous. Salbany's definition 
above suffers from none of these shortcomings and leads to a satisfactory 
theory of bicompactification. 

DEFINITION ;~.1.10 (Salbany [29]) A paircover of the bitopological space 
(X,'J1,'J2) is an indexed family ((U)..,V)..) : ). E A} such that, for each 
). E A, U).. E Tl and V).. E 'J2 and, for each x EX) there is a ). E A such that 
x E u)..nv)... 

PROPOSITION 3.1.11 (Salbany [29]) The bitopological space (X, 'J1> 'J2) is 
bicompact if and only if every paircover has a finite subcover. 

Proof. Let 'ltV 'J2 be compact and let {(U).., V)..) : ). E A} be a paircover of 
X. Then {U).. rl V).. : ). E A} is a 'II V 'J2 open cover and so there is a finite 
set {Ai : 1 :::; ~ :::; n} such that {U)..i n VA; : 1:::; i :::; n} covers X. It follows 
that {(U)..i' V)..;) : 1:::; i :::; n} is a finite subcover of {(UA, V)..) : A E A}. 

Conversely, let e be a ('II V 'J2)-open cover of X. For each x E X there 
is a 'It-open set Ux and a 'J2-open set Vx such that x E Ux n Vx E e. Let 
{(UXi'VxJ : 1:::; i ~ n} be a finite subcover of the paircover {(UX) Vx) 
x E X}. Then {UXi n VXi : 1:::; i :::; n} is a finite subcover of e. 

PROPOSITION :L 1.12 (Salbany (29]) If a bitopological space is bicompact, 
pairwise regular and pairwise T2 then it is pairwise Tych on off. 

DEFINITION 3.1.13 (Salbany [29]) The bitopological space (X, 'It, 'J2) is lo
cally bicompact if and only if every point has a bicompact T1-neighbourhood 
and a bicompac1 'J2-neighbourhood. 

3.2 Quasi-Uniformities 

DEFINITION 3.2.1 A quasi-uniform space is a pair (X, U), where X is a set 
and the quasi-uniformity U is a filter on X x X satisfying all of the conditions 
of Definition 2.1. 2 except possibly the symmetry requirement (3). 
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If U is a quasi-uniformity then so is its conjugate U-I = {A- I : A E U}. 
A quasi-uniformity is a uniformity if and only if U = U-I. Each quasi
uniformity 'U on a set X naturally defines a bitopological space, namely 
(X, 'J(U), 'J(1(-I)). Conversely, we say that the bitopological space (X, 'II, 'J2) 

admits the quasi-uniformity U if and only if (X, 'II, 'J2) = (X, 'J(U), 'J(U-1)). 

If a bitopological space admits some quasi-uniformity then it is said to be 
quasi-uniforrnisable. 

THEOREM 3.2.2 (Lane [22]) A bitopological space is quasi-uniformisable if 
and only if it is pairwise completely regular. 

NOTATION 3.2.3 For any quasi-uniformity U let Us = UVU-I . Let Q denote 
the upper qua.ii-uniformity on R, that is Q is the quasi-uniformity generated 
by the base of all sets of the form 

A". = {(x,y) : x-y<c:} 

where c: > O. Then we have (R, 'J(Q), 'J(Q- 1)) = (R, 'J11, ' 'J1). 

We extend our earlier convention of writing Ue(X, U) for the set of uni
formly bicontinuous real-valued functions on the uniform space (X, U) to 
quasi-uniform spaces in an obvious way: if U is a quasi-uniformity then 
QUe(X, U) or just QUe(X) denotes the set of quasi-uniformly continuous 
functions from (X, U) into (R, Q). 

DEFINITION 3.2.4 Let (X, 'JI , 'J2) be a bitopological space, let (Y, U) be a 
quasi-uniform Bpace. A set of functions C ~ yX is equibicontinuous at the 
point x E X if and only if for any A E U there is a U E ){[I and a V E ){[2 
such that for all f E C, f(U) ~ A[j(x)] and f(V) ~ A-1[j(x)J. 

We shall make use of the fact that if (X, U) is a quasi-uniform space then 
n U is a partial order, the specialisation order, on X. It is clear that n U is 
reflexive, and its transitivity is obvious when one realises that x ~ y {:} x E 
cl {y}. The specialisation order is dependent only on the topology of U. 

3.3 Bicompactification and Bicompletion 

DEFINITION 3.~U (Salbany [29]) A bicompactification of a bitopologicaJ 
space (X, 'JI , 'J2) is defined as a bicompact, pairwise Tychonoff bitopological 
space (.Y, 3\,72) such that (X, 'J1, 'J2) is bihomeomorphic to a Cri VT2)-dense 
subspace of X. 
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vVe construct bicompactifications from point-separating sets of functions in 
the same manner as one would in topology. A detailed description may be 
found in [29]; we merely note that properties bicompact, pairwise T2 and pair
wise regular are productive and hereditary to pairwise closed suhspaces, and 
that (JI, 1'ulli' TIIu) possesses all of them, as required by the usual construction. 

We note in passing that the collections of bicontinuous functions that are 
naturally associated with bicompactifications are not in general algebras, as 
they are in the topological case. Rather, they are semi-algebras, closed under 
addition, multiplication and scaling by positive reals only. 

LEMMA 3.3.2 Let (X, 1'1, 1'2) be a bitopological space and let C be a QS_ 

uniformly clo,jed subsemi-algebra of BC*(X) that separates the points and 
closed subsets of X. Then there is a bicompactijication PeX such that any 
f E BC*(X) has a bicontinuous extension to PeX if and only if f E C. 

Proof. Following Salbany [29J, we have a bitopological embedding given by 
the evaluation map 

e : X y II d S f(X). 
fEe 

As usual, we d!:fine the hicompact, pairwise Tychonoff space PeX = cls e(X) 
and we have the restriction of the projection 11" f : PeX -+ lR extending f E C 
over peX. _ ~ 

If we name the two topologies on peX 1'1 and 1'2, then we also have the 
classical T2 cornpacti!icat~n e : (X,1'1 V 1'2) y (pe~, 1']; V 1'2)' It is ~eI1-
~nown that C(BeX, 1'1 V 1'2) Ix = C. Now, BC(peX, 1'il 1'2) s:: C(pe'>; 1'l V 
1'2) so if f E BC(X, 1'1, 1'2) has a bicontinuous extension to (peX, 1'1, 1'2) 
then f E C. Wo conclude that f E BC*(X) extends over PeX if and only if 
f E C. 

PROPOSITION :L3.3 The mapping ,BeX H C is an order isomorphism be
tween the bicompactijications of a bitopological space (X, 1'1, 1'2) and the QS_ 

uniformly closed subsemi-algebras of C*(X) that separate the points and 
closed subsets of X. 

Proof. Let peX ~ Pe/X. Then there is a bicontinuous surjection rp : pc,X -+ 
PcX that leaves X fixed. If f E C then, by the preceding lemma, there is 
a bicontinuous f : PcX -} lR that extends f over peX. Since j 0 rp extends 
f over pe' X, we have that f E C' and we may conclude that C s:: C'. 
Conversely, if C s:: C' then the projection rp of the product IT/Ec' d S f(X) 
onto the subproduct fI/Ee cIS f(X) is a bicontinuous surjection such that 
rplf:lc'x takes /3c'X onto peX and leaves X fixed. Thus PcX ~ ,Be,X. 
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The bijectivity of the mapping ,BeX H C now follows automatically, but 
we still need to check that it has the correct range when restricted to the 
bicompactifications. To do this it suffices to note that, for a given bicom
pactification, the semi-algebra of functions extendable to it is QS-uniformly 
closed and separates the points and closed subsets of X. These facts follow 
from the observations that bicompact, pairwise regular, pairwise T2 spaces 
are pairwise Tychonoff and that the QS-uniform limit of bicontinuous func
tions is bicominuous. 

It follows that every pairwise Tychonoff bitopological space X has a maximal 
bicompactification. As might be expected, this bicompactification plays the 
same role in bitopology as the Stone-Cech compactification does in topology 
(see [15]). 

DEFINITION 3.3.4 (Salbany [29]) The quasi-uniform space (X, 'U) is bicom
plete if and only if the uniform space (X, US) is complete. 

DEFINITION 3.3.5 (Salbany [29]) A bicompletion of the quasi-uniform space 
(X, 'U) is a bicomplete quas~-uniform space (.rY, U) .. :;u~h that (X, 'U) is qua.c;i
uniformly isomorphic to a 'U"-dense subspace of (X, 'U). 

THEOREM 3.3.6 (Salbany [29]) Every quasi-uniform space has a bicomple
tion. If a quasi-uniform space i8 pairwi8e T2 then it has a unique pairwi8e T2 
bicompletion. 

Just as the T2 c(lmpactifications of a Tychonoff topological space are the com
pletions with respect to the totally bounded uniformities admitted by that 
space, so the bicompactifications of a pairwise Tychonoff bitopological space 
are the bicompletions with respect to the totally bounded quasi-uniformities 
that it admits. 

3.4 Bitopological Transformation Groups 

NOTATION 3.4.1 Let G be a group and let 'I be a topology on G. Then we 
have an inverse topology '1- 1 on G, defined by '1- 1 = {A -1 : A E 'I}. 

DEFINITION 3.4.2 A parabitopological group (G, 'I, 'I-I) a bitopologicalspace 
with carrier set 0, where G is a group such that group multiplication m : 
(G x G, 'I x 'I, T-1 x '1-1) -+ (G, 'I, 'I-I) is bicontinuous. 

In fact, once the group multiplication is continuous with respect to one of the 
topologies on G, it is already bicontinuous. This follows from the fact that 
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group inversion is a homeornorphism between (G, 'J) and (G, 'J-l). From this 
it follows that parabitopological groups are just the well-known paratopolog
ical groups considered as bitopological spaces. This perspective was first 
considered by Raghavan and Reilly [28]. 

Let (G, 'J, 'J-1) be a parabitopological group, let V E N';; and define 

Lv = {(g, h) : g-lh E V} and Rv {(g, h) : gh·- 1 E V}. 

It is readily verified that the sets {Lv : V E N';;} and {Rv : V E N';;} are 
bases for quasi-uniformities, £ and :R respectively, such that 'J(£) = 'J(:R) = 
'J. However, we also have the two conjugate quasi-uniformities £-1 and :R-1 

they are easily seen to be the quasi-uniformities generated by the bases 
{Lv : V E NI- 1

} and {Rv : V E N';;-I} so that 'J(£ -1) 'J(:R-1) = 'J-1. 

For more information concerning these quasi-uniformities, see [23]. 

DEFINITION 3.4.3 Let (G, 'J, 'J- 1) be aparabitopologicalgroup. Further, let 
(X, 31 , 32 ) b(~ a pairwise T2 bitopological space and let 8 : G x X -+ X be a 
bicontinuous action of G on X. Then we shall say that the triple (G, X, 8) is 
a bitopologica.l transformation group and (X, 3 1, 32 ) is a bitopological G-space. 

Associated with any bitopological transformation group (G, X, 8) is a topo
logical transformation group (G, X, 8)", where G becomes a topological group 
under the topology 'Jv'J-1 and (X, ~h, 32 ) becomes a T2 space with the topol
ogy 31 V 32 . Similarly, if W : G x X -+ X is a bicontinuous action of the 
topological group (G, 'J) on the G-space (Y, 3), then W is also a bicontinuous 
action of the parabltopological group (G, 'J, 'J) on the bitopological G-space 
(X, 3, 3). 

On the bitopological space G-space (X, 'J, 'J), a bitopological property 
generally holds if and only if its topological counterpart holds on (X, 'J). In 
particular, the sets BCG(X, 'J, 'J) and CalX, 'J) coincide and separate the 
points and closed subsets of (G, 'J, 'J) in the bitopological sense if and only 
if they separate the points and closed subsets of (G, 'J) in the topological 
sense. Applying this realisation to the bitopological G-space associated with 
Megrelishvili's counterexample (2.2.15), we have immediately the following 
result. 

PROPOSITION 3.4.4 There exists a pairwise TychonoJJ bitopoiogical G-space 
that is not pairwise G- TychonoJJ. 

DEFINITION ;3.4.5 We shall say that two bitopological G-spaces are isomor
phic if and only if there is an equivariant bihomeomorphism between them. 
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Chapter 4 

G-bicompactification 

4.1 Preliminaries 

In this chapter we unite the theories of G-compactification and bicompactifi
cation to obtain a theory of equivariant bicompactification for bitopological 
G-spaces. 

DEFINITION 4.1.1 Let (X, 'Jlo 'J2) be a bitopological G-space. We define a 
G-bicompactification of (X, 'Jlo 'J2) to be a bicompact, pairwise Tychonoff 
bitopoiogical G-space (X, TI , T2) such that (X, 'J), 'J2 ) is isomorphic to a 
(Tl V T2)-dense subspace of (,¥, Tlo T2)' 

Proceeding as we did in the topological case, we shall call a pairwise Ty
chonoff bitopological G-space pairwise G- Tychonoff if and only if it has a 
G-bicompactification and set about characterising these spaces. 

4.2 Existence of G-bicompactifications 

This section follows essentially the same programme as its topological coun
terpart, Section 2.2, and thus suggests that the bitopological definitions so 
far adopted weT(~ prudently chosen. 

LEMMA 4.2.1 Let Z be an invariant equibicontinuous subset of BCp(G). 
Then IJf : G x Z -+ Z is bicontinuous. Moreover, Z <; QUe(G,1(). 

Pmof. Let us write (G, 'J, 'J-- 1) for the acting group and (Z, 'Jl, 'J2) for the 
space Z with the bitopology of pointwise convergence. It is sufficient to show 
that for each projection 'iTso : IRG -+ IR, where So E G, the mapping 'iTso 0 IJf : 
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G x Z -+ lR is bicontinuous at the (arbitrarily chosen) point (go, fa) E G x Z. 
To this end, let (g, J) E G x Z and consider the equality 

(gofo)(so) - (gf)(so) = [f(sogo) - f(80g)J + [1o(sogo) - f(8090)J. 

Let E: > O. The condition on f that the second bracketed term on the right
hand side of the equality be smaller than ~ defines a neighbourhood U E 'N~;. 

In view of the equibicontinuity of Z at the point .'log, there is a V E :NJo 
such that th.~ first bracketed term on the right-hand side of the equality is 
less than ~. Hence the left-hand side is smaller than c for all (g, J) E V x U 
and the upper half of the bicontinuity of W is proved. The lower half is 
obtained by negating both sides of the above equality and carrying out the 
same argument. 

To see that Z ~ QUe(G,:R), note that fEZ =} Gf ~ Z so that the 
set G f is equi bicontinuous. In particular, if we consider the point e E G, we 
have that for every c: > a there exists W E :N'[ such that f (g) - f (8g) < E 
for any s E vV and 9 E G. This means precisely that f E QUe(G, :R). 

COROLLARYL2.2 Let Y be a pointwise bounded, invariant, equibicontinu
ous subset of BC*(G). Then cl; Y is a bicompact, invariant, equibicontinuous 
subset ofQUe~(G,:R) and is thus a bicompact G-space under the action W. 

Proof. We start with the observation that the equibicontinuity of Y implies 
that of cl; Y ~~ lRG . Now, if t E G, then the bicontinuity of the projection 
1ft : BCp(G) -t lR implies that 

which is a bounded set in lIt That cl; Y is bicompact follows from that fact 
that it is a pairwise closed subset of the bicompact product ITtEG cJS Y(t). 
Finally, it follows immediately from the remarks made in Section 1.2 that 
the invariance of Y implies that of c1; (Y). Combine these observations with 
Lemma 4.2.1 and the proof is complete. 

DEFINITION 4.2.3 Let X be a bitopological G-space. We say that f : X -+ 
lR is G-uniform if and only if, for any A E Q, there exists V E :N'[ such that 

\Ix E X, f(Vx) ~ A[f(x)]. 

LEM!>.1A 4.2.4 Let X be a bitopological G-space with action e and let f E 

BC(X). The following conditions are equivalent: 

1. f is G -uniform. 
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2. The set U 0 Ox x E X} is equibicontinuous at e E G. 

3. The set U 0 Ox x E X} is right uniformly equibicontinuous on G. 

Moreover, if f E BC*(X) then U 0 Ox : x E X} is pointwise bounded on G. 

Proof. Identical to the proof of Lemma 2.2.7. 

LEMMA 4.2.5 Let the parabitopological group (G, 'J, 'J- 1) act on the bicom
pact bitopoloyical space (X, SI, S2) and let f : X -+ ~ be bicontinuous. Then 
f is G -uniform. 

Proof. Let A E Q and let B E Q be an entourage that is open in 'J1 x 'J" and 
satisfies B2 s:;: A. Now, 

B2 = U (B-1[x] X B[x)) 
xEIR 

(f X J)-I(B2) = (J X f)-I U (B-l[X] X B[x]) 
xEIR 

= U(J X f)-I(B- 1 [xJ x B[x)) 
xEIR 

= U f-l(B-· 1 [x]) x f-l(B[x]). 
xEIR 

By Proposition 3.1.11, the paircover {(J-l(B[xJ), f-I(B-I[x])) : x E ~} 
has a finite subcover {(J-l(B[Xi]),f- 1(B-l[XiJ)) : 1::; i ::; n}. By the 
bicontinuity of the action we have, for each x E X, a Vx E 'N';, a Ux E N~l 
and a U~ E N~' such that 

Vx-l(U~) x Vx(Ux ) ~ f- 1(B- 1[xd) x f-I(B[xd) for some 1 ::; i::; n. 

Let {(UXj ' U;j) : 1::; j ::; k} be a finite subcover of the paircover {(Ux , U;) 

x E X} and set V = n;=l VXj' Then, for each x E X, we have 

V-IX x Vx ~ f-l(B- 1 [x;J) x f-l(B[x;]) for some 1::; i::; n 

and thus V-IX x Vx ~ (J X J)-1(B2). Therefore, f(Vx) s:;: B2[J(X)] C 
A[J(x)] for all 3: E X. 

COROLLARY 4.2.6 If X is a bicompact bitopological G-space then BC(X) = 
BCc(X). 

LEMMA 4.2.7 Let X and Y be bitopological G-spaces with Y bicompact, and 
let cp : X -+ Y be a bicontinuous equivariant map. Then f E BC(Y) =?

f 0 cp E BCc(X). 
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Proof. Idcniical to the proof of Lemma 2.2.10. 

Let X be a bitopological G-space with action e and let f E BCa(X). Then 
it is immediate from Corollary 4.2.2 and the characterisation of G-uniform 
functions gh'en by Lemma 4.2.4 that Xf = cl; {JoOx : x E X} is a pairwise 
closed, pointwise bounded, invariant, equibicontinuous subset of BCp ( G) and 
is thus a bicompact, pairwise regular G-space. 

PROPOSITION 4.2.8 Let X be a bitopological G-space with action e and let 
f E BCa(X). Then the mapping <Pf : X -+ }(f defined by <Pf(x) = f 0 Ox is 
bicontinuous and equivariant. 

Proof. Identkal to the proof of Proposition 2.2.11. 

PROPOSITION 4.2.9 Let X be a bitopological G-space. Then BCG(X) sep
arates the points and closed subsets of X if and only if the bicontinuous 
equivariant maps from X to bicompact, pairwise regular G-spaces separate 
the points and closed subsets of X. 

Proof. Let A he a non-empty 'T1-closed subset of X, Xo r¢ A and f E BCc(X) 
be such that J(xo) r¢ cl'J,J(A). This can be written as 

The bicontinuity of the projection 

1re : (Xf' 31 , 32) -+ (JR, 'Tu , 'Tl ) 

implies that f 0 exo r¢ clsl{(J 0 eX) : x E A}. Thus, using the notation of 
Proposition 4.2.8, we have <Pf(xo) r¢ cl SI <Pf(A), where <PI is a bicontinuous 
equivariant function to a bicompact, pairwise regular G-space. 

To prove the converse, consider a bicontinuous equivariant map 

where (Z, 3), 32 ) is a bicompact, pairwise regular, bitopological G-space and 
assume <p(xo) ~ clsl<p(A). There exists g E BC(Z) such that g(xo) = 1 
and g(A) = {a}. Now let f = go <po It follows from Lemma 4.2.7 that 
J E BCc(X) and it is clear that f(xo) r¢ ci-:r" (A). The same proof applies 
when A is a non-empty 'T2-closed subset of X. 

THEOREM 4.2.10 A bitopological G-space X is G-Tychonoff if and only if 
BCc(X) separates the points and closed subsets of X. 

Proof. Clear from Proposition 4.2.9. 
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4.3 A Sufficient Condition 

The arguments of .J. de Vries that allowed us to prove that if the topological 
group G is locally compact then every Tychonoff G-space is G-Tychonoff are 
heavily reliant on topological symmetry. In this section, we will attempt to 
work toward a similar result, but the reader will see that we cannot proceed 
without strong symmetry assumptions. Indeed, the preliminary results are 
only valid for the actions of symmetric parabitopological groups - that is, 
parabitopological groups of the form (G, T, T). 

DEFINITION 4.3.1 Let the symmetric parabitopological group (G, T, T) act 
on the bitopological G-space (X, Sl, Sz) by means of the action e. A function 
f E BC* (X) is called locally equibicontinuous if there exists a V E :w; = 
N~-l = Ne such that the family {J 0 Bg : 9 E V} is equibicontinuous on 
X. The set of all positive locally equibicontinuous functions on X will be 
denoted by,e.::+(X). 

Let f E ,ee+(X) with V E Ne such that {f oOg : 9 E V} is equibicontinuous 
on X and define lifll = sUPxEx{lf(x)I}. The left (quasi-)uniformly bicon
tinuous real-valued functions on G separate its points and closed subsets, so 
there is a rf; E Ue( G, q such that 

rf;(G) s:;; [0, Ilfll + 2], rf;(e) = 0, rf;(G \ V) = {llfll + 2}. 

We now use rf; to define a new function f", : X -+ lR by 

ip(x) = inf{rf;(t) + f(tx)}. 
tEO 

Our aim is to show that it/> E BCc( X) and that, if we apply this construction 
to a subset of ,c,e+(X) that separates the points and closed subsets of X, 
then we obtain a subset of BCG(X) that separates the points and closed 
subsets of X. 

LEMMA 4.3.2 Let f E ,c,e+(X), V E Ne and rf; E Ue(G, q be as described 
in the construction above. Then i", E BCc(X). 

Proof. Firstly note that for every x E X we have 

° ::; i", (x) ::; rf; ( e) + f (x) = f (x) ::; II f II (4.3.1) 

so that it/> is bounded. In order to prove that i", is bicontinuous we introduce 
the set 

A", = {t E G : rf;(t) < Ilfll + I}. 
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It is clear that A.p ~ V. Moreover, for all t E G \ A.p we have by inequality 
(4.3.1) and Gur definitions 

¢;(t) + f(t,1;) ~ Ilfll + 1 + f(t,1;) ~ Ilfll + 1 ~ 1",(,1;) + 1 

for all x EX. This implies that, for any ,1; E X 

1",(,1;) = inf {¢;(t) + f(tx)}. 
tEA¢ 

(4.3.2) 

Now let E > 0 and x E X. By the local equibicontinuity of f, there is a 
W E N~1 such that for all yEW and all t E V, f(t,1;) - f(ty) < c. Fix any 
yEW. It follows from equation (4.3.2) that there exists l' E A", ~ V such 
that 

¢;(r) + f(ry) < 1.p(y) + c. 

Because l' E \r we have, by the choice of W, f(r,1;) < f(1'Y) + E, hence 

1",( 1:) ::; ¢;(1') + f(1'x) < ¢;(r) + f(1'Y) + c ::; 1",(y) + 2E. 

The same argument but with W E N~2 yields 1",(y) < 1.p(x) + 2c and com
pletes the proof that 1", is bicontinuous. 

Finally, w( show that it> is G-uniform. To this end, consider a point 
(t,x) E G x X. Then 

inf{¢>(s) + f(stx)} 
sEC 

= inf{¢>(sC I
) - ¢>(s) + ¢;(s) + f(s,1;)} 

sEC 

> inf{¢>(sC I
) - ¢;(s)} + 1",(x). 

sEC 

Now because 1> E Ue(G,,c), there is, for any E. > 0, a V E Ne such that 
1¢>(srl) - ¢;(s) < c for all t E V-I. It follows til..at 1",(tx) > 1",(,1;) -E for all 
x E X and t E V-I ENe. We have shown that f", E BCG(X). 

LEMMA 4.3.3 Let (G, 'J, 'J) act on (X, SI, ~h). If 9 E 'ce+(X) separates 
the point Xo from an SI-ciosed (S2-closed) set F ~ X then there is an f E 

BCG(X) separating Xo from F. 

Proof. Let F be an Sl-closed subset of X with ,1;0 ¢ F. There exists a 
quasi-uniformly continuous 7j; : (JR, Q) -t (IT, Ql rr) such that 7j;(g(xo)) = 1 and 
7j;(cl Qg(F)) = {a}. It is then easily seen that f = 7j; 0 9 E 'ce+(X) with 
f(xo) = 1 and f(F) = {a}. As f(xo) = 1, there exists a V E }l~ such that 
f(t,1;o) > 1/2 f01 all t E V, and since f E 'ce+(X), we may assume without 
loss of generality that {J 0 Ot : t E V} is equibicontinuous on X. 
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As in the construction at the beginning of this section, we may now select 
¢ E 1.H::(G,,c) and, because of the preceding lemma, consider it> E BCG(X). 
Continuing, let A¢ be defined as in the proof of the preceding lemma. Then 
by equation (4.3.2) we infer that 

1",(xo) = inf {</J(t) + f(txo)}, 
tEA,p 

(4.3.3) 

and because A", ~ V, it follows that the right-hand side of (4.3.3) is at 
least 1/2. In addition, by equation (4.3.1), we have for every x E F that 
as: 1",(x) s: f(l;) = a. Thus 1</>(F) = {a} and I</> rt clQi</>(F). 

:.Jow suppose we carried out the same argument on the bitopological e
space (X, 32 , 31), For F an 32-closed set with Xo rt F we would obtain an 
1", E BCG(X. 32 , 3d such that i",(xo) ~ 1/2 and 1</>(F) = {a}. Now consider 
the function (f",(xo) - I</» E BC*(X, 3b 32). It is also e-uniform because the 
topology on t,he acting group is symmetric, and clearly (f</>(xo) 1</>)(xo) rt 
clQ-l (f",(xo)- 1",)(F). 

COROLLARY 4.3.4 If (e, 'J', 'J') acts on (X, 31 , 32) and .cC:+(X) separates the 
points and closed subsets of X then so does BCG(X). 

COROLLARY 4.3.5 If (e, 'J', 'J') acts on a pairwise Tychonoff bitopological G
space X that admits a quasi-Itniformity 'U such that some V E Ne acts equibi
continuously on X with respect to 'U then X is e -Tychonoff. 

Proof. In this case, if f : X -+ lR is quasi-uniformly continuous with respect 
to 'U, bounded and non-negative then f E .cc:+(X). Consequently, .cc:+(X) 
separates the points and closed subsets of X and the result follows. 

There can be no question that the results obtained in this section thus far 
are not what one initially would have liked to prove. After all, we are trying 
to develop an asymmetric theory of e-compactification, so our assumptions 
of symmetry are most undesirable! Nevertheless, we shall be able to obtain 
an analogue of de Vries's sufficient condition in Corollary 2.3.6. 

LEMMA 4.3.6 If (X, 'J'1, 'J'2) is a locally bicompact, pairwise regular bitopo
logical space ~uch that (X, 'J'd is a Tl topological space then (X, 'J'1) is a Tz 
topological space. 

Proof. Suppose (X, 'J'1) is not T2 . Then there exist X, y E X such that 
x i- y and, for any U E N;l and V E 'N[l, U n V # 0. Let 13x and 13y 
be bicompact, pairwise closed bases for N;l and 'N[l respectively. By virtue 
of the local bicompactness of X, we may assume that U 13x and U 13 y are 
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bicompact. Then the family 'l3x U 'By of pairwise closed sets has the finite 
intersection property and each of its members is contained in the bicompact 
union U 'Bx U U 'By. Thus there exists zEn 'Bx n n 'By = n ~1 n n N;;\ 
and X is not T1 . 

DEFINITION 4.3.7 A topological space (X, T) is called homogeneous if and 
only if for any x E X and y EX, there is a homeomorphism ip : X -+ X 
such that ip(:r) = y. 

LEMMA 4.3.8 Let the locally bicompact quasi~uniform space (X, U) be such 
that (X, '1(U)) is a homogeneous To topological space. Then (X, T(U)) is a 
T2 topological space. 

Proof. Let:::; be the partial order induced by U and let x E C s::;: X, where C 
is a chain in (X, :::;). Consider the family {t y : y 2 x}. Each of its members 
is pairwise closed and is contained in the bicompact set t x. Furthermore, 
the family in question clearly has the finite intersection property. Thus there 
exists Z E n{ t y : y 2 x}, and z is clearly an upper bound for C. We 
deduce by Zorn's Lemma that (X,:::;) must contain a maximal element. But 
then, by homogeneity, every element of X must be maximal. This combined 
with the assumption that (X, '1(U)) is To implies that (X, T(U)) is TI . The 
preceding lemma now tells us that (X, '1(U)) is, in fact, already Tz. 

COROLLARY 4.3.9 Let the parabitopological group (G, '1, '1-1) be locally bi
compact and pairwise To. Then T = T- 1, 

Proof. A pairwise regular, pairwise To space is pairwise Tz [29], so that both 
T and T- 1 are To. By the preceding lemmas, (G, '1) is a locally compact, T2 
space. The result now follows from a theorem of R. Ellis [It]. 

PROPOSITION ,L3.10 Let the parabitopological group (G, T, T- 1) be locally 
bicompact and pairwise To. Then every pairwise TychonofJ bitopological G
space (X, T 1, '12 ) is pairwise G-TychonofJ. 

Proof. We shall have the stated result if we can show that there is a V E NI' = 
Ne that acts eqnibicontinuous}y on X with respect to a quasi-uniformity U 
that is compatible with the bitopology on X. Let 8 denote the action of G 
on X) let V E NI' be bicompact, let x E X and let A E U and B E U with 
B2 s::;: A, where U is a quasi-uniformity admitted by (X, T 1, T2)' 

By the joint bicontinuity of 8, we have, for each 9 E V, a Ug E ~1 and 
a Wg E Ng such that Wg(Ug) ~ B[gxJ. The cover {Wg : 9 E V} has a finite 
subcover {Wg; : 1:::; i :::; n}. By Lebesgue's Covering Lemma there exists 
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a W Ne such that for any 9 E V, gvV W9i for some 1 :::; i :::; n. Let 

U n~=l Ugi • 

Now consider the motion ex : (V, 'clv) -+ (X, 11). Because it is bicontinu-
ous and V is bicompact, Theorem 4.7 of [29] implies that it is quasi-uniformly 
continuous. It follows that there is a WI E }j'e such that h E gW' => hx E 

B[gx] for all 9 E V. By Corollary 4.3.9, there is a symmetric VI E Ne such 
that VI s:::: l VI n W. Let {hj V' : 1 s: j s: m} cover the totally bounded V. 
Then h E V implies h E hj V' for some j. Since hj V' s:::: hj W s:::: W9i for some 
1 :::; i :::; n, it follows that hU <::: vVgiU B[giX] and, since gi E hV' <::: hW' , 
giX E B[hx] so that hU s:::: B2[hx] s:::: A[hx]. 

The other half of the equibicontinuity of the action of V on X can be 
shown in exactly the same way. The proposition now follows from Corollar
ies 4.3.5 and 4.3.9. 

Unfortunately, Corollary 4.3.10 is insufficient to answer the bitopological 
question posed in Example 1.1.1 because both (IR, 'JU1 'Jl) and (Z, 'Julz, 'Jllz) 
fail to be locally bicompact. We have been unable to answer the interesting 
question of whether every pairwise Tychonoff bitopological IR-space (Z-space) 
is pairwise G-Tychonoff; it may be that a counterexample exists (see the con
clusion). The following minor result is of little practical value. 

PROPOSITION 4.3.11 Let the parabitopological group (G, 'J, 'J- 1) have the 
property that n:N'!' u (V n V-I) E :N'!' for any V E 'N";. Then it is sufficient 
for a bitopological G -space X to be pairwise G -TychonoJJ that X admits a 
quasi-uniformity li such that lis s:::: lib. 

Proof. Let 11 be a quasi-uniformity on X such that lis s:::: lib and let A E li. 
There is a'V E).I; such that (VnV-1)x s:::: (AnA-1)[x] <::: A[x] for all x E X. 
But n 'N"; x s:::: A[x] for all x E X by the joint bicontinuity of the action. We 
conclude that n'N";u (VnV-1 )[x] s:::: A[x] for all x E X. 

COROLLARY 4.3.12 It is sufficient for a bitopological IR-space (Z-space) to be 
pairwise G - TychonoJJ that it admits a quasi-uniformity li such that 11s s:::: lib. 

4.4 Ordering G-bicompactifications 

As with the standard bicompactifications, we can put a partial order on the 
G-bicompactifications of the bitopologicai G-space X. We say that /3IX :::; 
/32X if therl~ exists a bicontinuous equivariant surjection rp : /32X -+ /31X 
such that (p 0 P2 = /31' If the mapping rp is a bihomeomorphism (or if 
,81 X s: /32XS: /31 X) then /31 X ':C:: (32 X . 
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In fact, this ordering turns out to be equivalent to the usual ordering 
on bicompactifications when it is restricted to the G-bicompactifications. 
For if PI and 132 are ('II V 'J2)- and (81 V 32)-dense equivariant bitopologi
cal embeddings of the bitopological G-space X into the bicompact G-spaces 
(p1X, 'II, 'J2.1 and (p2X, ~h, 32) respectively, and rp : p2X -r PIX is a bicon
tinuous surjection that leaves X fixed then, for any 9 E G, the mappings 
rp 0 Og and ug 0 rp agree on the (31 V S2)-dense subspace p2(X) and thus on 
the whole of /32X. Thus, rp is already equivariant. Conversely, it is clear that 
any equivariant surjection is already a surjection. 

LEMMA 4.4.1 Let X be a bitopological G-space. Then the set BCG(X) is a 
QS-uniformly closed subsemi-algebra of BC*(X). 

Proof. To check that BCG(X) is a semi-algebra is straightforward. Now 
suppose that 3=' is a filter in BCa(X) such that 3=' -r f E BC*(X) uniformly 
with respect to QS. Let B E Q and let A E Q be an entourage such that 
.113 <::;; B. Thpre is an FE3=' such that if 9 E F then (J(x), g(x)) E AnA-1 for 
all x E X. Since 9 is G-uniform, there is a V E NI such that g(Vx) <::;; A[g(x)J 
for all x EX. So 

Thus f E BCa(X) and BCa(X) is QS-uniformly closed. 

LEM:vfA 4.4.2 Let (X, 'Jb 'J2) be a bitopological G-space. Then BC(X) is 
invariant under the action described in Construction 5. 

Proof. Let f E BC(X), 9 E G, and .1: E X with Xo: -r x with respect to, 
say, 'J1. Then (gJ)(xo:) = f(g-lxo:) -r f(g-lx) (gJ)(x). The same proof 
applies when one considers convergence with respect to 'J2 and this proves 
that gf E BC(X). 

From now on we shall speak of the invariance of subsets of BC(X) for a 
bitopological G-space X, and take it to be understood that this invariance 
is meant in terms of the action described in Construction 5. 

PROPOSITION 4.4.3 Let (X, 'Jb 'J2) be a bitopological G-space and let C <::;; 

BCG(X) separate the points an.!! c~osed subsets of X. Then it follows that 

the G-bicompactijication (poX, 'J1, 'J2) is equivalent (as a bicompactijication) 
to the classical bicompactijication of (X, 'J1, 'J2) obtained from C. 
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Proof. The classical bicompactification of (X, 'T1, 'T2) with respect to C is 
usually constructed by embedding X as follows 

e: X y IT cl;f(X), 
fEe 

As in Proposition 2.4,3, we define cp: ;Jc(X) -+ cl;e(X) by cp(;Jc(x)) = e(x) 

and let 7rf 11~.c -+ IR, 8f : ITfEe1"¥f -+ Xf and /-ig : IRG -+ lR be the 
natural projections on the given products, The arguments of Proposition 
2.4,3 applied to the G-space (X, 'T1 v'T2) are sufficient to prove that cp is a 
bicontinuous bijection, but are not enough to show that cp-l is bicontinuous, 

Recall that we established the equality /-ie 0 8f 7r f 0 cp on a 'T1 V'T2-dense 
subspace of IleX, which we may write /-ieo8focp-1 = 7rf now that we have the 
bijectivity of cp, A glance at our earlier calculations will reveal that the more 
general equality 11g o8f 0 cp-l 7rg-l f' which is only well-defined because of 
the invariance of C, holds for all 9 E G and e(x) where x E X, The equality 
thus holds on the whole of ;JeX and therefore the bicontinuity of the each of 
the projections 7r g-l f together implies the bicontinuity of cp-l, 

THEOREM 4.4.4 The mapping ;JeX H C is an order isomorphism between 
the G-bicom1lactifications of a bitopologicaZ G-space X and the QS-uniformly 
closed invariant subsemi-algebras of BCb(X) that separate the points and 
closed subset8 of X, 

Proof. We established with Proposition 3,3,3 that ;JeX H C is an order
isomorphism between the bicompactifications of a bitopological space X and 
the QS-uniformly closed subsemi-algebras of BC*(X) that separate the points 
and closed Stl bsets of X. 

If X is a bitopological G-space then the semi-algebra of bicontinuous 
functions extendable to any G-bicompactification of X is a QS-uniformly 
closed, invariant subsemi-algebra of BCG(X) that separates the points and 
closed subsets of X by Lemmas 4.4,1 and 4.4,2, Conversely, it follows from 
Proposition 4.4.3 that each QS-uniformly closed, invariant subsemi-algebra 
of BCb(X) that separates the points and closed subsets of X gives rise to a 
G-bicompactification over which exactly that semi-algebra is extendable, 

With this and the comments made at the beginning of this section, it 
follows that the restriction of the mapping ,BeX H C to the set of all G
bicompactifications of a G-space X is as advertised, 

PROPOSITIOK 4.4,5 There exists a pairwise G- Tychonoff, locally bicompact 
bitopological G-space with no least G-bicompactification if and only if there 
exists a pairw?se TychonojJ, locally bicompact bitopological space with no least 
bicompactification. 
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Proof. Let X be a pairwise Tychonoff, locally bicompact bitopological space 
with no least bicompactification. Then the trivial group {e} acts on X and, 
because BC'(X) = BC~(X), the set of G-bicompactifications of X is order 
isomorphic to the set of bicompactifications of X. Thus X has no least 
G-bicompactification. 

On the other hand, suppose that X is a pairwise G-Tych0 noff, locally bi
compact bitopological G-space with no least G-bicompactification. If X had 
a least bicompactification then, by Proposition 3.3.3, there would be a least 
QS-uniformly closed subalgebra of BC*(X) that separated the points and 
closed subsets of X. This algebra would be contained in every QS-uniformly 
closed subalgebra of BCG(X) that separated the points and closed subsets 
of X, and would thus imply the existence of a least G-bicompactification of 
X by Theorfm 4.4.4 - a contradiction. 

vVe have been unable to find an example of a pairwise Tychonoff, locally 
bicompact bitopological space with no least bicompactification. Indeed, it 
seems that the existence of a one-point bicompactification for a pairwise Ty
chonoff, locally bicompact bitopological space may not always be guaranteed. 
As the preceding result shows, this problem is equivalent to its counterpart 
in the theory of bitopological G-spaces. 

4.5 G-bicompactifications as Bicompletions 

There is a quasi-uniformity on any bitopological G-space X that is induced 
by the phase group G in a natural way. For each V ENe, define 

Av {(x,y): y E Vx}. 

Then the set {Av : V ENe} is a base for a quasi-uniformity on X that 
we shall call UG . Note that the quasi-uniformity 'UG characterises the G
uniform functions on X in the sense that the G-uniform functions are exactly 
those functions that are quasi-uniformly continuous with respect to 'UG . This 
allows us to give the following characterisation of the property 'pairwise G
Tychonoff' . 

THEOREM 4.5.1 The bitopological G-space X is pairwise G- Tychonoff if and 
only if it admits a quasi-uniformity U such that U ~ 'UG . 

Proof. If U ~ UG then every real-valued function on X that is quasi
uniformly continuous with respect to U is quasi-uniformly continuous with 
respect to UG and hence G-uniform. Since QUe*(X, U) separates the points 
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and closed subsets of X, so does the superset BCb(X) and X is pairwise 
G-Tychonofl. 

Conversely, if X is pairwise G-Tychonoff then BCb(X) separates the 
points and closed subsets of X and thus the coarsest quasi-uniformity on X 
making every f E BCb(X) quasi-uniformly continuous is compatible with 
the bitopology of X. It is clear that this quasi-uniformity, having a base 
generated by G-uniform functions, is coarser than Ua . 

NOTATION 4.5.2 If X is a bitopological G-space then we shall write U* for 
the finest totally bounded quasi-uniformity admitted by X. 

PROPOSITIO:'-l 4.5.3 Let X be a bitopological G-space such that U* ~ Ua . 
Then PBCG(X)X = j3X. 

Proof. In this case we have BC*(X) = BCb(X). As every bicontinuous 
bounded fundion can be extended to the bicompletion of X with respect 
to the quasi-uniformity U*, so can every bicontinuous, bounded G-uniform 
function. Since the bicompletion of X with respect to the quasi-uniformity 
U* is pX, it follows from Theorem 4.4.4 that j3BCb(X)X = j3X. 

PROPoSITlm-: 4.5.4 Let X be a bitopological G-space that admits the quasi
uniformity Uc;- Then PBCG(X)X is the Samuel bicompactijication of X with 
respect to Ua -

Proof. Each function f E QUe*(X, Ua ) can be extended to the Samuel 
bicompactification of X with respect to Ue . We have already noted that 
QUe*(X, Ua ) is exactly the set of bounded G-uniform functions on X and 
since Ue is compatible with the bitopology on X we must have BCG(X) = 
QUe*(X, Ue). The result now follows from Theorem 4.4.4. 
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Chapter 5 

Conclusion 

By this dissertation we conclude that, just as the theory of bicompactification 
for bitopological spaces is largely analogous to the classical theory of T2 com
pactification, the theory of G-bicompactification for bitopological G-spaces 
is largely analogous to the classical theory of G-compactification, although 
we did see some important deviations. That said, we shall mention a few 
other ways in which the theory of topological transformation groups may be 
extended to the asymmetric setting. 

It has been found that the theory of quasi-uniform spaces when considered 
with just their induced topology, as opposed to the bitopology given by 
pairing the induced topology with the topology induced by the conjugate 
quasi-uniformity, is rather less tractable than its bitopological counterpart 
(see Kiinzi [20] for an overview). We would, in this case, be studying the 
actions of paratopological groups, as opposed to the parabitopological groups 
of this work. Of course, a theory of G-compactification would not be of 
interest if onl) retained the requirement that G-spaces must be Tz, since 
every compact Tz space is Tychonoff and we are back in the symmetric world. 
Research in this direction would be faced with many more difficulties than 
are encounten'd in bitopology. 

Researchers in asymmetric topology have always been aware of the strong 
links between their field and the theory of partial orders. Indeed, L. Nachbin, 
in his seminal work Topology and Order [26], introduced quasi-uniformities 
precisely in order to study this relationship. Partial orders are also of interest 
in the theory of topological transformation groups - a partial order on the 
phase group captures our intuitive idea that time 'flows in a certain direction' 
(consider the llsnal order on lR), and allows us to speak of the 'asymptotic 
behaviour' of points in the phase space. 

Given that each paratopological group has a naturally induced partial 
order, further research could investigate the actions of 'partially ordered 
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paratopological transformation groups'. It may also be of interest to study 
the actions of the ordered topological group obtained from the symmetrisa
tion of a paratopological group equipped with its induced partial order. 

Bicompleteness is not the only notion of completeness for quasi-uniform 
spaces. Doitchinov has introduced the property D-completeneS8 for the 
class of q1Liei quasi-uniform spaces. Subsequently, Kiinzi, Romaguera and 
Sipacheva [21] proved that a regular paratopological group is quiet when it is 
given its two-sided quasi-uniformity. It may be of interest to examine the ex
tension of the actions of a regular paratopological group over its Doitchinov 
completion with respect to its two-sided quasi-uniformity. 

vVe were unable to answer the intriguing question of whether or not every 
bitopologica! lR-space (Z-space) is G-Tychonoff. One possible way of solving 
an even more general problem might be to obtain a bitopological version of 
the work rec(mtly done by M. Megrelishvili and T. Scarr [25], where a method 
for constructing G-spaces that are not G-Tychonoff is given. 
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