
 

 

 

 

 

 

 

 

 

The copyright of this thesis vests in the author. No 
quotation from it or information derived from it is to be 
published without full acknowledgement of the source. 
The thesis is to be used for private study or non-
commercial research purposes only. 

 

Published by the University of Cape Town (UCT) in terms 
of the non-exclusive license granted to UCT by the author. 
 

Univ
ers

ity
 of

 C
ap

e T
ow

n



University of Cape Town 
Department of Mathematics and Applied 

Mathernatics 

Quasi-pseudometric spaces and some 
of their completions 

Makitu Kivuvu Charly 

Thesis prepared under the supervision of 
Prof. H.-P. A. Kunzi 

in fulfilment of the requirements for the degree of 
Masters of Sciences in Mathematics 

Cape TOWIl, February 2007 

Univ
ers

ity
 of

 C
ap

e T
ow

n



Acknow ledgements 

I wish first to thank my supervisor Prof. H.-P. A. Kiinzi for his constant 
encouragements and motivation in the supervision of my thesis. 

I wish to thank the Categorical Topology Research Group for providing a 
stimulating and inspirative research environment during my study in the de
partment. 

I acknowledge financial support received from The German Academic Service 
( DAAD) and those provided by The Kational Research Foundation (NRF) 
both during 2005 and 2006. 

I express my gratitude to the Department of ]\Iathematics an Applied math
ematics for opportunities give to me during my studies. 

To my Family (La famille Makitu) and all my Friends thank you for support 
and encouragement. Univ

ers
ity

 of
 C

ap
e T

ow
n



Contents 

Acknowledgements 
Abstract ..... . 

1 Introduction and Basic concepts 
l.1 Introduction.. 
1.2 Basic concepts. . . . . . . . . . 

III 

1 
1 
5 

2 Bicompletion of quasi-pseudometric spaces or Salbany's com
pletion 6 
2.1 Definition of a Cauchy sequence in a quasi-pseudometric space 6 
2.2 Bicompletion of quasi-pseudometric spaces or Salbany's com-

pletion . . . . . . . . . . . . . . . . . . . . . . . . . 8 
2.3 Extension of quasi-uniformly continuous mappings. . . . .. 12 

3 Bicompletion of weightable quasi-pseudometric spaces and 
completion of partial metric spaces 17 
3.1 Some definitions in a partial metric space . . . . . . . . . . .. 17 
3.2 Bicompletion of weight able quasi-pseudometric spaces and com-

pletion of partial metric spaces. . . . . . . . . . . . . . 22 
3.3 Banach's fixed point theorem for a partial metric space 25 

4 Bicompletion of an asymmetric normed linear space 28 
4.1 Definitions in an asymmetric normed linear space . 29 
4.2 Bicompletion of an asymmetric normed linear space 31 
4.3 Extension of mappings . . . . . . . . . . . . 35 
4.4 The partial quasi-metric of a biBanach space . . . . 37 

5 Construction of the bicompletion of quasi-uniform spaces us-
ing quasi-pseudometrics 39 

11 

Univ
ers

ity
 of

 C
ap

e T
ow

n



5.1 Introduction to quasi-uniform spaces 
5.2 Bicompletion of quasi-uniform spaces 
5.3 Extension of mappings ....... . 

40 
41 
45 

6 The B-completion of quasi-pseudometric spaces 47 
6.1 Definition of a balanced Cauchy filter pair in a quasi-pseudometric 

space. . . . . . . . . . . . . 48 
6.2 The B-completion of (X, d) 54 
6.3 Extension of mappings . . . 64 
6.4 Connections with Doitchinov's work on 

balanced quasi-pseudometrics 
6.5 Conclusion........... 

Bibliography 

III 

72 

75 

76 

Univ
ers

ity
 of

 C
ap

e T
ow

n



Abstract 

In the first part we recall results from the theory of the bicompletion of 
quasi-pseudometric spaces and its applications in functional analysis and 
theoretical computer science. 
In the second part we introduce the notion of a balanced Cauchy filter pair 
and construct a double completion of To-quasi-pseudornetric spaces which 
contains the bicompletion of the original space. Our aim is to extend Doitchi
noy's completion theory for balanced quasi-pseudometric spaces to arbitrary 
To-quasi-pseudometric spaces. 
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Chapter 1 

Introduction and Basic 
concepts 

1.1 Introduction 

In the last decade interest in the study of quasi-pseudometric spaces and 
complete quasi-pseudometric spaces has increased considerably. In particu
lar the theory of quasi-pseudometric spaces has been applied successfully in 
theoretical computer science. 

If we omit the symmetry condition in the definition of a pseudometric, we 
obtain the notion of a quasi-pseudometric which is called an asymmetric 
distance function. 
Asymmetric distance functions had already been considered by Hausdorff in 
the beginning of the twentieth century when in his book on set-theory [13] 
he discussed what is now called the Hausdorff metric of a metric space. 
A.~T. Wilson [34] introduced the term quasi-metric and noted that conver
gences in quasi-metric spaces arise in three natural ways. However, several 
generalized distance functions were already used by E.W. Chittenden and 
V.W. Xiemytzki [29] in their study of the metrization problem. 
Complete spaces in general play a fundamental role in analysis, because 
they are at the origin of important theorems like: Theorem of a contrac
tion mapping or Banach fixed point theorem, the Baire category theorem 
etc ... The notion of completeness is based on a concept of Cauchy sequence 
which generalizes the concept of a convergent sequPllce. Completeness guar-

1 

Univ
ers

ity
 of

 C
ap

e T
ow

n



antees the existence of the limit of a Cauchy sequence. More precisely a 
quasi-pseudometric space is complete provided that every Cauchy sequence 
converges. 

There are various completion theories that have been developed for quasi
pseudometric spaces in the past century like: The Smyth completion and 
the Yoneda completion [22]. 
The work of Salbany in [31] introduced another notion of completion for 
quasi-pseudometric spaces that we call the bicompletion or Salbany's 
completion for quasi-pseudometric spaces. He showed that each To-quasi
pseudometric space has a To-bicompletion that is unique up to isometry. 
In [8] Di Concilio studied quasi-pseudometric spaces with their associated 
topologies and investigated completeness of quasi-pseudometric spaces in an 
approach similar to that of Salbany. 

In [22] H.-P. Kunzi and M.P. Schellekens presented the Yoneda completion 
of a quasi-pseudometric space. They showed that the largest class idempo
tent under the Yoneda completion consists of the Smyth-completable spaces. 
The Yoneda completion of a Smyth-completable quasi-pseudometric space 
coincides with its bicompletion. In particular, these authors proved that the 
Yoneda completion is idempotent on the class of totally bounded spaces. 

In [25] S.C. Matthews introduced the notion of a partial metric space and ob
tained among other results a nice relationship between partial metric spaces 
and the so-called weightable quasi-pseudometric spaces. Romaguera 
and his collaborators showed in [27] that the bicompletion of a weightable 
quasi-pseudometric space is a weightable quasi-pseudometric space. 
From that result they deduced that any partial metric space has a unique 
partial metric completion up to isometry. A similar result was obtained by 
S.O' ='Jeill [29]. 

Furthermore the study of asymmetric norms naturally leads to a theory 
of asymmetric functional analysis. It is well known that each asymmetric 
normed space is a quasi-pseudometric space. In [14] L.M. Carcia, S. Roma
guera and E.A. Sanchez-Perez studied the bicompletion of an asymmetric 
normed linear space. 

A very interesting completion of a quasi-pseudometric space was developed 
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by late Doitchinov in [11]. He replaced in his construction the d* -Cauchy 
sequences (xn) by so-called Cauchy pairs of sequences ((xn), (Yn)). 
For his study, he considered those To-quasi-pseudometrics that satisfied an 
additional condition which he called balancedness. For balanced lo-quasi
pseudometrics he obtained a very convincing completion theory. Later he 
formulated an analogous completion theory for a quiet quasi-uniform space 
which is based on the concept of Cauchy pairs of nets [10]. Unfortunately 
the condition of balancedness turns out to be rather restrictive. 

It is well known that a family of quasi-pseudometrics on a set generates a 
quasi-uniformity and each quasi-uniform space can be embedded into a prod
uct of quasi-pseudometric spaces. The study of bicompletion of quasi-uniform 
spaces can be done using the embedding approach and by bicompleting the 
quasi-pseudometric factor spaces. 

This thesis is devoted to an investigation of the theory of the bicompletion of 
quasi-pseudometric spaces and finally constructs a double completion which 
we call the B-completion of quasi-pseudometric spaces. The thesis is 
divided into two main parts with six chapters. 

Part A deals with the bicompletion and various applications 
for quasi-pseudometric spaces that are described in the literature. 

Chapter 1 is a general introduction that covers basic definitions and explains 
in detail the notion of a quasi-pseudometric space with its associated topolo
gies. 

Chapter 2 constructs the bicompletion or Salbany's completion for a To-quasi
pseudometric space. We show that each To-quasi-pseudometric space has a 
bicompletion which is unique up to isometry and investigate the extension of 
quasi-uniformly continuous mappings between quasi-pseudometric spaces. 

Chapter 3 presents the bicompletion of a weight able quasi-pseudometric 
space and the completion of partial metric spaces. We show that there is 
an algebraic equivalence between a partial metric and a weight able quasi
pseudometric and prove that the completion of a partial metric space can be 
obtained. from the bicompletion of its associated weighted quasi-pseudometric 
space. 
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Chapter 4 deals with the bicompletion of an asymmetric normed linear space. 
It is generally known that each asymmetric normed linear space is a quasi
pseudometric space. The bicompletion of an asymmetric normed linear space 
can be obtained from results in Chapter 2. We also introduce the notion of 
the partial quasi-metric space associated with the asymmetric normed linear 
space. We show that there are connections between partial quasi-metrics 
and qua.<;i-pseudometrics with compatible weight. In asymmetric functional 
analysis that seems to be a new idea that cannot be found in the literature. 

Chapter 5 presents the bicompletion of a quasi-uniform space. Since each 
quasi-uniform space can be embedded into a product of quasi-pseudometric 
spaces, the embedding approach can be used to construct the bicompletion 
of a quasi-uniform space. With this method, we show that each To-quasi
uniform space has a 1o-bicompletion and investigate the extension theorem 
of mappings between bicomplete quasi-uniform To-spaces. 

Part B deals with the B-completion for quasi-pseudometric spaces and 
contains some original results. 

Chapter 6 introduces a new notion of completeness for To-quasi-pseudometric 
spaces. We define so-called balanced Cauchy filter pairs (F, 9) on a quasi
pseudometric space and construct a double completion of To-quasi-pseudometric 
spaces that we call the B -completion of quasi-pseudometric spaces. The 
B-completion contains the bicompletion of the original space and our con
struction can be applied to any To-quasi-pseudometric space. In the case 
of balanced 1o-quasi-pseudometrics, the B-completion yields up to isometry 
the Doitchinov completion. 
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1.2 Basic concepts 

This section presents some of basic concepts and facts from the general the
ory of quasi-pseudometric spaces. 

Definition 1.2.1 Let X be a set and let d : X x X ---> [0,00) be a 
function mapping into the set [0,00) of non-negative reals. Then d is called 
a quasi-pseudometric on X if 

(dl) d(x,x)=OwheneverxEX; 

(d2) d(x,z)::; d(x,y) +d(y,z) wheneverx,y,z E X. 

We say that d is a To-quasi-pseudometric if d also satisfies the following 
condition: For each x, y EX, d(x, y) = 0 = d(y, x) implies that x = y. 

The pair (X, d) is called quasi-pseudometric space. The condition (d2) 
is called the triangle inequality . 

A quasi-pseudometric d is called pseudometric when it satisfies the sym
metry condition: For all x, y E X 

(d3) d(x,y) = d(y,x). 

Let d be a quasi-pseudometric on X, we define the conjugate d- 1 of d by : 
d-1(y, x) = d(x, y) whenever x, y E X and d* = max{d, d- 1 } is a pseudornet
ric on X. 
Every quasi-pseudornetric d induces a topology T(d), where the basic open 
neighborhoods of a point x E X are the sets Vd.€[x] = {y EX: d(x, y) < c} 
where c > O. 
Note that the topology T(d) is a Hausdorff Topology if we have for any 
sequence (:rn) E X, limn-->CXl d(x, Xn) = 0 and limn-->CXl d(y, Xn) = 0 then x = y 
(That is, it is impossible to have Xn --+ x and Xn --+ Y for x cJ y). 
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Chapter 2 

Bicompletion of 
quasi-pseudometric spaces or 
Salhany's completion 

In this chapter we shall investigate the bicompletion of lo-quasi-pseudometric 
spaces introduced by Salbany in [31]. We will first recall some of the defi
nitions of Cauchy sequences in quasi-pseudometric spaces and secondly, we 
shall construct the bicompletion of a To-quasi-pseudometric space (X, d) and 
show that each To-quasi-pseudometric space has a bicompletion . 
In the last section, we shall investigate the extension of quasi-uniformly con
tinuous mappings and prove that the bicompletion of quasi-pseudometric 
spaces is unique up to isometry. 

2.1 Definition of a Cauchy sequence in a quasi
pseudometric space 

Normally a concept of completeness is based on a notion of a Cauchy se
quence. There are several definitions of a Cauchy sequence in the litera
ture which can be used to define several kinds of completeness of quasi
pseudometric spaces. 

The one introduced hy Salbany will be used throughout this chapter to con
struct the bicompletion of a quasi-pseudometric space. 

6 

Univ
ers

ity
 of

 C
ap

e T
ow

n



In the study of metric spaces, the usual definition is the following: 

Definition 2.1.1 Let (X, d) be a metric space, a sequence (xn) is 
called Cauchy sequence if for every E > 0, there is an no E N such that if 
m ~ n ~ no then d(xn, xrn) < E. 

The following definition is according to Pervin and Sieber (see [31]). 

Definition 2.1.2 Let (X, d) be a quasi-pseudometric space. A se-
quence (xn) is called a Cauchy sequence if for every E > 0, there are n E E N 
and XE such that d(XE' :r:n) < c whenever n ~ nc· 

Kelly has given the following definition (see [1]). 

Definition 2.1.3 (fl}) If (X, d) is a quasi-pseudometric space, a se
quence (xn) is called: 
(i) Left-Cauchy if for each c > 0, there exists kEN such that d(xn, xrn) < E 

for all Tn ~ n ~ k. 
(ii) Right-Cauchy if for each E > 0 there exists kEN such that d(xn' xrn) < 
c for all n ~ Tn ~ k. 

In [11] Doitchinov has used the following definition: 

Definition 2.1.4 ((II}) We call a sequence (xn) in the 
quasi-pseudo metric space (X, d) a D-Cauchy sequence provided that there 
is a sequence (Yk) E X satisfying the property that for every E > 0 there exists 
an nE E N such that for all Tn, n ~ n E , we have that d(Yrnl Xn) < E. In this 
case we call (Yrn) a cosequence of (xn) and we write limm,n~'XJ d(Yrn, Xn) = O. 

The following definition is due to Salbany (see [31]). 

Definition 2.1.5 (fSI}) Let (X, d) be a quasi-pseudometric space. The 
sequence (xn) in X is a Cauchy sequence iflimn,rn~::xJ d(.rn' xm) = O. A quasi
pseudometric space (X, d) is bicomplete if every Cauchy sequence (xn) con
verges with respect to T(d) and with respect to T(d- 1

) to a point :ro. 
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:'\ote that (In) is a Cauchy sequence in (X, d) in this sense if and only if (Tn) 
is a Cauchy sequence in the pseudometric space (X, d*). 

2.2 Bicompletion of quasi-pseudometric spaces 
or Salhany's completion 

This section investigates the hicompletion of To-quasi-pseudometric spaces 
which is also called Salbany's completion. 
It will be constructed with a simple method that has been used by Salbany 
in [31]. 

The following proposition is immediate (see [31]). 

Proposition 2.2.1 A To-quasi-pseudometric space (X, d) is bicom-
plete if and only if the metric space (X, d*) is complete, where d* = d V d-- 1 ) 

thatisd*=max{d,d- 1
} . 

Definition 2.2.1 (IS1}) A bicompletion of a To- quasi-pseudometric 
space (X, d) is a bicomplete T'o-quasi-pseudometric space (Y, e) such that 
(X,d) is isometric to a T(e*)-dense subspace of (Y,e) . 

In the following, we are going to construct the bicompletion of a given 
To-quasi-pseudometric space. 

Proposition 2.2.2 (IS1}) Let (X, d) be a quasi-pseudometric space. 
Define an equivalence Telation rv on X by T rv y if and only if d( x, y) = 0 = 

d(y, T). Let X be the set of all equivalence classes i: with respect to rv where 

,r: EX. Then the junction d on X defined by d(i, fj) = d(T, y) is a To-quasi
pseudometric on X. 

Proof. It is clear that rv is reflexive and symmetric. vVe now show 
that rv is transitive. 
Let T rv y and y rv Z, so we have that d(:r:, y) = 0 = d(y, x) and d(y, z) = 
0= d(z, y). By using the triangle inequality as d(x, z) S d(T, y) + d(y, z) and 
d(z, x) S d(z, y) + d(y, x) we get that d(x, z) = 0 = d(z, x). That is x rv Z. 
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Then rv is transitive. The quotient set is denoted by X. 

~ ~ 

\Ve next show that d is well-defined on X. 
Suppose that J::, .r', y, y' EX, x rv :1" and y rv y'. By the triangle in
equality we see that d(x', y') :S d(:r',.r:) + d(.c, y) + d(y, y') thus, d(x', y') :S 
0+ d(.r, y) + O. Similarly, we get that d(.r:, y) :S d(x, T') + d(T', y') + d(y', y), 
that i~ d(x, y) :S 0 + d(:r', y') + 0, hence d(J:, y) = d(x', y') and we have shown 

that d is well-defined. 
vVe now show that d is To. 
If d(i, ,Q) = d(y, i) = 0, then d(x, y) = d(y, :1') = 0 which implies that i = y. 

The following part will discuss the main theorem dealing with the bicom
pletion of a quasi-pseudometric space. 

Theorem 2.2.1 ((31]) Each To-quasi-pseudometric space (X, d) has 

a bicompletion denoted by eX, d) whichts a To-quasi-pseudometric space. 

Proof. Let us denote by Y the set of all Cauchy sequences in the met
ric space (X, d*). For each pair ((xn), (y,,)) E Y x Y, define d'((xn), (Yn)) = 

limn~C'C d(xn, Yn). Then (Y, d') is a quasi-pseudometric space. 

Before showing that d' is a quasi-pseusdometric on Y, we need the following 
lemma. 

Lemma 2.2.1 Let (X, d) be a quasi-pseudometric space. Then for 
all a, b . .r:. y EX, we have that 

Id(x, y) - d(a, b)1 :S d*(J:, a) + d*(y, b). 

Proof. If T, y, a, bE X, by the triangle inequality, we get that 

d(x, y) - d(a, b) :S d(T, a) + d(b, y) 

and 
d(a, b) - d(x, y) :S d(a, T) + dey, b) 

that implies 
Id(:r, y) - d(a, b)1 :S d*(T, a) + d*(y, b). 
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Corollary 2.2.1 Let (X, d) be a quasi-pseudometric space and (:rn) , (Yn) 
sequences zn (X, d). If (xn) ----+ x and (.Yn) -------> Y with respect to T(d*), then 
limn~XJ d(xn. Yn) = d(.c, y). 

Proof. Let (.rn) and (Yn) be sequences in (X, cl*). It follows from Lemma 
2.2.1 that 

Id(xn, Yn) - d(x, y)1 s: d*(.rn, x) + d*(y. Yn) ----+ O. 

Hence 

Lemma 2.2.2 (IS1}) The space (Y. d') is a quasi-pseudometr'ic space. 

Proof. Let (In), (Yn) E Y where (.r,,) and (Yn) are two Cauchy se
quences in X. We observe that (d(.I:n, Yn)) is a Cauchy sequence of real Illnl1-

bers. For E > 0 there is nE EN, such that d*(xn .. rm) < ~ and d*(Yn' Ym) < ~ 
whenever n, m 2: nc. It follows from the above lemma that 

"" "" Id(.rn' Yn) - d(xm' Ym)1 s: d*(xn' .L'm) + d*(Yn' Ym) s: ~ + ~ = E 

whenever n, Tn 2: nco Hence we get that limn~Xl d(.rn- Ym) exists . .".Ioreover 
we have that: 
(a) d'((xn), (.rn)) = limn~oo d(xn' Xn) = O. 

(b) Let (xn), (Yn) and (zn) E Y, suppose that d'((x n ), (Yn)) = a and d'((Yn), (zn))) = 

b. For any E > 0, there are ml,m2 such that d(xn,Yn) < a + ~ whenever 
n 2: Tni and d(Yn, zn) < b + ~ whenever n 2: Tn2· 

It follows that d(xn, zn) s: d(xn, Yn) + d(Yn. z,,) < a + ~ + b + ~ = a + b + E 

whenever n 2: TnI, m2. Hence, we get that d'((l:n), (zn)) s: d'((xn), (Yn)) + 
d' ( (Yn). (zn)). and so d' is a quasi-pseudometric on Y. 

Now, let (.rn). (Yn) E Y, we define an equivalence relation on Y by : (xn) rv 

(Yn) if (d')*((.fn)' (Yn)) = O. We denot(' the quotient set by X and [(xn)] 
denotes an equivalence class. For each pair [(.rn)], [(Yn)] E X, let 
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that means 
d([(xn)], [(Yn)]) = lim d(.rn. Yn)· 

n-....'X) 

In the following step, we will show that X has a subspace which is iso
metric to X. 

Lemma 2.2.3 ((31}J The To-quasi-pseudometric space (X. d) can be 

isometrically embedded into (X, d). 

Proof. Let Xo be the subspace of X consisting of those equivalence 
classes which contain a Cauchy sequence (xn) for which Xn = x where :r: E X 
whenever n E N. Denote by [(2.:)] an element in Xo· If [(2.:)], [(1[)] E X o, define 

the map i : X ----> X byi(x) = [(2.:)]. Then (l(i(.r) , i(y)) = d([(;r)], [(1[)]) = 

d(.r, y). It is then clear that i is an isometry from X into X. 
Since (X, d) is 11 space, i is injective because x # .If implies that i(x) # i(y), 
that is we cannot find two different Cauchy sequences of this kind in the 
same equivalence class and i(X) = Xo can be identified with X. Then X 

can be regarded as a subspace of (X, d) . 

Lemma 2.2.4 (fSljJ Xo is a T((d)*)-dense subspace of the quasi

pseudometr'ic space (X, d) . 

Proof. Let [Crn)] E X where (xn) be a Cauchy sequence in (X, cl). For 
every s > 0 there exists N such that cl(xn, x m ) < s whenever n, Tn 2: N. 
Then i(xm) E Xo for fixed m; letting m ----> x, we get that i(xm) ----> [(xm)] 
in (X, d). Hence Xo is T((d)*)-dense in X. 

The following part will show that the quasi-pseudometric cl is bicomplete. 

Lemma 2.2.5 ((31}) The space (X, d) zs bicomplpte. 

Proof. Let (~n) be a Cauchy sequence in (X, cl). For each n, let us 

choose i(zr,} E Xo such that (d)*(~n' i(zn)) < ~. We first need to show that 
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(Zn) is a Cauchy sequence in (X,d). 
We have that: 

d(zn, zm) d(i(zn), i(zm)) 
~ ~ ~ 

< d(i(zn), ~n) + d(~n, ~m) + d(~m' i(zm)) 
1 1 ~ 

< - + - + d(~n,~m). 
n m 

~ 

So (zn) is a Cauchy sequence in (X, d). Hence [(z,,)] E X. It follows from 

the above lemma that (dt(i(z,,), [(z,,)]) --;. O. We have that 

which implies that (d)*(~", [(z,,)]) -----+ 0, hence (~,,) converges in (X, (el)*) 
and (X, el) is bicomplete. 

The space (X, d) is a 7o-quasi-pseudometric space by Proposition 2.2.2. Then 
the proof of the theorem is complete. 

The quasi- pseudometric space (X, d) constructed in such a manner is a 
bicompletion of the quasi-pseudometric space (X, el). 

2.3 Extension of quasi-uniformly continuous . 
mappIngs 

In this section we shall investigate the extension of quasi-uniformly continu
ous mappings as one of many applications of Salbany's completion. The ex
tension theorem will allow us to show the uniqueness of the To-bicompletion. 
We first define the quasi-uniformly continuous mapping. 

Definition 2.3.1 ((31J) Let (Xl, dd and (X2 . d2 ) be two quasi-
pseudometric spaces. The map f : (Xl, dd --;. (X2' d2) is called quasi
uniformly continuous if for any E > 0 there exists 6 > 0 such that for all 
x, y E X, dl(:r, y) < 6 implies that dAf(x), f(y)) < c. 
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Proposition 2.3.1 (!Si}) Let f : (X, dd ----+ (y, el2 ) be a quasz
uniformly continuous map from a To-quasi-pseuelomrtric space (X, eld into a 
bicomplete Io-quasi-pseudometric space (Y, d2 ). Then f has a unique quasi
uniformly continuous p.xtp.nsion map 1: (X, cL) ----+ (y, el'2)' 

Proof. Let [(In)] be an equivalence class in X where ern) is a Cauchy 
sequence in (X, d). Since f is quasi-uniformly continuous. the image of (xn) 
is a Cauchy sequence (J(xn)) in (Y, d2 ). Since Y is bicomplete and a To
space, we have that the unique limn->CXJ fCc n ) exists in (y, el;). 

~ 

We define the map f by: 

and for any x EX, we have that 

f(i(x)) = f(x). 

Hence f extends f. 
~ 

We first show that f is well-defined: 

Let [(xn)], [(Yn)] E X. If [(Xn)] = [(:Yn)], we have that di(.tn, Yn) ---t 0 and 
di(y,,, xn) ---t O. Since f is qU&':li-uniforlllly continuous, 
d2 (J(:cn), f(Yn)) ---t 0 and d2 (J(Yn), f(xn)) ---t O. Let us suppose that 
lirnn->Xl f(xn) = a and lirnn->CXJ f(Yn) = b in the space (y, d;). We have that 
limn->Xld;(a,f(xn)) = 0 and also, limn->Xld;(b,f(Yn)) = 0, hence 

and 

Hence 

Since d2 is a To-quasi-pseudometric, we get that 

a = b, 
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that means 
lim f(xn) = lim f(Yn). 

n---+cx) n-----+::::xJ 

Thus 
~ ~ 

f([(xn)]) = f([(Yn)]) 

and f is well-defined. 

We next show that f is quasi-uniformly continuous. 

Foreveryc > Othereisc5 > Osuchthatd1(x,y) < c5impliesthatd2 (J(.r),f(y)) < 
~ ~ 

c whenever X,Y E X. Let [Crn)], [(Yn)] E X. If d1([(xn)]. [(Yn)]) < c5 then 
there exists N such that for all n ~ N, d1(xn, Yn) < c5 and we have that 

d2(J(Tn). flYn)) < c~ So for all k ~!y, because of f([(xn)] = limk~XJ f(xd, 
we get d2 (J( [( Tn)]), f ([(Yn)]) L::; d2 (J ([ (Tn)]), f (Td) + 
d2(JCrd. f(yd) + d2(J(Yk), f([(Yn)])). 
Since k -> 00, we see 

and 

hence - -
d2 (J([(Tn)], f([(Yn)])) ::; c. 

~ 

So f is uniformly continuous. 

Finally, it will be shown that f is unique. 

Suppose that 9 is another quasi-uIliformly continuous extension of f and 
(xn) be a Cauchy sequence in X. We have that 9 : (X, di) --+ (Y, d;) 
is continuous, and dt([(Tn)], i(xn)) --+ 0 as n --+ 00. Thus we get that 
g([(xn)] = limn~= g(i(xn)) in (Y, d;). Since 9 is an extension of f. we obtain 
that 

for each n. And so 
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Hence 
g = f. 

"Ve next introduce the extension of an isometric mapping. 

Proposition 2.3.2 (!27}j Let (X, dd be a quasi-pseudometric space 
and (y, d2 ) be a bicomplete To-quasi-pseudometric space. 11 there is an isome

try 1 lrom a dense subspace X 0 01 (X, di) to y, then 1 has a unique isometric 
extension 1*: (Xdd ------> (Y,d2 ). 

Proof. Let (xr,) be a Cauchy sequence in Xo and x E X such that 
d~ (J;, .tn) ------> O. Then (J (xn)) is a Cauchy sequence in the bicompletion 
space (Y,d2 ) and converges to y* in (Y,d2). That is limn~ool(xn) = y*. 

Similarly as before we define the map 1* by 1* (x) = y* for all x EX. It 
follows from the above argument that 1* is well defined. 

Since each isometry is qUR.'li-uniformly continuous, we have that 1* is quasi
uniformly continuous. 

vVe show that 1* is an isometry. 
Let .r. y E X and (xn), (Yn) be sequences in Xo such that di(x, Xn) ------> 0 and 
di(y, Yn) ------> 0 as n ------> 00. From the above lemma and by using the fact 
that d2 is continuous with respect to T(d2) x T(d2), we get 

Since 1 is isometric, 

and we have that 

Hence 
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So 1* is an isometry. Obviously, 1* is unique by the preceding result. 

We next show that the bicompletion of a quasi-pseuclometric space (X, d) 
IS umque. 

Corollary 2.3.1 Each To-quasi-pseudometnc space (X, d) has a unique 
bicompletion up to isometry. 

Proof. We have to show that if (T, q) is a bicompletion of a To-quasi

pseudometric space (X, d), then there exists an isometry from eX, d) to (T, q) 
that leaves X pointwise fixed. 

Let il : X ---+~ X Ee the standard isometric embedding. Since X is dense 
in the space (X, (d)*) and by the above proposition, there is an isometric 

extension 11 : (T, q) ---+ ex, l) of i 1· 

Let i2 : X ---+ T be the standard isometric embedding. Let the map 12 
eX, d) ---+ (T, q) be an isometric extension of [2· The composite 

11 0 12 : (X, d) ---+ (X, d) 

and 
12 0 II: (T,q) ---+ (T,q) 

are such that for all x EX, 

and 
12(II(x)) = x. 

We have that II 012 is an isometr~ exten~on of the identity map ix : X ---+ 

X. But, the identity map is: : X ---+ X is also an isometric extension of 
the identity ix . By uniqueness of the considered extension mappings, we get 
that 

II 012 = i.y 

and similarly, 

12 0 II = iT' 

Hence II and 12 are bijective and so, the bicompletion of (X, d) is unique 
up to isometry. 

16 

Univ
ers

ity
 of

 C
ap

e T
ow

n



Chapter 3 

Bicompletion of weightable 
quasi-pseudometric spaces and 
completion of partial metric 
spaces 

The notion of partial metric spaces was introduced by S.C. ivIatthews in [25] 
as a part of his study of denotational semantics of dataflow networks. 
In this chapter we will first introduce partial metric spaces and discuss their 
algebraic equivalence with weight able quasi-pseudometric spaces. 
We will secondly construct the completion of a partial metric space and 
apply the bicompletion studied in the preceding chapter to show that the 
bicompletion of a weight able quasi-pseudometric space is a weightable quasi
pseudometric space. This result will be used to construct the completion of 
partial metric spaces. 
The notion of completeness of a partial metric space will be applied in the 
last section to investigate the appropriate Banach fixed point theorem. 

3.1 Some definitions in a partial metric space 

We introduce the definition of a weightable quasi-pseudometric space and 
that of a partial metric space. We establish an equivalence between these 
two notions (see [25]). 
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Definition 3.1.1 ([25, 27j) A quasi-pseudometric space (X, d) is called 
weightable if there is a weighting function w : X ---+ [0, CXJ) such that for 
all x, y E X, 

d(x, y) + w(x) = d(y, x) + w(y) (3.1 ) 

We denote by w(x) the weight of:r and, if dis weight able by the weighting 
function w, the triple (X, d, w) is called a weighted quasi-pseudometric 
space. 

vVe next define the concept of a partial metric space. 

Definition 3.1.2 [25, 27j) A partial metric or pmetric on a 
nonempty set X is a function p : X x X ---+ [0, CXJ) such that for all x, y, z E 

x: 
(P1) x = y if and only if p(x, :r) = p(x, y) = p(y, y); 
(P2) p(x, x) ::; p(x, y); 
(P3) p(x,y) =p(y,x); 
(P4) p(x, z) ::; p(x, y) + p(y, z) - p(y, y). 

A partial metric space is a pair (X, p) such that X is a nonempty set and 
p is a partial metric on X. 

Each partial metric on X generates a To topology T(p) on X which has 
as a base the family of open p-balls Bp(x, E) = {y EX: p(:r, y) < p(x, x) +E} 
for all x E X and 10 > 0 (see [25]). 
A sequence (xn) in (X,p) converges to a point x E X if limn~oop(x,xn) = 
p(x,x). 

We next recall the definition of a partial order and its associated quasi
pseudometric. 

Definition 3.1.3 ([25j) A partial order::; is a binary relation on a 
set X such that for all x, y, Z EX: 
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(P01).r:S .r; 
(POl) L :S y and y :S .r imply that :r: = y; 
(P02) x :S y and y :S z imply that .7: :S Z . 

Remark 3.1.1 ((25J) For each partial metric p on X, the associated 
partwl order :Sp of p is defined by : 
x :Spy if and only ifp(x,:r) =p(:r,y). 
For each To-quasi-pseudometnc d on X, the associated partial order of d is 
given by: x :Sd y if and only if d( x, y) = O. It is also called the specialization 
order. 

We next introduce an algebraic equivalence between the partial metric 
space and the weight able quasi-pseudometric space. 

Theorem 3.1.1 ((25, 27J) For each partial metric p on X, the func-
tion defined by dp : X x X ----4 [0, ex)) where for all x, y EX, 

dp(x, y) = p(:r, y) - p(x, x) 

is a weightable To-quasi-pseudometric with the weighting functwn w( x) 
p(x,x) such that 

and 

Proof. We first show that dp is a To-quasi-pseudometric. 

For all x, y, z E X, we have that: 
(d1) dp(x, x) = p(x, x) - p(x, x) = o. 

(d2) dp(x, z) p(x, z) - p(x, x) 

< p(:1:, y) + p(Y, z) - p(Y, Y) - p(x, :c) 

dp(x, y) + dp(Y, z). 

Since w (x) = p( x, x) is the weight of .r , we have that 

19 

Univ
ers

ity
 of

 C
ap

e T
ow

n



We show that dp is To. 

From (PI), we have that 

p(x, .11) - p(x, xl + p(.r, x) 

p(y,.r) - p(y, y) + p(y, .11) 

dp(Y, x) + w(y). 

dp(x, y) = p(x, y) - p(x, x) = 0 = p(y, x) - p(y, y) = dp(Y, x) 

implies that 
x = y. 

Hence (X, dp , w) is a weighted To-quasi-pseudometric space. 

It remains to show that T(dp) = T(p). 
Let x E X and E > 0, let y E Bdp(X, E). Then dp(x, .11) = p(x, y) - p(x, x) < E 
and hence, p(x, .11) < E + p(x, x). Consequently y E Bp(X, E) and T(dp) ~ 
T(p). 
Conversely if .11 E Bp(X, E), we have that p(x, y) < E+p(X, x). Thus dp(x, y) = 

p(x, y) - pCr, x) < E, y E Bdp(:r, y) and T(p) ~ T(dp) , hence 

T (p) = T ( dp ). 

Finally, for any x, y E X, p(x, x) = p(x, y) if and only if dp(x, y) = 0 thus 

'5: p='5:dp • 

Theorem 3.1.2 ((25)) For each weighted To-quasi-pseudometric space 
(X, d) with weighting function w, the function defined by: 
Pd : X X X ----+ [0,(0) where JOT all x, y EX, 

Pd(X, y) = d(x, y) + w(x) 

is a partial metric on X such that 
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and 

Proof. We first prove that Pd is a partial metric. 
Let x, y, z EX. 
(P1) If x = y, we get that: Pd(X, x) = Pd(X, y). 
Since d is a To-quasi-pseudometric, we get that 

Pd(X, y) = d(x, y) + w(x) = Pd(X, x) = d(y, x) + w(y) = Pd(y, y) 

implies that 
x = y. 

(P2) Since 0 ::; d(x, y), we have that w(x) ::; d(x. y) + w(x). By (d1), we get 
that Pd(X, x) ::; Pd(X, y). 

(P3) d(x, y) + w(:r) = d(y, x) + w(y) by (3.1), we conclude that Pd(X, y) = 

Pd(y, x). 
(P4) Since d(x, z) ::; d(x, y) +d(y, z), we have that d(x, z) +w(x) ::; (d(x, y)+ 
w(.£)) + (d(y, z) + w(y)) ~ w(y) and so, 

Pd(X, z) ::; Pd(X, y) + Pd(y, z) ~ Pd(y, y). 

Hence Pd is a partial metric. 

It remains to show that T(Pd) = T(d). 

Indeed, let x E X and E > O. Let y E BpJx, E), then Pd(X, y) = 

d(x,y) + w(x) < E and hence d(x,y) < E ~ w(x) and therefore y E Bd(X,E). 
Thus T(Pd) ~ T(d). 

Conversely if y E Bd(x, E), we have that d(x, y) < E, thus, Pd(X, y) ~ w(x) < E 
implies that Pd(X, y) ~ Pd(X, x) < E and y E BpJr, s). Hence T(d) ~ T(Pd). 
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3.2 Bicompletion of weightable quasi-pseudometric 
spaces and completion of partial metric 
spaces 

It will be shown in this section that the weighted To-quasi-pseudometric 
space (X, d, w) has a bicompletion which is a weighted To-quasi-pseudometric 
space. From this result, we will construct a completion of a partial metric 
space (see [27]). We will show that each partial metric space has a comple
tion which is unique up to isometry. 

vVe next introduce the definition of a Cauchy sequence in a partial metric 
space. 

Definition 3.2.1 ((33, 27j) A sequence (.rn) is called a Cauchy se
quence in (X,p) iflimn,m-->oop(xn, xm) eXlsts. 
A partial metric space (X,p) is complete if every Cauchy sequence (xn) con
verges to a point .r E X. 

Lemma 3.2.1 ((27j) A partial metric space (X,p) is complete if and 
only if (X, dp ) is bicomplete. A weightable To-quasi-pseudometric space (X, d) 
is bicomplete if and only if (X, Pd) is a complete partwl metric space. 

Proof. We refer to [27] for the proof. 

Theorem 3.2.1 ((27j) Let (X, d) be a weighted quasi-pseudometric 

space with weighting function w. Then the bicompletion (X, d) of (X, d) is 
weightable with weighting function ill given by: 

Proof. We show first that ill is well-defined on X. Let us suppose that 
(xn) is a Cauchy sequence in (X, d*). For every E > 0, there is N such that 
d*(xn' xm) < E whenever n, m 2: N. Since w is a weighting function for 
(X, d), it follows from Lemma 2.2.1 that: 
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1 W(Xn) - wCCm) I:SI d(.Tm, Xn) - d(xn' Xm) 1 
:S d*(xm' Xn) + rl*(Xn, :rm) 

whenever n, m 2: IV. T~en (w( xn)) is a Cauchy sequence in IR, so it converges. 

Let [(xn)n], [(Yn)n] E X. If [(xn)n] = [(Yn)n], we Imve that: d(xn' Yn) + 
w(xn) = d(Yn' Xn) + W(Yn) for all n E N. Since d*(:cn, Yn) ---+ 0, we get that 
limn~DO w(xn) = limn~DO w(Yn) and thus, 

So, iii is well defined. 
Since for each n E N, 

we get that 

lim d(xn, Yn) + lim w(xn) = lim d(Yn, £n) + lim w(Yn) 
n--+'X) n----+oo n-oo H--+:xJ 

and so 

Hence d is weight able quasi-pseudometric. 

In the light of the equivalence between partial metric spaces and weight able 
quasi-pseudometric spaces as shown in the first section, we have the following 
lemma: 

Lemma 3.2.2 (f2'lJ) (a) If (xn) is a Cauchy sequence in a partial 
metric space (X,p), then (xn) is a Cauchy sequence in the metric space 
(X, (dp )*). 
(b) If (X, d) is a weightable quasi-pseudometric space, then every Cauchy 
sequence in (X, d*) is a Cauchy sequence in the partial metric space (X,Pd)' 

Proof. We again refer the reader to [27] for the proof. 

We next define the completion of a partial metric space. 
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Definition 3.2.2 A partial metric space (Y, P2) is called a completion 
of the partial metric space (X, pd if (Y, P2) is a complete partial metric space 
such that (X, pd is isometric to a dense subspace of the par-tial metric space 

(Y, P2)' 

\Ve next define isometric maps between partial metric spaces. 

Definition 3.2.3 ((27}) Let (X, pd and (Y, P2) be two par-tial metric 
spaces. A map f : X --+ Y is called an isometry from X to Y provided 
that P2(f(X), f(y)) = PI (x, y) whenever- x, y EX. 

We note that f is an isometry from (X, PI) to (Y, P2) if and only if f is an 
isometry from (X, dpJ to (Y, dpz ) which is weight preserving, and we say that 
f is weight preserving if and only if w(f(x)) = w(x) whenever .f E X. 

We next introduce an extension theorem for partial metric spaces. To this 
end, we recall the following result that will be useful subsequently( compare 
Corollary 2.3.1). 

Proposition 3.2.1 (!27}) Let (X,pd be a partial metric space and 
let (Y, P2) be a complete partial metr-ic space. Let A be a T((dpJ*)-dense 
subspace of (X, pd. If f : A --+ Y is an isometry between partial metric 
spaces, then it has a unique such extension j* : X --+ Y. 

Proof. We observe that f is a weight preserving isometry from the To
quasi-pseudometric space (A, dpJ to the bicomplete To-quasi-pseudometric 
space (Y, dP2 )' Let a, bE A. We have that 

It follows from Proposition 2.3.2 that f has a unique isometric extension 
j* : (X,dpJ --+ (Y,dpJ, that is dP2 (f*(x),j*(y)) = dp1(x,y) whenever 
x, y EX. Furthermore j* is readily seen to be weight preserving. 

Indeed j* is an isometry from (X, pd to (Y, P2) , that is P2 (f* (:f), j* (y)) = 
Pl(X,y) whenever X,y E X. 
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Theorem 3.2.2 (f27J) Each partwl metric space (X. p) has a com-
pletwn which is unique up to isometry. 

Proof. Let (X, p) be a partial metric space. Consider the weightab~e 1j
quasi-pseudometric space (X, dp ). It follows from Theorem 3.2.1 that (X, dp ) 

is a weight able To-bicompletion of (X, dp ) with a weighting function wp given 
by 

It follows from Lemma 3.2.1 that the partial metric space (X, PJ ) is com-
p 

plete. Therefore (X,PJ) is a completion of (X,p) which will be denoted by 
p 

(X,j5). 
Uniqueness of (X, j5) follows from Proposition 2.3.2 in the usual way. 

3.3 Banach's fixed point theorem for a partial 
metric space 

In the following section we will investigate the contraction mapping theorem 
or Banach fixed point theorem for a given partial metric space. This impor
tant theorem gives us a sufficient condition for a unique fixed point to exist. 
The theorem will be applied in the case where (X, p) is complete and the 
map f from X into X is a contraction (see [25, 33]). 

\Ve first recall two definitions: The definition of a contraction mapping f 
and that of a fixed point which leads to the Banach fixed point theorem. 

Definition 3.3.1 (f25J) Let (X,p) be a partial metric space. The 
map f : X -----+ X is called a contraction if there is a constant 0 < c < 1 
such that, 

p(J(x), f(y)) ::; c· p(x, y) 

whenever X, Y EX. 

Definition 3.3.2 Let X be a set and f : X -----+ X a function. A 
point :To E X is called a fixed point of f if f(xo) = LO' 
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Theorem 3.3.1 (f25j) Let (X, p) be a complete partial metric space 
and f : X ------+ X a rontmction map. Then f has a unique fixed point a E X 
such that 

p(a, a) = w(o) = o. 

Proof. Suppose that x E X. Then for all n, kEN, we have that: 

p(Jn+k+I(J:), rer)) < p(r+k+I(x), r+k(x)) + p(r+k(x), r(x)) 
- p(Jn+k(x) , r+k(x)) 

< Cn+k. p(J(X), .r) + p(Jn+k(X), r(.r)). 

Thus, for n, kEN 

p(Jn+k+I(X), r(x)) < (cn+k + ... + en) . p(J(x). x) + p(r(x), r(x)) 
1 cHI 

< cn( -. ) . p(J(.r) , :r) + cn . p(x, .z:) 

Since for all n E N, 

1 - c 
1 

< cn . [((-) . p(J(.r) , .r)) + p(x, x)]. 
1 - c 

p(r(x), r(x)) :::: en . p(x, x). 

then (r(x)) is a Cauchy sequence. 
Since p is complete, there is a E X such that 

ern ( x )) ------+ a 

and 
p(a,o) = O. 

Thus, 
lim p(r(x), a) = O. 

n-->oo 

That p(J(o), a) = 0, we have from the fact that for all n E N, 

p(J(o),o) < p(J(a), r+k(x)) + p(r+k(x), a) - p(r+l(x), r+l(:r)) 

< e· p(a, r(x)) + p(r+k(x), a). 
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Hence, since p(f(a), f(a)) < p(a, a) 
f(a) = a . 

Finally we show that a is unique. 

0, it follows from (PI) that 

Suppose that bE X such that b = f(b). Then, 

p(a, b) = p(f(a), f(b)) :s; c· p(a, b). 

Thus, c < 1, p( eL, b) = 0, and so a = b. Hence the fixed point of f is 
umque. 
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Chapter 4 

Bicompletion of an asymmetric 
normed linear space 

In this chapter we shall investigate the bicompletion of an asymmetric norrned 
linear space. The bicompletion of an asymmetric narmed linear space 
(X, II . II) will be obtained from its associated quasi-pseudometric space 
(X, d llll ). We shall prove that each asymmetric normed linear space hac; 
a bicompletion. 

vVe will first introduce the notion of a linear space and show that each asym
metric normed linear space is a quasi-pseudometric space and then construct 
the bicompletion of a given asymmetric narmed linear space. 
vVe shall investigate an extension thearem for isometric mappings between 
asymmetries normed linear spaces and show that the bicompletion of an 
asymmetric normed linear space is unique up to isometric isomorphism. 

In the last section we shall introduce the partial quasi-metric space (X, PIIII) 
associated with the asymmetric narmed linear space and then we shall dis
cuss connections between partial quasi-metrics and quasi-pseudometrics with 
compatible weight. 
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4.1 Definitions in an asymmetric normed lin
ear space 

We first introduce the notion of an asymmetric normed linear space and prove 
that each one is a quasi-pseudometric space. 

In the following we shall only consider real linear spaces. 

Definition 4.1.1 (!14}) A vector space X is a set of objects called 
vectors with two binary operations such that: 
Cr, y) f------> X + Y from X x X into X is called the addition of vectors and 
(A, x) f------> AX from jR x X into X is called a the multiplication of vectors 
by scalars such that the following conditions are satisfied: 
For all x, y. z E X and a,O E jR+: 

(1) x+O=x; 
(2) X + (-:r) = 0; 
(S) x+y=y+J:; 
(4) x + (y + z) = (:r + y) + z; 
(5) a(.r + y) = ax + ay; 
(6) (a +:3)x = ax + /"11': 
(7) (aCO:r)) = (rl'iJ)x; 
(8) 1:r = x. 

The triple (X, +,.) is a vector space, that is a real linear space. 

vVe next define an asymmetric normed linear space. 

Definition 4.1.2 (f14}) Let (X, +, .) be a real linear space. An asym
metric norm (or a quasi-norm) on X is a nonnegatwe real-valued function 
II . lion X such that for all :r:, y, z E X and a E jR+ 

(A 1) II x 11=11 -:r 11= 0 if and only if x = 0; 

(A 2) II ax 11= a II x II; 
(AS) II J: + y 11::;11 .r II + II y II· 

The pair (X. II . II) is called an asymmetric normed linear space. 
We observe that the function II x 11-=11 -x II is also an asymmetric norm on 
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X and II x 11*= max{II·{ II, II -:r II} is a norm on X. 

We next introduce the notions of an open ball in an asymmetric normed 
linear space. 

Definition 4.1.3 ((14)) Let (X, II . II) be an asymmetric normed lin-

ear space. If:r E X and c > 0, the set B(x,c) = {y E X :11.r: - y 11< c} is 
the open ball with mdzus c and center at .r: for the topology induced by II . II. 
A sequence (:rn) in an asymmetric normed linear space (X, II . II) converges 
to a point x E X with respect to the topology induced by II . II 
iflimn~oo II Xn - x 11= o. 

vVe next show that an asymmetric normed linear space is a quasi-pseudometric 
space. 

Remark 4.1.1 ((14)) Let (X, II . II) be an asymmetric normed lin

ear space. The function defined by d ll .11 
(.r:, y) =11 y - T II is a To- quasi

pseudometric induced by the asymmftnc norm on X thatls called the asso
ciated quasi-pseudometnc of II . II· 

Proof. For any .r, y, z E X, we have that 

(dl) dll.ll(x,.r:) =11 x -.r 11= 0; 

(d2) dllll(x, z) =11 z - T 11=11 (z - y) + (y - x) II 

:S II z - y II + II y - x II 

= dll.ll(x,y) +dllll(y,z). 
To prove that dlill is lo-quasi-pseudometric. 

Let dllll(x,y) = 0 = dllll(y,x). It follows from definition of quasi-norm (AI) 
that II y - x 11= 0 =11 -(y - x) II implies that x - y = 0 , and so :{ = y. 

Hence (X, dllll ) is a quasi-pseuciometric space anel we note that the con
dition. 

We start constructing the bicompletion of an asymmetric linear space. 
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4.2 Bicompletion of an asymmetric normed 
linear space 

In this section we will construct the bicompletion of an asymmetric normed 
linear space. We shall use the result obtained in Chapter 2 according to 
which every To-quasi-pseudometric has an essentially unique bicompletion. 
The bicompletion of an asymmetric normed linear space will be obtained 
from this result as a corollary. 

A bicomplete asymmetric normed linear space is called biBanach space. It 
follows that the asymmetric normed linear space (X, II . II) is a biBanach 
space if and only if the space (X, dllll ) is bicomplete. 

We next define a Cauchy sequence in an asymmetric normed linear space 
in the expected way. 

Definition 4.2.1 ((14]) Let (X, II . II) be an asymmetric normed lin
ear space. The sequence (xn) E X is a Cauchy sequence if for any E > 0, 
there is no E N such that II Xn - Xm II < E whenever n, m 2: no· 

Definition 4.2.2 ((14]) An iSOTnetry from an asymmetric nOT7ned 

linear space (X, II· Ilx) to an asymmetric normed linear space (Y, II· Ill") zs 
a linear mapping f : X ------> Y such that II f(x) IIl"=11 x Ilx for all x E X. 

\Ve note that if f is an isometric isomorphism from the asymmetric 
normed linear space (X, II . Ilx) to the asymmetric linear space (Y, II . IIl")' 
then f is an isometric isomorphism from the normed linear space (X, II . II~) 
to the normed linear space (Y, II . II~·) and hence f is injective. 

Two asymmetric normed linear spaces (X, II . Ilx) and (y, II . lIy) are 
called isometrically isomorphic if there is an isometric isomorphism from 
X to Y. 

Definition 4.2.3 ((14,15]) Let (X, II. Ih') be an asymmetric nom~ed 
linear space. We say that a biBanach space (Y, II . lIy) is a completion 
of (X, II . Ilx) if (X, II . Ilx) is isometrically isomorphic to a subspace of 
(Y, II.IIY) that is dense in the Banach space (Y, II.II~·). 
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Let X be the set of all Cauchy sequences in (X, II . 11*) and let (x n), (Yn) E X 
sHch that Crn) rv (y,J if ~nd only if limn~CXJ II Xn ~ Yn 11*= O. Th~ rv is an 

equivalence relation on X and let us denote> the quotient set by X and the 
equivalence class of x by [x] where x := (.rn). 

For each [xl, [y] E X and 0: E JR, we define 

[:r] + [y] = [:r + :IJ] (4.1 ) 

and 
0: [x] = [o::r:] ( 4.2) 

Note that these operations are well defined: 

Let (xn), (.T~), (Yn) and (Y~J E X, we have that II Xn ~ x~ 11*---+ 0 and 
II Yn ~ y~ 11*---+ 0 imply that II (xn + Yn) ~ (X~, + y;J 11*::;11 (xn ~ x~) + (Yn ~ 
y~) 11*::;11 Xn ~ x~ 11* + II Yn ~ Y;, 11*---+ O. In the same way we show that if 
II .Tn ~ x~ 11* ---+ 0, II O:Xn ~ o:x~ 11*=1 0: III :En ~ .<, 11* ---+ 0 whenever cx E R 
Hence (4.1) and (4.2) are well-defined. 

Lemma 4.2.1 (!14}j Let (X, II . II) be an asymmetric normed linear 
space and let (xn), (Yn) E X where X is the set of all Cauchy sequences in 
(X, II . 11*) Then: 
(1) limn~:xJ II Xn II exists. 
(2) limrH'XJ II Xn 11= limn-->oo II Yn II for each Y E [x] where x := (:rn) and 
Y := (Yn). 
(3) (xn + Yn) and (0: . xn) are in X for 0: E JR. 

Proof. (1) Let (xn) be a Cauchy sequence in (X, II . 11*). For any c > 0, 
there is no E N such that II Xn ~ :rm II < c for all n, m 2: Tlo. Therefore 
III Xn II ~ II Xm III < c and, thus (II Xn II) is a Cauchy sequence in JR. Conse
quently, limn-->.:xJ II Xn II exists. 

(2) Let (In) and (Yn) be Cauchy sequences in X. We have that: 

limn~:xJ II ~:n II::; limn-->oo II Xn ~ Yn II + limn~= II Yn II· Since limn-->:xJ II Xn ~ 
Yn II = 0, we get that limn->oo II Xn II::; limn~= II Yn II. Analogously, we find 

that limn~= II Yn II::; limn->CXJ II Xn II· Hence limn->:xJ II Xn II = limn-->CXJ II Yn II· 
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(3) Let Crn), (Yn) be in X. For any c > 0, there are nt, n2 E N such that 
II In- Im II < ~ whenever 71" m 2: 71,[ and llYn - Ym II < ~ whenever 71" Tn 2: 71,2· 

We have that for all 71" m 2: max{ 71,[, nd, 

II (In + Yn) - (.Tm + Yrr,) II II Crn - .I'm) + (Yn - Ym) II 
< II Xn - X m II + II Yn - Ym II 

E c 
< -+-=c 

2 2 

Hence (xn + Yn) is a Cauchy sequence. In the same \vay, we can show that 

((~Lrn) E X. 

Lemma 4.2.2 (f14}) Let (X, II . II) be an asymmetric nom~ed linear 
space. Then (X, +,.) is a real linear space. 

Proof. Let [x], [y], [z] E X and a, fJ E lR, we have that 

(1) [x] + [0] = [x + 0] = [x]; 
(2) [x] + [-x] = [:r - x] = [0]; 
(3) [x] + [y] = [x + y] = [y + x] = [y] + [x]; 
(4) [x]+([y]+[z]) = [x]+([y+z]) = [:r+y+z] = ([x+y])+[z] = ([x]+[y])+[z]; 
(5) O'([x] + [y]) = [ax + O'Y] = O'[x] + O'[Y]; 
(6) (a +tJ)[x] = [O'x + {h] = O'[x] + fJ[x]; 
(7) (a3)[x] = [(O'fJ)x] = n:(f1[X]) = 0'(,6[:r]); 
(8) l.[:r] = [x]. 
Hence (X, +, .) is a real linear space. 

Proposition 4.2.1 ((14, is}) The sequence (In) is a Cauchy se-
quence in (X, II . 11*) if and only if (:rn) is a Cauchy sequence in (X, d~.II)· 

Proof. Let (xn ) be a Cauchy sequence in (X, II . 11*). We have that for 
any c > 0, there is no E N such that II Xn - Xm II::; c for all 71" m 2: no. It 
follows from Remark 4.l.1 that 

d~.11 (xn' xm) =11 Xm - Xn 11*::; c 

for all 71" m 2: no. Thus (xn) is a Cauchy sequence in (X, d~II)' The converse 
can be proved similarly. 

33 

Univ
ers

ity
 of

 C
ap

e T
ow

n



vVe next show that each asymmetric normed linear space has a bicomple
tiOll. 

Theorem 4.2.1 (!14}) Each asymmetr-ic nonned r-cal linear- space 

(X. II . II) has a bicompletion (X, 11.11) which is an asymmetnc nor-med linear
space. 

~ 

Proof. Let [:rl EX, we define the function 11.11 X ----+ [0,(0) by 
~ ~ ----- -----~ 

II[xlll = limn~CXJ II Xn II for all [xl EX. Then 11.11 is well defined. 

We prove in the next three lemmas that (X, 11.11) is a biBanach asymmetric 
normed linear space. 

~ ~~ 

Lemma 4.2.3 (!14}) (X, 11.11) is an asymmetr-ic nomLed linear- space. 

Proof. It is clear that the function (11.11) is a nonnegative real-valued 
function on X. 
Let x =: (xn ) be an element in X and a E lR such that 

~ ~ 

(AI) II[xlll = II[-:rlll = 0, then limn~CXJ II Xn 11= limn~:xJ II -Xn 11= 0, so 
limn~co(11 :rn 11*) = 0, hence [xl = [01 = o. 

--- ---......... ......... 

(A2) Ila.[xlll = II[a.xlll = limn~CXJ II (JOXn 11= alimn~N II·rn 11= all[:rlll· 

......... ---......... ......... 

(A3) II [xl + [ylll ~ lUx ~ yl[ = limn~CXJ II 1:n + Yn II:S; limn~CXJ II Xn 

+limn~CXJ II Yn 11= II[xlll + II[ylll· 

Thus 11.11 is an asymmetric r~r!!~on X and since the space (X, + .. ) is a 

linear space, we conclude that (X, 11.11) is an asymmetric normed linear space. 

Lemma 4.2.4 (f14}) (X, II . II) is isometr-ically isomor-phic to a sub-

space of (X, TI.TI) that is dense in the Banach space (X. (TI.TI)*). 

Proof. Let us denote by [xl the element in (X.II.II) which contains the 
constant sequence x, .r, ... , :f, ... for each x EX. 
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Define the map i : X -- X by i(x) 

Ili(.r)11 =11 :r II whenever x E X. 
vVe next show that i is linear. 

Let x, y E X and 0: , /3 E JR.. We have 

[x] for all .r E X. We have that 

i(cu + By) = [oo~y] = [a· x + (3. y] = oo· [x] + /3· [:0] = oo· i(x) +.3. i(y). 
Thus, the space (X, II . II) is isometrically isomorphic to the linear subspace 

i(X) of (X, 11.11). 

~ ~~ 

Lemma 4.2.5 ((14]) (X, 11.11) is a biBanach space. 

Proof. Let us consider the space (X, dllll ). It follows that (X, dllll) has 

a quasi-pseudometric bicompletion (X'~III).~I~~e denote by (X,dITIT) the 

quasi-pseudometric space associated with (X,II.II), we have to show that 

dlill = dITIT · 

We have that 
----- --.... ~ -----

dITIT([.r], [y]) = limn~(XJ ~II.II (xn' Yn) = II [yl- [x]11 = II [y - :r]11 = 
limn_Xl llYn - Xn 11= dllll([x], [y]). So, d lill = dITIT · 

Hence (X,II.II) is a biBanach space. Since (X, ~III) is a bicompletion of 

(X, d llll ), it follows that i( X) is dense in (X, (11.11)*). 

Hence the statement in the theorem is verified and (X, 11.11) is a bicompletion 
of the asymmetric normed linear space (X, II . II). 

4.3 Extension of mappings 

In the following section we shall state the expected extension theorem of 
mappings in asymmetric narmed linear spaces. 

Proposition 4.3.1 ([14]) Let (X, II . Ilx) be an asymmetric normed 
linear space and (Y, II . Ily) be a biBanach space. Suppose that there is an 
(linear) isometry f : A -- Y and that A is dense in the normed linear space 

(X, II . Ilx)· Then f has a unique isometric extension J from X to Y. 
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Proof. Let x E X and (xn) be a Cauchy sequence in A such that 
limn~oo II :rn - X 11*= O. Then f is an isometry and thus it is quasi-uniformly 
continuous. We have that the sequence (J(xn)) is a Cauchy sequence in the 
Banach space (Y, II . IIY)· Therefore it converges to a point x* E Y. Then we 

define the map f : X ---+ Y by J(x) = limn~oo f(xn) = X* for all x E X. 

It is easy to show that f is independent of the choice of (:rn). 

We will show that f is an isometric map on X. 
Let .r E X and (xn) be a Cauchy sequence in A such that limn~C)0 II Xn -x 11*= 
O. Then, since the quasi-norm II . Ily is continuous and by the fact that f is 
an isometry, we get that 

II f(x) lIy= lim II f(xn) lIy= lim II Xn Ilx=11 xlix. 
n-+CXJ n-+cXJ 

~ 

Hence, f is an isometry. 

~ 

We show that f is linear on X. 
Let x, y E X and n,.@ E JR.. Let (xn) and (Yn) be sequences in A that 
converge to x and y respectively in the normed linear space (X, II . II~). 
Then (axn~ + (3Yn) converges to ax + {3y ~with respect to 7iI11 x' so by def-

inition of f, f(a:rn + (3Yn) converges to !(ax + !!y) with respect to 1I1.II Y· 

Thus (af(xn) + (3f(Yn)) converges to (af(x) + .@f(y)) with respect to 7iI11Y· 

Therefore J( ax + (3y) = aJ( x) + (3 J(y). 
Hence f is linear on X. ~So by definition, f is an isometric isomorphism. 
It is easy to show that f is unique. 

We next show that the bicompletion of an asymmetric normed linear space 
is unique up to isometry. 

Lemma 4.3.1 ({14,15J) Each bicompletion of an asymmetric normed 

linear space (X, II . II) is isometrically isomorphic to (X, 11·11)· 

Proof. Let (Y, II . Ily) be a bicompletion of (X, II . II) with il : X ---+ Y 
as an isometric embedding. Since il (X) is dense in the Banach space (Y, II 
. lin, there~is an isometric extension gl : X ---+ Y of i 1 . Analogously, if 
i2 : X ---+ X is the is~netric embedding discussed above, it has an isometric 
extension g2 : Y ---+ X. 

36 

Univ
ers

ity
 of

 C
ap

e T
ow

n



If follows from Corollary 2.3.1 that gl and g2 are inverse to each other and 

so, (X, IT·IT) and (Y, II . I!) are isometrically isomorphic. 

4.4 The partial quasi-metric of a biBanach 
space 

In this section we shall introduce the partial quasi-metric space (X, PII.II) 

associated with the asymmetric normed linear space. We show that there 
are connections between partial qua.'3i-metrics and quasi-pseudometrics with 
compatible weight. 

In the following we consider the space (X, II . II) as a biBanach space. We 
shall first define a partial quasi-metric on a set X. 

Definition 4.4.1 (see (28j) A partial quasi-metric P on a set X zs a 
function p : X X X -----+ [0,(0) such that for all x, y, z EX: 
(1) .1: = y if and only if p(x, x) = p(x, y) and p(y, y) = p(y, x): 
(2) p(x, x) '5: p(x, y) and p(y, y) '5: p(:r:, y); 
(8) p(x,z)+p(y,y) '5:p(:r,y)+p(y,z). 

Of course a partial qua.'3i-metric satisfying the additional condition: p( x, y) = 

p(;r:, y) is a partial metric. 

Definition 4.4.2 Let (X, II . II) be a biBanach space. 
The partial quasi-metric associated with II . II is given by the formula: 

PIIII(x,y) =11 y - x II + II x II 
whenever x, y E X. 

vVe next define the concept of a quasi-pseudometric with compatible 
weight. 

Definition 4.4.3 (see (23j) A quasi-pseudometric space with compat
ible weight on a set X is a triple (X, d, w) such that d is a quasi-pseudometric 
on X and w : X -----+ [0,(0) is a function satisfying the condition: w(y) '5: 
d(x, y) + w(:r) whenever .T, y E X. 
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Remark 4.4.1 Let (X, II . II) be a biBanach space and dll .11 the as-
sociated quasi-pseudometric. Then p(:r:, y) = d ll .11 (x, y) + w(x) is indeed a 
partial quasi-metric, 
where w(x) = p(x, x) =11 x II whenever X, y E X and the weight w is compat
ible with d lill 
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Chapter 5 

Construction of the 
bicompletion of quasi-uniform 

• spaces uSIng 
quasi-pseudometrics 

In this chapter we shall discribe the bicompletion of a To-quasi-uniform space. 
We will construct the bicompletion of a To-quasi-uniform space by employ
ing the approach that uses the embedding of a quasi-uniform space into a 
product of quasi-pseudometric spaces. 

We will first introduce the notion of a quasi-uniform space (X, U) and sec
ondly construct the bicompletion of (X, U). 
It will be shown that each To-quasi-uniform space has a bicompletion which 
is a To-quasi-uniform space. 
The last section will deal with the extension of mappings between bicom
plete quasi-uniform spaces and will show that the bicompletion of a To-quasi
uniform space is unique up to quasi-unimorphism. 

39 

Univ
ers

ity
 of

 C
ap

e T
ow

n



5.1 Introduction to quasi-uniform spaces 

In this section we introduce the concept of quasi-uniform spaces and discuss 
a connection with quasi-pseudornetric spaces. 

Definition 5.1.1 ((12j) A quasi-uniformity U on a set X is a filter 
on X x X such that: 

(1) Each member U of U contains the diagonal 6 = {Cr, 1:) : x EX} of X; 
(2) For each U E U there is V E U such that V 2 <:;;; U where V 2 = V 0 V = 

{(x,z) E X x X: there is y E X such that (x,y) E V,(y,z) E V}. 

The members U of U are called entourages of U and the elements of X 
are called points. 
The pair (X, U) is called a quasi-uniform space. 

If U is a quasi-uniformity on a set X, then the filter U- 1 = {U- 1 
: U E U} 

on X x X is also a quasi-uniformity on X. The quasi-uniformity U- 1 is called 
the conjugate of U. A quasi-uniformity that is equal to its conjugate is 
called a uniformity. 

If U1 and U2 are two quasi-uniformities on a set X, then we say that U1 

is coarser than U2 (or U2 is finer than Ud provided that U 1 <:;;; U2 . 

We denote by U* the coarsest uniformity finer than U and its conjugate U- 1
, 

(i.e. U* = U V U- 1 ). 

Below, we shall define the concept of a quasi-uniformity induced by a quasi
pseudometric. 

Definition 5.1.2 ((12]) Let d be a quasi-pseudometric on a set X. 
ForeachE > 0, setUc = {(x,y) E XxX: d(x,y) < c}. The quasi-uniformity 
on X x X generated by the base {Uc : E > O} is called the quasi-pseudometric 
quasi-uniformity Ud induced by d on X. 

Definition 5.1.3 ((12]) Each quasi-uniformity U on a set X induces 
a topology T(U) as follows: 
T(U) = {A <:;;; X : For eachx E A there isU E U such thatU(x) <:;;; A} where 
U(x) = {y EX: (x,y) E U}. 
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The neighborhood jilter of x E X with respect to the topology T(U)zs gwen 
by U(x) = {U(:r) : U E U}. 

Let (X, U) be a quasi-uniform space. Then T(U) is a To-topology if and 
only if rIU is a partial order, and T(U) is a Tl-topology if and only if nU is 
equal to the diagonal of X. 

Proof. The proofs are obviolls. 

We next define the quasi-uniformly continuous mappings between two 
quasi-uniform spaces. 

Definition 5.1.4 ( (12, 81}) A map f : (X, U) ------+ (Y, V) between 
two quasi-uniform spaces (X,U) and (Y, V) is called quasi-uniformly con
tinuous provided that for each V E V there is U E U such that (J x 1) (U) s;;: 
V. Here f x f is the product map from X x X into Y x Y dejined by 
(J x 1)(Xl' X2) = (J(xd, f(X2)) whenever Xl, X2 EX. 

We observe that if f : X ------+ Y and 9 : Y ------+ Z are quasi-uniformly contin
uous maps, then the composite go f of f and g is quasi-uniformly continuous. 
A bijection f : X ------+ Y is a quasi-uniform isomorphism if f and f- l are 
quasi-uniformly continuous. It is also called a quasi-unimorphism map. 

Proposition 5.1.1 (f12}) Let f : (X, U) ------+ (Y, V) be a quasi-uniformly 
continuous map. Let F be a U*-Cauchy jilter base. Then f(F) := {J(F) : 
F E F} is a V* -Cauchy jilter base. 

Proof. It is obvious that f(F) is a filter base. Let V E V, there is an 
entourage U E U such that (J(x), f(y)) E V whenever (x, y) E U. Since 
F is a U* -Cauchy filter base, there is F E F such that F x F s;;: U. Then 
f(F) x f(F) s;;: V and f(F) is a V*-Cauchy filter base. 

5.2 Bicompletion of quasi-uniform spaces 

In the following section we will construct the bicompletion for a given To
quasi-uniform space. There are at least two ways in which we can do this 
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construction. 
The first approach is embedding a quasi-uniform space into a product of a 
quasi-pseudometric spaces and using the idea of the bicompletion of quasi
pseudometric spaces. 
The second approach consists of using the U* -Cauchy filters on X. This ap
proach has been used by P. Fletcher and W.F. Lindgren in [12]. 
For the present discussion, we will use the first approach to construct the 
bicompletion of a To-quasi-uniform space (X, U). 

The next theorem shows that every quasi-uniformity on a set X can be 
generated by a family of quasi-pseudometrics. 

Theorem 5.2.1 (f12j) Let {Un: n = 0, l...} be a sequence of a binary 
relations on a set X such that Un+1 0 Un+ l 0 Un+1 <;:;; Un and for each n, Un 
contains the diagonal. Then there is a quasi-pseudo metric d on X such that 
Un+1 <;:;; {(x,y): d(x,y) < 2-n} <;:;; Un for each non-negative integern. 

Proof. The proof of this theorem can be found in the book of J.L.Kelly. 

Let U be a quasi-uniformity on X and V be the family of all quasi
pseudometrics d on X such that Ud <;:;; U. We call V the family of quasi
pseudometrics associated with U and write Vu. For d E V and r > 0, 
let Ud,r = {(x,y): d(x,y) < r}. The family of all sets of the form Ud,r is a 
subbase for a quasi-uniformity on X. By Theorem 5.2.1 we conclude that for 
any quasi-uniform space (X, U), the associated family of quasi-pseudometrics 
V satisfies U = V {Ud : d E V}. 

Definition 5.2.1 Let {(Xi,Ui) : i E I} be a family of quasi-uniform 

spaces and let X = ITiE! Xi' The product quasi-uniformity ITiEIUi is the 
coarsest quasi-uniformity on X for which all the projections Pi : X ----+ Xi 
are quasi-uniformly continuous. 

Proposition 5.2.1 A map f : (X, U) ----+ (ITiEI Ii, ITiEI Vi) zs quasi
uniformly continuous if and only if for each i E I, Pi 0 f : (X,U) ----+ (Ii, Vi) 
is quasi-uniformly continuous. 
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Proof. Let us suppose that f is quasi-uniformly continuous. It follows 
from the above definition that each Pi is quasi-uniformly continuous and so, 
the composite Pi 0 f is quasi-uniformly continuous. 
Conversely, suppose that each Pi 0 f is quasi-uniformly continuous. Let 
K E IT'El Vi· Then niEF[(Pi x Pi)-l](I(i) ~ K where Ki E Vi and F is 
a finite subset of 1. 
Hence n,EF[((Pi 0 J) x (P, 0 J))-l(Ki)] ~ (J x J)-l(K). Since Pi 0 f are all 
quasi-uniformly continuous, {((Pi 0 J) X (Pi 0 f))-l(Ki) : i E I} is a set of 
entourages of U. Thus f is quasi-uniformly continuous. 

Proposition 5.2.2 Each To-quasi-uniform space (X,U) can be em-
bedded into a product of To-quasi-pseudometric spaces. 

Proof. We suppose that Vu = {d i : i E I} in order to simplify the 
notation. For each i E I, let (Xi, ei) be the canonical To-quotient space of 
(X, di ). Let us denoted by (Yi, Pi) the bicompletion of (Xi, ei)· 
We shall define f : (X,U) ------* (ITiEl Xi, ITiElUe ,) as a quasi-uniform embed
ding map from (X, U) into the product (ITiEl X" IT'E! UeJ 
Indeed for each i E I, let Xi be the family of all sets A~ = {y EX: d; (x, y) = 
O} where:r E X. Then ei(A~,A~) = di(x,y) whenever l:,y E X. We define 
the map f : X ------* ITiEl Xi by (J (X))i = A~. 
We first show that f is one-to-one. 
Let x, y E Y, and suppose that x ::f y. Then there existsi E I such that 
di(x, y) ::f 0, that means (J(X))i = A~ ::f (J(y)), = A~, thus f is injective. 
Let us show that f is quasi-uniformly continuous. 
For each i E I, let Pi : (ITiEl Xi, ITiEl UeJ ------* (Xi, UeJ be the projection. 
It follows from the above theorem and the uniform continuity of To-quotient 
maps Pi 0 f that the map f is quasi-uniformly continuous. 

Let us consider the obvious map f- 1 : f(X) ----+ X defined on the image of 
f(X). For convenience, we call that map the inverse f- 1 of f. It remains to 
show that f- 1 is quasi-uniformly continuous. 

Let U E U. Then U = ViElUdi. We can assume that there is j E I 
such that U E UdJ. Therefore, there is E > 0 such that Udj ,c ~ U. Then 
[(Pj Xpj)-lj(UeJ ,c) E ITiElUei. We have that (J-l x f-l)[(p) Xp))-l(Uej ,c)] = 

[((p) 0 J) x (p) 0 f))-l(Uej ,c) ~ Udj,c ~ U. 

43 

Univ
ers

ity
 of

 C
ap

e T
ow

n



Thus, f- 1 is a quasi-uniformly continuous and so, f is a quasi-uniform em
bedding map. 

Definition 5.2.2 A 7o-quasi-uniforrn space (X, U) is called bicom
plete if each U* -Cauchy filter converges with respect to the topology T(U*). 

Proposition 5.2.3 Let {(Xi, Vi) : i E I} be a nonempty family of 
quasi-uniform spaces and let (X, U) denote the product quasi-uniform space 
of this family. Then (X,U) is bicomplete if and only if (Xi, V,) is bicomplete 
for each i E I. 

Proof. We first suppose that for each i E I, (Xi, Vi) is bicomplete and 
let F be a U*-Cauchy filter in the product space. Put Fi = Pi(F) for each 
i E I. Since Pi is quasi-uniformly continuous for each i E I, Pi(F) is a Vt
Cauchy filter and thus converges to some X z with respect to T(Vt). If follows 
that F converges to (Xi)iEI with respect to T(U*), and so the product space 
is bicomplete. 
Conversely, suppose that (X, U) is bicomplete. Fix j E I, let F j be a V;
Cauchy filter on Xj' For each i E I and i # j choose a point Xi E Xi 
such that Fi := U*(Xi)' Let us consider the filter F generated by the set 
{ITiEI Fi : Fi E Fi, i E I}. By the definition of the product quasi-uniformity, 
F is a U* -Cauchy filter. Since F converges to some (Yi) with respect to 
T(U*), then the filter FJ = pj(F) converges to YJ with respect to T(Vj). 
Hence the space (XJ' VJ) is bicomplete. 

Remark 5.2.1 If (X, d) is a To-quasi-pseudometTic space, then the 
space (X. d*) is bicomplete if and only if (X, Ud*) is a complete uniform space. 

This is a well-known result about pseudometric spaces. The proof is left 
to the reader. 

Definition 5.2.3 ((S1)) A bicompletion r1 ~ To-quasi-uniform f!!ace 
(X,U) is a To-bicomplete quasi-uniform space (X,U) which has a T((U)*)
dense subspace quasi-uniformly isomorphic to (X. U). 

Lemma 5.2.1 Every T(U*)-closed subset of a bicomplete quasi-uniform 
space (X.U) is bicomplete. 

44 

Univ
ers

ity
 of

 C
ap

e T
ow

n



Proof Let I' be a T(U*)-dosed suhset of X and let Fr be a Cauchy 
filter in the subspace (T,UIT). Then FT is a filter base for a U*-Cauchy 
filter F on X. Since (X,U) is bicomplete, we get that FT converges to :1: 

with respect to the topology T(U*) and.1: E T, hence (T,UIT) is bicornplete. 

Theorem 5.2.2 (!31}) Each la-quaSt-uniform space has a To-bicompletion. 

Proof. Let (X,U) be a 10 quasi-uniform space. It follows from Proposi
tion 6.3.3 that (X, U) can be embedded into the product space (TI,EI Xi, TIiEI Ue ,). 

Let (TIiEI Y" I1iEI Up,) be the bicomplete product space described above. Let 
f : (X. U) ---+ (TIiEI Yi, TIiEI Up,) be the quasi-uniform embedding map from 
(X.U) into the bicomplete space (TIiEI Yi, TI'EIUpJ. 
Let S = clTml1p,J(X) is in (TIiEI Yi, I1,E1 Up,). It follows from the above 

lemma that (S, TIiEI Up,! 8) is bicomplete and so (8, (TI,E! Up,) 18) is a bicom

pletion of the space (X,U) which is denoted as CX,U). 

5.3 Extension of mappings 

In the following section we shall state an extension theorem of mappings into 
a bicomplete quasi-uniform space which makes it possible to show that the 
bicompletion of (X, U) is unique up to isomorphism. 

Proposition 5.3.1 (!12}) Let (X,U) be a quasi-uniform space and 
(Y, V) be a bicomplete To-quasi-uniform space. Let S be a dense subset of 
(X, T(U*)) and let f : (8,UI8) ---+ (Y, V) be a quasz-uniformly continuous 
map. Then there exists a unique quasi-uniformly continuous extension 9 
(X,U) ---+ (Y, V) of f· 

For the proof we refer the reader to [12], [Theorem 3.29. p. 61]. 

Proposition 5.3.2 Let (X, U) and (Y, V) be bicomplete To-quasi-
uniform space and 8, T be dense subsets of (X, T(U*)) and (Y, T(V*)) re
spectively. Then a quasi-uniform isomorphism f : (8, UIS) ---+ (T, VII') can 
be extended to a quasi-uniform isomorphzs7n 9 : (X, U) ---+ (Y, V). 
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Proof. It follows from the above proposition that J has a quasi-
uniformly continuous extension gl : X ----+ Y and J- 1 has a quasi-uniformly 
continuous extension 92 : Y ----+ X. Then 92 091 is a quasi- uniformly contin
uous extension of the identity map on S. 
Similarly, 91 og2 is a quasi-uniformly continuous extension map of the identity 
map on T. In either case it is the unique quasi-uniformly continuous exten
sion of the identity on 5 or T respectively. Hence we have that 920 gl =idx 
and gl 092 = idy . 

Hence, gl is a quasi-unimorphism from (X, U) to (Y V). 

Corollary 5.3.1 IJ (X, U) is a To-qu~si:!niJorm space, any To-bicompletion 

oj (X,U) is quasi-uniJormly isomorphic to (X,U). 
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Chapter 6 

The B-completion of 
quasi-pseudometric spaces 

In this main chapter we investigate the B-completion of To-quasi-pseudometric 
spaces which is a double completion for a To-quasi-pseudometric space (X, d). 
In [11] Doitchinov studied a very interesting completion theory for To-quasi
pseudometric spaces. He considered those quasi-pseudometric spaces that 
satisfy an additional condition called balancedness. He replaced the d*
Cauchy sequences by so-called Cauchy pairs of sequences. We will through
out this chapter extend Doitchinov's theory of completion for balanced quasi
pseudometric spaces to arbitrary To- quasi-pseudometric spaces. 

We will first introduce the notion of a balanced Cauchy filter pair (F,9) and 
construct a completion of any To-quasi-pseudometric space which we call the 
B -completion of To-quasi-pseudometric spaces. Our completion will con
tain the bicompletion of the original space. 
We will define balanced (quasi-uniformly continuous) maps between To-qu&'li
pseudometric spaces and investigate an extension theorem for these maps into 
the B-complete spaces. 
In the last section we will establish the connections with Doitchinov's work 
on balanced qU&'3i-pseudometric spaces developed in [ll]. 
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6.1 Definition of a balanced Cauchy filter 
pair in a quasi-pseudometric space 

In the following section we introduce the concept of a balanced Cauchy filter 
pair on a quasi-pseudometric space. We also define the distance between two 
Cauchy filter pairs. 

The next lemma deals with the To-quotient of a quasi-pseudometric space. 
Implicitly this construction has been of course used before when constructing 
the bicompletion but it is necessary to make it functional for the following 
more sophisticated investigations. 

Lemma 6.1.1 Let (X, d) be a quasi-pseudometric space. D!!.fine an 

equivalence relation rv on X by x rv y if d(x, y) = 0 = d(y, x). Let X be~the 

set of equivalence classes qx (x) with respect to rv where x EX. Then d on 
X defined by d(qx(x), qx(y)) = d(x, y) defines a To-quasi-metTic d on X. In 
the following, qx : X ---7 X will denote the isometric quotient map defined by 
x f--+ qx(x) whenever x E X. 
Let f : (X, d) ---7 (Y, e) be a quasi-uniformly continuous map between quasi

pseudometric spaces (X,d) and (Y,e). Then l: (X,d) ---7 (Y,e) defined by 

j( qx (x)) : = (qy 0 J) (x) whenever x E X is a well-defined quasi-uniformly 
continuous map. It is an isometry provided that f is an isometry. 

Proof. For the first part of the proof we refer the reader to the proof 
of Proposition 2.2.2. 

Suppose that for Xl,X2 E X we have d(Xl,X2) = d(:r2,xl) = O. Then by 
quasi-uniform continuity of f we have e(J(xl), f(X2)) = e(J(x2), f(Xl)) = O. 

Thus qy(J(xd) = qy(J(X2)) and lis well-defined. 
If f is quasi-uniformly continuous, for each E > 0 there is 8 > 0 such 

that for any :r, y E X, d(x, y) < 8 implies that e(J(x), f(y)) < E. Thus for 

any x, y E X, d(x, y) = d(qx(x) , qx(Y)) < 8 implies that e(J(x), f(y)) = 

e((qy 0 J)(x), (qy 0 J)(y)) = e(j(qx(x)), j(qx(Y))) < E. Thus 1 is quasi
uniformly continuous if f is quasi-uniformly continuous. 
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SimilarlyifJ is an isometrywehavedk,((x),qx(Y)) = d(:r.y) = e(j(x),J(y)) = 

e((qy 0 j)(x), (qy 0 J)(y)) = e((1o qx)(:r:), (10 qx)(y)) whenever x, y E X. 
Hence J is an isometry if J is an isometry. 

Definition 6.1.1 Let (X, d) be a quasi-pseudometric space and let 
A, B be nonempty subsets oj X. Then we define the 2-diameter Jrom A to 
B by <I>d(A, B) = sup{ d(a, b) : a E A, bE B}. 
Note that usually <I>d(A, A) is called the diameter oj A. OJ course 00 2S a 
possible value oj a 2-diameter. For singleton {x} we write <I>d(X, A) and 
<I>d(B,x) instead oJ <I>d({X}, A) and <I>d(B,{x}), respectively. 
Note that iJ d- 1 is the conjugate oj d, then <I>d-1 (A, B) = <I>d(B, A). 

Let X be a set. For each x E X we shall denote the filter on X generated by 
the filter base {{x} } on X by z.. 

We next define the Cauchy filter pair (F,9) on (X, d). (Compare [11]). 

Definition 6.1.2 Let (X, d) be a quasi-pseudometric space. We shall 
say that a pair (F,9) oj filters F and 9 on X is a Cauchy filter pair on 
(X,d) iJinfFEF,GEQ<I>d(F,G) = O. 

Lemma 6.1.2 Let (F,9) and (F',9') be two Cauchy jilter pairs 
on a quasi-pseudometric space (X, d). Then infFEF,G'EQ' <I>d(F, G') is a non
negative real number. 

Proof. There are F E F and G E 9 such that <I>d(F, G) :s; 1 and there 
are F' E F' and G' E 9' such that <I> d( F', G') :s; l. Let J E F, 9 E G' 
arbitrary and choose some fixed J~ E F', and go E G. Then by the triangle 
inequality we have 

d(j, g') :s; d(j, go) + d(go, J~) + d(j~, g') :s; 1 + d(go, J~) + l. 

Thus 
<I>d(F, G') :s; 1 + d(go, J~) + l. 

Hence 
inf <I> d( F, G') 

FEF,G'EQ' 
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is a non-negative real number. 

vVe next define the distance between two Cauchy filter pairs. 

Definition 6.1.3 Let (X, d) be a quasi-pseudometric space and let 
(F, g) and (P, g') be two Cauchy filter pairs on X. Then we define the 
distance from (F, g) to (F', g') by: 

d+ ( (F, 9), (F', g')) = inf 1> d( F, G') = inf sup dU, g'). 
FEF,G'Ey' FEF,G'Ey' fEF,g'EG' . 

Remark 6.1.1 Note that this distance belongs to IR.+ according to 
Lemma 6.1.2 and that a filter pair (9, H) on a quasi-pseudometric space 
(X, d) is a Cauchy filter pair if and only if d+( (9, H), (g, H)) = o. 

Example 6.1.1 Let (X, d) be a quasi-pseudometric space and x E X. 
Then nx(x) = (:f,:f) is a Cauchy filter- pair on (X, d). FuTthermore for any 
x, y E X we have d+(nx(.T), O'x(Y)) = d(x, y). 

Proof. The first statement is obvious, since d(x, x) = O. The second 
assertion is evident, too. 

We next introduce the notion of a balanced Cauchy filter pair on (X, d) 
that will be used to construct the B-completion. 

Definition 6.1.4 Let (X, d) be a quasi-pseudometric space. A Cauchy 
filter pair (F, g) on (X, d) is said to be balanced on (X, d) if for each 
x, y E X we have 

Remark 6.1.2 Let (X, d) be a quasi-pseudometric space. A Cauchy 
filter pair (F, g) on a quasi-pseudometric space (X, d) is balanced if and only 
if for each x, y E X we have 
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Proof. The assertion is evident. 

Remark 6.1.3 Note that (F, Q) is a balanced Cauchy filter pair on 
the quasl-psrudomrtric space (X, d) if and only if (Y, F) is a balanced Cauchy 
filtrr pair on th e quasi-pseudometric space (X, d- 1 

) . 

Proof. The assertion is obvious, hecause <1>d(A, B) = <1>d 1 (B, A) when
ever A F3 C;;;; X. 

Remark 6.1.4 ObseTve that balancedness of a Cauchy filter pair 
(F, Y) in a quasi-pseudomrtric space (X, d) depends not only on the pair, 
but also on the space (X, d) in which it is embedded, since the definition 
mentions arbitrary points x, y E X. 

We next define the relation coarser between Cauchy filter pairs. 

Definition 6.1. 5 Let (F, Y) and (F', Q') be two jilter pairs on a set 
X. Then (F, Y) is called coarser than (F', Q') provided that both F C;;;; F' 
and Q C;;;; Q'. 

Remark 6.1.5 Let (X, d) be a quasi-pseudometric space and let (F, Y) 
and (F', Q') be two Cauchy filter pairs on (X, d) such that (F, Y) zs coarser 
than (F', Q'). Then (F, Q) is balanced if (F', Q') is balanced. 

Proof. The proof is straightforward. 

Example 6.1.2 Let (X, d) be a quasi-pseudometric space. Then for 
each x E X, o:x(x) and (Ur;l(X),Ud(x)) are balanced Cauchy filter pairs on 
(X, d). 

Proof. By the triangle inequality, rr.dx) is clearly balanced, since d(a, b) :S 
d( a, J;) + d( x, b) whenever a, b EX. Furthermore we see that (Ui 1 (x), Ud ( x)) 
is a Cauchy filter pair on (X,d), since infnEN<1>d(U2-_1n(x),U2-n(:r)) = O. It is 
balanced by Remark 6.l.5, since it is coarser than o:x(.r). 

\Ve next define B-completelless. 
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Definition 6.1.6 Let (X, d) be a quasi-pseudometric space. An ar-
bitrary Cauchy filter pair (F, Y) on X is said to converge to x E X provided 

that 

and 
inf <I>d(F, x) = O. 
FEF 

A quas~-pseudometric space (X, d) is called B-complete if each balanced 
Cauchy filter pair (F, g) converges in X. 

Remark 6.1.6 Note that for any quasi-pseudometric space (X, d), 
(X,d~l) is B-complete if and only if (X,d) is B-complete. 

Remark 6.1. 7 If (F', g') is a balanced Cauchy filter pair on a quasi
pseudometric space (X, d) that converges to x E X and (F, g) is any Cauchy 
filter pair on (X, d) such that d+( (F, y), (F', g')) = 0 = d+( (F', g'), (F, Y)), 
then (F, g) converges to x too. 

Proof. Let g E G E g. Then d(x, g) ::; infclEQI <I>d(X, G')+infF,Ep <I>d(F', g) 
by balancedness of (F', g'). Thus <I>d(X, G) ::; infclEQI <I>d(X, G')+infpEp <I>d(F', G). 
Furthermore infclEQI <I>d(X, G') = 0 and infcEQ infF,Ep <I>d(F', G) = 0, be
cause (F', Y) is a Cauchy filter pair on (X, d). We conclude that infcEQ <I>d(X, G) = 

O. Analogously we can prove that infFEF <I>d(F, .r) = O. 

Proposition 6.1.1 In a To-quasi-pseudometric space (X, d) the limit 
of a balanced Cauchy filter pair is unique if it exists. 

Proof. Assume that (F, Y) is a balanced Cauchy filter pair on (X, d). 
Let x, y E X. Suppose that (F, Y) converges to x as well as to y. 

Then infFEF<I>d(F,x) = 0, infCEQ <I>d(X, G) = 0, infFEF<I>d(F,y) = 0 and 
infcEQ <I>d(y, G) = O. Therefore by balancedness of (F, Y) we see that 

o ::; d(x, y) ::; inf <I>d(X, G) + inf <I>d(F, y) = 0 + 0 = 0, 
CEQ FEF 

as well as 
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0::; d(y, :r) ::; inf <!>d(y, G) + inf <!>d(F, x) = 0 + 0 = O. 
CEQ FEF 

Since (X, d) is a Tr)-quasi-pseudometric space, we conclude that x = y. 

The following lemma makes it possible to see that the B-completion contains 
the bicompletion of the original space. 

Lemma 6.1.3 Let F be a d* -Cauchy filter on a quasi-pseudometric 
space (X,d). Then (F,F) is a balanced Cauchy filter pair on (X,d). 

Proof. Let x, y E X and E > O. Observe that (F, F) is a Cauchy filter 
pair on (X, d), since infFEF <!>d(F, F) = O. Note next that there is F E F such 
that <!>d(X, F) ::; d+ (ax (x), (F, F)) + ~ and <!> d(F, y) ::; d+ ((F, F), ax (y)) + ~. 
Furthermore there is F' E F such that <!>d(F', F') ::; ~ and F' ~ F. Let 
il,12 E F'. Then by the triangle inequality we have that 

d(x, y) ::; d(x, fd + dUl, h) + d(12, y) ::; <!>d(X, F') + ~ + <!>d(F', y) ::; 

E 
<!>d(X, F) + :3 + <!>d(F, y) ::; d+(ax(x), (F, F)) + E + d+( (F, F), ax(Y)). 

Thus (F, F) is a balanced Cauchy filter pair on (X, d). 

Recall that a quasi-pseudometric space (X, d) is called bicomplete pro
vided that each d* -Cauchy filter converges in (X, d*). It is well known from 
the theory of pseuciometric spaces that the latter condition is equivalent to 
the condition that each d* -Cauchy sequence converges in (X, d*) ( compare 
with Remarque 5.2.1). 

The following remark shows that each B-complete space is bicomplete. 

Remark 6.1.8 Each quasi-pseudometric space (X, d) that is B-complete 
is bicomplete. 

Proof. Let F be a d*-Cauchy filter on (X, d). Then by Lemma 6.1.3 
(F, F) is a balanced Cauchy filter pair on (X, d). By B-completeness of 
(X, d) there is x E X such that d+(ax(x), (F, F)) = 0 and d+( (F, F), ax(x)) = 

O. Hence F converges in (X, d*) to x and therefore (X, d) is bicomplete. 

53 

Univ
ers

ity
 of

 C
ap

e T
ow

n



6.2 The B-completion of (X, d) 

In this section we construct the B-completion of a To-quasi-pseudometric 
space (X. d). Let X+ denote the set of all balanced Cauchy filter pairs on 
(X. d) and let (X b , db) denote the To-quasi-pseudometric quotient of (X+, d+). 
We shall call (X b

, db) the standard B-completion of (X, d). 

Proposition 6.2.1 Let (X, d) be a quas~-pseudometric space and let 
X+ be the set of all balanced Cauchy filter pazrs (F, g) on (X, d). Define 
d+ : X+ x X+ ---+ [0, CXl) as above. Then (X+, d+) is a quasi-pseudometric 
space. 

Proof. As we have noted above, d+ ((F, 9), (F, 9)) = 0 whenever (F, g) E 

X+. It remains to verify that d+ satisfies the triangle inequality. Let £: > O. 
We find FE E F, G~ E g' such that <I>d(FE , G~) ~ d+( (F, g), (P, g')) + ~ and 
similarly F: E P. G~ E gil such that <I>d(F:, G~) ~ d+( (P, g'), (P', gil)) +~. 

For each f E FE, gil E G~ we have 

because (P, g') is balanced on (X, d). It follows that 

dU, gil) ~ d+ ( (F, 9), (P, g')) + d+ ( (F', g'), (F", gil)) + £: 

whenever f E FE and gil E G~. 

Hence d+( (F, g), (P', gil)) = infFE1,G"EY" <I>d(F Gil) ~ d+( (F, g), (P, g'))+ 
d+ ( (P, g'). (F", gil) ), since £: > 0 was arbitrary. We have verified the trian
gle inequality. 

Remark 6.2.1 By Remark 6.1.2 we see that ifY is a set of Cauchy 
filter pairs containing the set ax(X) and d+ satisfies the triangle inequality 
on Y x y, then Y can contain only balanced Cauchy filter pairs. 
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For the following it is useful to be aware of the following simple auxiliary 
result. 

Lemma 6.2.1 An isometry 9 : (X, d) ----+ (y, e) from a To-quasi-
pseudornetric space (X, d) to a quasi-pseudometric space (Y, e) is injective. 

Proof. For any x, y E X g(x) = g(y) implies that e(gCr), g(y)) = 0 = 
e(g(y), gCr)) and thus d(x, y) = 0 = d(y, x), since 9 is an isometry. Hence 
:r = y, because (X, d) is a To-quasi-pseudometric space. 

Remark 6.2.2 It follows from Lemma 6.2.1 that if (X. d) is a To-
space, then ax : X ----+ X+ is an isometric embedding of (X,d) into (X+,d+). 
Indeed. as we have noted above, d(x,y) = d+(ax(x),ax(y)) wheneverx,y E 

X. 

According to Lemma 6.l.1 we obtain an equivalence relation ~ on X+ among 
the balanced Cauchy filter pairs on X by defining two balanced Cauchy filter 
pairs (F, 9) and (F', Q') to be equivalent if 

d+((F,9), (F',Q')) = 0 

and 

d+( (F', Q'), (F, 9)) = O. 

Observe that if (X, d) is a quasi-pseudometric space and (Fl. g) and (F2 , Q) 
are both balanced Cauchy filter pairs on (X, d), then (Fl' g) and (F2 , 9) are 
equivalent. 

If (F" Q')'EI is a family of filter pairs on a set X, we define their 2-intersection 
as the filter pair (nEI F" niE1 Qi) on X. 

It is obvious that the 2-intersection of two balanced Cauchy filter pairs 
(F, g) and (F', Q') belonging to distinct equivalence classes of ~ in a quasi
pseuciollletric can never be a (balanced) Cauchy filter pair. since comparable 
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balanced Cauchy filter pairs are clearly always equivalent and thus (F, g) 
and (F'. g') were equivalent too. 

Lemma 6.2.2 Let (X, d) be a quasi-pseudornetric space and let (F, g) 
be a balanced Cauchy filter pair on (X, d). Then there exists a unique min
imal (balanced) Cauchy filter pair coarser than (F, g) on (X, cl). It can be 
described as the 2-interseciion of all balanced Cauchy filter pmrs belonging to 
the equivalence class of (F, g). Moreover it belongs to the equwalence class 
of (F, g) and has a countable base. 

Proof. Let us assume that the family (Fil gi)iEI of filter pairs denotes 
all balanced Cauchy filter pairs on (X, cl) equivalent to (F. g). Let n E N. 
Then for each i E I choose Ft E F i , and Kf E 9 such that cJ>d(Ft, KI') < ~. 

Similarly for each i E I we can choose HI' E F and GI' E gi such that 

cJ> d ( Hf . G7) < ~. 

Consider arbitrary elements Ii EFT' and g] E Gj with i, j E I. Then 
dU,. gj) 'S rI> dUi, K[') + rI> d( Hj, g]) < ~ by balanced ness of (F, g). 

Let H be the filter on X generated by {UEI F[' : n E N} and let K 
be the filter on X generated by {UiEI G:' : n EN}. We have proved 
that (H, K) is a Cauchy filter pair on (X, d). By construction (H. K) is 
coarser than (niEIFi,nEIgi)' which is coarser than (F,g). Thus by Re
mark 6.1.5 (H, K) is balanced. It is clearly equivalent to (F, g), because 
it is coarser than (F, g). Therefore (H, K) = (Fi' Yi) for some i E I and 
(H, K) = (nEI F i , nEI gi). Since any Cauchy filter pair on (X. cl) coarser 
than (F, g) is balanced and equivalent to (F, g), the pair (H. K) is the unique 
minimal Cauchy filter pair contained in (F, g) on (X, d). 

Example 6.2.1 Each minimal balanced Cauchy filter pair (F, g) on 
a quasi-pseudometric space (X, d) is round, that is. F is equal to the filter 
Uil(F) generated by the base {U-1(F) : U E Uri, F E F} and 9 is equal to 
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thejilterUd(y) generated by the base {U(G): U EUd,G E 9}. 
For each .r E X the coar"sest Cauchy filter pair equivalent to a balanced 
Cauchy filter pair (F, 9) converging to .r in (X, d) is (U;;\r:),Ud(x)). 

Proof. Note that (U(i1 (F), Ud(y)) is certainly a Cauchy filter pair coarser 
than (F, 9). Thus it is balanced and equal to (F.9) if (F, 9) is also balanced 
and minimal Cauchy. Hence the first statement is proved. 

To prove the second statement, we note first that (F,9) and the coarser bal
anced filter pair (U(j1 (:r:) , Ud(x)) are equivalent. Hence it suffices to show that 
any Cauchy filter pair belonging to the equivalence class of (U;;l(X),Ud(:r:)) 
converges to r. However this follows from Remark 6.1.7. 

Given a quasi-pseudometric space (X, d) we shall now consider the associ

ated To-quasi-pseudometric quotient space (P. d+) of (X+, d+) which we 
shall denote for simplicity by (Xb, db). 

According to Lemma 6.2.2 we can identify X b with the subspace of all bal
anced Cauchy filter pairs on (X, d) that are minimal clements in the space 
(X+, d+) of all balanced Cauchy filter pairs on (X, d) where the order on X+ 
is determined by the relation coarser. 

Definition 6.2.1 Let (X, d) be a To-quasi-pseudometric space. Then 
the To-quasi-pseudometric space (Xb, db) will be called the (standard) B
completion of (X, d). 
We set ;3x = qx+ 0 ax where qx f : (X+, d+) ----7 (X b , db) is the To-quotient 
map according to Lemma 6.1.1. (Of course, for each x E X, px(r) = 

(U;;1(X),Ud(x)), using the convention formulated above.) 

Corollary 6.2.1 If (X, d) is a To-quasi-pseudometric space, then 
3x : (X, d) ----7 (X b, db) is an (isometric) embedding. 

Proof. We have that f3x = qx+ 0 ax, where ax and qx~ both are isome
tries. The statement follows from Lemma 6.2.l. 

We next define when a quasi-uniformly continuous map is called balanced. 
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Definition 6.2.2 A quasi-uniformly continuous map f : (X, d) ------+ 

(Y, e) between qlUlsi-pseudornetric spaces (X, d) and (Y, e) is called balanced 
provided that for each balanced Cauchy filter pair- (F g) on (X, d), the Cauchy 
filter pair- (IF fg) is balanced on (Y, e). (Note first that (IF, fg) 78 a 
Cauchy filter pair on (Y, e), because f is quasi-uniformly continuous.) 

Lemma 6.2.3 Let (X, d) and (Y, e) be qnasi-pseudometric spaces 
and let f : (X, d) ------+ (Y, e) be a surjective isometry. 
(a) Then f is balanced. 
(b) If (F', g') is a balanced Cauchy filter pair- on (Y, e), then (I-IF', f- 19') 
is a balanced Cauchy filter pair on (X, d). 

Proof. (a) Let (F, g) be a balanced Cauchy filter pair on (X, d). Since 
f is quasi-uniformly continuous, (IF, fg) is a Cauchy filter pair on (Y, e). 
Let Y1, Y2 E Y. By surjectivity of f choose Xl, 1:2 E X such that f(X1) = Y1 
and f(X2) = Y2. Then 

because f is an isometry and (F, g) is balanced. Hence (IF, f9) is a bal
anced Cauchy filter pair on (Y, e). Therefore f is balanced. 

(b) Since f is an isometry, we have that <1>e(F', G') = <1>d(I-1 F', f-lO') 
where F' E F' and G' E g'. Hence (I-I F', f-19') is a Cauchy filter pair on 
(X, d). Let :r, y E X. Then d(x, y) = e(I(x), f(y)) S infclEgl <1>e(f(x) , G') + 
infF'EF' <1>e(F', f(y)) = infclEgl <1>d(X, f- 10') + infpEF' <1>d(f-l F', y) because 
f is an isometry. Thus the pair (I-IF', f- 19') is a balanced Cauchy filter 
pair on (X, d). 

Corollary 6.2.2 Let (X, d) be a quas7-pseudometric space and eX, d) 
its To-quasi-pseudometric quotient space. Then (X. d) is B-complete if and 

only if (X. d:) is B -complete. 
If f : (X, d) ------+ (Y, e) is balanced map between two quasi-pseudornetTic 

spaces (X,d) and (Y,e), then 1: eX, d) ------+ (Y.e) is balanced, where (X,(0 
denotes the l'a-quasi-pseudometric quotient of (X. d) and (Y, e) denotes the 
To-quasi-pseudometnc quotient of (Y, e). 
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Proof. The proof makes use of Lemma 6.2.3. SUPPOSE' tEa~ (X, d) is 

B-complete. Let (F,9) be a balanced Cauchy filter pair on (X, d). There
fore (q,,~/ F. {::/9) is a balanced Cauchy filter pair on (X, d). Thus for some 
.r E X, (q.~lF,q.~/9) converges to J-:. Then (F,9) converges to qx(x). So 

(X. (7) is B-complete. 

For the converse suppose that (X, ;n is B-complete. Let (F, 9) be a balanced 
Cauchy filter pair on (X, d). Then (qxF, qx9) is a balanced Cauchy filter 

pair on (X,;n. Thus (qxF, qx9) converges to qx(x) for somc x E X. Then 
(F,9) converges to x. Hence (X, d) is B-complete. 

In order to prove the second statement, suppose that J : (X, d) ------> (Y, e) 
is balanced. By Lemma 6.l.1 wc know that J is quasi-uniformly continuous, 
since J is quasi-uniformly continuous. Let (P,9') be a balanced Cauchy 

filter pair on (X, d} 

Then by Lemma 6.2.3 (q;/ P, q"':/9') is a balanced Cauchy filter pair on 
(X, d). Therefore (Jq;/ p, Jq;/9') is a balanced Cauchy filter pair on (Y, e), 
because J is balanced. 
By Lemma 6.2.3 it follows that (qyJq;:/p,qyJq"'~/9') is a balanced Cauchy 

filter pair on (Y, e). But the latter Cauchy filter pair is equal to (ip, fg'), 
since for any:r E X, we have that i(qx(:r)) = qy(J(:r)) and {qy(J(.r))} = 

qy(J(q"~l{qX(X)})), because for all y E X, d(y,x) = d(x,y) = 0 implies that 

e(J(y),j(.r)) = e(J(x), J(y)) = O. Hence (j:F', i9') is balanced on (Y, e). 
Then, J is balanced. 

\Ve next prove a lemma that turns out to be useful in the proof that for 
any quasi-pseudometric space (X, d), (X+, d+) is indeed B-complete. 

Lemma 6.2.4 Let (F, 9) be a Cauchy filter pair on a quasi-pseudornetric 

space (X, d). Then Jor each x E X and Tn E N there is 9 E X such that 

and 
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Proof. There are Fm E F and Gm E g such that ipd(Fm, Gm ) < 
~. Furthermore for some 9 E Gm , d+(O'x(x), (F, g)) = infcEy ipd(X, G) ::; 
ipd(X, Gm ) ::; d(x, g) + ~. Here we have used that ipd(X, Gm ) is bounded, 
which can be seen as follows: Fix fm E Fm. Then for any 9 E Gm , we have 
d( x, g) ::; d( x, f m) + d(J m , g) and thus ip d(:Y, Gm) ::; d( x, fm) + l. Furthermore 
d+( (F, g), O'x(g)) < ~,since Gm E 9 and Fm E:F. Hence the assertion holds. 

Corollary 6.2.3 Let (F, g) be a Cauchy filter pair on a 
quasi-pseudometric space (X, d). Then for each y E X and mEN there is 
f E X such that 

and 

1 
d+((F,g),O'x(Y))::; d(J,y) +-

m 

Proof. Let (F, g) be a Cauchy filter pair on (X, d). There are Fm E F 
and Gm E g such that ipd(Fm, Om) < ~. For some f E Fm and y E X, we 
have that d+( (F, g)), O'x(Y)) = infFEF ipd(F, y) ::; ipd(Fm, y) ::; d(J, y) + ~. 
Since ipd(Fm, y) is bounded, fix gm E Om, then for any f E Fm, we have that 
d(J, y) ::; d(J, fm) +d(Jm, y) and thus, we have that ipd(Fm, y) ::; d(Jm, y) + l. 
Furthermore, d+ (O'x(J), (F, g)) < ~. 

We next show that (Xb, db) is B-complete. 

Theorem 6.2.1 Let (X, d) be a 7'o-quasi-pseudometric space. Then 
(~, db) is B-complete. 

Proof. By Corollary 6.2.2 it suffices to show that (X+, d+) is B-complete. 
Suppose that (::::, Y) is a balanced Cauchy filter pair on (X+ 1 d+). 
For each n E N choose Xn E :::: and Yn E Y such that ipdl-(Xn, Yn) < ~. 
Without loss of generality we can assume that both sequences (Xn)nEN and 
(Yn)nE~ are decreasing. 
For each n E N and x E X we find rJ~ E Yn such that ipd+(O'X(:r), Yn) ::; 
d+(O'x(x), rl~) +~. Here we have used boundedness of ipd~(O'X(x), Yr,) which 
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is established in the same way as boundedness of <Pd(.r. en) in the proof of 
Lemma 6.2.4. 

Similarly for each y E X and n E N choose ~~ E Xn such that <P d+ (X n, 0: X (y )) :S 
d+(~~,o:x(Y)) + t· 
For all x E X and n E N each ry~ is a balanced Cauchy filter pair on (X, d). 
Similarly for all y E X and n E N each ~~ is a balanced Cauchy filter pair 
on (X, d). 

By Lemma 6.2.4 for each n E N and x E X we find hx,n E X such that 
d+(o:x(x), TI~) :S d(x, hx

•
n

) + ~ and d+(rl~, o:x(hn,X)) < t· 

Similarly by Corollary 6.2.3 for each n E Nand y E X we find gn,y E X such 
that d+(~~, o:x(Y)) :S d(gn,y, y) + t and d+(O:x(gn. y), ~~) < t· 

For each n E N set en = {gm,y : m ::::: n, mEN and y E Y} and for each 
n E N set H n = {hm,X : m ::::: n, n E N and x EX}. 

Note that the sequences (Gn)nEN and (Hn)nEN of X are decreasing. Let 9 be 
the filter on X generated by the filter base {en: n E N} and 1i be the filter 
on X generated by the filter b&')e {Hn : n EN}. 

One checks that (9,1i) is a Cauchy filter pair on (X, d) as follows: 

Let n E N. We recall that <Pd+(Xn, Yn) < t. Hence for all ml, m2 E N such 
that ml, m2 ::::: n and x, y E X by the triangle inequality we have 

d(gm1,y, hm2 ,X) = d+(O:x(gm1,y), o:x(hm2 'X)) :S 

d+(O:x(gm1,y), ~;;l) + d+(~;:l, ry;'2) + d+(ry;'2, o:x(hm2,X)) < ~. 
n 

We conclude that (9,1i) is a Cauchy filter pair on (X, d). 
Let x, y E X. 

Since (3, Y) is balanced on (X+, d+), we have 

d(:r, y) = d+(o:xCr), o:x(Y)) :S 

inf <Pd+(CtX(:r), Yn) + inf <Pd~(Xn'O:X(Y))' 
nEN nEN 
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Consequently 

1 1 
d(.r,y) S (inf d+((tx(x),TJ~) + -) + in((d+(~~,Qx(Y)) +-) 

nEN n nEN n 

by our choices of the Cauchy filter pairs T)~ and ~~l on X. 

It follows that d(x. y) S infnEN(d(x, hn
.
x

) + ~) + infnE0i (d(gn,y, y) + ~). 
We conclude that d(x, y) S infnEN <Pd(X, Hn) + infnE0i <Pd(Gn, y), because 
hn.x E Hn and gn,y E Gn- Hence (g, H) is a balanced Cauchy filter pair 
on (X, d). 

It remains to show that (::::, Y) converges to the point (g, H) in X+. 
Let n E N and let ~ = (A,B) E Xn ~ X+. There are An E A and 
Bn E B such that <Pd(An, Bn) < ~. Let a E An. Then d+(Qx(a),~) = 

infBEB <Pd(a, B) < ;. Furthermore for each Tn E N with Tn ~ n and each 
x E X, d+(~, TJ~I) < ~ and d+(T)r;', Qx(hm,X)) < ~. Thus for each a E An, any 
Tn E N with Tn ~ n and any x E X we have d(a, hTTl,X) < ~ by the trian
gle inequality applied to d+. Hence <Pd(An, Hn) S ~ and d+(~, (g, H)) S ~. 
Therefore <Pdt (Xn' (g, H)) S ~. 

Analogously, we conclude that <Pd+((g, H), YrJ S ~. Hence (::::, Y) con
verges on (X+, d+) to the point (g, H) in X+. We have shown that (X+, d+) 
is B-complete. 

We next show that the isometric embedding from X into the set X b is 
bijective if (X, d) is B-complete. 

Corollary 6.2.4 Let (X, d) be a B-complete To-quasi-pseudometric 
space. Then the isometric embedding (3x : (X, d) ---t (X b, db) is bijective. 
{Therefore (X, d) and (X b

, db) can be identified under these conditions.) 

Proof. Since (X, d) is a To-space, ,8x is injective (see Lemma 6.2.1). 
Let (F, Q) be a balanced Cauchy filter pair on (X, d). By B-completeness of 
(X, d) it converges to some x E X. Then (F, Q) and Qx (x) are equivalent 
balanced Cauchy filter pairs on (X,d). Thus qx+((F,y)) = qx+(Qx(x)) = 
(3x(x) and we have shown that Px is also surjective. 
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Corollary 6.2.5 Let (X, d) be a To-quasi-pseudometric space. Then 
its B-completion (Xb, db) is a bicomplete To-space. In particular it contains 
the bicompletion of (X, d). 

Proof. Bicompleteness of (Xb, db) follows from Remark 6.1.3 and The
orem 6.2.1. vVe can extend the isometric embedding (3x : (X, d) ---4 (Xb, db) 

to a quasi-uniformly continuous map (3X(.Y,dj~(Xb,db). Indeed ex is an iso
metric embedding. Thus, if (X, d) is a subspace of a bicomplete quasi
pseudometric 7o-space (X b, db) then it contains the bicompletion of (X, d). 

(see [31]). 

Corollary 6.2.6 Let (X, d) be a To-quasi-pseudometric space. Then 
the B-completion of (X,d-I) is isometric to the conjugate space of the B
completion of (X, d). (Hence the constructed B-completion completes both 
(X,d) and (X,d-I) at the same time. That is why we speak of a double 
completion of (X, d)) . 

Proof. The assertion is obvious. 

Definition 6.2.3 Let (xn) and (Yn) be two sequences in a set X. Let 
F be the filter generated by the filter base {{ Xk : k 2: n, kEN} : n E N} and 
let Q be the filter generated by the filter base {{Yk : k 2: n, kEN} : n E N} 
on X. Then we shall say that (F, Y) is the filter pair generated by the pair 

(ern), (Yn)) of sequences on X. 

Example 6.2.2 Let X = {- n~I' n~1 : n E N}. For each x, y EX, 
set d(x, y) = 1 if y < 0 < x and d(x, y) = min{1 x - y I, I} otherwise. It is 
readily checked that (X, d) is a To-quasi-pseudometric space. 

Let (F, Y) be the filter pair on X generated by (( - n~I)' (n~I))' Observe that 
(F, Q) is a Cauchy filter pair on (X, d), which is not balanced, since 

11 1 1111 
1 = d( - --) i inf <Pd( - G) + inf <Pd(F, --) = - + - = -. 

4' 4 GEQ 4' f'CF 4 4 4 2 
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On the other hand the non-convergent Cauchy filter pair (F, F) and (g, y) 
show that (X, d) is not bicomplete. 
We leave it to the reader to check the following additional facts: 
The B -completion of (X, d), which evidently can be identified with the bicom
pletion of (X. d) is obtained by adding two new distinct points 0- and 0+ to 
X which represent the equivalence classes of (F. F) resp. (g, g). Then, db 
extends d as follows: 
db(O-. x) = db(x, 0+) =1 x 1 if x E X; db(x, 0-) = 1 if x > 0; db(x, 0-) =1 x 1 
if.r < 0; db(O+,x) = 1 if:r < 0; db(O+,x) =:r if.r > 0; and db(O-,O+) = 0; 
db(O+.O-) = 1. Of course db(O-,O-) = db(O+,O+) = O. 

6.3 Extension of mappings 

In this section we shall investigate an extension of quasi-uniformly continu
ous (balanced) mappings. We will first prove a few technical lemmas which 
will be useful in the proof of the extension theorem of balanced maps. We 
also show that the natural isometric embedding map o:.\" is balanced. 

Lemma 6.3.1 Let (F, g) and (P, g') be Cauchy filter pairs on a 
quasi-pseudometTic space (X, d). Then 

inf <Pd+((F,Y),o:x(G'))= inf sup infsup(j,g'). 
G'Er;}' G'Er;}' g'EG' FEF JEF 

Similarly 

inf <Pd+(o:x(F), (P,g')) = inf sup inf sup d(j.g'). 
FEF - FEF JEF G'EG' g'EG' . 

Proof. Using the definitions of <Pd+ and <Pd, we have 

inf <Pd+((F, g), o:x(G')) = inf sup d+((F,9),o:x(g')) = 
G'Er;}' G'Er;}' g'EG' 

inf sup inf <Pd(F, {g'}) = inf sup inf sup d(j, g'). 
G'Er;}' g'EG' FEF G'Er;}' g'EG' FEF JEF 

The second statement is proved analogously. 
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Lemma 6.3.2 Let (F,9) and (F', 9') be two Cauchy filter pairs on 
a quasi-pseudometric space (X, d). Then 

inf sup ipf I sup d(j, g') :S d+ ( (F, 9), (F', 9') ) 
FEF JEF G Ey gIEG' 

and 
inf sup inf sup d(j, g') :S d+( (F, 9), (F', 9') ). 

G'EY' g'EYI FEF JEF 

Proof. Let f E F E F and g' E G' E 9'. 
We have 

Therefore 

Consequently 

inf sup inf ipd(j, G') :S inf sup ipd(j, G'). 
FEF JEF G'EY' FEF JEF 

Finally 

inf sup inf ipd(j,G'):S inf inf SUPipd(j,G') = d+((F9), (F', 9')) 
FEF JEF G'EY' G'EY' FEF JEF 

by definition of d+. Hence we have established the first inequality. The sec
ond inequality is proved analogously. 

Corollary 6.3.1 Let (X, d) be a quasi-pseudometric space and let 
(F,9) be a balanced Cauchy filter pair on (X, d). Then (axF, ax9) converges 
in (X+, d+) to the point (F,9). 

Proof. Set (P,9') = (F,9) in Lemma 6.3.1 and use Lemma 6.3.1 and 
the fact that (F,9) is a Cauchy filter pair. 

Lemma 6.3.3 Let (F, 9) be a balanced Cauchy filter pair on a quasi
pseudometric space (X, d) and let (F', 9') be any Cauchy filter pair on (X, d). 
Then 

d+ ( (F', 9'), (F, 9)) = inf sup inf sup d(j', g). 
F'EF' f'EF' GEy gEG 
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Similarly 

d+((F,9), (F',g')) = inf sup inf supd(j,g'). 
G'Ey' g'EG' FEF fEF 

Proof. Let l' E F' E F' and let 9 E G E g. Then 

d(j', g) .:; inf cI!d(j', G) + inf cI!d(F, g) 
GEy FEF 

by balancedness of (F, r;;). Thus 

Consequently 

d+((F',g'), (F,g)) = inf inf cI!d(F', G) .:; 
F'EF' GEy 

inf sup inf cI!d(j', G) + inf sup inf cI!d(F, g) = 
F'EF' f'EF' GEy GEy gEG FEF 

inf sup inf sup cI! d(j', g) + 0, 
F'EF' f'EF' GEy gEG 

because (F, g) is a Cauchy filter on (X, d) and because of Lemma 6.3.2. 
Therefore 

d+((F',9'), (F,g)) < inf sup inf supd(j', g). 
- F'EF' f'EF' GEy gEG . 

The reverse inequality and thus equality hold because of Lemma 6.3.2. The 
second equality is proved analogously. 

Corollary 6.3.2 Let (F, g) and (F', g') be two balanced Cauchy fil-
ter pairs on a quasi-pseudometric space (X, d). Then 

d+ ( (F, r;;), (F', g')) = inf sup inf sup d(j, g') = inf sup inf sup d(j, g'). 
G'EY' g'EG' FEF fEF FEF fEF G'Ey' g'EG' 

Proof. The assertion is a consequence of Lemma 6.3.1. 

We next show that ax is balanced. 
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Corollary 6.3.3 Let (X, d) be a quasi-pseudometric space. Then the 
map Ox: (X,d) --+ (X+,d+) is balanced. 

Proof. Since Ox is an isometry, Ox is quasi-uniformly continuous. It 
remains to show that for any (F, (]) E X+ we have that the Cauchy filter 
pair (oxF.ox9) is balanced in (X+, d+). 
Consider any (F', (]'), (F",(]") E X+. 

Then by the triangle inequality, Corollary 6.3.2 and Lemma 6.3.1 we have 
that, 

d+( (F', (]'), (F", (]")) :S d+( (F', (]'), (F, 9)) + d+( (F, 9), (F", (]")) = 

inf sup inf sup d(J', g) + inf sup inf sup d(J, gil) = 
CEQ gEC F'EF' f'EF' FEF JEF C"EQ" g"EC" 

inf <Pdt( (F', (]'), ox(G)) + inf <Pd+ (ox(F), (F", (]")). 
CEQ FEF 

Hence (oxF, o:x(]) is balanced and we have shown that the map Ox is bal
anced. 

Corollary 6.3.4 Let (X, d) be a quasi-pseudometric space. Then 
{3x : (X, d) --+ (X b, db) is balanced. 

Proof. By the preceding result we know that Ox : (X, d) --+ (X+, d+) 
is balanced. From Lemma 6.2.3 (a) it follows that (Jx = qx+ 0 Ox is balanced. 

Proposition 6.3.1 Let f : (X, d) --+ (Y, e) be a balanced map be-
tween To-quasi-pseudometric spaces (X, d) and (Y, e). Then there is a umque 

balanced map J: (Xb, db) --+ (yb, eb) such that J 0 (3x = (3y 0 f. If f is also 

an isometry, then f is an isometry. 

Proof. For each (F,9) E X+ we set f+( (F, 9)) = (JF, f9). This equa
tion define a map f+ : (X+, d+) --+ (Y+, e+), because f is balanced. 
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Suppose first that j is an isometry. Then 

d+((F,cJ), (F',9')) = inf 4>d(F.G') = 
FEF,G'E9' 

whenever (F, 9), (F', g') E X+. Hence in the case under consideration j+ is 
an isometry. 
Assume now that j is quasi-uniformly continuous. Therefore for each E > 0 
there is 15 > 0 such that for each x, .11 EX, d( x, y) < 15 implies that 
e(1(x), j(y)) < t. Consider any (F, 9), (F', g') E X+ such that 
d+ ( (F, 9), (F', g')) < 15. Then there are F E F and C' E g' such that 
4>d(F, G') < 15. Thus by quasi-uniform continuity of j, we get that 4>e(1 F, jC') :s: 
f and hence e+(1+( (F, g)), j+( (F', g'))) = e+( U F, jg), UF', jg')) :s: E. We 
have shown that j+ is quasi-uniformly continuous. 

Obviously for each x E X, (1+ 0 Cl'x)(x) = U(x), j(x)) = (Cl'y 0 J)(x). 
----

We next show that j+ is balanced provided that j is balanced. ~ote first 
that j+ is quasi-uniformly continuous, since j is quasi-uniformly continuous. 

To this end let (::::, Y) be a balanced Cauchy filter pair on (X+, d+). We want 
to show that U+::::, j+Y) is a balanced Cauchy filter pair on (Y+, e+). 

Suppose the contrary. Then there are a, bEY and X E :::: and Y E Y such 
that 

e+(a, b) > 4>e+ (a, j+Y) + 4>e- U+ X, b). 

There are decreasing sequences (Xn) and (Yn) such that for each n E N, 
(Xn) E :::: and (Y,,) E Y such that 4>d+((Xn), (Yn)) < ~ and Xl c:;:; X and 
YI c:;:; Y. 

Exactly (h') in the proof of Theorem 6.2.1 we construct a balanced Cauchy fil
ter pair (9, H) on (X, d), where 9 has the countable filter base {C n : n E N} 
and H has a countable filter base {Hn : n E N} defined there. 

By our assumption on the map j we deduce that ug, jH) is a balanced 
Cauchy filter pair on (Y, e). Thus ((ny 0 J)(9), (ny 0 J)(H)) is a balanced 
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Cauchy filter pair on (Y+, e+), because Cl'y is balanced by Corollary 6.3.3. 

In particular there is no EN sHch that <I>e+((CI'Y 0 J)(Gno ), (CI'y 0 J)(Hno)) ::; 1 
and we have that 

Then for each n E N with n ::::: no there are kn E N with kn ::::: nand 
:rn E X such that <I>e+(a, (CI'y 0 J)(Hn)) ::; e+(a, (CI'y 0 J)(hkn,X n

)) +~. Here 
we have used the fact that for each n E N with n ::::: no we have that 
<I>e+(a, (CI'y 0 J)(Hn)) ::; 00, which can be established analogously to bound
edness of <I>d(X, Gn) in the proof of Lemma 6.2.4. 

Consequently by the triangle inequality applied to e+, we obtain that for 
each n E N such that n ::::: no, 

Observe also that 

since d+(TJ~~,CI'x(hkn'Xn)) < k~ ::; ~ whenever n E Nand n::::: no, and the 
map j+ is quasi-uniformly continuous. 
Because TJ~~ E Ykn ~ Y whenever n E Nand n ::::: no, it follows that 

Analogously we conclude that 

Hence altogether we get that 

We have reached a contradiction and deduce that U+~, j+Y) is a balanced 
Cauchy filter pair on (Y+, e+). Thus j+ : X+ ---+ Y+ is balanced. 
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Finally set J = J+. This completes the definition of the map J: ex, d) --+ 

(Y.p). 
\Ve conclude by Lemma 6.1.1 and Corollary 6.2.2 that J is an isometry (bal
anced, respectively) provided that J is an isometry (balanced, respectively). 

Now suppose that 9 : (X, d) --+ CY, p) is another balanced map such that 
3y 0 J = g 0 .t3x . 

Let (F, Cd) E X+. Then (ctxF, Cixe;;) converges to (F, Cd) in X+ by Corollary 
6.3.1. 

Thus with the help of quasi-uniform continuity of qx-'- and g we see that 
((g 0 (Jx )F, (g 0 f3x )Cd) converges to g( qx+ ((F, e;;))). 

Similarly ((J o(Jx )F, (J 0 f3x)Cd) converges to J( qx T ( (F, Cd) )). 
Because JO{3x = goBx we have ((go (Jx)F, (go (jx)e;;) = ((Jo{3x)F, (Jo 

3x )e;;). 
~ ~ 

Since (Y, e) is a To-quasi-pseudometric space and J 0 .t3x is a balanced 

map, we conclude that g( qx I ((F, Cd))) = J( qX-r ((F, Cd))). Hence g = T 

Proposition 6.3.2 Let (X, d) be a subspace oj the B-complete 1'0-
quasi-pseudometric space (Y, e). Suppose that the embedding i : (X, d) --+ 

(Y, e) zs balanced and that Jor each y E Y there is a balanced Cauchy filter 
pair (F, e;;) on (X, d) such that the filter pair (iF, ie;;) converges to y. Then 

the B -completion (X, d) oj (X, d) is isometric to (Y, e) under the isometric 
~ ~ 

balanced extension i oj i to X. 

Proof. Clearly by Proposition 6.3.1 the map i : (X, d) --+ (Y, e) has 

an isometric balanced extension i : eX, d) --+ (Y, p), where by Corollary 

6.2.4 (Y,p) can be identified with (Y,e), because (Y,e) is B-complete. Since 

(X,d) is a lo-quasi-pseudometric space, i is injective by Lemma 6.2.1. Let 
y E Y. By the density assumption formulated in Corollary 6.3.1 there is a 
balanced Cauchy filter pair (F, Cd) on (X, d) such that the filter pair (iF, ie;;) 
converges to y. Then i( qx+ ( (F, e;;) )) = (qy l- 0 i+) ( (F. Cd)) = qy+ ( (iF, ie;;)) = 

qy+ (Q'Y (y)) = ,By (y) = y. The last equality makes use of our identification 

by Corollary 6.2.4 between (Y, e) and (Y, e). Hence we conclude that i is an 
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isometric bijection. 

\;Ve next illustrate the importance of balanced of the natural isometric 
embedding of our theory by an example. We leave the details of the proof to 
the reader. \;Ve introduce the terminology that will turn out to be useful in 
the next section. 

Definition 6.3.1 Let (X, d) be a quasi-pseudometric space. A pair 
of sequences ((xn), (Yn)) in (X, d) will be called a balanced Cauchy pair of 
sequences provided that the filter pair (F,9) generated by ((xn), (Yn)) is a 
(balanced) Cauchy filter pair on (X, d). 

Example 6.3.1 Let (Y, d) be a To-quasi-pseudometric subspace 

{ - n~l' n~l : n E N} U {O} of the rational To-quasi-pseudometric Sorgenfrey 
line. Set Z = Y U {O-} by adding a new point 0 to Y. Extend d from Y x Y to 

Z x Z as follows: Set d( - n~l' 0-) = n~l whenever n E N. d(O-, 0-) = 0 and 
d = 1 othenlJlse. It is readily verified that (Z, d) is a To-quasi-pseudometric 
space. 

One checks that on the subspace H = Z\{O} of Z the pair ((-n~l)'(n~l)) 
of sequences generates a balanced Cauchy filter pair (F,9) that is not con
vergent in H. Therefore H is not B -complete. 

In order to prove balancedness of (F, 9), since d :s; 1 it suffices to consider 

the case that, a, b E H, infcEQ <Pd(a, 0) < 1 and infFEF <Pd(F b) < l. It 
follows that a < 1, and b > 0 or b = 0-, which implies that d( a, b) :s; 
infcEQ <Pd(a, O)+infFEF <Pd(F, b) = l. We have shown that (F, 9) is balanced. 
On the other hand one verifies that the To-quasi-pseudometric space Z is B
complete. However it is not the B-completion Hb of II, since the convergent 

Cauchy filter pair (F', 9') on Z generated by (( - n~ 1)' (n~l)) is not balanced 
in Z: We have that 

1 = d(O, 0-) 1. inf <Pd(O, 0') + inf <Pd(F', 0-) = 0 + O. 
G'EQ' F'EF' 
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If we replace d on Z by changing d(O, 0-) = 1 to dl(O, 0-) = O. and setting 
dl(.r, y) = d(y,.r) otherwise, we obtain a space (Z, dl) isometric to the B
completion Hb of H. 
We have shown that the isometric, but non-balanced embedding i of H ,!!Lto 
the B -complete space Z cannot be extended to an isometric embedding i of 
Hb into Z, because by 2n]ectivity such an embedding T would have to map the 
limd of (!3x F,f3x 9) to 0 and therefore cannot be isometric. because dl # d. 

6.4 Connections with Doitchinov's work on 
balanced quasi-pseudometrics 

In the following section, we explain the connections between our completion 
and the Doitchinov completion developed in [11]. 
In [11] Doitchinov studied the completion for balanced To-quasi-pseudometric 
spaces. He has shown that each balanced quasi-pseudometric space has a 
completion. It will be shown in this section that for balanced To-quasi
pseudometric spaces our completion is isometric to the Doitchinov comple
tion. 

Definition 6.4.1 ((ll}) A quasi-pseudometric space (X, d) is called 
balanced if (x;,) and (x~) are two sequences in (X, d) and Xl, x" E X, then 
from d(XI, x~) :::; 1'1 for each TI, and d(:r~, :r") :::; 1'" for each m and 
limm .n d( x~, x~) = 0 it follows that d( Xl, );11) :::; 1'1 + 1'". 

Proposition 6.4.1 The following conditions are equivalent for a quasi-
pseudometric space (X, d): 
(a) (X, d) is balanced. 
(b) Every Cauchy pair of sequences in (X, d) is balanced. 
(c) Every Cauchy filter pair on (X, d) is balanced. 

Proof. (a) ===} (b): Let ((xn), (Yn)) be a Cauchy pair of sequences in 
(X, d) and let (F,9) be its generated filter pair on X. Suppose that there 
are Xl, x" E X and n E N such that 
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But t he latter condition contradicts the assumption that d is balanced. We 
conclude that (T 9) and, thus, (( xn), (Yn)) are balanced. 

(b) ~ (c): Suppose the contrary. Then there is a Cauchy filter pair (F,9) 
on (X, d) with a, b E X and F E F and 0 E g such that d(a, b) > 
<I>d(a.O) + <I>d(F, b). Find a pair of sequences (Un), (gn)) in X as follows: 
Choose inductively decreasing sequences (Fn) and (On) such that Fl <;;;; F, 
0 1 <;;;; 0, Fn E F, On E g and <I>d(Fn' On) < ~ whenever n E N. Further
more for each n E N find In E Fn and gn E On. By our hypothesis the 
Cauchy filter pair (P, g') on X generated by (Un)' (gn)) is balanced, and 
thus d(a, b) :S infc 'E9' <I>d(a, C') +infF'EF' <I>d(F', b) :S <I>d(a, C) + <I>d(F, b)-a 
contradiction. We conclude that each Cauchy filter pair (F, g) on (X, d) is 
balanced. 

(c) ~ (a): Suppose that (:r;~,) and (x~) are two sequences in (X, d) such 
that limm,n d(x~, x~) = O. Consider the filter pair (F, g) generated on X 
by the Cauchy pair ((x~), (x~)) of sequences. Assume now that :r', x" E X, 
d(.r'. x~,) :S 1" for each n, and d(T~, x") :S r" for each Tn. Since by our 
assumption (F, g) is balanced, we conclude that d(x', :r") :S r' +1'". Therefore 
d is balanced by Definition 6.4.1. 

Remark 6.4.1 Let (X, d) be a balanced quasi-pseudometric space 
and let (F,9) be a Ca'uchy filter pair on (X, d). Then (F, g) is equivalent to 
a Cauchy filter pair generated by a balanced Cauchy pair of sequences. Hence 
the B -completion of a balanced To-quasi-pseudometric space can be built with 
the help of balanced Cauchy pairs of sequences only, since such sequences can 
represent all equivalence classes of X+. 

Proof. By Proposition 6.4.1 the given Cauchy filter pair (F,9) is bal
anced. Similarly as above we choose decreasing sequences (Fn) and (Cn ) such 
that <I>d(Fn , Cn) < ~, Fn E F and On E g whenever n E N. For each n E N 
find In E Fn and gn E Cn. Then according to Proposition 6.4.1 the Cauchy 
filter pair (F', g') generated by (Un), (9n)) is balanced, since d is balanced. 
Furthermore (F', g') and (F, g) are clearly equivalent by the construction of 
(P,g'). 

Remark 6.4.2 Let (X, d) be a balanced quasz-pseudometric space 
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and let ((Tn). (Yn)) be a Cauchy pair of sequences in (X, d). Then if for 
some J: EX. we have that lim1H= d(x, Yn) = 0. then limn_x; d(.rn' x) = 0. 

Proof Let (F,9) be the Cauchy filter pair generated by ((xn), (Yn)). Fix 
n E N. Then d(xn, :r:) ::; infcEy <Pd(Xn, G) + inf <PriCr, .r), because the Cauchy 
filter pair (£, CJ) is balanced by Proposition 6.4.1. Thus d(xn' .r) converges to 
0, since (F. CJ) is a Cauchy filter pair. 

Proposition 6.4.2 A balanced quasi-pseudometric space (X, d) is 
B -complete if and only if each Cauchy pair ((.rn), (Yn)) of sequences con
verges. {That is, there is :r E X such that the sequences (d(.r, Yn)n) and 
(d(xn' x)n) both converge to 0.) 

Proof. Throughout the proof we shall make use of Proposition 6.4.1. 
Let (X, d) be a B-complete balanced quasi-pseudometric space. For a given 
Cauchy pair ((xn), (Yn)) of sequences in (X, d) . we consider its generated 
(balanced) Cauchy filter pair (F,9) on X. Since (X. d) is B-complete, then 
(F. CJ) converges in X. Obviously ((.rn ), (Yn)) converges in X. 

For the converse suppose that each Cauchy pair of sequences converges on a 
balanced quasi-pseudometric space (X, d). 
Let (F,9) be an arbitrary balanced Cauchy filter pair on (X. d). Exactly as 
in the proof of Remark 6.4.1 we choose a Cauchy pair of sequences (Un). (gn)) 
and let (F', CJ') be its generated (balanced) Cauchy filter pair on X. 

By assumption (Un), (gn)) converges to x E X. Then cl+(a(.r), (F, 9)) ::; 
d+(a(.r), (F', CJ')) +d+( (F', CJ'), (F, 9)) = 0+0, since ((x), CJ') and (F', CJ) are 
Cauchy filter pairs. Then infcEY <Pri(x, G) = 0. Similarly infFEF <pri(F, x) = 0 
and hence (F, CJ) converges to x. Hence (X, cl) is B-complete. 

Remark 6.4.3 Each quasi-uniformly continuous map f : (X, cl) -+ 

(Y, e) from any quasi-pseudometric space (X. cl) into a balanced quasi-pseudometric 
space (Y, e) is balanced. 

Proof. The assertion follows directly from Proposition 6.4.1 and the def
inition of a balanced map and a balanced quasi-pseudometric. 
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Proposition 6.4.3 LFt (X D, dD ) be the Doitrhinov completion of a 
balanad To-quasi-psclLdomctT'lc spaCF (X, d). Then the B-complction (X b, db) 
of (X. d) is isometr-ic to (XD,d D ). 

Proof. The proof is obvious, we refer the reader to [11] and to our char
acterization of the B-completion in Proposition 6.3.2 

6.5 Conclusion 

In this last chapter of the thesis, we have discussed the B-completion of a 
lo-quasi-pseudometric space (X, d). vVe introduced a concept of balanced 
Cauchy filter pair and an interesting distance function d+ on the set X+ of 
all balanced Cauchy filter pairs of (X, d). We defined the B-completeness 
condition which says that each balanced Cauchy filter pair converges. We 
then showed that each To-quasi-pseudometric space (X, d) has an essentially 
unique (standard) B-completion (Xb, db). 

vVe introduced a concept of balanced map and proved that the natural isomet
ric embedding of a lo-quasi-pseudometric space (X, d) into its B-completion 
(Xb, db) is balanced. We used this result to extend the balanced maps. We 
have established the connections with Doitchinov's work in [11] by showing 
that the B-completion of a balanced 7o-quasi-pseudoIlletric space is isomet
ric to Doitchinov's completion. 

Our conclusion leads us to list some open problems encountered through
out the present investigation. We hope to study these questions in future 
work. 

Problem 6.5.1 Let (X, d) be a quasi-pseudometric space. If each filter 
pair generated by a balanced Cauchy pair of sequences converges in (X, d), 
is (X, d) B-complete?, if not, is there a reasonable completion theory for the 
latter completeness property'? 

Problem 6.5.2 Could the present construction of the B-completion 
also be obtained with the help of Cauchy pairs of sequences instead of Cauchy 
pairs of filters? 
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Problem 6.5.3 Doitchinov has extended his theory of balanced '£'0-
quasi-pseuclometric spaces to a related theory of quiet To-quasi-uniform spaces. 
Can many of the ideas presented in this investigation for quasi-pseudometric 
spacE'S be generalized to quasi-uniform spaces? 

Problem 6.5.4 Find a natural example of a To-quasi-pseudometric 
spacE' for which its B-completion contains strictly the bicompletion. 

\Ve will next list all those articles that we have consulted during the com
pletion of this thesis. 
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