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1 Introduction
Contact phenomena among deformable bodies are abundant in structural and mechan-
ical systems, so a considerable effort has been made in modeling and numerical analysis
of the contact processes. For the formulation of contact problems, variational inequality
is a powerful mathematical tool. The well-known Signorini problem, one variational in-
equality of the first kind, is an elastostatic problem describing the contact of a deformable
body with a rigid frictionless foundation [19]. When friction effects are considered, we
need other formulations to describe the frictional contact problems, which are variational
inequalities of the second kind, featured by the presence of non-differentiable terms in
the formulation [15]. No penetration into the foundation is allowed for a rigid foundation,
so a normal compliance contact condition was proposed for studying the interpenetra-
tion of the body’s surface into the foundation [1, 17, 20, 22, 24, 28]. This contact problem
can be described by a quasi-variational inequality, and its well-posedness is proved by the
fixed-point argument [18, 30]. Actually, the fixed-point argument can be applied to study
the existence and uniqueness of many contact problems, see, e.g., [6, 21, 25, 29] and the
references therein.

Because the finite element method (FEM) is based on variational formulation, it is a nat-
ural numerical discretization method for variational inequalities [10, 15]. However, the
classical FEM works on the elements with simple geometries, like triangles and rectan-
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gles, so it is very hard to handle non-matching meshes to discretize contact problems.
Hence, some techniques have been developed to discretize contact constraints, for exam-
ple, mortar methods [13, 27, 39, 40] impose the contact constraints in a weak sense. Due
to the flexibility in constructing the local function space, the discontinuous Galerkin (DG)
method [9, 16, 31-34] can handle very general meshes with hanging nodes, which make
them very suitable for /ip adaptivity and non-matching grids. However, the DG method
needs a large number of degrees of freedom.

Recently, borrowing the ideas from the mimetic finite difference method, the virtual el-
ement method (VEM), which can be regarded as a generalization of the classic FEM to
general polygonal meshes, has been developed for solving a variety of partial differential
equations, cf, e.g., [2, 3, 5, 7, 14, 26, 43]. The virtual element method can handle very
general polygonal elements with an arbitrary number of edges. In addition, it allows geo-
metrical hanging nodes in the meshes. Actually, they are treated as vertices of the polyg-
onal elements in practice, so it is easy to implement the / adaptive strategy for the VEM.
In [42], the lowest-order virtual element scheme was applied to solve the contact prob-
lem of two elastic bodies on initially non-matching meshes, but the error analysis was
not given. Even the initial meshes for the two subdomains are non-matching, due to the
feature of VEM, new nodes can be inserted into the contact interface without difficulty,
then the non-matching meshes are transformed into matching meshes. Recently, VEMs
were studied to solve various variational inequalities [8, 11, 35, 36, 38] and hemivariational
inequalities [12, 23, 37].

In this paper, following the setup in [42], we give a priori error estimate of the virtual
element method for the contact problem. Furthermore, we also consider the contact prob-
lem with the Tresca friction law. The rest of the paper is organized as follows: In Sect. 2,
we describe the contact problems in variational inequality formulations. In Sect. 3, we
introduce the abstract framework of the virtual element method. Section 4 establishes a
priori error analysis, which shows that the lowest-order virtual element achieves optimal

convergence order.

2 Contact problem

The contact problem of two elastic bodies without friction is an elastostatics problem
describing the contact between two deformable bodies. Let ©; C R (i=1,2and d = 2,3)
be an open bounded connected domain with a Lipschitz boundary I'; that is divided into
three parts Tip, v and Ty¢ with T'yp, Ty and Tyie relatively open and mutually disjoint
such that meas(I';p) > 0. Note that I';¢ coincides with I'yc, so we use I'¢ to represent
them. The displacement u; : Q; C R? — R? is a vector-valued function. The linearized

strain tensor
1 t
S(Ui) = E(Vui + (VU;‘) )

and stress tensors are second-order symmetric tensors, which take values in S, the space
of second-order symmetric tensors on R? with the inner product ¢ : T = 0;7;. Let v; be
the unit outward normal to I';.

For a vector v, denote its normal component and tangential component by v, =v - v

and v; = v — v, v on the boundary. Similarly, for a tensor-valued function o : Q2 — S?, we
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define its normal component o, = (o0v) - v and tangential component 6, = ov — o,v. We
have the decomposition formula

(ov)-v=(o,w+o.) - Ww+V)=0,V, +0; -V;.
For a tensor valued function o, define its divergence by
divo = (Bjai,)lfifd.

Then, for any symmetric tensor ¢ and any vector field v, both being continuously differ-
entiable over D, we have the following integration by parts formula:

/diva~vdx:/ av~Vds—/0:€(v)dx. (2.1)
D aD D

For i = 1,2, given f; € [L*(Q2))]%, g, € [L*(T'in)]%, the frictionless contact problem of two
elastic bodies is to find displacement fields u; : Q; — R4 and stress fields o; : ; — S such

that [41]
o;=Ce(u;) in g, (2.2)
—dive;=f; inQ, (2.3)
u;=0 onTlp, (2.4)
ogv;,=g;, onlyy, (2.5)
0i:=0 onlg, (2.6)
0, <0, (U], < ho, ov([ul, —ho) =0 onTc. (2.7)

In the above problem, (2.2) follows from the constitutive relation of the elastic material,
(2.3) is the equilibrium equation, in which volume forces of density f; acts in ;. Bound-
ary condition (2.4) means that the body is clamped on I';p, and so the displacement field
vanishes there. Surface tractions of density g, act on I';y in (2.5). In the contact boundary
condition (2.6), o;; = 0 implies that it is a frictionless contact. Here, [U], = Uy - v1 + Uy - vy,
and iy € H'(I'¢) is the initial gap. The condition (2.7) means no interpenetration between
two bodies. Note that o1,, = 03,, on I'c, so we use o, instead.

The fourth-order elasticity tensor C : ©; x S — S is assumed to be bounded, symmet-
ric and positive definite in €;, i.e.,

(@) CyueLl™(Q), 1<ijkl=<d;
(b) Co:t=0:Ct Vo,teS%ae. inQy; (2.8)

(¢ Im>0 st. Cr:t>m|t]?, VreS%ae. inQ,.

If the elastic behavior of the material is homogeneous and isotropic, then the elasticity
tensor is given by

Ce = A(tre)l + 2ue, (2.9)

where A >0 and u > 0 are the Lamé coefficients.
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To give the weak formulation of the contact problem, we define

Vi={ve[H'Q)]*:v=00nT;p}, (2.10)

K= {(Vl, Vo) e Vi x Va:[v],—hy<0a.e. on Fc} (2.11)

The admissible set K is non-empty, closed, and convex.

Following a standard argument [4, 41], the variational formulation of the frictionless
contact problem of two elastic bodies (2.2)—(2.7) is:

ProBLEM (Py). Find displacement fields (uy,u;) € K such that

Z a,r(u,», VvV, — u,») > Z Ei(Vi — Ui) V(Vl, V2) ekK. (212)

i=1,2 i=1,2

Here, for all u;,v; € V}, the bilinear form 4;(-, -) and the linear form ¢; € V/ are

ﬂi(ui,Vi)=[ o(u;): e(v;)dx, (2.13)
Q

i

éi(v,») = / fl' -vidx + / g, Vi ds. (214)
Q I

i iN

For the space V;, since meas(I'";p) > 0, we know that the norm ||v||,,o, = v/a;(v, V) is equiv-
alent to the standard [H!(2;)]% norm ||v|| 1,e; on V; by Korn’s inequality. Hence, the bilinear

form is coercive and bounded

ai(v,v) = GlvIi g, (2.15)
a;(u,v) < GllullLe; IviiLe; (2.16)
foranyu,ve V.

For considering the effect of friction, we can replace the frictionless condition (2.6) by
the Tresca friction law

loill <n,
loill<n = [ul;=0 onTlec. (2.17)
lozll=n = 3B=0:0; =-Bulx,

Here, [u]i; = u; — Uy — [u],v; = —[U]2;, and note that 61, = —03,. Then the variational
formulation of the frictional contact problem of two elastic bodies is:
PrOBLEM (P;). Find displacement fields (uy,u;) € K such that

> aluyvi—u) +j(v) —ju) = Y livi—u)  ¥(vi,vo) €K, (2.18)

i=1,2 i=1,2

where

jv) = /F || Vlie | ds.

Page 4 of 12
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Note that the contact problem with Coulomb’s law can be approximated by a succession
of states of the Tresca friction in which the friction threshold is fixed at each fixed-point
iteration.

3 Abstract framework of VEM

In this section, following the ideas in [5, 14, 42], we present an abstract framework on
the virtual element methods for solving the variational inequality problems (2.12) and
(2.18).

With i = 1,2, for a polygonal domain €;, let ’77’ be a subdivision of Q; into elements
denoted by T, set hy = diam(T), h; = max{hy: T € 77‘}, and /1 = max{/hy, h,}. All the subdi-
visions are compatible with the boundary splitting: I'; = T.p UTny UTc. Note that the
two meshes 7" and 7" may not be matching on the contact boundary I'c. However,
in the light of VEM’s capability of adding arbitrarily new nodes to existing discretiza-
tion, some new nodes on the contact interface can be inserted into elements without
difficulty so that the non-matching meshes are transformed into matching meshes, see
details in [42]. Without ambiguity, we still use 7%, i = 1,2 to denote the new matching
meshes.

Following [5], we make an assumption on the decompositions { 7?’} 1 as follows:

Al. For each ’77’ ,and every T € ’77’, there exists a positive constant y such that

o the length of the shortest edge is greater or equal to y iir,

e T is star-shaped with respect to a ball of radius > y h7.

Note that the bilinear form can be split as

aiuv)= )" f Ce(uw):e(W)dx= Y  ai(u,v).

T
TeTih Te7;h

Following [5, 14], we assume that there exists a finite-dimensional space Vl-h C V; and
bilinear form a” : V! x V! — R satisfying the following assumption:
A2. For each T, we assume that there exists a symmetric bilinear form a’(-,-) : V! x

V¥ — R, which can be split as

W) = Y dp ),

Te 77”

where af’T(~, -) is a bilinear form on VlhT X VlhT with VlhT is the restriction of Vih on T. Fur-
thermore, for each T, we have P1(T) C VlhT, and the bilinear form af’T satisfies
e Polynomial consistency: for all v/ € V7.,

aly(vV",p) = air(V',p) Vp € P(T). (3.1)

o Stability: there exist two positive constants a, and o*, independent of /1; and T, such
that

a.air (V' V") < aly (VVY) <afair (VW) W e Vs (3.2)

The symmetry of a(-, -), stability (3.2), and the continuity (2.16) of (-, -) easily imply

a*ai(vh, vh) < af‘(vh,vh) < a*ai(vh,vh) we v, (3.3)
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) <o Gl gV YUV B
A3. For each &, we assume that there exists an element f” € (V) such that

(fi’ Vh)sz - <fzh’ Vh) =

we v (3.5)

Remark 3.1
1. Under the assumption (A1), we have the following approximation properties. For
any v € H*(T), there exist v; € V% and v, € P(T) such that

lv=villor +hrlv—vilir < Ch3 Vo, (3.6)

2
lv—vellor +hrlv—vzlir < Chy|visr. (3.7)

2. For the specific constructions of the bilinear form af’ (+,+), and ff? IS (Vih)/ such that
the assumptions (A2)—(A3) are satisfied, we refer the reader to [5, 37, 42].

The VE scheme for solving PROBLEM (P,) is:
ProBLEM (P?). Find (u?,ul) € K" such that

Za vl —u Zéh v/ —u V(vﬁ‘,vé) e K", (3.8)
i=1,2 i=1,2
where
Ef?(vi):<ff’,vf’)+/ g, v!ds, (3.9)
Tin
and

K" = {(v’l’,vg) eVix v [vh(x)]v — ho(x) < 0 for any node x € T'c}.

Remark 3.2 Note that the functions of the lowest-order VEM are linear on the element
boundary, so the inequality condition in K h implies that v, - h{) < 0onTI'c. This contact
constraint can be imposed by the Lagrangian multiplier approach or penalty formulation
[41, 42].

The VE scheme for solving PROBLEM (P5) is:
ProBLEM (P%). Find (u?,ul) € K" such that

Za ul, v —ul') +j(v Zﬁhv —u!) V(i vh)eKk". (3.10)

i=1,2 i=1,2

4 Error estimates
In this section, we establish a priori error analysis of the virtual element method for solving
the two contact problems (2.12) and (2.18).

Page 6 of 12
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Theorem 4.1 Let u; € H*(2;) and uf‘ be the solutions of (2.12) and (3.8), respectively.
Furthermore, assume that u;|r. € H*(I'c) and hy € H*(T'¢), then

Z||ulf—u

i=1,2

Mg, < Clt + o),

(4.1)

where the constant C depends on C, Cy, |Uji|o,;, [Uilo,res holare, and |fillogq;-

Proof First, we split the error as two parts

ulrul —ul =€l +e!

h
e=u-u;,=u;,— i i

From (2.15), the properties (3.1)—(3.2) of the bilinear form 4", and the discrete scheme

(3.8), we have

.Gy lelfig <@ 3 aiel.ef)

i=1,2 i=1,2
<) ai(ele
i=1,2
- S (e el) - )
i=1,2
< Z (ul,el) - e (e]))
i=1,2
= Z Z lT +aT Zeh
i= 12T6Th i=1,2
Z Z lT +alT Zﬁh
i= 12T6Th i=1,2
- Z Z lT +alT(u uz;eh))
i= 12T6Th
+ Z”l u;e Zﬂh
i=1,2 i=1,2
=Ri + Ry + R3, (4.2)
where
Ri=)" > (afp(uj - uf.€) + am(uf ~usef)), (43)
i= 12T5Th
Ry =Y (t(el) - ti(el)), (4.4)
i=1,2
Ry =) (ai(us €]) — tie])). (4.5)

i=1,2
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Next, we estimate the above inequality term by term. By the boundedness (2.16), (3.4)

of the bilinear forms, and the approximation properties (3.6), (3.7), we get

Ry = Z(“*CbHuzI‘ -uf ” Lhy e? H e b Co ||uf - "i” L ef’ ” I,Qi)
=12
<C Z hiluilag, | ! ||1’Q’,~ (4.6)
i=1,2

Here, || - |15, = (ZTGT/: Il - 11 7). The approximation property (3.5) gives

Ry=Y (Fn€})-(F.€})<C Y hillflog €], g - (4.7)

i=1,2 i=1,2

Recalling the integration by part formula (2.1) and the relations (2.2)—-(2.7), we have

R = Z(—/ divai~ef?dx+/ aivi~ef?ds—£i(ef))
Q;

i=1,2 T
=y / o -e'ds (4.8)
i=1,271c
h h
= Z(/ Oiv; €y, ds+/ o€ ds>
i=1,2 \WIc T'c

- /rc oy (e’ful + elgvz) ds
o R CORS CORE

For any node x € I'¢, if 0,,(x) #0, then [u(x)], — /(x) = 0, so

o,00([w' 0], - [wx)],)
= 0,00 ([u' (0], = [U60], + o) ~ Hy00) + 00 - [u" ()] )
<0, (0 ([u' 0], = [UG0], + o) - j00).

Therefore,

R3§/ o ([u'], ~ [ul, + ho - ) ds
I'c

<lloy ||0,1“c(|| [uI - u]v ”o,rc + ||h0 - hé“o,rc)

=< Cllovllor¢ (h%|u1|2,l"c +h3lus o + h2|h0|2,rc)- (4.9)

Combining (4.6)-(4.9), we obtain ||€}]l,q, + ll€}]l1,q, < C(h1 + hy). Finally, the proof is
completed by the triangle inequality. O
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Theorem 4.2 Let u; € H*(Q2;) and uf‘ be the solutions of (2.12) and (3.8), respectively.
Furthermore, assume that u;|r. € H*(T'¢c) and hy € H*(T¢), then

Yo llui—ul], g, = Cln + o), (4.10)

i=1,2
where the constant C depends on Cs, Cp, |U;l2,0;s [Uilares 1holare, and ||fillog;.

Proof Taking the similar arguments as in the proof of Theorem 4.1 and considering the
discrete scheme (3.10), we have

@Gy letlig,

=12
Sa*z th el,e
i=1,2 i=1,2
=) (@ a; (u},€}))
i=1,2
<) (al(uf,€}) - (e])) +(u') - j(u")
i=1,2
ZZ aly(u —u?,el) +aly(u Zf,h —j(u")
i= 12T6Th i=1,2
Z Z aly(ul —u?,el) +air(u Zzh —j(u")
i= 12T€7—h i=1,2
—ZZ aly (vl —u?,el) + air (u - u;, € ))+Za, u;e Zéh
=12 eTh i=1,2 i=1,2
+j(u') - j(u")
=Ry + Ry +Rs, (4.11)
where
R, = Z Z aly(uf —u?,e!) + air (u —u;e€l)), (4.12)
i= 12T6Th
Ry=7) (ti(e]) - ¢i(e})), (4.13)
i=1,2
Ry= (ai(usel) - t:(e})) +j(u') —j(u"). (4.14)
i=1,2

The terms R; and R, can be estimated as shown in (4.6) and (4.7).
Recalling the integration by part formula (2.1) and the relations (2.2)-(2.5), (2.7), and
(2.17), we have

R; = Z(—'/Q‘divai . ef‘dx+ /F.oriv,' . ef’ds—@,-(ef’)) +j(u1) —j(uh)

i=1,2

= Z /Fc oV ef-' ds +j(”1) _j(uh)

i=1,2
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Z </ O'ivieflvl, dS + / Oir* e?-[ dS) +j(u1) _j(uh)
i=1,2 I'c I'c

i=

/F ou(ehy, v )ds+ 3 [ o€l dsej(ut) - j(u). (4.15)
C

i=127Tc

Note that frc GU(e’fv1 + eévz) ds can be estimated as done in the proof of Theorem 4.1, so

let us consider the rest terms.

3 / oir - €l ds+ (') —j(u")
I'c

i=1,2

/Fcalr . [uf]lr ds—/ o1 - [uh]lr ds +j(u) —j(uh)

I'c
./ Tic- [ul]lr ds +j(u')
I'c
/ o1, - [u'],, ds+j(u) —/ 01c - (Ul ds—j(u)
I'c Tc
[l -ul, [ as
I'c

< Clinllore [[u' -], lor.

< Clinllore Y_ # il re. (4.16)
i=1,2

IA

IA

Combining (4.11)—(4.16), we obtain ||€/ |10, + ||€/]l10, < C(h1 + hy). Finally, the proof
is completed by the triangle inequality. O
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