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ABSTRACT 

In this thesis we investigate solitons in nonintegrable nonlinear evolution equations, with partic

ular reference to their radiation. First we study the effects of damping and driving on the kink of 

cp4 theory. Our investigation includes the effects of radiation for the first time, and as a result we 

discover a new feature, namely a resonance between the driving and the wobbling mode at its 

natural oscillating frequency. We show that this resonance is unique in that the driving transfers 

energy to the translational mode of the kink as well as to its oscillatory mode. We also show 

that the wobbling kink does not behave chaotically for small oscillating amplitudes. 

Continuing the theme of radiation from solitary waves, we study kinks in discrete cp4 models 

with the exceptional property that stationary kinks may be centred at arbitrary points between 

the lattice sites. We prove that, while this does lead to a drastic increase in mobility of the kinks, 

they still lose energy to radiation waves for most nonzero velocities; however, we discover 

isolated values of velocity for which radiationless kink propagation becomes possible. We 

provide a unification of the known exceptional models by showing that their equations of motion 

are composed from an underlying one-dimensional map. A simple algorithm based on this 

observation generates three new families of exceptional discretisations. 

To discover whether the effective translational invariance in exceptional models is a prereq

uisite for radiationless soliton propagation, we search for vanishing radiation in nonexceptional 

equations. For the Frenkel-Kontorova model we are unsuccessful, so we turn to pulse solitons 

in the discrete nonlinear Schrodinger equation, which models an array of optical waveguides. 

When the nonlinearity is of the cubic type, the radiation amplitude is shown to be nonzero for 

all velocities, but for a saturable nonlinearity, we discover complete suppression of the radia

tion at isolated velocities. We demonstrate that a discrete soliton moving at a general speed will 

experience radiative deceleration until it either stops and remains pinned to the lattice or locks, 

metastably, onto one of the radiation-free velocities. When the soliton's amplitude is small, 

however, the discrete soliton may spend an exponentially long time travelling with virtually 

unchanged amplitude and speed. 

Finally, we study a single waveguide (described by the nonlinear Schrodinger equation with 

a square-well potential) in greater detail. We derive explicit analytical expressions for spatial 

solitons in the system, and show that all nodeless solitons are stable. We demonstrate, however, 

that this does not imply the violation of the well-known Vakhitov-Kolokolov stability criterion 

as has been recently mooted. 
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1.3 Solitons in nonintegrable systems 5 

a localised, long-lived nonlinear energy packet. This is the definition we shall be adopting in 

this thesis. 

Although integrable systems are rare, most of the equations mentioned in this section are 

rich in applications. In fact, the KdV equation (1.1) is a generic equation for describing, at the 

lowest order of nonlinearity, any long waves propagating unidirectionally in a dispersive and en

ergy conserving medium. Similarly, the NLS equation (1.2) generically describes weakly non

linear modulated waves in dispersive, conservative media. Its most famous application has been 

to pulses in optical fibres [24], but it also describes hydrodynamic waves on deep water [25], 

Langmuir waves in plasmas [26,27], self-trapping of heat pulses in solids [28], self-focussing of 

plane-waves in two dimensions [29,30] and spin waves in magnetic media [31]. The KdV equa

tion describes, aside from the hydrodynamic waves for which it was derived [4], ion-acoustic 

waves in plasmas [6, 32], pressure waves in a liquid/gas-bubble mix [33], rotating fluid flow 

though a tube [34], blood-pressure pulse propagation [35, 36, 37] and surface-dynamics on a 

liquid drop [38]. The sine-Gordon equation (1.3) describes crystal dislocations [14, 39], do

main walls in ferroelectric and ferromagnetic materials [40], long Josephson junctions [41], 

splay waves on biological membranes [42] and self-induced transparency of optical pulses [43]. 

It was also proposed as a model of elementary particles [15]. Finally, the Toda lattice (1.5) can 

be experimentally realised as an electrical circuit involving inductors and nonlinear capacitors 

[44]. 

1.3 Solitons in nonintegrable systems 

In nonintegrable systems, solitons lose the ideal properties of their integrable counterparts. For 

instance (as mentioned before), colliding solitons usually do not emerge completely unscathed 

from the encounter, but lose some of their energy to radiation (small amplitude linear waves). 

Sometimes, however, the consequences of nonintegrability are more interesting, and lead to 

qualitatively new phenomena. For instance, a soliton may acquire an internal mode [45, 46], 

a degree of freedom corresponding to a shape deformation. By contrast, in integrable systems 

such as the sine-Gordon equation, the only degrees of freedom come from symmetries of the 

equation, for instance translational and phase-rotation invariances. Thus, a consequence of non

integrability is that solitons may carry with them an internal store of energy. 

In chapter 2, we construct a perturbative expression for the internal mode (known descrip-
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6 Introduction 

(a) (b) 

............... ~ ............... , .............. ~ .............. . ............... ~ ............... , .............. ~ .............. . 
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Figure 1.1: The dispersion relations for the q,4 equation (1.7) (left) and its discrete counterpart, 

eq. (1.11) (right). The parameter h represents the lattice spacing, or inverse coupling strength 

between lattice sites. 

tively as the 'wobbling mode') of the kink in q,4 theory. The q,4 equation, 

(1.7) 

is perhaps the simplest example of a kink-bearing nonlinear PDE, and thus an ideal candidate 

for understanding their phenomenology. It does, also, have applications in its own right - to 

chemical bond rotation in a continuum model of polyacetylene [47,48], and as a model equation 

in statistical mechanics [49] and quantum field theory [50]. Equation (I .7) is very similar to the 

sine-Gordon equation (1.3), in that its Hamiltonian has a double-well potential term. The sine

Gordon potential has an infinite number of minima, but only two of them are involved in single 

kink solutions. In fact, by Taylor-expanding the potential of the sine-Gordon equation, - cos e, 
about a maximum: e = n + q" and retaining terms up to quartic, one obtains the q,4 equation 

(1.7) after an elementary rescaling. Despite these similarities, the kink of the integrable sine

Gordon equation does not have the internal mode of its q,4 cousin [46]. 

Another similarity between the sine-Gordon and q,4 equations is that both admit oscillating 

solitons which decay to the same potential minimum at both infinities (a multiple of 2n for the 

sine-Gordon equation and ± 1 in the q,4 model) [51,52]. In the sine-Gordon case, this excitation 

is known explicitly, and can be viewed as a bound state of a kink and an antikink (mirror-image 

of the kink). Let us consider the dispersion relation for linear (small-amplitude) oscillations 

about the potential minima. In both equations this is 
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1.3 Solitons in nonintegrable systems 7 

This is sketched in figure 1.1 (a) for positive (0. There is a forbidden band in the spectrum for 

-1 < (0 < 1 - i.e., a range of frequencies for which linear waves may not propagate. The 

soliton's fundamental frequency lies in this band (it bifurcates from the constant solution at 

k = 0). Since it oscillates at a (linearly) forbidden frequency, the soliton does not directly excite 

radiation waves. However, higher harmonics generated by the nonlinearity will inevitably be 

resonant with linear modes, and can therefore be expected to generate radiation tails which will 

gradually drain energy from the oscillating hump. Amazingly, these resonances cancel in the 

sine-Gordon model (as we know from the explicit, radiationless solution known as a breather). 

In its nonintegrable counterpart (I .7), on the other hand, this is not the case - although it took 

some time to establish this fact as the radiation turns out to be exponentially small in the soliton's 

amplitude, i.e. tends to zero faster than any power of the amplitude. The radiation appeared to 

be absent in numerical experiments, leading to some controversy which was eventually resolved 

by Segur and Kruskal's pioneering paper [52] in which the method of 'asymptotics beyond 

all orders' was developed. This is the origin of the method used in chapters 3-6 to measure 

exponentially small radiation in lattice equations. In this work it is applied for the first time to 

equations involving both finite differences and derivatives. 

In contrast to the sine-Gordon and cp4 equations, the NLS equation does not generate higher 

harmonics; If/(x, t) = '¥(x)eiW[ solves (1.2) provided ,¥(x) solves the appropriate stationary equa

tion. Therefore the equation admits a 'trivial' breather solution even with nonlinearities of a 

form other than cubic, which render the equation nonintegrable. 

In nonintegrable systems, many localised solutions can be found which have nondecaying 

oscillatory tails, owing to a resonance with linear radiation. For instance, if higher-order dis

persion terms are included in the NLS equation, travelling pulses will often leave Cherenkov 

radiation in their wake [53], slowing down as a result. Despite this resonance, one can some

times find particular parameter values for which the radiation vanishes. In this case the pulse is 

known as an embedded soliton [54]. Many examples have been found in integrable equations 

modified with the addition of small higher-derivative terms. These represent higher-order terms 

in the dispersion relation which were neglected in the derivation of the integrable equation. 

Embedded solitons are typically semistable - some perturbations will cause the soliton to shed 

energy and relax back to its starting shape, while others will cause it to radiate and decay. For a 

review of embedded solitons, see ref. [55]. In this thesis, where we search for travelling lattice 

solitons, we identify embedded solitons in discrete cp4 and discrete NLS models (chapters 3 and 
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8 Introduction 

6, respectively). 

Aside from perturbations of integrable equations, many fundamental equations in nonlinear 

science are nonintegrable in essence. A large class of these are known as reaction-diffusion 

equations. In these equations, nonlinearity acts to counter the spreading effect of diffusion 

rather than dispersion and thus create a stable propagating soliton at a fixed velocity. Of course, 

a source of energy is needed to overcome the diffusive losses; this is either supplied through 

the boundaries or as 'source terms' in the equation which represent internal supplies of en

ergy which are unlocked as the wave propagates: hence reaction-diffusion. In one dimension, 

examples are the Burgers equation [56], proposed to model turbulent fluids, and the Hodgekin

Huxley [57] and Fitzhugh-Nagumo [58] models of nerve-impulse transmission. The book by 

Scott [9] contains a thorough overview of nerve-fibre models. In two dimensions, the same 

types of equation describe the formation of patterns such as spreading rings in the Belousov

Zhabotinsky autocatalytic reaction [59] as well as on the surface of mushrooms [60], and spiral 

waves in excitable chemical media [61]. The Belousov-Zhabotinsky reaction also displays three 

dimensional structures known as 'scroll rings' [62], which are related to fibrillation in the hu

man heart [63]. Three-dimensional reaction-diffusion equations also describe Turing patterns, 

which arise in a model for biological morphogenesis [64]. 

We have mentioned the systems above for completeness. In this thesis we shall not be 

considering nonlinear diffusion, but will concentrate our efforts on energy-conserving models. 

1.4 Optical solitons 

The most intensively-studied equation in nonlinear optics, the nonlinear Schrodinger (NLS) 

equation (1.2) was originally derived by Zakharov (shortly before he and Shabat succeeded in 

integrating it) to describe the time evolution of the modulation envelope of a train of waves in 

deep water [65]. It was then shown to describe the evolution of a light-wave envelope in an 

optical fibre by Hasegawa and Tappert [24]. Previously, it had been proved that a continuous 

light wave propagating in a nonlinear dispersive medium exhibited modulational instability, or 

a tendency to break up into separate wavepackets with sech-shaped amplitude modulation [66]. 

These envelopes are the NLS solitons known in optics as temporal solitons. In an optical fibre, 

the nonlinearity is a result of the dependence of the index of refraction on intensity. For moderate 

powers the relation is linear, leading to the cubic nonlinearity in the NLS equation known as the 
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1.4 Optical solitons 9 

Kerr nonlinearity. For higher powers, the relation between index of refraction and intensity 

departs from a straight line; in all materials it will eventually saturate at some maximum value. 

Therefore when higher powers are involved, one must consider a different form of nonlinearity 

in the NLS equation. 

In temporal solitons, nonlinearity counters the tendency of dispersion to spread the pulse in 

the direction of its travel. To confine the light in the directions transverse to its travel requires 

a waveguide such as an optical fibre. On the other hand, spatial solitons are stationary beams 

of light self-trapped in one or both transverse spatial dimensions. Here, nonlinearity acts to 

counter the spreading effect of diffraction. The idea of self-trapping, discovered in 1963 [67], is 

that when a light beam locally exceeds a certain critical power, it modifies the index of refraction 

enough to create a virtual waveguide in the optical medium; the change in refractive index at 

the boundaries of this virtual waveguide is enough to confine light inside the channel just as in 

a normal waveguide. In addition to temporal and spatial solitons, spatiotemporal solitons-or 

'light bullets'-have recently been discovered [68]. As their name suggests, these are parcels 

of light which are self-localised in all directions. In this thesis we shall consider only spatial 

solitons. In chapter 7, we consider the interesting case of optical spatial solitons confined both 

by self-localisation and an additional waveguide. 

For optical solitons, the variable t in the NLS equation (1.2) represents the spatial coordinate 

in the direction of light propagation. For spatial solitons, x is a transverse spatial coordinate, but 

for temporal solitons it stands for the retarded time. Throughout this thesis we shall stick to t 

and x in the style of the mathematical literature. In optics, more meaningful names are usually 

given. For instance, t is usually named z or ~ . 

Much higher powers are needed to counter the effects of diffraction than dispersion, which 

means that for temporal solitons, a cubic term in the NLS equation represents a good approx

imation, whereas for spatial solitons, it is important to consider higher-order terms in the non

linearity to represent its deviation from the pure-Kerr case. The saturable nonlinearity, in which 

the index of refraction n is written in terms of the intensity I as 

no 
n (I) = -1 +~I /"-// 

where Is is the saturation intensity, describes the photorefractive media which are increasingly 

popular among experimentalists [69]. For photovoltaic solitons the model has been derived from 
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10 Introduction 

first principles [70]. Another common nonlinearity, known as 'cubic-quintic', is described by 

where nl and n2 are opposite in sign. One obtains a cubic-quintic nonlinearity as the first two 

terms in the Taylor expansion of the saturable expression. In chapter 6 we shall be considering 

a saturable nonlinearity, and in chapter 7, a cubic-quintic nonlinearity. 

Temporal optical solitons, though not studied in this thesis, deserve a place in this introduc

tion because of the important applications they have found in the field of optical-fibre communi

cations. The immunity of solitons to spreading through dispersion eliminates one of the biggest 

bandwidth limitations encountered in linear fibre-optics. Of course, solitons are stilJ subject to 

gradual energy loss as they pass through fibres, due to various real-world effects such as damp

ing, and so amplification is still required to prevent them falling below the critical power for 

self-focusing to occur. To maximise bandwidth and minimise the need for repeaters, an impor

tant technique is dispersion management (see the review in [71 D, in which fibres are made with 

decreasing dispersion along their length. This prevents dispersion from gaining the upper hand 

over nonlinearity as the pulse loses power. In an exciting recent development, it has been shown 

that optical pulses can be almost perfectly sustained over a length as long as 75km when the 

optical fibre is turned into a laser cavity [72], a very significant development in the quest for 

lossless transmission in fibre-optic communications. 

The optical solitons considered so far have the form of pulses on a zero background and are 

known as bright solitons. Temporal bright solitons form in the 'anomalous' dispersion regime 

(where the index of refraction decreases with increasing frequency) whereas so-called dark 

solitons can appear in the 'normal' dispersion regime [73]. As the name suggests, dark solitons 

are intensity dips on a continuous-wave background. Spatial dark solitons can also exist [74]; 

whereas spatial bright solitons exist when the nonlinearity is self-focussing, dark spatial solitons 

exist for self-defocussing nonlinearities. In eq. (1.2), the self-focussing case corresponds to the 

'+' sign and the self-defocussing case to the' -' sign. 

There are many other kinds of solitons which occur in optical systems [68]: 

• Bragg solitons (also known as gap solitons) can form in nonlinear fibres whose index of 

refraction has a weak periodic variation along its length. They are described either by 

'coupled-mode' equations or, under certain conditions, by an effective NLS equation. 

• Two-dimensional spatial solitons can form due to self-focussing, described by the NLS 

Univ
ers

ity
 of

 C
ap

e T
ow

n



1.5 Discrete systems 11 

equation in (2+ 1) dimensions. 

• The (3+1)-dimensional NLS describes 'light-bullets' in three dimensions under appropri

ate conditions. 

• Vortex solitons are generalisations of dark solitons to two dimensions and exist only when 

the nonlinearity is self-defocussing. They are phase-singularities within a plane-wave 

background. 

• Vector solitons and quadratic solitons arise when one considers multiple coupled fields in 

optical fibres. 

The books by Kivshar and Agrawal [68], and Akhmediev and Ankiewicz [53], are compre

hensive references on optical solitons. 

1.5 Discrete systems 

Perhaps the simplest kind of nonlinear lattice is the one studied by Fermi, Pasta, and Ulam [5]: 

a one-dimensional array of masses coupled with weakly-nonlinear springs, 

(1.8) 

Here V' (r) = r + am, where m = 2 or 3, is the derivative of the spring potential, and rn is the 

displacement of the nth spring from its equilibrium length. The integrable Toda lattice (J .5) 

differs only in the form of the spring potential. The fact that the Fermi-Pasta-Ulam (FPU) 

model reduces to the KdV equation in the continuum limit (as shown by Zabusky and Kruskal 

[6]) suggests that it does have solitary waves; recently this has been demonstrated numerically 

for the FPU model itself by Eilbeck and Flesch [75]. (A rigorous mathematical proof of the 

solitary wave's existence has been given by Friesecke and Wattis [76].) The Toda lattice, of 

course, has explicit soliton solutions. The solitary waves of both lattices are compression waves 

which propagate along the chain at a velocity related to their amplitude; stationary solutions 

do not exist. Interestingly, solitary waves are found to travel Jaster than low-amplitude linear 

waves in these models. This phenomenon had already been experimentally observed in air by 

John Scott Russell, who noted that the large-amplitude clap of a cannon firing reached him 

before the quieter command to fire it [77]. 
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Introduction 

Figure 1.2: The kink of the Frenkel-Kontorova model. The smooth line shows the sinusoidal 

substrate potential. From left to right, the displacement of the atoms from their corresponding 

potential minima grows from ° to 2n. 

The earliest recorded study of a nonlinear lattice was by Frenkel and Kontorova in 1939 

[78], who modelled plastic deformations in crystals using the equation 

( 1.9) 

Equation (1.9), now known as the Frenkel-Kontorova (FK) model, is a discrete version of the 

sine-Gordon equation (1.3) - that is, it reduces to (1.3) in the limit h -+ 0, where h represents 

the lattice spacing. In this limit, known as the continuum limit, the chain of discrete variables 

Un (n E Z), is replaced by the continuous function 8(x), where Un = 8(hn). 

In contrast to the FPU and Toda lattices, the FK model supports a stationary structure, known 

as the kink. The model comprises an array of linearly coupled masses sitting in a fixed sinusoidal 

potential induced by another, fixed chain of atoms; this is depicted in figure 1.2. The kink is the 

dislocation in the regular crystal structure that forms when one of the minima in the substrate 

potential is missing an atom. Clearly, the kink is a localised concentration of potential energy. 

This discrete kink, like its continuous counterpart [eq. (1.4)], is a topological soliton, since it 

would require a non-local intervention to remove it; an endless sequence of particles would 

have to shift to a neighbouring potential minimum. The book by Remoissenet [8] describes a 

great many simple experimental realisations of nonlinear lattices in which kinks, in particular, 

can be observed. 

The lattice equation now known as the discrete nonlinear Schrodinger (DNLS) equation, 

(LlO) 

was first derived by Holstein in 1959 [79], as a model for the nonlinear self-trapping of the wave

function of an electron in a one-dimensional crystal lattice. This self-trapped electron, known as 

the polaron, had first been proposed by 1933 [80] when Landau showed that a distortion of the 

lattice could confine the electron's wavefunction. In (1.10), the IlJIn 12 factor acts like a potential 
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1.5 Discrete systems 13 

in a linear Schrodinger equation; thus we see that nonlinearities cause the electron to form its 

own potential trap. This is a result of the lattice becoming locally deformed - in rigid lattices, 

on the other hand, the electron wavefunction will always spread out to form a Bloch wave. 

Despite this example of nonlinear localisation in a discrete system, the perception among 

researchers of solid state physics until recently was that nontopological localised modes could 

only exist in a lattice structure if there was some inhomogeneity (e.g. an impurity) in the lattice 

[81]. Only in 1988 was this view changed, by the remarkable discovery of discrete breathers, 

or 'intrinsic localised modes' [82, 83, 84] in defect-free, but nonlinear, lattices. Whereas in 

continuous systems, the only example of a true breather is in the sine-Gordon equation, discrete 

breathers are generic excitations in nonintegrable discrete systems. To illustrate, consider a 

discrete form of the cp4 model (1 .7) considered earlier: 

d2Un_Un+1-2un+Un_l_~ ~ 3-0 
dt2 h2 2 Un + 2 Un - . (1.l1) 

The dispersion relation for linear waves Un = ± I + eeik(hn)-iOJ(, is 

ro = ± J 1 - :2 (cos kh - I) 

(as for the Frenkel-Kontorova model). This is sketched in figure 1.1 (b), alongside the continu

ous case [fig. 1.1 (a)], for various values of h. For large h (large lattice spacing or weak coupling) 

the allowed band for linear waves is narrow; if it is narrow enough, the second harmonic of the 

breather (whose fundamental frequency lies below the band, as in the continuous case) lies 

above the radiation band, as (of course) do all the other harmonics. Thus, a discrete breather is 

inherently stabilised against radiation decay by discreteness. In addition, another kind of dis

crete breather exists in which neighbouring lattice points perform large-amplitude oscillations 

out of phase with each other. The fundamental frequency (and hence all the harmonics) of this 

large-amplitude breather lies above the transmission band and thus it, too, is immune from de

cay. Ref. [81] reviews the experimental observations of intrinsic localised modes, for instance 

in Josephson ladders, optical waveguide arrays and photonic crystals. They are also expected 

to contribute to the thermal properties of crystals [83]. On the theoretical side, the origins of 

discrete breathers have been probed by Flach and Willis [85, 86]. The same authors provide a 

full review of discrete breathers in [87]. 

Apart from their applications in solid state physics and optics, lattice equations describe 

many chemical and biological systems, where discreteness occurs on the molecular level. Ex

amples are a-helix proteins, modelled by Davydov's equations [88, 89], globular proteins [90], 
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14 Introduction 

n 

Figure 1.3: An optical waveguide array. The t coordinate represents distance along the waveg

uides. In recent experiments, arrays of around 50 waveguides, typically 4,um wide and a few 

millimetres long and with spacings between 2 and 7 ,urn, have been used [96, 97]. 

and buckling of biopolymer chains [91]. Many mathematical models also exist for various as

pects of the behaviour of DNA [92], one of which is the Frenkel-Kontorova equation (1.9). 

In these biological systems it is usually impossible to observe solitons in isolation due to the 

relatively high temperature of the human body, making experimental verification a challenge. 

Whereas a continuous reaction-diffusion equation describes nerve-impulse propagation down a 

homogeneous fibre (as mentioned in section 1.3), motor nerves and brain axons in vertebrates 

are composed of nodes separated by long insulated sections, along which little diffusion occurs; 

the propagation of electrical pulses in these 'myelinated' nerves is described by a nonconserva

tive lattice equation [93]. Finally, the replication of form by cellular automata is described by a 

two-dimensional discrete reaction-diffusion system [94]. 

1.5.1 Optical waveguide arrays 

In optics, a one-dimensional lattice structure can be produced as a stack of waveguides, depicted 

in figure 1.3. Provided the coupling between waveguides is weak (and hence only nearest

neighbour interactions are taken into account), the array can be modelled by the DNLS equation 

(1.10) [95]. In solid-state physics this approximation is known as the tight-binding approach, in 

which the atomic wavefunctions in a crystal are assumed to decay on a scale much shorter than 

the lattice spacing, so that their overlap is minimal and interactions are weak. In the DNLS equa

tion (I. 10), the integer variable n enumerates the waveguides while t represents the longitudinal 

spatial coordinate (i.e. the distance along the waveguides). IlfIn (t) 1
2 , then, is the light intensity 

at a distance t along the nth waveguide. For nonlinearities deviating from the pure Kerr case, 
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1.5 Discrete systems 
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Figure 1.4: Intensity profile of a lattice solitary wave travelling in a waveguide array. The 

waveguides extend into the page; as we move down them the pulse shifts to the right. It can be 

guided around corners such as the one shown [103]. 

the final term in (I . 10) would be modified accordingly. For instance, in chapter 6 we consider 

a DNLS equation with a saturable nonlinearity, as is found in many photorefractive materials. 

Recently, spatial solitons have been observed in optical waveguide arrays in several experiments 

[96, 97]. In the discrete case, nonlinearity balances discrete diffraction, which would cause light 

to spread from one waveguide to the other. Another way to think about this self-trapping is to 

realise that, due to nonlinearity, the frequency of the modulating wave is amplitude-dependent. 

Hence, if the power is sufficiently concentrated on one waveguide, the transfer of energy to 

neighbouring waveguides becomes difficult due to the absence of resonance between the fre

quencies of the neighbouring modulation waves. 

The DNLS equation admits not only bright solitons, but dark ones as well [98]. For cases 

when the tight-binding approximation is not valid, Sukhorukov and Kivshar have developed 

a more realistic model [99]. Unlike the DNLS equation, this model has multiple forbidden 

bandgaps, which allows for the possibility of gap solitons to exist, aside from the basic soliton 

[100]. 

Traditionally, optical waveguide arrays would be fabricated as a lattice of separate waveg

uides. However, it has recently been shown [10 I, 102] that waveguide arrays can be optically in

duced in real time in homogeneous media with a photorefractive nonlinearity. By shining coun

terpropagating plane-waves in from the sides, the resulting interference pattern locally modifies 

the index of refraction in such a way as to create an effective waveguide array in the bulk. 

An exciting future application for solitons in waveguide arrays is the fabrication of 'soli

ton wires' [103, 104]: waveguide arrays in which solitons move transverse to the axes of the 

waveguides. The waveguide array may be bent to guide the solitons around corners - hence the 
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16 Introduction 

analogy with a wire. This is depicted in figure 1 A. It has been shown [103] that at a junction 

of these wires, solitons can be routed along one of the paths by placing a 'blocking' soliton at 

the entrance to the other path. The travelling pulse or 'signal' soliton interacts elastically with 

the blocker and is routed along the other branch. These blocking solitons, in contrast to the sig

nal solitons shown in fig. lA, are localised to a single lattice site and immobile. Thus, solitons 

can be routed along specific pathways in the two dimensions perpendicular to the waveguides. 

Furthermore, control solitons, which do interact coherently with the blockers, can be sent along 

the soliton wires to shift the blockers around by one waveguide at a time. This opens the door 

to all-optical logic functions and hence more general computational tasks. Obviously, the mo

bility of moving solitons in the waveguide array is key to the scheme, and this is the subject of 

chapter 6 of this thesis. For a review of the latest developments in optical waveguide arrays, see 

ref. [105]. 

Lastly, we mention that the DNLS equation can also be used to describe Bose-Einstein con

densates under certain conditions [106]. If the condensate is strongly confined by a cigar-shaped 

magnetic trap, its dynamics become effectively one-dimensional along the long axis. In addi

tion, there must be a periodic potential whose oscillations occur along the long axis. Provided 

the potential is of sufficient strength as to bring about weak interaction between the wavefunc

tion (order-parameter) in neighbouring troughs of the potential, then the DNLS equation is an 

appropriate model. Hence, the same structures that occur in optical waveguide arrays-notably 

intrinsic localised modes-are also found in arrays of Bose-Einstein condensates [107]. In gen

eral, the DNLS equation is a simplified model of any medium described by the NLS equation 

which has a strong periodic potential [108]. 

1.5.2 Travelling discrete solitons 

Whereas in continuous systems, Galilean or Lorentz invariance implies the existence of a mov

ing soliton whenever a stationary one exists, there is no such lUXUry in discrete models. Indeed, 

even continuous translation invariance is lost. On lattices with a substrate potential, for which 

stationary solutions exist, there are typically only two unique possibilities: one solution centred 

on a lattice point and the other centred between two points [109]. The difference in potential 

energy between the two, termed the Peierls-Nabarro (PN) barrier, must be surmounted in order 

to move the soliton along the lattice [110]. 

To illustrate the difficulties faced in trying to find travelling waves on lattices, we consider 
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1.5 Discrete systems 17 

, ,-- 10 

Figure 1.5: The dispersion relation (1.12) for eq. (1.11) in the frame of reference moving at 

velocity v = 0.5. Solid line: h = 0.5; dashed line: h = 1. 

the discrete cp4 chain (1.11); its dispersion relation is sketched in figure 1.1 (b). Now, if we 

convert to a travelling-wave coordinate z = n - vt, then the dispersion relation is modified by 

changing ill to ill + vk, i.e., it is 

ill = - vk ± J 1 - ~2 (cos kh - 1). (1.12) 

We are searching for solitons which are not propagating relative to the travelling coordinate z, 

though they may be oscillating. As in the stationary case, we aim to find a gap in the linear-wave 

spectrum where the soliton can exist without exciting radiation. The dispersion relation above 

is sketched in figure 1.5. We see that, in contrast to the stationary case, there is no gap in the 

linear spectrum where we could hope to find a soliton, let alone its harmonics. This absence of 

gaps is a result of the periodic nature of the dispersion relation in the stationary frame, which is 

a feature of all discrete systems. So, the dispersion relation fails to provide an easy answer in 

the search for moving solitons, and one has to tum to other techniques. 

Of course, for rare integrable lattice equations such as the Toda lattice (I .5) and Ablowitz

Ladik equation (1.6), travelling solitons are known. For general discrete equations, on the other 

hand, Eilbeck and Flesch have devised a numerical spectral method for calculating moving 

solitary waves [75]. They have applied the method to an FPU lattice and successfully calculated 

the amplitude-velocity relationship for travelling discrete solitons. Claude, Kivshar, Kluth and 

Spatschek then confirmed the existence of these FPU solitary waves with an analytical method 

based on perturbation from the Ablowitz-Ladik equation [I I I]. Further progress was made for 

equations of FPU type when Friesecke and Wattis rigorously proved existence of solitary waves 

under certain conditions [76]. 
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18 Introduction 

In contrast, for lattice equations with an on-site potential the search for moving localised 

modes has been less successful, for instance in nonlinear Klein-Gordon chains [111] and dis

crete NLS equations [112], with most early investigations being of a numerical nature - see 

[113], where travelling solitons in many different equations are studied. However, Flach and 

Kladko have established the relationship between frequency, velocity and width of these travel

ling nonlinear waves [114]. As we shall show, lattice solitary waves are typically accompanied 

by exponentially small radiation, which makes it particularly difficult to extract conclusive re

sults from numerical studies [I 14]. 

An interesting advance was made by Speight and Ward, who generated exceptional discrete 

versions of the sine-Gordon and cp4 equations which are free of the PN barrier [115, 116, 117]. 

Previously, the PN barrier had been blamed for the nonexistence oftravelling solitons [I I I, 1 18], 

and indeed Speight's numerical simulations suggest that the kink is never pinned to the lattice 

[116, 117]. In this thesis, we take up the search for moving lattice solitons at this point; chapter 

3 is devoted to investigating the existence of travelling solutions in systems such as these. 

An inverse approach to the problem of discrete travelling waves was taken by Flach, Zolo

taryuk and Kladko [119], who start with an assumed form of travelling solution and generate 

the corresponding form of nonlinearity therefrom. In the resulting models, the nonlinearity 

depends, parametrically, on the velocity and width of the soliton. For fixed parameter values, 

corresponding to a given velocity and width, one has a nonlinear wave equation which admits 

the known radiationless soliton for those particular values of its velocity and width. However, 

since the generated nonlinearity depends on the shape of the assumed wave profile, there is no 

systematic way of controlling the nonlinearity that is produced. The method cannot, therefore, 

be used as a tool to study a known equation. On the other hand, it has been used to prove 

the important theoretical result that these models can posess a nonzero PN barrier [119], and 

therefore that the presence of a PN barrier does not necessarily preclude radiationless transport 

at isolated velocities. 

A novel way to improve discrete soliton mobility in an optical waveguide array was recently 

discovered by Sukhorukov [120]. He showed that by modulating the lattice coupling constants 

or index of refraction so as to be a quasiperiodic function of the waveguide index, soliton mo

bility is dramatically enhanced and radiation reduced. Whereas the inverse method of Flach and 

co-authors and the method of Speight and Ward generate entirely new models, this procedure 

can be physically realised simply by rearranging the waveguide spacing. 
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1.6 Aims of this thesis 19 

Finally, in the context of travelling waves in discrete reaction-diffusion systems (such as the 

myelinated nerves mentioned in section 1.5), Keener has showed that propagation failure occurs 

when the discreteness becomes too great [121]. 

For reviews of lattice travelling waves, with particular reference to the DNLS model, see the 

papers [122, 123, 124]. 

1.6 Aims of this thesis 

We begin in chapter 2 by considering kinks of the continuous cp4, or quartic-coupling, model. As 

we mentioned in section 1.3, the cp4 equation is a generic model for nonintegrable kink-bearing 

systems, and the cp4 kink allows for an oscillating shape-deformation (a linear excitation of the 

stationary kink) known variously as the internal mode, shape mode, or wobbling mode [125]. 

In the first analytical construction of the wobbling kink, Segur performed a regular perturbation 

expansion from the kink [126]. He obtained the expression for radiation emitted by the wob

bling mode at second order in the small wobbling amplitude. However, he observed that the 

perturbation expansion would break down at higher orders due to the appearance of spatially 

unbounded terms. Our first objective in chapter 2 is to repeat the perturbative construction of 

the internal mode using the method of multiple scales. Unlike regular perturbation theory, the 

multiple scales method is able to deal with situations in which parameters introduced in the 

perturbative construction have a slow dependence on the space and time variables, and allows 

one to determine this dependence. We shall show that this slow dependence is a result of the 

energy carried away from the internal mode by the radiation waves. We will also find that, even 

in the method of multiple scales, care needs to be taken to avoid arithmetic unboundedness in 

the radiation functions. 

The second aim of chapter 2 also relates to radiation from the wobbling mode. In various 

recent papers, Quintero, Sanchez and Mertens have used collective-coordinate theory to study 

the wobbling kink under the influence of direct [127, 128] and parametric [129] driving. Their 

method assumes a specific functional dependence of the kink on just two parameters: velocity 

and width. Therefore, in this method the radiation is entirely ignored. We would like to over

come this limitation, by extending our multiple scales analysis to include driving and damping. 

We shall find that there are important differences in our conclusions compared to those of the 

collective coordinate method. 
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In the next chapter (chapter 3) we again consider kinks of cp4 equations, but this time in 

spatially discrete varieties. Indeed, chapters 3-6, all deal with discrete models and aim to find 

radiationless solitary waves, which we call sliding solitons. Progress made so far in this search 

was outlined in the previous section (section 1.5.2). To begin our contribution to this topic, 

chapter 3 is an attempt to discover the extent to which the Peierls-Nabarro barrier hinders the 

propagation of travelling solitons. 

There are several reasons for hoping that the PN barrier will be the only obstacle to the 

existence of radiationless travelling kinks at arbitrary velocities. 

• Firstly, on an intuitive level, one might suppose that the radiation is a direct consequence 

of the periodic acceleration and deceleration of the pulse as it stutters across the (roughly) 

sinusoidal landscape of the PN potential [III, 118]. 

• Secondly, in the case of Fermi-Pasta-Ulam lattices (lattices with nonlinear interactions 

but no on-site potential), travelling solitons are known to exist [76]. In these lattices, there 

is no concept of a PN barrier [130], and indeed no on-site potential to hold a stationary 

solution in place (or, in fact, to allow it to exist at all). 

• Thirdly, the numerical investigations of Speight [116, 117] have suggested that kinks are 

not pinned to the lattice in PN-free discretisations (and hence, after some transients, stop 

losing their energy to radiation). 

• Fourthly, from a mathematical perspective, the elimination of the PN barrier restores an 

effective translational symmetry to the stationary solitons, since they are no longer re

stricted to the PN potential's maxima and minima, but can exist anywhere with respect 

to the lattice. Therefore we may hope that this restored symmetry will go hand-in-hand 

with a restored effective velocity-boost symmetry. 

• Finally, and relatedly, the model proposed by Kevrekidis, whose kink has effective trans

lational symmetry, is shown to conserve momentum [13 I ]. Most discrete equations do 

not conserve momentum, in contrast to their continuous counterparts, and so this prop

erty is very suggestive of the existence of travelling waves with nondecaying velocities 

(and therefore no radiation tails). 

Thus the primary aim of chapter 3 is to find out whether sliding kinks exist for arbitrary ve

locities in these exceptional models with effective translational invariance and vanishing PN 

barriers. We search for travelling solitons in the known exceptional discrete cp4 models, which 

were all discovered recently [116, 131, 132]. 
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l.6 Aims of this thesis 21 

Our approach follows logically from that used in chapter 2; we seek to construct the moving 

discrete kink as a perturbation expansion starting from the moving kink of the continuous model 

(1.7) (which is simply the Lorentz-boosted stationary kink tanhx). Ideally, the hope is that the 

method of multiple scales will reveal that the radiation has an amplitude of zero. Unfortunately 

we shall see that the radiation turns out to be exponentially small, and so cannot be captured by 

any order of the perturbation expansion. Thus we shall unleash a more advanced technique

namely the method of asymptotics beyond all orders-on the problem. This method dates back 

to the self-same continuous q,4 equation which is studied in chapter 2, but to its breather rather 

than its kink. It was devised by Segur and Kruskal in 1987 [52] in order to measure the expo

nentially small radiation from this breather, and received an important modification by Pomeau, 

Ramani and Grammaticos [133] shortly thereafter. This eliminated the need to numerically 

solve an initial-value problem, a particularly tricky issue for discrete equations, replacing it in

stead with the elementary algebraic problem of computing the limit of a recurrence relation. 

This method has been applied to measure radiation in continuous equations [134, 135, 136] and 

discrete equations [137, 138, 139], but never (to the author's knowledge) to an equation involv

ing both finite differences and derivatives. This is the equation that arises in chapter 3 after a 

travelling wave ansatz is made, and on which we aim to use the method. 

Since exceptional discretisations (discretisations which admit stationary solutions with ef

fective translation invariance) are found to be favourable to travelling solitons, our aim in the 

next chapter, chapter 4, is to generate new exceptional discretisations in the hope of finding 

physically realisable examples. A second objective is to identify and understand the mechanism 

behind exceptionality by unifying the known models. These models were generated by their 

inventors in fundamentally different ways: the models of Speight and Ward [115, 116] through 

a Bogomolny energy minimisation method and the models of Kevrekidis [13 I ] by starting from 

a conserved two-point quantity corresponding to momentum, and the model of Bender and 

Tovbis [132] by asserting a necessary condition for the elimination of resonant radiation (this 

technique will be described in section 4.3). Finally, whether physically applicable or not, ex

ceptional discretisations are useful for simulating continuous equations numerically. Using the 

finite-difference method, it is necessary to discretise the continuous equation, and so an equation 

with effective translation invariance is a more accurate approximation than one without since it 

more closely matches the properties of the original continuous equation. Therefore it would be 

worthwhile to look for a particularly simple exceptional discretisation for this purpose. 
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22 Introduction 

Next, chapter 5 is an attempt to find moving kinks (of amplitude 27r) in the Frenkel

Kontorova model (which is not exceptional, i.e. has a PN barrier [109]). We aim to answer 

definitively the important question of the existence of sliding solitons in the FK model. A neg

ative answer has already been given based on a numerical method [113] (albeit a reliable one), 

but earlier simulations were suggestive of the existence of sliding kinks [109], so the problem is 

worth investigating once more from a different angle. Since it has many applications (which we 

list in section 5.1), radiationless energy transport in the FK model is a sought-after phenomenon. 

Our second main objective for chapter 5, which connects with our investigations of excep

tional discretisations in chapters 3-4, is to show that the translation invariance of static kinks 

is not a necessary condition for the existence of sliding solitons. Although the discovery of 

sliding solitons in exceptional discretisations in chapter 3 hints at this correspondence, it was 

found in ref. [119] that sliding kinks can exist in a system with a nonzero PN barrier - and the 

presence of a PN potential immediately rules out the translation invariance of static solutions 

(this is because all members of a continuous family of time-independent solutions must have 

the same potential energy). We would like to provide independent verification of this result, 

however, to counter the strong intuitive expectation that the PN potential is always responsible 

for the emission of radiation. If we are able to find sliding kinks in the FK model, it will confirm 

that there is no rigid connection between the two. A similar question which stems from chapter 

3 is whether it is necessary for the nonlinearity to be nonlocal-that is, to depend on multiple 

lattice sites-since all the sliding kinks found there occur in such models. However, the same 

counterexample in ref. [119] refutes this. Once again, we would like to provide confirmation of 

this result in chapter 5. 

A further motivation for this study is to find out how to derive the inner equations and hence 

calculate Stokes constants in a model with nonpolynomial nonlinearity. As we shall show, this 

requires some modifications to the standard procedure. By presenting the method of beyond

all-orders asymptotics a second time, we are able to gloss over confusing details and, therefore, 

hope to provide a more intuitively appealing overview of the method. 

Chapter 6 continues the search for sliding solitons, this time in the saturable DNLS equation. 

We will now be looking for pulse solitons rather than kinks. We are motivated by recent numeri

cal studies which have indicated enhanced mobility of solitons in optical waveguide arrays with 

saturable nonlinearities [140, 141], and also by the fact that there is presently great interest in 

these systems among experimentalists [10 I, 102, 142]. Aside from the potential importance of 
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1.6 Aims of this thesis 23 

finding sliding solitons for their own sake, our aims for chapter 6 are substantially the same as 

for the previous chapter: We are again searching for a counter-example which will confirm the 

findings in ref. [I \9] that both exceptionality and the nonlocal discretisation of the nonlinearity 

are not prerequisites for the existence of sliding solitons. In this chapter we also aim to calculate 

rigorously the radiation amplitudes for the travelling lattice soliton. Whereas in chapters 3-5 we 

are content to demonstrate existence or nonexistence of sliding solitons, with only a heuristic 

argument that the radiation amplitudes are proportional to the Stokes constant, we propose to 

prove this in chapter 6. This will allow us to work out the time-evolution of the parameters of the 

radiating lattice solitons. The situation will be more complicated-and therefore interesting

than for kinks, because moving pulses have two 'internal' parameters (amplitude and velocity) 

which could vary as a result of radiation emission, whereas kinks do not have an amplitude; the 

lattice-spacing parameter which determines their width is external and cannot vary. For kinks, 

one would expect radiation emission simply to slow them down, but with two parameters, more 

interesting questions arise, such as whether the pulses will be pinned to the lattice before they 

have had a chance to decay, or vice-versa. We also aim to answer the question of how radiating 

solitons behave near to sliding velocities and, crucially, whether the radiationless sliding state is 

a stable one. 

Another important objective of chapter 6 is to resolve the long-standing question of whether 

sliding kinks exist in the DNLS model with cubic nonlinearity. The cubic DNLS model arises 

as the limit of our saturable model when the saturation intensity of the medium tends to infinity, 

and therefore the search for sliding solitons in the cubic equation falls into the same analysis as 

for the saturable one. 

Whereas in chapter 6 we were studying a lattice of waveguides coupled together (with par

ticular reference to the photorefractive nonlinearity), in chapter 7 our aim is to study in more 

detail how light behaves in just a single waveguide, also with photorefractive nonlinearity. Our 

objective is to construct soliton solutions explicitly and to study their stability. Another mo

tivation for studying the single-waveguide system comes from the numerical study of Gisin, 

Driben and Malomed [143]. In this paper, solitons are numerically constructed and their stabil

ity analysed. It is shown that two branches of stable solitons coexist, and that for one branch, 

the derivative of the integral power with respect to the wavenumber of the soliton's carrier wave 

is positive, and for the other, it is negative. In the standard cubic-quintic NLS, the well-known 

Vakhitov-Kolokolov stability criterion [144] would then imply that the two branches should 
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24 Introduction 

have opposite stability. However, it would seem that when the waveguide is added, this criterion 

no longer holds; either that, or the numerical analysis of ref. [143] contains a flaw. We aim to 

find out if this is true and, if not, to find the reasons for the failure of the Vakhitov-Kolokolov 

theorem by performing a stability analysis from scratch, and to see whether its correct predic

tion of the stability of one of the branches is an accident or simply an application of the theorem 

under correct conditions. 

In chapter 8 we summarise the conclusions arrived at and discuss our work, as well as 

suggesting some directions for future investigations. 
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Chapter 2 

Wobbling kinks in (jJ4 theory 

As mentioned in section 1.3, cfJ4 kinks have an internal mode (also called a 'shape' or 'wobbling' 

mode) which allows the kink to carry energy with it. In this chapter, our aim is to construct the 

wobbling kink using the method of multiple scales, in order to complement the results found 

using a variational approach in refs [127, 128, 129]. 

2.1 Introduction 

The cfJ4 equation in I + I dimensions with the repulsive nonlinearity, 

1 1 3 
:zcfJtt - :zcfJxx - cfJ + cfJ = 0, (2.1) 

admits the kink solution cfJ(x,t) = tanhx. Since the analytical expression for the kink is so 

simple, eq. (2. I) is often used as a paradigm for nonintegrable kink-bearing systems. Kinks 

have been used to describe crystal dislocations [78, 145], domain walls representing structural 

phase transitions in incommensurate [146], ferroelectric [147, 148], and ferromagnetic [149] 

systems, polymerisation mismatches in poly acetylene [47, 48], spin waves [150] and charge

density waves [15 I], and energy transfer along hydrogen-bonded molecular chains [152, 153]. 

In contrast to the kink of the (integrable) sine-Gordon equation, the cfJ4 kink has an internal 

or shape mode [125], discovered by Rice and Mele [154] in 1980. This extra degree of free

dom allows for oscillations in the width of the kink, which are accompanied by the emission of 

radiation - a manifestation of the nonintegrability of the cfJ4 equation. Initially, an oscillation 

was observed in the kink of the sine-Gordon equation [155], but this is not a genuine wobbling 

mode [125] (i.e. not a linear mode of the kink, but a consequence of the excitation of radiation), 
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26 Wobbling kinks in q,4 theory 

and has since been shown to be a consequence of the discretisation of the equation for numerical 

simulation rather than a property of the PDE itself [156]. Energy can be stored in the wobbling 

mode and released from it upon collision [155, 157], when the kink encounters an inhomogene

ity [158], or when it moves near a resonant velocity over a periodically modulated potential 

[159]. Also, the internal mode can be excited by direct [128] or parametric [129] driving, which 

we also consider in this chapter. 

Segur [126] constructed a regular perturbation expansion of the wobbling kink, obtaining 

the first three orders of the series. He noted the imminent appearance of 'secular' (unbounded) 

terms at the next order of the expansion, and the consequent breakdown of the expansion. 

More recently, Quintero, Sanchez and Mertens have considered the dynamics of q,4 kinks 

when subjected to direct (external, or ac) driving [127, 128] and parametric driving [129]. They 

have employed a variational method which neglects the radiation, assuming a specific functional 

dependence of the kink on the 'collective coordinates', which in this case are the width and 

position of the kink. By inserting this structure into the Hamiltonian one obtains new equations 

of motion for these two degrees of freedom, a simplification from the the infinite number of 

degrees of freedom present in the partial differential equation. The drawback of this method 

is that one has no assurance that the omission of these degrees of freedom has no qualitative 

impact on the kink's dynamics. Specifically, the ansatz chosen excludes the radiation emitted as 

the kink wobbles. 

In this chapter, we construct a perturbation expansion for the moving, wobbling kink and, 

using the method of multiple scales, obtain equations for the slow-time evolution of the wob

bling amplitude and kink velocity by eliminating secular terms from our expansion. We consider 

the same forms of driving at the same resonant frequencies as Quintero, Sanchez and Mertens 

in [127, 128, 129]. Unlike the variational approach, perturbation theory does not neglect the 

radiation. Whilst most of our results confirm theirs, we detect a resonance when the kink is 

directly driven at its natural frequency which was not predicted by the variational method. This 

suggests that radiation can playa role in the transfer of energy to the internal mode. 
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2.2 Freely oscillating wobbling kink 27 

2.2 Freely oscillating wobbling kink 

In this section, we shall construct a moving wobbling kink of the cp4 equation (2.1). We begin 

by transforming (2.1) to the co-moving frame of reference using the change of variables 

S = x -!at v(t')dt' and 'r = t, 

which yields 

(2.2) 

We shall determine the unknown function v(t), representing the kink's velocity, by imposing 

in our perturbation expansion the condition that the kink be always centred at S = 0 [i.e. at 

x = xo(t)]. 

We now apply the method of multiple scales to the equation. We perform a perturbation 

expansion about the kink c/Jo == tanhX: 

(2.3) 

where £ is a small parameter. We further introduce the slow time and space variables 

which describe long times and distances. In the method of multiple scales, we assume that 

£ -Y 0 to obtain an asymptotic expression for the solution. In this limit the different scales 

become uncoupled and may be considered as independent variables. We shall use the notation 

a 
and Dn == -a . 

Tn 

We expand derivatives with respect to the original variables in terms of the scaled variables by 

using the chain rule, so that 

and 

Substituting these expansions into the cp4 equation (2.2), along with the expansion of cp, (2.3), 

and equating like powers of £, we obtain a hierarchy of equations. We assume that v is slowly 

varying and, for simplicity, that it is small, i.e. v = £V [V '" 0 (1)] where V = V (TJ, T2, ... ). 
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28 Wobbling kinks in cp4 theory 

At 0 (E!) we obtain the Iinearisation of (2.1) about tanhXo: 

1 2 
2DoCP! + £cp! = 0, 

where 
1 2 2 1 2 2 

£ = -2do -1 + 3 CPo = -2do +2- 3sech Xo. 

We split the temporal and spatial dependence using separation of variables. 

CP! (Xo, ... , To, ... ) = AI(Xo)g(To), 

which implies that 

(2.4) 

where A is the eigenvalue. A is a function of the slow time and space variables. £ has the 

following discrete eigenvalues and associated eigenfunctions: 

1.=0 : 

3 
1.=2 : 

1.=2 : 

1= sech2 Xo 

1= sechXotanhXo 

1= 3sech2 Xo - 2 

g = 1, 

g = eiWTo + C.c., 

g = e2iTo + C.c. 

where OJ == v'3. The A = 0 eigenfunction is the translation mode, which we shall not include in 

our solution as the kink must be centred at Xo = O. The asymmetric A = 3/2 eigenfunction is 

the wobbling mode; it oscillates with a frequency OJ. The A = 2 eigenfunction does not decay 

to zero at infinities, and so will not be included. 

The continuous spectrum of £ begins at A = 2. Solutions in the continuous spectrum were 

found by Segur [126] using Gel'fand and Levitan's triangular representation: For every A > 2, 

two linearly independent solutions of £1 = AI are 

1= eipXo [1 + 3(1 - if) tanhXo(1 + tanhXo) _ 3(2 - if) (1 + tanhXo)2] 
l+p 4+p 

(2.5) 

and its complex conjugate. Here, p2 = 2(1. - 2). This formula in fact produces correct solutions 

for A < 2 as well, i.e. p2 < 0 (these solutions are, of course, not bounded). The only values for 

which it breaks down are p2 = -1 and p2 = -4, which correspond to the discrete eigenvalues. 

We assume that there is no incoming radiation at infinity, and this implies that none of the 

solutions in the continuous spectrum should be added. Therefore the first-order perturbation 

comprises only the wobbling mode: 

CP! = A(X!, ... , T!, ... ) sechXo tanhXoeiwTo + C.c. (2.6) 
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2.2 Freely oscillating wobbling kink 29 

A, the amplitude of the wobbling mode, is an arbitrary constant with respect to Xo and To (at this 

stage). 'c.c.' stands for the complex conjugate of the immediately preceding term. 

The equation at second order in the perturbation expansion is 

lD61/>2 + £1/>2 =( dOdl - DoDI)C/>1 - 3C/>oC/>f + V DOdOC/>1 + lDI V dOC/>o -l V2
dJC/>o 

= - 61AI2 sech2 Xotanh3 Xo + lDI V sech2 Xo - V2 sech2 XotanhXo 
(2.7) 

+ [dIA(2sech3 Xo - sechXo) - iroDIA sechXo tanhXo 

+iroVA(2sech3 Xo - sechXo) ] eiWTo + C.c. - 3A2 sech2 Xo tanh3 Xoe2iWTo + C.c. 

This is a linear wave equation with forcing (or source terms) at the frequencies 0, ro and 2ro. 

The first two are resonant with the two discrete eigenmodes, and the third lies in the contin

uous spectrum. This forcing is localised to the region near the origin, thanks to the sech2 Xo 

factor which decays exponentially fast, and acts as a source of radiation which spreads outward 

from there. Hence, the frequency-doubling effects of the nonlinearity have caused the kink's 

wobbling mode to become a source of radiation. 

Once transients have died down, the solution will consist of only the harmonics present in 

the forcing, i.e. 

1/>2 = CPJO) + cpJI) eiwTo + C.c. + cpJ2) e2iWTo + C.c., 

This implies that CPJO), cpJI) and cp?) should satisfy the three nonhomogeneous equations 

£CPJO) = - 61A 12 sech2 Xo tanh3 Xo + l DI V sech2 Xo - V2 sech2 Xo tanh Xo, 

(£ - ~)cpJI) = dlA(2sech3 Xo - sechXo) - iroDIA sechXotanhXo 

+ iroVA(2sech3 Xo - sechXo) and 

(£ - 6)cp?) = - 3A2sech2 Xotanh3 Xo. (2.8) 

We wish to find bounded solutions of these equations. For the first two (whose homogeneous 

solutions are discrete eigenfunctions), the Fredholm alternative states that this is the case when 

the right-hand side is orthogonal to the zero eigenfunction of the left-hand side. For this to be 

the case, we must set DI V = 0 and DIA = O. Using the method of variation of parameters to 

obtain the solutions, we have 

CPJO) =IAI2 sech2 Xo(2tanhXo - 3Xo) -l V2Xo sech2 Xo and 

cpJI) = - (dlA + iroVA)XosechXo tanhXo. 

(2.9) 

(2.10) 
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30 Wobbling kinks in q,4 theory 

It turns out that we obtain no restrictions on dnA when we apply solvability conditions at higher 

orders. Therefore, we are free to make our own choice for dnA. Looking at equation (2.10), the 

simplest choice is obviously to set 

The solution of (2.8) requires some care. Using the method of variation of parameters, the 

naIve solution we obtain is 

(2.11) 

where 11 is a function that describes right-moving radiation for positive Xo and left-moving 

radiation for negative Xo; specifically 

11 (Xo) = ~ [6tanhXo sech2 Xo + (3 - tanh2 Xo + iktanhXo) (15. (Xo) - 12')eikXO 

+ (3 - tanh2 Xo - iktanhXo)h(Xo)e-ikXoJ 

where 

In(x) = [Xoo eik~ sechn~ d~, 

l~ = lim In(x) and k = Vs. x--->oo 

One can show that 11 is an odd function. 

(2.12) 

However, there is a problem with the solution (2.1 I) which only becomes apparent at higher 

orders. The source of the problem lies here, however. The problem with (2.1 I) is that any 

variation of A on the slow time scales will result in an instantaneous change in the amplitude of 

the radiation tail for all values of Xo, which does not make sense. There would be no objection 

if the radiation tails were localised in extent, as the higher order terms could account for the 

discrepancy, at least in the limit £ -> 0 (when the slow time scales slow down and the long 

length scales lengthen). However, when the radiation tails extend all the way to infinity, they 

cover all the long length scales for any finite value of £, and secular terms cannot be avoided 

at higher orders. The problem stems from the fact that in integrating equation (2.8), we have 

covered the long length scales, whereas the differential equation (2.8) describes variations on 

the short scale Xo and so is only meant to hold locally for distances 0 (1) and not 0 (1/ £). 

It is easy to propose a solution which satisfies (2.8) locally for all values of Xo: Take 

(2.13) 
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2.2 Freely oscillating wobbling kink 31 

where B is an unknown 'envelope' function of the long scales, subject to the boundary condition 

For finite values of Xo, XI -+ 0 in the £ -+ 0 limit (since XI = £Xo). Hence, B = A2 and (2.13) 

solves (2.8). On the other hand, if IXol = 0 (£-1), i.e. IXol-+ 00 in the £ -+ 0 limit, the right 

hand side of (2.8) disappears and (2.13) still solves it, but now B is unconstrained (since XI = 

o (1) when Xo = 0 (£-1); hence XI remains nonzero in the £ -+ 0 limit). 

Amplitude equations which govern the outward propagation of variations of A along B on 

the T2 timescale are derived at higher orders of the perturbation expansion. 

In summary, at second order we have 

cpiO) = IAI 2sech2 Xo (2 tanh Xo - 3Xo) + ~v2Xosech2 Xo, 

cp?) = 0 and 

cpi2) = BII (Xo). 

where B(O, ... , TI"") = A2. 

Equating the terms of order £3 gives the equation 

Having evaluated the right hand side using the known functions C/>o, 4>1 and </>2, we again 

split the solution into components proportional to simple harmonics as we did at 0 (£2). The 

solvability conditions for the zeroth and first harmonics give, respectively, D2 V = 0 and 

where 

2 2 2 
-3"iCOD2A+kIIAI A+V A=O 

kl = 1: 6 sech2 Xo tanh3 Xo [ - ~ sech2 Xo tanhXo + 3Xo sech2 Xo - II (Xo)] dXo 

= 0.8509 - 0.04636i. 

(2.15) 

The real part of the integral was obtained numerically, while the imaginary part can be evaluated 

analytically: 

3n2k 
Imkl =-. 2( k)' 

smh ; 
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32 Wobbling kinks in c/J4 theory 

We have now obtained the leading order behaviour of the wobbling amplitude. As this is 

our main objective, we shall postpone the continuation of the perturbation expansion to higher 

orders until we come to consider the case of direct driving. 

Writing a = £A, so that a is the 'natural' amplitude of the wobbling mode-i.e. the small 

amplitude one would actually measure-and recalling that £2 -Irz = fr, we express the amplitude 

equation (2.15) in terms of unscaled variables: 

da I . 1 12 I· 2 0 ( 5) - = --IOJkl a a - -IOJV a+ £ . 
dt 2 2 

(Recall that v = £v.) 

Multiplying (2.16) by a* and adding the complex conjugate gives 

a at lal2 = OJ Im(kl) lal4 + 0 (£6) . 

(2.16) 

kl has a negative imaginary part; this equation describes the gradual decrease in the amplitude 

of the wobbling as it emits energy in the form of radiation. 

The amplitude equation also gives us the leading order contributions to the amplitude

frequency relationship for the wobbling mode - the nonzero time derivative of the phase of 

a shifts the wobbling frequency away from OJ = yI3, and we obtain: 

(2.17) 

The v2 term is a relativistic time-dilation factor which acts to decrease the frequency in the 

laboratory frame when the kink is moving. The lal2 term, on the other hand, is a nonlinear 

frequency shift. 

Finally, we write the perturbation expansion in terms of the small variables: 

c/J(x,t) = tanhx+ asechxtanhxeiW1 + c.c. + lal2 sech2 x(2tanhx - 3x) 

where b = £B. 

2.3 Parametric driving 

2.3.1 Driving frequency near {J) 

+ !ixsech2 x+ b2 II (x)e2iW1 + c.c. + 0 (£3) , 
2 

We add damping and parametric driving to the c/J4 equation as follows: 

1 1 
2c/Jtt - 2c/Jxx + rc/Jt - [1 + hcos(Qt)] c/J + c/J3 = 0, 
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2.3 Parametric driving 33 

where yand h are small damping and driving parameters, which we scale as follows: 

so that rand H are of order one. The driving frequency n is close to the natural wobbling 

frequency of the kink, ro = v'3: 

where p is a small detuning parameter. We take 

where R is of order one. 

For the sake of notational compactness, we shall make the transformation t -'> T where 

nt= roT. 

The equation now becomes 

As before, we transform the equation to the moving frame described by the variables ~ and 

't", where 

~ = X _faT v(T')dT' and 't" = T, 

and obtain 

2[1 1] 1 2 (l+p) "2C/1n;-vC/lI;"-"2 V "C/lI; -"2(I-v)C/l1;1; 

+ y(1 + p) (C/I" - vC/lI;) - [1 + hcos( ro't")] C/I + C/l3 = O. 

Note that in practice, the best resonance will be obtained not when n = ro, but when p is 

slightly negative, since the frequency of wobbling is slightly less than ro according to (2.17). 

The perturbative solution to this equation is the same as for the freely oscillating case until 

we reach 0 (£3). At 0 (£3), instead of the amplitude equation (2.15) we now have 

1 1 11: 
D2A + rA + iroRA + "2irokllAl2A + "2irov2A + irogH = O. (2.18) 

and 

D2V = -2IT. 
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34 Wobbling kinks in l/>4 theory 

Expressing these equations in terms of the unscaled parameters gives: 

da . 1 . 2 1. 2 . n ( 5) - = -ya -lWpa - -lWkllal a - -ICOV a - lco-h + 0 £ 
dt 2 2 8 

(2.19a) 

dv ( 5) dt = -2yv+O £ . (2.19b) 

Provided the damping is of order £2, then equation (2. 19b) will be dominated by the damping 

term and the velocity will decay to zero. 

One can easily ascertain that (2.19a) with v = 0 (which is a dynamical system on the plane, 

since a is complex) does not admit solutions escaping to infinity, and one can apply Dulac's 

criterion to rule out the existence of closed orbits. The only option left, then, is that the solution 

will settle to a stable (nonzero) fixed point as t -> 00. 

The perturbation expansion [up to 0(£2)], written in terms of the small variables, is 

l/>(x,t) = tanhx+ asechxtanhxeiili + c.c. + lal 2 sech2 x(2 tanh x - 3x) 

+ ~v2xsech2 x+b2 II (x)e2iili + c.c. + 0 (£3) 

(the driving term only appears at 0 (£3)). The only difference from the undriven case is that the 

oscillations now have the same frequency as the driving (Q) rather than the natural frequency 

co. 

2.3.2 Driving frequency near 2m 

We now keep the same equation but with the driving frequency close to twice the natural wob

bling frequency: 

1 1 3 
2l/>tt - 2l/>xx + yl/>t - [1 + hcos(2Qt)]l/> + l/> = O. 

As before, 

but we use a different scaling for h: 

We transform the equation in exactly the same way as in the above case; i.e. we consider 

2[1 1] 1 2 (l+p) 2l/>H-Vl/>~!-2v!l/>~ -2(I-v)l/>~~ 

+ y(1 + p) (l/>! - vl/>~) - [1 +hcos(2cor)]l/> + l/>3 = O. 

Univ
ers

ity
 of

 C
ap

e T
ow

n



2.3 Parametric driving 35 

The perturbation expansion is unchanged from the undamped, undriven case at 0 (£0) and 

0(£1). 
With the addition of driving, the equation at 0 (£2) has acquired additional terms on the 

right hand side as compared to equation (2.7): 

1 D2<h .c<h - H ct>o 2iwTo 2" 0 + - ... + 2" e + C.c. 

Assuming that the solution is in the form Hh(Xo)e2iWTO (plus its complex conjugate), we have 

to solve 

I 
(.c - 6) h (Xo) = 2" tanh Xo· (2.20) 

The particular solution which obeys the radiation boundary conditions is 

h(Xo) = - 9
1
6 [2tanhXo(5 + tanh2 Xo) + (3 - tanh2 Xo - iptanhXo)h(Xo)e-iPXO 

+(3 - tanh2 Xo + iptanhXo)(Ji(Xo) - JZO)eiPXo ] . 

The function h (Xo) is defined by (2.12). As H is a constant, independent of the long scales, 

it is now not necessary to introduce a further unknown (similar to B introduced in section 2.2) 

to take account of the fact that (2.20) should only hold locally over the short length scale. In 

summary, for the second harmonic we have 

The amplitude equation for A, which arises at 0 (£3), is now 

(2.21 ) 

where 

k2 = sechXo tanhXo [6sechXo tanh2 Xoh(Xo) + - sechXotanhXo]dXo 1= 1 

_= 2 

=0.5958 + 0.003863i. 

Only the imaginary part of the integral is amenable to analytical evaluation: 
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36 Wobbling kinks in e/>4 theory 

The solvability condition for the zeroth harmonic gives 

We finally write the amplitude and velocity equations in terms of the unscaled parameters 

and original time variable (as in the previous case) 

da . 1 . 2 1. 2 1 . * ( 5) - = -ya - zropa - -zOJkllal a - -zOJv a - -ZOJk2ha + 0 £ 
~ 222 

(2.22a) 

dv ( 5) - = -2yv+O £ . 
dt 

(2.22b) 

Again, provided the damping is no smaller than 0 (£2) the velocity tends to zero and one can 

verify that the long-term dynamics of a must be to settle to a fixed point. If h < 2~ then 

the fixed point at lal = 0 is stable and so the wobbling could die out, but for stronger driving it 

loses its stability and so as t --+ 00 the amplitude must settle to a nonzero fixed point. 

The first three orders of the perturbation perturbation expansion give 

e/>(x,t) = tanh x + a sech x tanh xeiili + c.c. + lal2 sech2 x(2tanhx - 3x) 

2.3.3 Discussion 

+ ~v2xsech2 x+ [b2 II (x) + h/2(x)] e2iQt + c.c. + 0 (£3) . 
2 

Comparing the amplitude equations (2. 19a) and (2.22a) for parametric driving near OJ and 20J 

respectively, we see that the driving term is stronger in the former case, where it is 0 (h) com

pared with 0 (ha). This is precisely the opposite behaviour to what we might naIvely expect 

based on our intuition about parametric driving. This counterintuitive behaviour was first re

ported by Quintero, Sanchez and Mertens in [129], where it was predicted by the 'collective 

coordinate' method. 

To explain this surprising behaviour qualitatively, we write the driving term he/> cos Qt as 

hC/>o cosQt+ 0 (h2), which shows that the 'parametric' driving term is effectively a direct driving 

term but with odd rather than even parity. In essence, it is because the wobbling mode (which is 

being driven) sits on top of a much larger static profile (the kink) that the parametric driving is 

transformed to direct driving. Since the odd parity of this direct driving profile corresponds to 

the parity of the wobbling mode, this explains intuitively the strong driving at the frequency OJ. 

The driving at the frequency 20J is weaker because it only couples to the wobbling mode once 

its frequency has been halved via the nonlinearity. 
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Chapter 1 

Introduction 

1.1 Early history of the solitary wave 

The solitary wave was discovered in 1834 by the Scottish engineer John Scott Russell [I], who 

at the time was studying horse-drawn canal boats. When a rope snapped and his rapidly-moving 

barge came to rest, he observed a hump of water several feet high gather at the front of the boat 

before detaching and travelling intact for several kilometres along the canal at a speed of eight 

or nine miles per hour. This behaviour was totally unexpected at the time; linear wave theory 

predicts that, in a dispersive medium such as water, wavepackets should broaden on a much 

shorter timescale due to the differing phase velocities of their Fourier components. Although 

the linear approximation is only valid for small perturbations about equilibrium, it had usually 

been assumed by physicists to be only a quantitative approximation, to which nonlinearity would 

add no qualitative changes. In fact, in the case of shallow-water waves a nonlinear theory had 

also been developed (by Airy), but this predicted that waves would always steepen and break. 

Convinced that he had discovered a fundamentally new phenomenon, Russell carried out further 

experiments in a wave tank which confirmed his observation and, indeed, showed that waves 

could move through each other completely unaltered. 

Almost forty years later, Boussinesq [2] and Rayleigh [3] were the first to explain the per

manence of the solitary wave, as an equilibrium between the competing effects of dispersion, 

which tends to broaden the wave, and nonlinearity, which tends to steepen it. In 1895, Korteweg 

and de Vries derived a model equation for these shallow-water waves [4], now known as the 
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2 Introduction 

Korteweg-de Vries (or 'KdV') equation, 

Ut - 6uux + Uxxx = 0, (l.1) 

and found an explicit solution (a moving sech2 pulse) describing the solitary wave. Their model 

was the first to take account of both nonlinearity and dispersion. In eq. (1.1), u(x, f) is the height 

of water in the channel as a function of distance along the channel (x) and time (t), and the 

subscripts 'f' and 'x' denote differentiation with respect to time and distance, respectively. 

It was not until half a century later that these Korteweg-de Vries solitary waves were fully 

appreciated. In 1955, in one of the first ever computer simulations of a nonlinear system, Fermi, 

Pasta and Ulam [5] were studying a chain of nonlinearly coupled masses. With the initial ex

citation of a single frequency, they expected energy to leak into other modes as a result of 

the amplitude-dependence of frequency which is characteristic of nonlinear systems. Thus the 

system would be expected to end up, eventually, in a state of energy equipartition (thermal equi

librium). However, this is not what happened; after a certain time, the chain returned to almost 

exactly the same configuration it had started in, with nearly all the energy concentrated in one 

normal mode. 

Zabusky and Kruskal were able to account for this puzzling recurrence phenomenon [6] by 

taking the continuum limit of Fermi, Pasta and Ulam's lattice equation, to obtain the KdV equa

tion. They found, numerically, that solitary waves in the equation can pass through each other 

without alteration of their shape or velocity (thus confirming Russell's experimental observa

tion of this fact). This robustness prompted Zabusky and Kruskal to name them 'solitons' in an 

analogy with elementary, indestructible, particles. They showed that each period of the initial si

nusoidal wave breaks up into solitons travelling at different velocities. These pass through each 

other and solitons from neighbouring sinusoids, reflect off the ends of the chain, and finally the 

whole configuration resumes its initial state once again (with a slight inaccuracy introduced by 

small phase shifts as the soiltons collide). This property of the KdV equation is truly remark

able; it is as though there is a superposition principle at play, despite the fact that it is a nonlinear 

equation. 

The discovery of the soliton by Zabusky and Kruskal precipitated a flood of research and 

firmly established the study of nonlinear waves at the forefront of nonlinear science. The books 

[7, 8, 9] are excellent general texts on solitons. 
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1.2 The discovery of integrable systems 3 

1.2 The discovery of integrable systems 

Spurred on by the extraordinary properties of the KdV equation, Gardner, Greene, Kruskal and 

Miura succeeded in constructing a general solution for the equation [10]; for the purpose they 

invented the famous Inverse Scattering Method (ISM). Soon, other nonlinear partial differential 

equations (PDEs) were found which could be integrated using the ISM, as generalised by Lax 

[I I]. Zakharov and Shabat [12] solved the nonlinear Schrodinger (NLS) equation, 

il/fl + I/fxx ± 2111'12 II' = 0, (1.2) 

and Ablowitz, Kaup, Newell and Segur integrated the sine-Gordon equation [13], 

BII - Bxx+sinB = O. (1.3) 

In fact, even before Zabusky and Kruskal had coined the term 'soliton', it was known [14, 15] 

that kink solutions in the sine-Gordon equation could survive collisions without change of shape 

or velocity. Another revelation provided by the ISM is that these integrable equations have an 

infinite sequence of conserved quantities; these were derived for the KdV equation by Miura 

[16] and for the NLS equation in Zakharov and Shabat's paper [12]. 

A kink is a type of soliton distinct from the pulse-shaped solitons of the KdV and NLS 

equations in that it links two different zeros of the potential energy function at its left and right 

infinities. For instance, the sine-Gordon kink 

B(x,t) = 4arctan [exp (~)] (1.4) 

(with velocity 0 ::; v < 1) interpolates between 0 and 2n. Kinks are known as topological solitons 

as it requires a non-local change to destroy them: Infinite energy would have to be expended to 

shift one of the infinite tails from one potential minimum to the other. This property makes them 

extremely stable. In higher dimensions, topological solitons can be characterised by a conserved 

quantity which is restricted to integer values and hence cannot be altered by any local change. 

In addition to the discovery of the exactly solvable nonlinear PDEs listed above, an inte

grable lattice equation (i.e. a difference equation in space) was discovered - the so-called Toda 

lattice. The Toda lattice consists of a one-dimensional chain of particles interacting with each 

other through the exponential potential 

V(r) = ar+ ~e-br, 
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4 Introduction 

where a, b > 0 and r is the displacement between two particles (so V (r) is the potential energy 

of 'springs' connecting the particles). The resulting equations of motion are 

(l.S) 

Toda produced explicit solutions for two-soliton collisions [17, 18], before Flaschka applied 

Inverse Scattering theory to prove the integrability of the lattice [19]. A consequence of integra

bility is that one can find an explicit solution, known as the N -soliton solution, containing any 

number of solitons with arbitrary positions and velocities. 

An alternative to the Inverse Scattering Method for finding N-soliton solutions was devel

oped by Hirota [20] shortly after the discovery of the Toda lattice. Hirota's method is much 

faster than going the inverse-scattering route, although it is not as powerful; whereas the ISM 

can be used to solve initial value problems, Hirota's method only generates N-soliton solutions. 

However, it provides a useful starting point from which to generate new integrable systems (see 

e.g. [21] and references therein). 

It should be mentioned that, almost a century before, Backlund [22] had devised a transfor

mation which generates a I-soliton solution out of the vacuum, a 2-soliton solution from a 1-

soliton solution, and so on, hence making it possible to find the N -soliton solution. The method 

is, however, only applicable to certain equations, among them the sine-Gordon equation (1.3). 

Another integrable lattice equation which is relevant to this work is known as the Ablowitz

Ladik equation [23] 

(1.6) 

which is a discrete version of the NLS equation (1.2). This equation has the exact moving 

solitons 

lJ!n(t) = sinh£sech[£(n - vt)]eikn+iQt 

where n. = 2cosh£cosk and v = (2j£)sinh£sink. The parameter £ need not be small. As 

£ ---+ 0, this lattice soliton approaches the continuous soliton of the NLS equation. 

In the context of these integrable systems, the word 'soliton' has a mathematically precise 

meaning; however, many realistic equations are not integrable and may support solitary waves 

which do not exactly conform to the stipulation that collisions should leave them unaltered. It is 

the custom of physicists to refer to these solitary waves as solitons nonetheless, since they share 

their essential characteristics. From a physicist's point of view a soliton is thought of merely as 
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2.4 Direct driving 37 

2.4 Direct driving 

2.4.1 Driving frequency near (j) 

We now introduce direct driving near the natural wobbling frequency of the kink: 

113 
2¢1t - 2¢xx + Y¢t - ¢ + ¢ = hcos(Qt), 

where Q = co (1 + P ). We use the following scalings for the small parameters: 

With the time rescaled so that Qt = coT, and transformed into the moving frame, the equa

tion reads 

2[1 1] 1 2 (l+p) 2¢n-V¢;;"-2v,,¢;; -2(1-v)¢;;;; 

+ Y( 1 + p) (¢" - v¢;;) - ¢ + ¢3 = hcos (cor) . 

Prior to 0 (£2), the perturbation expansion is the same as in the undamped, undriven case, 

i.e. 

¢o = tanhXo 

¢I = AsechXotanhXoeiwTo +c.c. 

At 0 ( £2), the first harmonic component is altered compared to the undriven case; it is 

q>JI) = H(l- 2sech2 Xo). 

As before, we have 

and 

At 0 (£3), the solvability conditions determine the amplitude equations; the zeroth har

monic gives 

D2V = -2IT, (2.23) 
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38 Wobbling kinks in q,4 theory 

and the 1st harmonic gives 

(2.24) 

We therefore see that the leading order driving term enters the equation in proportion to the 

velocity, which means that the wobbling is only sustained while the kink is moving. Since 

D2 V = - 2IT, the kink will stop moving for values of y of order £2. However, to check for 

higher order terms which might sustain the motion of the kink for smaller damping, we shall 

continue our perturbation expansion. 

The zeroth harmonic component of the solution at 0(£3) is 

q>jo) = -4H(A+A*)(sechXo+sech3Xo), 

and the solution for the first harmonic component is 

where u, (Xo) is the bounded solution of 

3 
(£ - 3/2)u, (Xo) = -"2k, sechXotanhXo 

2 ( 2 5 2 ) + 6 sech Xo tanh Xo 3Xo sech Xo - "2 sech Xo tanh Xo - I, (Xo) 

and U2(Xo) is the bounded solution of 

2 3 
(£ - 3/2)U2(Xo) = -4sech Xo tanhXo + 47rsechXo tanhXo· 

U" U2 and all subsequent functions denoted Un are determined numerically, using the method of 

variation of parameters and numerical integration. 

Since £ is parity-preserving and the right hand side above is odd, it follows that u, (Xo) is 

odd. Knowing this allows us to conclude that definite integrals involving u, multiplied by an 

even function evaluate to zero. Such integrals occur in higher order solvability conditions. 

We choose d2A = O. In fact, the situation is the same at higher orders, and for the greatest 

simplicity we may set dnA = 0 for all n 2: 2. 

For the second harmonic component we must solve 

(£ - 6)q>j2) = (d,B+2iwV B) dol, (Xo) - 2iwD,BI, (Xo) 

- 6HA sechXotanh2 Xo(1 - 2sech2 Xo). 
(2.25) 
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2.4 Direct driving 

The asymptotic behaviour of II (Xo) is as follows: 

for Xo» ° 
for Xo« 0. 

39 

This is the same asymptotic behaviour as the second harmonic homogeneous solutions given 

by equation (2.5) with p = k = J8. Hence, the first two terms on the right-hand side of (2.25) 

are resonant with the homogeneous solutions for large IXo I, and lead to unbounded solutions of 

(2.25). They must therefore be suppressed. Plugging the asymptotic expressions for II into the 

right hand side of (2.25), we see that the right hand side will vanish for large IXol (i.e. XI i- 0) if 

that is, 

-ik(aIB + 2iroVB) - 2iroDIB = ° for XI > ° 
ik(alB + 2iroVB) - 2iroDIB = ° for XI < 0, 

for XI> ° 
for XI < 0, 

or, writing as a single equation, 

2 k2 
2 ik2V 2 2 

DIB= 4ro2aIB+-WaIB-k V B. 

(2.26) 

(2.27) 

This describes the propagation of an unchanging profile to the right for positive XI and to the 

left for negative XI, at the group velocity of the radiation, ~. Recall that B is forced at the origin 

by the condition Blxl=O = A2; this equation describes the spreading of the envelope outwards 

in both directions, in such a way that the 'phase velocity' of B is equal to the group velocity 

of the linear radiation waves. There will, of course, be further contributions to this equation 

from higher order terms, which will turn the equation into a nonlinear SchrMinger equation. At 

this stage, however, the equation is not affected by the nonlinearity and would be predicted by 

standard linear wave theory for the operator ~D6 + C. 

The fact that DIA = 0, and that we are not interested in initial transients, means that we can, 

without inconsistency, set 

(2.28) 

indi viduall y. 
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40 Wobbling kinks in cfJ4 theory 

With the conditions (2.28) in place, the second harmonic component of the solution is 

cp~2) = EH13(Xo), 

where E is a further variable dependent on the slow scales, such that E(O, 0, ... ,TI, ... ) = A, and 

higher orders of the expansion give the equations for propagation of variations of A along E. 13 

has been calculated: 

13(Xo) = ! sechXo - 4sech3 Xo - ~~ ip(3 - tanh2 Xo + iptanhXo) (Ji (Xo) - Ji)eipXO 

+ ~~ip(3 - tanh2 Xo - iptanhXo)JI (Xo)e- ipXo
• 

The function iJ(Xo) is as previously defined in (2.12). One can show that 13 (Xo) is an even 

function. 

It will not be necessary to calculate the third harmonic component, as this does not contribute 

to the zeroth harmonic at 0 (eS), which is our ultimate goal. 

At fourth order in e, we find that the solvability condition for the zeroth harmonic gives 

D3 V = 0, and the solvability condition for the first harmonic gives D3A = 0. These hold exactly; 

despite the fact that numerically-determined functions UI and II are integrated, parity consider

ations mean that the integrands are odd and hence when integrated over an infinite interval, they 

evaluate to zero. 

The zeroth harmonic component of the solution is 

cpiO) = IAI4u3(XO) + IBI2u4(XO) + ~V21A12 (6XJ sech2 Xo tanhXo -7Xosech2 Xo+6Xosech4 Xo) 

+ ~V4 (3Xo sech2 Xo - 2XJ sech2 XotanhXo) - iroVH(A - A*)us(Xo) 

+ H2(9XO sech2 Xo - 3 tanhXo - 8 sech2 Xo tanhXo) 

where U3(XO), U4(XO) and Us (Xo) are the bounded solutions of the following equations: 

LU3 = -3sech2 Xotanh2 Xo [II (Xo) + ft(Xo)]- 6sech4 Xotanh2 Xo(2tanhXo - 3Xo) 

- 6 sechXotanh2 Xo [UI (Xo) + uj(Xo)]- 3sech4 XotanhXo(2tanhXo - 3XO)2, 

LU4 = -6tanhXolII (Xo)12, 

Lus = 4 sechXotanhXo(sech2 Xo + 1) + 6 sechXotanh2 XOU2(XO). 

Again, it follows from parity considerations that these three functions are odd. 

Univ
ers

ity
 of

 C
ap

e T
ow

n



2.4 Direct driving 41 

For the first harmonic component the solution is 

qJ~l) = -~iWVA (kl[A[2 + V2) XosechXotanhXo +HA2udXo) + HB2u7(XO) +H[A[2us(Xo) 

2 ( 2 3 ) + HV u9 (Xo) + 2Xo sech Xo tanh Xo - 4 nXo sech Xo tanh Xo 

2 + (r - iwR) VAXo sechXo tanhXo - 3iWH (r + iwR) (3 - 4 sech2 Xo) 

where U6 to U9 are the bounded functions which satisfy the following differential equations: 

(£ - 3/2)U6 = 3 sech2 Xo tanh2 Xo(7 + lOsech2 Xo) + 12sech2 Xo tanhXofl (Xo), 

(£ - 3/2)U7 = -6tanhXofI (Xo), 

(£ - 3/2)us = -6sech2 Xotanh2 Xo(1- 2sech2 Xo) + 24sech2 Xo tanh2 Xo(1 + sech2 Xo) 

- 6sech2 XotanhXo(2tanhXo - 3Xo)(1- 2sech2 Xo), 

(£ - 3/2)U9 = 3aOU2(XO). 

In order to avoid secular terms for the second harmonic component, the following conditions 

must hold: 

. {-1ika2B + 5V2B - iwB(r + 2iwR) 
l wD2B = 

1ika2B + 5V2B - iwB(r + 2iwR) 

for X2 > ° 
(2.29) 

for X2 < 0, 

as well as 

DIE = ° and alE +2iwVE = 0. 

These were obtained in the same way as (2.26) for the second harmonic component of ch. This 

time, however, we cannot choose D2B = 0, because D2A i= ° and hence we must keep (2.29) as 

they stand in order to avoid secular terms. 

Note that whenever B, C or E is multiplied by a localised function (i.e. one which tends 

exponentially to zero as [Xo[-t (0), the result is equal to zero unless Xl = X2 = ... = 0, since if 

this is not the case, Xo -t 00 as £ -t 0. Therefore, in such a case we can replace B, C and E by 

their values at Xl = X2 = ... = 0, i.e. 

B(O,O, ... ,Tl, ... ) =A2, 

C(O,O, ... ,Tl, ... ) =A3 and 

E(O,O, ... ,Tl, ... ) =A. 
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42 Wobbling kinks in cp4 theory 

The second, third and fourth harmonics of CP4 will not be calculated as they cannot influence 

the zeroth harmonic at 0 (£5), whose solvability condition is 

(2.30) 

where 

k3 = -2.005 - 0.3823i. 

Writing a = £A as before, we have the amplitude equations in terms of the unscaled parameters: 

da . 1 . 1 12 1· 2 31t ,/"I ( 5) dt = -ya - lcopa - '21cokl a a - '2lWV a + Tvh + L/ £ (2.3Ia) 

For the velocity, we have two equations, (2.23) and (2.30), for the behaviour of V over different 

timescales. To combine these, recall the chain-rule expansion of the derivative: 

a 2 3 4 ar =Do+£DI +£ D2+£ D3+£ D4+'" 

(converting back to a derivative with respect to t involves multiplying by ~~ = ~~ = 1 + p.) This 

yields 

It is essential to combine the slow-scale equations in this way before solving them, rather than 

solving the individual equations with the assumption that the different scales are independent. 

This does not work because in integrating the equations one is covering more than one timescale. 

The presence of the driving term in the velocity equation (2.31 b) shows that the driving does, 

in fact, sustain the translational motion of the kink and hence that, contrary to the predictions in 

refs [127] and [128], the resonance at the driving frequency co does exist. This would seem to 

suggest that the ability of the driving to move the kink has something to do with the radiation 

modes, which are neglected in the variational analysis in [127] and [128]. Further evidence for 

this notion comes from the fact that 0 (£5), which is the first order at which driving enters the 

velocity equation, is also the lowest order at which the effects of the second harmonic radiation 

have an influence on the zeroth harmonic (although their first contribution to the zeroth harmonic 

is at 0 ( £4), they have the wrong parity to enter the solvability condition). 

The system of equations (2.31 a) and (2.31 b) is too complicated to analyse in detail here. We 

have simply performed a rudimentary numerical investigation which suggests that this three

dimensional system (remember that a is complex) always settles to a fixed point - either the 

Univ
ers

ity
 of

 C
ap

e T
ow

n



2.4 Direct driving 

0.14 

0.12 

0.1 

0.08 

0.06 

0.04 

0.02 

o 

o 

0.14 

0.12 

0.1 

0.08 

0.06 

0.04 

0.02 

o 

o 

~/ 

/ 
/ 

/ 

/ 

/ 

Y/ ,-
---~.::../_~= =~:::.~-----

0.002 0.004 0.006 
h 

/ 

/ 
/ 

/ 

0.008 

/ 

/ 
/ 

/ 

X I X 

/ 
I 

I 

I 
I 

Y. 
/ 

0.002 0.004 0.006 
h 

",/ 

I 

/ 

0.008 

0.01 

/ "'"' ') 
/-,,"'" 

0.01 

0.012 

t /0. 

-f.. \\) 

0.012 

43 

Figure 2.1: Long-term behaviour of the amplitude equations (2.31) for direct driving near the 

natural wobbling frequency. As a function of h, the solid lines show values of lal and the 

dashed lines values of v. The crosses are measured values of lal (+) and v (x) from numerical 

simulations of the original PDE, to be described in section 2.5. In the top panel, p is fixed at 

zero and three values of r are considered, while in the bottom panel, r = I x 10-4 and two 

values of p are selected. 
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44 Wobbling kinks in l/>4 theory 

origin or a nonzero fixed point if the driving strength h exceeds some critical value dependent 

on the damping rand detuning p. Figure 2. I summarises this t -t 00 asymptotic behaviour as 

the parameters are varied. 

Up to 0 (£2), the perturbation expansion gives 

l/>(x,t) = tanh x + asechxtanhxei.Qt + c.c. + lal 2 sech2 x(2tanhx - 3x) + ~ixsech2 x 

+ h(l- 2sech2 x)ei.Qt + c.c. + [b2/1 (x) + hh(x)] e2iili + c.c. + 0 (£3) . 

2.4.2 Driving frequency near (f) /2 

We again consider the case of direct driving, but at half the natural wobbling frequency: 

As before, .Q = co(l + p) and we keep the same scalings for the small parameters h, rand p: 

Again we transform the time variable so that .Qt = coT and transform the equation into the 

moving frame. This gives 

As before we have 

C/>o = tanh XO 

l/>I = A sechXo tanhXoeiwTo + c.c. 

At 0 (£2) the equation is 

The only term on the right hand side which differs from the undamped, un driven case is the 

driving term. Therefore, splitting into simple harmonics in the usual way, we have to solve 

(£ _ 3/8)cpJI/2) = H. 
2 
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2.4 Direct driving 45 

Now, 3/8 is not an eigenvalue of C, so by the Fredholm alternative there is always one bounded 

solution to this equation. To find it, we need the homogeneous solutions of this equation, i.e. 

solutions of 

CJ- ~J - 8 . 

As mentioned previously, Segur's solution (2.5) for eigenvalues in the continuous spectrum 

also works for A < 2. In our case, A = 3/8 and so p2 in (2.5) equals 2(3/8 - 2) = -13/4. 

Substituting p = ±i I¥ into (2.5) gives the two real homogeneous solutions. We then use 

the method of variation of parameters to determine a particular solution. The unique bounded 

solution is 

cpP/2) = 1~H(1-8sech2xo). 

The other harmonics of C/>z are the same as in the undamped, undriven case: 

CPJO) = IAI2sech2 Xo(2tanhXo - 3Xo) + lv2xosech2 Xo, 

cpP) = 0 and cpJ2) = BJ\ (Xo). 

We also obtain D\ V = 0 and D\A = 0 from the solvability conditions, as before. 

The equation at 0 (£3) is 

The right hand side now contains terms at frequencies !ro and ~ro. We shall not calculate the 

fractional harmonic components of the solution for ch, however, since there are no solvability 

conditions associated with them, and nor will they contribute to the solvability conditions at 

0(£4). 
The solvability conditions at 0 (£3) are 

for the zeroth harmonic, and 

(2.32) 

for the first harmonic. The driving does not enter this equation, so we shall continue to higher 

orders. 
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46 Wobbling kinks in </>4 theory 

and 

At 0 (£4) the solvability conditions are 

D A . 60 H2 3 =lco l69 n . (2.33) 

We now have two amplitude equations, (2.32) and (2.33), for the behaviour of A over different 

timescales. We combine these as before by using the chain-rule expansion of the time derivative 

to obtain 

da . I . I 12 I· 2 60 . 2 //'1 ( 5) - = -'Va - lcopa - -lcok l a a - -lCOV a + -lconh + v £ dt I 2 2 169 
(2.34a) 

dv ( 5) -=-2yv+O £ . 
dt 

(2.34b) 

The first three orders of the perturbation expansion give 

</>(x,t) = tanh x + asechxtanhxeiili + C.c. + lal2 sech2 x(2tanhx- 3x) 

+ !v2xsech2 x+ -±-h(l - 8sech2 Xo)ei~TO + b2 II (x)e2iQt + C.c. + 0 (£4) . 
2 13 

Yet again, as in both cases of parametric driving considered, the velocity equation is dom

inated by the damping if it is sufficiently large, and the amplitude equation (2.34a) provides a 

valid long-term description of the kink dynamics. If v = 0, a always approaches a (nonzero) 

fixed point, as in the case of parametric driving at frequency co. In fact, our amplitude equation 

has exactly the same form as that one, but with a driving term proportional to h2 rather than h. 

2.4.3 Discussion 

Intuitively, the reason that the driving does not couple directly to the wobbling mode in the case 

of direct driving (as it did in the case of parametric driving at the frequency co) is the discrepancy 

in the parity of the driving profile and the wobbling mode. 

The driving term enters the amplitude equation (2.31 a) for direct driving near co in propor

tion to vh, whereas in the case of the superharmonic resonance [see equation (2.34a)], it enters 

in proportion to h2. Comparison of the relative strengths of the two resonances is difficult; if 

v I'V 0(£) and h I'V 0(£2), the resonance at co appears to be stronger. However, when driving at 

co we have to keep the damping small so as not to overshadow the driving term in the velocity 
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2.5 Numerical simulations 47 

equation, whereas in the 00/2 case, it is not necessary for the velocity to be nonzero for the 

driving and hence wobbling to be sustained. 

Parametric driving at the frequency 200 couples to the wobbling mode through frequency 

halving manifest in our perturbation expansion in the term C/>oq,l ¢2. This term has the same 

parity as ¢2, which contains the driving profile. Hence we would expect in the direct driving 

case, where the driving has even parity, to have no resonance (or a weaker one due to a higher 

order term) at 200, since the driving is even here. In contrast, we would expect the superharmonic 

resonance at frequency 00/2 to occur in the parametric driving case, since the driving of the 

wobbling mode comes from the term C/>oq,} where ¢2 contains the driving profile. This term 

is odd whether the driving is odd or even, so we would expect to have a driving term in the 

amplitude equation proportional to h2 . This would, however, be weaker than either of the two 

parametric resonances we have dealt with, where the driving terms are proportional to hand ha. 

2.5 Numerical simulations 

The partial differential equation 

1 1 2: q,tt - 2: q,xx + [r + A (x) ] q,( - [1 + h p cos ( Ot ) ] q, + q, 3 = hd cos ( Ot ) (2.35) 

was simulated by approximating the derivatives with finite differences on a grid of step size 0.1 

in x and 0.05 in t. To simulate parametric or direct driving, hd or hp, respectively, can be set to 

zero. In order to prevent the radiation reflecting back from the boundaries of the system (we used 

free-end boundary conditions), damping was introduced near the edges to absorb the radiation. 

That is, the damping coefficient consists of the usual constant term r plus an absorbing gasket 

A(X), defined as follows: 

[X-(7;;-OIOO) r for x 2: L - 100 

A(X) = [X+(7;;-oIOO)r for x:S -L+ 100 

a otherwise 

The simulation was performed on the interval x E [-L,L], where L was chosen large enough 

to prevent the kink exiting the domain of integration. Typical values of L were of the order of 

1000. 

The position of the kink was measured from the zero crossing, and the amplitude of the 

wobbling mode was measured by taking the profile q,(x,t), subtracting the kink tanh[x-xo(t)], 
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Figure 2.2: An example of the kink being accelerated by the direct driving at frequency ro. Here 

h = 0.007, r = 10-4 and p = O. The crosses are measured values from numerical simulations 

of the original PDE, while the lines are the predictions of the amplitude equations. The slight 

discrepancy is attributable to higher-order terms. Note the separate timescales, with lal settling 

fast to equilibrium on the T2 scale while v creeps gradually upwards on the T4 scale. 

and assuming the odd component of what remains to be the first harmonic wobbling mode, 

asechXotanhXoeiW'r. This technique is, of course, only a first order approximation because of 

the higher order terms in the perturbation expansion. Interpolation and smoothing were applied 

to counter the effects of the discreteness of the x values and the various oscillations occurring 

on the fast time scale. 

The results of our numerical simulations of the undamped, undriven kink and the four cases 

of damped, driven kinks match the predictions of our amplitude equations. In particular, see 

figure 2.2 for numerical verification of our assertion that the resonance of the equation directly 

driven at the natural frequency exists. Refer also to figure 2. 1 where numerical measurements 

verify the predictions of the asymptotic behaviour of the amplitude equations. 

2.6 Chaos? 

Chaotic kink dynamics have been reported in [127, 128] for the superharmonic resonance of the 

directly driven kink. Our results, however, do not corroborate this claim. We have not observed 

any chaos in numerical simulations and, as we discuss below, our amplitude equations do not 

predict the emergence of chaos. 

Consider the amplitude equations (2.19), (2.22), (2.34) and (2.31). The first three become 
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2.6 Chaos? 49 

two-dimensional dynamical systems when the velocity decays to zero, and so do not admit 

chaotic solutions. In the fourth, we do have a genuine three-dimensional system. However, 

the leading-order dynamics occur on the T2 timescale in the equation for a but only on the T4 

timescale in the equation for v. This means that (for small c) v is effectively a constant on the 

T2 timescale and hence that no chaotic behaviour can occur on this timescale. Indeed, equation 

(2.31 a) will quickly settle to a fixed point whose position is a function of the slowly-varying v. 

On the T4 timescale, then, a is enslaved to v (i.e. is a function of v only) because, as v varies 

on the slow timescale, a will always settle immediately to a fixed point on the faster timescale. 

Equation (2.31 b) is therefore effectively decoupled from (2.31 a) and so the dynamics of v follow 

a I-dimensional, albeit highly nonlinear, differential equation. Chaos is therefore not possible 

in the case of direct driving near co either, at least for small c. 

It is on the basis of numerical simulations of the partial differential equation that the authors 

of [127, 128] claim to have observed chaotic behaviour, backed up by intuitive explanations 

based on the variational approach. In their numerical simulations, the energy of the full system 

is shown to increase for a time, while the position of the kink remains fixed, and then starts 

to exhibit 'chaotic' features, while the kink begins to wander erratically. We suggest that this 

irregular behaviour is merely the result of second-harmonic radiation returning to the kink and 

interfering with it after having travelled to the ends of the domain and reflecting back. 

The variational approach breaks down at resonance with zero damping, where it predicts 

unbounded growth of the wobbling amplitude a (see ref. [127, 128]). The true behaviour of 

the PDE, the authors claim, is to exhibit chaotic behaviour. Our amplitude equations, however, 

do not predict this unbounded growth, which is arrested by the term - !icokl!a!2a. This shows 

that the emission of radiation has the effect of damping the wobbling. In summary, when the 

damping is zero our amplitude equations do not break down and so do not allow the possibility 

that the real behaviour of the PDE is different to that predicted. 

Figure 2.3 shows the numerical simulation of the directly driven, undamped kink using pa

rameter values equivalent to those used to produce figure 1 of [127], in which chaotic behaviour 

is purportedly illustrated. In our scheme, the radiation emitted from the kink is absorbed at the 

ends of the domain as described in section 2.5, and no chaotic behaviour is evident. 
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Figure 2.3: Measured wobbling amplitude and velocity from the numerical simulation of equa

tion (2.35) with hd = 0.01, hp = 0, y = 0 and .Q = J2. 0.6100 (this value is close to ill /2). These 

parameters are equivalent to those used in figure I of [127] (our equations differ by a rescaling 

of x and t). No chaotic behaviour is in evidence. 

2.7 Conclusion 

We have shown that, in the case of direct driving near the natural wobbling frequency ill, the 

wobbling can only be sustained if the kink performs translational motion and that this trans

lational motion can be sustained if the damping is not too great. We have suggested that the 

radiation plays a vital role in this resonance, and indeed the fact that translational motion is 

essential lends further support to this suggestion, as a stationary kink would have radiation es

caping symmetrically from the core. 

We predict regular, non-chaotic behaviour of the kink near all resonances. In [127], where 

chaotic dynamics were reported, the authors go on to conclude that, during the transient time 

of regular motion (when the kink velocity is zero) the internal mode of the kink is storing up 

energy, to be released when it reaches a state of saturation, via the translational mode - and 

attribute the onset of the kink's irregular motion to this mechanism. They furthermore propose 

that the mechanism which brings about the surprising superharmonic resonance is the coupling 

of the translation mode and the wobbling mode. 

Our intuitive explanation for this is rather different: The superharmonic resonance arises 

simply from the frequency doubling effect of the nonlinearity, and the simultaneous altering 

of the parity of the driving profile by the nonlinearity, so as to produce a smaller, odd driving 

profile at the resonant frequency of the wobbling mode. This mechanism would seem, therefore, 
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2.7 Conclusion 51 

to be unrelated to the translation mode. 

Finally, we have provided an intuitive explanation for the parametric resonance at the wob

bling frequency, namely that since the wobbling mode is a perturbation of the static kink, the 

parametric driving term becomes, to leading order, a direct driving term with odd parity. Since 

the parity of the wobbling mode is also odd, this explains why this resonance is the strongest of 

all, with the driving term appearing at 0 (h) in the amplitude equation. 
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Chapter 3 

Travelling kinks in discrete cp4 models 

In this chapter we study discrete versions of the cp4 model considered in chapter 2. There, we 

were successful in characterising radiation generated by the oscillations of the wobbling mode, 

and (as we have discussed), discrete solitary waves generically emit very small radiation as they 

pass over the lattice; our aim in this chapter is to detect this radiation in order to find out whether 

radiationless or 'sliding' solitons can exist for various different discretisations. 

3.1 Introduction 

Spatially discretised partial differential equations (or, equivalently, chains of coupled ordinary 

differential equations) have attracted considerable attention recently. One of the issues that has 

been vigorously debated and that will concern us in this chapter, is whether discrete systems can 

support solitary waves travelling without losing energy to resonant radiation and decelerating 

as a result. We address this issue for one of the prototype models of nonlinear physics, the 

cp4-theory: 
1 2 

utt =uxx +2:u(l-u ). (3.1) 

Since the early 1960s, this equation has been one of the workhorses of statistical mechanics [49] 

and quantum field theory [50]. Its kink solution, together with the sine-Gordon kink, are the 

simplest examples of topological solitons. 

The cp4 -equation (3.1) is Lorentz-invariant, and so the existence of the travelling kink 

x- vt - s 
u(x,t) = tanh VJ=V2' 

2 I-v2 
(3.2) 
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54 Travelling kinks in discrete q,4 models 

where Ivl < 1 and S E JR, is an immediate consequence of the existence of the stationary kink for 

v = O. On the other hand, if we discretise equation (3.1) in x, 

(3.3) 

the translation and Lorentz invariances are lost, and the existence of the travelling kink (and 

even of an arbitrarily centred stationary one) becomes a nontrivial matter. In equation (3.3), h is 

the lattice spacing, and the nonlinearity f( Un-I, Un, Un+ 1) satisfies the continuity condition 

1 2 
f(u,u,u) = "2 u(1-u ). (3.4) 

We restrict ourselves to symmetric discretisations, i.e. 

f( Un-I, Un, Un+ 1) = f( Un+ 1, Un, Un-I). (3.5) 

Equation (3.1) results from (3.3) in the continuum limit, where un(t) = u(xn,t), Xn = nh and 

h -t O. In this limit, the truncation error of the Taylor series is 0 (h2 ). We shall be concerned 

with the discrete kink solutions of (3.3), which approach the continuous kink (3.2) as h -t O. 

For a variety of discrete nonlinearities f, eq. (3.3) admits stationary kink solutions [160, 

161]. The discrete q,4 kinks have been used to describe incommensurate systems and narrow 

domain walls in ferroelectrics and ferromagnets, structural phase transitions, topological ex

citations in biological macromolecules and hydrogen-bonded chains, and polymerisation mis

matches in polymers [148, 162, 163, 164, 165]. Physically, one of the most significant properties 

of domain walls and topological defects is their mobility [161]; however whether the discrete 

equations (3.3) can admit travelling kinks remains an open question [119, 115, 116, 117, 131, 

166,167,168,169,170]. 

The most common, one-site discretisation of the nonlinearity function in (3.3) is given by 

(3.6) 

It is a well established fact [171], however, that the discrete Klein-Gordon equation (3.3) with 

(3.6) admits only a countable set of stationary monotonic kinks with the boundary conditions 

lim un(t) = -1, 
n~-oo 

lim un(t) = +1. 
n--++oo 

(3.7) 

Physically, this fact is related to the presence of the Peierls-Nabarro barrier, an effective po

tential periodic with the spacing of the lattice. Half of the stationary kinks are centred at the 
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3.1 Introduction 55 

minima (the on-site kinks) and the other half (the off-site kinks) at the maxima of the Peierls

Nabarro potential. There are no continuous families of stationary discrete kinks of the form 

Un = u(n - s), with s a free parameter, which would interpolate between the two solutions. We 

will be calling such families 'translationally invariant kinks' - an abuse of terminology because 

translation invariance is a property of an equation rather than a solution, and all lattice equations 

are of course not translationally invariant. As for propagating waves, of special importance are 

kinks moving at constant speed and without the emission of radiation. We will be referring to 

such kinks, i.e. solutions of the form Un = u(n - vt - s) where u( ~) is a monotonically growing 

function satisfying the boundary conditions (3.7), as sliding kinks, to emphasise the fact that 

they do not experience any radiative friction. Being an obstacle to the 'translational invariance' 

of static kinks, the Peierls-Nabarro barrier is also detrimental to the existence of sliding kinks -

at least for small v (see reviews in [172] and [173]). 

In an attempt to find a discrete model with 'translationally invariant' and sliding kinks, 

Speight and Ward [115, I 16] considered a hamiltonian discretisation of the form 

(3.8) 

In the static limit, the corresponding energy admits a topological lower bound which is saturated 

by a first- (rather than second-) order difference equation. This equation is readily shown to have 

a one-parameter continuous family of stationary kink solutions Un = u(n - s) for 0 :S h :S 2 (see 

Proposition 1 in [116]). The parameter s of the family defines the position of the kink relative 

to the lattice. Since all members of the family have the same (lowest attainable) energy, the 

stationary kink experiences no Peierls-Nabarro barrier. As for travelling kinks, Speight and 

Ward's numerical simulations tentatively suggest that moving kinks never become pinned to the 

lattice (and hence that they stop shedding energy as radiation), although they do initially emit 

Cherenkov radiation, and decelerate as a result (see figures 4 and 5 in [I 16]). 

Another line of attack was chosen by Bender and Tovbis [132] who proposed a different 

discretisation supporting a continuous family of arbitrarily centred stationary kinks: 

(3.9) 

In this case, the family arises due to the suppression of the stationary kink's resonant radiation. 
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56 Travelling kinks in discrete q,4 models 

In fact, the family of stationary kinks can be found explicitly as 

Un(t) = tanh [a(n-s)]' (3.10) 

where a = arcsinh (h/2) for all hEIR. (The solution (3.10) coincides with the stationary dark 

soliton of the repulsive Ablowitz-Ladik equation [174].) 

Another nonlinearity, 

1 (2 2) !(Un-l,Un,Un+l) = g(Un+l +Un-l) 2-Un+l-Un_l , (3.11) 

was introduced by Kevrekidis [131], who demonstrated the existence of a two-point invari-

ant and hence a first-order difference equation associated with the stationary equation. Conse

quently, the discretisation (3.11) also supports a continuous family of stationary kinks for all 

h E [0, haJ with some ha > O. The two-point invariant of the model (3.11) corresponds to a 

conserved discrete momentum [131], which is not normally available in a lattice equation. (For 

further investigations in this direction, see [175].) 

Finally, we mention that one other way to generate nonlinear Klein-Gordon models with 

translationally-invariant kinks is through the method of Flach, Zolotaryuk and Kladko [119] 

(discussed in section 1.5.2); however, due to the inverse nature of the method there is no sys

tematic way to generate discretisations which reduce to the q,4 equation in the continuum limit, 

so we shall not be considering such nonlinearities in this chapter. Exceptional (i.e. 'translation

invariant') discretisations will be investigated further in chapter 4. See also refs [117] and [176]. 

Since the reasons for the nonexistence of 'translation-invariant' kinks and of sliding kinks 

are apparently related (the breaking of symmetries of the underlying continuum theory or, 

speaking physically, the presence of the Peierls-Nabarro barrier), the availability of 'translation

invariant' stationary kinks in the models (3.8), (3.9) and (3.11) suggests that they might have 

sliding kinks as well. Here it is our purpose to find out whether this is indeed the case. We shall 

analyse the persistence of continuous families of stationary kinks Un = u(n - s) for nonzero ve

locities; in other words, examine the existence of solutions of the form u(n - vt - s) where u(z) 

is a monotonically growing function satisfying (3.7) (i.e., has no oscillating tails), and vi- O. We 

develop an accurate numerical test in the limit h --> 0 which shows whether or not standing and 

sliding kinks of the discrete q,4 model (3.3) bifurcate from the exact kink solutions (3.2) of its 

continuous counterpart (3.1). The analysis of this bifurcation poses a singular problem in per

turbation theory which can be analysed using two (inner and outer) matched asymptotic scales 

on the complex plane [137,138]. In particular, the nonvanishing of the Stokes constant in the 
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3.2 Inner and outer asymptotic expansions in the limit h ----. 0 57 

inner asymptotic equation serves as a sufficient condition for the non-existence of continuous 

solutions of the difference equations [138]. 

Our test will be based on computing the Stokes constant for the differential-difference equa

tion underlying the lattice system. We will examine the four discretisations of the cp4 theory 

reproduced above, i.e. equations (3.6), (3.8), (3.9) and (3.11). Since translationally invariant 

stationary kinks Un = u(n - s) do exist for the three exceptional nonlinearities (3.8), (3.9) and 

(3.11), the Stokes constant is a priori vanishing for v = 0 in these three cases. However, we will 

show that in all three cases the Stokes constant acquires a nonzero value as soon as v deviates 

from zero. It remains nonzero for all v except a few isolated values which define the particular 

velocities of the sliding kinks in the corresponding model. There is one such isolated zero of 

the Stokes constant for the nonlinearity (3.8) and three sliding velocities for the discretisation 

(3.11). Consequently, the main conclusion of this work is that the sliding kinks, i.e. kinks trav

elling at a constant speed without the emission of radiation, can occur only at particular values 

of the velocity. The sliding velocities are, of course, functions of the discretisation spacing h, so 

that sliding kinks arise along continuous curves on the (v, h)-plane. 

We conclude this introduction with a remark on a convention adopted for the remainder of 

this chapter: namely, that the linear part of the function f(Un-l, Un, Un+l) in (3.3) can always be 

fixed to ~un without loss of generality. Indeed, the most general function satisfying (3.4) and 

(3.5) is f = 0 - 2a) Un + a (Un+ 1 + Un-I) + cubic terms, where a is arbitrary. Since h2 in (3.3) 

is also a free parameter, we can always make a replacement h ----. h such that 1/ h2 + a = 1 /h2
. 

This gives 
1 

f(Un-l, Un, Un+l) = 2:un - Q(Un-l, Un, Un+l), (3.12) 

where Q is a homogeneous polynomial of degree 3 which is independent of the parameter h. 

The outline of this chapter is as follows. In the next section (section 3.2) we describe the 

construction of the outer and inner asymptotic solutions in the limit h ----. O. Section 3.3 contains 

details of the numerical computation of the Stokes constants while the last section (section 3.4) 

summarises the results of our work. 

3.2 Inner and outer asymptotic expansions in the limit h --+ 0 

We are looking for a sliding-kink solution of the discrete cp4 models (3.3) in the form 

Un(t) = cp(z), z=h(n-s)-vt, (3.13) 
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58 Travelling kinks in discrete cp4 models 

where cp(z) is assumed to be a twice differentiable function of z E lR that satisfies the differential 

advance-delay equation 

icp"(z) = CP(z+h)-2~~Z)+CP(z-h) +~cp(z)-Q(CP(Z-h),CP(Z),CP(z+h)), (3.14) 

with the boundary conditions cp (z) --t ± 1 as z --t ±oo. The velocity v is assumed to be smaller 

than 1 in modulus. If a solution to this boundary-value problem (i.e. a heteroclinic orbit) exists, 

then the parameter s is arbitrary due to the translation invariance of the advance-delay equation 

(3.14). 

3.2.1 Outer asymptotic series 

We begin by considering the Taylor series for the second difference, 

cp(z+h)-2cp(z)+cp(z-h) = h2cp"(z) + fh2n (2~)!cp(2n)(z). (3.15) 
n=2 

Since the cubic polynomial Q( Un-I, Un, Un+ I) satisfies the continuity and symmetry relations 

(3.4) and (3.5), the nonlinearity of (3.14) can be expanded in the following Taylor series: 

Q(cp(z-h),cp(z),cp(z+h)) = ~cp3(Z)+ fh2n Q2n (cp,(cp')2, ... ,cp(2n)), (3.16) 
n=1 

where the coefficients Q2n depend on even derivatives and even powers of odd derivatives of 

cp(z), and also Q2n(CP,0, ... ,0) = 0. The differential advance-delay equation (3.14) can thus be 

written as 

(1 - v2) cp" + ~ cp (1 - cp 2 ) + f h2n C 2n ! 2) ! cp (2n + 2) - Q2n ( cp, ( cp' ) 2 
, ... , cp (2n)) ) = 0. 

n=1 
(3.17) 

For h = 0, equation (3.17) becomes the travelling wave reduction of the continuous model (3. 1 ), 

with the explicit solution 

C/Jo (z) = tanh ~; 
z 

~ = 2Vf=V2' Ivl < 1. (3.18) 

We will search for solutions of equation (3.17) of the form 

00 

cp(z) = C/Jo(z) + 'L h2n C/J2n(z). (3.19) 
n=1 
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3.2 Inner and outer asymptotic expansions in the limit h --t 0 59 

Substituting the expansion (3.\9) into (3.\7) we get, at order h2n , 

where the linearised operator £ is given by 

and H2n are polynomials in CPo, C/>2, .•• , C/>2n-2 and their derivatives. The kernel of £ is one

dimensional, and spanned by an even eigenfunction Yo = sech2 ~. The rest of the spectrum of 

£ is positive. It is not difficult to prove by induction that if C/>2k(Z) are all odd in z for k = 

0, 1, ... ,n - 1, the nonhomogeneous term H2n is also odd in z and hence, by the Fredholm 

alternative, there exists a unique odd bounded solution C/>2n(Z) for z E R Moreover, since H2n 

decays to zero exponentially fast as Izl --t 00, the function C/>2n(Z) is also exponentially decaying 

for any n 2: 1. The perturbation C/>2(z) in particular satisfies the nonhomogeneous equation 

(3.20) 

where the numerical coefficients depend on whether the nonlinearity function f is given by 

(3.6), (3.8), (3.9) or (3.11): 

One-site (3.6): 

Speight-Ward (3.8): 

Bender-Tovbis (3.9): 

Kevrekidis (3.1\): 

a = f3 = Y= 0; 

a = 1, f3 = Y= -4; 

a = 3, f3 = -3, Y= 0; 

a = 3, f3 = -9, Y = -6. 

The odd bounded solution C/>2 (z) of the nonhomogeneous equation (3.20) is: 

where 

C/>2 (z) = A tanh ~ sech2 ~ + B~ sech2 ~, 

A= (l-v2 )(Y+2f3)+6 
72(1 - v2 )2 ' 

B=_(I-v2 )(a+f3)+1 
24(1 - v2 )2 

(3.21) 

We point out that the series (3.19) is asymptotic; it mayor may not converge [137, 138], de

pending on the choice of v and Q in equation (3.14). We shall be referring to (3.19) as the outer 

asymptotic expansion. 
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60 Travelling kinks in discrete cp4 models 

Since, as mentioned above, all terms in the outer expansion at 0 (h2) and higher decay to 

zero, any oscillatory terms which conflict with the boundary condition cp (z) ---7 ± 1 are smaller 

than all powers of h2 . Asymptotic analysis beyond all orders of perturbation theory was pio

neered by Kruskal and Segur [52, 177] and has been utilised by many authors. It was extended 

by Pomeau, Ramani and Grammaticos [133] to allow the computation of radiation coefficients 

from Borel summation of series rather than from the numerical solution of differential equa

tions. Essentially the same method has been applied to different problems by Grimshaw and 

Joshi [134, 135] and Tovbis and collaborators [136, 137, 138, 139]. In this work, we shall work 

with formal inner and outer asymptotic series for the problem (3.14) without attempting rigorous 

analysis of their asymptoticity. 

3.2.2 Inner asymptotic series 

The leading-order term (3.18) of the outer expansion (3.17) has poles at ~ = -¥(l +2n), where 

n E Z. We apply the scaling transformation 

z = ht; + i7r~, (3.22) 

to equation (3. J 4) in order to study the convergence of the formal asymptotic solution (3. 19) near 

the pole ~ = i¥- (see [137, J 38]). This yields the following differential advance-delay equation 

for 1fI( t;): 

The following are the cubic functions Q for each of the four discretisations that we deal with in 

this chapter: 

One-site (3.6): 

Speight-Ward (3.8): 

Bender-Tovbis (3.9): 

Kevrekidis (3.11): 

1 
Q = 21f13(t;); 

1 
Q = 36 [1fI3(t; + 1) + 3 1f12 (t; + 1)1fI(t;) + 31f1(t; + 1)1fI2(t;) 

+41f13 ( t;) + 31f1 (t; - 1) 1f12 ( t;) + 31f12 (t; - 1) IfI ( t;) + 1f13 (t; - 1)] ; 

1 
Q = 4'1fI2(t;) [1fI(t; + 1) + 1fI(t; -1)]; 

1 
Q = "8 [1fI3(t; + 1) + 1f12(t; + 1)1fI(t; -1) + 1fI(t; + 1)1fI2(t; -1) 

+ 1f13 (t; -1)]. 
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3.2 Inner and outer asymptotic expansions in the limit h ---t 0 61 

We note that the heteroc1inic orbit becomes small as h ---t 0 under the normalisation (3.22): If 

cp (z) ---t ± 1 as z ---t ±oo, then lJf( 0 ---t ±h as Re S' ---t ±oo. The asymptotic series (3.19) in the 

new variables (3.22) becomes 

00 

lJf(S') = lJfo(S') + I: hn lJfn(S'), (3.24) 
n=! 

where each term lJfn (S') can be expanded in a formal series in descending powers of S'. In 

particular, the leading-order function lJfo( 0 has the general form 

00 

1/to(S') = I: S'~~:! . 
n=O 

(3.25) 

We use the hat in (3.25) to differentiate this asymptotic series (which may only converge in 

the limit S' ---t 00) from a convergent solution of eq. (3.23) in the limit h ---t O. By comparing 

the series (3.24) and (3.25) with the solutions (3.18) and (3.21) in variables (3.22), we note the 

correspondence: 

ao=2~, 

We shall be referring to (3.24) as the inner asymptotic expansion. The odd powers of h in 

the inner asymptotic expansion (3.24) appear due to the matching conditions with the outer 

asymptotic expansion (3.19) under the scaling (3.22), as well as due to the non-zero boundary 

conditions for the heteroc1inic orbits: lJf( S') ---t ±h as Re S' ---t ±oo. 

3.2.3 Leading-order problem for an inner solution 

Convergence of the formal inverse-power series (3.25) for the leading-order solution lJfo( S') 

depends on the values of the Stokes constants [) 38]. Computation of the Stokes constants is 

based on Borel-Laplace transforms of the inner equation (3.23) [) 37]. Assuming continuity in 

h, we study the leading-order solution lJfo( S') = limh->o lJf( S') of the truncated inner equation 

i % ( S') = % ( S' + 1) - 2% ( 0 + lJfo (S' - 1) - Q ( lJfo (S' - 1), lJfo ( 0, % (S' + 1)) . (3.26) 

By substituting the series (3.25) into equation (3.26), one can derive a recurrence relation be

tween the coefficients in the set {an}~o' The Stokes constants can be computed from the 

asymptotic behaviour of the coefficients an for large n. Alternatively, the leading-order solution 

lJfo (S') and the Stokes constants can be defined by using the Laplace transform 

lJfo(S') = 1r Vo(p)e-PSdp. (3.27) 
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62 Travelling kinks in discrete q,4 models 

The choice of the contour of integration y determines the domain of lJIa( S) in the complex ~

plane: If (3.27) were a traditional Laplace transform (i.e., with the path y being the positive real 

axis) then, in general, it would not converge for Re ~ < O. However, we require the integral in 

(3.27) to converge for all ~ along the line -00 < Re ~ < 00, 1m ~ < 0 so that it corresponds to 

the continuation of a function defined on the whole real z axis. This can be achieved by choosing 

the contour y so that argp -t nl2 as Ipl-t 00 along y: Then, for all ~ along the infinite line of 

fixed negative Im~, we have e-Ps -t 0 as Ipl-t 00 and so the integral converges provided that 

Va (p) is bounded. 

We now define two solutions lJIas
) (~) and lJIau

) (~), which lie on the stable and unstable 

manifolds respectively, such that 

(3.28) 

We note that the stable and unstable solutions tend to the stationary point at the origin, since the 

heteroclinic orbits connect the stationary points at IJI = ±h which move to the origin as h -t O. 

The three stationary points coalesce to become a degenerate stationary point at the origin within 

the truncated inner equation (3.26). 

The Laplace transform (3.27) produces the stable solution lJIas
) (~) when the contour of 

integration Ys lies in the first quadrant of the complex p-plane and extends from p = 0 to p = 00. 

Similarly, it produces the unstable solution IJIt) (S) when the contour of integration Yu lies in the 

second quadrant. Since, as discussed, we must choose the integration contours in such a way 

that argp -t nl2 as p -t 00, it follows that Ys and Yu must be as shown in figure 3.1. 

The Borel transform Va (p) satisfies the following integral equation, which follows from 

(3.26) and (3.27): 

(3.29) 

Here, Q [V (p) 1 denotes a double convolution of V (p) with itself (in this case, the hat is used to 

denote an operator). We list below the convolutions Q [V (p) 1 for each of the four models under 
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Imp 

Yu Ys 

• • 

Rep 

Figure 3.1: Contours of integration for the stable and unstable solutions 0/6s
) and 0/6u

). The 

curves is and r'u are deformations of the contours Ys and Yu respectively. 

consideration: 

One-site (3.6): 2Q = V(p) * V(p) * V(p); 

Speight-Ward (3.8): 18Q = coshp [V(p) * V(p) * V(p)] + 3 {coshp [V(p) * V(p)]} * V(p) 

+ 3 [cosh p V (p)] * V (p) * V (p) + 2V (p ) * V (p) * V (p ); 

Bender-Tovbis (3.9): 2Q = [coshp V(p)] * V(p) * V(p); 

Kevrekidis (3.11): 4Q = coshp [V(p) * V(p) * V(p)] 

+ [coshp V(p)] * [ePV(p)] * [e-PV(p)] , 

where the asterisk * denotes the convolution integral for the Laplace transform, 

V(p) * W(p) = laP V(p - Pl)W(Pl)dpl, 

and the integration is performed from the origin to the point p on the complex plane, along the 

contour y. In deriving (3.29), we have made use of the convolution theorem for the Laplace 

transform of the form (3.27), where the integration is over a contour in the complex plane rather 

than a positive real axis. The theorem states that 

(3.30) 
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64 Travelling kinks in discrete (jJ4 models 

The proof is provided in appendix 3.A at the end of this chapter. It depends on the integration 

contour being concave-up (as it clearly is - see fig. 3.1) and on the function G(p) having no 

singularities between the contour and the imaginary axis, which is ensured by our requirement 

that the path lie above all the singularities with nonzero real part. 

The inverse power series (3.25) for the limiting solution If!o(~) becomes the following power 

series for the Borel transform Vo (p): 

00 

Vo(p) = LC2np2n, (3.31 ) 
n=O 

where Co = ao = 2v'f=V2. The hat differentiates the power series, which might only converge 

for some values of p, from a general solution of (3.29). The virtue of the integral form (3.29) 

is that the limiting behaviour of Cn for large n can be related to singularities of Vo (p), which in 

tum correspond to the oscillatory tails of If!o ( O. 
If the sliding kink exists, its perturbation expansion will converge due to the absence of 

radiation, and so its continuation, the inverse-power series for If!o( ~), will converge for all ~ E C 

such that 1m ~ < O. This implies that the stable and unstable solutions 1f!6s
) (~) and 1f!6u

) (~) 
coincide, i.e. that the contour Ys in the right half of the complex p-plane can be continuously 

deformed to the contour Yu in the left half-plane (see figure 3.1). If, however, there are any 

singularities between the two contours, then a continuous deformation is possible only if the 

residues are zero. The residues are proportional to the values of the Stokes constants. When 

the Stokes constants are nonzero, the formal power series (3.31) for the solution Vo(p) of the 

integral equation (3.29) diverges for some values of p in the sector between the contours Ys and 

Yu' 

3.2.4 Stokes constants 

The Borel transform Vo (p) is singular near the points in the p-plane where the coefficient in front 

.of Vo(p) on the left-hand side of the integral equation (3.29) vanishes [138], except for the point 

p = 0 where the right hand side is also zero. That is, singularities occur when (2/ p) sinh (p /2) = 

±v. The location of these singularities is important because the stable and unstable solutions are 

not, in fact, uniquely defined by (3.28); different solutions are generated depending on where the 

contours lie relative to the singularities of Vo (p) with Re p =I o. Exploiting this nonuniqueness, 

we wish to choose the contours Ys and Yu to lie above all the singularities with nonzero real part; 

this will minimise the number of singularities between the stable and unstable solutions. 
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3.2 Inner and outer asymptotic expansions in the limit h ~ 0 65 

It is not difficult to show that the contour Ys extending from 0 to 00 can be chosen in such 

a way, i.e. so that that there are no singularities between it and the imaginary axis. Indeed, 

assume, for definiteness, that v > O. Let (2nv - 1) be the number of positive roots of the equation 

sin q = vq and denote the real and imaginary parts of p /2 by I( and q: p /2 = I( + iq. In the (I(, q)

plane, consider a rectangular region 'D bounded by the horizontal segments q = 2nn and q = C 

at the top and bottom, and vertical segments I( = - c and I( = c on the left and right. Here n is 

any positive integer greater than nv and c > 0 is taken to be small. Using the argument principle, 

we can count the number of (complex) roots of the equation sinh(p/2) = v(p/2) in the region 

'D. We have 
P cosh /(Sin q - vq 

tan arg - = . . 
2 smh I(COS q - VI( 

On the right lateral side, where I( = c, this becomes 

p 1 sinq - vq 
tan arg - ~ - ----

2 c cosq- v 
(3.32) 

As we move from q = c to q = 2nn, the numerator in (3.32) will change sign (2nv - 1) times. 

In a similar way, moving down along the left side there will be (2nv - 1) more zero crossings, 

while no zero crossings will occur along the horizontal segments. This means that the argument 

can change by no more than (4nv - 2)n and hence there are at most (2nv - 1) roots in the region 

'D, no matter how large n is. Similarly, we can show that the equation sinh(p/2) = -v(p/2) has 

no more than 2nv roots in the region 'D, if 2nv is the number of positive roots of sinq = -vq. 

The upshot is that for any finite v, there are only a finite number of singularities with small real 

parts: the singularities cannot accumulate to the imaginary axis. For v i= 0, the singularities with 

nonzero real parts lie on the curves 

q=± 

Accordingly, in order for the integration contours Ys and Yu to lie above these singularities, they 

must be curvilinear (and not just rays) as shown in figure 3.1. 

Having chosen the contours Ys and Yu to lie above the singularities in the first and second 

quadrants respectively, the only singularities of Va (p) that determine whether the stable solution 

0/6s
) (S) can be continuously transformed into the unstable solution 0/6u

) (S') are those at non

zero pure imaginary values of p. We will be referring to these values as resonances. The set of 

resonances Rv is defined by the transcendental equation 

Rv = {p = ik, k E lR+ : ~ sin ~ = ±v} . (3.33) 
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66 Travelling kinks in discrete cp4 models 

When v = 0, the set Ro is infinite-dimensional and can be described explicitly: 

Ro = {p = 2nni, n E N} . 

Let PI = ikl be the smallest imaginary root in the set R y • It is clear from (3.33) that 0 < kl < 2n 

for v E (0,1), so that kl -+ 2n as v -+ 0+ and kl -+ 0 as v -+ 1-. The set of resonances R y is 

finite-dimensional for v E (0,1) and it consists of only one root PI = ikl for v E (VI, 1), where 

VI ~ 0.22. 

Due to the resonances, a function \flo (t;) that satisfies the truncated inner equation (3.26) 

may have oscillatory tails as IRet;l-+ 00. Adding the solutions of equation (3.26) linearised 

about 1/10 ( t;), the general bounded solution of (3.26) in the limit I t; I -+ 00 can be represented as 

[137]: 

\fIo(O = %(t;) + L anc{Jn(t;)e-iknS + multiple harmonics. (3.34) 
iknERv 

Here, %( t;) is given by the power series (3.25); an are coefficients which we will be referring 

to as amplitudes in what follows; kn > 0 are roots of (3.33) for P = ikn, and the functions 

c{Jn (t;)e- iknS , n 2: 1, satisfy the linearised truncated inner equation (3.26). In particular, the 

equation for the leading-order term c{JI (t;) is 

e-ik1 c{JI (t; + 1) + (iki - 2)c{JI (t;) + eik1 c{JI (t; - 1) + 2iv2kl c{J~ (0 - v2c{J~' (0 

= D I Q c{JI (t; - 1) + D2 Q c{JI ( t;) + D3 Q c{JI (t; + 1), (3.35) 

where DI,2,3Q are the partial derivatives of Q(\fIo(t; -1), \flo (t;), \fIo(t; + 1)) with respect to its 

first, second and third argument respectively, evaluated at \flo = %( t;). 

If the amplitude an is nonzero for some n, the inverse-power series (3.25) does not con

verge because the solution (3.34) does not decay as IRe t;1 -+ 00. The amplitudes an will be 

shown to be proportional to the 'Stokes constants' computed for the inverse-power series (3.25) 

or, equivalently, its Laplace transform (3.31). Each oscillatory term in the sum (3.34) becomes 

exponentially small in h when we transform from t; to z using the transformation (3.22). Since 

PI = ikl is the element of R y with the smallest imaginary part, it follows that the n = 1 term 

dominates the sum in (3.34) when the transformation (3.22) is made (unless al = 0). Fur

thermore, when v E (VI, 1), where VI ~ 0.22, it is the only term in the sum since the resonant 

set R y consists of just the one root PI = ikl. We shall, therefore, only be concerned with the 

leading-order Stokes constant, which multiplies the function c{JI (t;). 
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3.2 Inner and outer asymptotic expansions in the limit h -t ° 67 

If I/Io(() is given by the inverse-power series (3.25), the solution of the linearised equation 

(3.35) can be represented by a similar series: 

00 

<PI(() = ('L:be(-e, (3.36) 

e=o 

where we can set bo = I due to the linearity of (3.35). Substituting (3.25) and (3.36) into (3.35) 

and using (3.33), the coefficient b l can be determined from 

2ir(,-1 (v2kl - sink l ) 

+ (,-2 [r(r- 1)(coskl - v2) + 2ibl (r- 1)(ikl - sinkd - 6(1 - v2)] + 0 ((,-3) = 0. 

In this equation, the coefficient of each power of ( should be set to zero. In order to set the 

coefficient in front of the first term to zero in the situation where v oF 0, we must choose r = 0. 

The second term then gives 
3i(1- v2 ) 

bl = 2k . k ' v I-Sill I 

after which all the other coefficients b2, b3, ... ,can be computed recursively. On the other hand, 

in the situation with v = 0, we have kl = 2n and the coefficient in front of (,-I is zero regardless 

of the value of r. Setting the coefficient in front of (,-2 to zero requires that we choose either 

r = 3 or r = -2, and hence we have two different descending-power series, one starting with (3 

and the other one with (-2. We shall focus on the former as it dominates the latter in the limit 

( -t 00. Again, the succeeding terms in (3.36) are determined recursively. 

Thus, we have established that the leading-order oscillatory term in the expansion (3.34) 

behaves as 

{
al [1 + i +0 (~2)] e-

ik1S 

al [(3 + b l (2 + 0 ((I) ] e-2nis 

for v oF ° and 
(3.37) 

for v = 0. 

For v oF 0, the two leading order terms in the expression above are generated by, respectively, a 

simple pole and a logarithmic singularity of the Borel transform Vo(p) at p = ikl . For v = ° they 

are generated by a quadruple pole of Vo(p) at p = 2ni. From the fact that Vo is an even function 

of p, we deduce the structure of this function near the poles: 

k?KI (v) 2 2 
2 2 -cr(v)ln(p +k l )+··· 

p +kl 

6(2n)8 S I 2(2n)6 p 
(p2 + 4n2)4 + (p2 + 4n2)3 + ... 

Vo(p) -t 

(for v oF 0) 

(3.38) 

(for v = 0) 
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68 Travelling kinks in discrete cp4 models 

as p ---t ±ik\. Here K\ (v) and S\ are the leading-order Stokes constants for v =I=- 0 and v = 0, 

respectively; 0'( v) and p are independent of p, and ... stands for terms with even slower growth 

as p ---t ik\. 

To show that these singularities do indeed give rise to the oscillatory tails in (3.37), we 

compare the two integrals lIf6s
) and lIf6u

) for a given value of S. To this end, we deform the 

paths of integration Ys and Yu to is and iu respectively, without crossing any singularities. This 

is illustrated in figure 3.1. There are two contributions to the difference lIf6s
) (S) - lIf6u

) (S). The 

first comes from integrating around the pole at p = ik\, and is equal to 27ri times the residue 

of the function Vo(p)e-PS at p = ik\, determined from (3.38). The second contribution arises 

because the integrand increases as the singularity is encircled, since it is a branch point of the 

logarithm. Since lnz can be written as In Izl + iargz, where z = p - ik\, we see that Vo(p) 

increases by - 27riO'( v) as the branch point p = ik\ is encircled in the v =I=- 0 case. Therefore, the 

difference in the integrand of (3.27) along the paths is and iu is -27riO'(v)e-PS , which must be 

integrated along the path of integration from p = ik\ to infinity, to give - 27riO'( v)e- ik1 S / S. (We 

have considered the integration on a Riemann surface in order to account for branch points.) 

Adding together the two contributions discussed above, we have 

for v =I=- 0 

for v = O. 

(3.39) 

If we take the limit Re S ---t -00, then the unstable solution lIf6u
) (S) decays to zero as a power 

law, according to the expansion (3.25). Thus, the stable solution lIf6s
) (S) has the oscillatory tail 

given by the representation (3.34) with the amplitude factor 

for v =I=- 0 
(3.40) 

for v = O. 

Similarly, if we take the limit Re S ---t +00, then the stable solution lIf6s
) (S) decays to zero, while 

the unstable solution lIf6u
) (S) has the representation (3.34) with the amplitude factor given by 

the negative of expression (3.40). By comparing the other terms on the right-hand side of (3.39) 

to the corresponding terms in (3.37), o'(v) and p can be uniquely determined. 

We now match the leading-order singular behaviour of Vo(p) near p = ±ik\, given by (3.38), 
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3.2 Inner and outer asymptotic expansions in the limit h -t 0 69 

to the formal power series (3.31). Expanding the expressions in (3.38) as power series gives us 

Vo(p) -t 

KI (v) - (j(v) In(k~) + ... 

+ f) -ltkj2n ( KI (v) + (j~v) + .. .) p2n 
n=1 

for v # 0 

~ (-1)n(n+2)(n+ 1) [( 3)S ] 2n.. 0 
~ (2~)2n n + I + P + ... p lor v = , 
n=O 

(3.41) 

as p -t ±ikl. These series converge for all Ipi < kl ; in particular, they are valid for p -t ±ikl , 

provided Ipi < kl . Hence we can replace (3.38) with (3.41) in this neighbourhood. In (3.41), the 

ellipses ' ... ' stand for coefficients of the expansion of terms with a slower growth as p -t ±ikl 

which were dropped in (3.38). The discarded terms would modify the coefficients of the power 

series (3041); however, there are terms which would not be affected by these modifications, 

namely terms with large n. For example, the coefficients proportional to (j(v) and pin (3.41) 

are a factor of n smaller than those proportional to KI (v) and S 1; the discarded coefficients would 

be even smaller. Therefore the leading singular behaviour of Vo (p) as p -t ±ikl is determined 

just by the large-n coefficients of the power series (3 AI), and hence only the large-n coefficients 

should be matched to the coefficients of the expansion (3.31). This gives the Stokes constant as 

a limit of the coefficients V2n of the series (3.31): 

for v # 0 

(3.42) 

for v = o. 

This formula is used in the next section for numerical computations of the leading-order Stokes 

constant KI (v) for v # o. 
Note that, since (3.31) matches (3.41) in the limit n -t 00, the power series Vo(p) also has 

radius of convergence k l . However, the formal inverse-power series % (s) diverges for all S 
unless Vo(p) converges everywhere (which requires that all the Stokes constants be zero). 

We note from (3.42) that as v -t 0, the Stokes constant KI (v) does not tend to SI. This 

discontinuity is due to the fact that, as v -t 0, pairs of simple roots in the resonant set Rv 

coalesce Uk! coalesces with ikz at 2~i, and so on). As a result, all roots are double and the 

representation of CPI (0 is discontinuous at v = 0, with the power degree r of the prefactor in 

(3.36) jumping from r = 0 for v # 0 to r = 3 for v = O. In particular, in exceptional models, 

i.e., discrete models with continuous families of stationary kinks [like (3.8), (3.9) and (3.11)] 

Univ
ers

ity
 of

 C
ap

e T
ow

n



70 Travelling kinks in discrete </,4 models 

the constant SI is a priori zero while the limit of KI (v) as v -+ 0 may be nonvanishing. In fact, 

numerical computations of the top limit in (3.42) indicate that the Stokes constant blows up as 

v -+ O. Renormalisation of KI (v) for small v is, however, a nontrivial asymptotic problem which 

is beyond the scope of our current investigation. 

For v E (VI, 1), where VI ~ 0.22, the resonant set Rv contains only one root ikI and, therefore, 

there is just one Stokes constant KI (v), which completely determines the convergence of the 

formal inverse-power series for \f!a( ~). If KI (va) = ° at some point Va E (VI, 1), the stable 

and unstable solutions lJI6s
) (') and lJI6u

) (') coincide to leading order. Arguments based on the 

implicit function theorem (see [136]) reveal that a heteroclinic bifurcation occurs on crossing a 

smooth curve v = v*(h) on the (V, h)-plane, with v*(O) = Va. 

On the other hand, for v E (0, VI) the resonant set Rv contains more than one root. If 

KI (va) = 0 for some Va E (0, vJ), this alone is not sufficient for the convergence of the series 

o/a ( o· The higher-order Stokes constants K2 (v), K3 (v), ... , must be introduced and computed 

from the asymptotic behaviour of the power series Va (p). 

As we shall show in the next section, the function KI (v) does have zeros in the case of the 

discretisations (3.8) and (3.11). All these zeroes are 'safe'; that is, all Va values lie in the interval 

(VI, 1), so that the higher-order Stokes constants do not have to be computed. 

3.3 Numerical computations of the Stokes constant 

In this section, we describe the numerical computation of the Stokes constants K\ (v) for the 

four different discretisations of the </,4 model (3.3) under consideration. Our numerical method 

uses the expression (3.42) of the Stokes constant in terms of the coefficients of the formal power 

series solution (3.31). First, we obtain the recurrence relation for the coefficients in the set 

{vn }~a by substituting the power series expansion (3.31) into the limiting integral equation 

(3.29), and using the convolution formula 

n m n! m! n+m+1 
p *p = p 

(n+m+ I)! . 
(3.43) 

After that, we compute the asymptotic behaviour of these coefficients as n -+ 00 and evaluate 

the limit (3.42) numerically for a fixed value of V =I- 0. 

In order to calculate the Stokes constants for the four models in a uniform way, we write a 

Univ
ers

ity
 of

 C
ap

e T
ow

n



3.3 Numerical computations of the Stokes constant 

general symmetric homogeneous cubic polynomial Q( Un-I, Un, Un+ I) as 

I I I 

Q = L L L aa,/3.yUn+aun+/3un+y, 
a=-I/3=ay=/3 

71 

(3.44) 

where aa./3.y are numerical coefficients, with a, f3, Y E {-I, 0,1} and a ~ f3 ~ y. The symmetry 

implies that aa./3.y = a_ y,-/3,-a and therefore it is sufficient to specify just six coefficients. The 

values of these coefficients for the four nonlinearities in question are given in table 3.1. 

Model al,l,1 ao,o,o aO.1,1 ao,o,1 a_I,I,1 a_I,O,1 

One-site (3.6) 0 1/2 0 0 0 0 

Speight-Ward (3.8) 1/36 1/9 1/12 1/12 0 0 

Bender-Tovbis (3.9) 0 0 0 1/4 0 0 

Kevrekidis (3.11) 1/8 0 0 0 1/8 0 

Table 3.1: The coefficients aa,/3,y = a_Y.-/3,-a of the cubic polynomial (3.44) for the four mod

els under consideration. 

By applying the Laplace transform (3.27) to equation (3.26) with Q as in (3.44), we obtain 

the corresponding cubic convolution function Q[V (p)] on the right hand side of the integral 

equation (3.29): 

I I I 

Q [V(p)] = L L L aa,/3,y eapV(p) * e/3PV(p) * eYPV(p). 
a=-I /3=a y=/3 

(3.45) 

To derive the recurrence formula for the coefficients C2n in (3.31), it will be more convenient to 

consider the power series expansion which consists of both even and odd powers of p: 

00 

Vo(p) = LCnpn. (3.46) 
n=O 

We now substitute the series (3.46) into (3.29) with Q[V(p)] given by (3.45) and use the con

volution formula (3.43). Equating the coefficients of pn+2 where n = 0, 1,2, ... , in the resulting 

equation, we find that 

[n/2] 2 I I I { n (n-i k ) 

~ (2i+2)!cn-2i-
V2C

n = a~I~~ (n+a2)'~~y+ 1) ~ ~ ~! Cn-i-k 

[~(~f31 , ) (~yn .. ) j!(i- j )!] i!(n-i)!} 
x L,.; L,.;Z,CJ-I L,.; ,c'-J-m., " . m. l. n. 

j=O 1=0 m=O 
(3.47) 
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72 Travelling kinks in discrete 1>4 models 

where [n/2] is the integer part of n/2 and 00 = 1. Equation (3.47) is a recurrence relation 

between the coefficients {vn}~o' Solving equation (3.47) with n = 0, we get Co = 2~ 
(note that this first coefficient is independent of the choice of Qa,/3,y' i.e. independent of the 

model). Letting CJ = 0 and making use of the symmetry of Q, one can show by induction that 

the coefficients of all odd powers in (3.46) are zero (as we concluded previously on the basis 

that the outer expansion is odd in z). 

To prevent overflow or underflow when evaluating the recurrence relation numerically, we 

shall work with the normalised coefficients 

so that the Stokes constant (3.42) for v i- 0 is given by 

KJ (v) = lim W n . 
n-.oo 

(3.48) 

Reformulating (3.47) in terms of Wn , we use the relation (3.48) to compute KJ numerically. We 

truncate the sums involving 1/ (2i + 2)!, 1/1! and l/m! when these factors become smaller than 

10-50 , and evaluate the sums involving the combinatorial factors in two halves. In the first, the 

summation index increases from zero to the halfway point, and in the second it decreases from 

its maximum. This ensures that the combinatorial factors are always decreasing from one step 

to the next so that they can be accurately determined recursively. We also truncate these sums 

when the combinatorial factors fall below 10-50 . 

These expedients result in a numerical routine fast enough to allow for evaluation of the 

recurrence relation up to very large n; this is essential given the slow convergence of Wn to a 

constant. Matching (3.31) to (3.41) yields 

therefore, the rate at which Wn converges to KJ (v) is of order 1/ n: 

a(v) a(v) ( 1 ) wn =KJ(v)+--+-2-+ 0 3" . n n n 
(3.49) 

Although the convergence of Wn to KJ (v) is extremely slow, we can accelerate the process by 

using (3.49). Defining 
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Figure 3.2: Convergence of the sequence Wn and its accelerated counterpart wn to the Stokes 

constant K\ (v). The dashed line depicts the values of Wn and the solid line marks the accelerated 

sequence wn. Top: the Kevrekidis discretisation (3.11) with v = 0.5. Bottom: Speight-Ward 

discretisation (3)n with v = 0.005. 

we get 
- _ () _ a(v) + a(v) 0 (~) 

Wn - K\ V 2 + 3' n n 

The convergence of the sequence wn is much faster than that of Wn ; see figure 3.2. The relative 

error 
E(n) = a(v) + a(v) _1_ 

n2 KJ (v) 

can be written as 

() 
n wn - wn-J En =-----
2 wn 

plus terms of order 1/ n4. This gives an empirical criterion for the termination of the process. We 

continued our computations until E (n) reached a value smaller than 10-3, i.e. until the percent

age error dropped below 0.1 %. For v > 0.5, the value of n to which we have to compute in order 
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Figure 3.3: The Stokes constant KI as a function of the kink's speed v for the four discretisations 

of the cp4 model. Clockwise from top left: one-site (3.6); Bender-Tovbis (3.9); Kevrekidis 

(3.11); Speight-Ward (3.8) 
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3.3 Numerical computations of the Stokes constant 75 

to achieve this accuracy is less than 100, increasing for smaller values of v to approximately 

5000 for v = 0.005. 

Figure 3.3 displays the Stokes constant computed using the above numerical procedure, for 

the four models of table 3. I. We see that, in all four models, the Stokes constant KI (v) vanishes 

almost nowhere in the region vol O. There are, however, several isolated zeros: KI (v) = 0 

for Va ~ 0.45 in the case of the Speight-Ward nonlinearity (3.8) and for Va ~ 0.37, 0.63 and 

0.83 in the case of the Kevrekidis discretisation (3.11). Importantly, all of these lie in the 

region (VI, 1) where the resonance set (3.33) consists of only one value, PI = ikl. (Here VI ~ 

0.22.) Therefore, there is a sliding kink in the h -> 0 limit for each of these isolated values of 

velocity. Furthermore, strong parallels between our current setting and that of solitons of the 

fifth-order KdV equation [136] suggest that sliding kinks should exist along a curve on the (v, h) 

plane emanating from each of the points (va, 0). In other words, we conjecture that there is a 

radiationless kink travelling with a certain particular speed v* (h) for each h in the case of the 

Speight-Ward nonlinearity, and that there are three such velocities (for each h) in the case of the 

Kevrekidis model. For small h, v*(h) should be close to the above values Va. 

In order to verify the existence of kinks sliding at these isolated velocities by an independent 

method, we solved the differential advance-delay equation (3.14) numerically. The infinite line 

was approximated by an interval of length 2L = 200, with the antiperiodic boundary conditions 

cp( -L) = -cp(L). We made use of Newton's iteration with an eighth-order finite-difference 

approximation of the second derivative; the step size was chosen to be hi 1 O. The continuum 

solution (3.2) was used as an initial guess. 

If we find a solution to the advance-delay equation with cp(z) decaying to a constant for 

large positive and negative Z, then we regard this solution as (a numerical approximation to) a 

radiationless travelling kink. We find that we are able to tune V for a fixed value of h so that 

the radiation is reduced to the order of 10-12 , whereupon the finite accuracy of the numerical 

scheme prevents any further reduction. To make sure that the radiation does vanish rather than 

reaching a local minimum but remaining nonzero, we plot the average magnitude of the radiation 

near the ends of the interval as a function of v, for fixed h. This is defined as the average of 

[cp (z) - ¢J 2 over the last 20 units of the interval, where 4i is the average value of cp (z) over these 

last 20 units. The results are shown in figure 3.4. Note the straight-line behaviour of the graphs 

near the isolated values of V; this indicates that the coefficient of the sinusoid superimposed 

over the kink's flat asymptote crosses through zero (rather than attaining a small but nonzero 
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Figure 3.4: The numerical evidence for the disappearance of radiation at isolated values of v = 

v* in Speight and Ward's model (top left panel) and Kevrekidis' model (three other panels). The 

magnitude of the oscillatory tails, as defined in the text, is plotted as a function of v for a fixed 

value of h. The minimum radiation is attained at the value v*(h) which is found numerically. 

(This v*(h) is of course slightly different from the value v*(O) for which the Stokes constant 

vanishes.) 
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Figure 3.5: The Stokes constant as a function of J1 in the model (3.50). Note the logarithmic 

scale of the vertical axis. 

minimum). The suppression of radiation at the isolated points is thereby verified. This same 

behaviour is depicted in figure 5 of ref. [119], which shows the amplitude of the oscillatory 

background for velocities close to the sliding velocity, in a Klein-Gordon model constructed so 

as to have a sliding kink. 

The final question we would like to address is whether the intensity of the radiation from the 

moving discrete kink depends on the type of discretisation. More specifically, we would like to 

know whether the choice of one of the exceptional discretisations (which, by definition, support 

translationally invariant stationary kinks) serves to reduce the radiation from the moving kinks. 

Speight and Ward have already given an affirmative answer for their exceptional discretisation; 

here we consider the one-parameter nonlinearity 

(3.50) 

which interpolates between the one-site nonlinearity (3.6) (for which J1 = 0) and the exceptional 

discretisation (3.9) of Bender and Tovbis (for which J1 = 1). Figure 3.5 shows the Stokes con

stant for the model (3.50), as J1 changes from 0 to I for fixed values of v. The Stokes constant is 

indeed seen to be drastically reduced as J1 approaches 1 - that is, in the limit of the exceptional 

discretisation. (It nonetheless remains nonzero, of course, unless v = 0.) 

Univ
ers

ity
 of

 C
ap

e T
ow

n



78 Travelling kinks in discrete cp4 models 

3.4 Concluding remarks 

In this chapter we have investigated the existence of sliding kinks-i.e., discrete kinks travelling 

at a constant velocity over a flat background, without emitting any radiation-in four discrete 

versions of the quartic-coupling theory. One of these models is the most common, one-site, 

discretisation. Like the overwhelming majority of discrete cp4 -equations, it supports travelling 

kinks, but these kinks do radiate and decelerate as a result. The other three discretisations we 

have considered are all exceptional in the sense that they all support one-parameter continuous 

families of stationary kinks where the free parameter defines the position of the kink relative 

to the lattice. This property is clearly nongeneric; the translation invariance of the continuous 

cp4 -theory is broken by the discretisation and hence in generic disretisations kinks may only be 

centred at a site or midway between two sites. Since the nonexistence of 'translation-invariant' 

and of sliding kinks in the generic models can be ascribed to similar factors, viz., the breaking of 

the translation and Lorentz invariances, it was hoped that the exceptional discretisations might 

tum out to be equally exceptional from the point of view of sliding kinks. Our approach was 

based on the computation of the Stokes constants associated with the putative sliding kink in a 

given equation. 

The main conclusion of our work is that sliding kinks do exist in the discrete cp4 theories, 

but only with special, isolated, velocities (which of course depend on h). There is one such 

velocity in the exceptional model of Speight and Ward, and three different sliding velocities in 

the discretisation of Kevrekidis. Although embedded solitons are usually only semistable, one 

may hope that the sliding kinks play the role of attractors similarly to the fronts moving with 

'stable velocities' in dissipative systems; that is, that radiating travelling kinks evolve into kinks 

travelling with the sliding velocities - if there are such velocities in the system. This has not 

been investigated for discrete cp4 models, but our results for the discrete nonlinear Schrodinger 

equation in chapter 6 show that, in fact, the sliding solitons are metastable states. Not every 

discretisation supports sliding kinks, of course; in particular, no sliding velocities arise for the 

generic, one-site, nonlinearity and even for the exceptional discretisation of Bender and Tovbis. 

One natural way of trying to construct the sliding kinks is via power series expansions in 

powers of v2; for the exceptional discretisations, this construction can be carried out to any 

order. This approach was pursued in the recent work of Ablowitz and Musslimani [In]. Our 

results indicate, however, that these power series will not converge and exponentially small 

terms (terms lying beyond all orders of the power expansion) emerge because of the singular 

Univ
ers

ity
 of

 C
ap

e T
ow

n



3.4 Concluding remarks 79 

behaviour of the Stokes constant Kl (v) as v --> o. 
The exceptional discretisations have richer underlying symmetries than generic nonlineari

ties but the 'translational invariance' of the stationary kink alone does not automatically guar

antee the existence of sliding velocities. The exact relation between the 'translation invariance' 

and radiation damping of moving kinks is still to be clarified; one definite conclusion which 

can be made at this stage is that the Stokes constant associated with a moving kink (and hence 

its radiation amplitude) is several orders of magnitude smaller in exceptional models than in 

generic discretisations. This work also raises the question of whether sliding kinks can only 

exist in exceptional models. A counterexample has already been provided in ref. [119], where 

a system constructed to have a sliding kink is shown to have a nonzero Peierls-Nabarro barrier. 

Given that sliding kinks are not restricted to rare exceptional discretisations, then, an important 

remaining goal is to find sliding solitons in physically motivated equations. In particular, one 

may wonder whether it is necessary for the discretisation of the nonlinearity to include Un+ I and 

un-lor whether a local discretisation will do. The Speight-Ward and Kevrekidis nonlinearities, 

for which sliding kinks were found in this chapter, both have nonlocal discretisations of their 

nonlinearities, as do the 'FPU' lattices for which travelling pulses have been found by Eilbeck 

and Flesch [75]. The same counterexample [119], however, shows that a one-site nonlinearity 

can also produce sliding kinks. 

It is instructive to point out some parallels with the earlier work of Flach, Zolotaryuk 

and Kladko [119], who also studied the phenomenon of kink sliding in Klein-Gordon lat

tices. In the scheme of [119], one postulates an analytical expression for the sliding kink, 

un(t) = q,(n - vt - s), with some explicit function q, (z), and then reconstructs the Klein-Gordon 

nonlinearity for which this is an exact solution. Our present conclusions are in agreement with 

the results of these authors who observed that for a given h, the kink may only slide at a par

ticular, isolated, velocity. The two approaches, ours and that of [119], are reciprocal; while we 

examine the existence of sliding kinks for particular discretisations of the q,4 -theory in the 'in

verse method' of [119] one assumes an explicit solution of a particular form but has no control 

over the resulting nonlinearities. Consequently, the discrete Klein-Gordon models generated by 

the 'inverse method' are not discretisations of the q,4 -theory. 

Our final remarks relate to the wobbling kinks studied in the continuum limit in chapter 

2. Although we have not analysed the wobbling mode in the present chapter, the results of 

chapter 2 could still be applied to the discrete q,4 equation near to the continuum limit. Since 
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80 Travelling kinks in discrete cp4 models 

the radiation coming from the wobbling mode has amplitude 0 (a2) (where a is the wobbling 

amplitude), this will dwarf the exponentially small terms unless the wobbling amplitude lal is 

extremely small; hence we would expect to see no fundamental changes to the conclusions of the 

last chapter in the case of the discrete equation. An interesting new phenomenon in the discrete 

case is suggested by the work of Fei, Konotop, Peyrard and Vazquez [159], who analysed a 

cp4 model with periodic modulation of the nonlinearity. They found that, if the kink is moving 

at the right velocity, its motion with respect to the periodic modulation is in resonance with the 

internal mode, which thereby gains energy from the translational motion of the kink. One would 

expect the system with periodic modulation to have similarities to the discrete cp4 model, where 

the Peierls-Nabarro barrier plays the role of the periodic substrate. Thus a similar resonance 

phenomenon might well be observed in the discrete case. 

Lastly, it is interesting to make a comparison between the radiation from the wobbling kink 

in chapter 2, which appears at 0 (£) in the perturbation expansion, and the radiation studied 

in this chapter. As we found in section 3.2.1, the radiation does not appear at any order of the 

perturbation expansion, which was explained later on by the fact that it is exponentially small 

(see section 3.2.4). The intuitive reason for this difference is the comparative length scales of 

the profile causing the radiation and the radiation itself. In chapter 2, the localisation length of 

the wobbling mode is of order £0, where £ was the perturbation parameter (see eq. (2.6)). The 

wavelength of radiation has the same scale - the wavenumber was found to be k = VS. Here, 

the obstacle to the excitation of radiation is that the frequency of the wobbling does not lie in the 

spectrum of linear radiation. However, the frequency-doubling effect of nonlinearity results in 

radiation appearing at the very next order of the perturbation expansion [see eq. (2.13)]. On the 

other hand, in this chapter the travelling kink has characteristic length 0 (h-l) in units of n [i.e., 

its width is 0 (hO) on the long z scale - see eqs (3.18) and (3.13)], whereas the radiation has 

shorter wavelength, of order hO in units of n or order h in units of z [since, linearising (3. 14), one 

obtains linear waves with wavenumber k/h where k is a member of the set (3.33) in the limit 

h --+ 0]. Since they exist on the two separate length scales, the kink and the radiation do not 

couple at any order of the perturbation expansion, even though the frequency of the kink (zero) 

does lie in the infinite allowed band of linear excitations (for which the dispersion relation 

was plotted in fig. 1. 12). Thus, this difference in length scales provides us with an intuitive 

explanation for the exponential smallness of radiation from travelling discrete solitary waves 
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3.A Convolution theorem for the Laplace transform in the complex plane 81 

Appendix 3.A Convolution theorem for the Laplace transform in 

the complex plane 

This appendix deals with the convolution property of the modified Laplace transform of the 

form 

IJI(S) = IF(p)e-Pt;dP 

[eq.O.27); also eqs (5.14) and (6.37) in future chapters], where the integration is along an infi

nite contour in the complex plane rather than the positive real axis. In the context of asymptotics 

beyond all orders, this transform was pioneered by Grimshaw and Joshi [134]. Since no proof of 

the convolution result (3.30) is available in literature, and since it requires a nontrivial property 

(concavity) of the integration contour, we produce such a proof here. 

We wish to show that 

(3.51) 

where It stands for an integral along the curve yfrom the origin to the point p on that curve. We 

assume that the curve yextends from the origin to infinity on the complex plane; lies in its first 

quadrant (Re p > 0, 1m p > 0); is described as a graph of a single-valued function 1m p = f(Re p) 

(i.e. never turns back on itself), and is concave-up everywhere: 

d2f 
( )2 > 0 for p on y. 

d Rep 

We also assume that the function G(p) is analytic in the region between the contour yand the 

imaginary axis. 

We begin by writing the left-hand side of (3.51) as 

II e-(p+p')t; F(p)G(pl)dpl dp 

~ J,F(P) [l, e-'"G(r- p)dr] dp, (3.52) 

where r = pi + p. The curve 1 p is the path traced out by r as pi traces out the curve y, for a 

given p (which also lies on y) - this is depicted in figure 3.6. The path Ip is the same as the path 

y but translated from the origin to the point p. 

For each given p we deform the path Ipso that it now lies on y, still starting at the point 

p. We call this deformed path l~. The point r - p = pi, which lay on the path y before the 
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82 Travelling kinks in discrete 1>4 models 

Imp 

p 

Rep 

Figure 3.6: Deformation of the integration contour rp to r~. 

deformation, will now move inside the region bounded by r (i.e. the region to the left of r), 

since all points on r~ lie inside the region bounded by r p. This follows from the fact that the 

path r p is concave-up. The point r - p will, however, stay to the right of the imaginary axis, 

since after the deformation all points r on r~ lie to the right of the point p. This follows from 

the fact that the curve r never turns back on itself. Since G(p') is analytic for all pi between the 

imaginary axis and r, the value of the integral (3.52) will not be affected by the deformation. 

After the deformation, both integrals in (3.52) follow the path r, with the inner one starting 

at the point p. By parameterising the path r it is now straightforward to change the order of 

integration, and end up with the desired result (3.5\). 

The argument holds, with the obvious modifications, for paths in the second quadrant. 
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Chapter 4 

Translationally invariant discrete kinks 

from one-dimensional maps 

Although we found in chapter 3 that exceptional discretisations do not admit sliding solitons at 

all velocities, we have shown that radiation is dramatically reduced and that sliding solitons may 

often exist at isolated velocities when the discretisation is exceptional. Therefore exceptional 

models clearly warrant further attention. In this chapter we shall attempt to unify the known 

models in order to gain a better understanding of the phenomenon of exceptionality, and also 

search for further exceptional discretisations in the hope of finding physically realisable models. 

4.1 Introduction 

When the continuous cf>4 equation 

(4.1) 

is spatially discretised, we obtain discrete cf>4 equations 

(4.2) 

where h is the lattice spacing: cf>n(t) = cf>(xn,t), with Xn = hn, and the function f is chosen to 

reproduce the nonlinearity of (4.1) in the continuum limit: 

(4.3) 
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84 Translationally invariant discrete kinks from one-dimensional maps 

The continuous cp4 -equation (4.1) is Lorentz-invariant, and so the existence of a travelling kink 

is an immediate consequence of the existence of the stationary soliton, 

cp(x,t) = tanh(x/2). (4.4) 

The discretisation breaks the Lorentz invariance and the existence of travelling discrete kinks 

becomes a nontrivial matter. In fact, the discretisation even breaks the translation invariance 

of eq. (4.1). As a result, the stationary kink can be centred only at a countable number of 

points - usually on a site, and midway between two adjacent sites [160, 161]. This breaking 

of the translation invariance is connected with the presence of the PeierIs-Nabarro barrier, an 

additional periodic potential induced by discreteness. 

Miraculously, the exceptional discretisations studied in chapter 3, while breaking the trans

lation invariance of the equation, allow the existence of translationally invariant kinks; that is, 

kinks centred at an arbitrary point between the sites. One such discretisation was discovered by 

Speight and Ward using a Bogomolny-type energy-minimality argument [115, 116]: 

Another one derives from the Ablowitz-Ladik integrable discretisation of the nonlinear Schro

dinger equation; it was reobtained by Bender and Tovbis [132] from the requirement of suppres

sion of the kinks' resonant radiation: 

(4.6) 

Finally, the nonlinearity 

f = CPn+ 1 + CPn-l _ (cp;+ 1 + cpL 1) ( CPn+ 1 + CPn-l) 
4 8 

(4.7) 

was identified by Kevrekidis [131], who demonstrated the existence of a two-point invariant 

associated with the stationary equation 

(4.8) 

with f as in (4.6) and (4.7). 

Although the translation invariance of a stationary kink does not automatically guarantee the 

existence of a travelling soliton, it is natural to expect it to be a prerequisite for kink mobility. 
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4.2 Two-point maps 85 

For example, in the variational description of the slowly moving kink, the solution is sought as a 

stationary kink with a free continuous parameter defining its position on the line [115]. Also, in 

chapter :3 of this thesis the Stokes constants measuring the intensity of resonant radiation from 

the translationally invariant kinks were found to be at least an order of magnitude smaller than 

the corresponding constants in models with noninvariant kinks. With an eye to a further attack 

on travelling kinks, it would be useful to identify all discretisations of the cp4 theory supporting 

translationally invariant stationary kinks. The purpose of this chapter is to provide a general 

recipe for the generation of such exceptional discretisations f( CPn-1 ,CPn, CPn+ I)' 

4.2 Two-point maps 

We start with a simple observation which, however, holds the key to our construction. Assume 

we have a nonlinearity f which supports a stationary discrete kink, i.e. a monotonically growing 

sequence CPn: -1 < CPn < CPn+1 < 1 for -00 < n < 00. Furthermore, assume there exists a 

continuous monotonically growing function g(x), defined for all real x, such that CPn = g(n). 

(The function g can also depend on h parametrically but we omit this dependence for simplicity 

of notation.) This function generates a family of kinks centred at an arbitrary point x(O) on the 

line: CPn = g( n - x(O)). It is important to emphasise that such a continuous function can exist only 

for exceptional discretisations. For generic discretisations, the function g(x) can be defined only 

on integers. 

The existence of the function g(x) defined on the entire realline-or, equivalently, the trans

lation invariance of the kink-implies that the stationary equation (4.8) derives from a two-point 

map. Indeed, since g(x) is monotonic, we can write n = g-I (CPn). Now since CPn+1 = g(n + 1), 

we have CPn+ 1 = g(g-I (CPn) + 1) := F (CPn), which is a well-defined one-dimensional map. 

This observation suggests the following strategy for the construction of exceptional discreti

sations. Assume we have a ID map which we will write in the form 

(4.9) 

Let H satisfy the following continuity condition: 

(4.10) 

This condition is necessary to make sure that the map (4.9) becomes 

(4.11) 
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86 Translationally invariant discrete kinks from one-dimensional maps 

in the continuum limit. The stationary kink solution (4.4) of eq. (4.1) is, simultaneously, a 

solution of the first-order equation (4.11). Imposing (4.10) we ensure that the discrete kink of 

(4.9) will have the correct continuum limit. Next, equation (4.10) implies that the map (4.9) 

has just one pair of fixed points, cP* = =f 1. For small h, CPn+ 1 remains close to CPn and hence, 

H (CPn+ 1, CPn) remains close to (4.10) which is positive for I cP I < 1. Consequently, no matter what 

I C/>o I < 1 we start with, the sequence CPn is monotonically growing - at least until I CPn I is not very 

close to 1. To ensure that it remains such near the fixed points, we assume that cP* = -1 is a 

source and cP* = 1 a sink. (That is, small perturbations 8CPn = CPn - cP* satisfy 8cpn+l = A8cpn 

with A > 1 near cP* = -1 and 0 < A < 1 near cP* = 1.) Then, for any h smaller than some Ii 
and any C/>o between -1 and 1, there is a number N such that I CPN - cP* I is so small that all CPn 

with n > N are entrapped by the 'linear neighbourhood' of cP* = 1 and those with n < -N are 

all in a neighbourhood of cP* = -1. This means that each CPo with I CPo I < 1 defines a monotonic 

kink solution and so for any sufficiently small h we have a one-parameter family of stationary 

kinks. Speight [117] gives a less intuitively appealing but more rigorous proof of this fact; he 

also shows that our assumption on the character of the fixed points can be relaxed. 

Next, squaring both sides of (4.9) and subtracting the square of its back-iterated copy, 

produces an exceptional stationary Klein-Gordon equation 

H2 ( CPn+ 1 , CPn) - H2 ( CPn, CPn-l ) 
CPn+l - CPn-l 

(4.12) 

(4.13) 

If H is symmetric: H(CPn,CPn-l) = H(CPn-l,CPn), the numerator vanishes exactly where the de

nominator equals zero, so the discretisation (4.13) is nonsingular. 

If we want to have polynomial discretisations of the cp4 theory, the function H2 has to be a 

quartic polynomial. This leads to two possibilities, one where H is the square root of a polyno

mial, and the other where H is a polynomial itself. These can be written jointly as 

(4.14) 

where m = 1 or 2, and P2m(U, v) is a polynomial of degree 2m that satisfies the symmetry and 

continuity conditions 

P2m(u, v) = P2m(v, u), 

P2m(CP,CP) = 2-m(1- cp2)m. 

(4.15) 

(4.16) 
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4.2 Two-point maps 87 

The condition (4.16) is a consequence of eq. (4.10). 

Before we proceed to the classification of the resulting models, we note as we did in the pre

vious chapter that the linear part ofthe function fin (4.2) can always be fixed to ~cf>n without loss 

of generality. The most general function satisfying (4.3) is f = acf>n + ~ (~ - a) (cf>n+ 1 + cf>n-l) + 

cubic terms, and since h2 in (4.8) is a free parameter, we can always make a replacement h -+ 'it 

such that a - 21h2 = a - 21hZ. In particular, we can set a = ~ which gives 

(4.17) 

where Q is a homogeneous polynomial of degree 3. 

4.2.1 The case m = 2 

Let, now, m = 2 in equation (4.14). Provided P4 satisfies conditions (4.15) and (4.16), the 

numerator P4( cf>n+l' cf>n) - P4( cf>n, cf>n- d of the fraction in the right-hand side of eq. (4.13) divides 

(cf>n+ 1 - cf>n- I) and so eq. (4.13) will be of the form (4.8) with some cubic function f. The most 

general choice for such a polynomial is 

(4.18) 

where a, /3, r satisfy 2a + 2/3 + r = 5 and 11 is arbitrary. Picking the positive value of y'J54 and 

assuming that h is sufficiently small, one can check that the fixed points cf>* = ~ 1 of the map 

(4.14) are a source and a sink, for any 11, a and /3. Consequently, the resulting cubic polynomial, 

I [ 2 2 2 Q= 20 a(cf>n+l +cf>n-l)(cf>n+l +cf>n-d+rcf>n(cf>n+l +cf>n-l) 

+/3cf>n(cf>;+1 + cf>;+ cf>Ll +cf>n+lcf>n-d] (4.19) 

with r = 5 - 2( a + /3) defines a two-parameter family of models with translationally invariant 

kink solutions. 

The discretisation (4.19) includes, as particular cases, the Bender-Tovbis function (4.6) 

(which results from setting a = /3 = 0) and the Kevrekidis nonlinearity (4.7) (for which a = ~, 

/3 = 0). Another simple function arises by letting a = r = 0; this is a new model: 

1 2 2 2 
Q = "8 cf>n ( cf>n+ 1 + cf>n + cf>n-l + cf>n+ 1 cf>n-l ). 
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88 Translationally invariant discrete kinks from one-dimensional maps 

4.2.2 The case m = 1 

Now let m = 1. The most general quadratic P2 satisfying (4.15)-(4.16) is 

1 2 1 
P2(U, v) = 2" - a(u - v) - 2"uv, (4.20) 

with an arbitrary a. Note that for h < 2 and any a, ¢* = =r=1 are a source and a sink. Hence 

all resulting models will exhibit continuous families of kinks. Substituting eq. (4.20) for H in 

(4.13), we obtain just a particular case of the nonlinearity (4.19), corresponding to the choice of 

the quartic (4.18) in the form of a complete square: P4 = P:j. To obtain new models, we need to 

note a symmetry h (¢n-l, ¢n, ¢n+ 1) = 0 which follows from eq. (4.14) with m = 1. tHere 

Equation (4.13) remains valid if f3h is added to its right-hand side, with an arbitrary coefficient 

13. The resulting function Q has the form 

Q = a 2 (¢;+1 + ¢Ll) + 2y(a - 13) ¢n+l¢n¢n-l + a (a - 13) ¢n+l ¢n-l (¢n+l + ¢n-l) 

+ [2a2 + r + 13 (y- a)] ¢;( ¢n+l + ¢n-l) + a (2y+ 13) ¢n( ¢;+l + ¢Ll) + 2a (y+ 13) ¢;, 

(4.21) 

where y = 1- 2a. Equation (4.21) defines a two-parameter family of discretisations supporting 

translationally-invariant kinks. These models cannot be obtained within the m = 2 analysis 

above - unless 13 = 0, of course. 

Letting a = 13 = i, we recover the model of Speight and Ward, eq. (4.5). Another particu

larly simple, new, model is obtained by taking a = 0 and 13 = -1: 
1 

Q = 2"¢n-l ¢n¢n+l' (4.22) 

4.3 Vanishing Stokes constants 

It is instructive to compare discretisations furnished by our method with those arising from 

the requirement of the absence of resonant radiation from the kink [132]. The advance-delay 

equation associated with eq. (4.8), 

¢(x+h) - 2¢(x) + ¢(x- h) +h2 f(¢(x- h), ¢(x), ¢(x+ h)) = 0, (4.23) 

tThis crucial symmetry was found by Igor Barashenkov. 
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4.3 Vanishing Stokes constants 89 

can be solved to all orders as a perturbation expansion in h (see chapter 3); the resultant solution 

depends continuously on the position parameter x(O). It is, therefore, only the terms which lie 

beyond all orders in h which present an obstacle to the existence of a translationally invariant 

kink. These terms vanish if Stokes constants at all orders vanish. The leading Stokes constant 

vanishes if there exists a convergent solution in powers of Z-l to the 'inner' equation 

q>(z + 1) - 2q>(z) + q>(z - 1) - Q( q>(z - 1), q>(z), q>(z + 1)) Ih=O = 0 (4.24) 

(see chapter 3). This equation comes from a rescaling of eq. (4.23) near the singularities of its 

leading-order solution (4.4) at Xn = ni(1 + 2n), nEZ, in the limit h ----t O. The convergence of 

a power-series solution to eq. (4.24) is necessary for the absence of oscillatory radiation tails in 

its 'parent' equation (4.23). 

In general, a numerical procedure is required to determine whether the series converges for 

a given Q, but we can easily generate a class of models for which it truncates after the first term. 

This was the method employed in ref. [132] in deriving equation (4.6). It is a matter of direct 

substitution to check that the most general cubic polynomial for which q> = 21z is a solution of 

eq. (4.24), is 

(4.25) 

with (J, {3 arbitrary constants. 

The fact that the leading-order Stokes constant is zero is necessary but not sufficient for 

equation (4.23) to have continuous families of kinks for finite h. We have tested, numerically, a 

particular representative from the class (4.25): 

Q 
_ AI AI cfJn+l + cfJn-l _ AI cfJ;+1 + cfJLl 
- 'l'n+1 'l'n-I 2 'l'n 4 (4.26) 

This model is obtained by letting (J = -1 and {3 = !. To check whether translationally-invariant 

kinks exist or not, we have computed a stationary on-site kink for the model (4.26) and calcu

lated eigenvalues of the associated linearised operator for an equidistant sequence of h-values, 

ranging from h = 0 to h = 1.179 with increment 0.001. For h smaller than 0.556, the smallest

modulus eigenvalue was found to be smaller than 10- 12 which is our numerical error of com

putation. However as h increases from 0.556, the smallest eigenvalue grows to A = 9 X 10-7 at 

h = 0.955, then decreases, crosses through zero at h = 0.993, after which grows in modulus to 
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90 Translationally invariant discrete kinks from one-dimensional maps 

A = - 6 x 10-4 at h = 1.179 - see figure 4. I. Thus, the zero eigenvalue, indicating the existence 

of a continuous family of solutions, is not present in the spectrum for h > 0.556. For h < 0.556, 

the smallest A is apparently also nonzero (though very small). The only exception is the value 

h = 0.993 for which the zero mode does exist. This means that the model (4.26) supports a 

continuous family of kinks for just one, isolated, value of h. 

4.4 A further exceptional family 

Although the suppression of the Stokes constants did not yield a family of exceptional discreti

sations, we now show that there is a family which reduces to (4.25) in the limit h ---- O. When 

a = 0 in eq. (4.20), the map (4.14) has one more symmetry: h( cf!n-l, cf!n, cf!n+l) = 0, where 

We can add a( cf!n+l + cf!n-J)h to the right-hand side of(4.1.3), along with{3h (with a,{3 arbitrary 

constants.) This gives rise to the following family of exceptional discretisations: 

(4.27) 

Except for the last, O(h2), term, this coincides with eq. (4.25). 

For the map given by (4.14) and (4.20) with a = 0, the kink can be found explicitly. This 

implies that the discretisations (4.27) also share an explicit kink solution (for all /3 and a): 

cf!n = tanh (an _x(O)), with tanh a = h/2. 

4.5 Concluding remarks 

Our first remark is on the conserved quantities of equation (4.2). The translation invariance of 

the stationary kink does not imply that eq. (4.2) has translation symmetry and hence the con

serves momentum. The discretisation (4. J 3) [and hence (4.19)] conserves momentum [131], 

whereas the nonlinearities (4.21) and (4.27) (with /3, a =1= 0), do not. Moreover, that the discreti

sation f is exceptional does not guarantee that eq. (4.2) has any integral of motion whatsoever. In 

particular, out of the three families (4.19), (4.21), and (4.27), only one model conserves energy, 

namely Speight and Ward's, eq. (4.5). 
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Figure 4.1: The smallest-modulus eigenvalue as a function of h. The cusp occurs at the point 

h = 0.993 where A changes sign. 

Secondly, we point out that exceptional discretisations have useful numerical applications. 

In simulating a continuous equation using a finite-difference method (as we did in chapter 2 

for the cp4 model), the equation must be discretised. An exceptional discretisation is more 

faithful than a nonexceptional one to the properties of the continuous equation, since it exhibits 

translational invariance as well as reduced radiation. Because of its simplicity, the discretisation 

(4.22) would be particularly well suited to this purpose. The availability of a two-point map in 

exceptional models also makes it very easy to generate stationary kinks numerically, without the 

need for shooting methods. 

In conclusion, we have identified three families of discretisations of the cp4 equation which 

support translationally invariant stationary kinks: equations (4.19), (4.21) and (4.27). In each 

case we have exhibited, explicitly, the underlying ID map. Our method demonstrates the under

lying mathematical property unifying all exceptional discretisations: their equations of motion 

are all composed, in the stationary case, from a two-point map. 

Thus we see that the three exceptional equations studied in chapter 3 were just isolated 

members of a much larger class of discretisations. Unfortunately, though, we have failed to 

produce any further energy-preserving exceptional discretisations. Although conservation of 

energy is, of course, not a prerequisite for a system to be physically realisable, its absence 

excludes an enormous class of physical systems. Further studies could consider nonlinearities 

other than polynomials: rational functions, for instance. However, it is clear that exceptional 

discretisations are very rare and so are of mostly theoretical interest. It should be pointed out, 
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92 Translationally invariant discrete kinks from one-dimensional maps 

though, that Speight and Zolotaryuk have found a physical system-a chain of electric dipoles 

constrained to lie in a plane parallel to the chain [179]-described by the exceptional sine

Gordon model [115]. 

The most promising aspect of our studies of exceptional discretisations so far has been the 

discovery of sliding kinks. We know that exceptionality does not guarantee that sliding kinks 

will exist in a given model, and indeed that it is not even necessary for the model to be excep

tional [119]. We therefore tum our attention to trying to find sliding solitons in nonexceptional 

models and, in particular, in models with important physical applications. 
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Chapter 5 

Travelling kinks in the 

Frenkel-Kontorova model 

In this chapter we describe the computation of the Stokes constant for the Frenkel-Kontorova 

model. Apart from the fact that it has many physical applications, our motivation is to confirm 

that nonexceptional models, of which this is one [109], can support sliding kinks. 

The procedure is essentially the same as in chapter 3 - indeed, the FK model is merely 

another discrete nonlinear Klein-Gordon equation. We shall therefore gloss over the details 

which are essentially unchanged from that case. However, the derivation of the inner equations 

does present a somewhat greater challenge in this case. We also take the opportunity to use this 

example as an overview of the method presented earlier, without being weighed down by too 

much detail. 

5.1 Introduction 

The Frenkel-Kontorova model 

d2un Un+l - 2un + Un-l . _ 0 
-d-t2- - h2 + SIn Un - (5.1) 

is a discrete version of the integrable sine-Gordon equation. Here, the parameter h represents 

the lattice spacing. This equation has many applications [180]; as mentioned in section 1.5, it 

was originally derived to describe crystal dislocations [78]. It also describes systems with in

commensurate phases in solid-state physics [180], ladder networks of shunt Josephson junctions 
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94 Travelling kinks in the Frenkel-Kontorova model 

[181], bond-rotation in certain molecular crystals [182, 183] and opening of base pairs in DNA 

[92, 184]. 

The sine-Gordon equation (\.3) admits the travelling kink solutions (1.4). Equation (5.1) 

also admits stationary kinks, as discussed in section 1.5. However, whether or not sliding kinks 

exist in the model is not totally clear. Peyrard and Kruskal [109] have found what appear to be 

sliding kinks in numerical simulations of equation (5.1) for relatively large values of h, where 

the kink extends over only a few lattice sites; that is, in the highly discrete regime. Their simula

tions revealed preferred velocities at which kinks propagate semi-stably, apparently without the 

emission of radiation. For other velocities, the kinks were found to radiate strongly. This seems 

like the signature of sliding kinks. However, Duncan, Eilbeck, Feddersen and Wattis [1 13] were 

unable to generate a kink with vanishing radiation tails using their pseudo spectral method [75], 

in the light of which it is most probable that there exist only minima, rather than zeros, of the 

radiation amplitudes at the preferred velocities observed by Peyrard and Kruskal. Nonetheless, 

given how suggestive their results are, in this chapter we would like to make quite sure of the 

nonexistence of sliding kinks, at least in the continuum limit, by calculating the Stokes constant 

as a function of kink velocity. 

If we make the travelling -wave ansatz in (5. I), Un (t) = c/J (z) where z = n - vt, then we obtain 

the differential-difference advance-delay equation 

(5.2) 

Here, c/J± = c/J (z ± h). 

5.2 Regular perturbation expansion 

We expand c/J in a perturbation expansion as follows: 

(5.3) 

At 0 (hO) this yields 

which supports the sine-Gordon kink 

c/JO(z) = 4 arctan [exp (~)] . (5.4) 
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5.3 Inner equation 95 

We have chosen to restrict ourselves to the kink which connects zero at the left infinity to 2n at 

the right infinity. 

At 0 (h2) we have the linear nonhomogeneous equation 

The bounded solution is 

1 
4'2(Z) = 2(1-v2 ) sechZ(3tanhZ-Z+a) (5.5) 

where Z = J~~~2' The homogeneous solution, sechZ, is the translation mode of the kink. Since 

it corresponds to a trivial symmetry of the advance-delay equation (5.2), we exclude it by setting 

a=O. 

We have now established the first two terms, (5.4) and (5.5), of the perturbation series (5.3), 

known as the outer expansion. As in section 3.2.1, the expansion can be continued to any order, 

and solutions at all orders decay exponentially to zero as IZI ---'> 00. To detect the exponentially 

small radiation, we must invoke the method of asymptotics beyond all orders [52]. 

5.3 Inner equation 

The leading-order solution C/>o given by eq. (5.4) has singularities at Z = 9- + inn, n E 2. If we 

introduce the inner variable S such that 

Z = in + --=h:::::s= 
2 Il=V2 

and expand cP = CPo + h2 4'2 + 0 (h4) in inverse-powers of S and powers of h, we obtain 

¢(S) = -i1nh2-i [lns2+2ni-ln4(I-v2)+ 2(1 ~v2) ~2 +0(S-4)] 

(5.6) 

+ h2 (6(/~2 v2 ) + 0 (sa)) + 0 (h4
). (5.7) 

The hat, as before, denotes a series which may not converge for finite S. 
The inner equation is usually found by making the change of variables (5.6) in (5.2). A so

lution is then sought which is asymptotic to the perturbative solution of (5.2) (the outer solution) 

on the real axis, i.e. asymptotic to the expression (5.7) in the limit 1m S ---'> -00. In this limit the 

terms at 0 (h2) and higher in (5.7) grow to infinity and dwarf the 0 (hO) terms, and therefore it 
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96 Travelling kinks in the Frenkel-Kontorova model 

is necessary to 'truncate' the inner equation by taking the limit h ~ O. However, we see that the 

expression above is divergent as h ~ 0, and hence it will not be possible to truncate the inner 

equation and still hope to find a solution asymptotic to (5.7). Another difficulty is that, even 

when the 0 (h2) terms are eliminated, (5.7) does not tend to zero as 1(1 ~ 00, and so will not 

be representable as a Laplace transform, as we require when we convert the inner equation to an 

integral equation. 

To solve both of these problems we make the transformation 

(5.8) 

in addition to (5.6) in (5.2) to get the (nonautonomous) inner equation 

i1Jfss + 2iv2 ~2 - [1Jf(( + 1) - 21Jf(0 + 1Jf(( -1)] + 2iln (1 - ~) + 2i(I - v2) ~2 e-ilf/ 

ih4(2 . 
- 8(1 _ c2 ) e'lf/ = O. (5.9) 

To neaten this up we can take q> = -i1Jf. Taking the limit h ~ 0, as discussed, and expanding 

the logarithm in a power series and rearranging terms, the inner equation becomes 

(5.10) 

The expansion for q> corresponding to (5.7) is 

(5.11 ) 

By linearising (5.10) about the perturbation series (5.11) we obtain the 'exponential expan-

sion' 

q>( () = cp( () + ai±) [1 - . i(I - v21 2 ~ + 0 ((-2)] e- ik1 S + higher-wavenumber terms, 
smk j - v k j ':> 

(5.12) 

valid for v #- O. (We will not consider the v = 0 case here.) This expression, being a linearisation, 

is accurate when aj is small or ( has a large negative imaginary part. In order to continue this 

expression back to the real axis, the limit 1m ( ~ -00 must be taken, in which case the terms 

with higher wavenumber become exponentially small by comparison with the e- ik1 S term, and 

so can safely be ignored. The wavenumber kj is the smallest positive root of 

2 . k 
-sm- = ±v. 
k 2 

(5.13) 
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5.4 Inner integral equation 97 

For any fixed and finite 1m (, (5.12) only holds in the limit I Re (I -> 00 since it is based on a 

linearisation not about a solution, but about a series asymptotic to a solution in the limit I (I -> 00. 

Therefore the amplitudes of the radiation tails as Re( -> +00 (ai+l) and Re( -> -00 (ai-l) 

will be unrelated. Of course, since the expansion (5.12) is also valid in the limit 1m ( -> -00, 

these two tails should match up in this limit, and indeed they do, since both tend exponentially 

to zero. 

5.4 Inner integral equation 

In order to convert (5.10) to an integral equation, we write cp as a Laplace transform: 

(5.14) 

as before. Once again, y must be a concave-up path which lies between the imaginary axis and 

all complex singularities of V(p) and for which argp -> nl2 as Ipi -> 00 along the path. We 

substitute (5.14) into (5.10), dealing with the nonlinear term efP by series expansion, to obtain 

the integral equation 

(5.15) 

Here, * has the usual meaning of the convolution operator, 

V(p) * W(p) = foP V(p')W(p - p')dp', (5.l6) 

where the integration is along the contour y, and the notation' nV (p)' has the meaning 

nV(p) = V(p) * V(p) * ... * V(p). (5.l7) 
, j 

V' 

n times 

As we did in section 3.2.3, we have used the result proved in appendix 3.A of chapter 3 that the 

convolution theorem for Laplace transforms along paths on the complex plane can be applied in 

the same way as for traditional Laplace transforms. The conditions of the theorem are fulfilled 

as our paths of integration are concave-up and lie above all singularities of V (p) with a nonzero 

real part. 
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98 Travelling kinks in the Frenkel-Kontorova model 

5.5 Recurrence relation 

To produce the even inverse-power series (5.11) when Laplace-transformed, V (p) should have 

an odd power-series expansion 
00 

V(p) = L wnin+l. (5.18) 
n=O 

Of course, we only know that the first few terms of (5.11) are even; however, this is sufficient 

to ensure that the whole series is even. To verify this, we assume a general power series for 

V (p) and find the coefficients to be nonunique: The coefficient of the p2 term can be chosen 

arbitrarily. This term, though, corresponds to the (-3 term in (5.11), which is absent. When 

we set the coefficient of the p2 term to zero we obtain a unique, odd, power series for V (p). To 

calculate the coefficients of this power series (and show that it is indeed unique) we substitute 

(5.18) into (5.15), and obtain the following recurrence relation for the coefficients Wn: 

n n+l 
~ 2 _ 2 4 _ _ 2 ~ ~ (a)_ 
L.,.,(2m+2)lWn- m vWn+(2n+4)1 2(1 v)L.,.,alcn-O 
m=O a=l 

(5.19) 

for all n 2: 0, where 

1 
c(1) = W 
n (2n + 3)(2n + 2) n 

(a+l) _ ~ (a) (2m+ 1)!(2n-2m+ I)! 
and cn -f::a Cm- 1 (2n+3)! Wn- m 

for all a 2: 1. Setting n = ° in (5.19) gives Wo = - ~ (1 - v2)-I; for n > 0, eq. (5.19) can easily 

be solved for Wn in terms of Wk, where k < n, since c~l) is the only one of the coefficients c~a) to 

contain W n . Thus any desired number of coefficients can be calculated in a recursive manner. 

5.6 Borel summation 

The series expansion (5.18) for V (p) has radius of convergence kl. This follows from the fact 

that the integral equation (5.15) has singularities at p = ±ikn on the imaginary axis, where kn 

are the roots, in order from smallest to largest, of (5.13). This can be seen by inspection of 

the integral equation - the coefficient in front of V (p) on the left-hand side vanishes at these 

points, whereas the sum of the convolution terms will, in general, not vanish, implying that 

V (p) must be singular. The power-series expansion cannot continue past these singularities. 

When this series, eq. (5.18), is Laplace-transformed, we obtain (as required) the inverse-power 

series (5.11) which in general will not converge for any value of ( (since the integration path in 

the Laplace integral extends beyond the radius of convergence of the power series). 
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5.6 Borel summation 99 

The next step is to attempt to re-sum the power series to an expression with no restriction on 

its radius of convergence; when Laplace transformed, this expression will be a Borel sum of the 

asymptotic series (5.11). Indeed, the method of Borel summation is what originally motivated 

Pomeau, Ramani and Grammaticos [133] to employ an integral transform when they pioneered 

the method. 

The resummation of the power series (5.18) is obviously not a straightforward task as we 

do not even have an explicit expression for the coefficients [but rather the recurrence relation 

(5.19)]. We are guided by (5.12), the expression for the radiation tails of the inner solution. 

Whatever path of integration we pick in (5.14) will result in a solution with the same inverse

power series expansion cp ( S). However, if we pick a path in the first quadrant, the solution, 

which we call CPsU;), will tend to zero as Re ( ---t +00 for fixed 1m (. [This follows from 

(5.14).] That is, a} +) = 0 in (5.12). Likewise, for a path of integration in the second quadrant 

we generate a solution CPu(() for which a}-) = O. From (5.12), the difference between the two 

is given by 

To generate the first term in the square brackets, V (p) must have a a simple pole at ikl' and 

to generate the second term, a logarithmic singularity at ik l . Further subdominant singularities 

generate the 0 ((-2) terms. Considering that V (p) is an odd function, the expression for the 

singularities is therefore the following: 

V(p) =KI(v) :kr 
2 +<J(v)pln(p2+kr)+ .. · 

p +k l 

The ellipsis (' ... ') stands for terms which grow more slowly as p ---t ik l . Here, 

=fa}±)=inkrKI(v) and 

<J ( v) = i (1 + ik J) (1 - v
2

) . 

(sinkl - v2kI)(1 +kI) 

(5.21) 

Equation (5.21) and the expressions above are obtained by taking the difference of Laplace 

transforms along the paths Ys and Yu shown in figure 3.1 (p. 63) and comparing to eq. (5.20), as 

was described in section 3.2.4 for the discrete cfJ4 equation. 

We now expand the expression (5.21) in powers of p in order to match it to (5.18): 

V(p) = (KI(v) + <J(v)lnkr)p+ f(-1)€ki 2€ [K1(V)- <J~V) + ... ] p2€+1 
C=I 

(5.22) 
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Figure 5.1: First Stokes constant as a function of velocity for the Frenkel-Kontorova equation 

(note the logarithmic scale). 

This implies that 

(5.23) 

The expansions have only been matched in the limit £ --+ CXl because of the unknown terms 

represented by ' .. .'. Thus, (5.21) does not fully match the power series; it only matches the 

high-order coefficients - that is, it only matches close to the singularity. If we had an expres

sion which matched everywhere, its Laplace transform would be a Borel sum of the asymptotic 

series, i.e. an exact solution of the inner equation. However, knowing a function which matches 

only near the singularities is almost as good: Taking the difference of Laplace transforms along 

the two paths Ys and Yu has given us the expression for the radiation tail in (5.12). The expres

sion for the oscillatory tails in (5.12) is the difference between two possible Borel sums of the 

asymptotic series (5.11). The Borel sum, of course, is nonunique, depending on the position of 

the integration contour relative to singularities of the integrand. With Yu we generate a solution 

with a radiation tail at the right infinity, and at the left infinity with 'Ys. 

5.7 Results and conclusions 

Figure 5.1 shows the Stokes constant Kj(v) calculated using (5.23). The coefficients Wn are 

evaluated numerically using the algebraic recurrence relation (5.19). It is nowhere zero, its 

minimum value being approximately 1.04 at v = 0.64. 

Recall that q>s( 0 is represented by (5.12), with a(+) = 0 and a(-) = inkrKj (v). The ques

tion still remains whether these oscillatory tails in the inner equations translate to radiation from 
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5.7 Results and conclusions 101 

the original soliton. The answer is yes, as we demonstrate in the context of the discrete NLS 

equation in chapter 6. For now, we again restrict ourselves to arguing the nonexistence of ra

diationless kinks. Due to the presence of the radiation tails, the inverse-power series (5.11) 

does not converge. However, if a radiationless kink did exist, its asymptotic expansion, and 

hence inverse-power series, would be convergent. Since K) (v) is never zero, there will always 

be a singularity of the integral equation (5.15) at p = ik) which, as discussed, leads to the 

non-convergence of the inverse-power series. This argument (that nonzero Stokes constants are 

sufficient for nonexistence of radiationless solutions to the original, outer equation) is rigorously 

proved by Tovbis in [138]. We conclude that radiationless travelling kinks of unit topological 

charge (i.e. an amplitude of 27t') do not exist in the Frenkel-Kontorova model, at least near the 

continuum limit. This conclusion agrees with that of ref. [113] (which does not only apply near 

the continuum limit). Thus, we have confirmed that the candidate sliding solitons observed by 

Peyrard and Kruskal [109] are not entirely radiationless. However, aside from these Q = 1 kinks, 

Peyrard and Kruskal also observed freely-propagating multikinks of topological charge 2 and 3 

(i.e. kinks of amplitude 47t' and 67t') which, numerics suggest, are indeed radiation free [185]. 

The objective of this chapter-to find an example of a nonexceptional system which supports 

sliding kinks-has not been met, and so we now proceed to consider another candidate, the 

DNLS model. 
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Chapter 6 

Moving solitons in the discrete 

nonlinear Schrodinger equation 

The subject of this chapter-the discrete nonlinear Schr6dinger (DNLS) equation-is very rich 

in physical applications (in contrast to the exceptional 4'4 models considered in chapter 3, which 

were primarily of mathematical interest), and therefore sliding solitons, if they exist, could have 

great practical use. Also, having found no sliding solitons in the Frenkel-Kontorova model, 

we aim again to find disproof of the necessity of exceptionality for the existence of sliding 

kinks. In this chapter our objective is no longer simply to prove or disprove the existence of 

sliding solitons, but to measure the radiation from travelling solitary waves and its effect on 

their dynamics. 

6.1 Introduction 

The earliest applications of the cubic DNLS equation were to the self-trapping of electrons in 

lattices (the polaron problem) and energy transfer in biological chains (Davydov solitons) - see 

the reviews [9, 122, 164] for references. Relatedly, the equation arises in the description of 

small-amplitude breathers in Frenkel-Kontorova chains with weak coupling [164]. In optics the 

equation describes light-pulse propagation in nonlinear waveguide arrays in the tight-binding 

limit [R I, 105]. Most recently the DNLS equation has been used to model Bose-Einstein con

densates in optically-induced lattices [106]. 

The question of the existence of moving solitons in the DNLS equation has been the subject 
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104 Moving solitons in the discrete nonlinear SchrMinger equation 

of debate for some time [87, 112, 113, 114, 119, 123, 124, 186, 187, 188, 189, 190, 191, 192]. 

Recently, G6mez-Gardefies, Floria, Falo, Peyrard and Bishop [193, 194] have demonstrated 

that the stationary motion of pulses in the cubic one-site DNLS equation (the 'standard' DNLS 

equation) is only possible over an oscillatory background consisting of a superposition of plane 

waves. This result was obtained by numerical continuation of the moving Ablowitz-Ladik 

breather with two commensurate time scales. We should mention here that earlier studies of 

moving breathers in Klein-Gordon chains had numerically detected a similar background of 

plane waves [195]. In this chapter, we study the travelling discrete solitons analytically and in

dependently of any reference models. Consistently with the conclusions of [193, 194], we will 

show that solitons cannot freely move in the cubic DNLS equation; they emit radiation, decel

erate and eventually become pinned by the lattice. We shall show, however, that this radiation is 

exponentially small in the soliton's amplitude, so that broad, small-amplitude pulses are highly 

mobile and are for all practical purposes indistinguishable from freely moving solitons. 

In the context of optical waveguide arrays-important not only in themselves but also as a 

first step to understanding more complicated optical systems such as photonic crystals-interest 

among experimentalists [101, 102, 142] has recently shifted away from media with pure-Kerr 

nonlinearity (which gives rise to a cubic term in the DNLS equation) and towards photorefractive 

media, which exhibit a saturable nonlinearity [140, 141, 196, 197, 198]. In practice such arrays 

may be optically induced in a photorefractive material [10 I, 102] or fabricated permanently 

- see [142], for example. The study of solitons in continuous optical systems with saturable 

nonlinearitites has a long history; interesting phenomena here include bistability [199, 200], 

fusion [20 I] and radiation effects [202] which do not arise in the cubic case. Collisions between 

solitons have also been investigated in the discrete saturable model [198], where fusion, soliton 

creation, and reflection are observed in the interaction. As far as stationary solutions go, Khare, 

Rasmussen, Samuelsen and Saxena's work [203] suggests that the saturable one-site DNLS 

equation may, after all, be exceptional in the sense defined in chapter 4 (that is, despite not 

being a translation-invariant system, it supports translationally invariant stationary solitons). 

This property is usually seen as a prerequisite for undamped motion in discrete equations (as 

discussed in section 1.6 and supported by the evidence of chapters 3 and 5 of this thesis), and 

indeed, Hadzievski, Maluckov, Stepic and Kip [140] have found vanishings of the PN barrier 

and numerically verified that this leads to enhanced soliton mobility in the saturable DNLS 

equation. 
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6.1 Introduction 105 

Thus, two questions to be answered are whether the saturable DNLS model is indeed excep

tional, and whether it supports sliding solitons. The results will either strengthen or destroy the 

evidence of chapters 3 and 5 for a connection between the two. Thus, after the cubic model, the 

DNLS equation with a saturable nonlinearity is the second object of our analysis here; our con

clusions will tum out to be in agreement with the numerical observations of enhanced mobility 

in refs [140, 141] (although the latter study was in the two-dimensional case). We will show 

that for nonlinearities which saturate at a low enough intensity, solitons can indeed slide-that 

is, move without radiative deceleration-at certain isolated velocities. These sliding solitons are 

examples of embedded solitons. 

The usual saturable DNLS equation is the discrete form of the Vinetskii-Kukhtarev model 

[204]: 
. I 

i<I>n + <I>n+ 1 - 2<I>n + <I>n-l - Y 1 12 <I>n = 0. 
1 + <I>n 

(6.1) 

In order to encompass both cubic and saturable nonlinearities in a single model, we shall instead 

consider the equation 
. . 21tPn 12 
ztPn + tPn+l + tPn-l + 1 + ,ultPnl 2 tPn = 0, (6.2) 

obtained from (6.1) by making the transformation <I>n = V2!Ye- i (2+y)t tPn, and letting ,11 = 2/r. 

In the form above, 1/,11 represents the saturation threshold of the medium [200], which tends to 

infinity as one approaches the pure Kerr (cubic) case of ,11 = 0. The higher the value of ,11, the 

lower is the intensity at which the nonlinearity saturates. 

This chapter is structured in the following way. In section 6.2, we construct a small

amplitude, broad travelling pulse as an asymptotic series in powers of £, its amplitude. The 

velocity and frequency of this soliton are obtained as explicit functions of £ and the wavenum

ber of its carrier wave. Then in section 6.3, the main section of this chapter, we derive an 

expression for the soliton's radiation tails and measure their amplitude using the method of 

asymptotics beyond all orders. In section 6.4, we investigate the influence of this exponentially 

weak radiation on the soliton's amplitude and speed. Finally, in section 6.6, we summarise our 

work and make comparisons with some earlier results. 
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106 Moving solitons in the discrete nonlinear Schrbdinger equation 

6.2 Asymptotic Expansion 

6.2.1 The leading order 

We begin by seeking solutions of the form 

(6.3) 

where 

x = £(n - vt) (6.4) 

and £ is a parameter. By analogy with the soliton of the continuous NLS, we expect the discrete 

soliton to be uniquely characterised by two parameters, e.g. £ and k, while the other two (ro and 

v) are expected to be expressible through £ and k. Substituting the Ansatz (6.3)-(6.4) into (6.2) 

gives a differential advance-delay equation 

This can be written as an ordinary differential equation of an infinite order: 

where ljI(n) = dnljl/dxn. 

From now on we assume that £ is small. Our aim in this section is to find an approximate 

solution to eq. (6.6)-and hence eq. (6.2)-with ljI = 0(£). (That is, we are looking for small, 

broad pulses which modulate a periodic carrier wave.) To this end, we expand ljI, ro and v as 

power series in £: 

ljI = £ (ljIo + £ ljIl + ... ), 
2 

ro=~+£ ro.z+ ... , 
2 V= vo+£ V2+·.·· 

(6.7a) 

(6.7b) 

(6.7c) 

(We are not expanding k as we consider it, along with £, as one of the two independent pa

rameters characterising our solution.) Substituting these expansions into (6.6) gives a hierarchy 

of equations to be satisfied at each power of £ by choosing ron and Vn properly. In nonlinear 

oscillations, this perturbation procedure is known as Lindstedt's method [205]. 
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6.2 Asymptotic Expansion 107 

At the order £ 1 we obtain 

Wu = 2cosk, (6.8) 

while the order £2 gives 

Vo = 2sink. (6.9) 

These two relations correspond to the dispersion of linear waves. At the power £3 we obtain the 

following nonlinear equation for \flo: 

This is the stationary form of the nonlinear Schrodinger (NLS) equation, which has the homo

clinic solution 

\flo = aVcosksech(aX) 

with 
2 Qh a ---

- cosk' 

Returning to the original variable \fI, we note that the amplitude a can always be absorbed into 

£, the parameter in (6.4) and in front of \flo in (6.7a). That is, there is no loss of generality in 

setting a = 1 and letting £ describe the amplitude (and inverse width of the pulse) instead. This 

allows us to set 

Qh = cosk. (6.10) 

Note that the coefficients in (6.5) are periodic functions of the parameter k with period 2n; 

therefore it is sufficient to consider k in the interval (-n, n). Also, (6.5) is invariant with respect 

to the transformation k ---t -k, £ ---t -£, v ---t -v; hence it is sufficient to consider positive k only. 

Finally, our perturbative solution does not exist if cosk is negative. Thus, from now on we shall 

assume that 0 ::; k ::; n /2. 

6.2.2 Higher orders 

At the order £n+3, where n ~ 1, we arrive at the following equations for the real and imaginary 

parts of \fin: 

f' R Re!n-I (X) 
.(....1 e \fin = k 

cos 
(6.11a) 

f' Im!n-I (X) 
.(....0 1m \fin = k' 

cos 
(6. lIb) 
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where 

and 

Moving solitons in the discrete nonlinear SchrMinger equation 

La = -a; + 1 - 2sech2 X, 

LI = -a; + 1-6sech2X 

[nj2] [nil] . 
"'"' (2COSk (2j+2) ) .",", (2smk (2J+I) ) 

!n-I (X) = 'f;;; (2j + 2)! lJ!n-2j - WzJ+2lJ!n-2j + I 'f;;; (2j + I)! lJ!n-2j+ 1 - V2j tVn-2J+ 1 

n-I n-I n-I-m 

+ L2lJ!0(lJ!mlJ!:-m -lJ!n-mlJ!;) + L L 2lJ!n-m-fllJ!mlJ!c 
m=1 m=1 £=0 

n-I n-I-m [[n-;_f] 
"'"'"'"' "'"' (2COSk (2j) ) + J1 ~ f::o 'f;;; (2j)! lJ!n-m-£-2j - Wzj lJ!n-m-€-2j 

[n-m-t-I] 

. ~ (2sink (2j+l) HI ) 1 * + I 'f;;; (2j + I)! lJ!n-m-€-2j-1 - V2j 'I'n-m-e-2j-1 lJ!m lJ!e· (6.12) 

The linear nonhomogeneous ordinary differential equations (6.11) must be solved subject to a 

boundedness condition. 

The bounded homogeneous solutions of (6.11 a) and (6.11 b) (sechXtanhX and sechX, re

spectively) correspond to the translation- and U(l)-invariances of eq. (6.5). Including these zero 

modes in the full solution of eqs (6.11) would amount just to the translation of lJ!(X) by a con

stant distance in X and its multiplication by a constant phase factor. These deformations are 

trivial, and hence we can safely discard the homogeneous solutions at each order of £. 

As lJ!o's real part is even and its imaginary part is odd (zero), lJ!1 's real and imaginary parts 

are also even and odd, respectively. The same holds, by induction, to all orders of the pertur

bation theory. Indeed, assume that lJ!o, lJ!1, ... , lJ!n-1 have even real parts and odd imaginary 

parts. Then it is not difficult to verify that the function Re!n-I (X) is even and Im!n-I (X) is 

odd. Since the operators La and LI are parity-preserving, and since we have excluded the corre

sponding homogeneous solutions, this means that lJ!n has an even real part and an odd imaginary 

part. Finally, the homogeneous solution of (6.11 b) being even and that of (6.11 a) being odd, the 

corresponding solvability conditions are satisfied at any order. 

Note that since the solvability conditions do not impose any constraints on Vn and ron, the 

coefficients Vn with n 2': 2 and COn with n 2': 4 can be chosen completely arbitrarily. 
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6.2 Asymptotic Expansion 109 

6.2.3 Explicit perturbative solution to order £3 

Solving equations (6.11) successively, we can obtain the discrete soliton (6.7a) to any desired 

accuracy. Here, we restrict ourselves to corrections up to the cubic power in e. The order e 3 is 

the lowest order at which the saturation parameter J1 appears in the solution. On the other hand, 

it is high enough to exemplify and motivate our choice of the coefficients in (6. 7b) and (6.7 c). 

Letting n = I in eq. (6.12), we have 

2i. ,,)11 ,,) 
fo(X) = 3! SInk'l'o - iV2'1'O' 

The corresponding solution of eq. (6.11) is 

0/1 = ~ [! sinksechX tanh X + ! (V2 - ! sink) X sechX]. 
vcosk 2 2 3 

Here the term proportional to X sechX decays to zero as IXI ----> 00; however, it becomes greater 

than %(X) for sufficiently large lXI, leading to non-uniformity of the expansion (6.7a). In order 

to obtain a uniform expansion, the term in question should be eliminated. Being free to choose 

the coefficients Vn with n 2: 2, we use this freedom to set 

This leaves us with 

1 . k V2 = 3" SIn . 

0/1 = ~JcoSk tanksechXtanhX. 

After 'distilling' in a similar way the correction 0/2, where we fix 

1 
C04 = 12 cosk 

to eliminate a term proportional to X sechX, we obtain: 

. 1 
0/ = eJcosk{ sechX + ~etanksechXtanhX + 12e2 [4sech3 X - 3sechX 

+ ~ tan2 k(14sech3 X - 13 sechX) + 4J1cosk(2sechX - sech3 X)] + 0(e3
)}, (6.13) 

where 

co = 2 [1 + ;! e2 
+ ~! e4 

+ O( e
6

)] cos k, 

v = 2 [1 + ;!e
2
+O(e

4
)] sink. 

(6. 14a) 

(6. 14b) 
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110 Moving solitons in the discrete nonlinear SchrMinger equation 

6.2.4 Velocity and frequency of the discrete soliton 

In the previous subsection we have shown that fixing suitably the coefficients OJn and Vn can 

lead to a uniform expansion of \fI to order £3. Our approach was based on solving for \fin 

explicitly and then setting the coefficients in front of the 'secular' terms X sechX to zero. Here, 

we show that the secular terms can be eliminated to all orders - and without appealing to explicit 

solutions. 

Assume that the secular terms have been suppressed in all nonhomogeneous solutions \fIm 

with m up to n - 1; that is, let 

\fIm(X) ---> Cme
x + o(e

x ) as X ---> -00 (m = 0, 1, ... , n - 1). (6.15) 

(Since we know that the real part of \fIm is even and the imaginary part odd, it is sufficient to 

consider the asymptotic behaviour at one infinity only.) The constant Cm may happen to be zero 

for some m in which case the decay of \fIm will be faster than ~. Our objective is to choose OJn 

and Vn in such a way that \fin (X) will also satisfy (6.15). To this end, we consider the function 

(6.12). All terms which are trilinear in \flo, ... , \fin-I and derivatives of these functions decay as 

e3X or faster; these terms in !n-I cannot give rise to the secular terms proportional to X sechX 

in \fin. On the other hand, the terms making up the first line in (6.12) tend to 

X cos . X sm [n/2] [2 k ] [nil] [ 2 . k ] 
e ~ (2) + 2)! - OJzj+2 Cn-2j + Ie ~ (2) + I)! - V2j Cn-2J+ I 

as X ---> -00. These are 'asymptotically resonant' terms - in the sense that their asymptotics 

are proportional to the asymptotics of the homogeneous solutions of (6.11 a) and (6.11 b). It is 

these terms in the right-hand sides of (6.11 a) and (6.11 b) that give rise to the secular terms in 

the solution \fin. The resonant terms will be suppressed if we let 

2cosk 
0JzJ+2 = (2) + 2)! ' 

2sink 
V2j = (2) + I)! ' ) 2: 1. (6.16) 

After the resonant terms have been eliminated, the bounded solution to (6.11) will have the 

asymptotic behaviour \fin ---> Cn~ as X ---> -00. By induction, this result extends to all n 2: O. 

Substituting (6.16), together with (6.8)-(6.10), into eqs (6.7b) and (6.7c), and summing up 

the series, we obtain 

OJ = 2coskcosh£, 
sinh £ 

V= 2sink--, 
£ 

the frequency and velocity of the discrete soliton parametrised in terms of k and £. 

(6.17) 
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6.3 Terms beyond all orders of the perturbation theory 111 

Equations (6.17) coincide with the expressions [23] of the Ablowitz-Ladik soliton's velocity 

and frequency in terms of its amplitude and wavenumber. The difference between the two sets 

of answers is in that eqs (6.17) pertain to small-amplitude solitons only, whereas Ablowitz and 

Ladik's formulas are valid for arbitrarily large amplitudes. 

Note, also, that in the case k = 0, the solution (6.13) coincides (at least to third order) with 

the stationary solution of eq. (6.5) obtained by Khare, Rasmussen, Samuelson and Saxena [203]. 

However, the soliton of ref. [203] has its amplitude and frequency uniquely determined by the 

saturation parameter (J.1), whereas the velocity and frequency (6.17) of our perturbative solution 

do not depend on J.1. This restriction on the exact solution (compared to the perturbative one) is 

attributable to beyond-all-orders terms, to which we now tum our attention. 

6.3 Terms beyond all orders of the perturbation theory 

6.3.1 Dispersion relation for linear waves 

As X -+ -00, the series (6.7a) reduces to ljI(X) = 2::0 £n+lCnc?'. The convergence of the se

ries 2: £n+lljln (X) for all X would imply, in particular, the convergence of the series 2: £n+lcn. 

Therefore, if the series (6.7a) converged, the solution ljI(X) would be decaying to zero as 

X -+ -00. However, although we have shown that the series 2: £n+llfln(X) is asymptotic to 

all orders, it does not have to be convergent. For instance, it is easy to see that the series cannot 

converge for v = J.1 = 0 and any £; since the advance-delay equation (6.5) is translation-invariant, 

this would imply that we have constructed a family of stationary solitons with an arbitrary po

sition relative to the lattice. This, in tum, would contradict the well established fact that the 

'standard' cubic DNLS solitons can only be centred on a site or midway between two adjacent 

sites [206] (that is, that the 'standard' discretisation of the cubic NLS is not exceptional [207]). 

Thus, we expect that the perturbative solution (6.7a) satisfies ljI(X) -+ 0 as IXI -+ 00 only for 

some special choices of v, £ and J.1. 

Can eq. (6.S) have a bounded solution despite the divergence of the corresponding series 

2: £n+lcn? To gain some insight into this matter, we linearise eq. (6.S) about ljI = 0 and find 

nondecaying solutions of the form ljI = eiQX Ie where Q is a root of the dispersion relation 

ill = 2cos(k+ Q) + Qv. (6.18) 

It is easy to check that there is at least one such harmonic solution [Le. eq. (6.18) has at least one 

root] if v i= O. These harmonic waves can form a radiation background over which the soliton 
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112 Moving solitons in the discrete nonlinear Schrodinger equation 

propagates (as suggested by the numerics of [193, 194] and the analysis of a similar problem 

for the cf>4 kinks in chapter 3). Being nonanalytic in £, such backgrounds cannot be captured by 

any order of the perturbation expansion. 

As we will show below, not only the wavenumbers but also the amplitudes of the harmonic 

waves are nonanalytic in £. This phenomenon was first encountered in the context of the breather 

of the continuous cf>4 model, where Eleonskii, Kulagin, Novozhilova, and Silin [208] suggested 

that the radiation from the breather could be exponentially weak. Segur and Kruskal [52, 177] 

then developed the method of 'asymptotics beyond all orders' to demonstrate that, in the limit 

£ ----> 0, such radiation does exist. We will use Segur and Kruskal's method to measure the 

magnitude of the radiation background of the travelling discrete soliton. 

Qualitatively, the fact that the radiation is not excited at any order of the perturbation ex

pansion is explained by the fact that the soliton exists on the long length scale X, whereas the 

radiation has the shorter scale X 1£. To all orders, the two are uncoupled. 

Using the relations (6.17), we can rewrite (6.18) as 

cosh£ - cos Q k 
--;-------:---:--,,---_=_ = tan . 
(sinh£I£)Q - sin Q 

(6.19) 

The left hand side is plotted in figure 6. J. For £ = 0 it has minima at multiples of 2n where 

the curve is tangent to the horizontal axis. For nonzero £, the minima of the curve are lifted 

off the Q axis slightly. The minima with larger values of Q have smaller elevations above the 

horizontal axis, i.e., the minima come closer and closer to the Q axis as Q grows. We see 

from the figure that for k > k~lx, where k~lx ~ 0.22, there is only one radiation mode. Note 

also that the left-hand side of eq. (6.19) is negative for negative Q; since we have assumed that 

o ~ k ~ n12, this implies that eq. (6.19) cannot have negative roots. 

6.3.2 Radiating solitons 

Although we originally constructed the expansion (6.7a) as an asymptotic approximation to a 

solution which is stationary in the frame of reference moving with the velocity v, it can also 

represent an approximation to a time-dependent solution \fI(X, t). Here \fI(X, t) is related to 

cf>n(t), the discrete variable in eq. (6.2), by the substitution (6.3): 

cf>n(t) = \fI(X,t)eikn+iwt. (6.20) 

The coefficients \fin in the asymptotic expansion of \fI(X, t) will coincide with the coefficients 

in the expansion of the stationary solution \fI(X) = L £n+ 1 \fin if the time derivatives at \fin lie 
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Figure 6.1: The left hand side of (6.19) for two values of £. The root(s) Qn of the dispersion 

relation (6.18) are located where this graph is intersected by a horizontal straight line with 

ordinate equal to tan k. 

beyond all orders of £ and hence the time evolution of the free parameters k and £ occurs on 

a timescale longer than any power of £-1. Physically, one such solution represents a travel

ling soliton slowing down and attenuating as the Cherenkov radiation left in its wake carries 

momentum and energy away from its core. 

Substituting (6.20) in (6.2), gives 

i llf + 1fI+ eik + 1fI-e- ik - wlfI- i£vlf!. + 211f112 IfI = 0 
yl X 1 + J.L11fI12 ' 

(6.21) 

where 1fI± = IfI(X ±£,t). 

We consider two solutions of this equation which both have the same asymptotic expansion 

(6.7a), denoted IfIs(X,t) and lfIu(X,t), such that IfIs(X,t) ---t 0 as X ---t +00 and lfIu(X,t) ---t 0 as 

X ---t -00. Since the difference 'l' == IfIs - lfIu is small (lies beyond all orders of c), and since 

the solution IfIs can be regarded as a perturbation of lfIu, 'l' obeys the linearisation of eq. (6.21) 

about lfIu to a good approximation. That is, 

i'l' +'l'+eik+'l'-e-ik-w'l'-iv£'l' + 4/lflu/
2
'l'+21f1;'l'* + 2J.L/lfluI

2
(/lfIu/

2
'l'+IfI;'l'*) =0. 

I x 1 + J.Lllflul 2 (1 + J.L 1 lfIu 12)2 
(6.22) 

Since lfIu = 0 (£), we can solve eq. (6.22) to leading order in £ by ignoring the last two terms 

in it; the resulting solutions are exponentials of the form eiQX /f-iili. We make a pre-emptive 

simplification by setting Q = O. [That.Q has to be set equal to zero, follows from matching 

these exponentials to the far-field asymptotes of the stationary 'inner' solution; see section 6.3.4 
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114 Moving solitons in the discrete nonlinear Schrbdinger equation 

below. Physically, Q = ° implies that the travelling pulse will only excite the radiation with 

its own (zero) frequency in the comoving frame.] The leading-order solution of eq. (6.22) is 

therefore 

(6.23) 
n 

where Qn (n = 1,2, ... ) are the roots, numbered in order from smallest to largest, of the dispersion 

relation (6.18). (Recall that since we have taken k in the interval [0, nI2], all the roots Qn are 

positive.) For k > k~1x ~ 0.22, there is only one root, QI. 

Higher-order corrections to the solution (6.23) can be found by substituting the ansatz 

n 

+ LA~[£2g~n) (X) + £3g~n)(X) + .. . ]e-iQnX/t: (6.24) 
n 

in eq. (6.22), expanding the advance/delay terms li1, ... (X ± c), gtL. (X ± £) in Taylor series in 

£, and making use of the asymptotic expansion (6.7a), (6.13) for \flu' For instance, the first few 

corrections are found to be 

(n) 4icosk 
II (X) = 2 . (k Q) tanh X , 

Sill + n - V 

(n) 2cosk h2 X 
~ ~)= ~c . 

OJ + vqn - 2cos(k - Qn) 
(6.25) 

Since \flu --t ° as X --t -00, it follows that \fIs --t 'I' as X --t -00, and hence, once we know 

the amplitudes An, we know the asymptotic behaviour of \fIs. We shall now employ the method 

of asymptotics beyond all orders to evaluate these amplitudes. 

6.3.3 'Inner' equations 

Segur and Kruskal's method allows one to measure the amplitude of the exponentially small 

radiation by continuing the solution analytically into the complex plane. The leading-order term 

of \fI, £V cos k sechX, has singularities at X = g. + inn, n = 0, ± 1, ±2, .... In the vicinity of 

these points, the radiation becomes significant; the qualitative explanation for this is that the 

sech function forms a sharp spike with a short length scale near the singularity point, and hence 

there is a strong coupling to the radiation modes, unlike on the real axis. The radiation, which is 

exponentially small on the real axis, becomes large enough to be measured near the singularities. 
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6.3 Terms beyond all orders of the perturbation theory 115 

We define a new complex variable y, such that ey is small in absolute value when X is near 

the lowest singularity in the upper half-plane: 

(6.26) 

The variables y and X are usually referred to as the 'inner' and 'outer' variables, respectively: 

the transformation to y effectively 'zooms in' on the singularity at X = !f. We also define 

u(y) == II'(X) and w(y) == 11'* (X). Continuing eq. (6.5) to the complex plane, i.e. substituting 

u(y) for II'(X) and w(y) for 11'* (X), we obtain, in the limit e -t 0: 

'k 'k I 2u2w e1 u(y+l)+e- 1 u(y-l)-2cosku(y)-2isinku(y)+ =0, 
1 + J1uw 

(6.27a) 

'k 'k I 2w2u e- 1 w(y+l)+e1 w(y-I)-2coskw(y)+2isinkw(y)+ =0. 
1 + J1wu 

(6.27b) 

Here we have used that co -t 2 cos k and v -t 2 sin k as e -t O. Equations (6,27) are our 'inner 

equations'; they are valid in the 'inner region' -00 < Rey < 00, Imy < O. (The solution cannot 

be continued up from the real X axis past the singularity at y = 0.) 

Solving the system (6.27) order-by-order, we can find solutions in the form of a series in 

powers of y-l. Alternatively, we can make the change of variables (6.26) in the asymptotic 

expansions (6.7a), (6.13) and send e -t O. This gives, for the first few terms, 

(6.28a) 

(6.28b) 

We are using hats over u and w to distinguish the series solution (6.28) from other solutions 

of eq. (6.27) that will appear in the next section. The asymptotic series (6.28) mayor may not 

converge. We note a symmetry if( -y) = -w(y) of the power-series solution. 

6.3.4 Exponential expansion 

In order to obtain an expression for the terms which lie beyond all orders of y-l , we substitute 

(u, w) = (if, w) + (ou, ow) into equations (6.27). Since if and w solve the equations to all orders 

in y-l, then provided ou and ow are small, they will solve the linearisation of equations (6.27) 

about (if, w) for large Iyl. 
Formal solutions to the linearised system can be constructed as series in powers of y-l . 

Because if and ware both 0 (y-l), the leading-order expressions for ou and ow as y -t 00 are 
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116 Moving solitons in the discrete nonlinear Schrodinger equation 

obtained by substituting zero for it and w in the linearised equations. This gives 

(6.29) 
n n 

where qn (n = 0, 1,2, ... ) are the roots of 

cos(k + q) - cosk+ qsink = O. (6.30) 

Note that the roots qn with n ::::: I are given by the £ --t 0 limits of the roots of the dispersion 

equation (6. 19): qn = limf->o Qn. In addition, there is a root qo = 0 which does not have a Qo 

counterpart. 

The full solutions (i.e. solutions including corrections to all orders in y-I ) will result if we 

use the full inverse-power series (6.28) for it and w; these solutions should have the form 

(6.31a) 

(6.31b) 

Note that we have excluded the terms proportional to eiqnY from this ansatz (i.e. set the ampli

tudes In to zero) as they would become exponentially large on the real X axis. [One can readily 

verify this by making the change of variables (6.26) in eq. (6.29).] The coefficients ein), e~n), ... , 
and din), din), ... are found recursively when the ansatz (6.3 I) is substituted into the linearised 

equations and like powers of y-I collected. In particular, the first few coefficients are 

ern) = _ 2icosk 
I sin(k+qn)-sink' 

(n) _ [cos(k+qn) - 2cosk]cosk 
e2 - [sin(k + qn) - sink]2 , 

(6.32a) 

and 

d (n) -0 
1 - , 

d(n) = cosk 
2 cos(k - qn) - cosk - qn sink' 

(6.32b) 

where n = 1,2, .... 

Having restricted ourselves to considering the linearised equations for ou and Ow, we have 

only taken into account the simple harmonics in (6.29) and (6.3 I). Writing ou = £ I UI + 
£2U2 + ... and Ow = £ I WI + £2W2 + ... , where £ is an auxiliary small parameter (not to be 

confused with our 'principal' small parameter e); substituting u = it + ou and w = w + Ow 
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6.3 Terms beyond all orders of the perturbation theory 117 

in eqs (6.27), and solving order-by-order the resulting hierarchy of nonhomogeneous linear 

equations, we can recover all nonlinear corrections to ou and ow. The £2-corrections will be 

proportional to e-i(qn+qm)Y; higher-order corrections will introduce harmonics with higher com

bination wavenumbers. Later in this section it will become clear that £ is actually of the order 

exp( -nQJ /2£) [see eq. (6.36) below]; hence the amplitudes of the combination harmonics will 

be exponentially smaller than that of exp( -iqJY). 

Now we return to the object that is of ultimate interest to us in this work; that is, to the 

function 'I' of section 6.3.2 representing the radiation of the moving soliton. We need to match 

'I' to the corresponding object in the inner region. To this end, we recall that 'I' = V's - lJIu, 

where lJIs and lJIu are two solutions of the outer equation (6.5) which share the same asymptotic 

expansion to all orders. In the limit £ -- 0, the corresponding functions 

us(y,t) == V's(X,t), 

uu(y,t) == lJIu(X,t), 

ws(y,t) == lJIs*(X,t), 

wu(y,t) == lJI;(X,t) (6.33) 

solve the equations (6.27) and share the same inverse-power expansions. We express this fact 

by writing 

us(y,t) rv u(y), 

uu(y,t) rv u(y), 

ws(y,t) rv w(y), 

wu(y,t) rv w(y). 

Therefore, the difference Us - Uu (which results from the analytic continuation of the function 'I') 

can be identified with ou and Ws - Wu with Ow. Continuing eq. (6.24) and its complex conjugate 

gives, as £ -- 0, 

- LlimA~(£)exp (n
2
Qn) [ 2cosk (k ) 12 +0 (~)] exp(-iqnY) (6.34a) 

£---+0 £ co + vqn - 2cos - qn Y Y 
n 

and 
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118 Moving solitons in the discrete nonlinear Schrodinger equation 

[Here we have used eq. (6.25).] Matching (6.34a) to (6.31 a) and (6.34b) to (6.31 b) yields then 

Ko = 0 and 

limAn(£)exp (- 7r
2
Qn) = 0, 

£-+0 £ 
(6.35a) 

limA~(£)exp (7rQn) = Kn 
£-+0 2£ 

(6.35b) 

for n = 1,2, .... We note that eq. (6.35a) follows from eq. (6.35b), while the latter equation can 

be written, symbolically, as 

as £ --t O. (6.36) 

Our subsequent efforts will focus on the evaluation of the constants Kn. 

For k greater than k~lx (approximately 0.22), there is only one radiation mode and therefore 

only one pre-exponential factor, KJ. For smaller k we note that the amplitude of the n-th radia

tion mode, An, is a factor of exp { ~ (Qn - QJ) } smaller than A J, the amplitude of the first mode. 

Referring to fig. 6.1, it is clear that for n 2: 3, the difference Qn - QJ will be no smaller than 

7r. As for the second mode, it becomes as significant as the first one only when k = 0 (£2) in 

which case (Q2 - QJ) / £ = 0 (1). But in our asymptotic expansion of section 6.2 we assumed, 

implicitly, that k is of order 1 and so the case of k = 0 (£2) is beyond the scope of our current 

analysis. Therefore, for our purposes all the radiation modes with n 2: 2 (when they exist) will 

have negligible amplitudes compared to that of the first mode, provided KJ is nonzero and £ is 

small. For this reason, we shall only attempt to evaluate KJ. 

6.3.5 Borel summability of the asymptotic series 

Pomeau, Ramani, and Grammaticos [133] have shown that the radiation can be measured using 

the technique of Borel summation rather than by solving differential equations numerically, 

as in Segur and Kruskal's original approach. The method has been refined by (among others) 

Grimshaw and Joshi [134, 135] and Tovbis, Tsuchiya, Jaffe and Pelinovsky [136, 137, 138, 139], 

who have applied it to difference equations. In chapter 3 of this thesis it has been applied 

to differential-difference equations in the context of moving kinks in cp4 models. This is the 

approach that we will be pursuing here. 

Expressing u(y) and w(y) as Laplace transforms, 

u(y) = h U(p)e-PYdp (6.37a) 
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6.3 Terms beyond all orders of the perturbation theory 119 

and 

w(y) = 1r W(p)e-PYdp, (6.37b) 

where y is a contour extending from the origin to infinity in the complex p-plane, the inner 

equations (6.27) are cast in the form of integral equations 

where 

f(p)U + .u [f(p )U] * U * W + U * U * W = 0, 

f(-p)W + .u[f(-p)W] * W *U + W * W *U = 0, 

f(p) = (coshp-l)cosk-i(sinhp- p)sink. 

The asterisk * denotes the convolution integral, 

(6.38a) 

(6.38b) 

where the integration is performed from the origin to the point p on the complex plane, along 

the contour y. We have invoked (once again) the convolution theorem for a Laplace transform 

over a contour in the complex plane, which allows us to write 

u(y)w(y) = 1r[U(p) * W(p)]e-PYdp. (6.39) 

The proof of this theorem was provided in appendix 3.A of chapter 3. It requires that the path 

y be concave-up, and that W (p) have no singularities between y and the imaginary axis. Our 

choice of the contours of integration ensures that both these conditions are always satisfied. 

Again, we choose the contour so that arg p ---+ 7r /2 as Ipi ---+ 00 along y. This ensures that 

e-PY ---+ 0 as Ipl---+ 00 for all y along the line -00 < Rey < 00, Imy < O. Therefore, the integrals 

in (6.37) converge for all y along this line and any bounded U(p) and W(p). 

The function U (p) will have singularities at the points where f(p) vanishes while the sum 

of the double-convolution terms in (6.38a) does not. Similarly, W (p) will have a singularity 

wherever f( - p) vanishes [while the sum of the double-convolution terms in (6.38b) does not]. 

Therefore, U and W may have singularities at the points where 

coshp - 1 = ±itank (sinhp - p), (6.40) 

with the top and bottom signs referring to U (p) and W (p), respectively. The imaginary roots 

of eq. (6.40) with the top sign are at p = -iqn and those of eq. (6.40) with the bottom sign 
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120 Moving solitons in the discrete nonlinear Schr6dinger equation 

at p = iqn, where qn are the real roots of (6.30). (We remind the reader that all roots qn are 

positive.) The point p = ° is not a singularity as both double-convolution terms in each line of 

(6.38) vanish here. There is always at least one pure imaginary root of (6.40) (and only one if 
(1) (1) 

k > kmax , where kmax ~ 0.22). 

In addition, there are infinitely many complex roots. The complex singularities of U [com

plex roots of the top-sign equation in (6.40)] are at the intersections of the curve given by 

cosh I( 
q = sink 

with the family of curves described by 

l_sin2k(~)2 -cotk 
smhl( 

q = k- arcsin (~sink) +2nn, n = 1,2, ... , 
smh I( 

and at the intersections of the curve 

cosh I( 
q = - sink 

with the family of curves described by 

. 2 ( 1()2 k I-sm k -.-- -cot 
smhl( 

q = k+ arcsin (~h sink) + n(2n+ 1), n = -2, -3, -4, .... 
sm I( 

(6.4la) 

(6.4lb) 

(6.42a) 

(6.42b) 

Here I( and q are the real and imaginary part of p: p = I( + iq. The curve (6.41 a) looks like a 

parabola opened upwards, with the vertex at I( = q = 0, and the curve (6.42a) like a parabola 

opened downwards, with the vertex at I( = 0, q = -2cotk. The curves (6.4lb) and (6.42b), 

on the other hand, look like parabolas for small I( but then flatten out and approach horizontal 

straight lines as I( --t ±oo. [In compiling the list of these 'flat' curves in (6.41 b) and (6.42b), we 

have taken into account that the curve (6.41 b) with n = ° does not have any intersections with 

the parabola (6.41 a), and the curve (6.42b) with n = -1 does not have any intersections with 

the parabola (6.42a).] As k is reduced, the vertex of the parabola (6.42a) moves down along 

the q-axis; the intersections of this parabola with the 'flat' curves (6.42b) approach, pairwise, 

the q-axis. After colliding on the q-axis, pairs of complex roots move away from each other 

along it. [The parabola (6.41 a) does not move as k is reduced, but only steepens, which results 

in the singularities in the upper half-plane approaching the imaginary axis but not reaching it 

until k = 0.] In a similar way, the complex singularities of W (p) move onto the imaginary axis 

as k is decreased. In section 6.3.5 below we will use the fact that the distance from any complex 

singularity to the origin is larger than 2n; this follows from the observation that the closest points 
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6.3 Terms beyond all orders of the perturbation theory 121 

of the curves (6.4lb) and (6.42b) to the origin are their intersections with the q-axis. These are 

further away than 2n from the origin. 

In addition to singularities at p = -iqn, the function U (p) will have singularities at points 

p = iqn, n = 1,2,.... These are induced by the cubic terms in eq. (6.38a); for instance, the 

singularity at p = iql arises from the convolution of the term proportional to p in U * U with 

the function W which has a singularity at p = iql. [That U (p) has singularities at p = iqn can 

also be seen directly from eq. (6.31 a).] Similarly, the function W (p) will have singularities at 

points p = -iqn, n = 1,2, .... By virtue of the nonlinear terms there will also be singularities at 

the 'combination points' i(±qn ± qm), i(±qn ± qm ± qj), etc. 

The formal inverse-power series (6.28), which we can write as 

~ 00 P! 
u(y) = LPe 1+1 ' 

1'=0 

(6.43) 

result from the Laplace-transformation of power series for U (p) and W (p): 

00 00 

U(p) = LPel, W(p) = Lvel. (6.44) 
e=o e=o 

The series (6.44) converge in the disk of radius q), centred at the origin, and hence can be inte

grated term-by-term only over the portion of the contour r which lies within that disk. However, 

by Watson's lemma, the remaining part of the contour makes an exponentially small contribu

tion to the integral and the resulting series (6.43) are asymptotic as y -> 00. The functions u(y) 

and w(y) defined by (6.37) give the Borel sums of the series u(y) and w(y). 

Consider now some horizontal line in the inner region, that is, let Imy < 0 be fixed and 

Rey vary from -00 to 00. If the integration contour r is chosen to lie in the first quadrant 

of the complex p-plane, the functions u(y) and w(y) generated by (6.37) will tend to zero as 

Re y -> +00 along this line. Similarly, if it is chosen to lie in the second quadrant, they will tend 

to zero as Rey -> -00. Suppose there were no singularities between two such contours: Then 

the one could be continuously deformed to the other without any singularity crossings, i.e. they 

would generate the same solution which, therefore, would decay to zero at both infinities. [That 

is, the oscillatory tails in (6.31) would have zero amplitudes, Kn = 0.] In general, however, U (p) 

and W (p) have singularities both on and away from the imaginary axis. In order to minimise the 

number of singularities to be crossed in the deformation of one contour to the other, we choose 

the contours to lie above all singularities with nonzero real part. (That this is possible, is shown 

in appendix 6.A at the end of this chapter.) Note also that the imaginary part of the singularity 
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122 Moving solitons in the discrete nonlinear Schrbdinger equation 

Imp=q 

Yu 

• • 

Rep = 1C 

Figure 6.2: The integration contours Ys and Yu used to generate the solutions (us, ws) and (uu, wu) 

respectively via (6.37). The dots are singularities of W (p). Shown is the situation where the 

linear dispersion relation (6.30) has only one real root, qj. 

grows faster than its real part and hence argp should tend to nl2 as Ipi -> 00 along y; this was 

precisely our choice for the direction of the contours y in the beginning of section 6.3.5. 

Let Ys and Yu be two contours chosen in this way, with Ys lying in the first quadrant and Yu 

in the second quadrant. The solutions u(y), w(y) generated by eq. (6.37) with the contour Ys will 

tend to zero as Rey -> 00 (with lmy < 0 fixed). Hence they can be identified with solutions us, Ws 

obtained by the continuation of the outer solution IJIs which has the same asymptotic behaviour. 

Similarly, the solutions generated by eq. (6.37) with the contour Yu coincide with solutions uu, 

Wu: Like uu, wu, the solutions generated by eq. (6.37) tend to zero as Rey -> -00 (with fixed 

lmy < 0). 

Consider, first, solutions Ws and Wu' Since the contours Ys and Yu are separated by singu

larities of W (p) on the positive imaginary axis, they cannot be continuously deformed to each 

other without singularity crossings and so the solution Ws does not coincide with wu , unless the 

residue at the singularity happens to be zero. If we deform Ys to is and Yu to % as shown in 

fig. 6.2, without crossing any singularities, then the only difference between the two contours is 

that is encircles the singularities, whereas % does not. Therefore, the difference Ws - Wu can be 
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6.3 Terms beyond all orders of the perturbation theory 123 

deduced exclusively from the leading-order behaviour of W (p) near its singularities. There can 

be two contributions to this difference: The first arises from integrating around the poles, and is 

a sum of residues, while the second arises if the singularity is a branch point. 

To find the singularity structure of the function W (p), we equate 

(6.45) 

to the expansion (6.31 b). The first term in (6.31 b), e-iqnY, arises from the integration of a term 

(2ni)-1 (p - iqn)-I in W(p). For such a term, the difference of the two integrals in (6.45) 

reduces to an integral around a circle centred on the point p = iqn: 

_1-. f 1. e-PYdp = res { e-~Y ,iqn}. 
2nl p - lqn P - lqn 

The term y-me-iqYn in (6.31 b), with m = 1,2, ... , arises from the integration of a term 

_1_ (p - iqn)'n-I In( _ i ) 
2ni (m - I)! P qn 

in W (p). This time, p = iqn is a branch point. After going around this point along the circular 

part of is, the logarithm increases by 2ni and the difference between the integrals in (6.45) is 

given by 

I J e-
iqnY 1= (p - iqn)'n-le-PYdp = tn-1e-ZYdz, 

(m-I)! c (m-l)! 0 

where C is the part of is extending from p = iqn to infinity. This equals exactly y-me-iqnY . 

Thus, in order to generate the full series (6.31 b) we must have 

(6.46) 

where Wreg denotes the part of W which is regular at p = iqn, n = 1,2, .... By the same process, 

matching Us - Uu to ou in (6.31 a) yields 

= (n) 

U(p) = 2~i 2:: Kn 2:: (md~ I)! (p - iqn)'n-1In(p - iqn) + Ureg(p). 
n m=1 

(6.47) 

The solution to eqs (6.38) is nonunique; for instance, if {U (p), W (p)} is a solution, then so 

is {ePYo+SOU(p), ePYO-SOW(p)} with any complex Yo and (0. Also, if {U(p), W(p)} is a solution, 

{W ( - p), U ( - p)} is another one. We will impose the constraint 

U(p) = W( -p); (6.48) 

Univ
ers

ity
 of

 C
ap

e T
ow

n



124 Moving solitons in the discrete nonlinear Schrodinger equation 

this constraint is obviously compatible with eqs (6.38). It is not difficult to see that the reduction 

(6.48) singles out a unique solution of eqs (6.38). The motivation for imposing the constraint 

(6.48) comes from the symmetry u( -y) = -w(y) of the power-series solution of eq. (6.27). 

Using this symmetry in eq. (6.43), we get Pe = (-1 )P ve and then eq. (6.44) implies (6.48). 

In view of (6.48), the singularities of U (p) in the upper half-plane are singularities of W (p) 

in the lower half-plane, which fall within Wreg(p), and vice-versa. Thus we have, finally, 

I ~ 1 00 I 
W(p) = 2ni L p-iqn + 2ni LKnL (m-l)! 

n n m=l 

X [c~) (p - iqn)m-1ln(p - iqn) - (-l)md~n) (p + iqn)m-1ln(p + iqn)] + W'reg(P) , (6.49) 

where W'reg(P) is regular at p = ±iqn. We also mention an equivalent representation for (6.49) 

which turns out to be computationally advantageous: 

Here D- 1 is an integral map: 

D-1f(p) == laP f(Pl)dpl; 

the notation D-m f(p) should be understood as 

(6.50) 

We have also introduced c6n) = 1 and d~n) = 0 for economy of notation. The only difference 

between eqs (6.49) and (6.50) is that the double-sum term on the right-hand side of (6.50) 

includes some terms which are regular at p = ±iqn, whereas in eq. (6.49), all regular terms are 

contained in W'reg (p). 

The residues Kn at the poles of W (p) are known as the Stokes constants. The leading

order Stokes constant, Kl, can be related to the behaviour of the coefficients in the power-series 

expansion of W (p). Indeed, the coefficients in the power series (6.44) satisfy 

(6.51) 

This is obtained by expanding the singular part of the expression (6.50) in powers of p. (Co

efficients of the regular part become negligible in the limit .e --+ 00 compared to those of the 
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6.3 Terms beyond all orders of the perturbation theory 125 

singular part.) Note that we have ignored singularities with nonzero real part and singularities 

on the imaginary axis other than at p = ±iql. The reason is that all these singularities are further 

away from the origin than the points ±iql (in particular all complex singularities are separated 

from the origin by a distance greater than 2n"), and their contribution to Ve becomes vanishingly 

small as £ ---+ 00. We have also neglected singularities at the 'combination points' because of 

their exponentially small residues. The coefficients Ve can be calculated numerically; once they 

are known, it follows from (6.51) that 

(6.52) 

(where we have recalled that c61
) = 1 and d61

) = 0). 

We now tum to the numerical calculation of the coefficients ve. 

6.3.6 Recurrence relation 

To make our forthcoming numerical procedure more robust, we normalise the coefficients in the 

power series (6.44) by writing 
. 8e 

ve = -I (iqde' (6.53) 

Substituting the expansion (6.44) and (6.53) as well as the constraint (6.48) into either of equa-

tions (6.38) and equating coefficients of like powers of p, yields the following recurrence rela

tion for the numbers 8n (n 2:: 0): 

c/I Un-m 1 ql un- m- j n n s;: n [ n-m j s;: 1 
~(m+2)!Rm= (n+2)(n+l)~ 8n-m+J1f; j! R j 

x "'(-I)m- j 8m_
j
8/' m J. m. n m .. 

( 

m ., ( _.) , ) '( _ ) , 

L..t m! n! 
j=O 

(6.54) 

Here 

{ 

(- 1 ) 1 cos k, 
Rm = m-l 

( -1) -2- sin k, for m odd. 

for m even, 

Solving eq. (6.54) with n = 0 gives 80 = .;t=C2. Thereafter it can be solved for each member 

of the sequence {8n } in terms of the preceding ones, and thus each 8n can be calculated in tum. 

[Since all the coefficients in the recurrence relation (6.54) are real, the sequence {8n } turns out 

to be a sequence of real numbers.] 
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126 Moving solitons in the discrete nonlinear SchrMinger equation 

Once the sequence {on} has been generated, expression (6.52) can be used to calculate the 

Stokes constant KI: 

(6.55) 

for sufficiently large £. Unfortunately, the convergence of the sequence {on} is slow and thus 

the above procedure is computationally expensive. The convergence can be accelerated by ex

panding eq. (6.51) in powers of small 1/£: 

_ iKI [ . cll) _ 2C~I) + (-IY~d~l) (~)l 
Oe - 27rql 1 + lql £ ql £2 + 0 £3 ' 

whence 

(6.56) 

According to eq. (6.56), eq. (6.55) gives KI with a relatively large error of order 1/£. On the 

other hand, a two-term approximation 

(6.57) 

is correct to 0(1/£2). More precisely, the relative error associated with the answer (6.57) is 

given by 

(6.58) 

In our calculations, we set [, / KI = 10-5 . Since Cl l), c~l) and d~l) are known constants [given 

by (6.32a) and (6.32b)], eq. (6.58) tells us what £ we should take, i.e. how many members of the 

sequence {on} we should calculate in order to achieve the set accuracy. Figure 6.3 illustrates the 

convergence of the approximate values of KI calculated using (6.55) and (6.57) as £ is increased. 

Note the drastic acceleration of convergence in the latter case. 

Figure 6.4(a) shows the calculated Stokes constant as a function of k for various values 

of the saturation parameter J1. First of all, KI (k) does not have any zeros in the case of the 

cubic nonlinearity (J1 = 0). This means that solitons of the cubic one-site discrete NLS equation 

[eq. (6.2) with J1 = 0] cannot propagate without losing energy to radiation. For J1 = 3 the Stokes 

constant does have a zero, but at a value of k smaller than k~lx (where k~lx ~ 0.22 = 0.077r). 

Since higher radiation modes do exist in this range of k, there will still be radiation from the 

soliton - unless the 'higher' Stokes constants K2(k), K3(k), ... , happen to be zero at the same 
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Figure 6.3: Convergence of the sequence in the right-hand side of (6.55) (dashed line) and the 

'accelerated' sequence defined by the right-hand side of (6.57) (solid line). Shown are the £-th 

approximations to the Stokes constant K j [the £-th members of the sequences (6.55) and (6.57)] 

divided by i to get a real value. In this plot, 11 = 0 and k = 0.5. 

value of k. Finally, for 11 = 4 the zero is seen to have moved just above k~~~x and for 11 = 6 it has 

an even higher value. There are no Q2, Q3, ... radiations for these k; hence the zeros of Kj (k) 

define the carrier wavenumbers at which the soliton 'slides', i.e. travels without emitting any 

radiation. Equation (6.17) then gives the corresponding sliding velocities, for each £. 

Figure 6.4(b) shows the Stokes constant Kj (k) for higher values of the parameter 11. For 

11 = 12 a second zero of the Stokes constant has appeared while for 11 = 25, the function Kj (k) 

has three zeros. As 11 is increased, the existing zeros move to larger values of k while new ones 

emerge at the origin of the k axis. 

6.3.7 Radiation waves 

For not very large IX I, the solution IjIs is close to the localised pulse found by means of the 

perturbation expansion in section 6.2. As X -7 +00, it tends to zero, by definition, while the 

X -7 -00 asymptotic behaviour is found from IjIs = ljIu + 'P. Here the solution ljIu decays to zero 

as X -7 -00 and hence IjIs approaches the oscillatory waveform 'P given by eqs (6.24), (6.25) 

and (6.36): 

~ Q /2 [ 4icosktanX 2] 'Q / IjIs(X)-7 ~K*e-7C n f 1+£ . +0(£) el 
nX f 

n 2sm(k+ Qn) - v 
n 

(6.59) 

as X -7 -00. Equation (6.59) describes a radiation background over which the soliton is super

imposed. As we have explained, we can ignore all but the first term in the sum. 
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Figure 6.4: The Stokes constant KJ for various values of J1. Note the logarithmic scale on the 

vertical axis. The downward spikes extend all the way to -00; hence each spike corresponds 

to a zero crossing. Each panel shows only a portion of the full range 0 ~ k ~ n12; there are no 

additional zero crossings in the part which is not shown. 
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6.4 Time evolution of a radiating soliton 131 

Substituting (6.64) into (6.63) and evaluating the integral over the region (a - l,a) in the 

soliton's wake, we obtain 

dN = IKI1 2e-7rQI/f[2sin(k+ QI) _ v], 
dt 

(6.65) 

where we have used eq. (6.36). Note that [2sin(k + QJ) - v] is the group velocity of the first 

radiation mode, .0.' (QJ), which, as we have established, is negative; hence N :s; o. 
We now tum to the momentum integral, 

P = i Ib (q>;q> - q>xq>*)dx. 
2 a 

Multiplying (6.61) by q>;, adding its complex conjugate and integrating, gives the rate equation 

Evaluating the right-hand side of (6.66) similarly to the way we obtained (6.65) and substituting 

eq. (6.18) for co, produces 

dP = IKI12e-7rQI/f(k+QI)[2sin(k+QI)-v]. (6.67) 
dt 

Using the leading order term of the perturbative solution (6.13) and eq. (6.62), we can ex

press Nand P via £ and k: 

N = 2£cosk+ 0 (£2), 

P = 2k£ cos k + 0 (£2) . 

In calculating Nand P we had to integrate from X = £a to X = £b. Since the integrands decay 

exponentially, and since a < 0 and b > 0 were assumed to be much larger than £-1 in abso

lute value, it was legitimate to replace these limits with -00 and 00, respectively. The error 

introduced in this way is exponentially small in £. 

Taking time derivatives of Nand P above and discarding £I-corrections to EO-terms, we 

deduce that 

. N + tank(P - kN) 
£ = ----'--------'-

2cosk ' 
. P-kN 
k= . 

2£cosk 
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132 Moving solitons in the discrete nonlinear Schrodinger equation 

Finally, substituting for Nand P from eqs (6.65) and (6.67), we arrive at the dynamical system 

£= IKI(k)12e-7rQI/£.o.'(QI) 1+
2

Q1t:nk, 
cos 

k=IKI(k)12e-7rQJ/£~).'(QJ) QI , 
2£cosk 

(6.68a) 

(6.68b) 

where the group velocity .o.'(Q\) = 2sin(k+ Q\) - v with v = 2(sinh£I£) sink, and Q\ = 

Q\ (£,k) is the smallest root of eq. (6.19). 

6.4.2 Soliton's deceleration and sliding velocities 

The vector field (6.68) is defined for k 2': k~~{n' where k~~{n is the value of k for which the roots 

Q\ and Q2 merge in fig. 6. J (i.e. the smallest value of k for which the roots Q\ and Q2 still 

exist). When k = k~{n' the group velocity .0.' (Q\) becomes equal to zero; therefore, the equation 

k = k~{n (£) defines a line of (nonisolated) fixed points of the system (6.68). Assume, first, that 

the saturation parameter II is such that K\ (k) does not vanish for any k. For k > k~{n' the factor 

0' (Q\) in (6.68b) is negative; since Q\ and cos k are positive for all 0 < k ::; 7r 12, the derivative 

k satisfies k ::; 0 for all times. Hence, all trajectories are flowing towards the line k = k~~{n (£) 

from above. It is worth noting that the derivative £ is also negative, and that the k-axis is also 

a line of nonisolated fixed points. However, no trajectories will end there as follows from the 

equation 

d£ [ 1] 
dk = £ tank+ Q\ (k, £) , 

which is a consequence of (6.68a) and (6.68b). 

Representative trajectories are plotted in figure 6.5(a). Since k~~{n (£) ::::::; £2 147r is very small 

for small £, the line k = k~{n (£) is practically indistinguishable from the horizontal axis. There

fore, we can assert that, to a good accuracy, k -> 0 as t -> 00. This means that the soliton stops 

moving - and stops decaying at the same time. 

For k smaller than k~~{n' the vector field (6.68) is undefined and we cannot use it to find out 

what happens to the soliton after k has reached k~~i~' The reason for this is that the soliton stops 

radiating at the wavenumber Q\ as k drops below k~{n' In fact our analysis becomes invalid as 

soon as k becomes 0 (£2), i.e. even before k reaches k~{n' because we can no longer disregard 

the n = 2 radiation here. At the qualitative level it is obvious, however, that the parameter k 

should continue to decay all the way to zero, in a cascade way. First, the n = 2 radiation will 

become as intense as the n = 1 mode when k::::::; £2/47r. Subsequently, i.e. for smaller k, the n = 3 
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Figure 6.5: The phase portrait of the system (6.68) in the case (a) where the Stokes constant 

KJ (k) does not have zeros, and (b) where KJ (k) has one zero. In (b), the dashed line is the line 

of nonisolated fixed points k = kJ. Note that in (b), the phase portrait has been replotted on the 

(c, v) plane; hence the dashed line gives the value of the sliding velocity for each value of c. In 

(a), }l = 0; in (b), }l = 6. 
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134 Moving solitons in the discrete nonlinear SchrMinger equation 

harmonic will replace the radiation with the wavenumbers Q\ and Q2 as a dominant mode. The 

n = 4 mode will become equally intense near k = k~(n ~ E2/87[; as k drops below E2/87[, both 

Q3 and Q4 will cede to Qs, and so on. 

If J.1 is such that the Stokes constant K\ (k) vanishes at one or more values of k, the system has 

one or more lines of nonisolated fixed points, k = ki . The corresponding values of v, v = Vi (E) == 

2( sinh E / E) sin ki' define the sliding velocities of the soliton, i.e. velocities at which the soliton 

moves without radiative friction. One such velocity is shown by the dashed line in fig.6.S(b). 

The fixed points (E, ki) are semistable; for k above ki' the flow is towards the line k = ki but when 

k is below ki' the flow is directed away from this straight line [see fig. 6.S(b)]. Since both t and 

k are negative, the soliton's velocity v = 2(sinhEjE) sink will generally be decreasing - until it 

hits the nearest underlying sliding velocity Vi and locks on to it. The ensuing sliding motion will 

be unstable; a small perturbation will be sufficient to take the soliton out of the sliding regime 

after which it will resume its radiative deceleration. However, since k is proportional to the 

square of the Stokes constant and not to K\ (k) itself, small perturbations ok will be growing 

linearly, not exponentially, in t. As a result, the soliton may spend a fairly long time sliding at 

the velocity Vi. It is therefore not unreasonable to classify this sliding motion as metastable. 

We conclude that the soliton becomes pinned (i.e. k -7 0 and so V -7 0) before it has decayed 

fully (i.e. before the amplitude E has decreased to zero). The exponential dependence of t and k 
on I j E implies that tall, narrow pulses will be pinned very quickly while short, broad ones will 

travel for a very long time before they have slowed appreciably. Next, if J.1 is such that there is 

one or more sliding velocity available in the system, and if the soliton is initially moving faster 

than some of these, its deceleration will be interrupted by long periods of undamped motion at 

the corresponding sliding velocities. 

It is worth re-emphasising here that if the amplitude E is small, then even if the soliton is not 

sliding, its deceleration will be so slow that it will spend an exponentially long time travelling 

with virtually unchanged amplitude and speed. The deceleration rate -v /v is shown in fig. 6.6, 

as a function of the soliton's velocity v, for fixed amplitude E. Note that the decay rate drops, 

exponentially, as the velocity is decreased; this drop is due to the exponential factor e-nQ1 / f in 

eq. (6.68). As the velocity V (and hence the wavenumber k) decreases, the root Q\ (E,k) grows 

towards the limit value of approximately 27[ (see fig. 6.1). This variation in Q\ is amplified by 

the division by small E and exponentiation in e-nQJ/f. 
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Figure 6.6: The soliton's decay rate as a function of its velocity, for fixed £ = 0.1. (Here /1 = 0.) 

In the inset, the same curve is replotted using a logarithmic scale on the vertical axis. 

6.5 Zero eigenvalues of the stationary solutions 

As mentioned in the introduction (section 1.6), we are seeking a counterexample to verify the 

claim [I 19] that it is not necessary for a discrete equation to be exceptional (i.e. to admit a con

tinuous family of stationary kinks) in order for sliding solitons to exist in that model. None of 

the discrete nonlinear Klein-Gordon models we have investigated in previous chapters have pro

vided such a rebuttal. As for the DNLS equation, we have shown that the cubic DNLS model, 

which is not exceptional (having only site-centred and bond-centred stationary solutions; see 

[124, 206 D, does not admit sliding solitons. What remains is to establish whether the saturable 

DNLS equation, which we have shown to possess sliding velocities, is exceptional. As men

tioned, the work of Khare, Rasmussen, Samuelsen and Saxena [203] suggests that this may be 

the case, since they have discovered translationally invariant stationary solutions of (6.2). We 

now look more closely at their results. 

The form of our equation differs from that of Khare et at. by various rescalings. Written in 

terms of our variables and parameters, they have found the soliton solution 

iii ~ h[ ( )] iWI 'I'n = /13/2 sec £ n-c e . (6.69) 

Here, cosh £ = 1//1, co = 2//1 and c E R (Of course, the solution is also invariant with respect 

to time-translation, i.e. multiplication by a constant phase factor not shown.) These solutions 

only exist for 

(6.70) 
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136 Moving solitons in the discrete nonlinear Schrodinger equation 

with the amplitude and inverse-width (E) tending to zero as J..! ---t 1- and to infinity as J..! ---t 0+. 

Note that E need not be small. 

In view of the restriction (6.70) on J..!, we cannot, in fact, claim that the equation possesses 

effective translational invariance for the values of J..! at which sliding kinks exist, namely J..! > 4. 

Also note that for a given J..!, the amplitude and inverse-width are fixed; apart from the translation 

parameter c there are no other free parameters. This is in contrast to the stationary kinks of 

the exceptional models studied in chapter 4, which existed for all values of the lattice-spacing 

parameter h of those models. This parameter h of the discrete cf>4 equations and the parameter 

E of our DNLS soliton are analogous, since both reduce the model to the continuum limit when 

sent to zero. For a given J..!, the solutions (6.69) only exist for an isolated value of E. It therefore 

seems that we cannot class the saturable DNLS model as exceptional, unless there are stationary 

solutions other than (6.69) which we are unaware of. 

To establish this claim-that the saturable DNLS equation is not, in fact, exceptional-we 

study the stationary equation in more detail. We are looking for solutions of (6.2) which have 

the form 

(6.71) 

(Note that the variable o/n is defined the same as the function o/(X) of section 6.2 at the points 

X = En when k = 0 and hence v = 0.) This yields the difference equation 

21o/nl
2 

o/n+l - wo/n + o/n-l + 1 + J..!lo/nl 2 tJIn = O. (6.72) 

By the definition of chapter 4, the equation is exceptional if this stationary second-order differ

ence equation can be obtained from a two-point map. This implies that it has a continuous family 

of solutions centred at arbitrary points relative to the lattice for all parameter values sufficiently 

close to the continuum limit, and not just isolated ones. 

To replace w we define the more physically meaningful parameter E (representing the 

inverse-width of the soliton) as 

w = 2coshE, 

which agrees with its previous definition (6.17) since v = O. In order to establish whether the 

continuous family of solitons exists only for isolated values of w, we shall check for zero eigen

values of (6.2) linearised about its stationary solutions, i.e. we assume a solution of the form 
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6.S Zero eigenvalues of the stationary solutions 137 

where 8 \fin (t) is small. The stationary solutions \fin (both on- and off-site) are first calculated 

numerically from (6.72) using Newton iterations, with the first term of the perturbation expan

sion (6.13) as the initial guess. Because of the phase invariance of (6.72) we can clearly assume 

its solutions to be real without loss of generality. 

We write 8\f1n(t) = un(t) + ivn(t), where un(t) and vn(t) are real, and separate variables in 

the resulting linear equations, i.e. set 

This finally yields the eigenvalue problem 

(
0 -La) (un) = /\., (un) 
LI 0 Vn Vn 

for all n E Z. The linear operators are defined as 

61112 
L = EB - co + e + 't'n 

1 1 + J1 \fI; 
2\f1; 

La = EB - co + e + 1 2 . + J1 \fin 

(6.73) 

and 

Here, EBun is shorthand for un+ 1 and eUn == Un-I, and similarly for Vn . Recall that \fin is real. It 

is straightforward to show that the eigenvalues come in ± pairs: If (~~) is an eigenvector with 

eigenvalue /\." then (~~n) is an eigenvector with eigenvalue -/\.,. 

The eigenvalue problem (6.73) was solved numerically by restricting n to a finite but large 

range of values (this depended on e and was large enough to ensure that the stationary solution 

\fin fell below 10-20 at the ends). The matrix was padded with rows of zeros to make it square 

[because of the advance and delay terms in La and LI, there are four more unknowns than equa

tions in (6.73)]. This introduced spurious zero eigenvalues which were ignored. There is always 

a further pair of zero eigenvalues corresponding to the invariance of (6.2) with respect to multi

plication by a constant phase factor. The existence of yet another pair of zero eigenvalues would 

indicate the translation invariance of the stationary solution. We observed that all eigenvalues 

are always pure reallimaginary, although the reason is not immediately obvious. 

To detect this eigenvalue pair we have plotted the eigenvalue with the second-smallest mod

ulus; see figure 6.7. Note the logarithmic scale, on which the downward spikes represent decay 

to zero. The numerical error in these calculations is of the order of 10-6 ; the 'noise' on the left 

of the plots is a result of the modulus of the eigenvalue dropping below this value. Figure 6.7(a) 
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Figure 6.7: The second-smallest eigenvalue of (6.22) linearised about its stationary solutions, 

plotted with respect to their inverse-width for the indicated values of Jl. Dashed lines: Real 

eigenvalue of the on-site solution and imaginary eigenvalue ofthe off-site solution. Solid: Imag

inary eigenvalue of the on-site solution and real eigenvalue of the off-site solution. Plots for the 

on-site and off-site solutions are superimposed and indistinguishable. 
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6.5 Zero eigenvalues of the stationary solutions 139 

is a plot for }1 = 0.9. We note a single zero of the eigenvalue in this case; this is precisely the 

value of £ for which the explicit solution (6.69) exists: For }1 = 0.9, £ = 0.467 in eq. (6.69). 

For all other values of £ (except £ < 0.25 where numerical inaccuracy prevents us drawing any 

conclusion) we see that the stationary solutions do not have a translation mode. 

The case }1 = 6 is depicted in fig. 6.7(b). Here we know that we do have sliding solitons; 

however, the eigenvalue again only crosses through zero at certain isolated values. Thus we 

conclude that the saturable DNLS model is not exceptional; the stationary equation (6.72) cannot 

be written as a two-point map. 

The cascade of zero crossings in fig. 6.7(b) is interesting because it indicates that there are 

other translation-invariant solutions apart from (6.69), which only exists for }1 ::; 1. Thus, one 

should be able to find further classes of solutions like (6.69), where ljIn is given by a continuous 

function of n - c. We were unable to generate the stationary solution for £ > 0.55 (approx

imately), where the cascade of zeros appears to accumulate. As £ approaches this limit, the 

amplitude of the soliton tends to infinity. 

As an aside, it would be wasteful not to work out the stability of the stationary solutions 

of eq. (6.2), since we have already set up the eigenvalue problem for the linearisation. The 

existence of any eigenvalue with a positive real part indicates instability of the solution. In view 

of paragraphs (a) and (b) above, this implies that the existence of any real eigenvalue amounts 

to instability. In fig. 6.7, we have plotted the imaginary eigenvalue of the on-site solution and 

the real eigenvalue of the off-site solution with a solid line, and the other way around with a 

dashed line; the two solid lines and two dashed lines match up completely. The dashed line 

therefore indicates instability of the on-site solution and the solid line, instability of the off-site 

solution. As for stability, it is of course not sufficient that a single eigenvalue is imaginary: 

they all need to be. We have, however, checked all eigenvalues for certain values of £ and 

it appears that whenever the eigenvalue plotted in fig. 6.7 is imaginary, all others are as well. 

Therefore the solid lines indicate stability of the on-site solution and the dashed lines, stability 

of the off-site solution. We see that the stability of the site-centred and bond-centred solutions 

is always opposite, and that where the eigenvalues pass through zero, real eigenvalues become 

imaginary and vice versa, and hence stability is exchanged between the two types of solution. 

This phenomenon has previously been noted by Melvin, Champneys, Kevrekidis and Cuevas 

[209]. 
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140 Moving solitons in the discrete nonlinear Schrodinger equation 

6.6 Concluding remarks 

6.6.1 Summary 

In this chapter, we have constructed the moving discrete soliton of the saturable NLS equation 

(6.1 )-(6.2) as an asymptotic expansion in powers of its amplitude. The saturable nonlinearity 

includes the cubic nonlinearity as a particular case (for which J.1 = 0). Our perturbation proce

dure is a variant of the Lindstedt-Poincare technique where corrections to the parameters of the 

solution are calculated along with the calculation of the solution itself. Although the resulting 

asymptotic series (6.13) for the soliton is generally not convergent, the associated expansions 

for its frequency and velocity sum up to exact explicit expressions (6.17). 

From the divergence of the asymptotic series (6.13) it follows, in particular, that the trav

elling discrete soliton does not decay to zero at least at one of the two infinities. Instead, the 

soliton approaches, as X ---t 00 or X ---t -00, an oscillatory resonant background (6.23) where 

the amplitudes An of its constituent harmonic waves lie beyond all orders of c. For the soliton 

moving with a positive velocity and approaching zero as X ---t 00, the oscillatory background 

at the left infinity represents the Cherenkov radiation left in the soliton's wake. To evaluate 

the amplitudes of the harmonic waves arising as X ---t -00, we have continued the radiating 

soliton into the complex plane, where it exhibits singularities. We then matched the asymptotic 

expansion (6.34) of the background near the lowest singularity on the imaginary X axis to the 

far-field asymptotic expansion (6.31) of the background solution of the 'inner' equation, i.e. of 

the advance/delay equation 'zoomed in' on this singularity. The asymptotic expansions here are 

in inverse powers of the zoomed variable, y. The amplitudes of the radiation waves were found 

to be exponentially small in c, with the pre-exponential factors (the so-called Stokes constants) 

being dependent only on the wavenumber of the soliton's carrier-wave. Representing solutions 

to the inner equation as Borel sums of their asymptotic expansions, the Stokes constants can be 

related to the expansion coefficients; we have calculated these coefficients numerically, using 

algebraic recurrence relations. 

The upshot of the calculation of the leading Stokes constant K) is that in the case of the cubic 

nonlinearity (i.e. for J.1 = 0), K) (k) does not vanish for any k. This means that the cubic discrete 

soliton cannot 'slide', i.e. cannot move without radiative friction. The saturable solitons, on the 

other hand, can slide - provided the saturation parameter J.1 is large enough. This is because, for 

a sufficiently large J.1, the Stokes constant K) (k) is found to have one or more zeros k), k2' .... 
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6.6 Concluding remarks 141 

Since the soliton with wavenumber k > 0.22 can have no higher-order resonances, those zeros 

which satisfy ki > 0.22 do define wavenumbers at which sliding motion occurs. For each value 

of the soliton's amplitude e, the formula (6.17) then gives the sliding velocities v(ki,e). 

The calculation of asymptotics beyond all orders is useful not only for determining the 

sliding velocities. Knowing the radiation amplitudes has allowed us to derive a two-dimensional 

dynamical system (6.68) for the soliton's parameters. Trajectories of this dynamical system 

describe the evolution of the soliton travelling at a generic speed. The evolution turns out to be 

simple: If}1 is such that the Stokes constant KJ (k) does not vanish anywhere in the region k > 
0.22, the soliton decelerates, although very slowly. Eventually it becomes pinned to the lattice 

with a decreased but finite amplitude. However, if }1 is such that there are sliding velocities in 

the system, and if the soliton starts its motion with the velocity higher than some of these then, 

although it will finally become pinned to the lattice, its deceleration will be interrupted by long 

periods of metastable sliding motion at these isolated velocities. 

Finally, we have numerically calculated the eigenvalues of the saturable DNLS model (6.2) 

linearised about its stationary solutions, and deduced that it does not admit continuous transla

tion-invariant families of stationary solitons; that is, it is not an exceptional system. 

6.6.2 Concluding remarks 

It is interesting to tie up the above results with our previous work on exceptional discretisations 

of the cp4 model in chapter 3. There we discovered that for some exceptional models (in which 

the stationary soliton possesses an effective translational symmetry), sliding velocities, at which 

the radiation disappears, do exist. The fact that all these models involve a complicated nonlocal 

discretisation of the nonlinearity leads one to wonder whether the nonlinearity has to be discre

tised nonlocally in order for sliding solitons to exist. This question is answered-negatively-by 

our present work, which gives a counterexample of a simple, local and physically motivated non

linearity supporting sliding solitons. This confirms the negative proof already given in ref. [119]. 

Although the question of whether exceptionality of the system is a prerequisite for the ex

istence of sliding solitary waves has been answered (also negatively) both in this work and 

in ref. [119], an interesting open question is whether the existence of sliding solitons implies 

the existence of translation-invariant solutions of the stationary equation at isolated parameter 

values; that is, whether the exchange of stability of the static on-site and intersite modes is a 

prerequisite for sliding kinks to exist. Indeed, the work of Melvin, Champneys, Kevrekidis 
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142 Moving solitons in the discrete nonlinear Schr6dinger equation 

and Cuevas [209] suggests that the two are directly connected: If one extrapolates the parameter 

curves of sliding solitons to the stationary regime, one hits the precise points at which translation 

modes of the stationary solitons exist (termed 'transparent points' by them). This is particularly 

interesting given that the Stokes constants themselves are discontinuous as the soliton velocity 

tends to zero, as we found in chapter 3. 

We conclude this section by placing our results in the context of earlier studies of discrete 

solitons. 

Moving solitons in the cubic DNLS equation have previously been studied by Ablowitz, 

Musslimani, and Biondini [112] (among others), using a numerical technique based on discrete 

Fourier transforms as well as perturbation expansions for small velocities. As we have done, 

these authors suggest that sliding (radiationless) solitons may not exist. They also observe, with 

the aid of numerical simulations, that strongly localised pulses are pinned quickly to the lattice, 

while broader ones are more mobile - results which are in agreement with ours. 

Duncan, Eilbeck, Feddersen and Wattis [I 13, 187] have studied the bifurcation of periodic 

travelling waves from constant solutions in the cubic DNLS equation, using numerical path

following techniques. They find that the paths terminate when the soliton's amplitude reaches a 

certain limit value, and in the light of our results it seems likely that this is the point at which 

the radiation becomes large enough to have an effect on the numerics. 

More general DNLS equations have been studied by Flach, Zolotaryuk and Kladko though 

their inverse method [I 19]. They find that sliding solitons cannot occur in a DNLS equation 

with local nonlinearity - a contradiction of the results of this chapter. However, they make the 

assumption that a real envelope modulates the carrier wave, whereas eq. (6.13) shows this to be 

untrue in general. 

Solitary waves which decay to constant values at the spatial infinities, despite the fact that 

the generic asymptotic behaviour in the underlying model is oscillatory, are commonly referred 

to as embedded solitons. An example is given by the sliding solitons reported in this chapter as 

well as the sliding kinks of chapter 3; both types of solitary waves propagate without exciting 

the resonant background oscillations. Embedded solitons have been studied for some time in 

continuous systems [55], but their history in lattice equations is younger. Recently, Malomed, 

Gonzalez-Perez-Sandi, Fujioka, Espinosa-Cer6n and Rodriguez have considered certain lattice 

equations with next-to-nearest-neighbour couplings and shown (by means of explicit solutions) 

that both stationary [210] and moving [211] embedded solitons exist. Stationary embedded 
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6.A Proof that singularities do not accumulate to the imaginary axis 143 

solitons in discrete waveguide arrays have also been analysed by Yagasaki, Champneys and 

Malomed [212]. 

Finally, after this work was substantially completed, we learnt that Melvin, Champneys, 

Kevrekidis, and Cuevas had obtained results very similar to ours. Using a combination of intu

itive arguments and numerical computations, they have found sliding solitons for certain values 

of the parameters of a saturable DNLS model [209]. 

Appendix 6.A Proof that singularities do not accumulate to the im

aginary axis 

Roots of the equation (6.40) with the top and bottom signs give singularities of U (p) and W (p), 

respectively. Our aim here is to show that the integration contours Yu and Ys in section 6.3.5 can 

be chosen to lie above all the complex singularities, i.e., that singularities of U (p) and W (p) do 

not accumulate to the imaginary axis. 

Roots of eq. (6.40) are zeros of the functions F(±p), where 

F(p) == coshp - 1 - itank(sinhp - p). (6.74) 

The imaginary zeros of F(p) are at p = -iqn, where qn are the real roots of eq. (6.30). We let 

N denote the number of these imaginary zeros; for k i= 0, N is finite. We recall that all qn are 

positive; hence all N imaginary zeros of F (p) are on the negative imaginary axis, and all N zeros 

of F ( - p) on the positive imaginary axis. 

Let 1( and q be the real and imaginary part of p: p = 1( + iq. We let D denote the rectangular 

region in the complex -p plane bounded by the vertical lines 1( = ±£ and horizontal lines q = £ 1 /2 

and q = Q, where £ is small and Q is large enough for the region to contain all N zeros of F( -p) 

on the positive imaginary axis. By the argument principle, the total number of (complex) zeros 

of the function F( -p) in the region D is given by (2n)-1 times the variation of its argument 

(i.e., its phase) along the boundary of D. In a similar way, one may count the number of zeros 

of the function F (p) in D. 

We have 

(±) 
sinh1(sinq=Ftank(sinh1(cosq-1() 

tan arg F p = ------=------'----,-------"--------'
cosh 1(COS q - 1 ± tank( cosh 1(sinq - q) 

Points on the vertical line 1( = £ satisfy 

d 
tanargF(±p) ~ -£-In 11 - cosq±tank(q - sinq)l. 

dq 
(6.75) 
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144 Moving solitons in the discrete nonlinear Schrodinger equation 

Consider, first, the case of the bottom sign in eq. (6.75). The expression between the bars in 

(6.75) crosses through zero N times as the line 1( = £ is traced out. Each time zero is crossed, the 

logarithmic derivative in (6.75) jumps from -00 to +00, and the argument of F( -p) increases 

by Jr as we move from one crossing to the next one. The net increase of the argument as the line 

1( = £ is traversed from its bottom to the top, is NJr. In the case of the top sign in (6.75), on the 

other hand, the expression in 1 ... 1 never crosses through zero and hence the total increment of 

the argument of F (p) is zero. 

As we move along the vertical line 1( = -£ from top to bottom, the argument of F( -p) 

increases by another N Jr while the argument of F (p) does not acquire any increment. Since 

there are no zero crossings on the horizontal segments, the net change of the argument of F ( - p) 

along the boundary of V is 2N Jr while the total increment of arg F (p) is zero. Therefore F ( - p) 

has only N zeros in the region V (and they all lie on the imaginary axis) while the function F(p) 

has no zeros in V. This implies that complex singularities of U (p) and W (p) cannot accumulate 

to the positive imaginary axis. 
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Chapter 7 

Cubic-quintic solitons in the 

square-well waveguide 

We now tum our attention away from discrete equations, but stay with the topic of optical 

waveguides. In this chapter, we consider a single waveguide made of a medium with cubic

quintic nonlinearity. Since spatial solitons can exist in a self-focussing medium in the absence 

of a waveguide, one might intuitively expect its presence to enhance the stability of solitons. 

Indeed, the numerical study of this problem [143] has revealed soliton bistability. Our aims in 

this chapter are to provide analytical results to bolster the numerical analysis of ref. [143] and to 

understand in more detail the behaviour of light in a single waveguide as a preliminary step to a 

more realistic waveguide-array model. 

7.1 Introduction 

We shall be studying the nonlinear Schrodinger equation with a cubic-quintic nonlinearity and 

an additional square-well potential, 

where 

{

-UQ 
U(x) = ' 

0, 

Ixl ::; d 

Ixl >d. 

(7.1) 

(7.2) 
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146 Cubic-quintic solitons in the square-well waveguide 

We shall restrict ourselves to the case Va > 0. For Va = 0, eq. (7.1) reduces to the cubic-quintic 

NLS equation, which describes spatial solitons in PTS (polydiacetylene para-toluene sulfonate) 

crystals, special glasses, and organic materials (see references in [143]). The cubic-quintic 

nonlinearity also describes photorefractive materials when the intensity is not too great, as it 

comes from a Taylor expansion of the saturable nonlinearity of the Vinetskii-Kukhtarev model 

(described in [69]). A review of theoretical studies of solitons in cubic-quintic media is given 

in ref. [213]. Since (7. 1) is (1 + I )-dimensional, it describes light constrained within a planar 

medium. On this plane, the variable t represents the spatial coordinate parallel to propagation of 

the beam, with the x axis perpendicular to it. Turning on the square potential well-i.e., setting 

Va to a nonzero value-corresponds to adding a step in the index of refraction for Ixl s d. The 

equation now describes the simplest kind of channel waveguide, which has two regions-the 

core and cladding-with two different indices of refraction. 

Gisin, Driben, and Malomed [143] have made several interesting observations in their nu

merical studies of the solitons of eq. (7.1). As mentioned, one of the objectives of the present 

investigation is to provide mathematical foundation for the conclusions of the numerical analy

sis of ref. [143]. In particular, we will give an explanation of the phenomenon of the coexistence 

of two stationary solitons for k > koo and prove that koo = i, in agreement with the numerical 

observations in [143]. Here k is the wavenumber of the carrier wave in the t direction. We will 

also provide an explanation for the soliton bistability detected through simulations in ref. [143], 

and reconcile this result with the Vakhitov-Kolokolov stability theory. 

7.2 Soliton solutions 

7.2.1 Stationary solutions 

Assuming that If/(x, t) = R(x)e ikt in (7.1), where R(x) and k are real, yields 

Integrating with the factor Rx gives 

R; + Vint(R) = Eint. 

R; + Vext(R) = Eext. 

(7.3) 

(7.4a) 

(7.4b) 
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7.2 Soliton solutions 147 

where the subscripts 'int' and 'ext' denote the regions Ixl ~ d and Ixl > d, respectively. Here, 

(7.5) 

and 

2 4 1 6 
Vext(R) = -kR +R - 3R . (7.6) 

We seek solutions to eq. (7.3) which decay to zero as Ixl ---t 00; hence, k has to be positive. 

Since Vext(O) = 0, eq. (7.4b) gives Eext = O. We shall restrict ourselves to even solutions of (7.3). 

Equation (7.3) must be solved for Ixl ~ d and for Ixl > d and the solutions and their deriva

tives matched at Ixl = d. Our strategy will be as follows. Assume the external and internal 

solutions have been matched at x = d: R(d - 0) = R(d + 0). Then their derivatives will be 

matched, R;(d - 0) = R;(d + 0), provided 

Eint - \!jndR(d)] = Eext - VexdR(d)]. 

Using eqs (7.5), (7.6) and the fact that Eext = 0, this becomes 

(7.7) 

(Here and below, E stands for Eint.) Thus it remains to choose E such that the internal solution 

satisfies eq. (7.7) and finally, match the external solution to the internal solution chosen in this 

way. 

Note that in view of (7.7), E may not be negative. 

7.2.2 The external region, Ixl > d 

It is convenient to interpret eqs (7.4) as the energy conservation laws for classical particles in 

the potentials \!jnt(R) and Vext(R). The three possible shapes of the potential Vext(R) are shown 

in fig. 7.1. According to eq. (7.4b), a particle with Eext = 0 can only move in a region where 

Vext(R) ~ 0; such a region should obviously include the asymptotic value R = O. Therefore, for 

o ~ k ~ ~, the only allowed region is R ~ Ro, where Ro is the smaller positive root of Vext(R): 

R6 = ~ ( 1 - J 1 - 4k / 3 ) . (7.8) 

As for the case k > ~, eq. (7.4) imposes no bounds on R(x). 
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148 Cubic-quintic solitons in the square-well waveguide 

V(R) V(R) V(R) 
(a) (b) (e) 

Figure 7.1: The form of Vext(R) for: (a) k < 0; (b) 0:::; k:::; ~; (c) k > ~, and of Vint(R) for: 

(a) k- Vo < 0; (b) 0:::; k- Vo:::; ~; (c) k- Vo > ~. 

We also note that if k > ~, the solution R(x) has to decay monotonically in the region x > d 

(and, naturally, in the mirror-reflected region x < -d). Indeed, if R(x) had a point of maximum 

at some x* > d, the corresponding R* = R(x*) would have to be a zero of the potential Vext(R). 

However, Vext(R) does not have zeros other than R = 0 for k > ~, and therefore the solution 

R(x) can have no local maxima. On the other hand, in the case 0:::; k:::; ~, the potential Vext(R) 

does have a zero in the region of allowed motion (at R = Ro); hence nonmonotonic solutions do 

exist for 0 :::; k :::; ~. Such solutions have a local maximum with R* = Ro but no additional local 

minima. 

The outer solution can be readily found in closed form. Separating variables in (7.4b) gives 

whence we have in the region x ~ d: 

2 2k 
Rext(x) = Vk 

1 + JI-4k/3cosh[2 k(x-xo)] 
(7.9a) 

2 4k 
Rext(x) = Vk 

2+exp[-2 klx-xol] 
(7.9b) 

2 2k 
Rext(x) = Vk 

1 + J4k/3 -1 sinh [2 k(x-xo)] 
(7.9c) 

The corresponding solution in the region x:::; -d is obtained by letting Rext(x) = Rext ( -x). 

Equation (7. 9a) has the form of the familiar soliton of the cubic-quintic NLS without an external 

potential [214, 215, 216, 217]. Equation (7. 9b) has the form of a kink; it is not unknown in the 

literature either [218, 219]. As for eq. (7.9c), it is singular for large enough Xo > 0 even if 

considered only in the region x ~ d. We shall, however, only need to use those values of Xo for 

which the denominator in (7.9c) is positive for all x ~ d. 
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7.2 Soliton solutions 149 

We match the inner and outer solutions by setting Rext(d) = Rint(d) and solving for Xa. For 

k::::: ~, invoking (7. 9b) and (7. 9c), this gives a unique value of Xa. On the other hand, when k < ~, 

there are two solutions for Xa since the right-hand side of (7.9a) is not a monotonic function. We 

must select the one for which the sign of R~xt(d) matches the sign of R:nt(d). 

7.2.3 The internal region, Ixl ~ d 

The three possible forms of Vint(R) are shown in fig. 7. 1. The maxima of Vint(R) are at R = ±Rm 

where R;n = 1 + )1 - (k - Va). At these points, 

2 3/2 Vm == ViOl (±Rm) = 2/3 - (k - Va) + 3" [I - (k - Va)] . (7.10) 

This value is negative for k - Va > ~. It follows that for k - Va > ~, Vint (R) is negative for all R 

except R = 0, where ViOl = 0 [see fig. 7.1 (c)]. 

Even solutions (to which we are confining ourselves in this work) satisfy RAO) = O. The 

corresponding values R(O) give the turning points of the classical particle in the potential Viol (R). 

Since E > 0, turning points cannot arise if k - Va > ~ [see fig. 7.1 (c)]. On the other hand, 

assuming k - Va ::; ~, there are two positive turning points if the energy is smaller than Vm , 

0::; E ::; v'n, and none if E > Vm. Denoting the turning points R2 = ..ji52 and R3 = /153, where 

P2 and P3 are the smaller and larger positive roots of the equation 

1 3 2 3"P -p +(k-Va)p+E=O, (7.11) 

0< P2 < P3, we have two allowed regions of motion of the 'internal' particle: 

(7.12) 

and 

2 
R ::::: P3. (7.13) 

7.2.4 Matching of the solution 

We now show that the motion in the region R2 ::::: P3 cannot be matched to the outer solution, 

and so we shall only need to consider the region R2 ::; P2. Consider, first, the case k > ~ and 

assume that R(O) = /153. As the particle moves away from the turning point R = /153, R(x) 

grows and so RAx) > 0 for all x, and in particular, RAd) > O. This is obviously inconsistent 
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150 Cubic-quintic solitons in the square-well waveguide 

with the requirement that the outer solution should be monotonically decaying to zero. On the 

other hand, if R(O) = -yfi53, we will have Rx(x) < 0 and R(x) < 0 for all x, and in particular for 

x = d. This is, again, incompatible with the monotonic decay in the outer region. 

Now let 0::; k::; ~. In this case, the value of R2 is bounded in the outer region: R2(x) ::; R6' 

In the inner region, on the other hand, we have, by assumption, R2 2: P3. Since P3 is obviously 

greater than the point of maximum of Vint(R), i.e. P3 2: R~, the inner solution satisfies R2(x) 2: 

R~ for all x. As one can readily verify, Rm is greater than Ro if 0 ::; k ::; ~ and U > 0, and 

therefore the inner solution with R2 2: P3 cannot be matched to the outer one. This leaves us 

with only the region R2 ::; P2 to be considered. 

When k > ~, the outer solution Rext(x) is unbounded and takes on all values between 0 and 

00. Therefore, whatever the value of the inner solution Rint(X) at x = d, the outer solution can 

always be matched to it by a suitable translation in x. 

Now let 0 ::; k ::; ~. Here, the outer solution attains all values between 0 and Ro and can 

therefore be matched, by a translation, to any inner value Rint(d) which is smaller than Ro. It is 

easy to see that Rint(d) is smaller than Ro for any E and so the matching can always be achieved. 

Indeed, Vext (p ) can be readily found if Vint (p) is known: 

Vext (p) = Vint(P) - Uop· (7.14) 

For P = P2, we have Vint(P2) = E and the above equation gives 

(7.15) 

Since R2(d) ::; P2, equation (7.7) yields E ::; UOP2 and we conclude that Vext (P2) ::; O. This 

inequality implies that P2 ::; R6, and so R(d) ::; Ro. Q.E.D. 

A useful corollary of the inequality R(d) ::; Ro (valid in the region 0 ::; k ::; ~), and eq. (7.7), 

is 

(7.16) 

Since UoR6 = Vint(Ro), which is obviously smaller than Vm [the maximum value of Vint(R)], the 

inequality (7.16) provides a lower upper bound on the energy E than the inequality E ::; Vm . 

In view of the simplicity of the matching-by-translation procedure, it is convenient to use 

the free parameter in the outer solution (xo) to match the functions, Rint(X) and Rext(x). Conse

quently, in order to match their derivatives, R;nt(x) and R~xt(x) [as per (7.7)], we will have to 

make use of the free parameter (E) associated with the inner solution. 
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7.2 Soliton solutions 151 

7.2.5 The inner solution and transcendental equation 

The solution of eq. (7.4a) can be expressed as an elliptic integral: 

(7.17) 

Here PI, P2 and P3 are the roots of eq. (7.1 1); P2 and P3 are the two positive roots defined above 

and PI is the negative root: PI < 0 < P < P2 < P3. The function F is the Legendre elliptic 

integral of the first kind, with modulus 

J1= 

Finally, the parameter 

P2(P3 - PI) 
P3(P2 - pI). 

(7.18) 

(7.19) 

has the meaning of inverse width of the inner solution, and a is an arbitrary real constant. 

Inverting the relationship (7.17), we obtain a family of explicit solutions 

R. ( ) _ V-PI sn(K"X+ a,J1) 
mt X - -r=======::;;:====== vi I - PI / P2 - sn2 

( K"X + a, J1 ) 
(7.20) 

Equation (7.20) defines an even function of x if we choose a = K(J1), where K(J1) is the com

plete elliptic integral. This gives 

(7.21) 

[We could also choose a = -K(J1); this would give eq. (7.21) with a minus in front of the 

right-hand side.] 

Substituting Rint (d) from (7.21) into (7.7) yields a transcendental equation 

P3cn2(Kd,J1) E 
P3/ P2 - 1 + cn2 (Kd, J1) Va' 

(7.22) 

where the parameters P2, P3, K and J1 in the left-hand side are functions of E, k and Va defined 

by eqs (7.11), (7.18) and (7.19). Solving eq. (7.22) numerically for the given k, Va and d gives 

the value E = E(k, Vo,d) for which the absolute values of the derivatives R;nt(x) and R~xt(x) are 

equal at Ixl = d. [This value may be nonunique, in which case-provided the signs of R;nt(d) 

and R~xt(d) also match-there are several solutions with the same k, Va and d.] 
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152 Cubic-quintic solitons in the square-well waveguide 

For a given E, eq. (7.17) yields two sequences of the corresponding values of d: 

d(±) = ±~F (arcsin 
n 1( 

P2 - PI E ) 2n - 1 
P2 E - VOPI ,Ji + -1(-K(Ji) , (7.23) 

where n = 1,2,3, .... The value d~ -) lies in the interval 

(7.24) 

and the value d~ +) satisfies 

(7.25) 

The solution R(x) with d = d~-) has 2(n-l) zeros (nodes) atx= ±xm, wherexm = 2m; I K(Ji) 

and m = 1,2, ... ,n-l. The solution with d = d~+) has 2n nodes, atx = ±xm with m = 1,2, ... ,no 

Finally, we need to ensure matching of the signs of the derivatives R:nt(d) and R~xt(d) in 

addition to the matching of their absolute values. Assume, first, that k 2: ~. Here, the outer 

solution decays to zero monotonically and so we require sgnR:nt(d) = - SgnRint(d). The cnoidal 

wave (7.20) changes sign at the points 1(x = (2n + 1 )K, n = 0, ± 1, ±2, ... , while its derivative 

changes sign at the points /(X = 2nK. Consequently, the sign of R:nt is opposite to the sign of 

Rint for /(X between 2nK and (2n + 1 )K, and the above requirement is satisfied by choosing 

2nK(Ji) :::; 1(d:::; (2n + 1 )K(Ji), n = 0, 1,2, .... (7.26) 

This range of d-values coincides with the one in (7.24); therefore, out of the two sequences d~ +) 

and d~ -) only the sequence d~ -) satisfies the requirement of the derivative sign matching. 

When 0:::; k < ~, the function Rext(x) is nonmonotonic. For a given Rext(d) and IR~xt(d)l, 

we can choose either the 'uphill' or 'downhill' slope of the graph of Rext(x) depending on the 

sign of R:nt(d). Therefore the derivatives can be matched regardless of sgnR:nt(d); accordingly, 

both sequences, d~ +) and d~ -), satisfy the sign-matching requirement in this case. 

7.2.6 Summary 

Given any value of Vo 2: 0, even soliton solutions of eq. (7.1) may exist for ° :::; E :::; VoR6, 

with Ro given by (7.8), when 0:::; k:::; ~, and for 0:::; E:::; Vm, with Vm as in (7.10), when 

~ < k :::; Vo +~. Solutions exist for any such values of E which satisfy eq. (7.22), where d is 

any positive value for k < ~ but must satisfy (7.26) for k 2: ~. For these values of E, the even 
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7.3 Multiplicity of solutions 153 

soliton is given by R(x) = Rint(X) for Ixi ~ d [see eq. (7.20)] and R(x) = Rext(x) for Ixl > d [see 

eqs (7.9)], with Xo selected to match the values of Rint(d) and Rext(d) and the signs of their 

derivatives. 

7.3 Multiplicity of solutions 

Without attempting to solve eq. (7.22) analytically, we can draw conclusions about the number 

of solutions through the analogy with a particle in the potential Vint (R). Without loss of gen

erality, we let R(O) > 0. For a given E, the particle starts its journey at R(O) = jj52 and must 

reach R(d) = ±JE/Uo [by (7.7)] after a 'time' of x = d has elapsed. We shall consider the 

behaviour of the function xf(E) = X(RE)' with RE = ±JE/Uo, which represents the 'time' the 

particle takes to move between these initial and final positions. Solutions of (7.22) occur for 

those values of E for which the horizontal line x = d intersects the curve x = xf(E). 

The function xf(E) arises by letting R = RE in eq. (7.17). The behaviour of this function 

depends on the choice of k and k - Uo. Before plotting xf(E) for different combinations of k 

and k - Uo, it is pertinent to consider the behaviour of the function xf(E) as E approaches its 

lower and upper bounds. 

Firstly, as E approaches its lower bound of zero, the value RE , the final position of the 

particle, tends to zero. For k - Uo > 0, the origin is a point of unstable equilibrium for the 

'internal' particle and hence the 'time' taken to reach this point tends to infinity: xf(E) -t (X) as 

E -t 0. For k - Uo ~ 0, on the other hand, the particle moves harmonically in the neighbourhood 

of the origin (which is a stable equilibrium in this case): 

R(x) = j E cos (JUo - kx). 
Uo-k 

Therefore, the 'time' taken to reach RE approaches a finite value: xf(E) -t V as E -t 0, where 

1 jUo-k V = V(Uo,k) = yI[JQ=7( arccos --. 
Uo-k Uo 

(7.27) 

Proceeding to the upper bound of E, we recall that it equals UoR6 for ° ~ k ~ i and Vm for 

k > i. Assume, first, ° ~ k ~ i. The inequality E ~ U R6 is saturated when R6 = P2 = R2 (d). 

When this is the case, and if we restrict ourselves to solutions R = Rint(X) which do not cross 

through R = 0, then the 'time' taken by the particle to reach the end point R(d) from the identical 

starting point, is obviously zero, hence xf(E) -t ° as E -t UoR6' 
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1.2 4 

1 
k<'J. 3 

0.8 -4 
Vo < k ~ ~ ;;: 0.6 k~ Vo ;;: 2 

0.4 

0.2 (a) (b) 

0 0 
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0 0.1 0.2 0.3 0.4 0.5 0.6 

E E 

3 
1.2 

1 
2.5 

~ < k ~ Vo k>'J. 
;;: 2 4 

;;: 0.8 k> Vo 

0.6 1.5 

0.4 (c) (d) 

0.2 0.5 
0 0.5 1.5 2 2.5 3 3.5 0 0.2 0.4 0.6 0.8 

E E 

Figure 7.2: The graph of xf(E) (described in the text). There is one solution for every in

tersection of this graph with the horizontal line xf = d. The four qualitatively different cases 

are shown. The parameter values used in these particular figures are: (a) k = 0.5, Va = 1; (b) 

k = 0.7, Va = 0.5; (c) k = 1.2, Va = 2 and (d) k = 1.2, Va = 1. 

Univ
ers

ity
 of

 C
ap

e T
ow

n



7.3 Multiplicity of solutions 155 

Let now k > ~. Here, when E approaches its maximum value of v'n, the initial position of 

the particle approaches an unstable equilibrium point and hence the time it takes to escape this 

point and reach the point RE tends to infinity: xf(E) ----> 00 as E ----> v,n. 
Since the function xf(E) is continuous, knowledge of its behaviour near the boundaries of 

its domain of definition is sufficient to make some general conclusions about the form of the 

graph x = xf(E) and the number of its intersections with the horizontal line x = d. Namely, 

(a) When ° ~ k ~ min(~,Uo), there is an odd number of node less solutions (but at least one) 

for any d in the interval ° ~ d ~ D, with D as in (7.27). 

(b) When Uo ~ ~ and Uo < k ~ ~, there is an odd number of node less solutions (one or more) 

for any d ~ 0. 

(c) When Uo > ~ and ~ < k ~ Uo, there is an odd number of solutions (and at least one) for 

d ~ D, where D is as in (7.27). 

(d) When max (~, Uo) < k ~ Uo + ~, there is an even number of solutions for any d ~ 0. There 

will be at least two solutions for sufficiently large d. 

Here, by nodeless we mean solutions that do not cross zero. Note that the statements (c) and (d) 

are not limited to nodeless solutions. 

One arrives at more precise and specific conclusions by plotting xf(E) in each of the four 

cases, (a)-(d). The number of extrema of the function xf(E)-and hence the conclusions of the 

graphical analysis-remain the same over all k and Uo in each of the four parameter regions. 

These can be summarised as follows. 

(a) When ° ~ k ~ min(~,Uo), there is one nodeless solution for any d E (0, D) and no such 

solution for d > D. 

(b) When Uo ~ ~ and Uo < k ~ ~, there is one nodeless solution for any d ~ 0. 

(c) When Uo > ~ and ~ < k ~ Uo, and for any n = 0, 1,2, ... , there is one solution with 

2n nodes if d ~ D, two solutions if d2n < d < D and no solutions if d < d2n . Here 

d2n = d2n (Uo,k) is the minimum value of xf(E) over all E. 

(d) When Va < k ~ Va +~, and for any n = 0, 1,2, ... , there are two solutions with 2n nodes 

if d > d2n and no solutions if d < d2n. 
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156 Cubic-quintic solitons in the square-well waveguide 

We are now in a position to demonstrate that the point of bifurcation at which the second 

stationary solution appears, is given by k = ~. As k is increased, continuously, through the value 

of ~, the maximum value of energy accessible to the 'inner particle' jumps from Ell1ax = UoR6 

to Ell1ax = Vm. The value UoR6 does not correspond to a stationary point of the potential "'int(R), 

while Vm is a value at a point of local maximum. Therefore, the 'time' taken by the particle 

with energy E = Ell1ax to escape from the point R = Vf52 and reach the point R = RE, jumps 

from zero for k = ~ to infinity for k > ~. When k is close to ~, no matter whether it is smaller 

or greater than ~, the minimum of the function xf(E) is close to zero. For k approaching ~ 

from below, this minimum occurs at E = UoR6' which is the endpoint of the allowed interval 

of E. For k approaching ~ from above, the minimum is still at E = UoR6 but this time, this is 

an internal point and so the minimum is local. Therefore, for any d > 0 the curve x = xf(E) 

has one intersection by a straight line x = d when k ---> ~ from below (or when k = ~) and two 

intersections when k = ~ + o. This means that for any d > 0, eq. (7.3) has one solution when 

k ---> ~, k :s: ~, and two solutions when k ---> ~, k >~. One of the two solutions arising for 

k = ~ + 0 is close to the solution arising for k = ~ - 0 and the same value of E (and hence, 

the same d). The other solution with k = ~ + 0 has a different value of E (despite having 

the same d); here, E belongs to the interval (UoR6, Vm ). Therefore, the 'arrival' value of Rint(x), 

RE = J E / Uo, is greater than Ro for this solution. If an inner solution with RE > Ro had occurred 

in the region k :s: ~, we would not have been able to match Rint(d) to Rext(d) because Rext(x) is 

bounded from above by Ro. In the region k > ~, however, the outer solution attains all values 

from 0 to 00 and hence can always be matched to Rint(X). 

For convenience, the solution with the smaller value of E, i.e. with O:S: E :s: UoR6' will 

be called the 'narrow' solution; this is the solution which continues to exist for k < 3/4. The 

solution with the larger value of E, which only exists for k > 3/4, will be called the 'broad' 

solution. These names are motivated by the fact that R(d) is greater in the case of the broad 

soliton, as per eq. (7.7). 

As k is increased beyond ~, the minimum value of the function xf(E) grows and, at some 

k = ksn, exceeds d (fig. 7.3). This is the point of a saddle-node bifurcation; the two branches of 

solution merge at this point and cease to exist for k > ksn . 
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Figure 7.3: The function xf(E) for different values of k. Here, Vo = 1. (a): k < ~ (in this plot 

k = 0.6); (b): k = ~ +0 (here k = 0.750001); (c): ~ < k < ksn (in this plot, k = 1.1); (d): k = ksn 

(ksn = 1.2743 for this Vo and d = 1); (e): k> ksn (here k = 1.4) 

7.4 Stability: The nodeless solutions 

Letting IJI = R(x)eik1 + 01Jl, we linearise eg. (7.1) in small 01Jl. Writing 01Jl = eik1[u(x,t) + 

iv(x,t)], with real u and V, this gives 

where the linear operators Lo and L1 are defined as 

and 

d2 
2 4 

Lo == - dx2 + k + V (x) - 2R + R , 

d2 
2 4 

L1 == --2 +k+V(x)-6R +5R . 
dx 

(7.28) 

(7.29) 

(7.30) 

Assuming a separable solution u(x,t) = eA1u(x), v(x,t) = eA1v(x), eg. (7.28) reduces to an eigen

value problem 

(7.31) 

Univ
ers

ity
 of

 C
ap

e T
ow

n



158 Cubic-quintic solitons in the square-well waveguide 

The soliton lfI = eikt R(x) is unstable if there is at least one eigenvalue A with a positive real part. 

7.4.1 General formalism 

We start with the case of the bell-shaped solitons, for which R(x) > 0 for all x E (-00,00). When 

k ~ i, there is one such soliton (irrespective of the values of Vo and d). When k > i, there are 

one or two coexisting nodeless solitons depending on Vo and d. In the region of coexistence, we 

will be denoting R6- l (x) as the soliton that is continuable to k ~ i. The other nodeless soliton 

in this region will be denoted R6 + l (x). 

The solution R(x) satisfies £oR(x) = 0; since R(x) does not have any zeros, this implies 

that the operator £0 does not have negative eigenvalues. The subsequent analysis depends on 

how many negative eigenvalues the operator £1 has. The simplest situation arises where £1 

has more than two negative eigenvalues, or no negative eigenvalues at all. We formulate the 

corresponding conclusions in the form of two short theorems. 

Theorem 1. If the minimum eigenvalue of £1 is positive, then the operator (7.31) does not have 

real eigenvalues other than zero, and the corresponding soliton solution is stable. 

The proof makes use of the invertibility of £1. Eliminating u(x) from (7.31), we get 

(7.32) 

The smallest eigenvalue of the generalised eigenvalue problem (7.32), with £0 symmetric and 

£11 positive, is given by the minimum of the Rayleigh quotient: 

A 2 _ . (Y,£oY) 
-"il - mm l' 

(Y'£I y) 
(7.33) 

where (y,z) == J~ooy(x)z(x)dx. Since £0 does not have negative eigenvalues, the Rayleigh quo

tient is obviously nonnegative. Therefore, all generalised eigenvalues (-A 2) satisfy ( - A 2) :::::: 0, 

i.e. all A are pure imaginary. 

Theorem 2. If £1 has three or more negative eigenvalues, the stability operator (7.31) has at 

least one pair of nonzero real eigenvalues, and the corresponding soliton solution is unstable. 

Eliminating v(x) from (7.3\), we get £O£IU = -A 2u. This equation has a bounded solution 

if the right-hand side is orthogonal to the zero mode of £0: (u,R) = O. In this case we can write 

(7.34) 
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To determine whether the radiation is emitted by the soliton or being fed into it from out

side sources, we consider a harmonic solution I/f = eiQX/e-ifU of the linearised eq. (6.21); the 

corresponding dispersion relation is 

.0 ( Q) = - 2 cos (k + Q) + (0 - Qv. 

The radiation background 'l' consists of harmonics with .0 = 0 and Q = Qn where Qn are roots 

of eq. (6.1 R). The group velocities of these harmonic waves are given by 

(6.60) 

The Qn's are zeros of the function .o( Q) and the group velocities are the slopes of this function 

at its zeros; thus the group velocities .0' (QJ), .0' (Q2),"" have alternating signs. The first one, 

which is the only one that concerns us in this work, must be negative. Indeed, the value 

.0(0) = -2cosk+ (0 = 2cosk(coshE - 1) 

is positive, and hence the slope of the function .o( Q) as it crosses the Q axis at QJ > 0 is 

negative. Therefore, the first radiation mode, extending to -00, carries energy away from the 

soliton. 

The even-numbered radiation modes (where present) in our asymptotic solution (6.59) have 

positive group velocities and hence describe the flux of energy fed into the system at the left 

infinity. A more interesting situation is obviously the one with no incoming radiation; the cor

responding solution is obtained by subtracting off the required multiple of the solution to the 

linearised equation, e.g. eiQ2X /e. One would then have a pulse leaving the odd modes in its wake 

and sending even modes ahead of it. 

If the first Stokes constant KJ (k) has a zero at some k = kJ while QJ is the only radiation 

mode available (as it happens in our saturable model with J1 greater than approximately 4), then 

according to eq. (6.59), the radiation from the soliton with the carrier-wave wavenumber kJ is 

suppressed completely. It is fitting to note here that this conclusion is based on calculating 'l' 

as a solution to a linearised equation (6.22); however, nonlinear corrections become negligible 

when the radiation disappears (i.e., when 'l' --t 0), so there is no loss of accuracy as a result. 
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6.4 Time evolution of a radiating soliton 

6.4.1 Amplitude-wavenumber dynamical system 

To find the radiation-induced evolution of the travelling soliton, we use conserved quantities 

of the advance/delay equation associated with eq. (6.2). In the reference frame moving at the 

soliton velocity v this equation reads 

. . 21cpl2cp 
lCPt + cp(x+ l,t) + cp(x-l,t) -lVcpx+ 1 + .ulcpl2 = o. (6.61) 

The discrete variable C/Jn(t) in eq. (6.2) is related to the value of the continuous variable cp(x,t) at 

the point x = n - vt: C/Jn(t) = cp(n - vt,t). For future use, we also mention the relation between 

cp(x,t) and the corresponding solution of eq. (6.21): 

cp(x,t) = IJI(X,t)eik(X+Vf)+iwt. (6.62) 

We first consider the norm: 

N = lb Icpl2dx. 

Multiplying eq. (6.61) by cp*, subtracting the complex conjugate and integrating yields the rate 

of change of the integral N: 

dN la lb+1 Ib i- = (cp+cp*-c.c.)dx+ (cp-cp*-c.c.)dx+ivlcpI2. 
dt a-I b a 

(6.63) 

In eq. (6.63), cp± == cp(x ± 1, t) and c.c. stands for the complex conjugate of the immediately 

preceding term. The integration limits a < 0 and b > 0 are assumed to be large (Ial,b» £-1) 

but finite; for example one can take a,b = 0(£-2). 

Consider the soliton moving with a positive velocity and leaving the radiation in its wake. 

This configuration is described by the solution IJIs of eq. (6.21); the corresponding solution of 

eq. (6.6\) has the asymptotic behaviour CPs --t 0 as x --t +00. Substituting the leading-order 

expression (6.23) for the soliton's radiation tail into eq. (6.62) yields the asymptotic behaviour 

at the other infinity: 

CPs(x,t) --t LAnP + 0 (£)]ei(k+Qn)X+i(W+kv)t as x --t -00. (6.64) 
n 

Since, as we have explained above, the QI radiation is dominant, it is sufficient to keep only the 

n = 1 term in (6.64). 
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showed that the lin term (and, in principle, all other terms in the expansion in powers of lin) 

are, in fact, known analytically. This convergence-acceleration technique could be useful to 

other researchers working in the field. 

Lastly, in chapter 7 we studied the continuous cubic-quintic nonlinear Schrodinger equation 

with a square-well potential. We found explicit expressions for two coexisting branches of sta

tionary even solutions, which represent spatial optical solitons in a single waveguide made of 

a photorefractive material. Therefore, our investigations in chapter 7 apply to a single element 

of the waveguide array studied in chapter 6. We calculated the stability of these solitons and 

confirmed that both branches are stable. This brought us to the primary purpose of the chapter, 

which was to reconcile the Vakhitov-Kolokolov stability criterion with the observation of bista

bility, which had previously been thought to contradict the theorem [143]. This conundrum had 

been the main motivation for the investigation; however we also suggested that the model could 

be extended to include an infinite number of neighbouring square-wells, and thus describe in 

more detail the waveguide array considered in chapter 6. We pointed out that possibly, the bista

bility observed in a single waveguide would extend to collective bistability in the array when 

weakly coupled. 

8.2 Summary of results and conclusions 

Below, we provide a brief summary of the overall conclusions and significant findings in this 

thesis. 

1. It was shown that the wobbling cp4 kink does not behave chaotically near resonance when 

the wobbling is small. 

2. We have proved that a resonance exists when the cp4 kink is directly driven near its nat

ural frequency, which sustains translational motion of the kink. The relevant amplitude 

equations are (2.31). 

3. It was proved that all exceptional discretisations are derivable from two-point maps. 

4. We have confirmed that there is no correlation between the exceptionality of a discrete 

model and the existence of sliding solitons in that model; however 

5. We have established that the amplitude of radiation from moving solitons is significantly 

reduced in exceptional models (refer to fig. 3.5). 
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168 Conclusion 

6. Sliding solitons were shown to exist both in discrete equations whose nonlinearities are 

non local and also in models with locally discretised nonlinearities. 

7. Three classes of exceptional q,4 models were identified, namely equations (4.19), (4.21) 

and (4.27) with (4.2) and (4.17), of which the previously known models are particular 

members. 

8. It was demonstrated that the exceptional model of Speight and Ward has one sliding veloc

ity, while that of Kevrekidis has three. The Bender-Tovbis model was shown to have no 

sliding velocities, despite being exceptional, as was the standard, nonexceptional, one-site 

discretisation. (See fig. 3.3.) 

9. The Frenkel-Kontorova model was shown to admit no sliding kinks near to the continuum 

limit (see fig. 5.1). 

10. We have demonstrated that the discrete nonlinear Schrodinger equation admits sliding 

solitons provided that the nonlinearity saturates at a low enough intensity (fig. 6.4). 

11. These sliding solitons were shown to be metastable. 

12. It was shown that sliding pulses in the DNLS equation are pinned to the lattice before they 

have decayed, and that the decay may be interrupted by a period of metastable motion at 

one or more sliding velocities. 

13. It was proved that radiation from moving solitons in the discrete equations studied is 

exponentially small, and therefore that the moving solitons will be indistinguishable from 

lossless travelling solitons sufficiently near to the continuum limit. 

14. We have shown that the expression for the radiation tails of the DNLS pulses is given by 

eq. (6.59), where Kl is graphed in fig. 6.4 as a function of velocity. 

15. We have proved that the stability of both branches of solitons in the cubic-quintic nonlin

ear Schrodinger equation with a square-well potential does not contradict the Vakhitov

Kolokolov stability theorem. 

16. We have found stationary, spatially-symmetric solitons of this equation; they are given 

explicitly by equations (7.9) and (7.21) subject to (7.22). 
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8.3 Open issues and speculations for future investigation 169 

8.3 Open issues and speculations for future investigation 

Our search for travelling waves in chapters 3, 5 and 6 was based on perturbation expansions 

about the continuum limit. This is one of the few avenues along which the problem can be 

approached analytically; for example, the anti-continuum limit, used to find intrinsic localised 

modes, does not work for moving pulses. An obvious aim, then, is to extend this work beyond 

the vicinity of the continuum limit. For instance, it would be interesting to continue sliding 

solitons numerically into the highly discrete regime, where radiation is significant and hence 

their importance would be greatest. 

One can reasonably expect our measurements of the leading-order radiation amplitudes to 

hold whenever the radiation is small, even if this is not particularly close to the continuum limit, 

since the calculation of Stokes constants via recurrence relations involves a very large number of 

terms in the perturbation expansion. Of course, the leading-order expression alone is inaccurate 

if one is far from the continuum limit. However, the effect of higher-order terms in the Stokes 

constant should generically be to shift its zeros rather than to destroy them (since they are single 

and not double roots), and hence would not affect our conclusions on the existence or otherwise 

of sliding kinks, but merely the accuracy of the calculation of their sliding velocities. Again it 

would be useful to find out, numerically, how far from the continuum limit our results remain 

valid, and how accurate or otherwise they are. Such a numerical investigation has been carried 

out for the continuum cp4 breather by Boyd [221]. 

We conclude with some rather more speculative suggestions for future investigations of 

travelling discrete solitons. 

The work of Melvin, Champneys, Kevrekidis and Cuevas [209] gives a tantalising glimpse 

of the structure underlying the dependence of the kink's sliding velocities on the other parame

ters. As mentioned in section 6.6.2, these authors show that there is a relationship between the 

parameter values which yield sliding solitons and those for which zero eigenvalues of the sta

tionary solitons occur. Although a zero of the first Stokes constant is a necessary condition for 

both sliding solitons and translation-invariant stationary solutions to exist, this observation does 

not provide an explanation for the connection between them, since the calculation of Stokes 

constants is totally different in the stationary and moving cases (see chapter 3). If a unified 

explanation can be found for sliding and translationally invariant kinks, it may well help in 

achieving the ultimate objective of finding an analytical expression which expresses the sliding 

velocities in terms of the other parameters. 
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In pursuit of this goal, another possible line of inquiry is a study of the moving solitons in 

the FPU equation, to try to find out why an analytical proof has been achieved for this lattice 

[76] but not for lattices with an on-site potential. In the continuum limit, there is an important 

difference between the two: The FPU model reduces to the KdV equation for which there is 

a fixed amplitude-velocity relationship, whereas for models such as the discrete cp4, there is no 

such constraint in the continuum limit. It could be enlightening to understand how this difference 

extends to the discrete case - in particular, to find out whether FPU solitons emit exponentially 

small radiation when not travelling at their prescribed velocities. From the point of view of the 

dispersion relations for discrete equations [see e.g. fig. 1.1 (b)], it would appear that FPU solitary 

waves are embedded solitons. If so, one would expect them to be semistable. However, if they 

are in fact stable, it could be illuminating to find out how this comes about. 

Keener has used an averaging method to detect exponentially small effects in the equation 

for wave speed as a function of lattice spacing in discrete reaction-diffusion equations [121, 

222]. One could try to apply the same method to energy-conserving models in order to obtain 

an approximate analytical expression relating the sliding velocities to the other parameters. 

Finally, the inverse method of Flach, Zolotaryuk and Kladko [I 19] could provide an invalu

able analytical tool in the quest to better understand sliding solitons. The fact that the exact 

solution is known could help one to investigate its properties with a view to understanding slid

ing solitons better. One could perform perturbation expansions from the known solution in a 

parameter regime far away from the continuum limit, for example. The insights gained could 

then potentially be applied to systems which are commonly used in physics. 

In summary, there is a great deal still to be understood about the stubborn problem of trav

elling solitons in lattices. The aim of this section has been to suggest some fruitful angles 

of attack. The principal objective of researchers in the field of lattice equations remains to 

find highly localised travelling structures [I I I] - discrete counterparts of the intrinsic localised 

modes described in section 1.5. Hopefully the sliding solitons discovered in this thesis, although 

only investigated near the continuum limit, will prove to be a useful contribution to this cause. 
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The smallest eigenvalue of the problem (7.34) is given by 

12 _ . (y,LIY) 
-'''0 - mm -I' 

(y,R) =0 (y, Lo y) 
(7.35) 

where the minimum is evaluated over the subspace defined by the constraint (y,R) = 0. Now 

let /1D < III < 112 < ... < ° be the negative eigenvalues of the operator L1, and let Yn (x) denote 

the associated eigenfunctions: LlYn = IlnYn. The eigenfunctions yo(x) and Y2 (x) are obviously 

even, while YI (x) is odd. A linear combination Y = COYo(x) + C2Y2(X), with coefficients chosen 

to satisfy (y,R) = 0, will make the Rayleigh quotient (7.35) negative. Therefore, -AJ < ° and 

eq. (7.31) has at least one pair of real eigenvalues, ±IAoI. 

Finally, assume that LI has one or two negative eigenvalues. This is the case where Va

khitov and Kolokolov's argument [144] is applicable; it shows that the smallest generalised 

eigenvalue -AJ of (7.34) is positive (and hence the solution is stable) if dQ/dk > 0, where 

Q = J~ooR2(x)dx. This conclusion does not depend on whether LI has one or two negative 

eigenvalues as the eigenfunction YI (x) associated with the second smallest eigenvalue III (/1D < 

III < 0), is odd. Consequently, it does not appear in the expansion of R(x) over eigenfunctions 

of LI which forms the basis of Vakhitov and Kolokolov's argument [144]. 

Thus, the stability diagnosis for the nodeless solitons hinges on the number of negative 

eigenvalues of the operator LI. 

7.4.2 Numerical results 

The eigenvalues of LI were calculated numerically by using the Fourier method [220] with 256 

modes to solve for A in (7.31). In fig. 7 A, the smallest and third smallest eigenvalues are plotted 

as functions of k for various values of U and d. For these values of U and d we see that LI'S 

first and third eigenvalues are negative and positive respectively for the narrow branch, while 

for the broad branch there are no negative eigenvalues. The same was observed for every other 

combination of values of U and d which was tried. As discussed in section 704.1, this means that 

for the broad branch, we can immediately infer stability, while for the narrow branch we need 

to invoke the Vakhitov-Kolokolov stability criterion [144]. That is, we need to check whether 

dQ/ dk > O. This calculation has been done numerically in [143], and will not be repeated here. 

It was found that for the branch of narrow solitons (those which continue to k < 3/4), dQ/ dk is 

positive, and hence the solitons are stable. 
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Figure 7.4: The smallest (solid) and third smallest (dashed) eigenvalues of £1. Top figure: 

U = 0.8, d = 1.0. Bottom figure: U = 1, d = 5. 
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7.5 Concluding remarks 

In this chapter, we have found explicit stationary even solutions [(7.9), (7.21)] of eq. (7.1) with 

the potential well (7.2). We have shown that two branches of nodeless solutions coexist when 

k 2: 3/4. We have also studied the stability of these bell-shaped solutions and shown numerically 

that both branches are stable. These results are in agreement with the results presented in [143], 

which were obtained by direct numerical simulations of the original PDE. 

On an intuitive level this bistability is not surprising, since we are studying spatial soli

tons which are self-localised even in the absence of a waveguide. Adding the potential well 

introduces an additionallocalising effect, so it is not surprising to find two families coexisting. 

In [143] it is pointed out that the fact that all the nodeless solitons are stable appears to con

tradict the Vakhitov-Kolokolov (VK) stability criterion [144]. We have shown that this is not the 

case, since the VK criterion is not applicable to the broad branch of solitons (those with higher 

E). In order to hold, the criterion assumes exactly one negative eigenvalue of the operator £1 of 

section 7.4 in the eigenfunction-expansion of the soliton profile R(x). This condition is always 

satisfied in a translation-invariant equation, since R' (x) is then the eigenfunction corresponding 

to eigenvalue O. However, when U I: 0, (7. I ) loses this property. Indeed, we have found that for 

all bell-shaped solitons, the branch of broad solitons has no negative eigenvalues whereas the 

narrow branch has exactly one negative eigenvalue (see fig. 7.4). The VK criterion is therefore 

applicable only in the latter case, where it correctly predicts stability. In the former case, on the 

other hand, we have shown that there is no call for the VK criterion at all: One can immediately 

infer stability from the fact that there are no negative eigenvalues. 

An open question is the stability of solitons which do cross the x axis. In the simplest 

case-that of solutions with two nodes-we now mention briefly some preliminary numerical 

findings. These solutions fall into two classes: One which is monotonic in the external region, 

and thus the minima and maxima occur within the region Ixl < d (and are therefore symmetric), 

and the other in which the turning points only occur at Ixl > d. The latter class can only occur if 

the external solution can be nonmonotonic, i.e. for k < 3/4, and appears to be always unstable. 

However, the solutions which are monotonic in the external region seem to be very often stable. 

Indeed, the broad branch appears to be always stable, while the narrow branch is stable for 

certain parameter values and unstable for others. 

Another avenue for further work would be to obtain the odd stationary solitons of (7.1) and 

classify their stability; the fact that even solutions with two nodes can be stable provides some 
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hope for the unusual occurrence of odd, stable solitons. 

In this chapter we have considered a single waveguide in isolation, in contrast to the wave

guide array studied in chapter 6. This has allowed us to investigate in detail how light behaves in 

a single waveguide. It would be interesting to know how these results-the presence of bistabil

ity, in particular-would translate to a waveguide array, where it can still be reasonably expected 

to occur if the waveguides are weakly coupled (so that their collective behaviour shares features 

of their behaviour in isolation). A starting point would be to investigate whether bistability can 

occur in the discrete NLS equation with cubic-quintic nonlinearity. Conclusions would proba

bly be similar to those for the saturable nonlinearity. In that case, we have found no evidence 

for bistability in chapter 6. However, it might only be manifest in the highly discrete limit. In 

any case, if no bistability is found in the discrete equation, one could investigate a more detailed 

model, such as (7. I) with a periodic sequence of square potential wells. Such a study would be 

a natural extension of this work. 
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Chapter 8 

Conclusion 

8.1 Summary and discussion 

To begin with, in chapter 2 we dealt with kinks in the continuous cj>4 equation. Our motiva

tion was to clarify previous results [127, 128, 129] obtained using a variational method which 

does not take account of radiation from the kink. We constructed a perturbation expansion for 

small-amplitude width-oscillations of the kink, and derived differential equations for the slowly

varying oscillation amplitude and kink velocity. This procedure was repeated with the addition 

of parametric and direct driving as well as damping. In each case, two different driving frequen

cies (which were already known to be the main resonances) were analysed. The predictions of 

these 'amplitude equations' were found to agree well with numerical simulations of the origi

nal partial differential equation. We confirmed that parametric driving at the natural wobbling 

frequency acts more strongly on the kink than at twice the natural frequency, and provided a 

qualitative explanation for this 'anomalous' resonance. We also showed for the first time that 

there is a resonance at the natural frequency in the case of direct driving. This resonance is un

usual in that it generates translational motion of the kink, and we have suggested that radiation 

plays a role in the transfer of energy to the kink in this resonance. We have also shown that, 

for small-amplitude oscillations, the kink's dynamics are not chaotic. These results were ob

tained using the method of multiple scales. We showed that it is necessary to introduce a special 

'envelope function' of the long scales when radiation functions (which are non-local and hence 

extend over many scales) are involved. (This function, 'B', was introduced in section 2.2-in 

eq. (2.13) on page 30-and its role at higher orders demonstrated in section 2.4.1 - in particular 
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see eqs (2.26) and (2.29), pp. 39 and 41.) This technique has not, to the author's knowledge, 

been described elsewhere. 

The next part of this thesis-chapters 3-6-was an investigation of travelling solitons in dis

crete lattices. In this regard we remind the reader of two new terms which have been introduced 

in this thesis. Firstly, an exceptional discrete equation is one which admits stationary solitons 

centred at a continuous family of positions relative to the lattice. Secondly, a sliding soliton is a 

radiationless travelling soliton (an example of an embedded soliton). Velocities at which sliding 

solitons exist are termed sliding velocities. 

In chapter 3 our intention was to apply the methods used for finding radiation in the con

tinuous model of chapter 2 to solitary waves in corresponding discrete systems. We considered 

a variety of exceptional cp4 models (which are free of the Peierls-Nabarro barrier [I 10]). As 

discussed in section 1.6, there were several grounds for hoping that the PN barrier would be the 

only obstacle to the existence of sliding kinks at arbitrary velocities. The hope that radiationless 

solitons may exist in exceptional models was the primary motivation behind chapter 3. The 

main conclusions were the following: 

• In general, exceptional cp4 models do not support moving kinks. This means, from a 

physical perspective, that the PN barrier is not solely responsible for soliton radiation, 

and from a mathematical perspective, that restoring translational symmetry is not enough 

to restore a velocity-boost symmetry. 

• However, the radiation amplitude is much smaller in exceptional models than in generic, 

non exceptional discretisations. 

• For certain values of velocity, sliding solitons do exist in some of the exceptional models, 

but not in all of them. 

• These radiationless solitons do not exist in the standard, nonexceptional cp4 model. 

Although our primary hope-that radiation would be absent for all velocities in the exceptional 

models-was not met, the discovery of sliding solitons at particular velocities was (to the au

thor's knowledge) the first time that moving radiationless solitons had been discovered in a 

nonintegrable discrete lattice with a given on-site potential (i.e. not of FPU type). New non

linear systems which support sliding solitons by construction had previously been produced, 

however, using the 'inverse method' of Flach, Zolotaryuk and Kladko [119]. 
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In chapter 4 we set aside the problem of travelling kinks and concentrated on trying to unify 

the known exceptional models studied in chapter 3 and understand their underlying structure. 

We showed that these disparate models [116, 131, 132], derived in totally different ways, could 

all be generated from a two-point map, and generalised them to three new classes of discrete 

models, all supporting stationary kinks with effective translational invariance by virtue of the 

two point map. Additionally we showed that all exceptional discretisations can be generated 

from a two point map, thus providing a unified explanation for the phenomenon of exceptional

ity. We also pointed out the numerical uses of exceptional discretisations, in simulating contin

uous equations and calculating stationary solutions. 

In chapter 5, we returned to the problem of sliding kinks and their relationship to exception

ality of the model. At this point in our investigations we had established the fact that exception

ality does not guarantee the existence of sliding solitons at isolated velocities (since only two 

of the three exceptional models studied were found to support them). This raised the converse 

question, of whether exceptionality is necessary for sliding solitons to exist. Also, we noted that 

all the models found to support sliding kinks had nonlocal discretisations of their nonlinearities 

- that is, nonlinear terms depending not only on Un but also on Un-I and Un+ I. This raised the 

possibility that a nonlocal nonlinearity might be another prerequisite for sliding kinks. Both 

these questions had, in fact, already been answered negatively by Flach, Zolotaryuk and Kladko 

[119], who showed that the models generated (via their inverse method) from explicit moving 

solitons have a nonvanishing PN barrier. Nonetheless, we aimed in chapter 5 to provide inde

pendent verification of their conclusions - i.e., to show that sliding solitons can exist in a system 

without effective translational invariance and whose nonlinearity is confined to a single lattice 

site. One such model of important physical significance is the Frenkel-Kontorova model, and 

indeed a previous numerical study had suggested that highly discrete moving kinks do exist in 

this model [109]. Unfortunately, our results showed that if these sliding kinks do exist, they do 

not continue to the continuum limit, and so could not be detected by our method. 

In chapter 6, we searched for travelling solitons in the saturable discrete nonlinear Schro

dinger equation. These were found to exist, provided that the saturation intensity of the medium 

is low enough. We also showed that the saturable DNLS equation is not an exceptional model. 

Thereby-and since the nonlinearity is a function of CPn only, and not CPn+ 1 or cpn-I-we had 

found the counterexample sought above. That is, we had confirmed that exceptionality and 

nonlocal nonlinearity-discretisations are neither sufficient nor necessary conditions for the ex-
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istence of sliding kinks. This finding showed that the mechanism for the emission of radiation 

from moving solitons is more intricate than just velocity oscillations caused by the PN potential. 

Though these results might appear negative, on the other hand it is very encouraging to 

have found sliding solitons in a physically meaningful model. It would be unfortunate if it were 

true that radiationless propagation is only possible in exceptional models, since such models 

are extremely rare and seldom physically justifiable. Indeed, of the three classes of exceptional 

discrete cp4 models generated in chapter 4, only one model even conserves energy. 

Also in chapter 6, we found explicitly the radiation amplitude of the original soliton (as 

opposed to the solution of the inner equations). We found that the radiation is exponentially 

small in the amplitude of the soliton and also-indirectly-depends exponentially on the speed 

of the soliton. Thus, for broad, small amplitude pulses, and for moderate-amplitude pulses 

moving slowly, the radiation may be so small as to be entirely undetectable for all practical 

purposes. We also verified that the radiation amplitude depends on the Stokes constant, a fact 

that was not rigorously proved in chapter 3 when considering discrete cp4 equations. There, we 

were concentrating on existence and nonexistence of the sliding kinks, and not on the amplitude 

of their radiation tails. Finally, we derived ordinary differential equations for the time-evolution 

of the soliton's amplitude and speed as a result of the energy lost to radiation. In perturbation 

problems where the radiation is algebraically-rather than exponentially-small, such as in 

chaper 2, the method of multiple scales produces the equations for the evolution of parameters 

on the slow scales. The method of asymptotics beyond all orders, on the other hand, does not, 

and so in chapter 6 we were forced to deduce the equations for the time evolution of parameters 

by using conserved quantities. By analysing the resulting dynamical system, we found that the 

sliding states are metastable. 

The discovery in chapter 6 of sliding solitons in the saturable DNLS model was at the time 

(to the author's knowledge) the first theoretical demonstration of radiationless soliton propaga

tion in a physically realisable discrete model with a Peierls-Nabarro barrier. 

In chapters 3, 5 and 6, the calculation of Stokes constants involved finding the limit of a 

sequence calculated recursively using the relations (3.47), (5. 19) and (6.54). In sections 3.3 

and 6.3.6, we explained that the convergence of these sequences to the Stokes constant is only 

o (1 In), and developed techniques to eliminate the lin terms and hence speed the convergence 

to 0 (1In2 ). This provided huge savings in calculation time. In section 3.3 we described an 

'empirical' way of determining the 1 In term, and hence removing it, and in section 6.3.6 we 
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