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Abstract

In this thesis, we study gravitational theories for which the natural choice of an affine connection
is metric compatible while not being symmetric. More specifically, we study gravitational theories
constructed on the Riemann-Cartan and Weitzenböck space-times.

Firstly, we outline the mathematical notions needed to construct a definition of space-time. Fol-
lowing this, we introduce the space-time definitions to be made use of throughout this thesis. We
then discuss the notions of extremal and auto-parallel curves on the Riemann-Cartan space-time.
It is noted that test particles follow extremal curves which are auto-parallel curves of the Levi-
Civita connection. Therefore, one must turn to the standard, torsion-free Raychaudhuri equation
when studying the focusing conditions that arise in theories constructed on the Riemann-Cartan or
Weitzenböck space-times.

Once we have introduced the definitions of the relevant space-times, we move on to review some
of the gravitational theories that involve non-vanishing torsion. We first review the Einstein-Cartan
theory and two of its modifications. We then review the so-called f(T ) theories of gravity before
discussing the focusing conditions that arise in this context. By making use of the f(T ) field equations
together with the torsion-free Raychaudhuri equation, we derive for the first time the f(T ) focusing
conditions for a one-parameter dependent congruence of timelike auto-parallel curves of the Levi-
Civita connection. We then study these focusing conditions for three bi-parametric cosmological
models.

Finally, we turn our attention back to the Einstein-Cartan theory and derive the Arnowitt-Deser-
Misner formulation of this theory. By making use of this formulation, we derive for the first time the
Generalised-Baumgarte-Shapiro-Shibata-Nakamura formulation of the Einstein-Cartan theory. We
then consider the case of a vacuum in spherical symmetry and construct a 1-dimensional code to
evolve the system numerically. We leave the inclusion of torsion into this code as the subject for
future work.
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Chapter 1

Introduction

It is well known that General Relativity (GR), which provides us with a description of space, time
and gravity, has been usually formulated with symmetric connections only [5]. More specifically, GR
is formulated on the so-called Riemannian space-time whose natural choice of an affine connection is
the unique, torsion-free and metric compatible connection known as the Levi-Civita connection [6].
In this thesis, we are interested in considering gravitational theories for which the underlying space-
times are defined using a natural choice of an affine connection, referred to as the Cartan connection,
that is metric compatible while not being symmetric. That is, we consider gravitational theories that
include a non-vanishing torsion tensor. The specific space-times that we consider in this thesis are
the so-called Riemann-Cartan [7] and Weitzenböck [8] space-times. Below, we briefly discuss these
space-times as well as their relevance in the scope of this thesis.

1.1 Gravitation and Riemann-Cartan space-time

The generalisation of the Riemannian space-time to one that includes torsion is known as the Riemann-
Cartan space-time [7]. In Chapter 2 of this thesis, we first outline the necessary mathematical
notions needed to construct this Riemann-Cartan space-time which we define formally in Chapter 3
following [9]. An example of a gravitational theory that is constructed on the Riemann-Cartan space-
time is the so-called Einstein-Cartan (EC) theory which was originally proposed by Élie Cartan in
1922 [10]. In this theory, the torsion tensor is geometrised by the spin-current tensor [7]. As a result
of this, in the absence of any fermionic matter, the EC theory of gravity reduces to GR. Therefore,
many phenomena that hold in GR, such as Birkhoff’s theorem, also hold true in the EC theory. In
Chapter 4, we discuss the EC theory as well as two of its modifications. One such modification is the
Einstein-Cartan-Saa (ECS) theory of gravity that was first put forward by Alberto Saa in [11] and
studied further in [12]. The motivation for such a theory comes from making the following note, given
in the next paragraph, on the choice of the volume element used when constructing the gravitational
action of the EC theory.

The volume element used in constructing the action of the EC theory is the same as that of GR
and does not yield a pure boundary term upon the integration of the Cartan divergence of an arbitrary
vector field. In order to obtain a pure boundary term upon such an integration, Saa proposed an
alternative volume element which resulted in the action for the ECS theory of gravity. This will be
the first modification of the EC theory that we will discuss in this thesis.

The second modification of the EC theory that we discuss is a Chern-Simons modification. Such
a modification is carried out here by following [13,14] in which a Chern-Simons modification to GR is
constructed. In the case of spherical symmetry, the Chern-Simons modification to General Relativty
(CSGR) vanishes and one is left with the standard GR theory. Therefore spherically symmetric
solutions, such as the Schwarzschild solution, are solutions of this modification to GR. However, as
mentioned in [14], the Kerr metric violates the so-called Pontryagin constraint and is therefore not
a solution of CSGR. This presents motivation for studying the Chern-Simons modification of the
Einstein-Cartan (CSEC) theory and the status of the Kerr solution in this theory has been studied
in [15].

1
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While we discuss these two aforementioned modifications of the EC theory, we will primarily be
interested in the EC theory itself. We make use of the so-called Cartan formalism in reviewing this
theory by following what is done in [9, 16–18]. In addition to this, we also discuss the EC theory in
the holonomic frame. The latter formulation will be of particular interest when constructing a set
of evolution equations to be made use of in carrying out numerical simulations of the theory. To
this end, we derive the Gauss, Codazzi and Ricci equations in Riemann-Cartan space-time following
what was done in [19,20] by Baumgarte and Shapiro for the case of Riemannian space-time. In these
aforesaid references, the Gauss, Codazzi and Ricci equations of Riemannian space-time are made use
of in constructing the Arnowitt-Deser-Misner (ADM) formulation of GR. In Chapter 6 of this thesis,
we make use of the Gauss, Codazzi and Ricci equations of Riemann-Cartan space-time in order to
derive the ADM formulation of the EC theory. We note that in [21], an ADM-like formulation of
the Teleparallel Equivalent of General Relativty (TEGR) is given while an ADM formulation of the
so-called Coincident General Relativty (CGR) has been given in [22].

As was shown in [23, 24], one can construct a modification of the ADM formulation based on
conformal transformations in the hypersurfaces of Riemannian space-time. Such a formulation is
known as the Baumgarte-Shapiro-Shibata-Nakamura (BSSN) formulation of GR. In the construction
of this formalism, one makes the assumption that the determinant of the conformal spatial metric is
unity. As pointed out by Brown in [25], this presents an issue when working in spherical coordinates
as the determinant of the spatial metric in spherical coordinates is not unity. Brown therefore pro-
posed the so-called Generalised-Baumgarte-Shapiro-Shibata-Nakamura (GBSSN) formulation of GR
in which one does not make this assumption. By making use of this formulation, Brown carried out
the numerical evolution of the system describing a space-time puncture. This was done by assuming a
vacuum and taking the metric to be spherically symmetric. The initial data for the metric was taken
to be the Schwarzschild solution in isotropic coordinates. Similar numerical simulations using the
GBSSN formulation have been carried out in [2, 26, 27]. It is worth noting that the standard BSSN
formulation has been used successfully for three-dimensional punture evolution in [28,29].

Once we have constructed the ADM formulation of the EC theory, we will modify this in order
to obtain, for the first time, a GBSSN formulation of the EC theory. In our final statement of the
GBSSN evolution equations, we include the torsion tensor by making use of the so-called effective
energy-momentum tensor. In order to determine the evolution equation of the torsion tensor, one
can therefore decompose the effective energy-momentum tensor and determine the relevant evolution
equations for its components. By following the procedure outlined in [30] for evolving the energy-
momentum tensor, we apply this method to the effective energy-momentum tensor and obtain the
evolution equations for the energy-matter content.

Upon the completion of constructing the GBSSN formulation of the EC theory, we consider the
case of spherical symmetry as well as a vanishing energy-matter content. Since the torsion tensor
vanishes when the spin-current tensor vanishes in the EC theory, the GBSSN evolution equations
will coincide with what is given in [25, 26, 31] for the case of GR. By making use of the evolution
equations for this case, we construct a 1-dimensional (1D) code to numerically evolve the system.
The modification of this 1D code to include a non-vanishing spin-current tensor is left as the subject
for future work.

1.2 Gravitation and Weitzenböck space-time

In this thesis, the most general space-time considered is the Riemann-Cartan space-time. By imposing
that the torsion tensor vanishes, the Cartan connection reduces to the Levi-Civita connection which
is unique. While one can consider the Riemann-Cartan connection in the case of vanishing torsion,
one can also consider the case of vanishing curvature. In such a case, there is no unique choice for the
Cartan connection [16]. However, the simplest choice of an affine connection can be found by taking
the trivial solution to the second Cartan structure equation. This is referred to as the Weitzenböck
gauge with the associated choice of an affine connection being the Weitzenböck connection [8, 32].
We refer to the space-time obtained by taking the natural choice of an affine connection to be the
Weitzenböck connection as the Weitzenböck space-time. It is upon this space-time that the so-called
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Teleparallel Equivalent of General Relativity (TEGR) is constructed. The reason that this theory is
equivalent to GR is that, apart from a surface term that has no contribution, the TEGR action is
exactly the Einstein-Hilbert action [33]. The TEGR theory of gravity was first introduced by Albert
Einstein himself and the interested reader is directed to the work [34] which contains the first English
translations of Einstein’s original papers on the subject. The formulation of TEGR through the
construction of a gravitational Lagrangian was first done in [35] and later in [36].

In the Lagrangian formulation of TEGR, the Lagrangian density is the so-called torsion scalar T .
Theories that are constructed using a Lagrangian density that is a general function f(T ) of the torsion
scalar are referred to as f(T ) theories of gravity. While TEGR is a Lorentz invariant theory, these
theories are not necessarily Lorentz invariant [37]. The fact that these theories display this property
has led to recent interest [37–40]. In particular, the validity of Birkhoff’s Theorem in f(T ) theories
is discussed in [37, 39, 40]. It was argued in [39] that the first inference of Birkhoff’s theorem, which
states that a spherically symmetric metric for which a vacuum is considered is static, holds in f(T )
theories of gravity. The authors of [39] made this argument by starting with a spherically symmetric
metric and then constructing a diagonal tetrad. As pointed out in [37, 40], the ansatz for the tetrad
used in [39] is overconstrained and requires that the f(T ) theory be TEGR. Therefore, the argument
given in [39] is limited to the case of TEGR. As per the terminology used in [37], the diagonal tetrad
used in [39] is an example of a "bad tetrad". Further studies conducted in the context of f(T ) theories
of gravity include the study of junction conditions in these theories [38] as well as constraining specific
f(T ) theories through the use of Supernovae Type Ia and Baryon Acoustic Oscillation data [41]. The
review article [42] discusses a model-independent reconstruction of f(T ) theories through the use of
the so-called cosmographic method. In Chapter 4, we shall discuss in detail the formulation of f(T )
theories following the discussion of the EC theory and its modifications.

We note that for theories that can be written as a function of the torsion scalar, T , a scalar field
and its kinetic term, a study of these theories, as well as a comparison with Hubble data, can be
found in [43]. Theories resulting from the inclusion of a Gauss-Bonnet term in the f(T ) Lagrangian
have also been studied [44–49]. In addition, a topic of interest for the case of TEGR is the status
of the theory as a gauge theory of the translation group [50–52]. It is also worth mentioning that
recently, the set of solutions of f(T ) gravity in the Minkowski metric has been studied [53], finding
out that a new mode is present at fourth-order perturbation, signaling a strong coupling problem.

1.3 Auto-parallel curves and focusing conditions

In this thesis, we are interested in studying the focusing conditions that arise in the context of the
f(T ) theories of gravity. More specifically, we wish to consider a congruence of curves and study
how a cross-sectional area about this congruence expands or contracts. One can then describe the
rate of expansion through the use of the Raychaudhuri equation. In Riemann-Cartan space-time,
however, there exist multiple Raychaudhuri equations of which we shall consider three. When one
considers the convergence or divergence of neighbouring curves in torsion-free theories of gravity, such
as GR, one often turns to the Raychaudhuri equation which was derived in [54]. This Raychaudhuri
equation, referred to here as the torsion-free Raychaudhuri equation, is known to play a significant
role in the proofs of the singularity theorems [55, 56]. This is the first Raychaudhuri equation that
we will consider. Due to the fact that the Levi-Civita connection can be considered as an additional
structure on Riemann-Cartan space-time [57], the torsion-free Raychaudhuri equation is still valid
in this space-time. It is, therefore, possible to still consider the convergence or divergence of curves
generated by the Levi-Civita connection in general Riemann-Cartan space-times.

Given the fact that the Levi-Civita connection is not the natural choice of an affine connection in
the Riemann-Cartan space-time, the torsion-free Raychaudhuri equation cannot, in general, be used to
describe the convergence or divergence of curves generated by the Cartan connection. Consequently,
in order to study a congruence of curves generated by the Cartan connection, we aim at determining a
Raychaudhuri equation describing the convergence and divergence of these curves. One such equation
can be found in [58, 59] and we refer to this result as the non-null torsion Raychaudhuri equation.
This equation is derived by decomposing the tensor field obtained by acting the Cartan covariant
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derivative on the tangent vector field of a curve contained in a congruence. While the non-null torsion
Raychaudhuri equation is valid in Riemann-Cartan space-time, the associated kinematic quantities do
not necessarily describe the physical expansion, shear and twist. In [60,61], a Raychaudhuri equation
involving torsion and whose kinematic quantities give the physical expansion, shear and twist is
derived. In this thesis, we refer to this result as the geometric Raychaudhuri equation. In [62], the
geometric Raychaudhuri equation is made use of in studying singularity theorems in affine theories of
gravity with torsion. In Chapter 3, we discuss the Raychaudhuri equations mentioned here in greater
detail. We note that the more general Raychaudhuri equation for the case of a space-time whose
natural choice of an affine connection is not metric compatible in addition to having a non-vanishing
torsion tensor is derived in [63].

Once we have derived the non-null torsion and geometric Raychaudhuri equations, we will move on
to discuss the implication of such key equations in the context of f(T ) theories of gravity. In Chapter
5 of this thesis, we are concerned with studying the convergence or divergence of paths followed by
test particles. Since we take test particles to follow extremal curves, which are auto-parallel curves
of the Levi-Civita connection, we make use of the torsion-free Raychaudhuri equation when studying
the focusing conditions. The f(T ) focusing conditions for the case where fundamental congruences
are considered have been derived before in [64]. In Chapter 5 of this thesis, we derive for the first
time the focusing conditions given a one-parameter dependent congruence of timelike auto-parallel
curves of the Levi-Civita connection. Following this, we study these focusing conditions for three
paradigmatic f(T ) cosmological models. These results have been reported in the article [65].



Chapter 2

Mathematical preliminaries

2.1 Introduction

In this chapter we briefly discuss the mathematical preliminaries needed for the construction of space-
times with non-vanishing torsion. We begin by first introducing the definition of a manifold which is
used throughout this thesis. This is done in Section 2.2. Following this, in Section 2.3, we define the
notion of a tangent space as well as that of a tensor. This is done by following closely the discussions
given in [55] by Hawking and Ellis and [5] by Wald. In Section 2.4, we then discuss the notion of
orientability of a manifold as well as how integration on a manifold is carried out. We conclude this
chapter with a brief dicussion on fibre bundles and principle G-bundles in Section 2.5. Although the
discussions given in this chapter are brief, the reader interested in a more in depth study of differential
geometry is directed to [6, 57, 66, 67]. For a discussion on the application of differential geometry in
the study of physics, the interested reader is directed to [16,68].

2.2 Definition of a manifold

In this section we introduce the definition of a manifold that is used in this thesis. Although we
are predominantly interested in studying 4-dimensional space-times with non-vanishing torsion in
this thesis, we will initially discuss the notion of an n-dimensional manifold. Once the notion of an
n-dimensional manifold is formalised, we will move on to consider the specific case of a 4-dimensional
manifold and we will make use of this notion in order to construct space-times with non-vanishing
torsion. It is worth noting that only a brief discussion of the mathematical preliminaries needed to
construct a space-time is given here. In particular, many of the statements given here are mentioned
without proof and the interested reader is directed to the references mentioned herein for more in-
depth discussions on the various concepts that appear in the study of differential geometry.

As mentioned above, the purpose of this section is to provide the reader with the definition of a
manifold which is to be used throughout this thesis. Through such a definition, we will be able to
construct various metric compatible space-times such as the Riemannian space-time, which has non-
vanishing curvature, the Weitzenböck space-time, which has vanishing curvature and non-vanishing
torison, as well the Riemann-Cartan space-time which has both non-vanishing curvature and non-
vanishing torsion [9].

In what follows, we define a homeomorphism to be a bijective mapping that has a continuous
inverse [5]. Intuitively, one can interpret a manifold as being constructed by "pasting" together sets
that are homeomorphic to an open subset of a Euclidean space [5,6]. That is, given an arbitrary point
in a manifold, there exists a neighbourhood of that point that is homeomorphic to an open subset of
a Euclidean space. To present this notion more formally, we first consider the set

Rn :=
{
x =

(
x1, . . . , xn

)
|xk ∈ R ∀ k ∈ {1, . . . , n}

}
, (2.1)

where R is the set of all real numbers [6]. Following what is done in [6], we note the following linear

5
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structure on Rn described by the expressions

(x+ y)k = xk + yk , (2.2)

and

(αx)k = αxk , (2.3)

where x,y ∈ Rn and α ∈ R is a scalar. Equation (2.2) defines addition between elements of Rn
whereas equation (2.3) defines scalar multiplication [6]. It is easily verifiable that the linear structure
described by equations (2.2) and (2.3) implies that Rn is an n-dimensional vector space over the field
of real numbers, R [6]. In addition to this aforementioned linear structure, it is possible to study a
standard topological structure on Rn (see [6,66] and Appendix A of [5]). One can define the function

d (x,y) :=

√√√√ n∑
k=1

(yk − xk)2
, (2.4)

where x,y ∈ R [6,66]. It is not difficult to show that, from the definition given in equation (2.4), the
function d (x,y) satisfies the following properties [6]:

1. d (x,y) is positive semi-definite with

d (x,y) ≥ 0 , (2.5)

for all vectors x,y ∈ R;

2. the function is symmetric with

d (x,y) = d (y,x) ; (2.6)

3. the triangle inequality described by

d (x,y) + d (y, z) ≥ d (x, z) , (2.7)

is satisfied for any vectors x,y, z ∈ Rn.

Since the above properties are satisfied by the function d (x,y), it follows that it is a metric on Rn
and we refer to this metric as the usual metric on Rn [6, 66]. In order to see how the standard
topological structure on Rn can be constructed, we first require the definition of a topological space.
Following [69] and Appendix A of [5], we have the following definition of a topological space.

Definition 2.2.1. A topological space (X, τ) is a set X together with a collection, τ , of subsets of X
such that:

1. the set X and the empty set ∅ are in the collection τ ;

2. the union of any elements in τ is in τ ;

3. the intersection of any finite number of elements in τ is in τ .

The collection, τ , of subsets of the set X is referred to as a topology on X and the subsets that form
part of this collection are referred to as open sets in the topological space (X, τ).

Where no confusion arises, we will often refer to X simply as the topological space. By following
what is done in Appendix A of [5], we wish to introduce a few more definitions. In the above definition,
it is stated what is meant by an open set. We note that a subset, say A, of X is said to be a closed
set if its complement, defined as X −A := {x ∈ X|x /∈ A}, is an open set [5]. As is well-known, it is
possible for a set to be both open as well as closed. Given a set X, one can construct a topological
space by simply taking the topology to be the set containing all subsets of X. This is referred to as
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the discrete topology. Given the set X, another simple construction of a topological space is to take
the topology to be the so-called indiscrete topology which only contains the set X itself as well as the
empty set ∅. Furthermore, if the only elements of the topology that are both open and closed are
the set X and the empty set ∅ then the topological space is said to be connected. Consider now the
set A ⊂ X in the topological space (X, τ). The closure of the set A, which is denoted as Ā, is defined
as the intersection of all the closed sets that contain A. On the other hand, the union of all the open
sets that contain A is referred to as the interior of the set A. One can now define the boundary of
the set A, which is often denoted as Ȧ, as being the set of all points that are contained in the closure
of A but not in the interior of A. Lastly, we turn our attention to the definition of a compact set.
An open cover of the set A ⊂ X is defined as being a collection of open sets that is such that A is
contained in the union of these sets. If every open cover of the set A ⊂ X has a finite subcover, then
it is said that the set A is compact.

Let us now give the so-called natural topological structure of Rn. By making use of the usual
metric defined in equation (2.4), we can define the open ball, Br(x), with centre x ∈ Rn and radius
r as follows:

Br(x) := {y ∈ Rn|d (x,y) < r, x ∈ Rn} , (2.8)

where r > 0 is a real number [6, 66]. The natural topological structure of Rn is then constructed by
taking the open subsets of Rn, i.e., the sets contained in the topology, to be unions of open balls as
defined above through equation (2.8) [5, 6].

Consider a function f defined on an open subset U of Rn. We say that f ∈ Ck (U) if all the
j-th partial derivatives of f both exist and are continuous for j ≤ k where k ∈ Z+ [6]. In defining
a manifold, we wish to include the condition that the topological spaceM be a Hausdorff space. In
order to consider the notion of a Hausdorff space, we require the Hausdorff separation axiom which
is defined as follows.

Hausdorff separation axiom. LetM be a topological space. If p and q are two distinct points in
M, then there exists disjoint sets U ,V ⊂M such that p ∈ U and q ∈ V [55].

A topological spaceM that satisfies the Hausdorff separation axiom is referred to as a Hausdorff
space [55]. Before moving on to give the definition of a manifold, we first wish to state the notion
of a second countable topological space. A topological space is said to be second countable if it
has a countable basis for the topology τ [66]. That is, there exists a collection of open sets that is
countable and is such that one can write a given open subset of M as a union of sets contained in
the collection [5]. We are now in a position to state the definition of a manifold that is given in [6]
and is used in this thesis.

Definition 2.2.2. Let M be a Hausdorff space that is second countable. If for any p ∈ M there
exists a neighbourhood U ⊂M of p such that U is homeomorphic to some open subset O of Rn then
we refer toM as an n-dimensional manifold [6].

We note that the neighbourhood in the manifold definition given above is necessarily an open
subset [66]. Now, suppose that p is a point in the n-dimensional manifoldM. Then, from Definition
2.2.2, there exists an open subset U ofM such that the map ψ : U → O ⊂ Rn is a homeomorphism.
We shall refer to (U , ψ) as a coordinate chart [6]. We note that some authors refer to (U , ψ) as
a coordinate system [5]. Now, suppose, in addition to the coordinate chart (U , ψ), we have the
coordinate chart (V, φ) defined on the manifold M. In addition, suppose that U ∩ V 6= ∅ and
consider the following map:

ψ ◦ φ−1
∣∣∣
φ(U∩V)

: φ (U ∩ V)→ ψ (U ∩ V) . (2.9)

Using the fact that the maps ψ and φ are homeomorphisms as well as the fact that both the images
φ (U ∩ V) and ψ (U ∩ V) are non-empty, since we have U∩V 6= ∅, it is not difficult to see that the map
given in equation (2.9) is itself a homeomorphism [6]. Through the consideration of two coordinate
charts on a manifold M, we wish to introduce the notion of Ck-compatibility which is defined as
follows.
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Definition 2.2.3. Let (U , ψ) and (V, φ) be coordinate charts on a manifold M. We say that the
coordinate charts are Ck-compatible if either U ∩V = ∅ or U ∩V 6= ∅ and the map given in equation
(2.9) as well as its inverse are Ck-maps.

We now wish to consider the notion of a differentiable structure on a manifoldM. In order to do
this, we first wish to introduce the definition of a Ck-atlas.

Definition 2.2.4. Let (Uj , φj) be a coordinate chart on a manifold M for j ∈ {1, 2, . . . ,m} where
m ∈ Z+. Let A be a collection of coordinate charts defined through the expression

A := {(U1, ψ1) , (U2, ψ2) , . . . , (Um, ψm)} . (2.10)

If A satisfies the properties:

1. the collection {U1,U2, . . . ,Um} is an open cover ofM;

2. any two coordinate charts (Ui, ψi) , (Uj , ψj) ∈ A satisfy the property of Ck-compatibility;

then A is said to be a Ck-atlas [6, 55].

Using the definition given above, we let A be a Ck-atlas on the manifoldM. If the atlas A satisfies
the condition that if a coordinate chart (V, φ) on M is Ck-compatible with all coordinate charts in
A, then the atlas is said to be maximal [6]. We refer to a maximal Ck-atlas as a Ck-differentiable
structure [6]. If a manifold M has a Ck-differentiable structure given on it we shall refer to it as a
Ck-differentiable manifold [6].

Let A be a Ck-atlas as defined in Definition 2.2.4 and let p be any point inM. If there exists an
open neighbourhood of p that is such that it only intersects a finite number of the sets Uj contained
in A then the atlas is said to be locally finite [55]. If for any atlas A of a manifoldM there exists a
locally finite atlas

Ã := {(V1, φ1) , (V2, φ2) , . . . , (Vl, φl)} , (2.11)

where l ∈ Z+ and each Vi is contained in some Uj , then the manifoldM is said to be paracompact [55].
In fact, if we assume that the manifold under consideration is connected, then it satisfies the property
of paracompactness since it would be equivalent to the property of being second countable [55, 66].
This is contained in the following theorem which is stated here without proof.

Theorem 2.2.1. A connected Ck-differentiable manifold satisfies the property of paracompactness if
and only if it is second countable [55].

Following the work [6] we shall refer to a C∞-manifold as a smooth manifold. From now on, when
the term manifold is used, we shall be referring to a connected smooth manifold.

2.3 The tangent space, dual space and tensors

LetM be an n-dimensional manifold and let p be a point inM. We define C∞p to be the set of all
C∞-functions that are defined in a neighbourhood of the point p [6]. We define a tangent vector at
the point p ∈M to be a map Xp : C∞p → R that is such that, for all α, β ∈ R and for all f, g ∈ C∞p ,
we have [5]

1. Xp (αf + βg) = αXp (f) + βXp (g);

2. Xp (fg) = f(p)Xp (g) + g(p)Xp (f) .

With this definition in mind, we define TpM to be the collection of all tangent vectors at the point
p ∈M [5]. It is not difficult to see that the collection TpM has the linear structure described by the
expressions

(Xp + Yp) (f) = Xp (f) + Yp (f) , (2.12)
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and

(αXp) (f) = αXp (f) , (2.13)

where f, g ∈ C∞p ,Xp,Yp ∈ TpM and α ∈ R [5]. In addition, under this linear structure, the collection
TpM is a vector space and we refer to this collection as the tangent space at p [5]. A proof that the
tangent space has the same dimension as that of the associated manifold is given in [5]. Consider an
open neighbourhood U of p which is a point in the n-dimensional manifoldM. We let ψ : U → O ⊂ Rn
be a homeomorphism where O is open. For f ∈ C∞p we introduce the coordinate basis {eν} defined
as

eν (f) :=
∂

∂xν
(
f ◦ ψ−1

) ∣∣∣
ψ(p)

, (2.14)

where ν ∈ {1, 2, . . . , n} and
(
x1, x2, . . . , xn

)
are Cartesian coordinates of ψ (U). By making use of the

basis constructed above, it is possible to write the tangent vector Xp ∈ TpM as

Xp = Xν
p eν :=

n∑
ν=1

Xν
p eν , (2.15)

where we have implemented the so-called Einstein summation convention, i.e., the summation is
implied when an index is repeated. The vector components Xν

p in equation (2.15) are defined as the
value obtained by acting the vector Xp on the C∞ function xν ◦ ψ : U → R. That is, we write

Xν
p := Xp (xν ◦ ψ) . (2.16)

We denote the collection of linear maps vp : TpM→ R as T ∗pM and we write the real value obtained
by mapping the vector Xp through the use of vp as 〈vp,Xp〉. Given a coordinate basis, which is
defined in equation (2.14), for the tangent space we can define the set of n linear maps {eν}, which
are elements of T ∗pM, through the expression

〈eµ, eν〉 = δµν . (2.17)

We note that, under the linear structure of the operation 〈vp,Xp〉, the collection T ∗pM is a vector
space. The set of {eν} forms a basis for the elements in T ∗pM with an arbitrary element vp ∈ T ∗pM
written as the following linear combination

vp = (vp)ν e
ν , (2.18)

where we define the coordinate components through the expression

(vp)ν := 〈vp, eν〉 . (2.19)

The collection T ∗pM is of dimension n and is referred to as the dual space of the tangent space with
its elements being referred to as dual vectors [5,55]. Now that we have introduced the tangent space
and dual space at a point p ∈M, we are in a position to introduce the notion of a tensor.

We begin by introducing the Cartesian product Ωl
k which is defined as follows

Ωl
k := T ∗pM × · · · × T ∗pM︸ ︷︷ ︸

k factors

×TpM × . . . TpM︸ ︷︷ ︸
l factors

. (2.20)

We now define a tensor of type (k, l) to be a multilinear map [5]

T : Ωl
k → R . (2.21)

Given a coordinate chart (U , ψ) of p ∈ M with the basis {eν} for the tangent space as well as the
basis {eν} for the dual space, we can write the type (k, l) tensor as

T = Tµ1...µlν1...νk eµ1 ⊗ · · · ⊗ eµl︸ ︷︷ ︸
l factors

⊗ eν1 ⊗ · · · ⊗ eνk︸ ︷︷ ︸
k factors

, (2.22)
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where we have once again made use of the Einstein summation convention and Tµ1...µlν1...νk are the
coordinate basis components of the tensor associated with {eν} [5,55]. We denote the vector space to
which a tensor of type (k, l) belongs as Tp(k, l)M. Having now introduced the notion of a tensor, we
wish to introduce the notion of a tensor field following [55] by Hawking and Ellis. Let U ⊂M be an
open subset of the manifoldM. We define the allocation of an element of the vector space Tp(k, l)M
to a point p in the open set U as a tensor field of type (k, l). Tensor fields will be of particular interest
in this thesis when studying aspects of a given space-time. More specifically, we will be interested in
describing quantities such as curvature and torsion through the use of tensor fields. Before we move
on to discuss specific space-times, we first wish to consider the notion of integration on manifolds.

2.4 Orientability and integration on a manifold

In this section, we wish to discuss, in particular, the notion of integration on a manifold sayM. Before
introducing this concept, we first wish to define the notion of an orientable manifold as this property
of orientability is required when defining integration on a manifold. The definition of orientability is
given below following [5, 67].

Definition 2.4.1. LetM be a manifold. We say thatM is an orientable manifold if one can select
a smooth n-form field that does not vanish anywhere on M. We say that the selected n-form field
provides an orientation forM.

For the remainder of this thesis, we will take all manifolds to be orientable as per the definition
given above. For such a manifoldM let us denote the selected n-form field, which provides us with
the orientation M, as σ. Let p ∈ M and let (U , ψ) be a coordinate chart of M with p ∈ U ⊂ M.
By making use of the wedge product, we expand the n-form field σ in the basis associated with this
coordinate chart. That is, we write

σ = u dx1 ∧ · · · ∧ dxn , (2.23)

where, as per Definition 2.4.1 given above, u is a smooth function that is non-vanishing everywhere.
In the case where u > 0, we refer to the coordinate chart as right-handed whereas, in the case where
u < 0, we refer to the coordinate chart as left-handed [5]. Suppose that u > 0 and, therefore, that the
coordinate chart is right-handed. Consider an arbitrary n-form field β and let us write this n-form
field in terms of the basis associated with the coordinate chart

β = b dx1 ∧ · · · ∧ dxn . (2.24)

We now define the integral of the n-form field over the open neighbourhood U ⊂M as [5]∫
U
β :=

∫
ψ(U)

b dx1 . . . dxn . (2.25)

We have thus defined the integral of an arbitrary, smooth n-form field over an open neighbourhood of
the manifoldM. With this definition in mind, we wish to define the integral of a smooth n-form field
over the manifoldM. In order to construct such a definition, we first wish to give the definition of a
smooth partition of unity on a manifold. Following Willmore [67], we give such a definition below.

Definition 2.4.2. LetM be a manifold. We define a smooth partition of unity, {fi}, to be a collection
of smooth functions, fi, onM that are such that:

1. fi ≥ 0 ∀i;

2. The collection {supp (fi)} forms a covering ofM that is locally finite;

3.
∑

i fi = 1.
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In the second property given above, we have used the notation supp (fi) to indicate the support
of the smooth function fi, i.e., the subset of the domain of fi whose image does not contain zero.
Now, suppose the collection {Vj} of open neighbourhoods of the manifoldM is an open covering of
M. If, for each function fi contained in the partition of unity, there exists an open neighbourhood Vj
contained in the aforementioned open covering such that supp (fi) ⊂ Vj , then the partition of unity
{fi} is said to be subordinate to the open covering {Vj} [67].

Having introduced the notion of a smooth partition of unity on a manifold, we now wish to give
the definition of the integral of an arbitrary n-form field over the entirety of the manifold. Since a
given manifold, as per the notions given previously, satisfies the property of paracompactness, one
can find a countable collection, {Uj}, of open neighbourhoods ofM that are locally finite and cover
M [5]. Now, a smooth partition of unity {fi} that is subordinate to the collection {Uj} exists, and
we define the integral of an arbitrary n-form β field over the entirety of the manifold to be [5]∫

M
β :=

∑
j

∫
Uj
fjβ . (2.26)

In the above definition we have assumed that, for a coordinate chart (Uj , ψj) where Uj is part of
the aforementioned collection {Uj} and has associated homeomorphisms ψj : Uj → Oj ⊂ Rn, the
integrability condition ∑

j

∫
ψj(Uj)

fj |bj |dx1 . . . dxn , (2.27)

is satisfied where bj is the function used to construct the n-form field β using the jth coordinate chart
as per equation (2.24) [5]. In order to carry out an integration of a smooth function, say h, over the
entirety of the manifold M, we require the notion of a volume element which is a continuous and
non-vanishing n-form which we shall denote as ζ. For a volume element ζ, we define the integral of
the smooth function h over the entirety of the manifoldM as∫

M
h :=

∫
M
hζ . (2.28)

We note that while an orientation σ is equivalent to an orientation that is obtained by multiplying σ by
a strictly positive smooth function this is not the case for a volume element. The defining of an integral
of a smooth function overM will play a significant role when we consider specific theories of gravity.
This is due to the fact that, when introducing a gravitational theory, we will consider an action which
involves such an integral over the manifold included in the definition of the space-time considered. As
we shall see in subsequent chapters, although there is a natural choice of a volume element given a
space-time, the choice is not unique. This means that it is possible to construct gravitational theories
that, while still containing the same smooth function in their respective actions, will differ in their
volume elements. An example of such a case is the comparison between the Einstein-Cartan theory
and the so-called Einstein-Cartan-Saa theory [11]. In this example, both contain the same smooth
function in their action, which is the non-null torsion Ricci scalar and is defined later on, while their
actions differ due to having different volume elements.

2.5 Bundles, fibre bundles and principle G-bundles
In this section, we wish to introduce the notion of a fibre bundle and, in particular, discuss the specific
type of fibre bundle referred to as a principle G-bundle. The notion of a fibre bundle is essential to
the formulation of a gauge theoretic approach to gravitational theories. In particular, it is possible
to formulate the Einstein-Cartan theory of gravity as a gauge theory of the Poincaré group [70, 71]
and the Teleparallel Equivalent of General Relativity as a gauge theory of the translation group [8].
In later sections of this thesis, we are interested in studying these two aforesaid theories as well as
various modifications to these theories. The reader interested in learning about the subject of so-
called Poincaré gauge gravity theories in general is directed to [71] by Blagojević as well as [72, 73]
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by Obukhov. Let us now begin this section by introducing the notion of a bundle. This is given in
the following definition from Hawking and Ellis [55].

Definition 2.5.1. Let E andM be manifolds and let π : E →M be a surjective mapping. We then
refer to the tuple (E ,M, π) as a bundle.

The manifolds E andM in the above definition are often referred to as the total space manifold
and the base manifold respectively [9, 18, 55]. In addition, we refer to the surjective map π as the
projection map [18]. As an example of a bundle, let us consider the so-called product bundle. LetM
and A be manifolds and let us introduce the total space manifold as the product manifold M×A.
Then, the tuple (M×A,M, π) defines a bundle where π is the surjection that is such that π : (p, a) ∈
M× A 7→ π (p, a) = p ∈ M for all a ∈ A and p ∈ M [55]. An example of such a product bundle,
which is given in [55], is that of the cylinder C2. One takes the base manifold to be the circle S1 and
the total space manifold to be the product manifold constructed using S1 together with the real line
R1, i.e., the total space manifold has the topology S1×R1. Having discussed the notion of a product
bundle, let us now turn our attention to the notion of a fibre bundle. In this thesis, we make use of
the following definition used in [9, 18].

Definition 2.5.2. Let E ,M and F be manifolds. As before, E is referred to as the total space
manifold and M is referred to as the base manifold. We refer to F as the fibre. Let π : E → M
be a surjective mapping. For all p ∈ M, let there exist a diffeomorphism, say φ, that is such that
φ : π−1 (U) → U × F where U ⊂ M is an open neighbourhood of p. In addition, let the following
diagram commute

π−1 (U) U × F

U

φ

π proj1
,

where proj1 : (p, f) ∈ U × F 7→ proj1 (p, f) = p ∈ U . We then refer to the quadruple (E ,M, π,F) as
a fibre bundle.

In essence, a fibre bundle is a bundle that is locally a product bundle [55]. That is, the bundle
(E ,U , π) is a fibre bundle if it is locally the product manifold M×F where the manifold F is the
fibre. As an example of a fibre bundle, let us consider the tangent bundle. Let M be a manifold
and let us define the total space manifold to be E :=

⋃
p∈M{p} × TpM. Let us take the surjection to

be the projection map proj1 : (p, v) ∈ E → p ∈ M. In order to conclude that the tangent bundle is
indeed a fibre bundle, we require the fibre F . Let us consider an element, say v, of the tangent space
TpM. Let the manifoldM be of dimension n and let E := {e1, . . . , en} be a basis for TpM. Then,
we can write the tangent space element v as the following linear combination of elements of the basis
E:

v =
n∑
k=1

lkek , (2.29)

where lj ∈ R ∀j ∈ {1, . . . , n}. We note that, for an open neighbourhood U ⊂M of p ∈M, the map

φU :

(
p,

n∑
k=1

lkek

)
∈ E 7→ φU (p,v) =

(
p,
(
l1, . . . , ln

))
∈ U × Rn , (2.30)

is a diffeomorphism. Then, the quadruple (E ,M, proj1,F) is a fibre bundle where the fibre is nothing
more than F := Rn.

Before we move on to discuss the notion of a principle fibre bundle, let us first make a note
on the diffeomorphism φ mentioned in Definition 2.5.2. This choice in a diffeomorphism that maps
π−1 (U) to the product bundle U × F is referred to as a local trivialisation [9, 18]. We note that
there is a one-to-one correspondence between the notion of a local trivialisation and the notion of a
choice of gauge [18]. As a result of such a one-to-one correspondence, it is not uncommon for a local
trivialization to simply be referred to as a choice of gauge [9]. In this thesis, we make use of the
definition for a G-bundle that is stated in [18] and is given below.
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Definition 2.5.3. Let the quadruple (E ,M, π,F) be a fibre bundle as per definition 2.5.2. Let G be
a Lie group that acts as a group of diffeomorphisms on the fibre F and let 1 be the unit element of
G. Let the collection {U1, . . . ,Um} be an open cover of the base manifoldM and let {φ1, . . . , φm} be
a corresponding collection of local trivialisation maps, i.e., be such that φj : π−1 (Uj) → Uj × F for
all j ∈ {1, . . . ,m}. Consider the collection A := {(U1, φ1) , . . . , (Um, φm)}. If the collection A is such
that the maps defined as φij := φiφ

−1
j : (Ui ∩ Uj)×F → (Ui ∩ Uj)×F is such that it has the form

φij : (p, f) ∈ (Ui ∩ Uj)×F 7→ φij (p, f) = (p, qij (p) f) ∈ (Ui ∩ Uj)×F , (2.31)

where the maps qij : (Ui ∩ Uj)→ G are such that for all i, j, k ∈ {1, . . . ,m} we have

1. qjj (p) = 1 for all p ∈ Uj ;

2. qij (p) = q−1
ji (p) for all p ∈ Ui ∩ Uj ;

3. qij (p) qjk (p) qki (p) = 1 for all p ∈ Ui ∩ Uj ∩ Uk;

then we refer to A as a G-atlas. By defining a G-structure to be an equivalence class of G-atlases, we
say that the fibre bundle is a G-bundle if a G-structure is specified on the fibre bundle.

The Lie group G used in the definition given above is often referred to as the structure group. In
the event that the structure group G is diffeomorphic to the fibre F , then we say that the G-bundle
is a principle G-bundle [18]. In many cases, the fibre is taken to be the structure group. In such
a case, the diffeomorphism that maps the structure group to the fibre is simply the identity map.
Let us consider the so-called linear frame bundle which is an example of a principle G-bundle and
is discussed in [9]. Consider the tangent space TpM of the n-dimensional base manifold M of this
bundle and let (e1, . . . , en) be the standard basis for Rn. Let γ : Rn → TpM be a linear isomorphism
and, therefore, the set {γ (e1) , . . . , γ (en)} is a basis for TpM. We now define the set of all linear
isomorphisms γ : Rn → TpM by LpM and we refer to this set as the set of linear frames. We then
define LM :=

⋃
p∈M {p} × LpM. One can show that the quadruple (LM,M, π,GL (Rn)), which is

referred to as the linear frame bundle, is a principle fibre bundle [9]. In this example, the structure
group and the fibre coincide and are described by the general linear group GL (Rn). In the event
that the linear isomorphisms are such that the bases {γ (e1) , . . . , γ (en)} are orthonormal, then the
resulting principle fibre bundle is referred to as the orthonormal frame bundle [9]. Following the
notation of [9], we denote the total space manifold of the orthonormal frame bundle as FM.

2.6 Chapter conclusions

In this chapter, we introduced the necessary mathematical concepts needed for constructing space-
times with torsion. In particular, we introduced the definition of a manifold which we make use
of in this thesis as well as the notions of a tangent space and a dual space. We also discussed
the construction of tensors through the use of the basis for the tangent space as well the basis for
a dual space. Following this, we discussed the notion of integration on manifolds. This will be
useful in Chapter 4 when we require a gravitational action constructed on a space-time in order
to describe a gravitational theory. Moreover, the notion of a volume element is important when
discussing gravitational theories whose volume element is not that of the natural choice. An example
of such a theory is the so-called Einstein-Cartan-Saa theory [11] which will be discussed in Section
4.3. We concluded this chapter by discussing the notion of a fibre bundle which is a key concept
when describing a gravitational theory as a gauge theory. Examples of these include the Einstein-
Cartan theory as a gauge theory of the Poincaré group [74] and the Teleparallel Equivalent of General
Relativity as a gauge theory of the translation group [8].





Chapter 3

Space-times with curvature and torsion

3.1 Introduction

In the previous chapter, we introduced the necessary mathematical concepts needed to construct
space-times with non-vanishing torsion. In this chapter, we will make use of these mathematical
concepts in order to study the so-called Riemann-Cartan space-time whose natural choice of an affine
connection is the so-called Cartan connection which is non-symmetric while being metric compatible
[74, 75]. In Section 3.2, we outline some notational conventions that we make use of in this thesis.
Following this, in Section 3.3 we construct the Riemann-Cartan space-time following [9]. In Section
3.4, we discuss the notions of curvature and torsion in this space-time. In Section 3.5, we discuss
the so-called Cartan formalism following [9,16,18]. This formalism will allow us to represent some of
the notions given in Section 3.4 in a non-holonomic frame. In Section 3.6, we discuss the so-called
Riemannian and Weitzenböck space-times which are special cases of the Riemann-Cartan space-time.
In Section 3.7, we discuss the notions of auto-parallel and extremal curves in Riemann-Cartan space-
time. Lastly, in Sections 3.8, 3.9 and 3.10, we discuss various Raychaudhuri equations that can be
constructed on the Riemann-Cartan space-time following the results presented in [54,58–61].

3.2 Conventions and notation

In the construction of space-times with non-vanishing torsion, we will be concerned with 4-dimensional
manifolds where we make use of the definitions given in Chapter 2. When considering a type (k, l)
tensor field, say B, we will use the notation Bµ1µ2...µk

ν1ν2...νl in order to indicate the kind of variables
that the tensor field acts on. That is, we will use Greek indices to denote tensor properties. Therefore,
any relationships between tensors mentioned in the following sections will be properties of those
tensors and will not be specific to any coordinate chart. This notational convention is referred to as
the abstract index notation and is made use of1 in [5]. Furthermore, for a type (k, l) tensor field B,
we make use of the notational conventions

Bµ1µ2...µk
(ν1ν2...νl)

=
1

l!

∑
π

Bµ1µ2...µk
νπ(1)νπ(2)...νπ(l)

, (3.1)

and

Bµ1µ2...µk
[ν1ν2...νl]

=
1

l!

∑
π

δπB
µ1µ2...µk

νπ(1)νπ(2)...νπ(l)
, (3.2)

where π indicates the permutation and δπ is −1 for odd permutations and 1 for even permutations.
In order to illustrate how the notation described in equations (3.1) and (3.2) is used, we consider as

1We note that, while we use Greek indices here for the abstract index notation, Wald makes use of Latin indices. Here,
we prefer to reserve the use of Latin indices for dealing with nonholonomic frames. The construction of nonholonomic
frames is explained further on in Section 3.5.

15
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an example the case where the tensor field B is of type (0, 3). The application of equation (3.1) to
the first and third indices of a type (0, 3) tensor field B yields

B(µ|α|ν) =
1

2
(Bµαν +Bναµ) . (3.3)

Through the application of equation (3.2) to the first and third indices of B yields

B[µ|α|ν] =
1

2
(Bµαν −Bναµ) . (3.4)

In subsequent chapters, when a coordinate basis is introduced, we will then use Greek indices to
indicate the coordinate basis components of tensors as was done in the previous chapter. For now
however, we will use Greek indices in the capacity of the so-called abstract index notation.

In the following sections, we turn our attention to the construction of a space-time whose natural
choice of an affine connection is both metric compatible as well as not necessarily symmetric. We
will first introduce the definition of an affine connection following [55] by Hawking and Ellis before
moving on to discuss the requirement that the affine connection be metric compatible. The definition
of a Riemann-Cartan space-time will then be given by following [9] by Tseng through the use of a 4-
dimensional manifold together with the metric tensor as well as the non-symmetric metric compatible
affine connection considered as an additional structure on the manifold.

3.3 Construction of Riemann-Cartan space-time

We begin this section by giving the definition of an affine connection which we consider to be an
additional structure on a given manifold. Let M be a 4-dimensional manifold and let p be a point
inM. The additional structure referred to as an affine connection, denoted as ∇, is defined to be a
description which provides a differential operator ∇X = Xν∇ν for all vector fields X at p ∈ M and
satisfies the properties [55]:

1. for vector fields X,Y ,Z and f, g ∈ C∞p we have

∇fY +gZX = f∇YX + g∇ZX (3.5)
= fY ν∇νX + gZν∇νX ; (3.6)

2. for vector fields X,Y ,Z and α, β ∈ R we have

∇Z (αX + βY ) = α∇ZX + β∇ZY (3.7)
= αZν∇νX + βZν∇νY ; (3.8)

3. for vector fields X,Y and f ∈ C∞p we have

∇Y (fX) = Y (f)X + f∇YX (3.9)
= Y (f)X + fY ν∇νX . (3.10)

In the third property given above, we have used the fact that the description provided by an affine
connection is consistent with the idea that a tangent vector field, say Y , acting on a function, say
f ∈ C∞p , yields the directional derivative of f at p, i.e., ∇Y f = Y (f) for any affine connection ∇.
Furthermore, we note that the affine connection ∇ maps the type (k, l) tensor field Bµ1µ2...µk

ν1ν2...νl

to the type (k, l + 1) tensor field ∇σBµ1µ2...µk
ν1ν2...νl and we refer to this quantity as the covariant

derivative of B [5]. It is at this point that we wish to introduce the type (0, 2) tensor field g referred
to as the metric tensor. Intuitively, the metric tensor provides us with the notion of an inner product
on the tangent space TpM for all points p in the manifold M. More formally, a metric tensor on
a manifold M is a type (0, 2) tensor that is nondegenerate and symmetric [5, 55]. The property
of nondegeneracy means that g (X,Y ) = 0 for all vectors Y ∈ TpM if and only if X is the zero
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vector. In addition, when we say the metric tensor is symmetric, it is meant that, given two vectors
X,Y ∈ TpM, we have g (X,Y ) = g (Y ,X). In the abstract index notation, the symmetric property
of the metric tensor can be written as gµν = gνµ. In this thesis we take g to be a Lorentz metric with
signature (−,+,+,+). Since we are dealing with a Lorentz metric, the manifoldM is taken to be a
pseudo-Riemannian manifold since the metric tensor is not necessarily positive semi-definite.

Now that the notions of an affine connection and a metric tensor have been introduced, we wish
to introduce the notion of a metric compatible connection for which we have non-vanishing torsion.
Let us first begin by introducing the notion of a connection coefficient. Let ∇ and ∇′ be two affine
connections considered as additional structures on the manifoldM. Now, let X be a tangent vector
field at p ∈ M and let f ∈ C∞p be a function onM. By making use of the abstract index notation,
we consider the map (∇α −∇′α)

(
fXβ

)
. The application of the Leibniz rule yields(

∇α −∇′α
) (
fXβ

)
=
[(
∇α −∇′α

)
f
]
Xβ + f

(
∇α −∇′α

)
Xβ . (3.11)

As already mentioned, the description provided by a given affine connection is consistent with how
tangent vector fields provide the notion of a directional derivative of a function on M. That is, for
any two affine connections ∇ and ∇′ and a function f ∈ C∞p , we have ∇αf = ∇′αf . It therefore
follows that equation (3.11) becomes(

∇α −∇′α
) (
fXβ

)
= f

(
∇α −∇′α

)
Xβ . (3.12)

The above expression implies that the quantity (∇α −∇′α)Xβ depends only on the value taken on
by the vector field X at p ∈ M and it follows that (∇α −∇′α) is a linear map [5]. Since this is a
linear map, we can introduce a type (1, 2) tensor field, say Lβασ, that is such that(

∇α −∇′α
)
Xβ = LβασX

σ . (3.13)

We now wish to consider what happens when we act the same map on a dual vector field v. We note
that 〈v,X〉 = vαX

α ∈ C∞p and thus (
∇α −∇′α

) (
vβX

β
)

= 0 . (3.14)

The application of the Leibniz rule in the above expression yields

vβ
(
∇α −∇′α

)
Xβ +Xβ

(
∇α −∇′α

)
vβ = 0 . (3.15)

By making use of equation (3.13), the above expression becomes

Xβ
(
Lσαβvσ +

(
∇α −∇′α

)
vβ
)

= 0 . (3.16)

Since the above expression holds for all tangent vector fields X, we have(
∇α −∇′α

)
vβ = −Lσαβvσ , (3.17)

which describes the action of the map (∇α −∇′α) on a dual vector field. By extending the notions pre-
sented in equations (3.13) and (3.17) it is possible to consider the action of the linear map (∇α −∇′α)
on a type (k, l) tensor field B. That is, for a tensor field B of type (k, l), the action of the map
(∇α −∇′α) yields [5]

(
∇α −∇′α

)
Bµ1...µk

ν1...νl
=

k∑
i=1

LµiασB
µ1...σ...µk

ν1...νl
−

l∑
i=1

LσανiB
µ1...µk

ν1...σ...νl
. (3.18)

If we instead consider the map (∇α − ∂α) where we have replaced the affine connection ∇′α with the
partial derivative ∂α, then the map is still in fact linear, however, it does not necessarily define a
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(1, 2) tensor field but rather a type (1, 2) pseudo-tensor. We denote this pseudo-tensor as Γ̃βασ and
we refer to it as a connection coefficient. Following equation (3.17), we write [5, 55]

(∇α − ∂α) vβ = −Γ̃σαβvσ =⇒ ∇αvβ = ∂αvβ − Γ̃σαβvσ . (3.19)

Similarly, following equation (3.13), the action of the linear map (∇α − ∂α) on a vector field X yields

(∇α − ∂α)Xβ = Γ̃βασX
σ =⇒ ∇αXβ = ∂αX

β + Γ̃βασX
σ . (3.20)

Through the use of equation (3.18) we conclude that, for a type (k, l) tensor field B, we have

∇αBµ1...µk
ν1...νl

= ∂αB
µ1...µk

ν1...νl
+

k∑
i=1

Γ̃µiασB
µ1...σ...µk

ν1...νl
−

l∑
i=1

Γ̃σανiB
µ1...µk

ν1...σ...νl
. (3.21)

Up until now, we have not assumed that the natural choice of an affine connection is metric compatible.
In this thesis, we will only be concerned with affine connections that are metric compatible. Given a
metric tensor g on a manifoldM, the requirement that the affine connection ∇ is metric compatible
implies that [5]

∇αgµν = 0 . (3.22)

The application of equation (3.21) to the above expression yields

0 = ∇αgµν = ∂αgµν − Γ̃σαµgσν − Γ̃σανgµσ . (3.23)

By carrying out cyclic permutations of the indices in the above expression, we obtain [76]

0 = ∇µgνα = ∂µgνα − Γ̃σµνgσα − Γ̃σµαgνσ , (3.24)

and

0 = ∇νgαµ = ∂νgαµ − Γ̃σναgσµ − Γ̃σνµgασ . (3.25)

By adding equations (3.23) and (3.24) and then subtracting equation (3.25), we obtain

0 = ∂αgµν + ∂µgνα − ∂νgαµ + Tανµ + Tµνα − Γ̃σαµgσν − Γ̃σµαgσν , (3.26)

where we have defined the torsion tensor, T σµν , to be [8, 33]

T σµν := Γ̃σµν − Γ̃σνµ . (3.27)

By substituting −Γ̃σµα = T σαµ− Γ̃σαµ into equation (3.26), we obtain the following expression for the
connection coefficients associated with a non-symmetric, metric compatible affine connection ∇ [77]

Γ̃σαµ =
1

2
gσν (∂αgµν + ∂µgνα − ∂νgαµ + Tναµ − Tαµν + Tµνα) . (3.28)

Given a metric tensor g on a manifold M, the natural choice of an affine connection that is non-
symmetric and metric compatible has corresponding connection coefficients given by equation (3.28).
For the remainder of this thesis, we will use the symbol ∇ to denote the affine connection which is
non-symmetric and metric compatible and therefore has the connection coefficients given by equation
(3.28). We are now in a position to give the definition of the Riemann-Cartan space-time which is
done following [9] by Tseng.

Definition 3.3.1. LetM be a manifold and let g be a metric tensor onM. Given this metric tensor,
we let ∇ be the non-symmetric and metric compatible affine connection, constructed as an additional
structure on the manifoldM, with connection coefficients given by equation (3.28). We then define
the Riemann-Cartan space-time to be the tuple (M, g,∇).

Furthermore, we refer to the connection ∇ used in the above definition as the Cartan connection
[70, 75]. We have now constructed the Riemann-Cartan space-time as desired. As is done in [75] by
Audretsch, we will denote the 4-dimensional Riemann-Cartan space-time defined above as U4. In the
following section we wish to study further the Riemann-Cartan space-time defined in this section by
studying the notions of curvature and torsion in this space-time.
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3.4 Curvature and torsion

In this section, we turn our attention to studying curvature and torsion on the Riemann-Cartan
space-time U4 as defined in Definition 3.3.1. As already mentioned, the natural choice of an affine
connection in Riemann-Cartan space-time is non-symmetric as well as metric compatible. The fact
that the natural choice of an affine connection is not necessarily symmetric gives rise to non-vanishing
torsion. This can be seen in equation (3.27) where the torsion tensor is defined. In the event that the
connection coefficients are symmetric in their second and third indices, the torsion tensor vanishes.
However, by assuming that the natural choice of an affine connection, ∇, is not necessarily symmetric,
the right-hand side of equation (3.27) is non-vanishing and thus, the Riemann-Cartan space-time
possesses non-vanishing torsion. Although we have already provided a definition for the torsion
tensor, which is given in equation (3.27), in terms of the connection coefficients Γ̃σµν , we wish to
provide an alternative definition for the torsion tensor which is given below [9,55].

Definition 3.4.1. LetX and Y be arbitrary vector fields at a point p in the manifoldM. We define
the torsion tensor, T , at the point p to be the type (1, 2) tensor field that is such that

T (X,Y ) = ∇XY −∇YX − [X,Y ] . (3.29)

Our goal now is to derive the above relation from the definition given in equation (3.27). This is
carried out by following the derivations given in [76, 77]. In order to show how the definition of the
torsion tensor given in equation (3.27) leads to equation (3.29), we first note that equation (3.29) can
be written as [5]

T σµνX
µY ν = Xν∇νY σ − Y ν∇νXσ − [X,Y ]σ . (3.30)

Now, let f be a C∞ function on the manifoldM. We now consider the action of the Lie bracket on
f by making use of its definition:

[X,Y ] f = Xν∇ν (Y µ∇µf)− Y ν∇ν (Xµ∇µf)

= (Xν∇νY σ − Y ν∇νXσ)∇σf +XµY ν (∇µ∇ν −∇ν∇µ) f . (3.31)

Let us now consider the action of the covariant derivative ∇µ on the type (0, 1) tensor field ∇νf .
Through the application of equation (3.19) we obtain the following

∇µ∇νf = ∂µ∂νf − Γ̃σµν∇σf . (3.32)

By swapping the lower indices in the above expression we obtain the following

∇ν∇µf = ∂ν∂µf − Γ̃σνµ∇σf . (3.33)

By subtracting equation (3.33) from equation (3.32) as well as by making use of the fact that the
partial derivatives commute, we obtain

(∇µ∇ν −∇ν∇µ) f = −T σµν∇σf , (3.34)

where we have made use of equation (3.27) in order to introduce the torsion tensor into the above
expression. By substituting equation (3.34) into equation (3.31) and by making the argument that
the resulting expression must be satisfied for all dual vector fields ∇σf , equation (3.30) is obtained.

Before moving on to discuss the notion of curvature in the Riemann-Cartan space-time, we first
wish to make a note on the existence of a metric compatible, symmetric affine connection which we
shall denote as D. This metric compatible, symmetric affine connection is referred to as the Levi-
Civita connection and is the only metric compatible affine connection in space-times for which only
symmetric connections are considered [5, 6]. This result is known as the Fundamental Theorem of
Riemannian Geometry and the interested reader is directed to [6] for a detailed discussion. We denote
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the pseudo-tensor used to describe the action of the linear map (Dα − ∂α) on a dual vector field, say
v, as Γσαβ . That is, we write

Dαvβ = ∂αvβ − Γσαβvσ . (3.35)

By definition, the connection coefficients of the Levi-Civita connection are symmetric in their second
and third indices, i.e., Γσαβ = Γσβα. Clearly, the torsion tensor associated with the Levi-Civita con-
nection is zero. Furthermore, the Levi-Civita connection is nothing more than the natural choice of an
affine connection in Riemann-Cartan space-time in the absence of torsion. Therefore, by considering
equation (3.28) for the case where we are dealing with the torsion-free connection D with symmetric
connection coefficients Γσασ, we have the following expression for the connection coefficients [5,55,78]

Γσαµ =
1

2
gσν (∂αgµν + ∂µgνα − ∂νgαµ) . (3.36)

These connection coefficients are referred to as Christoffel symbols and, as can be seen from the above
expression, depend only on the metric tensor [5]. Although the Levi-Civita connection is not the
natural choice of an affine connection in the Riemann-Cartan space-time, it can still be considered as
an additional structure on the manifoldM included in the definition of U4 [57]. Therefore, we can still
make use of the Levi-Civita connection when considering Riemann-Cartan space-times, however, we
must rely on the natural choice of an affine connection, ∇, in order to obtain the relevant geometrical
descriptions of the space-time. For example, the curvature and torsion of the space-time U4 are
determined using the Cartan connection ∇.

Since we are interested in considering the Levi-Civita connection as an additional structure on the
Riemann-Cartan space-time U4, we wish to relate it to the natural choice of an affine connection ∇
for such a space-time. In order to do this, we define the so-called contorsion tensor which is defined
as [8, 33,77]

Kµνα :=
1

2
(Tµνα − Tναµ + Tαµν) . (3.37)

By substituting the above expression for the contorsion tensor as well as the expression for the
Christoffel symbols given in equation (3.36) into equation (3.28), we obtain the following expression
for the connection coefficients of the Cartan connection [77]

Γ̃σµν = Γσµν +Kσ
µν . (3.38)

That is, the contorsion tensor is defined as the difference between the Cartan connection coefficients
and the Christoffel symbols. By making use of the above expression, we can use the contorsion tensor
to relate the Cartan connection and the Levi-Civita connection [8, 33, 77]. By considering the action
of the Cartan connection on a dual vector field, say v, we can make use of equation (3.38) in order
to obtain

∇αvβ = ∂αvβ − Γσαβvσ −Kσ
αβvσ . (3.39)

It therefore follows from equation (3.35) that we have

∇αvβ = Dαvβ −Kσ
αβvσ =⇒ (∇α −Dα) vβ = −Kσ

αβvσ . (3.40)

Therefore, from the above expression, we can interpret the tensor field Kσ
αβ as the specific tensor

field that describes the action of the linear map (∇α −Dα) on a dual vector field.
Having found the tensor field that describes the action of the difference between the Cartan

connection and the Levi-Civita connection, which we refer to as the contorsion tensor, we wish to
now turn our attention to the notion of curvature of the Riemann-Cartan space-time U4. Here we
will be interested in discussing the notion of curvature associated with the Cartan connection as well
as the Levi-Civita connection. The reason for this is that the curvature associated with the Levi-
Civita connection is well understood in the context of torsion-free space-times and satisfies useful
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properties that we wish to make use of [5]. In addition, by relating the two aforementioned curvature
tensor fields, we will be able to examine how the expressions differ in the presence of torsion. This
examination is carried out following [76,79].

Let f be a smooth function on the manifoldM and let v be a dual vector field. By considering
the action of the map

(
∇α∇β −∇β∇α + T ραβ∇ρ

)
on fvσ, it is not difficult to show that (see [76] for

a derivation) (
∇α∇β −∇β∇α + T ραβ∇ρ

)
(fvσ) = f

(
∇α∇β −∇β∇α + T ραβ∇ρ

)
vσ . (3.41)

That is, the action of the map
(
∇α∇β −∇β∇α + T ραβ∇ρ

)
on a dual vector field at p ∈M depends

only on the value taken on by the dual vector field at the point p ∈ M. This implies that the
map

(
∇α∇β −∇β∇α + T ραβ∇ρ

)
is linear and thus, we can introduce a tensor field, say R̃ ρ

αβσ , that
describes the action of this linear map. That is, we have(

∇α∇β −∇β∇α + T ραβ∇ρ
)
vσ = R̃ ρ

αβσ vρ . (3.42)

We refer to the the tensor field R̃ ρ
αβσ as the non-null torsion Riemann tensor. This tensor gives us the

notion of curvature in the Riemann-Cartan space-time U4 since it is the curvature tensor associated
with the Cartan connection which is the natural choice of an affine connection in U4. Furthermore,
we define the non-null torsion Ricci tensor to be

R̃µν := R̃ σ
µσν . (3.43)

In addition, we define the non-null torsion Ricci scalar to be

R̃ := R̃ ν
ν (3.44)

It is clear from the above discussion that both torsion and curvature are aspects of a given affine
connection [33, 68]. It is important to note, however, that since an affine connection is viewed as
an additional structure on the space-time manifoldM [55], one can have multiple affine connections
defined on M [57]. It is because of this that we may consider the Levi-Civita connection as an
additional structure on U4. So far, we have discussed the curvature associated with the Cartan
connection. We now wish to consider the notion of curvature for which the Levi-Civita connection
is considered. Since the Levi-Civita connection is nothing more than the Cartan connection in the
absence of torsion, it can be deduced that (DαDβ −DβDα) is a linear map [5]. It therefore follows
that we can introduce a tensor field, say R ρ

αβσ , that is such that for a dual vector field v we have [5]

(DαDβ −DβDα) vσ = R ρ
αβσ vρ . (3.45)

We refer to the tensor field R ρ
αβσ as the torsion-free Riemann tensor. As was done for the non-null

torsion Riemann tensor, we can define the torsion-free Ricci tensor as

Rµν := R σ
µσν , (3.46)

as well as the torsion-free Ricci scalar as

R := R ν
ν . (3.47)

Before we move on to discuss the relationship between the non-null torsion Riemann tensor and the
torsion-free Riemann tensor, we first wish to discuss the properties satisfied by these tensor fields.
We will consider the properties satisfied by the non-null torsion Riemann tensor, following [5,76], and
we will then use these to determine the properties satisfied by the torsion-free Riemann tensor by
considering what happens when we have vanishing torsion.
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We begin by considering the action of the map given in equation (3.42) on the metric tensor g.
By carrying out this action and noting that the Cartan connection is metric compatible, we have [76]

0 =
(
∇α∇β −∇β∇α + T ραβ∇ρ

)
gµν = R̃αβµν + R̃αβνµ , (3.48)

where we have carried out a contraction of the fourth index in the Riemann tensors through the use
of the metric tensor. It can be seen from the above expression that the non-null torsion Riemann
tensor is antisymmetric in its third and fourth indices. Clearly the same is true for the torsion-
free Riemann tensor since the torsion-free Riemann tensor is nothing more than the non-null torsion
Riemann tensor in the case of vanishing torsion. Let us now turn our attention to equation (3.42)
explicitly. By carrying out an index substitution in this expression we have(

∇β∇α −∇α∇β + T ρβα∇ρ
)
vσ = R̃ ρ

βασ vρ . (3.49)

By adding equations (3.42) and (3.49) we obtain [76](
T ραβ + T ρβα

)
∇ρvσ =

(
R̃ ρ
αβσ + R̃ ρ

βασ

)
vρ . (3.50)

By making use of the fact that the torsion tensor is antisymmetric in its second and third indices and
that the above expression holds for an arbitrary dual vector field, we have

R̃ ρ
αβσ = −R̃ ρ

βασ . (3.51)

That is, the non-null torsion Riemann tensor is antisymmetric in its first and second indices. We
again argue that the torsion-free Riemann tensor is also antisymmetric in its first and second indices.

In considering the torsion-free Riemann tensor, it is known [5] that the tensor field obtained by
antisymmetrising the first three indices of the torsion-free Riemann tensor vanishes. That is, the
torsion-free Riemann tensor satisfies the following property

R ρ
[αβσ] = 0 , (3.52)

where we have made use of the notational convention described in equation (3.2). The above property
is referred to as the first Bianchi identity for the torsion-free Riemann tensor. By following the
derivation given in the author’s previous work [76], we can obtain a corresponding expression for the
first Bianchi identity for the non-null torsion Riemann tensor. In order to obtain such an expression,
we wish to study the type (0, 3) tensor field ∇[α∇βvσ] where vσ is an arbitrary dual vector field. On
the one hand, by making use of equations (3.19) and (3.27), we can write this aforementioned type
(0, 3) tensor field as [76]

∇[α∇βvσ] =
1

2

(
∂[αT

ρ
σβ]vρ − T

ρ
[αβ∂|ρ|vσ] − T

ρ
[αβT

λ
σ]ρvλ

)
. (3.53)

That is, we have given an expression for the tensor field ∇[α∇βvσ] by writing the Cartan connection
in terms of partial derivatives and connection coefficients. On the other hand, through the use of the
definition of the non-null torsion Riemann tensor given in equation (3.42), we can write the tensor
field ∇[α∇βvσ] as [76]

∇[α∇βvσ] =
1

2

(
R̃ ρ

[αβσ]vρ − T
ρ
[αβ∂|ρ|vσ] + T ρ[αβΓ̃λ|ρ|σ]vλ

)
. (3.54)

By equating the right-hand sides of equations (3.53) and (3.54), we obtain [76]

R̃ ρ
[αβσ] = ∂[αT

ρ
σβ] − T

λ
[αβΓ̃ρσ]λ . (3.55)

We have thus obtained the expression for the first Bianchi identity associated with the non-null torsion
Riemann tensor. As expected, when the torsion tensor vanishes, equation (3.55) reduces to equation
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(3.52). Lastly, we wish to investigate the property referred to as the second Bianchi identity. For the
torsion-free Riemann tensor, it is known [5] that it satisfies the second Bianchi identity

D[αR
λ

βσ]ρ = 0 . (3.56)

We wish to derive a similar relation for the case where the non-null torsion Riemann tensor is consid-
ered. That is, we wish to consider the type (1, 4) tensor field obtained by acting the Cartan covariant
derivative on the non-null torsion Riemann tensor and by antisymmetrising the first three indices.
Here, we follow the derivation provided in [76] which is carried out following the method given in [5]
for the case of a Riemannian space-time. For an arbitrary dual vector field v, we consider the type
(0, 4) tensor field ∇[α∇β∇σ]vρ and the following two equivalent expressions for the tensor field

6∇[α∇β∇σ]vρ = (∇α∇β −∇β∇α)∇σvρ + (∇β∇σ −∇σ∇β)∇αvρ + (∇σ∇α −∇α∇σ)∇βvρ (3.57)

= ∇α (∇β∇σ −∇σ∇β) vρ +∇β (∇σ∇α −∇α∇σ) vρ +∇σ (∇α∇β −∇β∇α) vρ .
(3.58)

Let us first turn our attention to equation (3.57). By making use of the definition of the non-null
torsion Riemann tensor given in equation (3.42) we have

(∇α∇β −∇β∇α)∇σvρ = R̃ λ
αβσ ∇λvρ + R̃ λ

αβρ ∇σvλ − T λαβ∇λ∇σvρ . (3.59)

By substituting equation (3.59) into equation (3.57), one obtains

∇[α∇β∇σ]vρ =
1

2

(
R̃ λ

[αβσ] ∇λvρ + R̃ λ
[αβ|ρ|∇σ]vλ − T λ[αβ∇|λ|∇σ]vρ

)
. (3.60)

We now turn our attention to the expression given in equation (3.57). We again make use of the
definition of the non-null torsion Riemann tensor given in equation (3.42) and obtain

∇α (∇β∇σ −∇σ∇β) vρ =
(
∇αR̃ λ

βσρ

)
vλ + R̃ λ

βσρ ∇αvλ −∇α
(
T λβσ∇λvρ

)
. (3.61)

By substituting equation (3.61) into the right-hand side of equation (3.58), one obtains

∇[α∇β∇σ]vρ =
1

2

[(
∇[αR̃

λ
βσ]ρ

)
vλ + R̃ λ

[βσ|ρ|∇α]vλ −∇[α

(
T λβσ]∇λvρ

)]
, (3.62)

where we have made use of equation (3.55) in carrying out a simplification. By equating the right-
hand sides of equations (3.60) and (3.62), we obtain the following expression for the non-null torsion
Riemann tensor(

∇[αR̃
λ

βσ]ρ

)
vλ = 2Γ̃λ[αβT

ν
σ]λ∇νvρ + T λ[αβ∇σ]∇λvρ − T λ[αβ∇|λ|∇σ]vρ , (3.63)

which is what was obtained in [76] following the method described in [5] where the case of the torsion-
free Riemann tensor was considered. Now, by once again making use of the definition of the non-null
torsion Riemann tensor given in equation (3.42), we can introduce the non-null torsion Riemann
tensor into the right-hand side of equation (3.63). By considering the resulting expression and noting
that it should hold for any dual vector field, we obtain the following expression

∇[αR̃
λ

βσ]ρ = T ν[αβR̃
λ

σ]νρ . (3.64)

The above expression is the second Bianchi identity associated with the non-null torsion Riemann
tensor. As expected, when there is vanishing torsion and therefore the Cartan connection reduces to
the Levi-Civita connection, the Bianchi identity given in equation (3.64) reduces to equation (3.56)
which is the Bianchi identity associated with the torsion-free Riemann tensor. As we shall see in
subsequent chapters, the implications of having equations (3.55) and (3.64) being non-vanishing for
non-vanishing torsion are significant when considering theories for which one considers non-vanishing
torsion [7, 74, 79,80].
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Having now derived the non-null torsion Bianchi identities, we now wish to relate the non-null
torsion Riemann tensor to the torsion-free Riemann tensor in order to determine the so-called "non-
Riemannian contributions" [74]. The non-Riemannian contributions are the additional terms that
contribute to the construction of a tensor field defined using the Cartan connection that have no
contribution in the construction of the tensor field when defined using the Levi-Civita connection.
That is, the non-Riemannian terms are the terms that contribute to non-null torsion quantities in
addition to the torsion-free terms. It is of course expected that these terms vanish in the case of
vanishing torsion since, in such a case, the Cartan connection and Levi-Civita connection would
coincide. The relating of the non-null torsion Riemann tensor to the torsion-free Riemann tensor
allows one to relate the two Ricci scalars, i.e., the non-null torsion and torsion-free Ricci scalars. The
reason for studying this is due to the fact that these scalars play an important role when constructing
the gravitational action for a given theory [7,79]. In order to obtain the aforementioned relationship
between the non-null torsion Riemann tensor and the torsion-free Riemann tensor, we note that by
introducing the connection coefficients of the Cartan connection into the left hand side of equation
(3.42) and noting that the resulting expression holds for any dual vector field v, we have the following
expression for the non-null torsion Riemann tensor

R̃ ρ
αβσ = ∂βΓ̃ρασ − ∂αΓ̃ρβσ + Γ̃δασΓ̃ρβδ − Γ̃δβσΓ̃ραδ . (3.65)

It is not difficult to see from the above expression that, when considering the Levi-Civita connection
which is simply the Cartan connection in the case of vanishing torsion, the torsion-free Riemann
tensor can be written as

R ρ
αβσ = ∂βΓρασ − ∂αΓρβσ + ΓδασΓρβδ − ΓδβσΓραδ . (3.66)

By introducing the contorsion tensor into the right-hand side of equation (3.65) through the use of
equation (3.38) and identifying the Riemannian terms that contribute to the torsion-free Riemann
tensor as given in equation (3.66), one obtains the following expression for the non-null torsion
Riemann tensor [76,79]

R̃ ρ
αβσ = R ρ

αβσ +DβK
ρ
ασ −DαK

ρ
βσ +Kρ

βλK
λ
ασ −K

ρ
αλK

λ
βσ . (3.67)

By contracting the first and fourth indices in the above expression, one obtains the following expression
which relates the non-null torsion Ricci tensor to the torsion free Ricci tensor

R̃ασ = Rασ +DβK
β
ασ −DαK

β
βσ +Kρ

ασK
β
βρ −K

ρ
βσK

β
αρ . (3.68)

We can now make use of the above expression in order to obtain an expression that relates the non-
null torsion Ricci scalar to the torsion-free Ricci scalar. By taking the trace of equation (3.68) one
obtains

R̃ = R+ 2DαT
α + T , (3.69)

where we have defined Tα := T βαβ to be trace of the torsion tensor and we have defined

T :=
1

4
T βα
σ T σβα −

1

2
T βασT

σ
βα − T

βα
βT

σ
ασ , (3.70)

to be the torsion scalar [8, 81]. We note that it is possible to write the torsion scalar as the torsion
tensor contracted with a type (2, 1) tensor field say S µν

ρ . In constructing this tensor field, it is useful
to introduce the tensor field

Wνµα := Kνµα − Tνµα =
1

2
(−Tνµα − Tµαν + Tανµ) , (3.71)

which we shall refer to as the Weitzenböck contorsion tensor. By making use of the Weitzenböck
contorsion tensor and by defining the tensor field

S µν
ρ :=

1

2

(
Wµν

ρ + δµρT
ν − δνρTµ

)
, (3.72)
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where δµρ is the Kronecker delta symbol, it is not difficult to show that [8, 33,35,36,81]

T = T ρµνS
µν
ρ . (3.73)

We note that the tensor field S µν
ρ is often referred to as the superpotential [8].

The importance of the torsion scalar is apparent from equation (3.69). More specifically, equation
(3.69) tells us that the non-Riemannian contribution to the non-null torsion Ricci scalar is composed
of the torsion scalar T and a total Levi-Civita covariant derivative of the trace of the torsion scalar.
As we shall see in Chapter 4, this plays an important role in gravitational theories for which the
associated action contains a Lagrangian density that is linear in either the non-null torsion or torsion-
free Ricci scalar. The reason for this is that, for such an action, the total covariant derivative can
be integrated out and will therefore have no contribution in the resulting equations of motion. An
example of such theories are the so-called Teleparallel Theories of Gravity for which the natural choice
of an affine connection yields zero curvature [8,32]. Such theories will be discussed in detail in Chapter
4. For now, however, it will prove to be useful to discuss the decomposition of the torsion tensor
as provided in [79, 80]. We can then write equation (3.69) in terms of the quantities included in the
aforementioned decomposition of the torsion tensor.

The notion of decomposition can be done for any tensor field. Namely, it is possible to decompose
a given tensor field into a trace component, a totally symmetric component, a totally antisymmetric
component and, lastly, a component that defines the difference between the tensor field and the other
decomposed quantities [5,79]. Following what is done in the review article [79] by Shapiro, we consider
the following decomposition of the torsion tensor

Tνµα =
1

3
(Tµgνα − Tαgνα) + T[νµα] +Qνµα . (3.74)

In the above decomposition, the first term is the trace component while the second term is the totally
antisymmetric component [79]. The Qνµα tensor field defines the difference between the torsion tensor
and the sum of the trace component and the totally antisymmetric component. We note that the
Qνµα tensor field is, of course, antisymmetric in its second and third indices and, in addition, it is
traceless [79]. Furthermore, it is not difficult to check that this tensor field satisfies the property

εαβµνQαβµ = 0 , (3.75)

where εαβµν is the Levi-Civita tensor. At this point, we wish to introduce the vector field V defined
through the following expression [79]

V ν := εαβµνTαβµ . (3.76)

We note that, through the use of the vector field defined above, we can write the totally antisymmetric
term in the decomposition of the torsion tensor as follows

T[νµα] = −1

6
ενµαρV

ρ . (3.77)

We now wish to write equation (3.69) in terms of the decomposition of the torsion tensor. In order
to do this, we turn our attention to the definition of the torsion scalar given in equation (3.70). We
have the following expressions for the first two quadratic terms that contribute to the definition of
the torsion scalar in equation (3.70)

TνµαT
νµα =

2

3
T νTν −

1

6
VαV

α +QνµαQ
νµα , (3.78)

TµανT
νµα = −1

3
TαTα −

1

6
VαV

α +QµανQ
νµα . (3.79)

Substituting the above two expressions into equation (3.70) yields an expression for the torsion scalar
in terms of the quantities included in the decomposition of the torsion tensor. Substituting this
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resulting expression into equation (3.69) yields2 the following equation [79,80]

R̃ = R+ 2DµT
µ − 2

3
TαT

α +
1

24
VαV

α +
1

2
QνµαQ

νµα . (3.80)

We have thus obtained an expression relating the non-null torsion Ricci scalar to the torsion-free Ricci
scalar with the non-Riemannian contributions written in terms of the decomposition of the torsion
tensor. This expression has been obtained following [79, 80] by Shapiro and will play an important
role when considering specific gravitational theories constructed on the Riemann-Cartan space-time
U4.

When constructing gravitational theories on a Riemann-Cartan space-time, it is often useful to
make use of the so-called Cartan formalism which is the subject of the following section.

3.5 Cartan formalism

In this section, we discuss the Cartan formalism in the context of the Riemann-Cartan space-time
U4 defined previously. This discussion is carried out by mainly following what is done in [7] by
Trautman, [9] by Tseng and [16] by Nakahara. The reader interested in a more in-depth discussion
on the topics mentioned in this section is directed to the aforesaid references. The Cartan formalism
involves studying curvature and torsion on a Riemann-Cartan space-time through the use of a non-
holonomic basis. Specifically, a non-holonomic basis is a non-coordinate basis composed of smooth
vector fields that are orthonormal to each other [5]. We denote these vector fields as êa. Let p ∈ M
where M is the Riemann-Cartan space-time manifold. Let {∂/∂xν} be a coordinate basis for the
tangent space TpM at the point p. The smooth vector fields that make up the non-holonomic basis
are then written as the following linear combination of the coordinate basis elements

êa = e ν
a

∂

∂xν
= e ν

a ∂ν , (3.81)

where the e ν
a are elements of the general linear group GL4 (R) [7,16]. That is, the coefficients e ν

a are
4×4 invertible matrices with real entries. The above expression implies that the non-holonomic basis
elements are linear combinations of rotations of the coordinate basis elements with these rotations
being described by the coefficients e ν

a [16]. As is common for the case where a four-dimensional space-
time is considered, we shall refer to êa as a tetrad and refer to its coefficients e ν

a as the associated
vierbein [5,8,16]. Furthermore, we note that the Greek indices are lowered and raised through the use
of the metric tensor and the Latin indices are lowered and raised through the use of the Minkowski
metric ηab = diag (−1, 1, 1, 1). Consider the dual space T ∗pM for a point p ∈ M. We have already
introduced the holonomic basis {∂/∂xν} for the tangent space TpM. We let {dxν} be the coordinate
basis for the dual space. We note that the tangent space basis element ∂/∂xν = ∂ν and the dual
space basis element dxν satisfy the orthogonality relation given in equation (2.17). That is, we have

〈dxµ, ∂ν〉 = δµν . (3.82)

Now, following [16] by Nakahara, we introduce the basis
{
θ̂a
}
that is dual to the non-holonomic basis

{êa}. That is, we have

〈θ̂a, êb〉 = δab . (3.83)

In terms of a linear combination of elements of the coordinate basis for the dual space, we can write
the dual tetrad field θ̂a as

θ̂a = eaνdx
ν . (3.84)

2We note that there is an error in the expression as it is given in [79]. Here, in equation (3.80), we give the corrected
equation which is given in [80].
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It is important to note that we require the tetrad field to be related to the metric tensor. Given the
Riemann-Cartan space-time U4 with metric tensor gµν , we require that the coefficients of the tetrad
field satisfy the following expressions [8, 16]

gµν = ηabe
a
µe
b
ν , (3.85)

and

ηab = gµνe
µ
a e

ν
b . (3.86)

Given a space-time with metric tensor g, we can construct a tetrad field through the use of equation
(3.85). We note, however, that there will not be a unique choice of a tetrad field given a metric tensor.
Furthermore, although the metric tensor is Lorentz invariant, the tetrad field does not in general
satisfy this property of Lorentz invariance. For theories of gravity where the space-time considered
is constructed using an affine connection that is dependent directly on the tetrad field instead of
the metric tensor, such as the so-called extended teleparallel theories of gravity, the theories are
not necessarily Lorentz invariant 3. This results from the fact that the connection coefficients will
not be Lorentz invariant since the tetrad field itself is not Lorentz invariant. Extended teleparallel
theories of gravity will be considered in Chapter 4 where the fact that these theories are not in general
Lorentz invariant will be discussed. For now, however, we continue with the discussion of the Cartan
formalism using the expressions given above that relate the tetrad fields to the metric tensor.

We note that the metric tensor g can be written as the following tensor product of dual tetrad
fields [16]

g = gµνdxµ ⊗ dxν = ηabθ̂
a ⊗ θ̂b , (3.87)

where we have made use of equations (3.84) and (3.85) in obtaining the above expression. Further-
more, the conditions of orthonormality given in equations (3.82) and (3.83) imply that eaµe ν

a = δµν
and eaµe

µ
b = δab respectively. Let us now consider the Cartan connection ∇ given a non-holonomic

frame of the form given in equation (3.81). For such a connection, we define the Cartan connection
coefficients Γ̃kab with respect to this non-holonomic basis through the relation [16]

∇aêb = e ν
a ∇ν êb = Γ̃kabêk . (3.88)

We can also consider the action of the covariant derivative ∇ν associated with the Cartan connection
on a tetrad field. Through the application of equation (3.20), we have the following

∇ν êb =
(
∂νe

β
b + Γ̃βνδe

δ
b

)
∂β . (3.89)

We notice that (3.88) contains the Cartan connection coefficients defined through the use of a non-
holonomic basis whereas the connection coefficients in equation (3.89) have been introduced using
a coordinate basis {∂/∂xν}. By making use of equations (3.88) and (3.89), we obtain the following
relation between the Cartan connection coefficients in a holonomic frame and the Cartan connection
coefficients in a non-holonomic frame [16]

Γ̃βνδ = Γ̃kabe
β
k e

a
νe
b
δ − ebδ∂νe

β
b = eβk

(
δkb ∂ν + Γ̃kabe

a
ν

)
ebδ . (3.90)

Through the use of equation (3.90), one can obtain the following expression for the Cartan connection
coefficients in a holonomic frame contracted with a dual space basis element

Γ̃βνδdx
ν = e β

k D
k
be
b
δ , (3.91)

where

Dk
b := δkb d +wk

b , (3.92)

3See [37] for a discussion on how the so-called f(T ) theories of gravity do not satisfy the property of Lorentz
invariance.
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is referred to as the Lorentz covariant derivative and

wk
b := Γ̃kabθ̂

a , (3.93)

is known as the connection one-form [16]. In terms of the coordinate components of the Cartan
connection coefficients, we have the following from equation (3.91)

Γ̃βνδ = e β
k D

k
bνe

b
δ , (3.94)

where we define Dk
bν to be the component of the Lorentz covariant derivative Dk

b with respect to the
dual space basis {dxν}.

With the above expression in mind, we can find an expression for the torsion tensor described in
the non-holonomic frame in terms of the Cartan connection coefficients defined in equation (3.88) for
a given non-holonomic basis. By making use of equation (3.81), which tells us how we can find the
tensor components in a non-holonomic frame given a holonomic frame, as well as by making use of
the expression for the torsion tensor given in equation (3.27) one has the following

T βνδ = T kabe
β
k e

a
νe
b
δ = Γ̃βνδ − Γ̃βδν . (3.95)

By making use of equation (3.90) which relates the Cartan connection coefficients in the non-holonomic
frame to the Cartan connection coefficients in the holonomic frame, it follows from the above expres-
sion that one has

T kab = Γ̃kab − Γ̃kba + e ν
a e

δ
b

(
∂νe

k
δ − ∂δekν

)
. (3.96)

The third term in the above expression is nothing more than the Lie bracket of the tetrad fields,
i.e., [êa, êb]

k. Therefore, one has the following expression for the non-holonomic components of the
torsion tensor [16]

T kab = Γ̃kab − Γ̃kba − [êa, êb]
k . (3.97)

So-far, we have introduced a number of relevant quantities defined on U4 using the non-holonomic
frame. We now wish to show that the connection one-form satisfies the so-called Cartan structure
equations [7]. These important equations are geometric statements about the torsion and the curva-
ture in U4. Before stating and then proving these relations following Nakahara [16], we first wish to
introduce the so-called torsion two-form and the curvature two-form. We define the torsion two-form
and the curvature two-form to be

T a :=
1

2
T abc θ̂

b ∧ θ̂c , (3.98)

and

R̃ a
b :=

1

2
R̃ a
dcb θ̂

c ∧ θ̂d , (3.99)

respectively. Here, the non-null torsion Riemann tensor components in the non-holonomic frame are
written as R̃ a

dcb and, as before, the torsion tensor components in the non-holonomic frame are written
as T abc. We now wish to state and prove the following theorem, which describes the satisfaction of
the Cartan structure equations, following Nakahara [16].

Theorem 3.5.1. The equations

T a = dθ̂a +wa
b ∧ θ̂b , (3.100)

and

R̃ a
b = dwa

b +wa
c ∧wc

b , (3.101)

which are referred to as the Cartan structure equations, are satisfied by the connection one-form [9,16].
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Proof. We begin by proving the first Cartan structure equation (3.100) which involves the torsion
one-form defined in equation (3.98). Given an arbitrary dual vector field (one-form) v, it is not
difficult to show that the exterior derivative of this dual vector field satisfies the following expression

dv (X,Y ) = X (v (Y ))− Y (v (X))− v ([X,Y ]) , (3.102)

where X and Y are arbitrary vector fields. By making use of the above expression, we can consider
the action of dθ̂a, which appears on the right-hand side of equation (3.100), on two non-holonomic
basis elements. That is, we can consider

dθ̂a (êb, êc) = êb

(
〈θ̂a, êc〉

)
− êc

(
〈θ̂a, êb〉

)
− θ̂a ([êb, êc]) . (3.103)

Now, since the first two brackets in the above expression contain Kronecker deltas as a result of
equation (3.83), the first two terms vanish and we are left with

dθ̂a (êb, êc) = − [êb, êc]
k 〈θ̂a, êk〉 = − [êb, êc]

a . (3.104)

We now turn our attention to considering the second term on the right-hand side of equation (3.100).
As done above, we consider the action of this term on two non-holonomic basis elements. By writing
the wedge product of the connection one-form and a non-holonomic dual basis element θ̂a in terms
of tensor products, the aforementioned action on two non-holonomic basis elements is(

wa
d ∧ θ̂d

)
(êb, êc) =

(
wa

d ⊗ θ̂d − θ̂d ⊗wa
d

)
(êb, êc)

= 〈wa
d, êb〉 〈θ̂d, êc〉 − 〈θ̂d, êb〉 〈wa

d, êc〉 . (3.105)

We note that, from equation (3.93), the action of the connection one-form on a non-holonomic basis
element yields the Cartan connection coefficients in a non-holonomic frame, i.e., 〈wa

d, êb〉 = Γ̃abd.
Therefore, it follows that the last expression given above in equation (3.105) becomes(

wa
d ∧ θ̂d

)
(êb, êc) = Γ̃abdδ

d
c − Γ̃acdδ

d
b = Γ̃abc − Γ̃acb . (3.106)

By adding equations (3.104) and (3.106) we obtain the following expression for the action of the
right-hand side of equation (3.100) on two non-holonomic basis elements(

dθ̂a +wa
d ∧ θ̂d

)
(êb, êc) = Γ̃abc − Γ̃acb − [êb, êc]

a

= T abc , (3.107)

where we have made use of equation (3.96) in order to introduce the non-holonomic torsion tensor
components. But the right-hand side of equation (3.107) is nothing more than the action of the
torsion two-form on two non-holonomic basis elements. Therefore, it follows that

T a (êb, êc) =
(
dθ̂a +wa

d ∧ θ̂d
)

(êb, êc) . (3.108)

The above expression implies that the connection one-form satisfies the first Cartan structure equation
given in equation (3.100).

We now turn our attention to proving the second Cartan structure equation (3.101). Let us begin
by considering the first term on the right-hand side of equation (3.101). We consider the action of
this term, which is the exterior derivative of the connection one-form, on two non-holonomic basis
elements. By making use of equation (3.102), one has the following expression for the action

dwa
b (êc, êd) = êc (〈wa

b, êd〉)− êd (〈wa
b, êc〉)−wa

b ([êc, êd]) . (3.109)

Since the action of the connection one-form on a non-holonomic basis element yields the Cartan
connection coefficients in the non-holonomic basis, the above expression can be written as

dwa
b (êc, êd) = êc

(
Γ̃adb

)
− êd

(
Γ̃acb

)
− Γ̃akb [êc, êd]

k . (3.110)
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We now wish to consider the second term on the right-hand side of equation (3.101). By writing
the wedge product in terms of tensor products, the action of this term on two non-holonomic basis
elements is

(wa
e ∧ web) (êc, êd) = 〈wa

e, êc〉 〈web, êd〉 − 〈web, êc〉 〈wa
e, êd〉

= Γ̃aceΓ̃
e
db − Γ̃ecbΓ̃

a
de , (3.111)

where we have made use of the fact that the action of the connection one-form on a non-holonomic
basis element yields the Cartan connection coefficient in a non-holonomic basis. Therefore, it follows
that the action of the right-hand side of equation (3.101) on two non-holonomic basis elements yields

(dwa
b +wa

e ∧ web) (êc, êd) = êc

(
Γ̃adb

)
− êd

(
Γ̃acb

)
− Γ̃akb [êc, êd]

k + Γ̃aceΓ̃
e
db − Γ̃ecbΓ̃

a
de . (3.112)

Let us now turn our attention to examining the components of the non-null torsion Riemann tensor in
a non-holonomic basis. By making use of equations (3.65) and (3.90) we have the following expression
for the non-holonomic components of the non-null torsion Riemann tensor

R̃ a
dcb = R̃ ρ

µνσ e
µ
c e

ν
d e

σ
b e

a
ρ = 2

(
Γ̃akbe

α
d e

β
c ∂[βe

k
α] + e α

d e
β
c e

k
[α∂β]Γ̃

a
kb + e α

d e
β
c Γ̃klbΓ̃

a
mke

l
[αe

m
β]

)
= −Γ̃akb [êc, êd]

k + êc

(
Γ̃adb

)
− êd

(
Γ̃acb

)
+ Γ̃aceΓ̃

e
db − Γ̃ecbΓ̃

a
de , (3.113)

which is nothing more than the right hand side of equation (3.112). We note that the action of
the curvature two-form on the non-holonomic basis elements yields the components of the non-null
torsion Riemann tensor in this basis which is what is evaluated in the above two expressions. It
follows that the connection one-form satisfies equation (3.101). We have thus shown, following [16],
that the connection one-form satisfies the Cartan structure equations.

Theorem 3.5.1 allows one to obtain a number of geometric statements about U4. In particular, the
Cartan structure equations can be used to derive the Bianchi identities in the Cartan formalism [9,16].
We have already obtained the Bianchi identities using space-time indices in Section 3.4. There, the first
and second Bianchi identities are given in equations (3.52) and (3.64) respectively. These identities
in the Cartan formalism can be obtained by carrying out exterior derivatives of the Cartan structure
equations.

Let us first consider the first Cartan structure equation (3.100) and take the exterior derivative
of this expression. Carrying out this process yields the following [16]

dT a = d
(
dθ̂a

)
+ d

(
wa

b ∧ θ̂b
)
. (3.114)

As a result of the properties associated with the exterior derivative, the first term on the right-hand
side of the above expression vanishes and we are left with

dT a = dwa
b ∧ θ̂b −wa

b ∧ dθ̂b . (3.115)

Now, through the use of the second Cartan structure equation (3.101), we can substitute the first
term on the right-hand side of the above expression for the curvature two-form in order to obtain

dT a = R̃ a
b ∧ θ̂b −wa

c ∧
(
wc

b ∧ θ̂b + θ̂c
)
. (3.116)

From the first Cartan structure equation (3.100), it is not difficult to see that the terms in the
brackets are nothing more than the torsion two-form and thus, we obtain the first Bianchi identity in
the Cartan formalism [9,16]

R̃ a
b ∧ θ̂b = dT a +wa

c ∧ T c . (3.117)

It is clear form the above expression that, should the torsion tensor be vanishing, the right-hand side
of the above expression vanishes.
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In order to obtain the second Bianchi identity in the Cartan formalism, we take the exterior
derivative of the second Cartan structure equation (3.101). By taking the exterior derivative of the
second Cartan structure equation, one obtains the following

dR̃ a
b = d (dwa

b) + dwa
c ∧wc

b −wa
c ∧ dwc

b . (3.118)

By substituting the second Cartan structure equation into the above expression, and by noticing that
the first term in the above expression vanishes, one obtains

dR̃ a
b =

(
R̃ a
c −wa

d ∧ wdc
)
∧wc

b −wa
c ∧
(
R̃ c
b −wc

d ∧ wdb
)
. (3.119)

By canceling like terms in the above expression, we arrive at the second Bianchi identity which is
presented in the Cartan formalism [9,16]

dR̃ a
b = R̃ a

c ∧wc
b −wa

c ∧ R̃ c
b . (3.120)

To conclude this section in which the Cartan formalism is briefly discussed, we wish to note the
effect of dealing with a space-time whose natural choice of an affine connection is metric compatible,
such as the Cartan connection, on the tetrad field. In order to conduct such a study, we wish to first
introduce the so-called full covariant derivative which is given as follows

Dkb := δkb∇+wk
b . (3.121)

While Dk
b is only Lorentz covariant, the full covariant derivative given above is both Lorentz covariant

as well as space-time covariant. We now wish to consider the so-called tetrad postulate4 which is given
by the expression [82]

Dkbebα = ∇νekα +wk
bνe

b
α = 0 , (3.122)

where wk
b is the connection one-form and Dkb is the full covariant derivative as before. To see how

the tetrad postulate implies the metric compatibility of the affine connection, we consider the action
of the Cartan covariant derivative on the metric tensor and then make use of equation (3.85) in order
to apply equation (3.122). Carrying out this approach, we have

∇νgαβ = ∇ν
(
eaαηabe

b
β

)
= ηabe

b
β∇νeaα + ηabe

a
α∇νebβ . (3.123)

We now make use of the tetrad postulate given in equation (3.122) by substituting the action of
the Cartan covariant derivative on the vierbein in the above expression for the connection one-
form contracted with the vierbein. By taking the connection one-form to be antisymmetric, i.e.,
wa

b = −w a
b , the above expression then yields

∇νgαβ = −eaβwacνecα − eaαwacνecβ = 0 . (3.124)

That is, by taking the connection one-form to be antisymmetric, the associated connection is metric
compatible.

This concludes our discussion on the Cartan formalism where a general Riemann-Cartan space-
time is considered. In subsequent chapters where the so-called Einstein-Cartan theory of gravity
is studied, the formalism discussed in this section will prove to be of great use. In Chapter 4, we
discuss specific theories of gravity beginning with the Einstein-Cartan theory. This theory will be
discussed in terms of a given holonomic frame as well as in the Cartan formalism outlined in this
section. In the following section, we wish to describe some common space-time structures that are
specific cases of the Riemann-Cartan space-time U4. Specifically, we will describe the specific cases of
the Riemann-Cartan space-time where either the torsion tensor is required to vanish or the non-null
torsion Riemann tensor is required to vanish.

4Given that the Cartan connection is metric compatible, this statement is, in fact, an identity although it is often
referred to as the tetrad postulate.



32 Chapter 3. Space-times with curvature and torsion

3.6 Riemannian space-time and Weitzenböck space-time

In Section 3.3, we introduced the notion of a Riemann-Cartan space-time and denoted this space-time
as U4. We defined this space-time5, following [9], as the tuple (M, g,∇) whereM is a manifold, g is
the metric tensor and∇ is the Cartan connection which is both non-symmetric and metric compatible.
In this section, we wish to briefly discuss the notions of the so-called Riemannian space-time and the
Weitzenböck space-time. Both these space-times are special cases of the Riemann-Cartan space-
time and are obtained by imposing certain restrictions on the Cartan connection. That is, additional
restrictions are imposed on the natural choice of an affine connection used to construct the space-time.

We first wish to consider the so-called Riemannian space-time which we shall denote as V4. In
this thesis, as was done for the Riemann-Cartan space-time U4, we construct a definition for the
Riemannian space-time V4 following [9]. The Riemannian space-time is constructed by imposing the
condition that the Cartan connection be symmetric. With such a requirement, the Cartan connection
and the Levi-Civita connection coincide [74]. That is, the natural choice of an affine connection in
the Riemannian space-time V4 is simply the Levi-Civita connection D whose connection coefficients
are the Christoffel symbols which are defined in equation (3.36). We now give the formal definition
of a Riemannian space-time below.

Definition 3.6.1. LetM be a manifold and let g be a metric tensor onM. Given this metric tensor,
we let D be the Levi-Civita connection, constructed as an additional structure on the manifoldM,
with connection coefficients given by equation (3.36). We then define the Riemannian space-time to
be the tuple (M, g, D) [9].

Of course, since the Levi-Civita connection is torsion-free, the Riemannian space-time6 V4 is
torsion-free. We refer to the quantities obtained using the Levi-Civita connection, and which describe
Riemannian space-time, as being Riemannian [75]. When we considered Riemann-Cartan space-
time previously, we found that quantities, such as the non-null torsion Riemann tensor, that were
constructed using the Cartan connection could be written in terms of the associated Riemannian
quantities as well as additional terms that arise as a result of having non-vanishing torsion. These
additional terms are referred to as non-Riemannian contributions to the non-null torsion quantities
[74].

As per Definition 3.6.1, the Riemannian space-time V4 has non-vanishing curvature and vanishing
torsion achieved by taking the natural choice of an affine connection to be the Levi-Civita connection.
It is in fact possible [32] to construct a space-time whose natural choice of an affine connection leads
to the space-time having vanishing curvature and non-vanishing torsion. Such an affine connection is
referred to as the Weitzenböck connection [8,32]. The Weitzenböck space-time, which we shall denote
asW4, is constructed by imposing that the Cartan connection must satisfy the additional requirement
characterized by the following expression involving the connection coefficients [8, 32,33]

Γ̃ρµν = e ρ
a ∂µe

a
ν . (3.125)

The affine connection with associated connection coefficients given by the above expression is referred
to as the Weitzenböck connection [8,33]. The expression given above can be derived by first studying
the second Cartan structure equation, which is given in equation (3.101), and choosing a particular
solution which results in the vanishing of the non-null torsion Riemann tensor. This particular solution
is referred to as the Weitzenböck gauge and imposes the vanishing of the connection one-form [84]. It
is evident from the second Cartan structure equation that the vanishing of the connection one-form
implies the vanishing of the non-null torsion Riemann tensor [84]. It can be seen from the definition
of the connection one-form, which is given in equation (3.93), that when the connection one-form
vanishes then the connection coefficients in the non-holonomic frame vanish. Taking the connection
coefficients in the non-holonomic frame to be vanishing in equation (3.90) yields the expression given
in equation (3.125). We have thus shown that the choice of the Weitzenböck gauge, which is described

5In the author’s Honours thesis [83] this space-time was referred to as the non-null torsion space-time. In this work,
however, we follow [9] by Tseng and refer to the space-time as the Riemann-Cartan space-time.

6In [83], the Riemannian space-time V4 is referred to as the torsion-free space-time.
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by the vanishing of the connection one-form, yields the Weitzenböck connection whose connection
coefficients in the holonomic frame are given by equation (3.125).

It is also not difficult to show that by substituting the expression for the Weitzenböck connection
coefficients in the holonomic frame given in equation (3.125) into equation (3.65), which is used to
obtain the components of the non-null torsion Riemann tensor in the holonomic frame, that the
non-null torsion Riemann tensor vanishes. For a derivation of this, the reader is directed to [76].

Having now introduced the Weitzenböck connection by taking the particular solution of a van-
ishing connection one-form known as the Weitzenböck gauge, we are now in a position to define the
Weitzenböck space-time W4. We again follow [9] in presenting a definition for such a space-time.

Definition 3.6.2. LetM be a manifold and let g be a metric tensor onM. Given this metric tensor,
we let ∇ be the Weitzenböck connection, constructed as an additional structure on the manifold
M, which has space-time connection coefficients given by equation (3.125). We then define the
Weitzenböck space-time to be the tuple (M, g,∇) [9].

The fact that this space-time has vanishing curvature and that gravity is a result of non-vanishing
torsion has many physical implications [8, 85, 86]. For instance, it is argued in [85, 86] that gravity
is, in fact, not a manifestation of curvature but rather a manifestation of torsion. The conclusions
found in these aforesaid references are motivated by the so-called Pound-Rebka experiment which is
reported in [87].

In this thesis, we are interested in studying a class of theories known as the f(T ) theories of
gravity which are constructed on this space-time. Before turning our attention to studying specific
gravitational theories, however, we will first turn our attention back to the Riemann-Cartan space-
time defined in Definition 3.3.1 in order to discuss the notion of an auto-parallel of a given connection.
That is, we wish to discuss the notion of a tangent vector field, say ξν , to a curve γ(λ), where λ ∈ R is
a parameterisation of the curve, that is parallel propagated as described by a given affine connection.
This will lead us to the discussion of families of curves, more specifically smooth congruences of
curves, generated by the Cartan connection as well as a study of how neighbouring curves in such
a congruence diverge or converge with respect to each other. For such a discussion, we require the
so-called Raychaudhuri equation for a congruence of curves generated by the Cartan connection.

3.7 Auto-parallels in Riemann-Cartan space-time

In this section, we wish to introduce the notion of an auto-parallel of a given connection. Let us begin
by considering a Riemann-Cartan space-time U4 as per Definition 3.3.1 which is given in Section 3.3.
Intuitively, an auto-parallel of a given affine connection is a curve that is "as straight as possible"
as described by the affine connection [5]. More specifically, a curve is said to be an auto-parallel of
a given affine connection if the parallel propagation, described by the given affine connection, of the
tangent vector field of the curve yields a vector field that has the same direction as the tangent vector
field. That is, the parallel propagated vector field should have the same direction as the tangent
vector field [5]. With this in mind, we write the following definition for an auto-parallel7 of a given
affine connection following [5, 55,74].

Definition 3.7.1. Let γ(λ) be a curve in the Riemann-Cartan space-time U4 with parameterisation
λ ∈ R. Let ξµ be a tangent vector field to the aforementioned curve γ(λ) and let ∇̂ be an arbitrary
affine connection considered as an additional structure on the manifold M used in the definition of
U4. We say that the curve γ(λ) is an auto-parallel of the affine connection ∇̂ if

ξν∇̂νξµ = fξµ , (3.126)

where f : γ ⊂M→ R is a smooth function on γ(t) [5, 55,74].
7We note that the term "auto-parallel" does not appear in [5, 55] since these books are on GR. Instead the term

"geodesic" is used. In the case of a Riemannian space-time, these two notions coincide and so we use the definitions
where parallel propogation is concerned. The term "auto-parallel" is used in the review article [74] and we make use
of the definition therein.
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In the above definition, equation (3.126) implies that the action of ∇̂ξ on the tangent vector
field ξµ yields the vector field fξµ which clearly has a direction that is that of the tangent vector
field. Let the connection coefficients that describe the action of the map

(
∇̂α − ∂α

)
be denoted by

Γ̂µνσ. Now, let (U , ψ) be a coordinate chart for the manifold M with ψ : U ⊂ M → O ⊂ R4 and
U such that γ is contained in U . In addition, let the coordinates in the open subset O of R4 be
denoted as

(
x0, x1, x2, x3

)
. For such a coordinate chart, the tangent vector field for the curve γ(λ) is

ξµ = dxµ/dλ and thus, by making use of the aforementioned connection coefficients associated with
the affine connection ∇̂, one can write equation (3.126) as [5]

d2xµ

dλ2
+ Γ̂µνσ

dxν

dλ
dxσ

dλ
= f

dxµ

dλ
. (3.127)

It is not difficult to see that by carrying out a reparameterisation of the curve γ with a parameter τ
that satisfies the differential equation

d2τ

dλ2
= f

dτ
dλ

, (3.128)

one can write equation (3.127) as

d2xµ

dτ2
+ Γ̂µνσ

dxν

dτ
dxσ

dτ
= 0 ⇐⇒ ξν∇̂νξµ = 0 . (3.129)

That is, we have introduced a parameterisation, τ , that is such that the action of the operator ∇̂ξ
on the tangent vector field ξµ of the curve γ vanishes. Such a parameter is referred to as an affine
parameter [5, 55]. In this thesis, when considering an auto-parallel of a given affine connection, we
will always take the parameterisation of the relevant curve to be the affine parameterisation. Having
introduced the notion of an auto-parallel for an arbitrary affine connection, we wish to consider now
the notion of extremal curves. For a curve γ(λ) with original parameterisation λ ∈ R, one writes the
length, say l, of this curve as [5, 74]

l :=

∫ q

p
dλ

√
gµν

dxµ

dλ
dxν

dλ
, (3.130)

where p, q ∈M are the endpoints of the curve γ. Having introduced the above expression which gives
the length of a curve γ we now state the following definition for an extremal curve following [74].

Definition 3.7.2. Let γ(λ) be a curve in the Riemann-Cartan space-time manifoldM. If this curve
is such that its length, whose expression is given in equation (3.130), experiences an extremum, then
the curve γ is referred to as an extremal curve.

The notion of extremal curves is of great importance since the paths followed by test particles8

are taken to be extremal curves [36,74,88]. An argument for this was first introduced in [36]. A brief
review of how this argument affects the singularity theorems in the Riemann-Cartan space-time can be
found in [88]. It is important to note that the length of a given curve in a Riemann-Cartan space-time
does not depend on the torsion tensor [74]. This implies that the presence of torsion has no effect on
the paths followed by test particles since the only dynamical quantity used in the construction of the
length is the metric tensor [74]. This is an important point to make since this should imply that the
paths followed by test particles are then not necessarily auto-parallels of the Cartan connection which
is the natural choice of an affine connection in a Riemann-Cartan space-time. Instead, it turns out
that the paths followed by test particles are auto-parallels of the Levi-Civita connection9 [5, 36, 74].
This result is contained in the following theorem which we prove following [5].

8We emphasize that we take test particles to have negligible spin. For the case where a particle in Riemann-Cartan
space-time is taken to have non-vanishing spin, the path followed by such a particle will be different from an extremal
curve. This is discussed in detail in [75].

9We note that we use the term geodesic here only when the differential equation describing the auto-parallel curves
of the natural choice of an affine connection coincides with the differential equation describing extremal curves.
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Theorem 3.7.1. Let γ(λ), with original parameterisation λ, be a curve in the manifold M, which
forms part of the U4 tuple as per Definition 3.3.1. If this curve is an extremal curve, then it is an
auto-parallel of the Levi-Civita connection D.

Proof. In order to show that extremal curves are nothing more than auto-parallels of the Levi-Civita
connection, we wish to show that the differential equations obtained through extremising the length
equation (3.127) are nothing more than the differential equations satisfied by auto-parallels of the
Levi-Civita connection. Let us consider the following one parameter family of ordinary variations of
the coordinate components xµ ∈ R

xµs := xµ + sδxµ , (3.131)

where s ∈ R and δxµ is referred to as an ordinary variation and is such that δxµ(p) = δxµ(q) = 0 [89].
From equation (3.127), the length action for the above family of ordinary variations reads

l[s] =

∫ q

p
dλ

√
gµν

dxµs
dλ

dxνs
dλ

. (3.132)

By requiring that the above expression experiences an extremum, one has the following

0
!

=
dl
ds

∣∣∣
s=0

=
1

2

∫ q

p
dλ
(
gαβ

dxα

dλ
dxβ

dλ

)−1/2(
∂σgµν

dxµ

dλ
dxν

dλ
δxσ + 2gµν

dxµ

dλ
dδxν

dλ

)
. (3.133)

Without the loss of generality, we may assume that the original parameterisation of the curve is such
that gαβ dxα

dλ
dxβ
dλ = 1 [5]. In addition, one can perform an integration by parts on the second term in

the integrand on the right-hand side of the above expression in order to obtain

0 = −
∫ q

p
dλ
{
d2xµ

dλ2
+

1

2
gµσ (∂αgβσ + ∂βgασ − ∂σgαβ)

dxα

dλ
dxβ

dλ

}
δxσ , (3.134)

where we have made use of the fact that the ordinary variation δxσ vanishes at the points p, q ∈M.
It is not difficult to see that the integrand contains the Christoffel symbols Γµαβ , i.e., the connection
coefficients of the Levi-Civita connection, given in equation (3.36). Therefore, since the above equation
holds for arbitrary ordinary variations δxσ, one obtains

d2xµ

dλ2
+ Γµαβ

dxα

dλ
dxβ

dλ
= 0 , (3.135)

which are nothing more than the differential equations satisfied by a curve whose tangent vector
field is parallel propagated with respect to the Levi-Civita connection, i.e., ξνDνξ

µ = 0. It therefore
follows that extremal curves are auto-parallels of the Levi-Civita connection.

The reader may notice that we have refrained from using the term geodesic which is commonly
used in the study of GR. The reason for this is due to the theorem given above. In the case of a
Riemannian space-time, i.e., the Cartan connection and the Levi-Civita connection coincide, extremal
curves are auto-parallels of the natural choice of an affine connection since this connection would be
the Levi-Civita connection. In the event that extremal curves and auto-parallels of the natural choice
of an affine connection for a given space-time coincide, these curves are referred to as geodesics [74].
Of course, this is the case for Riemannian space-times whose natural choice of an affine connection
is the Levi-Civita connection. Here, however, we are concerned with Riemann-Cartan space-times
whose natural choice of an affine connection, which is the Cartan connection, does not necessarily
coincide with extremal curves. We have therefore followed the review article [74] by Hehl in making
the distinction and avoiding the term "geodesic". As pointed out in [74], the auto-parallels of the
Cartan connection coincide with the auto-parallels of the Levi-Civita connection in the event that
the contorsion tensor is totally antisymmetric. In order to see this, consider an auto-parallel curve of



36 Chapter 3. Space-times with curvature and torsion

the Cartan connection ∇ with tangent vector field ξ. By making use of equations (3.20) and (3.38),
we have

0 = ξν∇νξµ = ξν∂νξ
µ + Γ̃µνβξ

νξβ

= ξν∂νξ
µ + Γµνβξ

νξβ +Kµ
νβξ

νξβ . (3.136)

In the instance where the contorsion tensor is antisymmetric in its second and third indices, and
therefore totally antisymmetric, the third term on the right-hand side of equation (3.136) vanishes
due to the contraction of symmetric indices with antisymmetric indices. The resulting expression
then reduces to the differential equation associated with an auto-parallel curve of the Levi-Civita
connection.

Our goal now is to study families of curves in the Riemann-Cartan space-time U4. In particular,
we are interested in studying the rate of expansion of a cross-sectional area enclosing a family of
curves. Such a notion is of great use when studying focusing conditions, i.e., the conditions that allow
for the convergence or divergence of neighbouring curves. In order to study the rate of expansion
of a cross-sectional area enclosing a family of curves contained in U4, we wish to first specify what
we mean by a "family" of curves. Here we will be interested in considering smooth congruences of
timelike curves. We define a congruence of curves following Wald [5].

Definition 3.7.3. We define a congruence of curves to be a family of curves for which each p ∈ M
has at most one curve in this family passing through it.

Having now introduced the notion of a congruence of curves, we wish to turn our attention to the
consideration of a congruence of timelike curves generated by the Cartan connection. In particular, we
will be interested in studying the rate of expansion of a cross-sectional area, say A, that encloses this
congruence. Through such a consideration, we follow the derivations given in [5, 58–61, 83] in order
to obtain the Raychaudhuri equation for a congruence of timelike curves generated by the Cartan
connection. Following the terminology of [83], we refer to the equation derived in [58] as the non-
null torsion Raychaudhuri equation and we derive this in Section 3.8. We note that the kinematic
quantities included in the resulting expression do not describe the relevant physical properties of
the congruence. That is, the expansion scalar defined in [58] does not give the physical expansion
associated with a curve generated by the Cartan connection [60,61]. In order to consider the relevant
physical kinematic quantities, we turn our attention to the Raychaudhuri equation derived in [60,61].
We shall derive this equation in Section 3.9 and refer to this as the geometric Raychaudhuri equation.

3.8 Non-null torsion Raychaudhuri equation

In this section, we derive10 the non-null torsion Raychaudhuri equation whose derivation is given
in [58] as well as the review article [59]. Consider a cross-sectional area A which encloses a smooth
congruence of timelike curves of the Cartan connection. Let us denote the tangent vector field to
these curves as ξν . We note that we have not assumed that these curves are auto-parallels of the
Cartan connection and, therefore, the action of the map ∇ξ on the tangent vector field ξν may
be non-vanishing. Our first step is to consider the type (0, 2) tensor field B̃µν defined through the
expression [5]

B̃µν := ∇νξµ , (3.137)

where ξµ = gµβξ
β . We note that, by taking ξν to be normalized to unit length, i.e., g (ξ, ξ) = −1, it

is not difficult to show that the tensor field B̃µν satisfies the following property

ξµB̃µν = 0 . (3.138)

10The derivation carried out here was conducted by making use of the Mathematica notebook
non_null_torsion_Raychaudhuri.nb which was constructed by the author and is available at https:
//www.dropbox.com/sh/cfybc2cysixchlz/AACjKq0NHComUPoXcZz90DH7a?dl=0.

https://www.dropbox.com/sh/cfybc2cysixchlz/AACjKq0NHComUPoXcZz90DH7a?dl=0
https://www.dropbox.com/sh/cfybc2cysixchlz/AACjKq0NHComUPoXcZz90DH7a?dl=0


3.8. Non-null torsion Raychaudhuri equation 37

Furthermore, through the use of the definition of the non-null torsion Rimeann tensor given in equation
(3.42), one has the following expression

(∇σ∇β −∇β∇σ) ξα = R̃ ρ
σβα ξρ − T

ρ
σβ∇ρξα . (3.139)

By writing the first term on the right-hand side of the above equation in terms of a total Cartan
covariant derivative and then taking the trace of the resulting expression, one can obtain [83]

ξσ∇σB̃ = ∇α (ξσ∇σξα)− B̃ σ
α B̃

α
σ − R̃σρξσξρ − T ρσαξσB̃α

ρ , (3.140)

where B̃ is the trace of the tensor field B̃µν . We now wish to find a decomposition of the tensor field
obtained by projecting B̃µν onto the hypersurface. This decomposition should contain symmetric and
antisymmetric parts that are both traceless as well as a term which yields the trace of the tensor field
B̃µν . Let us begin by introducing the so-called spatial metric which is a metric for the hypersurfaces
of constant time and is defined through the expression [5, 59]

hµν := gµν + ξµξν . (3.141)

Having defined the spatial metric, we now wish to introduce the quantities that form part of the
decomposition of h α

µ h
β
ν B̃αβ . We shall refer to these as the non-null torsion kinematic quantities. We

first introduce the non-null torsion expansion scalar as

θ̃ := hαβ∇αξβ = B̃ , (3.142)

which is simply the trace of Bµν . In addition, we define the non-null torsion shear tensor as

σ̃µν := hσµh
ρ
ν∇(σξρ) −

θ̃

3
hµν , (3.143)

which is traceless and is the symmetric term in the decomposition of the tensor field B̃µν . Lastly,
we introduce the tensor field referred to as the non-null torsion twist tensor through the following
expression

ω̃µν := hσµh
ρ
ν∇[σξρ] , (3.144)

which is traceless and is the antisymmetric term in the decomposition of B̃µν . In terms of the tensor
fields defined above, the decomposition of the tensor field B̃µν is written as [59]

B̃µν = ω̃µν + σ̃µν +
θ̃

3
hµν − ξσξνB̃µσ . (3.145)

In terms of the above decomposition, we can write the second term on the right-hand side of equation
(3.140) as

B̃ σ
α B̃

α
σ = σ̃αβσ̃

βα + ω̃αβω̃
βα +

θ̃2

9
hαβh

βα , (3.146)

and thus, by introducing a suitable parameterisation, say λ, equation (3.140) becomes [59,83]

dθ̃
dλ

= ∇α
(
ξβ∇βξα

)
− σ̃µν σ̃µν + ω̃µν ω̃

µν − θ̃2

3
− R̃µνξµξν

− T ρσαξσ
(
σ̃αρ + ω̃αρ +

θ̃

3
hαρ − ξδξρ∇δξα

)
, (3.147)

where we have made use of the fact that the non-null torsion shear tensor is symmetric while the non-
null torsion twist tensor is antisymmtric. We note that the non-null torsion Raychaudhuri equation is
a special case of the Raychaudhuri equation derived in [63] which considers non-metricity in addition
to non-vanishing torsion.

As mentioned earlier, for a congruence of curves generated by the Cartan connection, the non-null
torsion expansion, shear and twist do not provide us with the relevant physical interpretation. In
order to find expansion, shear and twist tensors that give us the desired physical interpretation, we
turn our attention to the Raychaudhuri equation derived in [60, 61] and is discussed in the following
section
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3.9 Geometric Raychaudhuri equation

Here, we derive11 the Raychaudhuri equation given for the first time in [60, 61]. In this thesis, we
refer to this equation as the geometric Raychaudhuri equation.

By making use of the affine connection ∇, we introduce the tensor field
◦
B of type (0, 2) defined

in the following way

◦
Bαβ := ∇βξα + Tανβξ

ν = Dβξα +Kανβξ
ν . (3.148)

By making use of the fact that the tangent vector field is normalised to unit length, it is not difficult

to see from the above definition of
◦
B that we have

ξα
◦
Bαβ = T(αν)βξ

αξν . (3.149)

Furthermore, due to the fact that the torsion tensor is antisymmetric in its second and third indices,
we have

ξβ
◦
Bαβ = ξβ∇βξα , (3.150)

which vanishes when considering auto-parallel curves of the Cartan connection. We now wish to find

a physical interpretation of
◦
B. Through the use of the Lie derivative, we have

£ξη
β = ξα∇αηβ −Kβ

ανη
νξα − ηα∇αξβ +Kβ

ανη
αξν = 0 . (3.151)

It follows from equations (3.151) and (3.148) that one can write

ξα∇αηβ =
(
∇αξβ + T βναξ

ν
)
ηα =

◦
Bβ

αη
α . (3.152)

From the last expression, one can interpret the tensor field
◦
B as being a measure of the failure for

the deviation vector η to be parallel propagated with respect to the Cartan connection. Moreover,
◦
B is a linear map that can be used to extract the non-null torsion expansion, shear and twist.

In order to derive the non-null torsion Raychaudhuri equation, we wish to find an expression for

ξρ∇ρ
◦
Bαβ in terms of the non-null torsion Riemann tensor. From the definition of the non-null torsion

Riemann tensor, we have

ξρ∇ρ
◦
Bαβ = ∇β (ξρ∇ρξα)− (∇βξρ) (∇ρξα)− R̃σβραξσξρ

− T ρσβξ
σ∇ρξα + ξσ∇σ (Tαρβξ

ρ) . (3.153)

By taking the trace of equation (3.153), we obtain

ξβ∇β
◦
B α
α = ∇α

(
ξβ∇βξα

)
−
◦
B β
α

◦
B α
β − R̃αβξαξβ + T ρβαξ

β
◦
Bα

ρ +
◦
Bρ

νTρξ
ν + ξνξρ∇νTρ . (3.154)

Let us now define the geometric expansion as

◦
θ := h β

α

◦
Bα

β , (3.155)

the geometric shear as

◦
σαβ := hσαh

ρ
β

◦
B(σρ) −

θ

3
hαβ , (3.156)

11This derivation was carried out using the Mathematica notebook Geometric_Raychaudhuri.nb which
was constructed by the author and is available at https://www.dropbox.com/sh/cfybc2cysixchlz/
AACjKq0NHComUPoXcZz90DH7a?dl=0.

https://www.dropbox.com/sh/cfybc2cysixchlz/AACjKq0NHComUPoXcZz90DH7a?dl=0
https://www.dropbox.com/sh/cfybc2cysixchlz/AACjKq0NHComUPoXcZz90DH7a?dl=0
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and the geometric twist

◦
ωαβ := hσαh

ρ
β

◦
B[σρ] . (3.157)

The so-called expansion, shear and twist defined here are the aforementioned physical quantities
needed to construct the geometric Raychaudhuri equation using the affine connection ∇. These
quantities, referred to as the geometric kinematic quantities, provide us with a decomposition of the

projected tensor field hσαh
ρ
β

◦
Bσρ. More specifically, we can relate

◦
B to the kinematic quantities

through the following expression

◦
Bαβ =

◦
ωαβ +

◦
σαβ +

◦
θ

3
hαβ − ξρξβ

◦
Bαρ − ξρξα

◦
Bρβ . (3.158)

Equation (3.158) is the desired decomposition of
◦
B in terms of the geometric expansion, shear and

twist. It is noted, from the definitions given in (3.155), (3.156) and (3.157), that the twist tensor, ◦ωαβ ,

is the antisymmetric part of the projected tensor hσαh
ρ
β

◦
Bσρ, the shear tensor, ◦σαβ , is the symmetric

part and that
◦
θ
3hαβ is the trace component in the decomposition. Now that we have obtained this

desired decomposition of the projected
◦
Bαβ , we wish to turn our attention back to equation (3.154)

in order to obtain the Raychaudhuri equation.
By substituting equation (3.158) into equation (3.154) and by choosing a suitable parameterisa-

tion, α, of the curves generated by the affine connection∇, one can obtain the geometric Raychaudhuri
equation

d
◦
θ

dα
= ∇α

(
ξβ∇βξα

)
− ◦σαβ

◦
σαβ +

◦
ωαβ

◦
ωαβ − 1

3

◦
θ2 − R̃αβξαξβ

− Tαβρξβ
(

1

3

◦
θhαρ +

◦
σαρ − ◦ωαρ − ξαξν∇νξρ

)
+ ξα∇α (Tνξ

ν) . (3.159)

The above equation is the desired geometric Raychaudhuri equation and was derived in [60, 61] for
the first time.

We now wish to give an interpretation for the physical quantities used in the construction of this
Raychaudhuri equation. In order to provide such an interpretation, we turn our attention to the
cross-sectional area A that encloses the considered congruence of curves generated by the Cartan
connection. For an observer traveling along a curve contained in this congruence, the observed
expansion or contraction of the cross-sectional area A is measured by the geometric expansion scalar.
In addition, the tendency for the cross-sectional area A to become ellipsoidal in shape is described
by the geometric shear tensor. Lastly, the geometric twist tensor describes how the cross-sectional A
rotates about the congruence as seen by an observer moving along a curve contained in the congruence.

In Chapter 5, we will be interested in considering congruences of timelike curves in order to study
conditions relating to the attractiveness of gravity. For such a study, the Raychaudhuri equation
will play an important role. In particular, one can study the focusing conditions for test particles in
various gravitational theories. It is important to note, however, when studying the focusing conditions
for test particles that one considers a congruence of curves followed by test particles. Since we take
the paths followed by test particles12 to be extremal curves, it follows from Theorem 3.7.1 that
test particles follow auto-parallel curves of the Levi-Civita connection [74]. This implies that in the
case of the Riemann-Cartan space-time U4, although the natural choice of an affine connection is, by
definition, the Cartan connection, one should consider the auto-parallels of the Levi-Civita connection
when studying the conditions associated with the requirement that gravity be attractive. Therefore,
when studying test particles in the presence of gravity, we will not turn our attention to the non-null
torsion or geometric Raychaudhuri equations since these are derived using the Cartan connection

12This is true here since we consider test particles to have negligible spin. The reader interested in the behaviour of
spin-particles in the presence of torsion is directed to [75,90].
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whose auto-parallels are not necessarily followed by test particles. Instead, since the Levi-Civita
connection is torsion-free, we seek a torsion-free Raychaudhuri equation which describes a congruence
of curves generated by the Levi-Civita connection. We derive such an equation in the following section
following [5].

3.10 Torsion-free Raychaudhuri equation

Since the Levi-Civita connection is nothing more than the Cartan connection in the absence of torsion,
one can derive the torsion-free Raychaudhuri equation directly from either the non-null torsion Ray-
chaudhrui equation (3.140) or the geometric Raychaudhuri equation (3.159). That is, one considers
instead a congruence of timelike curves, generated by the Levi-Civita connection, with tangent vector
field ξµ. By considering the case of vanishing torsion, both equations (3.148) and (3.137) reduce to
the type (0, 2) tensor field

Bµν = Dνξµ . (3.160)

The above expression implies that this tensor field is constructed through the action of the Levi-Civita
covariant derivative on the tangent vector field. In addition, since the above expression is the torsion-
free case of equation (3.148), the tensor field B measures the failure of the deviation vector field η
to be parallel propagated with respect to the Levi-Civita connection. One can introduce the torsion-
free expansion scalar θ, shear tensor σµν and twist tensor ωµν by replacing the Cartan connection in
equations (3.142), (3.143) and (3.144) with the Levi-Civita connection. More specifically, we write
the torsion-free expansion scalar as

θ := hαβB
β
α , (3.161)

the torsion-free shear tensor as

σαβ := hσ(αh
ρ
β)Bαβ −

θ

3
hαβ , (3.162)

and the torsion-free twist tensor as

ωαβ := hσ(αh
ρ
β)Bαβ . (3.163)

In this thesis, we refer to the last three expressions as the torsion-free kinematic quantities.
For the torsion-free case of equation (3.140), the non-null torsion Ricci tensor reduces to the

torsion-free Ricci tensor and the terms in brackets have no contribution due to the fact that the Levi-
Civita connection yields a vanishing torsion tensor. Through these considerations, one can obtain the
torsion-free Raychaudhuri equation from equation (3.140)

dθ
dβ

= Dα

(
ξβDβξ

α
)
− σµνσµν + ωµνω

µν − θ2

3
−Rµνξµξν , (3.164)

where β is a suitable parameterisation [5]. Since we would be interested in studying a congruence of
timelike auto-parallels of the Levi-Civta connection, we consider the case where the tangent vector
field ξν is parallel propagated with respect to the Levi-Civita connection. In such a case as well as
for a suitable affine parameterisation, say τ which denotes the proper time, the first term on the
right-hand side of the above equation vanishes. Lastly, without the loss of generality, we take the
tangent vector field ξν to hypersurface orthogonal, i.e., the torsion-free twist tensor vanishes with
ωµν = 0. It follows that the Raychaudhuri equation for a congruence of timelike auto-parallels of the
Levi-Civita connection is [5]

dθ
dτ

= −σµνσµν −
θ2

3
−Rµνξµξν . (3.165)
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The above Raychaudhuri equation was derived in [54] by Raychaudhuri. In the study of GR, the above
Raychudhuri equation plays a significant role in the investigation of singularity theorems [5, 54–56].
The reader who is interested in the role of the Raychaudhuri equation in the study of singularity
theorems is directed to [55] by Hawking and Ellis as well as to [56] by Hawking and Penrose. For
a study on singularity theorems for gravitational theories that include torsion, the interested reader
is directed to [88]. We will return to the above expression in Chapter 5 where we shall study the
focusing conditions in the so-called f(T ) theories of gravity.

As a final comment, we wish to compare the torsion-free kinematic quantities defined in equations
(3.161), (3.162) and (3.163) to the non-null torsion kinematic quantities as well as the geometric
kinematic quantities. By introducing the Cartan covariant derivative into equations (3.161), (3.162)
and (3.163) through the use of the contorsion tensor, one can obtain the following which relates the
torsion-free, non-null torsion and geometric expansion scalars

θ = θ̃ + Tβξ
β =

◦
θ . (3.166)

In addition, one can obtain the following expression that relates the shear tensors

σαβ = σ̃αβ −
1

3
Tρξ

ρhαβ + hσαh
ρ
βK

µ
(σρ)ξµ =

◦
σαβ , (3.167)

as well the below expression relating the twist tensors

ωαβ = ω̃αβ + hσαh
ρ
βK

µ
[σρ]ξµ =

◦
ωαβ − ξνhσαh

ρ
βKσνρ . (3.168)

We note that, while the geometric expansion scalar and shear tensor coincide with their torsion-free
counterparts, this is not the case for the geometric twist tensor. That is, the difference between the

tensor fields
◦
B and B lies entirely in the totally antisymmetric part. This is easily seen by examining

the second equality in equation (3.148) since the tensor field Kανβξ
ν is antisymmetric.

3.11 Chapter conclusions

In this chapter, we have discussed the notational conventions used in this thesis as well as the notion of
the Riemann-Cartan space-time U4. By following what was done in [9], we defined the U4 space-time
to be the tuple (M, g,∇) where M is the space-time manifold, g is the metric tensor and ∇ is the
Cartan connection which is non-symmetric and metric compatible. Upon defining U4, we studied the
notions of curvature and torsion in this space-time following [74, 77, 79]. To this end, we introduced
the so-called contorsion tensor as the non-Riemannian contribution to the connection coefficients
of the Cartan connection. We also made use of the contorsion tensor to relate the non-null torsion
Riemann tensor to the torsion-free Riemann tensor. More specifically, we discussed how one can write
the non-Riemannian contribution to the non-null torsion Riemann tensor in terms of the contorsion
tensor as well as its first order derivatives. We also followed what was done in [5] in order to derive
the Bianchi identities associated with the torsion-free and non-null torsion Riemann tensors.

By following what is done in [9,16,18], we discussed the so-called Cartan formalism. This formalism
will be made use of in Section 4.2 where we discuss the Einstein-Cartan theory of gravity.

We concluded this chapter with the important topic of the notion of auto-parallel curves in U4. In
the event that the tangent vector field of a curve is parallel propagated in the direction of itself with
respect to the Cartan connection, we refer to this curve as an auto-parallel of the Cartan connection.
Similarly, if the tangent vector field is parallel propagated in the direction of itself with respect to the
Levi-Civita connection, we refer to the curve as an auto-parallel of the Levi-Civita connection. By
following [74], we noted that extremal curves are auto-parallel curves of the Levi-Civita connection.
This implies that, when considering test particles to follow extremal curves, one should consider a
congruence of auto-parallel curves of the Levi-Civita connection when studying the satisfaction or
violation of the condition that gravity be attractive. For such a study, one requires the Raychaudhuri
equation.
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By following [58,59], we derived the non-null torsion Raychaudhuri equation by decomposing the
tensor field obtained by acting the Cartan covariant derivative on the tangent vector field. While this
equation is well-defined on U4, the aforementioned tensor field does not measure the failure for the
deviation vector between curves contained in the congruence to be parallel propagated with respect
to the Cartan connection. This implies that the kinematic quantities associated with this tensor field
do not give the relevant geometrical description. By following what is done in [60, 61], we derived
the geometric Raychaudhuri equation by decomposing the tensor field that measures the failure for
the deviation vector to be parallel propagated with respect to the Cartan connection. In the case
of vanishing torsion, both the non-null torsion and geometric Raychaudhuri equations reduce to the
well-known torsion-free Raychaudhuri equation which was derived in the case of Riemannian space-
time V4 in [54]. The tensor field that is decomposed in order to derive the torsion-free Raychaudhuri
equation is both the Levi-Civita covariant derivative of the tangent vector field as well as the measure
of the failure for the deviation vector field to be parallel propagated with respect to the Levi-Civita
connection.

Since test particles follow auto-parallel curves of the Levi-Civita connection, one must turn to the
torsion-free Raychaudhuri equation in order to study the satisfaction or violation of the condition
that gravity be attractive. In Chapter 5, we will make use of this Raychaudhuri equation in order to
study the focusing conditions in f(T ) theories of gravity.

For now, however, we turn our attention to discussing various gravitational theories that can be
constructed on U4. This is done in the following chapter.



Chapter 4

Gravitational theories with non-vanishing
torsion

4.1 Introduction

In the previous chapter, we discussed space-times for which the natural choice of an affine connection
is not necessarily symmetric while still satisfying the property of metric compatibility. In particular,
we discussed the so-called Riemann-Cartan space-time whose natural choice of an affine connection
provides a description involving non-vanishing torsion in addition to non-vanishing curvature. In this
chapter, we study gravitational theories that are constructed using the Riemann-Cartan space-time
U4 as well as theories constructed on the Weitzenböck space-time W4. In Section 4.2, we discuss
the formulation of the so-called Einstein-Cartan (EC) theory. Following this, we discuss two possible
modifications to this theory. We first discuss the Einstein-Cartan-Saa (ECS) theory of gravity which
results from making a specific modification to the volume element of the action of the EC theory.
This is done in Section 4.3. Following this, we discuss the gravitational theory resulting from a Chern-
Simons modification to the EC theory in Section 4.4. We conclude this chapter with a discussion
on the formulation of f(T ) theories of gravity which are constructed on the Weitzenböck space-time.
This is done in Section 4.5.

4.2 Einstein-Cartan theory

In this section, we present the so-called Einstein-Cartan (EC) theory of gravity following [91] by
Kibble, [92] by Sciama, [7] by Trautman and [9] by Tseng. The EC theory is often viewed as GR with
the inclusion of torsion [9]. In this section, we wish to discuss the formulation of the EC theory before
moving on to derive the field equations and discuss the phenomenology of the torsion tensor in this
theory. We begin this section by first giving a definition for the EC theory. In defining gravitational
theories, we require, firstly, a space-time and, secondly, a gravitational action. In constructing the
EC theory of gravity, we make use of the Riemann-Cartan space-time defined in the previous chapter.
That is, we consider a space-time whose natural choice of an affine connection is the Cartan connection
which is metric compatible and not necessarily symmetric which implies that the space-time has non-
vanishing torsion. When constructing a gravitational theory for such a space-time, the constructed
action will dictate the role of torsion in that theory. In the EC theory, the gravitational action in the
Cartan formalism reads

SEC :=
1

2k2

∫
R̃ba ∧ ζab , (4.1)

where k2 := 8πG/c4, R̃ba is the curvature two-form as before and ζab is defined as

ζab := ∗ (êa ∧ êb) =
1

2
εabqmθ̂

q ∧ θ̂m , (4.2)

43
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where εabqm is the Levi-Civita tensor in the non-holonomic frame [9]. We now define the EC theory
to be the Riemann-Cartan space-time U4 together with the action given in equation (4.1) [9]. In
addition to the EC action given in equation (4.1), we can introduce the matter action Sm, which has
associated matter Lagrangian density Lm, so that the total action considered is

S := SEC + Sm . (4.3)

Given the total action above, we wish to study the role of curvature and torsion in the EC theory.
In order to do this, we require that the total action experiences an extremum under an ordinary
variation [89]. That is, we require that

δS
!

= 0 . (4.4)

By requiring that the total action experiences an extremum, we can follow [7,9] in order to obtain the
EC field equations. Let us begin by considering the EC Lagrangian density which has the following
form

LEC := R̃ba ∧ ζab . (4.5)

The above expression can be obtained by simply reading off the Lagrangian density from the expression
for the EC gravitational action given in equation (4.1). By carrying out an ordinary variation of the
Lagrangian density given in equation (4.5) one obtains [9]

δ (LEC) = δ
(
R̃ba ∧ ζab

)
= δR̃ba ∧ ζab + R̃ba ∧ δζab . (4.6)

Let us first consider the variation of ζab. By making use of equation (4.2), one obtains the following
for the variation of ζab [9]

δζab =
1

2

(
εabcdδθ̂

c ∧ θ̂d + εabcdθ̂
c ∧ δθ̂d

)
= εabcdδθ̂

c ∧ θ̂d . (4.7)

In equation (4.2) we defined the two-form field ζab as the Hodge dual of the wedge product between
two non-holonomic basis elements. In addition, we can define the four-form field ζ as

ζ := ∗1 =
1

4!
εabcdθ̂

a ∧ θ̂b ∧ θ̂c ∧ θ̂d , (4.8)

the three-form field ζa as

ζa := ∗êa =
1

3!
εabcdθ̂

b ∧ θ̂c ∧ θ̂d , (4.9)

the one-form field ζabc as

ζabc := ∗ (êa ∧ êb ∧ êc) = εabcdθ̂
d , (4.10)

and, lastly, the zero-form field ζabcd as simply being the Levi-Civita tensor in the non-holonomic
frame [9]

ζabcd := ∗ (êa ∧ êb ∧ êc ∧ êc) = εabcd . (4.11)

Now, by making use of equation (4.10) ,which provides us with the definition of the one-form field
ζabc, it follows from equation (4.7) that we can write the variation of the two-form field ζab as

δζab = δθ̂c ∧ ζabc . (4.12)

Let us now turn our attention to studying the variation of the curvature two-form R̃ba which appears
on the right-hand side of equation (4.6). By making use of the second Cartan structure equation which
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is given in equation (3.101), we obtain the following expression for the variation of the curvature two-
form

δR̃ba = dδwab + δwa
c ∧wcb +wa

c ∧ δwcb . (4.13)

Now, we note that the action of the Lorentz covariant derivative, which is defined in equation (3.92),
on the variation of the connection one-form yields

Dδwab = dδwab + δwa
l ∧wlb +wa

l ∧ δwlb , (4.14)

which is nothing more than the right-hand side of equation (4.13). It therefore follows that [9]

δR̃ba = Dδwab . (4.15)

Therefore, by substituting equations (4.12) and (4.15) into equation (4.6), one obtains the following
expression for the variation of the EC Lagrangian density

δLEC =
(
Dδwab

)
∧ ζab + R̃ba ∧ δθ̂c ∧ ζabc . (4.16)

By adding and subtracting like terms in the above expression and by grouping terms that contribute
to a total Lorentz covariant derivative, one obtains

δLEC = R̃ba ∧ δθ̂c ∧ ζabc + d
(
δwab ∧ ζab

)
− δwab ∧Dζab , (4.17)

where we have made use of the fact that the action of the Lorentz covariant derivative on a smooth
function is nothing more than the action of the exterior derivative on that function. We note that
the above expression contains the Lorentz covariant derivative of the two-form field ζab. By making
use of the definition of the two-form field ζab given in equation (4.2), one obtains the following for
the action of the Lorentz covariant derivative on this two-form field

Dζab =
1

2
D
(
εabcdθ̂

c ∧ θ̂d
)

= εabcd

(
Dθ̂c

)
∧ ζabc , (4.18)

where we have made use of equation (4.10) in order to introduce the one-form field ζabc into the
above expression. We now wish to consider the action of the Lorentz covariant derivative on the
co-tetrad field θ̂c which is given in the above expression. It can be seen that the right-hand side of
the first Cartan structure equation (3.100) is nothing more than the Lorentz covariant derivative of
the co-tetrad field. Thus, the action of the Lorentz covariant derivative on the co-tetrad field θ̂c is
nothing more than the torsion two-form field T c. It therefore follows that equation (4.18) becomes

Dζab = T c ∧ ζabc . (4.19)

Substituting the above result into equation (4.17) yields

δLEC = R̃ba ∧ δθ̂c ∧ ζabc − δwab ∧ T c ∧ ζabc + d
(
δwab ∧ ζab

)
. (4.20)

Through the appropriate modification1 of the gravitational action, the third term in the above ex-
pression has no contribution [5]. We are now in a position to carry out the variation of the EC
Lagrangian density with respect to either the co-tetrad field or the connection one-form field in order
to obtain two sets of field equations. Let us begin by varying the Lagrangian density with respect to
the co-tetrad field θ̂c. By carrying out such a variation, one obtains [9]

δLEC

δθ̂c
= −R̃ba ∧ ζabc . (4.21)

1Such a modification involves the inclusion of the so-called Gibbons-Hawking-York boundary term [5, 93, 94]. This
term is necessary when considering a space-time manifold that has a non-vanishing boundary since the third term in
equation (4.20) will be non-zero.
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For the variation of the matter Lagrangian density, we define τc as the three-form field obtained by
varying the matter Lagrangian density with repect to the co-tetrad field. That is, we write [7]

τc :=
δLm

δθ̂c
. (4.22)

It therefore follows from equations (4.21) and (4.22) that the ordinary variation of the total action
with respect to the co-tetrad field yields the following field equation [7, 9]

1

2k2
ζabc ∧ R̃ba = −τc , (4.23)

where we have reintroduced the factor of 1/
(
2k2
)
that was initially omitted when defining the EC

Lagrangian density. We now wish to consider the variation of the EC Lagrangian density with respect
to the connection one-form. By carrying out such a variation of equation (4.20) one obtains

δLEC

δwab
= −T c ∧ ζabc . (4.24)

As was done in the case of varying the matter Lagrange density with respect to the co-tetrad field,
we define sab to be the three-form field obtained when varying the matter Lagrangian density with
respect to the connection one-form field. That is, we write

sba :=
1

2

δLm

δwab
. (4.25)

It then follows from equations (4.24) and (4.25) that the field equation obtained by varying the total
gravitational action with respect to the connection one-form field is [7, 9]

1

k2
ζabc ∧ T c = sab , (4.26)

where we have once again reintroduced the constant factor of k2. Equations (4.23) and (4.26) are
the desired field equations in the EC theory of gravity and are referred to as the Einstein-Cartan
equations [7]. Here the EC equations have been written in differential form.

We now wish to write the EC equations in terms of non-holonomic basis components. Such a form
of the EC equations is referred to as the Sciama-Kibble form and can be found in [92] by Sciama as
well as [91] by Kibble. We shall derive the Sciama-Kibble form of the EC equations given in equations
(4.23) and (4.26) by following [9]. Let us begin by considering the EC equation (4.23). Through the
use of the definition of the curvature two-form, which is given in equation (3.99), we have

ζabc ∧ R̃ba =
1

2
R̃ ba
le θ̂e ∧ θ̂l ∧ ζabc . (4.27)

By substituting the definition for the one-form field ζabc given in equation (4.10) into the above
expression, one obtains

ζabc ∧ R̃ba =
1

2
R̃ ba
le εabcdθ̂

e ∧ θ̂l ∧ θ̂d . (4.28)

By making use of equation (4.9) in order to introduce the two-form field ζab into the right-hand side
of the above expression one obtains

ζabc ∧ R̃ba =
1

4
R̃ ba
le εabcdε

mnldθ̂e ∧ ζmn . (4.29)

Writing the contraction of the Levi-Civita tensors in terms of Kronecker delta symbols yields

ζabc ∧ R̃ba =
1

2
R̃ ba
le θ̂e ∧

(
δlcζab + δlaζbc + δlbζca

)
= −R̃ b

e θ̂
e ∧ ζbc +

1

2
R̃ ba
ce θ̂e ∧ ζab , (4.30)
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where the components of the non-null torsion Ricci tensor in the non-holonomic frame have been
introduced into the right-hand side of the above expression. Now, by making use of the following

θ̂a ∧ ζbc =
1

2
εbclkθ̂

a ∧ θ̂l ∧ θ̂k

=
1

2
εbclkε

malkζm

= ζbδ
a
c − ζcδab , (4.31)

we can write equation (4.30) as

ζabc ∧ R̃ba = −2

(
R̃cb −

1

2
R̃ηcb

)
ζb . (4.32)

By substituting the above expression into the first EC equation (4.23) and by defining the energy-
momentum tensor through τc := τcbζ

b [9], one obtains the Sciama-Kibble form of the first EC
equation [7]

R̃cb −
1

2
R̃ηcb = k2τcb . (4.33)

In order to obtain the Sciama-Kibble form of the second EC equation, which is given in equation
(4.26), we can carry out a similar process. By carrying out such a process for the left-hand side of
equation (4.26), one obtains the following

ζabc ∧ T c =
1

2
T clmθ̂

l ∧ (δma ζbc + δmb ζca + δmc ζab)

= −1

2

[
T cla

(
δlbζc − δlcζb

)
+ T clb

(
δlcζa − δlaζc

)
+ Tl

(
δlaζb − δlbζa

)]
= −T cbaζc − Taζb + Tbζa , (4.34)

and we remind the reader that Tl := T clc is the trace of the torsion tensor in the non-holonmic frame.
Finally, by substituting equation (4.34) into equation (4.26) and by defining the spin-current tensor
through sab := sabcζ

c [9], one obtains the Sciama-Kibble form of the second EC equation [7]

T cab + δcaTb − δcbTa = k2s c
ab . (4.35)

We have thus obtained the Sciama-Kibble form of the field equations in the EC theory which have
been obtained before in [91, 92]. It is important to note that the second EC equation allows us to
describe an important relationship between the torsion tensor and the spin matter content which
is contained in the spin-current tensor. Such a relationship can be interpreted from the following
theorem which is stated and proved here following [7, 9].

Theorem 4.2.1. In the event that the spin-current tensor vanishes, the EC theory of gravity reduces
to GR [9].

Proof. We consider the second EC equation in the Sciama-Kibble form given in equation (4.35). By
taking the trace of this equation and substituting the resulting expression back into equation (4.35),
one obtains the following expression for the components of the torsion tensor in the non-holonomic
frame [7]

T cab =
k2

2

(
2s c
ab + δcas

d
bd − δcbs d

ad

)
. (4.36)

It is evident from the above expression that, in the case where the spin-current tensor vanishes, i.e.
s c
ab = 0, then the torsion tensor vanishes. Since the torsion tensor vanishes, the Cartan connection
reduces to the Levi-Civita connection and, thus, the non-null torsion Riemann tensor reduces to the
torsion-free Riemann tensor. In such a case, the first EC equation, which is given in equation (4.23),
reduces to the field equations of GR. We have thus shown that, when the spin-current tensor vanishes,
the EC theory of gravity is nothing more than GR.
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The theorem proved above implies that GR is simply a degenerate case of the EC theory of
gravity [9]. As already mentioned, Theorem 4.2.1 provides us with an important relationship between
the torsion tensor and the spin matter content. More specifically, the torsion tensor provides a
geometrical interpretation of the spin-current tensor [70]. Such a notion is worth mentioning since
such a relationship does not hold between curvature and the energy-momentum tensor. From the first
EC equation in the Sciama-Kibble form given in equation (4.33), it can be seen that the vanishing of
the energy-momentum tensor implies the vanishing of the non-null torsion Ricci tensor, however, this
does not imply the vanishing of the non-null torsion Riemann tensor and therefore does not imply
the vanishing of curvature. The fact that the vanishing of the spin-current tensor directly implies the
vanishing of torsion implies that the spin-current tensor is geometrised by the torsion tensor in the
EC theory of gravity [70].

So far, we have derived the EC field equations in differential form, which are given in equations
(4.23) and (4.26) as well as in the Sciama-Kibble form, which are given in equations (4.33) and
(4.35). It is not difficult to obtain these field equations in terms of the holonomic basis components
by applying the rotations described by the tetrad field to the Sciama-Kibble equations. Nevertheless,
here we wish to derive the EC field equations in coordinate components through the direct variation
of the gravitational action. The reason for this is that, in subsequent sections, we will follow this
method in deriving the field equations for theories that are modifications of the EC theory. Therefore,
it will prove to be useful to carry out such a derivation of the coordinate component field equations for
the EC theory of gravity which is equivalent to the application of the vierbein to the Sciama-Kibble
equations. We begin by considering the EC Lagrangian density given in equation (4.5). By writing
the curvature two-form in terms of its non-holonomic components through the use of its definition
as well as by making use of the definition of the two-form field ζsb, we have the following for the EC
Lagrangian density

R̃ba ∧ ζab =
1

4
R̃ ba
dc εabqmθ̂

c ∧ θ̂d ∧ θ̂q ∧ θ̂m . (4.37)

By introducing the four-form field ζ into the above expression through the use of its definition given
in equation (4.8) and by contracting indices in the Levi-Civita tensors in order to produce Kronecker
delta symbols, one obtains [9]

R̃ba ∧ ζab =
1

2
R̃ ba
dc

(
δcaδ

d
b − δdaδcb

)
ζ

= R̃ζ , (4.38)

and we remind the reader that R̃ denotes the non-null torsion Ricci scalar. We note that the volume
element chosen to construct the action integral in the EC theory is the four-form field ζ. From the
definition of this four-form field, we note that it can be written as

ζ = θ̂0 ∧ θ̂1 ∧ θ̂2 ∧ θ̂3 . (4.39)

The taking of this four-form field to be the volume element in the EC theory, as well as in GR, is
referred to as a natural choice of a volume element since it is the simplest construction of a volume
element from the co-tetrad fields. In order to write this volume element in terms of the dual basis
elements associated with the holonomic frame, we can make use of the definition of the four-form
field ζ as well as the vierbein in order to write it is

ζ =
1

4!
εabcdε

µνδρeaµe
b
νe
c
δe
d
ρdx

0 ∧ dx1 ∧ dx2 ∧ dx3

= e dx0 ∧ dx1 ∧ dx2 ∧ dx3 , (4.40)

where e is the determinant of the vierbein. It is not difficult to see from equation (3.85) that e =
√
−g

and, thus, it follows from the form of the volume element given in equation (4.40) that we can write
the EC action as [79]

SEC =
1

2k2

∫
R̃
√
−g d4x . (4.41)
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We remind the reader that k2 := 8πG/c4 as before and we now write the Lagrangian density associated
with the above action as

LEC = R̃
√
−g . (4.42)

where we wish to ommit the inclusion of the constant k for simplicity. We now wish to vary the above
Lagrangian density with respect to the metric and contorsion tensor components in the holonomic
frame. In [95], the Einstein-Hilbert action SEH :=

∫
R
√
−g d4x is considered and the field equations

valid for GR are derived by carrying out a variation of this action with respect to the holonomic
components of the metric tensor. Here, we shall follow this method in first varying the EC action
with respect to the holonomic components of the metric tensor and then varying the EC action with
respect to the holonomic components of the contorsion tensor. Let us denote the variation of the EC
Lagrangian density, equation (4.42), with respect to the metric and contorsion tensor components
in the holonomic frame as δgLEC and δKLEC respectively. Varying the EC Lagrangian density with
respect to the metric yields

δgLEC =
(
δgR̃

)√
−g + R̃

(
δg
√
−g
)
. (4.43)

The variation of
√
−g with respect to the metric yields [95]

δg
√
−g = −1

2

√
−g gµνδgµν . (4.44)

Let us now consider the variation of the non-null torsion Ricci scalar. We have the following [95]

δgR̃ = R̃µνδg
µν + gµνδgR̃µν . (4.45)

Since the metric tensor and the torsion tensor are treated as being independent quantities, the vari-
ation of the non-null torsion Ricci tensor with respect to the metric is equivalent to the variation of
the torsion-free Ricci tensor with respect to the metric since the non-Riemannian contributions to the
construction of the non-null torsion Ricci tensor are independent of the metric tensor. Therefore, by
making use of equation (3.66), we obtain the following for the variation of the non-null torsion Ricci
tensor with respect to the metric

δgR̃µν = δgRµν = ∂βδΓ
β
µν − ∂µδΓ

β
βν + ΓλµνδΓ

β
βδ + δΓλµνΓββλ − ΓλβνδΓ

β
µλ − δΓ

λ
βνΓβµλ

= Dβ

(
δΓβµν

)
−Dµ

(
δΓββν

)
, (4.46)

where we have made use of the so-called Palatini identity [95]. It is evident from the last expression
that the variation of the non-null torsion Riemann tensor with respect to the metric yields total Levi-
Civita covariant derivatives of the Christoffel symbols. Since these are covariant derivatives associated
with the Levi-Civita connection and the choice of a volume element in the EC action is compatible with
the Levi-Civita connection, the variation of the non-null torsion Ricci tensor yields a pure boundary
term. This term can be removed through the appropriate modification of the gravitational action,
i.e., by including the so-called Gibbons-Hawking-York boundary term [5,93,94]. The variation of the
EC Lagrangian density now reads

δgLEC =
√
−g gµνDβ

(
δΓβµν

)
−
√
−g Dν

(
δΓββν

)
+
√
−gR̃µνδgµν −

√
−g
2

R̃ gµνδg
µν . (4.47)

Let us now turn our attention to carrying out the variation of the EC Lagrangian density with
respect to the contorsion tensor. In order to carry out such a variation, we turn our attention to
equation (3.68) and study the variation of the non-Riemannian terms since these are the only terms
that carry dependence on the contorsion tensor. The variation of the EC Lagrangian density with
respect to the contorsion tensor yields

δKLEC =
√
−g gµνδKR̃µν =

√
−g gµν

[
∂R̃µν
∂Kα

σλ

−Dγ

(
∂R̃µν

∂
(
DγKα

σλ

))] δKα
σλ

=

√
−g
2

(
T νλµ + gνλTµ − δνµT λ

)
δKµ

νλ . (4.48)
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It therefore follows from equations (4.47) and (4.48) that the total variation of the EC Lagrangian
density is given by the expression

δLEC =
√
−g gµνDβ

(
δΓβµν

)
−
√
−g Dν

(
δΓββν

)
+
√
−g
[(

R̃µν −
1

2
R̃ gµν

)
δgµν

+
1

2

(
T νλµ + gνλTµ − δνµT λ

)
δKµ

νλ

]
. (4.49)

By writing the matter action as Sm :=
∫
d4xLm and writing the energy-momentum tensor in holo-

nomic basis components as [95]

τµν := − 2√
−g

δLm

δgµν
, (4.50)

it follows from equations (4.49) and (4.50) that the first EC equation in holonomic basis components
obtained by varying the total action with respect to the metric is

R̃µν −
1

2
R̃gµν = k2τµν , (4.51)

where we have reintroduced the constant factor k2. Now, by defining the spin-current tensor as

s λν
µ :=

4√
−g

δLm

δKµ
νλ

, (4.52)

it follows from equations (4.49) and (4.52) that the second EC field equation, written in terms of
holonomic basis components, obtained by varying the total action with respect to the contorsion
tensor is

T νλµ + δνλTµ − δνµTλ = k2s ν
λµ . (4.53)

The EC field equations given in equations (4.51) and (4.53) are the holonomic basis component forms
of equations (4.33) and (4.33) respectively.

It is not difficult to see that, through the application of the GL4 (R) matrices eaν on the Kibble-
Sciama equations (4.33) and (4.33), one can obtain the holonomic basis component equations (4.51)
and (4.53) respectively. The reason we chose to provide an alternative derivation is due to the fact
that we want to use this method when considering gravitational theories that are modifications of
the EC theory of gravity. Examples of such theories are considered in subsequent sections. For now,
however, we wish to study the energy-momentum tensor and the spin-current tensor. Let us first
turn our attention to the EC field equation (4.51) in order to study the energy momentum tensor. As
already mentioned, if the spin-current tensor vanishes then, since the torsion tensor geometrises spin
in EC theory, the non-null torsion Ricci tensor reduces to the torsion-free Ricci tensor and, therefore,
equation (4.51) reduces to the Einstein field equations of GR. Since the first Bianchi identity associated
with the torsion-free Riemann tensor vanishes, it follows that the torsion-free Ricci tensor is symmetric
and thus, in the case of a vanishing spin-current tensor, the energy-momentum tensor is symmetric. In
the event that the spin-current tensor is non-vanishing, however, the torsion tensor is non-vanishing by
equation (4.53) and thus, the first Bianchi identity associated with the non-null torsion Riemann tensor
is non-vanishing which implies that the non-null torsion Ricci tensor is not necessarily symmetric.
In such a case, it follows from equation (4.51) that the energy momentum tensor is not necessarily
symmetric. The spin-current tensor, on the other hand, is always antisymmetric in its first and second
indices. This can be seen from the fact that the first term on the left-hand side of equation (4.53)
is the torsion tensor which is antisymmetric in its second and third indices and that the second and
third terms together form an antisymmetric tensor.

Turning our attention to the second Bianchi identity associated with the Cartan connection, which
is given in equation (3.64), it is evident that, in the case of a non-vanishing spin-current tensor, the
energy-momentum tensor is not necessarily conserved. However, it is possible [7] to construct a
conserved and symmetric tensor that is written as a combination of the energy-momentum tensor
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and the spin-current tensor. In order to do this, we note that the second Bianchi identity associated
with the Levi-Civita connection, which is given in equation (3.56), implies the following

DµG
µ
ν = 0 , (4.54)

where Gµν := Rµν − 1
2Rgµν is the Einstein tensor [5]. Let us turn our attention to the first EC field

equation given in equation (4.51). By moving the non-Riemannian constributions on the left-hand side
of equation (4.51) to the right-hand side, the left-hand side then becomes the Einstein tensor. We can
then make use of the second EC equation (4.53) in order to write the non-Riemannian contributions
in terms of the spin-current tensor. We can then combine these terms with the energy-momentum
tensor in order to write the first EC field equation as

Rµν −
1

2
Rgµν = k2Tµν , (4.55)

where we define the effective energy-momentum tensor, which is both symmetric as well as conserved,
to be

Tµν := τµν −
1

2
Dσ

(
s σ
µν + sσµν + sσνµ

)
− π

(
4s σ
µ νsσ − 4s σρ

µ sσρν + 2sσρνs
σρ
µ

− gµνsσρλsσρλ − 2gµνsσρλs
σλρ + 2gµνsρs

ρ
)
, (4.56)

and we have defined sµ := s ν
µν [7]. The energy-momentum tensor combined with the three terms on

the right-hand side of the above expression which are covariant derivatives of the spin-current tensor
yields the so-called Belinfante-Rosenfeld tensor [7]. As noted in [7], the Belinfante-Rosenfeld tensor
arises naturally in the EC theory as can be seen in the above expression.

We can make use of the above expression for the effective energy-momentum tensor in order to
obtain an expression for the antisymmetric part of the energy-momentum tensor. This antisymmetric
part is given below

2τ[αβ] = Dσs
σ

αβ − 4π
(
s σρ
α sσρβ − s σρ

β sσρα

)
. (4.57)

This concludes our discussion of the EC theory of gravity. In the following two sections of this
chapter we consider modifications of this theory. The first such modification discussed here, referred
to as the Einstein-Cartan-Saa theory of gravity [11,12], involves a different choice of a volume element
to the one used in this section. This is the first modification that we wish to consider in this thesis
and is discussed in the following section.

4.3 Einstein-Cartan-Saa theory

In this section, we discuss Saa’s modification to the EC theory of gravity which is referred to as the
Einstein-Cartan-Saa (ECS) theory of gravity. This theory was first presented by Saa in [11]. The
approach that is made in Saa’s modification to the EC theory is to construct a gravitational action
whose integrand consists of the non-null torsion Ricci scalar, as is the case in the standard EC theory,
however, the choice of a volume element is different. The motivation for choosing a different volume
element lies in an issue surrounding the application of the Minimal Coupling Procedure (MCP) in
Riemann-Cartan space-time. Let us first outline this issue which is discussed in detail in [11, 12]. In
this thesis, we make use of the definition for the MCP that is used in [11].

Consider some action, S, in Minkowski space-time whose Lagrangian density, L, depends on n
distinct fields, say φi for i ∈ {1, . . . , n}, and their first order derivatives, ∂µφi. Suppose we were to
carry out an ordinary variation of this action and obtain the corresponding equations of motion. In
order to determine how these fields behave in the presence of a gravitational field as described by GR,
one can apply the MCP to either the action or the equations of motion. Applying the MCP to the
Lagrangian density in Minkowski space-time L (φi, ∂µφi) yields the Lagrangian density L (φi, Dµφi).
Since the volume element for GR,

√
−gεµνσρ, is compatible with the Levi-Civita connection, one can
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comfortably perform an integration by parts in the action. As a result of this, if we were to instead
apply the MCP to the equations of motion found in Minkowksi space-time, we would obtain the
same result as varying the action. This is not what occurs in the standard EC theory of gravity.
Suppose we apply the MCP, as described by the EC theory of gravity, to the action in Minkowski
space-time. The application of the MCP to the Lagrangian density L (φi, ∂µφi) yields the Lagrangian
density L (φi,∇µφi). In carrying out a variation of this action, one has to first convert the Cartan
covariant derivatives of the fields φi to Levi-Civita covariant derivatives which, upon the application
of an integration by parts, will yield pure boundary terms. As a result of this, the equations of
motion obtained by carrying out a variation of the action is not the same as the equations obtained
by applying the MCP to the equations of motion in Minkowski space-time.

In order to resolve this issue, Saa suggested a modified volume element that will allow for comfort-
able integration by parts using the Cartan covariant derivative [11]. An issue surrounding the method
for constructing such a volume element that is given by Saa in [11] has been disputed by Fiziev in [12].
In [11], Saa stated a particular procedure for calculating the Cartan covariant derivative of the volume
element. In [12], Fiziev argued that this aforementioned procedure is actually how one computes the
transposed Cartan covariant derivative of the volume element. Indeed, as pointed out by Fiziev, the
natural choice of a volume element, i.e., the volume element used in the standard EC theory and GR,
is compatible with the Cartan covariant derivative. However, it is not compatible with the transposed
Cartan covariant derivative. The fact that the natural choice of a volume element is not compatible
with the transposed Cartan covariant derivative leads to the MCP issue of standard EC theory.

In order to construct a volume element that allows for comfortable application of integration by
parts using the Cartan covariant derivative requires that this volume element in fact be compatible
with the transposed Cartan covariant derivative. In this section, we shall show why this is the case and
then construct the Einstein-Cartan-Saa (ECS) theory of gravity using this volume element. Let us
first begin by studying the natural choice of a volume element and how the integral of the divergence,
as described by the Cartan connection, of some arbitrary vector field does not yield a pure boundary
term. In holonomic basis components, the Levi-Civita tensor is written as

εµνσρ =
√
−g εµνσρ , (4.58)

where εµνσρ is the Levi-Civita symbol as before. The volume element used in the standard EC theory
of gravity, which is also the natural choice of a volume element, is written as

ζ =
1

4!
εµνσρdxµ ∧ dxν ∧ dxσ ∧ dxρ . (4.59)

Let B be a vector field on the Riemann-Cartan space-time manifold M and let us consider the
following volume integral of the Cartan divergence of the vector field B

I :=

∫
d4x
√
−g ∇νBν . (4.60)

By converting the Cartan covariant derivative in the integrand of the above expression to a Levi-Civita
covariant derivative through the use of the contorsion tensor, we obtain the following

I =

∫
d4x
√
−g (DνB

ν − TνBν) , (4.61)

where we have made use of the fact that the trace of the contorsion tensor is nothing more than
the trace of the torsion tensor with a minus sign. Of course, the volume element in the integrand is
compatible with the Levi-Civita connection. However, for the sake of completeness, let us show how
the first term on the right-hand side of the above expression is a pure boundary term. By making
use of the fact that equation (3.36) provides us with the expression

Γννβ = (−g)−1/2 ∂β
√
−g , (4.62)
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it follows that we can write equation (4.61) as [96]

I =

∫
d4x

(√
−g∂νBν +Bβ∂β

√
−g
)
−
∫

d4xTνB
ν =

∫
d4x ∂ν

(√
−gBν

)
−
∫

d4xTνB
ν . (4.63)

The first term on the right-hand side of the second equality is a boundary term. The second term,
however, does not necessarily constitute a boundary term. The goal of [11] was to construct a volume
element that would allow for the volume integral of a Cartan divergence ∇νBν to be a pure boundary
term. As pointed out by Fiziev in [12], the natural choice of a volume element is not only compatible
with the Levi-Civita connection but also compatible with the Cartan connection. In order to show
that this is indeed the case, let us consider the action of the Cartan covariant derivative on the natural
choice for a volume element and convert it to a Levi-Civita covariant derivative through the use of
the contorsion tensor:

∇µε0123 = Dµε0123 −Kβ
νβε0123 . (4.64)

The first term on the right-hand side of the above expression vanishes since the natural choice of a
volume element is compatible with the Levi-Civita connection and the second term vanishes since
the contorsion tensor is antisymmetric in its first and third indices. As desired, and as pointed out
by Fiziev in [12], the natural choice for a volume element is compatible with the Cartan covariant
derivative, i.e., we have

∇µεαβσρ = 0 . (4.65)

Although the volume element is compatible with the Cartan connection, it is evident from equation
(4.63) that the volume integral of a Cartan divergence of an arbitrary vector field does not yield
a pure boundary term. As we shall now show, by following what is done in [11], by introducing a
new volume element that is compatible with the transposed Cartan covariant derivative, the volume
integral of the Cartan divergence of an arbitrary vector field then yields a pure boundary term.

Let us begin by defining the transposed Cartan connection. We define the connection T∇ whose
action on some arbitrary dual vector field, say w, yields the type (0, 2) tensor field

T∇µwν = ∂µwν − Γ̃ρνµwρ , (4.66)

as the transposed Cartan connection. In the above, the Γ̃ρµν are the Cartan connection coefficients.
We note that, while the Levi-Civita and Cartan connections are metric compatible, the transposed
Cartan connection is not necessarily metric compatible. This is easily seen by acting the transposed
Cartan covariant derivative on the metric tensor as follows

T∇αgµν = Dαgµν −Kρ
µαgρν −Kρ

ναgµρ = −2K(µν)α . (4.67)

The above expression implies that the transposed Cartan connection is only metric compatible in the
case where the symmetric part K(µν)α vanishes, i.e., when the contorsion tensor is totally antisym-
metric. Before we show the desired result, we first require the notion of Stokes’ theorem which is
stated here without proof and as given in [66].

Theorem 4.3.1. (Stokes’ theorem). If N is an n-dimensional manifold with boundary ∂N and w is
an (n− 1)-from on N then ∫

N
dw =

∫
∂N
w , (4.68)

where dw denotes the exterior derivative of w.

For a proof of Stokes’ theorem, the reader is directed to [66] by Spivak. We now wish to turn our
attention to showing that if a volume element is compatible with the transposed Cartan connection,
then the volume integral of the Cartan divergence of an arbitrary vector field is a pure boundary
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term. LetM be the Riemann-Cartan space-time manifold and let us consider the following surface
integral ∫

∂M
ivζ̄ , (4.69)

where ζ̄ is a 4-form volume element, v is some arbitrary vector field onM and iv denotes the interior
derivative in the direction of v. In holonomic basis components, we write the 4-form volume element
as

ζ̄ =
1

4!
ε̄µνσρdxµ ∧ dxν ∧ dxσ ∧ dxρ . (4.70)

Substituting the above expression into the surface integral given in equation (4.69) yields∫
∂M

ivζ̄ =
1

4!

∫
∂M

ε̄αβσρv
αdxβ ∧ dxσ ∧ dxρ . (4.71)

We can now make use of Stokes’ theorem which is given in equation (4.68) in order to obtain the
following from the above expression∫

∂M
ivζ̄ =

1

4!

∫
M
∂λ (ε̄αβσρv

α) dxλ ∧ dxβ ∧ dxσ ∧ dxρ . (4.72)

Since the Christoffel symbols of the Levi-Civita connection are symmetric, we can replace the partial
derivative in the above expression with the Levi-Civita covariant derivative in order to obtain∫

∂M
ivζ̄ =

1

4!

∫
M
Dλ (ε̄αβσρv

α) dxλ ∧ dxβ ∧ dxσ ∧ dxρ

=
1

4!

∫
M

[(Dλε̄αβσρ) v
α + ε̄αβσρDλv

α] dxλ ∧ dxβ ∧ dxσ ∧ dxρ . (4.73)

We now wish to consider the case where the volume element ζ̄ is compatible with the transposed
Covariant derivative, i.e., the 4-form field ε̄αβσρ satisfies the following

T∇λε̄αβσ = 0 . (4.74)

Through the use of the transposed contorsion tensor, we can convert the Levi-Civita covariant deriva-
tive in the first term on the right-hand side of equation (4.73) to a transposed Cartan covariant
derivative. This gives us

vρDλε̄αβσρ = vρT∇λε̄αβσρ + vµKν
νµε̄αβσλ

= −Tνvν ε̄αβσλ , (4.75)

where, in the second equality, we have made use of the fact that we assume the volume element to
compatible with the transposed Cartan connection as well as the fact that the trace of the contorsion
tensor is nothing more than the trace of the torsion tensor with a factor of a minus sign. Let us now
turn our attention to the second term on the right-hand side of equation (4.73). By converting the
Levi-Civita covariant derivative to a Cartan covariant derivative through the use of the contorsion
tensor, we obtain the following

ε̄αβσρDλv
ρ = ε̄αβσρ∇λvρ + ε̄αβσλTνv

ν . (4.76)

By substituting equations (4.75) and (4.76) into equation (4.73), we can now obtain∫
∂M

ivζ̄ =

∫
M
ζ̄ ∇νvν . (4.77)
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We have thus shown that the volume integral of the Cartan divergence of an arbitrary vector field
yields a pure boundary term if the volume element is compatible with the transposed Cartan connec-
tion. This is the premise for Saa’s modification of the EC theory.

In order to construct the modified action, we require an explicit expression for the volume element.
In order to find such a volume element, let us first consider the action of the transposed Cartan
covariant derivative on the natural choice for a volume element:

T∇µε01234 = Tµε0123 , (4.78)

where we have made use of the fact that the natural choice of a volume element is compatible with
the Levi-Civita connection. By introducing a potential function, say Φ, and writing the trace of the
torsion tensor as the gradient of this function, i.e., by writing

Tµ = −∂µΦ , (4.79)

and substituting this into equation (4.78) one obtains

−T∇ν ln ε0123 = ∇νΦ . (4.80)

By integrating the above expression, one arrives at the four-form field volume element given in equa-
tion (4.70) where we define the following quantity that is obtained by integrating equation (4.80)

ε̄µνσρ := eΦ√−g εµνσρ . (4.81)

While the above volume element is compatible with the transposed Cartan connection, it is worth
mentioning that it is not compatible with the Levi-Civita connection. We can now construct the
following gravitational action by making use of the volume element given above

SECS :=
1

2k2

∫
R̃ eΦ√−g d4x . (4.82)

We now define the Einstein-Cartan-Saa (ECS) theory of gravity to be the Riemann-Cartan space-
time U4 together with the gravitational action given above. In the standard EC theory of gravity, the
volume element used in the construction of the gravitational action depends only on the metric. In
the ECS theory, the associated gravitational action, which is given in equation (4.82), is constructed
using a volume element which is dependent on both the metric as well as the potential function Φ for
which the trace of the torsion tensor is written as a gradient.

In order to determine which quantities will yield the field equations for the ECS theory of gravity,
we turn our attention to equation (3.80) which relates the non-null torsion Ricci scalar to the torsion-
free Ricci scalar together with non-Riemannian contributions. We note that the non-Riemannian
contributions in equation (3.80) contain a total covariant derivative, associated with the Levi-Civita
connection, of the trace of the torsion tensor. Since the ECS gravitational action is constructed using a
volume element that is not compatible with the Levi-Civita connection, this total covariant derivative
does not contribute as a boundary term and therefore cannot be removed in the gravitational action.
It is possible, however, through the use of the contorsion tensor, to introduce a total Cartan covariant
derivative of the trace of the torsion tensor into the right-hand side of equation (3.80) which will
contribute as a boundary term. By converting the Levi-Civita covariant derivative to a Cartan
covariant derivative, we now write the equation that relates the non-null torsion Ricci scalar to the
torsion-free Ricci scalar as follows

R̃ = R+ 2∇µTµ +
4

3
TαT

α +
1

24
VαV

α +
1

2
QνµαQ

νµα . (4.83)

The covariant derivative given above is associated with the Cartan connection and will therefore
contribute as a boundary term since the volume element is compatible with the transposed Cartan
connection. We may therefore remove this covariant derivative term in the ECS gravitational action.
Let us now turn our attention to the last three terms on the right-hand side of equation (4.83). In
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order to study the scalar formed by these three terms, we first wish to make a note on the contorsion
tensor.

By decomposing the contorsion tensor into a trace component and a traceless component, one can
write the contorsion tensor as

Kαµν =
1

3
(Tαgµν − Tνgµα) + Pαµν , (4.84)

where Pαµν is the traceless part of the contorsion tensor defined through the difference. In constructing
the above expression, we have made use of the fact that the trace of the contorsion tensor is nothing
more than the trace of the torsion tensor with a factor of a minus sign. Now, by making use of this
decomposition together with the decomposition of the torsion tensor, one can obtain the following
expression for the scalar produced by contracting the traceless tensor Pαµν with itself

PαµνP
ανµ =

1

24
VαV

α +
1

2
QνµαQ

νµα . (4.85)

Therefore, by substituting equation (4.85) into equation (4.83) and substituting the resulting ex-
pression as well as equation (4.79) into the ECS action given in equation (4.82), one obtains the
following

SECS =
1

2k2

∫
d4x eΦ√−g

(
R+

4

3
∇βΦ∇βΦ + PαµνP

ανµ

)
, (4.86)

where we have removed the total Cartan covariant derivative of the trace of the torsion tensor [11].
We now wish to study the field equations associated with the ECS theory of gravity for which the
case of a vacuum is considered. That is, the total gravitational action is simply the ECS action given
above. We begin by reading off the ECS Lagrangian density from equation (4.86) and write

LECS := eΦ√−g
(
R+

4

3
∇βΦ∇βΦ + PαµνP

ανµ

)
, (4.87)

where we have omitted the constant k2 for simplicity. In order to obtain the field equations in the
case of a vacuum, we require that the ECS gravitational action experiences an extremum. Let us first
consider the case where we vary the action with respect to the traceless tensor Pαµν . It is not difficult
to see that, by carrying out such a variation, one obtains

Pαµν = 0 . (4.88)

That is, for the case of a vacuum, the ECS theory predicts that the traceless term in the decomposition
of the contorsion tensor vanishes. It now remains to vary the ECS action with respect to the metric
tensor as well as the potential function Φ. Let us begin by varying the action with respect to the
metric tensor. Varying equation (4.86) with respect to the metric tensor yields

δgSECS =
1

2k2

∫
d4x
√
−g
{
δg
(
eΦR

)
+ eΦδgµν∇µΦ∇νΦ− eΦ

2
gµνδg

µν

(
R+

4

3
∇βΦ∇βΦ

)}
, (4.89)

where we use δg to denote variation with respect to the metric tensor as before. Let us now turn our
attention to the first term in the above expression. By writing the torsion-free Ricci scalar as the
contraction of the metric tensor with the torsion-free Ricci tensor, one obtains the following

δg
(
eΦR

)
= eΦRµνδg

µν + eΦgµνδRµν . (4.90)

We have already obtained the variation of the non-null torsion and torsion-free Ricci scalars in equa-
tion (4.46). We note that, while the variation of the torsion-free Ricci tensor is a total covariant
derivative with respect to the Levi-Civita connection, the second term in the above expression is only
a total covariant derivative when the potential function Φ is a constant, i.e., when there is vanishing
torsion. This, of course, would then yield the Einstein field equations in a vacuum as one would
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expect. In order to understand the contribution of this term in the case where the potential func-
tion Φ is not a constant, we first note that the variation of the Christoffel symbols is given by the
expression [13]

δΓβρλ =
1

2
gβσ (Dρδgλσ +Dλδgρσ −Dσδgρλ) , (4.91)

By substituting the above expression into equation (4.46) and then the resulting expression into
equation (4.90), one obtains the following

δg
(
eΦR

)
= eΦRµνδg

µν + eΦDµDνδgµν − eΦgµν�δgµν , (4.92)

where we define the torsion-free D’Alembertian to be � := DβD
β . By substituting the above expres-

sion into equation (4.89) and carrying out an integration by parts twice, one obtains the following
expression for the variation of the ECS action

δgSECS =
1

2k2

∫
d4x
√
−g
{
eΦRµνδg

µν − eΦδgµνDµΦDνΦ− eΦδgµνDµDνΦ + eΦgµνδ
µνDβΦDβΦ

+ eΦgµνδg
µν�Φ +

4

3
eΦδgµν∇µΦ∇νΦ− eΦ

2
gµνδg

µν

(
R+

4

3
∇βΦ∇βΦ

)}
. (4.93)

It therefore follows that the varying of the ECS gravitational action with respect to the metric tensor
leads to the following field equations

0 =
e−Φ

√
−g

δLECS

δgµν
= Rµν +

1

3
∇µΦ∇νΦ−DµDνΦ + gµν

(
�Φ +

1

3
∇βΦ∇βΦ− 1

2
R

)
, (4.94)

whose trace is given by the expression

0 = −R+
5

3
∇βΦ∇βΦ + 3�Φ . (4.95)

It is not difficult to see that, in the event that the potential function Φ is constant, i.e., the torsion
tensor vanishes, equation (4.94) reduces the well-known Einstein field equations as one would expect.
Let us now turn our attention to carrying out a variation of the ECS action with respect to the
potential function Φ. By varying the ECS Lagrangian density given in equation (4.87) with respect
to the potential function, one obtains the following field equations

0 =
e−Φ

√
−g

δLECS

δΦ
= R+

4

3
∇βΦ∇βΦ− 8

3
�̃Φ , (4.96)

where we define the non-null torsion D’Alembertian to be �̃ := ∇β∇β . Now, by adding equation
(4.96) to equation (4.95), one obtains the following equation for the potential function

∇νΦ∇νΦ + �Φ− 8

9
�̃Φ = 0 . (4.97)

By noting that we can relate the action of the torsion-free D’Alembertian operator on the potential
function Φ to that of the non-null torsion D’Alembertian operator through the expression

�Φ = �̃Φ−∇νΦ∇νΦ , (4.98)

it follows that we can write equation (4.97) as

�̃Φ = 0 . (4.99)

The above equation implies the propagation of torsion in the ECS theory of gravity [11].
This concludes our discussion of the ECS theory of gravity. We note, however, that this is not the

only possible modification of the EC theory that allows for consistent results via the application of
the minimal coupling procedure (MCP). For example, Kazmierczak proposed a covariant derivative
in [97] that subtracts off the trace of the contorsion tensor from the Cartan connection coefficients.
In addition, a covariant derivative was presented in [96] which subtracts off the trace part in the
decomposition of the contorsion tensor from the Cartan connection coefficients. These modifications
are not discussed in this thesis and the interested reader is directed to the aforesaid references for
discussions on these modified versions of the EC theory.
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4.4 Chern-Simons modification of the Einstein-Cartan theory

In this section, we consider the Chern-Simons modification of the Einstein-Cartan theory of gravity
(CSEC) through the introduction of the Chern-Simons action in addition to the standard Einstein-
Cartan action. The Chern-Simons modification of General Relativity (CSGR) is studied in [13] by
Jackiw and Pi as well as in the review article [14] by Alexander and Yunes. It turns out that the
methods applied in constructing CSGR is easily extended to the case of the EC theory of gravity in
order to construct CSEC. In what follows, the approaches found in [13,14] are made use of in order to
consider the case where the torsion tensor is non-vanishing. For a detailed discussion on CSGR, the
reader is directed to [13,14]. It is worth mentioning that the CSEC theory has been studied in [15].

Let us begin our study of CSEC gravity by constructing the total action which is given as follows

S := SEC + SCS + Sθ + Sm , (4.100)

where SEC is the EC gravitational action given in equation (4.41);

SCS :=
α

4

∫ √
−g θ ∗R̃R̃ d4x , (4.101)

is the Chern-Simons action;

Sθ := −β
2

∫ √
−g (∇νθ∇νθ + 2V (θ)) d4x , (4.102)

is the coupling field action and Sm is the matter action. Let us first discuss the integrand in the
Chern-Simons action given in equation (4.101). The θ factor, which is also used in the construction
of the scalar field action, is referred to as the Chern-Simons coupling field. Furthermore, we define
the Pontryagin density [13, 14] to be

∗R̃R̃ := ∗R̃
ρσ α
β R̃ β

ρσα . (4.103)

In the above definition, the Hodge dual of the non-null torsion Riemann tensor is made use of. In
order to give an explicit expression for the Hodge dual of the non-null torsion Riemann tensor, we
first write

R̃ = R̃ σ
µνρ dxµ ⊗ dxν ⊗ dxρ ⊗ ∂σ =

1

2
R̃ σ
µνρ dxµ ∧ dxν ⊗ dxρ ⊗ ∂σ , (4.104)

where we have made use of the holonomic construction. Through the application of the Hodge dual
operator to the above expression, one can obtain the following

∗R̃ =
1

4
R̃ σ
µνρ ε µν

βγ dxβ ∧ dxγ ⊗ dxρ ⊗ dx⊗ ∂σ , (4.105)

where εµνσρ is the Levi-Civita tensor as before. Since ∗R̃ is itself a tensor, we can write it in the form

∗R̃ =
1

2
∗R̃

σ
µνρ dx

µ ∧ dxν ⊗ dxρ ⊗ ∂σ , (4.106)

where ∗R̃
σ

µνρ are the components of this tensor with respect to the holonomic frame. Now, on com-
parison of the above expression with equation (4.105), we see that one can relate the holonomic
tensor components of the Hodge dual of the non-null torsion Riemann tensor to the holonomic tensor
components of the non-null torsion Riemann tensor through the expression

∗R̃
σ

βγρ =
1

2
ε µν
βγ R̃ σ

µνρ . (4.107)

Having now defined the above tensor components, let us now turn our attention to the Pontryagin
density given in equation (4.103). As is done in [14], it is possible to write the Pontryagin density as



4.4. Chern-Simons modification of the Einstein-Cartan theory 59

the four-divergence (with respect to the Levi-Civita connection) of a type (1,0) tensor field K̃ν . This
tensor field is referred to as the topological current and it is defined through the expression

K̃ν := ενβσρΓ̃δβα

(
∂σΓ̃αρδ +

2

3
Γ̃ασλΓ̃λρδ

)
. (4.108)

It is not difficult to show that the topological current given above satisfies the relation

DνK̃
ν =

1

2
∗R̃R̃ . (4.109)

Having now defined the topological current, whose divergence yields the Pontryagin density, we
can now write the integrand of the Chern-Simons action given in equation (4.101) as a product of the
Chern-Simons coupling field and the divergence of the topological current. That is, we can write the
Chern-Simons action as

SCS =
α

4

∫
d4x
√
−g θDνK̃

ν . (4.110)

It is not difficult to see, from the above expression, that if the Chern-Simons coupling field is a
constant, then it follows that the Chern-Simons action vanishes as a result of compact support since
the integrand is the divergence of the topological current. In order to express the Chern-Simons
action in terms of the Cartan connection coefficients, we can first perform an integration by parts on
the above expression in order to obtain

SCS =
α

2

(∫
d4xDν

(√
−g θK̃ν

)
−
∫

d4x
√
−gK̃νDνθ

)
. (4.111)

The first integral contains the divergence of the topological current and therefore vanishes due to
compact support [98, 99]. It follows that, by substituting the definition of the topological current
given in equation (4.108) into the above expression, one obtains

SCS = −α
2

∫
d4x Dνθ ε

νµσρΓ̃λµβ

(
∂σΓ̃βρλ +

2

3
Γ̃βσαΓ̃αρλ

)
, (4.112)

where ενµσρ is the Levi-Civita symbol as before. In studying the standard EC theory in Section 4.2,
we have already obtained the total variation of the EC action. We now wish to obtain the total
variation of the Chern-Simons action by making use of the form given in equation (4.112). In order
to do this, we first wish to carry out the variation with respect to the metric and contorsion tensors.
That is, we first compute

δgSCS + δKSCS = −α
2

∫
d4x Dνθ ε

νµσρR̃ λ
σµβ δΓ̃βρλ . (4.113)

We now wish to break up the right-hand side into terms that contribute as a result of a variation
with respect to the torsion tensor and terms that contribute as a result of a variation with respect
to the metric tensor. In order to do this, we write the Cartan connection coefficients as a sum of a
Riemannian term, which is the Christoffel symbol, as well as the non-Riemannian term which is the
contorsion tensor. That is, through the substitution of equation (3.38) into the above expression, one
obtains

δgSCS + δKSCS = −α
2

∫
d4x Dνθ ε

νµσρR̃ λ
σµβ

(
δΓβρλ + δKβ

ρλ

)
. (4.114)

We now wish to analyse the variation of the Chern-Simons action with respect to the metric
tensor. That is, we wish to consider the following integral whose total variation is equivalent to a
variation of the metric tensor

δI :=

∫
d4x Dνθ ε

νµσρR̃ λ
σµβ δΓβρλ . (4.115)



60 Chapter 4. Gravitational theories with non-vanishing torsion

By making use of the variation of the Christoffel symbols given in equation (4.91), equation (4.115)
becomes

δI =
1

2

∫
d4xDν θε

νµσρR̃ γλ
σµ (Dλδgργ −Dγδgρλ) , (4.116)

where we have used the fact that the non-null torsion Riemann tensor is antisymmetric in its third
and fourth indices whereas the metric tensor is symmetric in its indices. Now, by carrying out an
integration by parts in the above expression, and by once again making use of the fact that the
non-null torsion Riemann tensor is antisymmetric in its third and fourth indices, one obtains the
following

δI =

∫
d4x ενµσρ

(
R̃ γλ
σµ DγDνθ +Dνθ DγR̃

γλ
σµ

)
δgρλ . (4.117)

We now note that, through the introduction of the type (2, 0) tensor field defined as

C̃ρλ := DγDνθ
∗R̃

ν(ρλ)γ
+

1

2
ενµσ(ρ|DνθDγR̃

|γ|λ)
σµ , (4.118)

we can write equation (4.117) as

δI = 2

∫
d4x
√
−g C̃ρλδgρλ . (4.119)

In this thesis, following the review article [14], we refer to the tensor field defined in equation
(4.118) as the C-tensor2. Now, by making use of equation (4.119), the variation of the Chern-Simons
action with respect to the metric tensor and the contorsion tensor reads

δgSCS + δKSCS = α

∫
d4x
√
−g C̃ρλδgρλ −

α

2

∫
d4x Dνθ ε

νµσρR̃ λ
σµβ δKβ

ρλ . (4.120)

We note that in order to obtain the total variation of the Chern-Simons action, it is necessary to
determine the variation of the Chern-Simons action with respect to the Chern-Simons coupling field.
By carrying out such a variation in equation (4.101), it follows that the total variation of the Chern-
Simons action is as follows

δSCS =

∫
d4x

(
α
√
−g C̃ρλδgρλ −

α

2
Dνθ ε

νµσρR̃ λ
σµβ δKβ

ρλ +
α

4

√
−g ∗R̃R̃δθ

)
. (4.121)

In order to obtain the total variation of the total CSEC action given in equation (4.101), we note
that the total variation of the coupling field action is

δSθ = −β
2

∫
d4x
√
−g
{

2

(
dV
dθ
−�θ

)
δθ +

[
∇µθ∇νθ −

1

2
gµν

(
∇βθ∇βθ + 2V (θ)

)]
δgµν

}
, (4.122)

where we have introduced the torsion-free d’Alembertian operator as � := DνD
ν . Having now

obtained the total variation of the CSEC action, it is now possible to compute the relevant field
equations. Through the variation of the CSEC action, it follows from equations (4.49), (4.50), (4.121)
and (4.122) that the corresponding field equation is

R̃µν −
1

2
R̃ gµν + 2αk2C̃µν = k2τµν . (4.123)

As can be seen from its definition, the C-tensor vanishes when the Chern-Simons coupling field is
constant which implies that the field equation given above yields the first EC field equation given in

2In three-dimensions, the tensor field defined in equation (4.118) is referred to as the Cotton-York tensor [14,100,101].
It is worth mentioning that the Cotton-York tensor gives an alternative representation of the so-called Cotton 2-form
through the application of the Hodge star operator [100]. Such a representation is only possible in three-dimensions
and the C-tensor does not provide a similar representation in four-dimensions. We therefore follow the terminology
used in [14] to distinguish the four dimensional C-tensor from the Cotton-York tensor.
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equation (4.51). Let us now turn our attention to the variation of the CSEC action with respect to
the contorsion tensor. By making use of equations (4.49), (4.52) and (4.121), one has the following
field equation [15]

T νλµ + δνλTµ − δνµTλ = k2s ν
λµ + 2αk2Dβθ ε

βασνR̃σαµλ . (4.124)

We again note that when the coupling field vanishes, the second term on the right-hand side of the
above expression vanishes and the result is the second EC equation (4.53).

Before we state the field equations associated with a variation of the coupling field, we first wish
to make a note on the implication of the inclusion of the second term on the right-hand side of
the above field equation. Suppose that the coupling field is non-vanishing while the spin-current
tensor is vanishing. In such a case, it is possible to have non-vanishing torsion in addition to having
non-vanishing curvature. Therefore, for the case where the coupling constant is non-vanishing, the
vanishing of the spin-current tensor does not necessarily imply the vanishing of the torsion tensor.
We now turn our attention to the variation of the CSEC action with respect to the coupling field.
From equations (4.121) and (4.122) one has the following field equation

α

4

√
−g ∗R̃R̃− β

(
dV
dθ
−�θ

)
= 0 . (4.125)

The case of a dynamical Chern-Simons modification of the EC theory is where the coupling field
action has no contribution, i.e., β = 0 [14]. In such a case, the above field equation implies that
the Pontryagin density must vanish. This is referred to as the Pontryagin constraint [14]. Therefore,
in the case of a dynamical Chern-Simons modification, a solution of such a theory is such that the
Pontryagin density vanishes. In the case of CSGR, i.e., the torsion tensor vanishes, this implies that a
solution of GR may not be a solution of CSGR since a metric tensor, while solving the Einstein field
equations, may not satisfy the Pontryagin constraint. For example, while there are solutions such as
the Schwarzschild solution that satisfy the Pontryagin constraint, the Kerr solution does not satisfy
the Pontryagin constraint despite being a solution to the Einstein field equations [14]. One can ask
the question of whether the same would be the case for CSEC. That is, does the Kerr solution of
the EC theory satisfy the Pontryagin constraint which involves the non-null torsion Riemann tensor?
As already mentioned, in considering the case of a vacuum, the EC theory is equivalent to GR and
thus, the Kerr solution satisfies the field equations of EC theory. In the case of a vacuum for which
the Chern-Simons coupling field is non-vanishing, the torsion tensor is related to the non-null torsion
Riemann tensor as per equation (4.124). Therefore, it is possible for the torsion tensor to be non-
vanishing and thus for there to be a non-Riemannian contribution in the construction of the non-null
torsion Riemann tensor. Clearly, the question of whether the Kerr solution to the EC theory will
satisfy the Pontryagin constraint of CSEC is not equivalent to asking the same question for that of
CSGR. The authors of [15] present a perturbative approach to solving equation (4.124) and argue
that CSEC can accommodate a slow rotating Kerr solution. The interested reader is directed to [15]
for more information regarding this question.

This concludes our discussion of gravitational theories for which non-vanishing torsion is considered
in addition to non-vanishing curvature. We have considered the standard EC theory of gravity as well
as two of its modifications. The first modification considered, which was referred to as the ECS theory
of gravity, involved a different choice of a volume element to that used in the original formulation of
the EC theory. More specifically, the choice of a volume element was motivated by desiring that the
volume element be compatible with the transposed Cartan connection. This would allow for certain
physical equations, such as the Dirac equation3, derived through varying a corresponding action to
yield the same result as that which is obtained through applying the MCP to the associated equations
valid in Minkowski space-time [11]. The second modification considered, the CSEC theory, involved
the consideration of a Chern-Simons action term in addition to the standard EC action term given
in equation (4.41).

In the following section, we turn our attention to gravitational theories that are constructed on
the Weitzenböck space-time.

3In Appendix A we discuss the construction of the Klein-Gordon and Dirac equations on U4.
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4.5 f(T ) theories of gravity

4.5.1 Formulation

In this section we turn our attention to studying the specific teleparallel theories of gravity referred to
as f(T ) theories of gravity. Such theories are constructed on the Weitzenböck space-time W4 defined
in Chapter 3. As we have done for gravitational theories considered in previous sections, the definition
that we wish to use for the so-called f(T ) theories of gravity includes a space-time, in this case the
Weitzenböck space-timeW4, and a gravitational action. Before we introduce the gravitational action,
let us first consider the Einstein-Hilbert (EH) action which is defined as [5, 95]

SEH :=

∫
d4x
√
−g R , (4.126)

and we remind the reader that R denotes the torsion-free Ricci scalar. By considering a Weitzenböck
space-time, the non-null torsion Ricci scalar vanishes and thus, by substituting equation (3.69) into
the EH action, one obtains the following

SEH =

∫
d4x
√
−g (−T − 2DνT

ν) . (4.127)

The second term in the integrand is a total Levi-Civita covariant derivative and therefore has no
contribution in the EH action [33]. Therefore, the EH action used in the definition of GR is equivalent
to the gravitational action

ST :=

∫
d4x e T , (4.128)

on a Weitzenböck space-time and we remind the reader that e =
√
−g is the determinant of the

vierbein [8,33,34,81]. The gravitational action given in equation (4.128) is the action of the Teleparallel
Equivalent of General Relativity (TEGR). That is, TEGR is defined to be the Weitzenböck space-time
W4 together with the gravitational action given in equation (4.128). This Lagrangian formulation
of TEGR was first introduced in [35] and then later on in [36]. Although this formulation was
first discussed in the aforesaid references, the first introduction of TEGR dates back to Einstein
and the interested reader is directed to the work [34] for the first English translations of Einstein’s
original papers on the subject. In considering a Riemannian space-time one can consider, instead
of simply the torsion-free Ricci scalar in the gravitational action, a more general function f(R)
of the torsion-free Ricci scalar. Such theories of referred to as the f(R) theories of gravity [102].
Similarly, one can consider a Weitzenböck space-time and consider a general function f(T ) of the
torsion scalar in the gravitational action [33, 40, 103]. Such theories are referred to as the f(T )
theories of gravity and are defined to be the Weitzenböck space-time W4 together with the following
gravitational action [33,40,103]

Sf(T ) :=

∫
d4x e f(T ) . (4.129)

While TEGR is equivalent to GR, a given f(R) theory of gravity may not in general be equivalent
to the f(T ) theory of gravity [33]. In this thesis, the f(T ) theories are of great interest, however,
before discussing these generalised theories, we first wish to make some notes on TEGR. Firstly, we
wish to note that it is possible to describe gravitation through the consideration of a gauge theory [8].
In such an interpretation, curvature, which is described by the non-null torsion Riemann tensor, is
related to rotations while torsion, which is described by the torsion tensor, is related to translations.
In the case of TEGR, for which there is vanishing curvature and non-vanishing torsion, one can
interpret the theory as a gauge theory4 for the group containing only translations [8]. By examining
the paths followed by test particles in the presence of gravity as described by TEGR, one can draw

4There have been recent disputes regarding the status of TEGR as a gauge theory of the translation group. Here,
we will not discuss this and instead direct the interested reader to [50–52].
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an analogy between this theory and Maxwell’s theory of electromagnetism. As discussed in Chapter
3, test particles follow auto-parallels of the Levi-Civita connection. That is, the paths followed by
test particles are described by the differential equation (3.135). In the study of GR, equation (3.135)
is referred to as the geodesic equation [5]. In TEGR, torsion, from which gravity results, acts as
a force and equation (3.135) is referred to as the force equation [8]. It is the force equation that is
analogous to the Lorentz force equation in Maxwell’s theory of electromagnetism [8]. While Maxwell’s
theory can be interpreted as a gauge theory of U(1), which is an abelian group, one can also interpret
TEGR as an abelian gauge theory [8]. One can study further various gravitational theories with
non-vanishing torsion in terms of gauge theories of gravitation and the reader is directed to [9] for a
further discussion.

Another note that we wish to make about TEGR, as well as extended Teleparallel Theories of
Gravity, is that the dynamical object is the vierbein as opposed to being the metric tensor which is the
dynamical object in GR. In order to see why this is the case, we note that the connection coefficients
associated with the natural choice of an affine connection for the Weitzenböck space-time, which are
given by equation (3.125), depend explicitly on the vierbein instead of the metric tensor. Therefore,
the torsion tensor depends explicitly on the vierbein which implies that the dynamical objects for
extended Teleparallel Theories of Gravity are the vierbein. The fact that the metric tensor is Lorentz
invariant implies that gravitational theories for which the metric tensor is the dynamical object,
such as GR, are also Lorentz invariant. On the other hand, gravitational theories for which the
vierbein are the dynamical objects are not necessarily invariant under Lorentz transformations since
the vierbein are not necessarily invariant under Lorentz transformations [37]. Of course, since TEGR
is equivalent to GR, it is invariant under Lorentz transformations. However, the same is not true in
general for a given f(T ) theory of gravity. We now wish to turn our attention to studying how f(T )
theories of gravity are affected by Lorentz transformations of tetrad fields. In order to undergo such
a consideration, we first require the field equations associated with an f(T ) action.

Let us consider a total gravitational action that consists of the f(T ) action given in equation
(4.129) together with a matter action, say Sm, with an associated matter Lagrangian density, say
Lm. Through the application of the Euler-Lagrange equations, one obtains the following by varying
the total gravitational action with respect to the vierbein [83]

∂ (ef(T ))

∂elσ
− ∂ν

(
∂ (ef(T ))

∂ (∂νelσ)

)
+ 2k2 δLm

δelσ
= 0 . (4.130)

Evaluating the derivatives in the above expression and defining the energy-momentum tensor as the
variation of the matter Lagrangian density with respect to the vierbein, i.e.,

τ σ
α := −e

l
α

e

Lm
δelσ

, (4.131)

we have the following [33,83]

fe−1elα
∂e

∂elσ
+ fT

(
elα

∂T

∂elσ
− e−1elα∂ν

(
e

∂T

∂(∂νelσ)

))
− fTT (∂νT ) elα

∂T

∂(∂νelσ)
= 2k2τ σ

α .

(4.132)

The first term on the right-hand side of the above expression involves the derivative of the determinant
of the tetrad field with respect to the vierbein and can be evaluated to be the Kronecker delta symbol
δσα. In order to find the derivatives of the torsion scalar, we first note the derivatives of the terms
that are quadratic in the torsion tensor with respect to the vierbein [83]

e σ
l

∂

∂e αl

(
T µα
ν T νµα

)
= 4T σβ

λ T λσβ , e σl
∂

∂e αl

(
TµανT

ν
µα

)
= 2TµσνT

ν
µα − 2T νλαT

σ
λν ,

e σ
l

∂

∂e αl

(
TµαµT

ν
αν

)
= 2TµσµT

ν
αν + 2T νλνT

σ
λα . (4.133)
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By making use of the above derivatives as well as the definition of the torsion scalar given in equation
(3.70), one has the following expression for the derivative of the torsion scalar with respect to the
vierbein [83]

elα
∂T

∂elσ
= 4T νβαS

σβ
ν , (4.134)

where S µν
ρ is the superpotential defined in equation (3.72). In addition, we have the following

expressions for the derivatives of the terms that are quadratic in the torsion tensor with respect to
the first order derivatives of the vierbein [83]

e β
l

∂

∂
(
∂νe α

l

) (T µα
ν T νµα

)
= 4T βν

α , e ρl
∂

∂
(
∂νe α

l

) (TµανT νµα) = 2T ρνα − 2T νρα , (4.135)

e β
l

∂

∂
(
∂νe α

l

) (TµαµT ναν) = 2δναT
µβ
µ − δβαTµνµ . (4.136)

By making use of the above expressions as well as equation (3.70), one can obtain the following
expression for the derivative of the torsion scalar with respect to the first order derivatives of the
vierbein [83]

elα
∂T

∂ (∂νelσ)
= −4S σν

α . (4.137)

It therefore follows from equation (4.132) that the field equations for f(T ) theories of gravity are
[33,40]

1

4
fδσα + fT

(
T νβαS

σβ
ν + e−1elα∂ν

(
ee β
l S

σν
β

))
+ fTTS

σν
α ∂νT =

k2

2
τσα , (4.138)

where fT and fTT denote the first and second derivatives of the function f(T ) with respect to the
torsion scalar respectively.

4.5.2 Spherically symmetric space-time

Since the torsion scalar is not necessarily Lorentz invariant due to the fact that it depends explicitly
on the vierbein which are not necessarily Lorentz invariant, the left-hand side of the field equations is
not necessarily left invariant under Lorentz transformations. In order to elaborate on this notion, let
us consider the example of a spherically symmetric space-time in a vacuum. To this end, we consider
the following line element

ds2 = −A2(t, r)dt2 +B2(t, r)dr2 + r2
(
dθ2 + sin2 θdφ2

)
, (4.139)

where A(t, r) and B(t, r) are arbitrary functions of the coordinate time and the radial distance. In
addition, we consider the case of a vacuum, i.e., τσα = 0. In GR, and therefore in TEGR, one can show
that a metric tensor that is spherically symmetric in a vacuum is in fact static as well asymptotically
flat [5,55]. This result is known as Birkhoff’s theorem [5,55,104]. In this thesis, we shall refer to the
notion of a spherically symmetric metric, for which a vacuum is considered, being static as the first
inference of Birkhoff’s theorem. The notion of Birkhoff’s theorem in f(T ) theories of gravity is an
open problem [40], however, an attempt had been made by the authors of [39] to provide a proof for
the first inference of Birkhoff’s theorem for a general f(T ) theory. Following [37] and [40], we will
consider an argument for why the authors of [39] were not successful in providing a proof of the first
inference of Birkhoff’s theorem for a general f(T ) theory.

In order to solve the f(T ) field equations, one must first provide a tetrad construction according
to equation (3.85). A simple choice of a tetrad construction for the line element (4.139) would be the
diagonal matrix

eaµ =


A(t, r) 0 0 0

0 B(t, r) 0 0
0 0 r 0
0 0 0 r sin θ

 . (4.140)
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For the tetrad construction given above, we compute the Weitzenböck connection coefficients as per
equation (3.125). Following [76], the non-zero Weitzenböck connection coefficients, in the holonomic
frame, are

Γ̃ttt =
Ȧ

A
, Γ̃rtr =

Ḃ

B
, Γ̃trt =

A′

A
, Γ̃rrr =

B′

B
,

Γ̃θrθ =
1

r
, Γ̃φrφ =

1

r
, Γ̃φθφ = cot θ . (4.141)

It therefore follows from equation (3.27) that the non-zero torsion tensor components, in the holonomic
frame, are [76]

T rtr = −T rrt =
Ḃ

B
, T trt = −T ttr =

A′

A
, T θrθ = −T θθr =

1

r
,

T φrφ = −T φφr =
1

r
, T φθφ = −T φφθ = cot θ . (4.142)

Therefore, for the diagonal tetrad construction considered, the scalar terms that are quadratic in the
torsion tensor are given by the expressions [76]

TµανT
ν
µα = − (A′)2

A2B2
+

(Ḃ)2

A2B2
− 2

r2B2
− cot2 θ

r2
, (4.143)

T µα
ν T νµα = 2

(
(A′)2

A2B2
− (Ḃ)2

A2B2
+

2

r2B2
+

cot2 θ

r2

)
, (4.144)

TµαµT
ν
αν = − (Ḃ)2

A2B2
+

(A′)2

A2B2
+

4A′

ArB2
+

4

B2r2
+

cot2 θ

r2
. (4.145)

It now follows from equation (3.70) that, for the diagonal tetrad construction given in equation
(4.140), the torsion scalar is [39]

T = − 2

B2r

(
1

r
+

2A′

A

)
. (4.146)

Using the above results, we now turn our attention to the f(T ) field equations (4.138) in order to find
constraints on the functions A(t, r) and B(t, r) following [39]. The (r, t) field equation is written as

Ḃ

A2Br
fT = 0 . (4.147)

Therefore, it follows from the above field equation that the function B(t, r) does not depend on
coordinate time, i.e., Ḃ = 0. Therefore, the component g00 depends purely on the radius, i.e.,
B(t, r) = B(r). We now note that the (t, t) field equation is given by the expression(

A′

AB2r
+

1

B2r2
− B′

rB3
− 1

2r2

)
fT +

f

4
= 0 . (4.148)

In addition, we note that the (r, r) field equation reads(
− 1

2r2
+

2A′

AB2r
+

1

B2r2

)
fT +

1

4
f = 0 . (4.149)

Let us now examine the form of the function f(T ). From equation (4.146), which gives the expression
for the torsion scalar for the diagonal tetrad construction, one can interpret the torsion scalar as being
a function of r and A′/A since we already know that B is purely a function of r. Therefore, one can
interpret a function of the torsion scalar, f(T ), as a function of r and A′/A. Turning our attention
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back to the (r, r) field equation (4.149), we note that, for a given f(T ) function, one could solve this
equation for A′/A in terms of a pure function of r [39]. Denoting such a function as J(r), one then
has

A′

A
= J(r) . (4.150)

By integrating the above expression and defining the quantity Ā(r) := e
∫
h(r)dr, one has the following

expression for the function A [39]

A(r, t) = eC(t)Ā(r) , (4.151)

where C(t) is a pure function of time obtained through the integration. One can absorb the factor
of eC(t) in the construction of the line element by carrying out the coordinate transformation dt′ =
eC(t)dt. It follows that the line element can now be written as [39]

ds2 = −Ã2(r) dt′2 +B2(r) dr2 + r2 dθ2 + r2 sin2 θ dφ2 , (4.152)

which is static. It was at this point that the authors of [39] argued that the first inference of Birkhoff’s
theorem for a general f(T ) theory of gravity has been proven. However, as pointed out by Tamanini
and Boehmer in [37, 105], there are additional constraints imposed by other field equations. More
specifically, the (r, θ) field equation yields [37]

T ′fTT cot θ

2r2
= 0 , (4.153)

where T ′ := ∂rT . In order to avoid the restrictions imposed by setting T ′ to zero, one must impose
fTT = 0 which is the case of TEGR. Therefore, since we have fTT = 0, the results presented by Meng
and Wang in [39] only hold for the case of TEGR which is already known since TEGR is equivalent
to GR. The reader may wonder if the imposing of T ′ = 0 may be a viable restriction. Such a case is
studied in depth in [37] where it was noted that such an imposition results in "stringent constraints".
Here, however, we simply note that in the case of the Schwarzschild solution, where A2 = (1− 2M/r)
and B2 = (1− 2M/r)−1, one has T ′ = 4/r3. Therefore, the Schwarzschild solution does not satisfy
the condition T ′ = 0 and therefore one must resort to imposing fTT = 0 which yields TEGR [37]. It
follows that one cannot use the diagonal tetrad construction in order to prove Birkhoff’s theorem for
a general f(T ) theory since the tetrad construction will impose that the f(T ) theory be TEGR for
which it is already known that Birkhoff’s theorem holds. Using the terminology of [37], the tetrad
constructed in equation (4.140) is referred to as a "bad tetrad".

We now wish to compare how the torsion scalar is affected by making use of a rotated tetrad.
For this case, let us consider the following line element which is both spherically symmetric and
static [106]

ds2 = −A2(r)dt2 +B2(r)dr2 + ρ2(r)
(
dθ2 + sin2 θdφ2

)
, (4.154)

where one obtains the static case of equation (4.139) when ρ(r) = r. For the choice of a tetrad, we
act the SO(1, 3) rotation matrix

Rab :=


1 0 0 0
0 cosφ sin θ cos θ cosφ − sinφ
0 sin θ sinφ cos θ sinφ cosφ
0 cos θ − sin θ 0

 , (4.155)

on the diagonal tetrad diag (A,B, ρ, ρ sin θ). The application of such a rotation yields the following
tetrad construction [106]

eaµ =


A 0 0 0
0 B cosφ sin θ ρ cos θ cosφ −ρ sin θ sinφ
0 B sin θ sinφ ρ cos θ sinφ ρ sin θ cosφ
0 B cos θ −ρ sin θ 0

 , (4.156)
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and we consider the case of a static space-time, i.e., A = A(r) and B = B(r). For such a tetrad
construction, the non-zero components of the Weitzenböck connection coefficients are

Γ̃trt =
A′

A
, Γ̃rθθ = − ρ

B
, Γ̃rφφ = −ρ sin2 θ

B
, Γ̃θφφ = − sin θ cos θ ,

Γ̃rrr =
B′

B
, Γ̃φφθ = Γ̃φθφ = cot θ , Γ̃φrφ = Γ̃θrθ =

ρ′

ρ
, Γ̃φφr = Γ̃θθr =

B

ρ
. (4.157)

It follows from the corresponding torsion tensor components that the scalar terms that are quadratic
in the torsion tensor are

TµανT
ν
µα = − 1

B2

[
A′2

A2
+

2 (ρ′ −B)2

ρ2

]
, (4.158)

T µα
ν T νµα =

2

B2

[
A′2

A2
+

2 (ρ′ −B)2

ρ2

]
, (4.159)

TµαµT
ν
αν =

1

B2

[
4 (ρ′ −B)2

ρ2
+

4A′ (ρ′ −B)

Aρ
+
A′2

A2

]
. (4.160)

It therefore follows that, for the choice of a rotated tetrad, the torsion scalar takes the form [106]

T = −2 (ρ′ −B)

B2ρ

[
ρ′ −B
ρ

+
2A′

A

]
. (4.161)

We note that by setting A = B = 1 and ρ(r) = r, one obtains a vanishing torsion scalar which is
associated with Minkowski space-time. However, as noted in [106], when the parity transformation
B → −B is performed, the torsion scalar is non-vanishing. It is important to note that equation
(4.146) differs to the above expression despite the fact that the quantities are scalars. This is of course
due to the fact that the torsion scalar depends explicitly on the vierbein and has been computed with
two different tetrad constructions with the second tetrad construction being obtained by carrying out
an SO(1, 3) rotation on the first. Here, we were interested in discussing how the torsion scalar differs
once a Lorentz transformation, in this case a rotation, has been carried out. The reader interested in
what restrictions are imposed by the rotated tetrad on a given f(T ) theory is directed to [37].

4.5.3 Toroidally symmetric space-time

In this subsection, we consider a space-time which is described by the line element

ds2 = −A(r)2dt2 +B(r)2dr2 + ρ(r)2

[
dx2

1− kx2
+
(
1− kx2

)
dy2

]
, (4.162)

where k = −1, 0, 1 yields hyperbolic, toroidal or spherically symmetric space-times respectively [106].
In particular, we wish to consider how a given f(T ) theory is restricted by the choice of a diagonal
tetrad. That is, we wish to consider the following tetrad construction [106]

eaµ =


A(r) 0 0 0

0 B(r) 0 0

0 0 ρ(r)√
1−kx2 0

0 0 0 ρ(r)
√

1− kx2

 . (4.163)

For the diagonal tetrad construction given above, one has the following non-zero components of the
Weitzenböck connection coefficients

Γ̃trt =
A′

A
, Γ̃rrr =

B′

B
, Γ̃xxx =

kx√
1− kx2

, Γ̃xrx = Γ̃yry =
ρ′

ρ
,

Γ̃yxy = − kx

1− kx2
. (4.164)
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It follows from the above non-zero components that the scalar terms quadratic in the torsion tensor
have the following expressions

T ρµνT
µν
ρ = −1

2
T ρµνT

µν
ρ = − 1

B2

(
A′2

A2
+

2ρ′2

ρ2

)
− k2x2

ρ2 (1− kx2)
, (4.165)

TνT
ν =

1

B2

(
A′

A
+

2ρ′

ρ

)2

+
k2x2

ρ2 (1− kx2)
, (4.166)

and thus, the torsion scalar reads

T = − 2

B2ρ

(
ρ′2

ρ
+

2A′ρ′

A

)
. (4.167)

By examining the (r, x) f(T ) field equation, one can obtain

kxfTTT
′

2ρ2
= 0 . (4.168)

By avoiding the restriction T ′ = 0 it is easily seen that one must consider the toroidally symmetric
case where k = 0 or the case of TEGR with a cosmological constant, i.e., fTT = 0 [106]. It can
therefore be concluded that for the cases where k 6= 0, the diagonal tetrad is a bad tetrad. However,
for the toroidally symmetric case, the field equations do not impose the condition that the second
derivative of f(T ) with respect to the torsion scalar must vanish and is therefore a good choice of a
tetrad for such a case. The reader interested in a more in depth discussion of the toroidally symmetric
case for f(T ) theories of gravity is directed to [106].

4.5.4 A derivation of the Reissner-Nordström solution in TEGR

In the previous sections, we studied spherically symmetric space-times for a general f(T ) theory. In
this section, we wish to turn our attention to TEGR, i.e., we consider the case of f(T ) = T , and
study briefly the so-called Reissner-Nordström solution. This solution is well-known and describes
the space-time outside an object that is spherically symmetric and carries an electric charge [55]. Up
until this point, we have not given a complete example of a derivation of a well-known solution in
GR by making use of the TEGR formalism. In this section, we shall derive the Reissner-Nordström
solution using the TEGR formalism. Let us start with a spherically symmetric and static metric
tensor whose line element is as follows

ds2 = −A2(r)dt2 +B2(r)dr2 + r2
(
dθ2 + sin2 θdφ2

)
. (4.169)

In order to calculate the torsion tensor components, we first require a tetrad construction. Since we
are considering the case of TEGR, which is a Lorentz invariant theory, we are not restricted by the
choice of a tetrad field. Therefore, in order to make the calculations as simple as possible, we take
the tetrad to be of the diagonal form given in equation (4.140). The torsion tensor components are
therefore the same as what is given in equation (4.142) except, since we are dealing with a static
metric tensor, we have Ḃ = 0 which implies that T rtr = −T rrt = 0. We now turn our attention to the
consideration of the energy-momentum tensor. The matter action associated with the presence of an
electromagnetic field is as follows [8, 89]

Sm = −1

4

∫
d4x eFµνF

µν , (4.170)

where Fµν is the electromagnetic field tensor defined as

Fµν := 2D[µAν] . (4.171)
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In the above definition, Dµ is the space-time covariant derivative associated with the Levi-Civita
connection and Aµ is the four vector potential. Let us write down the matter Lagrangian density as
follows

Lm = −1

4
eFµνF

µν = −1

4
eFµνFαβe

α
a e

µ
b e

β
c e

ν
a η

abηcd . (4.172)

By carrying out a variation with respect to the tetrad field, we obtain

δLm = eFµνF
µλe ν

d δe
d
λ −

1

4
eFµνF

µνe ν
a δe

a
ν . (4.173)

It therefore follows from equation (4.131) that the energy-momentum tensor, for the given matter
Lagrangian density, is

τ λ
ν = −FµνFµλ +

1

4
FαβF

αβδλν . (4.174)

For this derivation, we take the four vector potential to read

Aµ = (−q/ (4πr) , 0, 0, 0) , (4.175)

where q is the charge of the object that is under consideration. We are now in a position to write
down the TEGR field equations. For the (t, t) equation, the left-hand side of the field equation is
simply the left-hand side of equation (4.148) for the case where f(T ) = T . The right-hand side can
be found by taking the (t, t) component of equation (4.174). This component can be found to be

τ t
t = − q2

8πA2B2r4
. (4.176)

It therefore follows that the (t, t) field equation is as follows

1

2B2r2
− 1

2r2
− B′

rB3
= − q2

2A2B2r4
, (4.177)

where we have made use of the expression for the torsion scalar given in equation (4.146). We now
wish to obtain the (r, r) field equation. The left-hand side for this equation is nothing more than the
left-hand side of equation (4.149) for the case where f(T ) = T . For the right-hand side, we note that
the (r, r) component of the energy-momentum tensor is τ r

r = τ t
t . We therefore find that, by once

again substituting in equation (4.146) which gives the relevant expression for the torsion scalar, the
(r, r) field equation is as follows

A′

AB2r
− 1

2r2
+

1

2B2r2
= − q2

2A2B2r4
. (4.178)

We note that the other field equations do not impose any additional constraints to what is described
by the (t, t) and (r, r) field equations given above. We now turn our attention to solving these field
equations. By subtracting equation (4.177) from equation (4.178), we obtain the following differential
equation

A′

AB2r
+

B′

B3r
= 0 =⇒ ∂r (AB) = 0 . (4.179)

It therefore follows that the vierbein components A and B satisfy

AB = l , (4.180)

where l ∈ R is a constant of integration. Since we can rescale the time coordinate through a gauge
transformation to t→ lt,we can set l = 1 [5]. It therefore follows from the above expression that we
can write AB = 1. We can now write the (t, t) field equation (4.177) as

B′

rB3
=

(
1−B2

)
2B2r2

+
q2

2r4
. (4.181)
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In order to solve this differential equation, we first consider the case of vacuum, i.e., for now we set
q = 0. This consideration results in the following differential equation

B′

B(1−B)(1−B)
=

1

2r
. (4.182)

It therefore follows that, by integrating equation (4.182), we obtain

B2 =
1

1 + C/r
, (4.183)

where C ∈ R is a constant of integration. This gives the Schwarzschild solution with the component
B2 given above and the component A2 = 1/B2. In order to now find the Reissner-Nordström solution,
we let C = C(r) be a function of r and substitute equation (4.183) into equation (4.181) in order to
obtain

C ′ = −q
2

r2
=⇒ C =

q2

r
+K , (4.184)

where K ∈ R is a constant of integration. It therefore follows, by substituting the above expression
into equation (4.183), that we have the following

B2 =
1

1 +K/r + q2/r2
. (4.185)

We now require the constant K. In order to find this constant, we consider the vacuum case with
q = 0 and we study the Newtonian limit, i.e., we compare the solution as r → ∞ to the Newtonian
case [5]. In order to do this, we turn our attention to the force equation (geodesic equation in GR)
given in equation (3.135). For a test particle with a speed that is much less than the speed of light,
we make the approximation dxµ/dτ = (1, 0, 0, 0). The force equation yields the following [5]

a :=
d2xr

dτ2
= −Γrtt . (4.186)

It is not difficult to show that Γrtt = −K/
(
2B2r2

)
. In the limit as r →∞, we have B → 1 and thus,

in the Newtonian limit, we have

a ≈ K

2r2
. (4.187)

According to Newtonian gravitation, the acceleration reads a = −GM/r2 where M is the mass of the
Newtonian gravitational field [5]. It therefore follows that the constant of integration reads K = −2M
where we have set G = 1. It now follows that the line element reads

ds2 = −
(

1− 2M

r
+
q2

r2

)
dt2 +

(
1− 2M

r
+
q2

r2

)−1

dr2 + r2
(
dθ2 + sin2 θdφ2

)
. (4.188)

The above line element corresponds to the so-called Reissner-Nordström solution [55]. Here, we have
derived this solution in the TEGR framework as an example as to how one can obtain solutions in
this framework.

4.5.5 TEGR solutions that also solve f(T ) theories

In Section 4.5.2, we discussed an approach to proving the first inference of Birkhoff’s theorem for a
general f(T ) theory. More specifically, we discussed an attempt by the authors of [39] to prove this by
making use of a diagonal tetrad construction. This led to a constraint on the second derivative of the
f(T ) function, fTT , which required the theory to be TEGR for which it already known that Birkhoff’s
theorem holds. This example demonstrates that the ansatz for the tetrad, i.e., the imposing of the
existence of a particular class of solutions, results in constraints on the f(T ) theory. Moreover, this
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example illustrates the difficulty in extending results that are found to hold for the case of TEGR
to other f(T ) theories of gravity. The constraint that fTT must vanish is easily avoided by making
use of the tetrad construction that is given in equation (4.156) which is obtained by carrying out a
rotation of the diagonal tetrad. Of course, TEGR is a Lorentz invariant theory and, therefore, the
field equations are unchanged when making use of this rotated tetrad. The fact that the tetrad used
in the f(T ) field equations gives the same TEGR solution as any other tetrad obtained via a Lorentz
transformation provides us with a remarkable result for ultraviolet deformations of TEGR. This result
is given in [40] and is the subject of this section. Here, we will follow closely what is done in [40].

Before we discuss this result, we first wish to derive a relation that will be of great use. Let B
be a tensor field of type (2, 1) and consider the action of the Levi-Civita covariant derivative on this
tensor field:

DνB
σν
α = ∂νB

σν
α − ΓσναB

σν
β + ΓσνβB

βν
α + ΓννβB

σβ
α . (4.189)

Furthermore, let us assume that the tensor field B is antisymmetric in its second and third indices.
The reason for this assumption is that, later on, we would like to apply this result to the torsion tensor
and the superpotential tensor both of which are antisymmetric in their second and third indices. For
such an assumption, the third term in the above expression vanishes due to the fact that the symmetric
indices of the Christoffel symbols contract with the antisymmetric indices of the tensor field B. We
now substitute the Christoffel symbols in the above expression for the Cartan connection coefficients
and the contorsion tensor in order to obtain the following expression

DνB
σν
α = ∂νB

σν
α + Γ̃νβνB

σβ
α − Γ̃βναB

σν
β +Kβ

ναB
σν
β . (4.190)

We now wish to consider the following expression which appears in the f(T ) field equations for the
case where the tensor field B is the superpotential [83]

e−1elα∂ν

(
ee β
l B

σν
β

)
= ∂νB

σν
α +B σν

α e β
l ∂νe

l
β −B σν

β e β
l ∂νe

l
α . (4.191)

Since we are carrying out these calculations on the Weitzenböck space-timeW4, the second and third
terms on the right-hand side of the above expression contain Weitzenböck connection coefficients. It
follows that we can write the above expression as

e−1elα∂ν

(
ee β
l B

σν
β

)
= ∂νB

σν
α +B σν

α Γ̃βνβ −B
σν
β Γ̃βνα . (4.192)

By combining equations (4.190) and (4.192), we can obtain the following expression

DνB
σν
α = e−1elα∂ν

(
ee β
l B

σν
β

)
+Kβ

ναB
σν
β . (4.193)

As already mentioned, the above identity will be useful to us when studying relations that involve the
divergence of either the superpotential tensor or the torsion tensor. For example, consider equation
(3.69) for the case of a Weitzenböck space-time, i.e.,

T = −R− 2DνT
ν . (4.194)

Contracting indices in equation (4.193) for the case where the tensor field B is the torsion tensor and
substituting the result into the above expression yields

T = −R+ 2e−1∂ν (eT ν) . (4.195)

The purpose of this exercise was to replace the Levi-Civita covariant derivative with a divergence
term. Having derived the above expression, we now wish to turn our attention to what is discussed
in [40].

Let us begin by considering the case of TEGR with a cosmological constant, i.e., the class of
theories that we wish to consider are described by f(T ) = T − 2σ where σ is a constant. In addition,
for the time being, we are only interested in vacuum solutions, i.e., when we have τ ν

µ = 0. Now, let
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the vierbein eaµ be a solution to the Einstein field equations. That is, the aforementioned vierbein is
a solution to the following equation:

1

4
δσα (T [emλ]− 2σ) + T νβα [emλ]S σβ

ν [emλ] + e−1elα∂ν

(
ee β
l S

σν
β [emλ]

)
= 0 . (4.196)

The above expression is obtained by substituting f(T ) = T − 2σ and τ σ
α = 0 into the f(T ) field

equations (4.138). In addition, we have used the notation Tαµν [emλ] to indicate explicitly that the
torsion tensor is obtained using the tetrad eaα. Taking the trace of the above expression yields the
following equation

elµ∂ν

(
ee β
l S

µν
β [emλ]

)
= 2eσ . (4.197)

Of course, since the tetrad field solves the Einstein field equations, we have R[eaα] = 0. We now wish
to consider a general f(T ) function. Let ēaα = Λabe

b
α be a solution to the f(T ) field equations for this

general function. Following [40], we ask the question as to whether we can find such a tetrad field ēaα
that allows for the torsion scalar to be a constant, i.e., we have T = 2σ̄ where σ̄ is a constant. Since
TEGR is a Lorentz invariant theory, the vierbein ēaα is a solution to the Einstein field equations. In
particular, we note that R[ēaα] = 0 and

ēlµ∂ν

(
eē β
l S

µν
β [ēmλ]

)
= 2eσ , (4.198)

where we have made use of the fact that ē = e is a Lorentz invariant quantity. By making use of
the fact that R[ēaα] = 0, we can make use of equation (4.195) in order to rephrase the question as
to whether we can find a tetrad field that allows the torsion scalar to be constant as whether we can
find a Lorentz transformation Λab that allows for the following equation to be satisfied [40]

σ̄ = e−1∂ν (eT ν [ēaα]) . (4.199)

Since we have assumed that the tetrad field ēaµ solves the f(T ) equations for the case of a vacuum,
we can make use of the trace of equation (4.138) in order to obtain the following expression

f (2σ̄)− 2σ̄fT (2σ̄) + ēlµ∂ν

(
eē β
l S

µν
β [ēmλ]

)
fT (2σ̄) = 0 . (4.200)

We can now substitute equation (4.198) into the above expression in order to obtain the following [40]

2 (σ̄ − σ) =
f (2σ̄)

fT (2σ̄)
. (4.201)

We have thus shown, following [40], that if we can find a solution ēaα that is such that it solves the
TEGR field equations and yields a constant torsion scalar with T [ēaα] = 2σ̄, then the tetrad field
ēaα will be a solution to any f(T ) theory satisfying the above expression. As stated in [40], this is a
remarkable property of f(T ) theories. In particular, we can make specific mention to how one can
apply this method to f(T ) theories that are ultraviolet deformations of TEGR, i.e., theories that can
be written as

f(T ) = T +O(T 2) . (4.202)

In order to demonstrate why this is the case, consider a vacuum solution, ēaα, to the TEGR field
equations that is such that σ = σ̄ = 0. Turning our attention to the class of theories referred to
as ultraviolet deformations of TEGR, we have f(0) = 0 and fT (0) = 1 from the above expression.
Clearly, for such a consideration, equation (4.201) is satisfied and thus, the tetrad field ēaα would
solve any theory that is an ultraviolet deformation of TEGR.
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4.6 Chapter conclusions

This concludes our discussion of gravitational theories constructed on the Riemann-Cartan and
Weitzenböck space-times. The most natural extension of GR to a theory that includes torsion is the
EC theory which we discussed first in Section 4.2. We first derived the EC field equations through
the use of the Cartan formalism before deriving the field equations in the holonomic frame. Following
the discussion on the EC theory, we discussed the ECS theory developed by Saa in [11] and reviewed
in [12]. The last modification of the EC theory that we discussed was the CSEC theory which is a
Chern-Simons modification that we constructed based on what was done in [13–15].

The last class of theories that we discussed are the f(T ) theories of gravity which are constructed
on the Weitzenböck space-time. Specifically, we discussed the notion of Birkhoff’s theorem for f(T )
theories as well as the notions of so-called good and bad tetrads. In the following chapter, we will
make use of the formalism discussed here for f(T ) theories in order to study the focusing conditions
that arise in these theories.

We note that there exists more general modifications of f(T ) theories of gravity. One such example
is a class of theories that includes a Lagrangian density that can be written as a function of T and the
so-called Gauss-Bonnet term [44,45]. For a study on these class of theories as well as their relevance
to cosmology, the interested reader is directed to [44–49].





Chapter 5

Cosmological focusing conditions for f (T )
theories

5.1 Introduction

In this chapter, we discuss the focusing conditions that arise in the context of f(T ) theories of gravity.
In Section 5.2 we outline the tetrad construction to be used in our analysis. Following this, we turn our
attention to discussing the focusing conditions in Section 5.3. We will derive the focusing conditions
associated with a fundamental congruence in Section 5.3.1 by following what is done in [64]. In Section
5.3.2 we move on to derive, for the first time, the more general focusing conditions associated with a
one-parameter dependent congruence of timelike auto-parallel curves of the Levi-Civita connection.
We present our conclusions in Section 5.4. We note that the results presented in this chapter have
given rise to the article [65].

5.2 Tetrad construction for a Robertson-Walker space-time

We begin this chapter by considering a Robertson-Walker space-time which is described by the line
element

ds2 = −dt2 + a2(t)

[
dr2

1− kr2
+ r2

(
dθ2 + sin2 θdφ2

)]
, (5.1)

where k = −1, 0, 1 corresponds to a spherical, flat and hyperbolic spatial geometry respectively [5].
The function a(t) is often referred to as the scale factor [107]. In addition, the redshift is written as
z and is related to the scale factor through the below expression [107]

z = a−1 − 1 . (5.2)

In the previous chapter, we studied two cases of space-times for which the choice of considering a
diagonal tetrad resulted in restricting the f(T ) theory to be TEGR with a cosmological constant, i.e.,
fTT = 0. Following the terminology used [37], this led us to classify those tetrads as "bad tetrads".
Following [37], we shall see that the choice of a diagonal tetrad given the metric described by the line
element in equation (5.1) is a bad tetrad as it too leads to the restriction fTT = 0. The diagonal
tetrad construction given equation (5.1) is as follows

eaµ =


1 0 0 0

0 a(t)√
1−kr2 0 0

0 0 ra(t) 0
0 0 0 ra(t) sin θ

 . (5.3)

The above tetrad construction yields the following non-vanishing components of the Weitzenböck
connection coefficients

Γ̃rtr = Γ̃θtθ = Γ̃φtφ =
ȧ

a
, Γ̃θrθ = Γ̃φrφ =

1

r
, Γ̃rrr =

kr

1− kr2
, Γ̃φθφ = cot θ . (5.4)

75
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By making use of the above connection coefficients in order to compute the components of the torsion
tensor, one can obtain the following expressions for the scalars that are quadratic in the torsion tensor

T µα
ν T νµα = −6H2 +

2
(
1 + csc2 θ

)
a2r2

− 4k2

a2
, (5.5)

TµανT
ν
µα = 3H2 −

(
1 + csc2 θ

)
a2r2

+
2k2

a2
, (5.6)

T νTν = −9H2 +
cot2 θ

a2r2
− 4k

a2
, (5.7)

where we have defined the Hubble parameter to be H := ȧ/a as defined in [5]. In addition, we also
define the Hubble constant to be H0 := H(z = 0) as well as the dimensionless Hubble parameter to be
h := H(z)/H0. It follows from the above scalar terms that the torsion scalar for the diagonal tetrad
construction has the following expression

T = 6H2 − 2

a2r2
+

2k

a2
. (5.8)

Having obtained an expression for the torsion scalar, we turn our attention to the f(T ) field
equations in order to note any restrictions that might be placed on a given f(T ) theory. For the case
of a vacuum, we note that the (r, θ) field equation yields

−fTT cot θ T ′

2a2r2
= 0 . (5.9)

By avoiding the restriction T ′ = 0, one arrives at the restriction1 that fTT = 0 which is the case of
TEGR with a cosmological constant. Therefore, following the terminology used in [37], we classify
the tetrad given in equation (5.3) as a "bad tetrad". We note that the restriction fTT = 0 is imposed
regardless of the value for k. In [37], after noting that the diagonal tetrad is a bad tetrad, the
authors move on to discuss tetrads that are obtained through the application of rotation matrices on
the diagonal tetrad. In this thesis, however, we will only be interested in the consideration of the
spatially flat Robertson-Walker space-time in Euclidean geometry. That is, we wish to consider a
space-time whose metric tensor is described by the line element [5, 107]

ds2 = −dt2 + a(t)2
(
dx2 + dy2 + dz2

)
. (5.10)

Given this metric tensor, one can construct the diagonal tetrad [37]

eaµ =


1 0 0 0
0 a(t) 0 0
0 0 a(t) 0
0 0 0 a(t)

 . (5.11)

Following what is done in [37,83], we have the following non-vanishing components of the Weitzenböck
connection coefficients associated with the above tetrad construction

Γ̃1
01 = Γ̃2

02 = Γ̃3
03 = H , (5.12)

where H := ȧ/a is the Hubble parameter as before. By making use of the above non-vanishing
connection coefficient components, one has the following expressions for the scalars that depend
quadratically on the torsion tensor

T νµαT
µα
ν = −6H2 , TµανT

ν
µα = 3H2 , TνT

ν = −9H2 . (5.13)

It therefore follows that the torsion scalar has the following expression

T = 6H2 . (5.14)

1It is important to emphasize that, in this calculation, we have used gtt = −1. We note that, for an arbitrary gtt
component, this restriction is not necessarily imposed.
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It is important to note that equation (5.8) does not reduce to equation (5.14) in the case of flat spatial
geometry, i.e., k = 0. The reason for this is as follows. In order to obtain the tetrad construction
given in equation (5.11) from equation (5.3), one must first perform a coordinate transformation
which results in an off-diagonal tetrad construction. One can then apply Lorentz transformations
in order to obtain equation (5.11) for the case of a flat spatial geometry. The fact that the torsion
scalar will not remain unchanged is due to the fact that it is not necessarily invariant under Lorentz
transformations.

Although the torsion scalar is not necessarily invariant under Lorentz transformations, since it is
constructed from the vierbein, the Ricci scalar, which is constructed from the metric tensor, is Lorentz
invariant. Therefore, whether calculated using equation (5.14) or (5.8), the expression −T − 2DνT

ν

yields the Lorentz invariant Ricci scalar

R = 6

(
ä

a
+
ȧ2

a2

)
, (5.15)

as per equation (3.69) [5, 83].
We now turn our attention to studying the f(T ) field equations which are given in [37]. In order

to derive these field equations, we first wish to specify the type of enery matter content that we wish
to consider. In this thesis, we are interested in making use of an energy matter content that is of the
general perfect fluid form [5,107]

τµν = ρχµχν + P (gµν + χµχν) , (5.16)

where χν is the four-velocity associated with a comoving observer, i.e., χµ = (1, 0, 0, 0). Now, from
the general expression for the f(T ) field equations given in equation (4.138), we note that the (0, 0)
field equation is [37]

1

4
f − 3H2fT = −4πρ . (5.17)

In addition, by subtracting the above expression from the (1, 1) f(T ) field equation, one obtains the
following [37]

1

4
f − 3H2fT − Ḣ

(
fT + 12H2fTT

)
= 4πP (5.18)

Let us consider what happens when we consider the case of TEGR with a cosmological constant in
equations (5.17) and (5.18). For the case of TEGR with a cosmological constant, we have f(T ) =
T +6H2

0 σ where σ is a constant. By substituting this f(T ) function into equation (5.17), one obtains
the following expression

H2 =
8πρ

3
+H2

0 σ . (5.19)

The above equation is referred to as the Friedmann equation in the case of spatially flat geometry [108].
Now, for the case of TEGR with a cosmological constant, equations (5.18) becomes

2
ä

a
= −H2 + 3H2

0 σ − 8πP . (5.20)

For the consideration of spatially flat geometry, the above equation is referred to as the acceleration
equation [108]. Here, we wish to refer to equations (5.17) and (5.18) as the modified Friedmann equa-
tion and the modified acceleration equation respectively. Let us turn our attention to the Friedmann
equation (5.19) which holds in the case of TEGR with a cosmological constant. We can divide this
equation by H2

0 and evaluate the resulting expression at the present day value of z = 0 in order to
obtain [108,109]

Ωm0 + σ = 1 . (5.21)
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In this expression, we have taken the present day value of the dimensionless Hubble parameter to
be h(z = 0) = 1 and, in addition, we have defined the so-called energy density parameter Ωm0 as
follows [107–109]

Ωm0 :=
8πρ0

3H2
0

. (5.22)

Equation (5.21) is often referred to as the closure relation for the case of TEGR.
In this section, we have discussed the spatially-flat Robertson-Walker space-time in the context of

f(T ) theories of gravity. The general f(T ) field equations are stated in equations (5.17) and (5.18).
We also discussed the ΛCDM model as an f(T ) theory. For a further discussion on the cosmological
constant, Dark Energy and the ΛCDM model, the reader is directed to [110] by Zeldovich as well as
the review article [111]. In this thesis, we will make use of the f(T ) field equations mentioned in this
section in order to obtain the f(T ) focusing conditions in the following section.

5.3 Focusing conditions for f(T ) theories

Previously, in Chapter 3, we have already noted that for a theory constructed on the Riemann-Cartan
space time U4, test particles follow the auto-parallels of the Levi-Civita connection. Therefore, for
f(T ) theories of gravity, which are constructed on the Weitzenböck space-time W4, test particles
follow auto-parallels of the Levi-Civita connection. We have already pointed out, following [8,35,74],
that these paths are not geodesics since the differential equations describing extremal curves do not
necessarily coincide with the differential equations describing the auto-parallels of the Weitzenböck
connection which is the natural choice of an affine connection inW4. In torsion-free theories of gravity
such as GR one refers to equation (3.135), which describes the paths followed by test particles, as
the geodesic equation. In theories of gravity constructed on W4, one refers to this equation as the
force equation [8]. The fact that test particles follow auto-parallels of the Levi-Civita connection is
of great importance when deriving the conditions that arise as a result of imposing that gravity be
attractive. In order to obtain such conditions, we turn our attention to the consideration of a smooth
congruence of curves which are followed by test particles. More specifically, we wish to consider a
smooth congruence of timelike auto-parallel curves of the Levi-Civita connection.

The equation that describes the rate of expansion of a cross-sectional area enclosing this congru-
ence is nothing more than the torsion-free Raychaudhuri equation (3.165). Since it is a cross-sectional
area enclosing a congruence of auto-parallel curves of the Levi-Civita connection that gives us an in-
terpration of the affect of gravity on test particles, the requirement that gravity be attractive is
described by the inequality

dθ
dτ
≤ 0 . (5.23)

In order to study the satisfaction or violation of this inequality, one studies the right-hand side of
equation (3.165). Clearly the first two terms on the right-hand side of equation (3.165) are not
positive. We therefore wish to study the requirement that the third term is not positive. That is, we
wish to study the requirement that

Rµνξ
µξν ≥ 0 . (5.24)

We remind the reader that here ξ is the tangent vector field of a curve contained in the aforementioned
congruence. Through the consideration of the above inequality, one can obtain the so-called focusing
conditions by introducing the energy matter content into this inequality through the use of the f(T )
field equations. In order to study how the Ricci tensor contracted with the four-velocity can be
non-negative, we turn our attention to the Einstein tensor defined as follows [5]

Gµν := Rµν −
1

2
Rgµν . (5.25)
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By relating the Ricci tensor and the Ricci scalar to the torsion tensor through the use of equations
(3.68) and (3.69), one can write the Einstein tensor as [83]

Gµν = DνTµ −DµTν + 2DβS
β

νµ −DβT
β
µν +

1

2
Tgµν +Kα

βνK
β
µα +Kα

µνTα . (5.26)

The above expression is a completely geometric statement in the context of the Weitzenböck space-
timeW4 and is therefore theory independent. It is at this point, however, that we wish to introduce the
energy matter content into the above expression for the Einstein tensor. This is done by substituting
the general expression for the f(T ) field equations given in equation (4.138) into the above expression.
This yields the following expression for the Einstein tensor which is specific to f(T ) theories of
gravity [83]

Gµν =
1

fT

(
k2τµν − 2fTTS

β
νµ ∂βT −

1

2
fgµν

)
+W β

λνS
λ

βµ +DνTµ

−DµTν −DλT
λ
µν +

1

2
Tgµν +Kα

βνK
β
µα +Kα

µνTα . (5.27)

Taking the trace of the above equation yields the following

G =
1

fT

(
k2τ − 2fTTT

ν∂νT − 2f
)

+ 2W β
ναS

αν
β + 2T +Kα

νβK
νβ
α + TαTα . (5.28)

We now turn our attention to studying the conditions that led to the satisfaction of inequality (5.24).
We note that the following condition allows for equation (5.24) to be satisfied [5]

Gµνξ
µξν ≥ 0 . (5.29)

The above condition is referred to here as the weak focusing condition. Alternatively, the following
inequality allows for equation (5.24) to be satisfied

Gµνξ
µξν ≥ −1

2
G , (5.30)

where G is the determinant of the Einstein tensor [5]. The above expression is referred to as the
strong focusing condition. We have now stated the weak and strong focusing conditions. For the case
of f(T ) theories of gravity, the authors of [64] derived the focusing conditions given a fundamental
congruence, i.e., the tangent vector field ξ describes comoving observers. In this thesis, we derive
more general focusing conditions for f(T ) theories of gravity by taking the tangent vector field ξ to
describe a one-parameter dependent congruence of timelike auto-parallel curves of the Levi-Civita
connection. In the following section, we summarise the results that are obtained by the authors
of [64]. These results are specific to comoving observers. Following this discussion, we derive the
focusing conditions given a one-parameter dependent congruence of time-like auto-parallel curves of
the Levi-Civita connection. We will then move on to discuss the derived focusing conditions for
namely three kinds of f(T ) cosmological models. These include cosmological models of a polynomial
form, an exponential form and a hyperbolic tangent form.

5.3.1 Focusing conditions for a fundamental congruence

Let us consider the case where the tangent vector field of the curves contained in the congruence is
that of a comoving observer, i.e., ξµ = (1, 0, 0, 0). By considering equation (5.27) for the case of a
spatially-flat Robertson-Walker space-time as well as an energy momentum tensor that is of a general
perfect fluid form, one can show that the weak focusing condition holds if and only if we have [64]

1

fT

(
ρ+

1

16π
(f − fTT )

)
≥ 0 . (5.31)
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In the case of TEGR, i.e., f(T ) = T , the above inequality reduces to the weak energy condition ρ ≥ 0.
In addition, the strong focusing condition holds if and only if we have [64]

1

4πfT

(
4π (ρ+ 3P )− 1

2
(f − fTT ) + 3fTTHṪ

)
≥ 0 . (5.32)

We note that in the case of TEGR, the above inequality reduces to the inequality ρ+ 3P ≥ 0 which
is nothing more than the strong energy condition as expected. These are the focusing conditions that
were obtained by Liu and Reboucas in [64]. We note that in [64] the conditions that we have referred
to here as focusing conditions are referred to as energy conditions. In this thesis, we reserve the
term energy conditions for the focusing conditions in the case of TEGR which depends solely on the
energy-matter content. That is, we reserve the terms weak and strong energy conditions specifically
for the inequalities ρ ≥ 0 and ρ+ 3P ≥ 0 respectively.

In the following section we derive for the first time the f(T ) weak and strong focusing conditions
for the case of a one-parameter dependent congruence of timelike auto-parallel curves of the Levi-
Civita connection. In the special case where the congruence is taken to be a fundamental congruence,
the focusing conditions obtained in the following section reduce to the inequalities discussed in this
section.

5.3.2 Focusing conditions for a one-parameter dependent congruence

In this section we derive for the first time the f(T ) weak and strong focusing conditions for a one-
parameter dependent cogruence of timelike auto-parallel curves of the Levi-Civita connection. These
results have given rise to the article [65] in which they are discussed. Let us begin by considering a
smooth congruence of curves with tangent vector field ξ. In this thesis, we are interested in studying
the satisfaction/violation of the weak and strong focusing conditions for one-parameter dependent
congruences of timelike auto-parallels of the Levi-Civita connection for which the tangent vector field
is given by the following expression [112]

ξα = γ (1, β, 0, 0) , with γ :=
1√

1− a2β2
. (5.33)

In order for these curves to be auto-parallels of the Levi-Civita connection, we require that the tangent
vector field be parallel propagated with respect to the Levi-Civita connection, i.e., ξαDαξ

ν = 0. Such
a requirement implies that the parameter β be of the form

β =
C

a
√
a2 + C2

, (5.34)

where C ∈ R is the parameter that, when varied, produces different tangent vector fields that are
parallel propagated with respect to the Levi-Civita connection. We note that when C = 0 the four-
velocity ξα given in equation (5.33) reduces to the four-velocity associated with a comoving observer,
χα, used in the construction of the energy-momentum tensor given in equation (5.16). The weak and
strong focusing conditions associated with the case of a fundamental congruence were obtained in [64]
and are given in Section 5.3.1.

We now wish to make use of the four-velocity given in equation (5.33) in order to obtain the weak
and strong focusing conditions for a one-parameter, C, dependent congruence of timelike auto-parallel
curves of the Levi-Civita connection. Let us first obtain the weak focusing condition by making use
of equation (5.29). The Einstein tensor for a general f(T ) theory is given in equation (5.27). By
considering the case of a spatially-flat Robertson-Walker space-time, whose associated vierbein is
given in equation (5.11), and contracting the Einstein tensor with the four-velocity given in equation
(5.33), we find the f(T ) weak focusing condition to be2

8πρeff :=
1

fT

[
8πρ+

1

2
(f − fTT ) + a2β2

(
2HfTT∂tT −

1

2
f

)]
+ 3a2β2H2 ≥ 0 , (5.35)

2We note that, since we are making use of natural units here, i.e., G = c = 1, we have k2 = 8π which is what is used
in the expressions that follow.
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and we refer to ρeff as the effective energy-density. We now wish to turn our attention to the strong
focusing condition which is given in equation (5.30). The trace of the Einstein tensor for a general
f(T ) theory is given in equation (5.28). For the specific case of a spatiall-flat Robertson-Walker
space-time, the trace of the Einstein tensor reads [83]

G =
1

fT
(8πτ + 6fTTH∂tT − 2 (f − fTT )) . (5.36)

We now find that, through the use of equation (5.30) the f(T ) strong focusing condition is as follows

4π (ρeff + 3Peff ) :=
1

fT

[
4π (ρ+ 3P )− 1

2
(f − fTT ) + 3fTTH∂tT

+ a2β2
(

2HfTT∂tT −
1

2
f
)]

+ 3a2β2H2 ≥ 0 , (5.37)

where we have introduced the so-called effective pressure, Peff . We have thus obtained the f(T ) weak
and strong focusing conditions which are given in equations (5.35) and (5.37) respectively.

Consider now the case of a fundamental congruence. In such a case, we have C = 0 which implies,
from equation (5.34), that we have β = 0. It is not difficult to see that in the case where β = 0,
equations (5.35) and (5.37) reduce to equations (5.31) and (5.32) respectively. That is, the weak and
strong focusing conditions given here for a one-parameter, C, dependent congruence of timelike auto-
parallel curves reduce to the weak and strong focusing conditions given in [64] when a fundamental
congruence (C = 0) is considered.

Let us now return our attention to the more general case of a congruence, i.e., we allow for a
general value of the parameter C. We note that the one-parameter C appears in equations (5.35)
and (5.37) through the parameter β via equation (5.34). Our goal now is to study these focusing
conditions for three specific bi-parametric f(T ) theories of gravity. That is, we will consider three
f(T ) theories whose f(T ) functions depend on two parameters. We will then study the satisfaction
or violation of the focusing conditions in the parameter space.

5.3.3 Focusing conditions and cosmological models

In this section, we study the focusing conditions for three specific bi-parametric f(T ) cosmological
models. Here, we will allow the f(T ) function describing a specific cosmological model to depend on
two values: σ and α. By changing the values of α and σ in the f(T ) function, one obtains different
f(T ) theories. For each choice of cosmological model considered, we first solve the field equation
(5.18) for the dimensionless Hubble parameter defined as h(z) := H(z)/H0 [107]. For this study,
we take the Hubble parameter H0 to be that of the ΛCDM solution as it is obtained in [1]. For a
given cosmological model, we shall obtain a solution h(z) for each combination of α and σ values. In
this note, we are interested in studying the focusing conditions for the case of dust, i.e., the fluid in
equations (5.17) and (5.18) would be pressureless. In such a case, the energy-momentum tensor then
takes the form

τµν = ρχµχν , (5.38)

where χµ = (1, 0, 0, 0) is the four-velocity associated with a comoving observer. The conservation
equation for the energy-momentum tensor gives the following

Dµτ
µ
0 = 0 =⇒ ρ̇ = −3Hρ =⇒ ρ = ρ0a

−3 , (5.39)

where ρ0 is a constant. By writing the above expression in terms of the redshift, we obtain the
following expression for the energy density [107]

ρ(z) = ρ0 (1 + z)3 . (5.40)

Let us now turn our attention to the field equation (5.18) in order to obtain the dimensionless
Hubble parameter h(z). We are particularly interested in studying the focusing conditions at the
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present day value of z = 0. In solving such a differential equation, we impose the initial condition:
h(1100) = hΛ(1100), where

hΛ(z) :=

√
ΛΩm0 (1 + z)3 + 1− ΛΩm0 , (5.41)

is the ΛCDM solution [107]. In addition, for illustrative purposes we take the ΛCDM energy density
parameter to be ΛΩm0 = 0.315 as found in [1]. Once (5.18) has been solved in order to obtain h(z)
values for a particular cosmological model, we can then make use of the first field equation (5.17) in
order to find the energy density parameter values for Ωm0 which is defined in equation (5.22). Since
we expect to obtain different Ωm0 values for different f(T ) functions, the parameter Ωm0 will depend
on the values of α and σ as described by equation (5.17).

In this thesis, we shall consider three paradigmatic f(T ) cosmological models with the first being
of a polynomial form [113], the second being of an exponential form [114] and the third being of
a hyperbolic tangent form [115]. In constructing these cosmological models, we make use of the
dimensionless torsion scalar, T̄ , defined through the expression

T̄ :=
T

6H2
0

. (5.42)

Before proceeding with the aforementioned f(T ) cosmological models, we shall impose two theoretical
constraints on the models under consideration. These constraints have been discussed in the context
of f(R) theories of gravity in [116–118]. In this note, we make use of these f(R) conditions3, as given
in [117], in order to impose similar conditions on f(T ) theories. The first condition we wish to impose
on an f(T ) theory reads

lim
T→∞

f(T )

T
= 1 , (5.43)

and ensures that the f(T ) theory of gravity behaves like the TEGR theory of gravity in the limit as
T → ∞, i.e., at early stages of the cosmological evolution. In addition, the second condition to be
imposed reads [115]

fT > 0 . (5.44)

As can be seen in equations (5.35) and (5.37), this condition ensures that the contribution of the
energy matter content in the focusing conditions is always nonnegative, i.e., the effective Newton’s
constant Geff := G/fT is always positive. By imposing this condition, one also ensures that the
gravitons are not ghosts [117].

Finally, recent developments in the field of Gravitational Waves have placed strong constraints on
the gravitational wave speed [119]. It is shown in [120] that such a constraint is trivially satisfied for
f(T ) gravities. Consequently, the cosmological models discussed below are constructed in such a way
that the conditions given in equations (5.43) and (5.44) are satisfied. In addition, in the limit where
a cosmological model behaves as TEGR plus a cosmological constant, the parameter σ will take on
the role of the cosmological constant.

Model 1: f = 6H2
0

(
T̄ + σT̄α

)
The first cosmological model that we wish to consider4 is of the polynomial form presented in [113,121].
Herein we restrict our consideration of α and σ values to the region (σ, α) ∈ [0, 1]× [−1, 1). We note
that the conditions (5.43) and (5.44) for the combinations of α and σ values considered are satisfied.

3 In the context f(R) theories of gravity, an additional condition states that fRR cannot be negative in order to
ensure a stable model against the so-called Dolgov-Kawasaki instability [117, 118]. Nonetheless, such a condition does
not have a counterpart on the sign of fTT .

4The results given below were obtained using the Mathematica notebook Polynomial_model.nb which
was constructed by the author and is available at https://www.dropbox.com/sh/cfybc2cysixchlz/
AACjKq0NHComUPoXcZz90DH7a?dl=0.

https://www.dropbox.com/sh/cfybc2cysixchlz/AACjKq0NHComUPoXcZz90DH7a?dl=0
https://www.dropbox.com/sh/cfybc2cysixchlz/AACjKq0NHComUPoXcZz90DH7a?dl=0
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We also note that the conditions (5.43) and (5.44) are satisfied for larger values of σ, however, the
analysis regarding these larger σ values can be understood from the results given here. The evolution
equation (5.18) for the dimensionless Hubble parameter h(z) becomes

dh
dz

=
3

2

h2 + σ (2α− 1)h2α

[h+ σα (2α− 1)h2α−1] (1 + z)
. (5.45)

Upon solving (5.45) for the dimensionless Hubble parameter, we turn our attention to studying the
weak and strong focusing conditions for this cosmological model. In terms of h(z), the weak focusing
condition (5.35) now reads

8πρeff
3H2

0

=

(
1

1 + σαh2α−2

)[
Ωm0(1 + z)3 + σ (1− α)h2α

− β2

(1 + z)2

(
4

3
σα (α− 1)h2α−1h′ (1 + z) + h2 + σh2α

)]
+

β2h2

(1 + z)2 ≥ 0 . (5.46)

where h′ denotes the derivative of the dimensionless Hubble parameter with respect to the redshift.
In addition, for this cosmological model, the strong focusing condition (5.37) yields

4π (ρeff + 3Peff )

3H2
0

=

(
1

1 + σαh2α−2

)[
1

2
Ωm0 (1 + z)3 − 2σα (α− 1)h2α−1h′ (1 + z)

− σ (1− α)h2α − β2

(1 + z)2

(
4

3
σα (α− 1)h2α−1h′ (1 + z) + h2 + σh2α

)]
+

β2h2

(1 + z)2 ≥ 0 . (5.47)

As already mentioned, Ωm0 is dependent upon α and σ through (5.17). More specifically for this
model, by evaluating (5.17) today, i.e., at z = 0, one gets

Ωm0 = h2
0 + σ (2α− 1)h2α

0 , (5.48)

where h0 := h(z = 0). We note that, since we have taken the Hubble parameter H0 to be the value
associated with the ΛCDM solution, we have hΛ(z = 0) = 1. The first panel in Figure 5.1 shows
Ω̄m0 := Ωm0 −ΛΩm0 against the cosmological parameters α and σ. In the second and third panels
of this figure, we give the 3D plots of equation (5.46) and equation (5.47) respectively for C = 104

against the parameters α and σ. In Figure 5.2 we show, in the first panel, the dimensionless Hubble
parameter at the present day value h0 for various combinations of α and σ values. In addition, in
the second panel we show the 3D plot of fT . It is clear from this plot that the condition (5.44) is
satisfied. For the sake of completeness, we give the 3D plot of fTT in the third panel of Figure 5.2.
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Figure 5.1: 3D plots associated with the polynomial cosmological model f = 6H2
0

(
T̄ + σT̄α

)
. In the

first panel, we show the 3D plot of Ω̄m0 := Ωm0−ΛΩm0 which is defined as the difference between the
energy density parameter Ωm0, given in equation (5.48), and the ΛCDM energy density parameter
ΛΩm0 which we set to 0.315 [1]. In the second panel, we give the 3D plot of equation (5.46) against
the cosmological parameters α and σ. In the third panel, we show the 3D plot of equation (5.47). In
the second and third panels, we have set C = 104.

Figure 5.2: 3D plots associated with the polynomial cosmological model f = 6H2
0

(
T̄ + σT̄α

)
. In the

first panel, we show the 3D plot of the dimensionless Hubble parameter at the present day value h0

for combinations of α and σ values. In the second panel, we give the 3D plot of the derivative fT .
From this plot, it is clear that the condition (5.44) is satisfied. In the third panel, we show the 3D
plot of the second derivative fTT .

Let us now consider the {α, σ} regions for which the weak and strong focusing conditions, as
provided in (5.46) and (5.47) respectively, are satisfied or violated. Figure 5.3 contains region plots
showing the satisfaction or violation of the weak and strong focusing conditions in the aforementioned
{α, σ} parameter space at z = 0. The blue regions indicate where both the weak and strong focusing
conditions are satisfied, whereas the orange regions show where only the weak focusing condition is
satisfied. The first panel shows the region plot for the case of a fundamental congruence, i.e., when
C = 0. The second panel shows the region plot for the case where C = 1 and the third panel shows
the region plot associated with the case where C = 104. It is evident from Figure 5.3 that there exist
{α, σ} combinations allowing for the strong focusing condition to be violated. In addition, Figure 5.3
illustrates how the satisfaction of the strong focusing condition changes as the value for C changes,
i.e., when considering different four-velocities of the form given in equation (5.33). As the value for C
is increased, the {α, σ} parameter space area violating the strong focusing condition increases. For all
cases considered, the weak focusing condition remains satisfied. In order to illustrate where in these
contour plots the ΛCDM solution appears, we have plotted it as a single point. Figure 5.4 shows the
profile plots of equation (5.46) for constant σ values . The first, second and third panels show such
profile plots for the cases C = 0, C = 1 and C = 104 respectively. Analogously, the constant σ profile
plots of equation (5.47) are shown in Figure 5.5. For the latter scenario, as the value of C increases,
the limiting value of α at which the strong focusing condition is violated gets higher.
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Figure 5.3: Region plots showing the satisfaction or violation of the weak and strong focusing con-
ditions for the polynomial cosmological model f = 6H2

0

(
T̄ + σT̄α

)
. The blue regions indicate where

both the weak and the strong focusing conditions are satisfied whereas the orange regions indicate
where only the weak focusing condition is satisfied. The left, middle and right panels show the region
plots for the cases where C = 0, C = 1 and C = 104 respectively. We note that the weak focusing
condition is satisfied for all values of C considered. In addition, we note that when the value of C is
increased, the parameter space area violating the strong focusing condition is bigger. In these plots,
we have indicated where the ΛCDM solution appears by plotting it as a point.
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Figure 5.4: σ-constant profile plots of equation (5.46) for the polynomial cosmological model f =
6H2

0

(
T̄ + σT̄α

)
. The solid blue curves show the σ = 0.9 profiles, the dotted green curves show the

σ = 0.6 profiles and the dashed red curves show the σ = 0.3 profiles. The left, middle and right
panels correspond to C = 0, C = 1 and C = 104 respectively.
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Figure 5.5: σ-constant profiles of equation (5.47) for the polynomial cosmological model f =
6H2

0

(
T̄ + σT̄α

)
. The solid blue curves show the σ = 0.9 profiles, the dotted green curves show

the σ = 0.6 profiles and the dashed red curves show the σ = 0.3 profiles. The left, middle and right
panels correspond to C = 0, C = 1 and C = 104 respectively.

Model 2: f = 6H2
0

(
T̄ + σ eαT̄

)
The second cosmological model considered5 is of the exponential form given above [114]. Herein, we
shall restrict our consideration to σ and α values such that (σ, α) ∈ [0, e]× [−1, 0]. We note that the

5The results given below were obtained using the Mathematica notebook Exponential_model.nb which
was constructed by the author and is available at https://www.dropbox.com/sh/cfybc2cysixchlz/

https://www.dropbox.com/sh/cfybc2cysixchlz/AACjKq0NHComUPoXcZz90DH7a?dl=0
https://www.dropbox.com/sh/cfybc2cysixchlz/AACjKq0NHComUPoXcZz90DH7a?dl=0
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conditions (5.43) and (5.44) are satisfied in this region. For the exponential cosmological model given
above, equation (5.18) for the case of vanishing pressure reads

dh
dz

=
3

2

h2 + σeαh2
(
2αh2 − 1

)(
h+ σαh eαh2 + 2σα2h3eαh2

)
(1 + z)

. (5.49)

Now, from equation (5.35), the weak focusing condition for the exponential cosmological model reads

8πρeff
3H2

0

=
1(

1 + σα eαh2
)[Ωm0 (1 + z)3 + σeαh

2 (
1− αh2

)
− β2

(1 + z)2

(
4

3
h3 (1 + z)h′σα2eαh

2
+ h2 + σeαh

2

)]
+

β2h2

(1 + z)2 ≥ 0 , (5.50)

where we obtain the values for h(z) by solving the differential equation (5.49). In addition, from
equation (5.37), we find that the strong focusing condition for the exponential cosmological model
reads

4π (ρeff + 3Peff )

3H2
0

=
1(

1 + σα eαh2
)[1

2
Ωm0 (1 + z)3 − σeαh2(1− αh2)− 2 (1 + z)h3h′σα2eαh

2

− β2

(1 + z)2

(
4

3
h3 (1 + z)h′σα2eαh

2
+ h2 + σeαh

2

)]
+

β2h2

(1 + z)2 ≥ 0 . (5.51)

As done for the case of the polynomial model, the energy density parameter Ωm0 depends on the
values of σ and α. More specifically, by evaluating (5.17) at h(z = 0) = h0, one can obtain

Ωm0 = h2
0 + σeαh

2
0
(
2αh2

0 − 1
)
. (5.52)

In Figure 5.6, we give the 3D plot of Ω̄m0 := Ωm0 −ΛΩm0. In the second and third panels, we give
the 3D plots of equations (5.50) and (5.51) respectively. In Figure 5.7, we plot h0 in the first panel,
fT in the second panel and fTT in the third panel.

Figure 5.6: 3D plots associated with the exponential cosmological model f = 6H2
0

(
T̄ + σeαT̄

)
. In

the first panel, we show the 3D plot of Ω̄m0 := Ωm0−ΛΩm0 which is defined as the difference between
the energy density parameter Ωm0, given in equation (5.52), and the ΛCDM energy density parameter
ΛΩm0 which we set to 0.315 [1]. In the second panel, we give the 3D plot of equation (5.50) against
the cosmological parameters α and σ. In the third panel, we show the 3D plot of equation (5.51). In
the second and third panels, we have set C = 104.

AACjKq0NHComUPoXcZz90DH7a?dl=0.

https://www.dropbox.com/sh/cfybc2cysixchlz/AACjKq0NHComUPoXcZz90DH7a?dl=0
https://www.dropbox.com/sh/cfybc2cysixchlz/AACjKq0NHComUPoXcZz90DH7a?dl=0
https://www.dropbox.com/sh/cfybc2cysixchlz/AACjKq0NHComUPoXcZz90DH7a?dl=0
https://www.dropbox.com/sh/cfybc2cysixchlz/AACjKq0NHComUPoXcZz90DH7a?dl=0
https://www.dropbox.com/sh/cfybc2cysixchlz/AACjKq0NHComUPoXcZz90DH7a?dl=0
https://www.dropbox.com/sh/cfybc2cysixchlz/AACjKq0NHComUPoXcZz90DH7a?dl=0
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https://www.dropbox.com/sh/cfybc2cysixchlz/AACjKq0NHComUPoXcZz90DH7a?dl=0
https://www.dropbox.com/sh/cfybc2cysixchlz/AACjKq0NHComUPoXcZz90DH7a?dl=0
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https://www.dropbox.com/sh/cfybc2cysixchlz/AACjKq0NHComUPoXcZz90DH7a?dl=0
https://www.dropbox.com/sh/cfybc2cysixchlz/AACjKq0NHComUPoXcZz90DH7a?dl=0
https://www.dropbox.com/sh/cfybc2cysixchlz/AACjKq0NHComUPoXcZz90DH7a?dl=0
https://www.dropbox.com/sh/cfybc2cysixchlz/AACjKq0NHComUPoXcZz90DH7a?dl=0
https://www.dropbox.com/sh/cfybc2cysixchlz/AACjKq0NHComUPoXcZz90DH7a?dl=0
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Figure 5.7: 3D plots associated with the exponential cosmological model f = 6H2
0

(
T̄ + σeαT̄

)
. In

the first panel, we show the 3D plot of the dimensionless Hubble parameter at the present day value
h0 for combinations of α and σ values. In the second panel, we give the 3D plot of the derivative fT .
From this plot, it is clear that the condition (5.44) is satisfied. In the third panel, we show the 3D
plot of the second derivative fTT .

As is done for the first model above, the satisfaction or violation of the weak and strong focusing
conditions for this model in the {α, σ} parameter space can be studied using (5.50) and (5.51)
respectively. Thus, Figure 5.8 shows the region plots of the satisfaction or violation of the weak
and strong focusing conditions. The blue regions indicate where both the weak and strong focusing
conditions are satisfied. The orange regions indicate where only the strong focusing condition is
violated. There, the first, second and third panels are produced by considering the cases where
C = 0, C = 1 and C = 104 respectively. As observed in the polynomial model above, when the value
of C is increased, the {α, σ} parameter space where the strong focusing condition is violated increases.
Also, for this cosmological model, the weak focusing condition remains satisfied. Figures 5.9 and 5.10
show constant σ profiles of equations (5.50) and (5.51) respectively. A comment worthwhile to be
made concerns the constant σ profiles in Figure 5.10. As the value of C increases (from left to right
panels) and for a fixed σ, the left-hand side of equation (5.51) seems to take smaller values which
could be eventually negative. Therefore the strong focusing condition may be violated.
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Figure 5.8: Region plots showing the satisfaction or violation of the weak and strong focusing condi-
tions for the exponential cosmological model f = 6H2

0

(
T̄ + σeαT̄

)
. The blue regions indicate where

both the weak and the strong focusing conditions are satisfied whereas the orange regions indicate
where only the weak focusing condition is satisfied. The left, middle and right panels show the region
plots for the cases of C = 0, C = 1 and where C = 104 respectively. The location of the ΛCDM
solution is plotted as a point. We note that the weak focusing condition is satisfied for all values of
C considered. In addition, we note that when the value of C is increased, the parameter space area
violating the strong focusing condition is bigger.



88 Chapter 5. Cosmological focusing conditions for f(T ) theories

σ=0.2

σ=0.14

σ=0.07

-1.0 -0.8 -0.6 -0.4 -0.2 0.0
α

0.40

0.45

0.50

0.55

0.60

0.65

0.70

8 πρeff

3 H0
2

σ=0.2

σ=0.14

σ=0.07

-1.0 -0.8 -0.6 -0.4 -0.2 0.0
α

0.36

0.38

0.40

0.42

0.44

0.46

0.48

0.50

8 πρeff

3 H0
2

σ=0.2

σ=0.14

σ=0.07

-1.0 -0.8 -0.6 -0.4 -0.2 0.0
α

0.310

0.315

0.320

0.325

0.330

8 πρeff

3 H0
2

Figure 5.9: σ-constant profiles of equation (5.50) for the exponential cosmological model f =

6H2
0

(
T̄ + σeαT̄

)
. The solid blue curves show the σ = 0.2 profiles, the dotted green curves show

the σ = 0.14 profiles and the dashed red curves show the σ = 0.07 profiles. The left, middle and right
panels correspond to C = 0, C = 1 and C = 104 respectively.
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Figure 5.10: σ-constant profiles of equation (5.51) for the exponential cosmological model f =

6H2
0

(
T̄ + σeαT̄

)
. The solid blue curves show the σ = 0.2 profiles, the dotted green curves show

the σ = 0.14 profiles and the dashed red curves show the σ = 0.07 profiles. The left, middle and right
panels correspond to C = 0, C = 1 and C = 104 respectively.

Model 3: f = 6H2
0

(
T̄ + σT̄α tanh

(
1/T̄

))
The third and last cosmological model under consideration6 is the hyperbolic tangent model whose
f(T ) Lagrangian is given above [115]. We have considered the α and σ parameters lying in the
(σ, α) ∈ [0, 1/2] × [−1, 1] interval for which the f(T ) conditions (5.43) and (5.44) are satisfied. For
this model, equation (5.18) for the case of vanishing pressure reads

dh
dz

=
3

2(1 + z)

[
h2 + σ (2α− 1)h2α tanh

(
1/h2

)
− 2σh2α−2 sech2

(
1/h2

) ][(
h+ σα (2α− 1)

× h2α−1 tanh
(
1/h2

)
− σ (4α− 3)h2α−3 sech2

(
1/h2

)
− 4σh2α−5 sech2

(
1/h2

)
tanh

(
1/h2

) )]−1
.

(5.53)

As done for the previous two cosmological models, we solve the above differential equation and obtain
values for h(z) for the various combinations of α and σ values. From equation (5.35), we find that

6The results given below were obtained using the Mathematica notebook Hyperbolic_tangent_model.nb
which was constructed by the author and is available at https://www.dropbox.com/sh/cfybc2cysixchlz/
AACjKq0NHComUPoXcZz90DH7a?dl=0.

https://www.dropbox.com/sh/cfybc2cysixchlz/AACjKq0NHComUPoXcZz90DH7a?dl=0
https://www.dropbox.com/sh/cfybc2cysixchlz/AACjKq0NHComUPoXcZz90DH7a?dl=0
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the weak focusing condition for this cosmological model in the case of dust reads

8πρeff
3H2

0

=
[
1 + σαh2α−2 tanh

(
1/h2

)
− σh2α−4 sech2

(
1/h2

) ]−1[
Ωm0 (1 + z)3

+ σ (1− α)h2α tanh
(
1/h2

)
− σh2α−2 sech2

(
1/h2

)
− 4h′β2

3 (1 + z)

(
σα (α− 1)h2α−1

× tanh
(
1/h2

)
− 2σ (α− 1)h2α−3 sech2

(
1/h2

)
− 2σh2α−5 sech2

(
1/h2

)
tanh

(
1/h2

) )
+ h2

+ σh2α tanh
(
1/h2

) ]
+

β2h2

(1 + z)2 ≥ 0 . (5.54)

In addition, we find that, from equation (5.37), the strong focusing condition for the hyperbolic
tangent cosmological model in the case of dust reads

4π (ρeff + 3Peff )

3H2
0

=
[
1 + σαh2α−2 tanh

(
1/h2

)
− σh2α−4 sech2

(
1/h2

) ]−1
[

1

2
Ωm0 (1 + z)3

− σ (1− α)h2α tanh
(
1/h2

)
+ σh2α−2 sech2

(
1/h2

)
− 2
(
σα (α− 1)h2α−1 tanh

(
1/h2

)
− 2σ (α− 1)h2α−3 sech2

(
1/h2

)
− 2σh2α−5 sech2

(
1/h2

)
tanh

(
1/h2

) ))
(1 + z)h′

− 4h′β2

3 (1 + z)

(
σα (α− 1)h2α−1 tanh

(
1/h2

)
− 2σ (α− 1)h2α−3 sech2

(
1/h2

)
− 2σh2α−5 sech2

(
1/h2

)
tanh

(
1/h2

) ))
+ h2 + σh2α tanh

(
1/h2

) ]
+

β2h2

(1 + z)2 ≥ 0 . (5.55)

As done for the previous two cosmological models, the energy density parameter Ωm0 depends upon
the cosmological parameters α and σ through equation (5.17) at the present day value of z = 0. In
particular

Ωm0 = h2
0 + σ (2α− 1)h2α

0 tanh
(
1/h2

0

)
− 2σh2α−2

0 sech2
(
1/h2

0

)
. (5.56)

In Figure 5.11, we give the 3D plot of Ω̄m0 := Ωm0 −ΛΩm0. In the second and third panels, we give
the 3D plots of equations (5.54) and (5.55) respectively. In Figure 5.12, we plot h0 in the first panel,
fT in the second panel and fTT in the third panel.

Figure 5.11: 3D plots associated with the hyperbolic tangent cosmological model f =
6H2

0

(
T̄ + σT̄α tanh

(
1/T̄

))
. In the first panel, we show the 3D plot of Ω̄m0 := Ωm0 −ΛΩm0 which is

defined as the difference between the energy density parameter Ωm0, given in equation (5.56), and
the ΛCDM energy density parameter ΛΩm0 which we set to 0.315 [1]. In the second panel, we give
the 3D plot of equation (5.54) against the cosmological parameters α and σ. In the third panel, we
show the 3D plot of equation (5.55). In the second and third panels, we have set C = 104.



90 Chapter 5. Cosmological focusing conditions for f(T ) theories

Figure 5.12: 3D plots associated with the hyperbolic tangent cosmological model f =
6H2

0

(
T̄ + σT̄α tanh

(
1/T̄

))
. In the first panel, we show the 3D plot of the dimensionless Hubble

parameter at the present day value h0 for combinations of α and σ values. In the second panel, we
give the 3D plot of the derivative fT . From this plot, it is clear that the condition (5.44) is satisfied.
In the third panel, we show the 3D plot of the second derivative fTT .

Figure 5.13 contains the region plots showing the satisfaction or violation of the weak and strong
focusing conditions for the hyperbolic tangent cosmological model. The left, middle and right panels
correspond to the choices C = 0, C = 1 and C = 104 respectively. As was noticed for the previous two
cosmological models, the higher the value of C the bigger the area of the {α, σ} region for which the
strong focusing condition is violated. For this cosmological model, unlike the two previous models,
we found that as the value for C increases regions for which the weak focusing condition is violated
arise (see right panel in Figure 5.13). Figure 5.14 shows the constant σ profiles of equation (5.54). In
the right panel, which corresponds to C = 104, there are α and σ combinations resulting in negative
values for the effective energy density, ρeff . This demonstrates that, although the weak focusing
condition may be satisfied for the case of a fundamental congruence (C = 0), there may be values
for C for which the weak focusing condition is not satisfied. Finally, Figure 5.15 shows constant σ
profiles of equation (5.55). There we see that, as the value of C increases (from left to right panels)
and for a fixed σ, equation (5.55) seems to take smaller values which could be eventually negative.
Therefore the strong focusing condition may be violated.
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Figure 5.13: Region plots showing the satisfaction or violation of the weak and strong focusing
conditions for the hyperbolic tangent cosmological model f = 6H2

0

(
T̄ + σT̄α tanh

(
1/T̄

))
. The blue

regions indicate where both the weak and the strong focusing conditions are satisfied whereas the
orange regions indicate where only the weak focusing condition is satisfied. The green region indicates
where both the weak and the strong focusing conditions are violated. The left, middle and right panels
show the region plots for the cases of C = 0, C = 1 and C = 104 respectively. We note that more
regions for which the strong focusing condition is violated arise when the value for C is increased. In
addition, we note that, while the weak focusing condition is satisfied for the case of a fundamental
congruence, regions for which the weak focusing condition is violated arise by increasing the value of
C.
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Figure 5.14: Constant σ profile plots of equation (5.54) for the hyperbolic tangent cosmological model
f = 6H2

0

(
T̄ + σT̄α tanh

(
1/T̄

))
. The solid blue curves show the σ = 0.5 profiles, the dotted green

curves show the σ = 0.3 profiles and the dashed red curves show the σ = 0.1 profiles. The left, middle
and right panels correspond to C = 0, C = 1 and C = 104 respectively.
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Figure 5.15: Constant σ profile plots of equation (5.55) for the hyperbolic tangent cosmological model
f = 6H2

0

(
T̄ + σT̄α tanh

(
1/T̄

))
. The solid blue curves show the σ = 0.5 profiles, the dotted green

curves show the σ = 0.3 profiles and the dashed red curves show the σ = 0.1 profiles. The left, middle
and right panels correspond to C = 0, C = 1 and C = 104 respectively.

5.4 Chapter conclusions

In this chapter, we studied the weak and strong focusing conditions for a one-parameter dependent
congruence of timelike auto-parallels of the Levi-Civita connection in the context of f(T ) theories.
By noting that in the context of f(T ) theories of gravity, test particles follow auto-parallels of the
Levi-Civita connection we made use of the torsion-free Raychadhuri equation in order to determine
the inequalities to be satisfied so such conditions hold. Through the consideration of a spatially-
flat Robertson-Walker space-time, we derived the weak and strong focusing conditions for a one-
parameter, C, dependent congruence of timelike auto-parallels of the Levi-Civita connection. It was
also shown that, in the case of a fundamental congruence, i.e., when C = 0, the obtained focusing
conditions reduced to those previously found in [64] as expected. Once the general expressions were
obtained, we also examined the obtained weak and strong focusing conditions for three viable bi-
parametric f(T ) cosmological models when the only standard fluid present is dust matter. These
cosmological models were of polynomial, exponential and hyperbolic tangent forms. Thus, results
presented in this work are expected to cover a wide phenomenology of more convoluted f(T ) models.
For each cosmological model under consideration, we determined the Hubble parameter evolution in
terms of the redshift using the f(T ) second Friedman equation, whereas the first one was used to
determine the matter density parameter today as a function of the f(T ) parameters. Once the Hubble
parameter had been solved for, the weak and strong focusing conditions were studied for a redshift
value of z = 0. For each cosmological model considered, region plots were produced for the cases of
C = 0, C = 1 and C = 104. It was found that, for all three cosmological models, the increase in the
value for C resulted in the parameter-space region where the strong focusing condition is violated to
be bigger. It was also found that, for the polynomial and exponential cosmological models, the weak
focusing condition remained satisfied when the value for C was increased. However, in the case of the
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hyperbolic tangent model it was found that a sufficient increase in the value for C eventually resulted
in the appearance of parameter-space regions for which the weak focusing condition is violated.
Consequently, for this model this result would imply that although the weak focusing condition for a
fundamental congruence is satisfied, one cannot conclude that the weak focusing condition would be
satisfied for all possible auto-parallel curves of the Levi-Civita connection, i.e., for all possible values
of C.

As a final comment, we wish to make a note on the focusing conditions that arise in the so-called
f(R) and f(Q) theories of gravity. Analyses of the focusing conditions in the context of f(R) theories
can be found in [122,123]. The authors of [122] reported f(R) models for which regions exist where the
weak focusing condition is violated in addition to regions that allow for the weak focusing condition
to be satisfied. The authors of [123] reported f(R) models for which the weak as well as the strong
focusing conditions can be satisfied or violated. The authors of [124] studied the focusing conditions
in the context of f(Q) theories of gravity. In [124], the focusing conditions are studied using the
present day values for the Hubble and deceleration parameters. There, f(Q) models were reported
where the weak as well as the strong focusing conditions could be satisfied or violated. In [64], f(T )
models where the weak focusing condition could be satisfied or violated were reported. There, the
authors made use of the present day values for the Hubble and deceleration parameters. Here, the
f(T ) field equations for each considered model were solved and the solution h(z) was substituted into
the focusing conditions. In addition to this, we considered a one-parameter depend congruence, i.e.,
a general value for C. For each of the models considered, regions existed where the weak and strong
focusing conditions could be satisfied. For each of these models, regions for which the strong focusing
condition could be violated were found. Lastly, we note that for a value of C = 104, regions exist
for the hyperbolic tangent model where the weak focusing condition can be violated. These obtained
results are specific to timelike auto-parallel curves of the Levi-Civita connection. For discussions on
neighbouring null curves in f(T ) theories, the interested reader is directed to [64,125].



Chapter 6

ADM and GBSSN formulations of
Einstein-Cartan theory

6.1 Introduction

In this chapter, we consider the EC theory of gravity and derive the Arnowitt-Deser-Misner (ADM)
formulation as well as the Generalised-Baumgarte-Shapiro-Shibata-Nakamura formulation of the EC
theory. In Section 6.2, we study foliations of the Riemann-Cartan space-time U4 and derive the non-
null torsion Gauss, Codazzi and Ricci equations. In Section 6.3, we derive the ADM formulation of
the EC theory of gravity by following what was done in [19,20] for the case of GR. In Section 6.4, we
derive the GBSSN formulation of the EC theory by following what was done in [25,31] for the case of
GR. Since the torsion tensor is geometrised by the spin-current tensor in the EC theory, we discuss
the evolution of the decomposed effective energy-momentum tensor in 6.5 by following what was done
in [30]. Finally, in Section 6.6, we consider the spherically symmetric vacuum GBSSN equations and
evolve the system using the well-known Gamma-driver condition. We construct a 1-dimensional (1D)
code to carry out this evolution using the fourth-order Runge-Kutta (RK) method. Since such a case
has a vanishing energy-matter content, this system is the same as what occurs in GR. Similar systems
have been studied before in [2,26,27,31]. Methods that were applied in these aforesaid references are
made use of here when constructing our 1D code.

6.2 Foliations of space-time

In this section, we consider the Riemann-Cartan space-time U4 and the construction of spacelike
hypersurfaces which we shall denote as Σ. Here we shall derive the non-null torsion versions of the
Gauss, Codazzi and Ricci equations. These derivations are carried out by following the torsion-free
derivations that are done in [19,20] by Baumgarte and Shapiro. Once we have derived these equations,
we will be able to study how the equations are modified as a result of removing the assumption of
vanishing torsion. We note that the results presented in this section are completely geometric and
are not specific to the EC theory of gravity. These geometric results, however, are still particular to
the Riemann-Cartan space-time.

We take the hypersurfaces Σ to be spacelike surfaces of a function, say f , that is C∞ on the
Riemann-Cartan space-time1 manifoldM. We define the dual vector field Ω as

Ωµ = ∇µf , (6.1)

with norm −α2. We now define the vector field n as being such that

nµ := −α∇µf . (6.2)

1See Definition 3.3.1 for the definition used here for the Riemann-Cartan space-time U4.
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The above definition implies that n is both normalised as well as timelike, i.e., we have g (n,n) = −1.
In addition, we take n to be orthogonal to the hypersurface Σ. We define the spatial metric, γ, through
the expression

γµν = gµν + nµnν . (6.3)

Our goal now is to perform projections of four-dimensional tensor fields using the spatial metric
in order to obtain three-dimensional tensor fields. These three-dimensional tensor fields "live" in
the hypersurfaces of M, i.e., we can lower and raise the indices of these tensors using the spatial
metric. Let us begin by defining the three-dimensional (projected) covariant derivative. In this note,
we are interested in carrying out such a projection for both the covariant derivative with respect to
the Cartan connection as well as the covariant derivative with respect to the Levi-Civita connection.
Let B be a tensor field of type (k, l) on the space-time manifoldM. We define the three-dimensional
Cartan covariant derivative of the tensor field B as [19,30]

3∇αBµ1...µk
ν1...νl

= γ β
α γ

µ1
σ1 . . . γ µk

σk
γ ρ1
ν1 . . . γ ρl

νl
∇βBσ1...σk

ρ1...ρl
. (6.4)

By replacing ∇µ with Dµ in the above expression, we obtain the definition for the three-dimensional
Levi-Civita covariant derivative 3Dµ. Let us now turn our attention to the vector field n which is used
in the definition of the spatial metric and is taken to be orthogonal to the hypersurface Σ. Since we
have chosen this normal vector field to be hypersurface orthogonal, η satisfies the following expression

D[µnν] = 0 . (6.5)

We also note that η gives the direction of evolution of the proper time [19].
It is at this point that we wish to define the extrinsic curvature tensor as

Kµν := −γ α
µ γ

β
ν ∇αnβ . (6.6)

In [19], the extrinsic curvature tensor is symmetric, however, we note here that it is not immediately
clear whether this extrinsic curvature tensor defined above is symmetric or not. It turns out that
the above extrinsic curvature tensor is symmetric as a result of requiring that the projected torsion
tensor lies completely in the hypersurface Σ. This will be made clear later on. For now, let us
assume that the extrinsic curvature tensor is not necessarily symmetric. Let us now study the various
tensor fields that exist within the hypersurface Σ. First, we wish to show that the three-dimensional
Cartan covariant derivative, and therefore the three-dimensional Levi-Civita covariant derivative, is
compatible with the spatial metric. We consider the following which results from the definition of the
three-dimensional Cartan covariant derivative and the definition of the spatial metric:

3∇αγµν = γ β
α γ

σ
µ γ

ρ
ν ∇βgσρ + γ β

α γ
σ
µ γ

ρ
ν ∇β (nσnρ) . (6.7)

The first term on the right-hand side of the above expression vanishes since the Cartan covariant
derivative is compatible with the metric tensor. The second term vanishes due to the fact that
nµγ β

µ = 0 as is easily verifiable from the definition of the spatial metric. It follows that the three-
dimensional Cartan covariant derivative is compatible with the spatial metric, i.e., we have

3∇µγαβ = 0 . (6.8)

The above argument also holds for the three-dimensional Levi-Civita covariant derivative which we
denote as 3Dµ.

We now wish to study the three-dimensional torsion tensor associated with the three-dimensional
Cartan covariant derivative 3∇µ. Let w be a vector field in Σ, i.e., we have 〈n,w〉 = 0, and consider
the action of the three-dimensional Cartan covariant derivative on this dual vector field:

3∇µwν = ∂µwν − 3̃Γ
ρ
µνwρ . (6.9)
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By making use of the fact that the three-dimensional Cartan covariant derivative is compatible with
the spatial metric, one can show that

3̃Γµβα =
1

2
γσµ

(
∂αγβσ + ∂βγσα − ∂σγαβ +3T λσβγαλ +3T λσαγβλ −3T λαβγσλ

)
, (6.10)

where we have defined the three-dimensional torsion tensor as

3T λσα := 2 3̃Γ
λ
[σα] . (6.11)

We can write the three-dimensional Christoffel symbols, i.e., the connection coefficients associated
with the three-dimensional Levi-Civita covariant derivative, as [19]

3Γµβα =
1

2
γσµ (∂αγβσ + ∂βγσα − ∂σγαβ) . (6.12)

Furthermore, in a similar way to what is done for the case of space-time, we define the three-
dimensional contorsion tensor2 as the difference between the two three-dimensional connection coef-
ficients:

3Lαµν :=3 Γ̃αµν −3Γαµν =
1

2

(
3T
α
µν − 3T

α
µν + 3T

α
ν µ

)
. (6.13)

For a C∞ function, say f , on the hypersurface Σ, we note that the application of the map 3∇3
[α∇β]

on this function yields the following:

23∇[α
3∇β]f = −3T λαβ

3∇λf . (6.14)

On the other hand, by making use of the definition of the three-dimensional Cartan covariant deriva-
tive, 3∇µ, we find that

3∇α3∇βf = γ µ
α γ

λ
β ∇µ∇λf − nλKαβ∇λf . (6.15)

In order to interpret the result of antisymmetrising the above expression, we need to obtain an
expression for the antisymmetrised extrinsic curvature tensor. By making use of the fact that the
normal vector n is hypersurface orthogonal, it follows from the definition of the extrinsic curvature
tensor that

2K[αβ] = −3T
σ
αβnσ . (6.16)

That is, the antisymmetrised extrinsic curvature tensor is equal to the three-dimensional torsion
tensor contracted with the unit normal vector field n. We now wish to relate the three-dimensional
torsion tensor to the space-time torsion tensor. We note that we have the following from equations
(6.14), (6.15) and (6.16)

γ λ
ρ

3T
ρ
αβ∇λf = γ µ

α γ
ν
β T

λ
µν∇λf + nλnρ

3T
ρ
αβ . (6.17)

Since f is an arbitrary smooth function on Σ, 3∇µf is an arbitrary dual vector field in Σ. It now
follows from the above equation that

3T
λ
αβ = γ µ

α γ
ν
β T

λ
µν , (6.18)

which relates the space-time torsion tensor to the three-dimensional torsion tensor. As it turns out,
equation (6.11) is not enough to define entirely the three-dimensional torsion tensor. This is due to
the fact that, in order for the three-dimensional torsion tensor to be restricted to the hypersurface Σ,
we need the additional requirement that

nσ
3T
σ
µν := 0 . (6.19)

2In Chapters 3 and 4, we denote the space-time contorsion tensor as K. In this chapter, we denote the three-
dimensional contorsion tensor as L to avoid confusion with the extrinsic curvature tensor.
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The above expression forms part of the definition of the three-dimensional torsion tensor and allows
for this tensor to lie entirely in the hypersurface Σ. That is, the three-dimensional torsion tensor
is now defined through equation (6.11) together with equation (6.19). It now follows from equation
(6.18) that

3T
λ
αβ = γ λ

ρ γ
µ
α γ

ν
β T

ρ
µν . (6.20)

Let us now return our attention to the extrinsic curvature tensor. We note that equation (6.16)
together with equation (6.19) implies that K[αβ] = 0 and, thus, the extrinsic curvature tensor is
symmetric. Consider now the action of the Lie derivative on the spatial metric in the direction of the
vector field n:

£nγαβ = 2γ σ
α γ

ρ
β ∇(σnρ) (6.21)

= −2Kαβ . (6.22)

That is, we can write the extrinsic curvature tensor as the Lie derivative of the spatial metric in the
direction of the unit normal vector field.

Up until now, we have only considered the projected torsion tensor and how this relates to the
space-time torsion tensor. We now wish to study the curvature projected into the hypersurface Σ.
Let us begin by defining the three-dimensional non-null torsion Riemann tensor through the linear
map (

23∇[µ
3∇ν] + 3T

ρ
µν

3∇ρ
)
wσ =3 R̃ ρ

µνσ wρ , (6.23)

together with the requirement that [19]

3R̃αβσρn
ρ := 0 . (6.24)

The last expression ensures that the three-dimensional non-null torsion Riemann tensor lies entirely
within the hypersurface Σ. One can think of equation (6.19) as being the torsion analogue of the
above expression. Following what is given in [19], one can also define the three-dimensional torsion-
free Riemann tensor as

23D[µ
3Dν]wσ = 3R

ρ
µνσ wρ , (6.25)

together with the requirement

3Rαβσρn
ρ := 0 . (6.26)

Since our goal is to ultimately derive the ADM equations associated with the EC theory of gravity, we
require the Gauss, Codazzi and Ricci equations. In order to derive these equations for the case of a
hypersurface of the U4 space-time manifold, we follow what is done by the authors of [19] where these
equations are derived for the case of vanishing torsion. We first wish to derive the Gauss equation.
Following [19], we first consider the following for a spatial dual vector field w:

3∇α3∇βwσ = γ δ
α γ

µ
β γ

ν
σ ∇δ∇µwν −∇µwνγ ν

σ n
µKαβ − wνKβνKασ . (6.27)

By antisymmetrising the above expression and by making use equations (6.20) and (6.23) together
with the fact that the extrinsic curvature tensor is symmetric, we obtain the following

3R̃αβσρ = γ δ
α γ

µ
β γ

ν
σ R̃δµνρ +KαρKβσ −KβρKασ . (6.28)

Finally , by making use of the requirement that the three-dimensional non-null torsion Riemann
tensor lies entirely within the hypersurface Σ, i.e., by invoking equation (6.24), we can contract both
sides of the above expression with the spatial metric in order to obtain the non-null torsion Guass
equation

3R̃αβσρ = γ δ
α γ

µ
β γ

ν
σ γ

λ
ρ R̃δµνλ +KαρKβσ −KβρKασ . (6.29)
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Having derived the Gauss equation for the case of a Riemann-Cartan space-time, we now turn our
attention to deriving the Codazzi equation.

We begin by considering the following projection of the non-null torsion Riemann tensor by con-
tracting three times with the spatial metric and once with the unit normal vector field

γ µ
α γ

ν
β γ

ρ
σ n

λR̃µνρλ = γ µ
α γ

ν
β γ

ρ
σ

(
∇µ∇ν −∇ν∇µ + T δµν∇δ

)
nρ . (6.30)

From the definition of the extrinsic curvature tensor in equation (6.6), we note the following

γ µ
α γ

ν
β γ

ρ
σ ∇µ∇νnρ = −3∇αKβσ +Kαβn

λ∇λnσ . (6.31)

By substituting the above expression into equation (6.30) and by making use of the fact that the
extrinsic curvature tensor is symmetric in its two indices, we find the non-null torsion Codazzi equation
to be

γ µ
α γ

ν
β γ

λ
σ R̃µνλεn

ε = 3∇βKασ − 3∇αKβσ − 3T
λ
αβKλσ . (6.32)

It now remains to derive the Ricci equation for the case of a Riemann-Cartan space-time. Following
what was done in [19], we begin by acting the Lie derivative on the extrinsic curvature tensor as follows

£nKαβ = nσ∇σKαβ +Kασ∇βnσ +Kβσ∇αnσ − nσKαλT
λ
βσ − nσKβλT

λ
ασ . (6.33)

By making use of the definition of the extrinsic curvature tensor, we can write the first term on the
right-hand side of the above expression as

nσ∇σKαβ = −nσ∇σ
(
γ λ
α ∇λnβ

)
= −nσ∇σ∇αnβ − nσ∇σ (nαãβ) , (6.34)

where we have defined ãα := nσ∇σnα. We now turn our attention to the second term on the right-
hand side of equation (6.33). By making use of the fact that Kαβ = −∇αnβ − nαãβ , which follows
from the definition of the extrinsic curvature tensor, we have

Kσα∇βnσ = −KασK
σ
β −Kσαnβ ã

σ . (6.35)

Consider the following expression

nσ∇α∇σnβ = ∇αãβ −K σ
α Kσβ − nαãσKσβ . (6.36)

In the final expression, we wish to introduce the so-called lapse function. The lapse function is intro-
duced through the consideration of an acceleration vector. We have already defined the acceleration
vector ãµ := nβ∇βnν which is defined using the Cartan covariant derivative. It is also possible to
define an acceleration vector using the Levi-Civita covariant derivative. We write such an acceleration
vector as aµ := nβDβn

µ. Since there are two acceleration vectors, we have two options for the lapse
function. When deriving the evolution equations, the lapse function plays the role of measuring how
much proper time has elapsed [19]. Since proper time is the affine parameter associated with timelike
auto-parallel curves of the Levi-Civita connection, we define the lapse function using the Levi-Civita
covariant derivative. That is, we rely on the Levi-Civita connection to provide us with the lapse
function. More specifically, the lapse function α can be introduced through the expression

aµ := nβDβnµ = 3Dµ lnα . (6.37)

By making use of the previous results, we now find the non-null torsion Ricci equation to be

£nKµν = −γ σ
µ γ

ρ
ν n

αnβR̃ασρβ −
1

α
3Dµ

3Dνα+ α3Dµ

(
1

α
nσnλTλσν

)
−K β

µ Kνβ −K ε
µ n

αγ β
ε γ

δ
ν Tβδα

+ 3L
λ
µν

(
1

α
3Dλα− nσnδTσδλ

)
. (6.38)
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Since the extrinsic curvature tensor is torsion-free as a result of equation (6.19), we can take the
torsion-free part of the right-hand side of the above expression in order to write

£nKµν = −γ σ
µ γ

ρ
ν n

αnβRασρβ −
1

α
3Dµ

3Dνα−K β
µ Kνβ . (6.39)

We shall refer to this expression as the torsion-free Ricci equation. In this section, we obtained the
non-null torsion Gauss, Codazzi and Ricci equations. In the following section we make use of these
results in order to derive the ADM formulation of the EC theory of gravity.

6.3 The ADM formulation of the Einstein-Cartan theory of gravity

The non-null torsion Gauss, Codazzi and Ricci equations derived in the previous section are geometric
results and are specific to the Riemann-Cartan space-time U4. In particular, these aforementioned
equations are not specific to the EC theory of gravity and the EC field equations have not, as of yet,
been invoked. In this section, we make use of the results obtained in the previous section together with
the EC field equations in order to obtain the so-called Arnowitt-Deser-Misner (ADM) formulation of
the EC theory of gravity. We begin by choosing the coordinate system which is discussed in [19] and
leads to the line element being of the form

ds2 = −α2dt2 + γij
(
dxi + βidt

) (
dxj + βjdt

)
. (6.40)

Let us turn our attention to the non-null torsion Gauss equation (6.29). By contracting indices
once in the non-null torsion Gauss equation and then taking the trace of the resulting expression, we
obtain

3R̃+K2 −KαβK
αβ = γ α

µ γ
β
ν R̃

µ ν
βα

= R̃+ 2nµnνR̃µν , (6.41)

where K is the trace of the extrinsic curvature tensor and we have used the fact that the non-null
torsion Riemann tensor is antisymmetric in its first and second indices. By making use of the first
EC field equation (4.51), we can introduce the energy-momentum tensor into equation (6.41) in order
to obtain

3R̃+K2 −KαβK
αβ = 16πnµnντµν . (6.42)

By defining the energy density ρ := nµnντµν , we can write the above expression as

3R̃+K2 −KijK
ij = 16πρ . (6.43)

We shall refer to the above expression as the non-null torsion Hamiltonian constraint. In Section
4.2, not only was the energy-momentum tensor τµν defined but also the so-called effective energy-
momentum tensor Tµν . This definition of the effective energy-momentum tensor is given in equation
(4.56). In the EC theory, the torsion tensor is completely described by the spin-current tensor as per
equation (4.36). It therefore makes sense to include the torsion tensor into the energy-matter content
through the effective energy-momentum tensor. The evolution of the torsion tensor is then obtained
by evolving the energy-matter content. We therefore wish to obtain a Hamiltonian constraint equation
whose non-Riemannian contributions are contained entirely in the energy-matter content. In order
to do this, we turn our attention to the torsion-free version of equation (6.41) which is given below

3R+K2 −KαβK
αβ = R+ 2nµnνRµν . (6.44)

We emphasize that the above expression is a completely geometric statement and holds true in U4.
In order to introduce the effective energy-momentum tensor into the above expression, we make use
of equation (4.55) in order to obtain the following

3R+K2 −KijK
ij = 16π

◦
ρ , (6.45)
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where ◦ρ := nµnνTµν is the effective energy density. We refer to the above expression as the torsion-free
Hamiltonian constraint.

As a result of the choice of coordinates in equation (6.40), the entirety of a spatial tensor is now
described by only its spatial components [19]. Because of this, we have switched to Latin indices in
the above which run from 1 to 3. That is, the Latin indices indicate the spatial components of a given
tensor. We now turn our attention to the Codazzi equation (6.32). Contracting indices once yields

3∇βKβ
α − 3∇αK − 3T

λ
αβK

β
λ = −γ µ

α n
εR̃µε . (6.46)

By making use of equation (4.51) and defining the momentum density as

jα := −γ µ
α n

λτµλ , (6.47)

equation (6.46) becomes

3∇jKj
i −

3∇iK − 3T
k
ijK

j
k = 8πji . (6.48)

We refer to the above expression as the non-null torsion momentum constraint. In order to write an
expression for the momentum constraint equation whose non-Riemannian contributions are contained
in the energy-matter content, we turn our attention to the torsion-free version of equation (6.46) which
is written below

3DβK
β
α − 3DαK = −γ µ

α n
εRµε . (6.49)

We note that the above expression is a geometric statement that is valid on U4. We can make use of
equation (4.55) and define the effective momentum density as

◦
jα := −γ µ

α n
λTµλ , (6.50)

in order to write equation (6.49) as

3DjK
j
i −

3DiK = 8π
◦
ji . (6.51)

We refer to equation (6.51) as the torsion-free momentum constraint.
Having obtained the above constraint equations, we now wish to obtain an evolution equation

for the spatial metric and the extrinsic curvature tensor. Before doing this, we note that the Lie
derivative in the direction of the vector field

tµ = αnµ + βµ , (6.52)

is a natural time derivative [19]. In the above, α is the lapse function, as before, which measures the
proper time between hypersurfaces Σ and β is the shift vector which measures the shifting of spatial
coordinates [19]. We note, in particular, that the lapse function describes the proper time measured
since we have described the lapse function using the Levi-Civita connection. From equation (6.22),
it follows that the ADM evolution equation for the spatial metric is

∂tγij = −2αKij + 3Diβj + 3Djβi . (6.53)

In addition, we note that the evolution equation for the trace of the spatial metric is

∂t ln γ1/2 = −αK + 3Diβ
i . (6.54)

We now wish to derive the evolution equations for the extrinsic curvature tensor as well as its trace.
Let us first define the stress-energy tensor and effective stress-energy tensor as

Sαβ := γ µ
α γ

ν
β τµν , and

◦
Sαβ := γ µ

α γ
ν
β Tµν , (6.55)
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respectively. By making use of the torsion-free Ricci equation (6.39), one can obtain the following
evolution equation for the extrinsic curvature tensor

∂tKij = α
(

3Rij +KKij − 2KikK
k
j

)
+ βk3DkKij +Kik

3Djβ
k +Kkj

3Diβ
k

− 8πα

(
◦
Sij −

1

2
γij

(
◦
S − ◦ρ

))
− 3Di

3Djα . (6.56)

It follows from the above expression that the evolution equation for the trace of the extrinsic curvature
tensor is

∂tK = 4πα

(
◦
S +

◦
ρ

)
+ αKijK

ij + βk∂kK − 3D2α . (6.57)

We have thus obtained the ADM equations for the EC theory of gravity.

6.4 The GBSSN formulation of the Einstein-Cartan theory of gravity

In [19,20], a discussion of the so-called Baumgarte-Shapiro-Shibata-Nakamura (BSSN) formulation of
GR is given. In this formulation, it is assumed that the determinant of the conformal spatial metric
is unity. As pointed out in [25,31], the conformal spatial metric is not unity in spherical coordinates.
For this reason, a Generalised-BSSN (GBSSN) formulation is presented in [25]. In this section, we
wish to apply this method to the EC theory of gravity. That is, we will obtain the GBSSN formulation
of the EC theory. As the GBSSN formulation is a modification of the ADM formalism, we will make
use of the results derived in the previous section. In Section 6.4.1, we will first discuss conformal
transformations on the Riemann-Cartan space-time U4 which will be required when we derive the
GBSSN formulation of the EC theory.

6.4.1 Conformal transformations on U4

Here, we introduce the conformal spatial metric, the conformal torsion tensor and the subsequent
transformations that will allow us to construct the BSSN formulation of the EC theory of gravity.
We begin by introducing the conformal spatial metric tensor, which we shall denote as γ̄, through
the expression

γ̄ij := e4φγij , (6.58)

where φ is a scalar function and is referred to as the conformal factor [5,19]. We now wish to consider
the action of the Cartan covariant derivative on the conformal spatial metric. Let us first define the
type (1, 2) tensor field C through the following expression

Ckij := 3̃Γ
k
ij − 3̄̃Γ

k

ij , (6.59)

where the 3̄̃Γ
k

ij denote the connection coefficients of the conformal three-dimensional Cartan covariant
derivative 3∇̄i. Let us now consider the action of the three-dimensional Cartan covariant derivative
on the conformal metric tensor:

3∇kγ̄ij = 4e4φγij
3∇kφ . (6.60)

We notice that the above expression with the three-dimensional Levi-Civita covariant derivative used
instead of the three-dimensional Covariant covariant derivative holds. Let w denote a spatial dual
vector field. The tensor field C allows us to write

3∇iwj = 3∇̄iwj − Ckijwk . (6.61)
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We can write the action of the three-dimensional Cartan covariant derivative on the conformal metric
tensor as

3∇kγ̄ij = 3∇̄kγ̄ij − C lkiγ̄lj − C lkj γ̄il , (6.62)

and we note that the first term on the right-hand side of the above expression vanishes. We now wish
to obtain the resulting conformal transformation of the Cartan connection coefficients, i.e., we wish
to find Ckij in terms of the spatial metric. By making use of the above expression, we have

0 = −3∇̄kγ̄ij + 3∇̄iγ̄jk + 3∇̄j γ̄ki

= 4e4φ
(
−γij3∇kφ+ γjk

3∇iφ+ γki
3∇jφ

)
+
(
C lik − C lki

)
γ̄lj +

(
C ljk − C lkj

)
γ̄li +

(
C lij + C lji

)
γ̄lk .

(6.63)

Having already introduced the conformal transformation of the spatial metric tensor, we now require
the conformal transformation of the torsion tensor in order to evaluate the right-hand side of the
above expression since

Ckij − Ckji = 3T kij − 3T̄ kij , (6.64)

where 3T̄ kij := 3̄̃Γkij − 3̄̃Γkji is the three-dimensional conformal torsion tensor. Following [79], we note
two possibilities for how the three-dimensional torsion tensor transforms3. The first such possibility
is referred to as weak conformal symmetry of the three-dimensional torsion tensor and implies that
the torsion tensor does not transform at all, i.e., we have

3T̄ kij = 3T kij . (6.65)

The second option for a conformal transformation of the three-dimensional torsion tensor that we
note here is referred to as strong conformal symmetry of the three-dimensional torsion tensor and is
such that only the trace component undergoes a transformation, i.e., we have

3T̄ kij = 3T kij + h
(
δkj ∂i − δki ∂j

)
σ , (6.66)

where h and σ are some C∞ functions on the hypersurface Σ. In this note, we consider only weak
conformal symmetry and therefore the tensor field C is symmetric in its second and third indices.
It therefore follows from equation (6.63) that the three-dimensional Cartan connection coefficients
transform as

3̄̃Γkij = 3̃Γkij + 2γkl
(
γlj

3∇iφ+ γli
3∇jφ− γij3∇lφ

)
, (6.67)

where γij denotes the inverse of the spatial metric tensor. Let us now turn our attention to deriving
the conformal transformation of the three-dimensional non-null torsion Riemann tensor. For a spatial
dual vector field w, we have

3 ¯̃R l
ijk wl = 23∇̄[i

3∇̄j]wk + 3T
l
ij

3∇̄lwk , (6.68)

where we have made use of the fact that we are considering weak conformal symmetry of the torsion
tensor. Following from the above expression, one can obtain the following expression which describes
the conformal transformation of the three-dimensional non-null torsion Riemann tensor:

3 ¯̃R l
ijk = 3R̃ l

ijk + 23∇[iC
l
j]k + 2Cm[i|k|C

l
j]m + 3T

m
ijC

l
mk . (6.69)

Having discussed the conformal transformations of the spatial metric and the three-dimensional tor-
sion tensor, we are now in a position to derive the GBSSN formulation of the EC theory of gravity.

3In fact, there is a third possibility for the conformal transformation which is rather complicated and we do not
mention here. The interested reader is directed to [79] for information regarding this.
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6.4.2 GBSSN evolution equations

In this section, we discuss the GBSSN formulation of the EC theory. For a discussion on the BSSN
formulation of GR, the interested reader is directed to the work [19, 20] by Baumgarte and Shapiro.
The BSSN formulation is a modification of the ADM equations. This modification arises by making
use of the conformal transformations in the previous section. That is, as an example, instead of
evolving explicitly the spatial metric, one evolves the conformal spatial metric as well as the conformal
scalar. In the standard BSSN formulation, one makes the requirement that the determinant of the
conformal metric be unity [19, 20]. That is, in the standard BSSN formulation, one takes γ̄ = 1.
This is particularly useful for 3D numerical simulations where the coordinate system is Cartesian.
The reason for this is that the Minkowksi metric in Cartesian coordinates has a determinant of
unity. In this thesis, we are interested in obtaining simulations for spherically symmetric solutions.
For such simulations, we will be making use of spherical coordinates. In spherical coordinates, the
determinant of the Minkowksi metric is not unity. Therefore, one cannot make use of the standard
BSSN and instead must consider the so-called Generalised-BSSN (or GBSSN) formulation which was
first presented by Brown in [25]. In this section, we give the GBSSN formulation of the EC theory of
gravity by following what is done in [19,20,25,31] for the case of GR.

Let us begin by deriving the evolution equation for the conformal factor φ. As already mentioned,
we do not impose the requirement that the determinant of the conformal spatial metric be unity.
Instead, we impose the following condition on the time evolution of the determinant of the conformal
spatial metric [25, 31]

(∂t −£β) ln γ̄ = −2v 3Dkβ
k . (6.70)

In the above, the parameter v is either 0 or 1. In the case where v = 0 the above is referred to as the
Euler condition whereas in the case where v = 1 the above is referred to as the Lagrange condition.
In order to derive the evolution equation for the conformal scalar, let us first take the determinant of
equation (6.58) in order to obtain

φ = − ln (γ/γ̄)

12
. (6.71)

We can make use of this expression together with equation (6.54), which describes the evolution of
the determinant of the spatial metric, in order to obtain the following

∂tφ =
α

6
K − v

6
∂kβ

k + vβk∂kφ−
v

6
βk∂k ln γ̄1/2 . (6.72)

In the above we have made use of the expression given below which follows from equation (6.67)
3 Γkkj = 3 Γ̄kkj − 6 ∂jφ , (6.73)

where we have denoted the connection coefficients of the three-dimensional conformal Levi-Civita
connection as 3̄Γkij . Let us now turn our attention to studying the evolution of the trace of the
extrinsic curvature tensor. We first decompose the extrinsic curvature tensor, K, into a traceless
component and a trace component, i.e., we write

Kij = Aij +
1

3
Kγij , (6.74)

where the tensor A has zero trace. We now allow the tensor field A to undergo the same conformal
transformation as the spatial metric, i.e., it is rescaled as

Āij = e4φAij . (6.75)

As per the above rescaling, we note that we have ĀijĀij = AijA
ij . Turning our attention to the

previous evolution equation for the trace of the extrinsic curvature tensor, which is given in equation
(6.57), we now write the evolution equation as

∂tK = 4πα

(
◦
S +

◦
ρ

)
+ α

(
ĀijĀ

ij +
1

3
K2

)
+ βk∂kK −

◦
D2α . (6.76)
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Let us now turn our attention to obtaining an evolution equation for the conformal spatial metric
γ. We begin by noting that, from the definition of the conformal spatial metric, we have the following
expression for its time derivative

e−4φ∂tγ̄ij = ∂tγij + 4γij∂tφ . (6.77)

By making use equations (6.53), (6.72) and (6.74) as well as the fact that

2γk(i
3
◦
Γkj)l = ∂lγij , (6.78)

one can obtain the following evolution equation for the conformal spatial metric γ̄

∂tγ̄ij = −2αĀij + 2γ̄k(i∂j)β
k + βk∂kγ̄ij + 4 (v − 1) γ̄ijβ

k∂kφ−
2

3
vγ̄ij∂kβ

k − 2

3
vγ̄ijβ

k∂k ln γ̄1/2 .

(6.79)

We now turn our attention to finding an evolution equation for the tensor field Ā. From equation
(6.75), which gives the rescaling of the traceless part of the extrinsic curvature tensor, we have the
following expression for its time derivative

e−4φ∂tĀij = 4Aij∂tφ+ ∂tAij . (6.80)

By substituting equation (6.72) and the traceless part of equation (6.56) into the above expression as
well as by making use of the fact that

3DkAij + 2Ak(i
3Dj)β

k = βk∂kAij + 2Ak(i∂j)β
k , (6.81)

one can obtain the following evolution equation

∂tĀij = −2αĀikĀ
k
j + αKĀij − e4φ

(
3Di

3Djα
)TF
ij

+ αe4φRTF
ij − 8παe4φ

◦
STF
ij

+ 2Āk(i∂j)β
k + βk∂kĀij −

2v

3
Āijβ

k∂k ln γ̄1/2 + 4 (v − 1) Āijβ
k∂kφ−

2v

3
Āij∂kβ

k . (6.82)

In the above, we follow the notational covention that is used by the authors of [19] and use the
superscript TF to denote the traceless part of the given object. The last evolution equation that we
wish to obtain is that of the so-called conformal Levi-Civita connection functions defined as [19]

3Γ̄i = −∂j γ̄ij − γ̄il∂l ln γ̄1/2 . (6.83)

The evolution equation for the Levi-Civita connection functions reads4

∂t
3̄Γi = 2α 3Γ̄ijkĀ

jk − 16παγ̄ik
◦
jk −

4

3
αγ̄ik∂kK − 12αĀij∂jφ+ 4(1− v) 3Γ̄iβk∂kφ−3Γ̄k∂kβ

i

− 2Āij∂jα+ βk∂k
3Γ̄i + γ̄kj∂k∂jβ

i + 2(1− v)γ̄il∂kφ∂lβ
k + 2(1− v)γ̄ilβk∂l∂kφ

+
2v

3
3Γ̄iβk∂k ln γ̄1/2 +

2v

3
3Γ̄i∂kβ

k +
v

3
γ̄ij
(
∂j∂kβ

k + ∂l ln γ̄
1/2∂jβ

l + βk∂j∂k ln γ̄1/2
)
. (6.84)

In this section, we have derived the GBSSN formulation of the EC theory of gravity. This was
carried out by modifying the ADM formulation of the EC theory of gravity which was constructed
in the previous section. More specifically, we replaced the ADM evolution equations for the spatial
metric tensor and the extrinsic curvature tensor with evolution equations for the conformal scalar,
the trace of the extrinsic curvature tensor, the conformal spatial metric, the rescaled traceless part of
the extrinsic curvature tensor and the conformal Levi-Civita connection functions.

Up until now, we have not discussed a 3 + 1 decomposition of the energy-matter content. As
mentioned in Section 4.2, the EC theory reduces to GR in the case of a vanishing spin-current tensor.
This means that, in order to obtain results that may differ from GR, it is necessary to consider a
non-vanishing energy-matter content. In the following section, we follow what is done in [30] in order
to obtain a 3 + 1 decomposition of the energy-matter content for the EC theory of gravity.

4For a derivation, the reader is directed to the Mathematica notebook ADM_and_GBSSN_EC_theory.nb
which was constructed by the author and is available at https://www.dropbox.com/sh/cfybc2cysixchlz/
AACjKq0NHComUPoXcZz90DH7a?dl=0.

https://www.dropbox.com/sh/cfybc2cysixchlz/AACjKq0NHComUPoXcZz90DH7a?dl=0
https://www.dropbox.com/sh/cfybc2cysixchlz/AACjKq0NHComUPoXcZz90DH7a?dl=0
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6.5 Decomposition of the energy-matter content

Let us turn our attention to constructing a 3 + 1 decomposition of the energy-matter content. In
doing this, we wish to obtain a set of evolution equations for the energy-matter content. Here, we
carry out the decomposition by following what was done by Gourgoulhon in [30] for the case of GR.
Since, in the presence of torsion, the energy-momentum tensor is not necessarily conserved, we do
not study this tensor directly when carrying out our decomposition. Instead, we study the effective
energy-momentum tensor given in equation (4.56) which is both conserved as well as symmetric.
Following what is done in [30], let us define the effective stress-energy tensor through the contraction
of the effective energy-momentum tensor with the spatial metric

◦
Sµν := γµαγνβT αβ . (6.85)

Substituting in the definition of the spatial metric into the above expression yields

◦
Sµν = Tµν + nµn

βTβν + nνn
βTβµ + nµnνn

αnβTαβ . (6.86)

By defining the effective energy density as

◦
ρ := nµnνTµν , (6.87)

and the effective momentum density as

◦
jµ = −γµνnβT νβ , (6.88)

we obtain the following expression from equation (6.85) after rearranging [30]

Tµν =
◦
Sµν + 2n(µ

◦
jν) +

◦
ρnµnν . (6.89)

We have thus obtained the 3+1 decomposition of the effective energy-momentum tensor which is
given above. Let us now turn our attention to obtaining the 3+1 evolution equations for the energy-
matter content. From the torsion-free differential Bianchi identity, we know that the effective energy-
momentum tensor is conserved and thus

0 = DµT µν = Dµ

◦
Sµν +

◦
jµDµnν + nνDµ

◦
jµ +

◦
jνDµn

µ +Dn
◦
jν + nνDn

◦
ρ+

◦
ρnνDµn

µ +
◦
ρDnnν .

(6.90)

By substituting in the extrinsic curvature tensor and making use of the fact that the effective mo-

mentum density
◦
j and extrinsic curvature tensor K are orthogonal to the unit normal vector n, we

obtain

0 = DµT µν = Dµ

◦
Sµν −

◦
jµKµν + nνDµ

◦
jµ −K

◦
jν +Dn

◦
jν + nνDn

◦
ρ− ◦ρKnν +

◦
ρaν , (6.91)

and we remind the reader that K is the trace of the extrinsic curvature tensor. By contracting the
above expression with the unit normal vector to the hypersurface Σ, we obtain

0 = nνDµT µν = nνDµ

◦
Sµν −Dµ

◦
jµ −

◦
jµaµ −Dn

◦
ρ+

◦
ρK . (6.92)

Let us now study the right-hand side of the above expression. Consider the action of the three-
dimensional Levi-Civita covariant derivative on the effective momentum density:

3Dµ

◦
jµ = γ ν

µ Dν

◦
jµ = Dµ

◦
jµ −

◦
jνaν . (6.93)

In addition, the first term on the right-hand side of equation (6.92) can be written as

nνDµ

◦
Sµν = −

◦
SµνDµn

ν =
◦
SµνKµν , (6.94)
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where we have made use of the fact that the effective stress-energy tensor
◦
S is orthogonal to the unit

normal vector field n. Lastly, we note that the fourth term on the right-hand side of equation (6.92)
is nothing more than £n

◦
ρ, i.e., the Lie derivative of the effective energy density with respect to the

unit normal vector to the hypersurface Σ. By making use of the above expressions as well as the
vector field t, we obtain the following from equation (6.92)

∂t
◦
ρ = α

(
Kij

◦
Sij − 3D ·

◦
j + 2

◦
j · a+

◦
ρK

)
+ βi∂i

◦
ρ , (6.95)

and we have written the above expression using spatial indices. The above expression describes the
evolution of the effective energy density obtained by contracting equation (6.90) with the unit normal
vector field. Let us now consider the contraction of equation (6.90) with the spatial metric. Such a
contraction yields the following

0 = γ ν
σ DµT µν = γ ν

σ Dµ

◦
Sµν −

◦
jµKµσ −K

◦
jσ + γ ν

σ Dn
◦
jν +

◦
ρaσ , (6.96)

where we have introduced the extrinsic curvature tensor K on the right-hand side of the second
equality. Now, we note that the first term on the right-hand side of the second equality can be
written as

γ ν
σ Dµ

◦
Sµν = γ ν

σ
3Dµ

◦
Sµν +

◦
Sνσaν . (6.97)

Furthermore, we note that the Lie derivative of the effective momentum density with respect to the
unit normal vector yields

£n
◦
jσ = γ ν

σ Dn
◦
jν −

◦
jνKσν . (6.98)

It follows that, after the introduction of the vector field t, equation (6.96) becomes

∂t
◦
ji = α

(
3Dj

◦
Sji +

◦
Skiak −K

◦
ji +

◦
ρai

)
+ £β

◦
ji , (6.99)

which is the evolution equation for the effective momentum density.
In this section, we have obtained the 3 + 1 decomposition of the energy matter content for the EC

theory of gravity. In particular, we have derived the energy conservation equation, which is given in
(6.95), as well as the momentum conservation equation, which is given in (6.99).

6.6 GBSSN equations in spherical symmetry

In Section 6.4.2 we obtained the GBSSN equations for the EC theory of gravity. In this section, we
wish to study these equations for the case where the conformal spatial metric tensor is spherically
symmetric. The spherically symmetric, vacuum GBSSN equations for GR have been obtained before
in [2, 26, 31]. Here, we shall extend these equations for the inclusion of torsion according to the EC
theory of gravity. Here, we present these equations by adding the necessary modifications to what is
done in [2, 26,31].

6.6.1 Evolution equations

Here, we make use of spherical coordinates5 (r, θ, ψ). Since we take the conformal spatial metric
tensor to be spherically symmetric, we can write this tensor γ̄ as follows

γ̄ij =

γ̄rr 0 0
0 γ̄θθ 0
0 0 γ̄θθ sin2 θ

 . (6.100)

5We note that we have used ψ to denote the azimuthal angle and reserved φ to denote the conformal scalar.
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Furthermore, we make the following ansatz for the rescaled traceless part of the extrinsic curvature
tensor

Āij = Ārr

1 0 0
0 −γ̄θθ/ (2γ̄rr) 0
0 0 −γ̄θθ sin2 θ/ (2γ̄rr)

 . (6.101)

As pointed out by Brown in [31], while in three-dimensional simulations it is necessary to ensure that
Āij is traceless, this is not necessary here since Āij is traceless by construction.

The ansatz for the conformal Levi-Civita connection function is

3Γ̄i =

 3Γ̄r

− cos θ/ (γ̄θθ sin θ)
0

 . (6.102)

With these assumptions in mind, we now turn our attention to stating the evolution equations. We
begin with the evolution equation for the lapse which we take to be

∂tα = µ1β
r∂rα− 2αK . (6.103)

In addition, we take the evolution equation for the shift vector to be

∂tβ
r = Br + µ2β

r∂rβ
r , (6.104)

where Br is referred to as the auxiliary field and has the following evolution equation

∂tB
r = µ3∂t

3Γ̄r + µ4β
r∂rB − µ5β

r∂r
◦
Γr − ηB . (6.105)

In the above, we have introduced the gauge parameters µ1, µ2, µ3, µ4, µ5, η ∈ R. These parameters
are constant and will be specified later on when carrying out our simulations. We note, however, that
it is necessary that µ3 does not exceed 3/4 in order to ensure that, at first order, the shift vector does
not propagate faster than the speed of light. For an explanation of this fact, the interested reader is
directed to [126].

From equation (6.72), one can show that the evolution equation for the conformal scalar function
is

∂tφ =
α

6
K − v

6
∂rβ

r + vβr∂rφ−
vβr

12

(
∂rγ̄rr
γ̄rr

+
2∂rγ̄θθ
γ̄θθ

)
. (6.106)

Equation (6.76) in this coordinate system gives the following evolution equation for the trace of the
extrinsic curvature tensor

∂tK = 4πα

(
◦
S +

◦
ρ

)
− e4φ

γ̄rr

(
∂2
rα−

(∂rγ̄rr) (∂rα)

2γ̄rr
− 2 (∂rφ) (∂rα) +

(∂rγ̄θθ) (∂rα)

γ̄θθ

)
+ α

(
3Ā2

rr

2γ̄2
rr

+
K2

3

)
+ βr∂rK . (6.107)

For the (r, r) component of the conformal spatial metric, equation (6.79) gives

∂tγ̄rr = −2αĀrr + 2
(

1− v

3

)
γ̄rr∂rβ

r + βr∂rγ̄rr + 4 (v − 1) γ̄rrβ
r∂rφ

− v

3
γ̄rrβ

r

(
∂rγ̄rr
γ̄rr

+
2∂rγ̄θθ
γ̄θθ

)
. (6.108)

Similarly, equation (6.79) yields the following evolution equation for the (θ, θ) component of the
conformal spatial metric

∂tγ̄θθ =
αγ̄θθArr
γ̄rr

− 2v

3
γ̄θθ∂rβ

r + βr∂rγ̄θθ + 4 (v − 1) γ̄θθβ
r∂rφ

− v

3
γ̄θθβ

r

(
∂rγ̄rr
γ̄rr

+
2∂rγ̄θθ
γ̄θθ

)
. (6.109)



6.6. GBSSN equations in spherical symmetry 107

We now turn our attention to obtaining the evolution equation for the rescaled traceless part of the
extrinsic curvature tensor given the assumptions in equations (6.100) and (6.101). In order to do this,
we first wish to find the components of the three-dimensional torsion-free Ricci tensor

3Rac = ∂d
3Γdac − ∂a3Γddc +3Γeac

3Γdde −3Γedc
3Γdae . (6.110)

The non-vanishing components of the conformal three-dimensional Levi-Cevita connection coefficient
are

3Γ̄rrr =
∂rγ̄rr
2γ̄rr

, 3Γ̄θrθ =3Γ̄ψrψ =
∂rγ̄θθ
2γ̄θθ

, 3Γ̄rθθ =3Γ̄rψψ/ sin2 θ = −∂rγ̄θθ
2γ̄rr

,

3Γ̄θψψ = − sin θ cos θ , 3Γ̄ψψθ =
cos θ

sin θ
. (6.111)

In addition, we have

Crrr = Cθrθ = Cψrψ = 2∂rψ , Crθθ = Crψψ/ sin2 θ = −2γ̄θθ∂rφ

γ̄rr
, (6.112)

and thus, we find that the non-vanishing components of the Levi-Civita connection coefficient are

3Γrrr =
∂rγ̄rr
2γ̄rr

− 2∂rφ ,
3Γθrθ =3Γψrψ =

∂rγ̄θθ
2γ̄θθ

− 2∂rφ ,
3Γψψθ =

cos θ

sin θ
,

3Γθψψ = − sin θ cos θ , 3Γrθθ =3Γrψψ/ sin2 θ = −∂rγ̄θθ
2γ̄rr

+
2γ̄θθ∂rφ

γ̄rr
. (6.113)

In addition, we make note of the following derivatives

∂d
3Γdrr =

∂2
r γ̄rr
2γ̄rr

− (∂rγ̄rr)
2

2γ̄2
rr

− 2∂2
rφ , ∂r

3Γddr =
∂2
r γ̄rr
2γ̄rr

− (∂rγ̄rr)
2

2γ̄2
rr

+
∂2
r γ̄θθ
γ̄θθ

− (∂rγ̄θθ)
2

γ̄2
θθ

− 6∂2
rφ ,

∂θ
3Γψψθ = −1− cos2 θ

sin2 θ
∂θ

3Γθψψ = − cos2 θ + sin2 θ ,

∂d
3Γdθθ = −∂

2
r γ̄θθ
2γ̄rr

+
(∂rγ̄θθ) (∂rγ̄rr)

2γ̄2
rr

+
2∂rγ̄θθ∂rφ

γ̄rr
− 2γ̄θθ (∂rγ̄rr) (∂rφ)

γ̄2
rr

+
2γ̄θθ∂

2
rφ

γ̄rr
. (6.114)

We can now compute the components of the three-dimensional torsion-free Ricci tensor which are
given below

3Rrr = −∂
2
r γ̄θθ
γ̄θθ

+
(∂rγ̄θθ)

2

γ̄2
θθ

+ 4∂2
rφ+ 23Γθrθ

3Γrrr − 2
(
3Γθrθ

)2
. (6.115)

3Rθθ =3Rψψ/ sin2 θ = −∂
2
r γ̄θθ
2γ̄rr

+
(∂rγ̄θθ) (∂rγ̄rr)

2γ̄2
rr

+
2∂rγ̄θθ∂rφ

γ̄rr

− 2γ̄θθ (∂rγ̄rr) (∂rφ)

γ̄2
rr

+
2γ̄θθ∂

2
rφ

γ̄rr
+3Γrθθ

3Γrrr + 1 . (6.116)

It follows that the three-dimensional Ricci scalar is

3R =3
◦
Rrr/γ̄rr + 23Rθθ/γ̄θθ . (6.117)

We can now determine the (r, r) component of the traceless part of Rij

3RTF
rr =

2

3

(
3Rrr − γ̄rr3Rθθ/γ̄θθ

)
. (6.118)

In addition, in order to compute the right-hand side of the evolution equation for Ārr, we require(
3Dr

3Drα
)TF

=
2

3

(
∂2
rα−3Γrrr∂rα+

γ̄rr
γ̄θθ

3Γrθθ∂rα

)
. (6.119)
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By making use of equation (6.82), we can now write the evolution equation for Ārr as follows

∂tĀrr = −2αĀ2
rr

γ̄rr
+ αKĀrr − e4φ

(
◦
Dr

◦
Drα

)TF

+ αe4φ 3
◦
RTF
rr + 2

(
1− v

3

)
Ārr∂rβ

r + βr∂rĀrr

+ 4 (v − 1) Ārrβ
r∂rφ−

v

3
Ārrβ

r

(
∂rγ̄rr
γ̄rr

+
2∂rγ̄θθ
γ̄θθ

)
− 8παe4φ

◦
STFrr . (6.120)

Lastly, through the use of equation (6.84), we can write the evolution equation for the conformal
Levi-Civita connection function as

∂t
3Γ̄r =

2αĀrr
γ̄2
rr

3Γ̄rrr −
2αĀrr
γ̄rrγ̄θθ

3Γ̄rθθ −
4

3

α∂rK

γ̄rr
− 12αĀrr∂rφ

γ̄2
rr

+ 4 (1− v)3Γ̄rβr∂rφ

−3Γ̄r∂rβ
r − 2Ārr∂rα

γ̄2
rr

+ βr∂r
3Γ̄r +

∂2
rβ

r

γ̄rr
+ 2 (1− v)

∂rφ∂rβ
r

γ̄rr
+

2 (1− v)βr∂2
rφ

γ̄rr

+
v

3
3Γ̄rβr

(
∂rγ̄rr
γ̄rr

+
2∂rγ̄θθ
γ̄θθ

)
+

2v

3
3Γ̄r∂rβ

r − 16πα
◦
jr

γ̄rr

+
v

3γ̄rr

[
∂2
rβ

r + ∂rβ
r

(
∂rγ̄rr
2γ̄rr

+
∂rγ̄θθ
γ̄θθ

)
+ βr

(
∂2
r γ̄rr
2γ̄rr

− (∂rγ̄rr)
2

2γ̄2
rr

+
∂2
r γ̄θθ
γ̄θθ

− (∂rγ̄θθ)
2

γ̄2
θθ

)]
.

(6.121)

We have now written the GBSSN evolution equations for the EC theory of gravity given the
assumptions in equations (6.100), (6.101) and (6.102).

6.7 Puncture evolution with GBSSN

In this section, we carry out a numerical evolution of a black hole (BH) puncture using the GBSSN
formulation of EC theory. Here, we take the conformal spatial metric to be spherically symmetric
and consider the case of a vacuum. Since we are considering a vanishing energy-matter content, the
EC description coincides with the GR description. We note that such a study has been carried out
before in [2, 26, 31]. Here, we follow what is done in these aforesaid references in order to construct
our 1D code used for BH puncture evolution. We leave the inclusion of torsion into this 1D as the
subject of future work.

6.7.1 System of evolution equations

In carrying out our numerical simulations, we do not evolve the GBSSN equations given in Section
6.6.1 as they are stated. Instead, we have found that by inroducing new quantities, as was done
in [26], we obtain a more robust and stable code. Below, we outline the modified system of GBSSN
equations used for our simulations.

By following what was done in [26], we define a := γ̄rr, b := γ̄θθ/r
2 and Aa := Ā r

r . We now wish to
introduce these new quantities into the GBSN evolution equations and, in addition, find the evolution
equations for these new variables. The evolution equation for the lapse function is unchanged and,
for completeness, state the equation below again

∂tα = µ1β
rα′ − 2αK , (6.122)

where we have used a prime to denote partial differentiation with respect to r. The evolution equation
for the conformal scalar, equation (6.106), can now be written as

∂tφ =
α

6
K − v

6
βr ′ + vβrφ′ − vβr

12

(
a′

a
+

4

r
+

2b′

b

)
. (6.123)

The evolution equation (6.107) for the trace of the extrinsic curvature tensor is now written as

∂tK = −e
4φ

a

[
α′′ − α′

(
a′

2a
+ 2φ′ − 2

r
− b′

b

)]
+ α

(
3

2
A2
a +

K2

3

)
. (6.124)
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For the radial component of the conformal spatial metric, equation (6.108) gives us the following
evolution equation

∂ta = −2αaAa + 2
(

1− v

3

)
aβr ′ + βra′ + 4 (v − 1) aβrφ′ − v

3
aβr

(
a′

a
+

4

r
+

2b′

b

)
. (6.125)

By making use of equation (6.109), one can find the following evolution equation for the new variable
b

∂tb = αbAa −
2v

3
bβr ′ +

2βrb

r
+ βrb′ + 4 (v − 1) bβrφ′ − v

3
bβr

(
a′

a
+

4

r
+

2b′

b

)
. (6.126)

Before moving on to state the remaining evolution equations, we wish to make a note on the
evolution equation for the shift vector given in equation (6.104). In this equation, one makes use of
the conformal connection function 3Γ̄r. In Minkowski space-time, one has 3Γ̄r = −2/r which implies
that the conformal connection function is singular at the origin. This led Brown to introduce a
regularised conformal connection function in [31]. This regularised connection function was of the
form 3Γ̄rreg := Γ̄r + 2/r. While 3Γ̄rreg is not a true tensor, the regularised quantity

∆̄r :=3Γ̄r −3γ̄ij
◦
Γrij = Γ̄r +

2

rb
, (6.127)

where 3
◦
Γkij is obtained from the Minkowski metric in spherical coordinates, is in fact a true tensor.

The constraint equation for this quantity can be written as

∆̄r =
a′

2a2
− b′

ab
+

2

rb
− 2

ra
. (6.128)

This regularised quantity was made use of in [26] and is what we introduce into our 1D code. To this
end, we introduce the following quantity

∆k
ij =3Γkij −3

◦
Γkij . (6.129)

We will introduce this into the construction of the Ricci tensor. For now, let us write the evolution
equation for Aa

∂tAa = αKAa −
e4φ

a

(
3Dr

3Drα
)TF

+
αe4φ

a
3RTF

rr + βrA′a . (6.130)

We remind the reader that the superscript TF is used to denoted the trace-free part of the tensor.
On comparing the evolution equation for Aa with the evolution equation (6.120) for Ārr, one can
notice that for Aa the evolution equation contains only one term that carries a dependence on the
shift vector. This is the advection term which appears as the last term on the right-hand side of the
above expression.

In order to compute the right-hand side of the above expression, we note that(
3Dr

3Drα
)TF

=
2

3

[
α′′ − α′

(
Γrrr + Γθrθ

)]
. (6.131)

In addition, we also note that the (r, r) component of the trace-free part of the Ricci tensor is as
follows

3RTF
rr = − 1

r2
+

2b′

rb
+
b′′

2b
− a′′

2a
+

(
a′

2a2
− b′

ab

)
a′ + a

[
∆̄r ′ +

2

rb

(
1

r
+
b′

b

)]
+
a′2

2a2
+ 2φ′′

− a′

2a

(
2

r
+
b′

b

)
− 2φ′

(
2

r
+
b′

b
− a′

a

)
− a

r2b
+ 3ΓrrrΓ

θ
rθ − 4

◦
Γθθr∆

θ
θr − 2∆θ

θr∆
θ
θr . (6.132)

An important note to make is that we have introduced ∆̄r into the above expression. In addition,
we note that our code is more stable when we use the common practice of including ∆̄r into the
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evolution equations only when it appears differentiated. This is also what is done by Brown in [31]
when introducing 3Γ̄rreg.

It now remains to find the evolution equation for ∆̄r. By making use of equations (6.121), (6.128)
and (6.126) we obtain

∂t∆̄
r =

2αAa
a

(
Γ̄rrr + Γ̄θrθ

)
− 4

3

αK ′

a
− 12αAaφ

′

a
+ 4 (1− v)βrφ′

(
a′

2a2
− b′

ab
− 2

ar

)
−
(
a′

2a2
− b′

ab
− 2

ar

)
βr ′ − 2Aaα

′

a
+ βr

(
∆̄r ′ +

2

r2b
+

2b′

b2r

)
+
βr ′′

a
+

2 (1− v)φ′βr ′

a
+

2(1− v)βrφ′′

a

+
vβr

3

(
a′

2a2
− b′

ab
− 2

ar

)(
a′

a
+

4

r
+

2b′

b

)
+

2vβr ′

3

(
a′

2a2
− b′

ab
− 2

ar

)
+

v

3a

[
βr ′′ + βr ′

(
a′

2a
+

2

r
+
b′

b

)
+ βr

(
a′′

a
− a′2

a2
− a′

(
a′

2a2
− b′

ab

)

− a
(
a′′

2a2
− a′2

a3
− b′′

ab
+
b′2

ab2
+
a′b′

a2b
+

2a′

a2r
+

2

ar2

))]

− 2

rb2

[
αbAa −

2v

3
bβr ′ +

2βrb

r
+ βrb′ + 4 (v − 1) bβrφ′ − v

3
bβr

(
a′

a
+

4

r
+

2b′

b

)]
. (6.133)

In the above expression, we have only included ∆̄r when it appears differentiated and as part of the
advection term βr∆̄r ′.

Having now stated the evolution of ∆̄r, we can now write the evolution equation for the shift.
This is given as follows

∂tβ
r = Br + µ2β

rβr ′ . (6.134)

For the evolution equation for the auxiliary field Br, we replace the conformal connection function
with the regularised quantity ∆̄r. That is, we use

∂tB
r = µ3∂t∆̄

r + µ4β
rB′ − µ5β

r∆̄r ′ − ηB . (6.135)

This choice of gauge is referred to as the Gamma-driver condition [26, 31]. In our analysis, we
follow [2, 26] and set µ2 = µ4 = µ5 = 0 and we set µ3 = 3/4. In addition, we set the dampening
coefficient to η = 3/2. For the evolution of the lapse function, we set µ1 = 0 in equation (6.103).
Furthermore, since we are conisdering the case of a vacuum, we have already set τij = 0 and s ij

k = 0.
As a result of Theorem 4.2.1, it follows that, since the spin-current tensor is vanishing, we have a
vanishing torsion tensor. Therefore, the GBSSN equations used here are the same as when considering
GR. As noted in [31], the Lagrange condition is more physical than the Euler condition and, therefore,
we set v = 1 in our analysis.

Lastly, in order to obtain better stability, instead of evolving the conformal scalar function φ, we
evolve the quantity χ which is defined below

χ := e2φ . (6.136)

This is also what is done in [2, 26].

6.7.2 Numerics and initial data

In the construction of our 1D code, we make use of the fourth-order Runge-Kutta (RK) method to
evolve the system of evolution equations given above. Before stating these methods, we first wish to
make a note on the grid construction used. Here, we use a staggered grid approach by placing the
origin between the first two grid points. That is, we construct our radial gid points, rn, as [31]

rn = (−1/2 + n) dr , (6.137)
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where dr is our space-step and n ∈ {0, . . . , N − 1}. In addition we note that, for our analysis, we
set N = 30000 in order to place the outer boundary sufficiently far-away. For the space-step, we use
dr = 0.01 and for the time-step we use dt = dr/2. Furthermore, we set the mass of the BH to be
M = 1.

It is clear from the above construction that the origin lies between the grid points r0 = −dr/2
and r1 = dr/2. We now wish to state the initial data to be used. For the lapse function, we make
use of the so-called pre-collapsed initial data, which is also used in [31], which is of the form

α(r, 0) =

(
1 +

M

2r

)−2

, (6.138)

where M = 1 is the mass of the BH [26]. For the components of the conformal spatial metric, we use
the initial data associated with a unit 2-sphere, i.e., we use

a(r, 0) = b(r, 0) = 1 . (6.139)

In order for the spatial metric to be the Schwarzschild BH solution at the initial state t = 0, we take
the initial data of the conformal scalar function to be

φ(r, 0) = − ln

(
1 +

M

2r

)
=⇒ χ(r, 0) =

(
1 +

M

2r

)−2

. (6.140)

Lastly, we take the initial data for the trace and rescaled traceless parts of the extrinsic curvature
tensor to be vanishing, i.e., we set K(r, 0) = Āa(r, 0) = 0.

Having stated the initial data, we now wish to mention the boundary conditions that are used in
our analysis. Here, we make use of symmetric boundary conditions for scalars as well as type (0, 2)
tensors at the inner boundary. For vectors at the inner boundary, we use antisymmetric boundary
conditions. More specifically, we set α(r0, tm) = α(r1, tm), a(r0, tm) = a(r1, tm), b(r0, tm) = b(r1, tm),
χ(r0, tm) = χ(r1, tm) K(r0, tm) = K(r1, tm), Aa(r0, tm) = Aa(r1, tm), βr(r0, tm) = βr(r1, tm),
Br(r0, tm) = Br(r1, tm) and ∆̄r(r0, tm) = ∆̄r(r1, tm). For a more in-depth discussion on this choice
of inner boundary conditions, the interested reader is directed to [126]. For the outer boundary
conditions, we simply freeze the last grid points according to the initial data. That is, we set
α(rN−1, tm) = α(rN−1, t0), a(rN−1, tm) = a(rN−1, t0), b(rN−1, tm) = b(rN−1, t0), χ(rN−1, tm) =
χ(rN−1, t0), K(rN−1, tm) = K(rN−1, t0), Aa(rN−1, tm) = Aa(rN−1, t0), βr(rN−1, tm) = βr(rN−1, t0),
Br(rN−1, tm) = Br(rN−1, t0) and ∆̄r(rN−1, tm) = ∆̄r(rN−1, t0).

We now turn our attention to the time evolution of the GBSSN equations. Below, we briefly
discuss the fourth-order RK numerical scheme which is used to evolve the system. For this scheme,
we set the time step to be dt = dr/2. In addition, for advection terms such as βra′, we use the
forward finite-difference scheme to calculate first-order spatial derivatives. That is, for some quantity
X, we write

∂rX(rn, tm) ≈ X(rn+1, tm)−X(rn, tm)

dr
. (6.141)

For all other derivatives, we use a second order finite difference stencil. That is, we calculate the
first-order spatial derivatives using [127]

∂rX(rn, tm) ≈ X(rn+1, tm)−X(rn−1, tm)

2 dr
, (6.142)

and calculate the second-order spatial derivatives using

∂2
rX(rn, tm) ≈ X(rn+2, tm)− 2X(rn, tm) +X(rn−1, tm)

dr2
. (6.143)

We now wish to briefly outline the fourth-oder RK method following [127]. Let
Xi ∈ {α, a, b, χ,K, Āa, βr, Br, ∆̄r} and let fi denote the right-hand side of the GBSSN evolution
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equation associated with Xi. Given Xi(rn, tm), we calculate the quantity Xi at the following time-
step through

Xi(rn, tm+1) = Xi(rn, tm) + dr (k1,i + 2k2,i + 2k3,i + k4,i) /6 , (6.144)

where we define

k1,i : = fi (Xj) , (6.145)

k2,i : = fi

(
Xj + dr

k1,j

2

)
, (6.146)

k3,i : = fi

(
Xj + dr

k2,j

2

)
, (6.147)

k4,i : = fi (Xj + drk3,j) . (6.148)

By making use of the above scheme, we evolve the vacuum GBSSN equations using the Gamma-
driver condition. We remind the reader that, for our analysis, we consider the case where η = 3/2.
In addition, we note that we carry out our simulations for up to t = 100M in order to show the
behaviour of the solutions for later times as well as to demonstrate the stability of the code.

6.7.3 Results

Here, we present the results obtained using our 1D code6. In Figure 6.1, we plot the lapse function
against r/M at time values of t = 0M , 5M , 10M and 15M . In the left plot, we show the lapse
function for all 30000 grid points. In the right plot, we show the lapse function for the first 3000 grid
points. In Figure 6.2 we show the radial component a for t = 0, 5M , 10M and 15M . In the left plot,
we show a for all 30000 grid points whereas in the right plot we show a for the first 5000 grid points.
Figures 6.3 and 6.4 show the plots of the shift βr and ln(1− χ) respectively.

In Figure 6.5, we plot a against r/M at time t = 100M . Similarly, in Figure 6.6, we plot βr

at time t = 100M . In Figure 6.7, we plot the maximum value of a in the left plot as well as the
maximum value of βr in the right plot. These maximum values are plotted against time up until
t = 100M . We also plot the log of the root-mean-square (RMS) values of the Hamiltonian constraint
H up to t = 100M in Figure 6.8. It is evident from Figures 6.7 and 6.8 that the numerical solution
starts to converge around t ∼ 20M as expected [2–4].

We also plot the apparent horizon position and mass. In order to calculate the position of the
apparent horizon, we make use of the so-called apparent horizon function given in [128] and stated
below

Θ(a, b, χ,Aa,K) :=
χ√
a

(
−2χ′

χ
+

2

r
+
b′

b

)
+Aa −

2K

3
. (6.149)

In order to find the apparent horizon, rAH, we solve the equation Θ(a, b, χ,Aa,K) = 0 at each time-
step. For a detailed discussion on finding apparent horizons in the context of numerical relativity,
the reader is directed to [128] by Thornburg. Once we have determined rAH for a given time-step, we
calculate the apparent horizon mass. This is done by evaluating the below expression at rAH

MAH :=

√
r2b
√
a

2χ
. (6.150)

In Figure 6.9 we plot the position of the apparent horizon as well as the apparent horizon mass
MAH in the left and right plots respectively. It is evident from these plots that the apparent horizon
position and mass begin to stabilise around t ∼ 20M . In addition, we note that the apparent horizon
mass remains within 1.6% of unity for the entire duration of the simulation. We also note that, at
t = 100M , we have rAH ≈ 0.977 and MAH ≈ 1.005.

6This 1D code constructed by the author is available at https://www.dropbox.com/sh/cfybc2cysixchlz/
AACjKq0NHComUPoXcZz90DH7a?dl=0 and is entitled numerical_simulation.cpp. In addition, we have also made available
the Python codes that were used to plot the results.

https://www.dropbox.com/sh/cfybc2cysixchlz/AACjKq0NHComUPoXcZz90DH7a?dl=0
https://www.dropbox.com/sh/cfybc2cysixchlz/AACjKq0NHComUPoXcZz90DH7a?dl=0
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Figure 6.1: Plots of the lapse function α where we have taken the damping coefficient to be η = 3/2.
In the left plot, we have shown the lapse function for all 30000 grid points whereas in the right plot
we have shown this quantity for the first 3000 grid points. In both plots, the top-left panel shows
the profile at t = 0M , the top-right at t = 5M , the bottom-left at t = 10M and the bottom-right at
t = 15M .
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Figure 6.2: Plots of the radial component a where we have taken the damping coefficient to be
η = 3/2. In the left plot, we have shown the radial component for all 30000 grid points whereas in
the right plot we have shown this quantity for the first 5000 grid points. In both plots, the top-left
panel shows the profile at t = 0M , the top-right at t = 5M , the bottom-left at t = 10M and the
bottom-right at t = 15M .
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Figure 6.3: Plots of the shift βr where we have taken the damping coefficient to be η = 3/2. In the
left plot, we have shown the shift for all 30000 grid points whereas in the right plot we have shown this
quantity for the first 3000 grid points. In both plots, the top-left panel shows the profile at t = 0M ,
the top-right at t = 5M , the bottom-left at t = 10M and the bottom-right at t = 15M .
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Figure 6.4: Plots of ln(1− χ) where we have taken the damping coefficient to be η = 3/2. In the left
plot, we have given the profile for all 30000 grid points whereas in the right plot we have shown this
quantity for the first 3000 grid points. In both plots, the top-left panel shows the profile at t = 0M ,
the top-right at t = 5M , the bottom-left at t = 10M and the bottom-right at t = 15M .
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Figure 6.5: Plots of the radial component a for the case where η = 3/2 at t = 100M . In the left plot,
we show the radial component a for all 30000 grid points whereas in the right plot we have shown a
for the first 5000 grid points.
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Figure 6.6: Plots of the shift βr for the case where η = 3/2 at t = 100M . In the left plot, we show
the shift for all 30000 grid points whereas in the right plot we have shown the shift for the first 3000
grid points.
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Figure 6.7: Plots of the maximum values of radial component a and the shift βr for the first t = 100M .
The left plot shows the evolution of the maximum value of the radial component a while the right
plot shows the evolution of the maximum value of the shift βr. It is clear from these plots that the
solution starts to stabilise around t ∼ 20M as expected [2–4].
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Figure 6.8: Plot of the natural log of the root-mean-square (RMS) of the Hamiltonain constraint H.
It is clear from this plot that the numerical solution begins to stabilise around t ∼ 20M which is
expected.
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Figure 6.9: The left plot shows the position of the apparent horizon whereas the right plot shows the
apparent horizon mass MAH. It is clear from both plots that the solution starts to stabilise around
t ∼ 20M . In addition, the apparent horizon mass does not drift more than 1.6% away from unity.
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6.8 Chapter conclusions

In this chapter, we have derived the ADM and BSSN formulations of the EC theory of gravity
by following what has been done in [19] with regards to GR. In addition, we presented a 3 + 1
decomposition of the energy-matter content for the EC theory of gravity by following what was done
in [30] for the case of GR. Before we derived the ADM formulation of the EC theory of gravity,
we first studied spacelike hypersurfaces of the Riemann-Cartan space-time which is the underlying
space-time of the EC theory of gravity. In doing this, we derived the non-null torsion Gauss, Codazzi
and Ricci equations. We noted that the well-known torsion-free Gauss, Codazzi and Ricci equations
are well-defined on a space-like hypersurface of U4 since the three-dimensional Levi-Civita connection
is well-defined.

Following this, we turned our attention to determining an ADM formulation of the EC theory
of gravity by making use of the EC field equations discussed in Section 4.2. In order to derive the
ADM equations, it was necessary to introduce a lapse function. In the ADM formulation of GR,
one simply defines the lapse functions through the natural choice of an acceleration vector. In the
case of the EC theory, the underlying space-time U4 admits both the Cartan connection as well as
the Levi-Civita connection. Therefore, there are two acceleration vectors: one which measures the
acceleration of the unit normal vector as described by the Cartan connection and the other which
measures the acceleration as described by the Levi-Civita connection. Since there are two acceleration
vectors, there are two choices for the lapse function. In order for the lapse function to describe how
much proper time has elapsed, it is necessary to define the lapse function using the acceleration vector
that is associated with the Levi-Civita connection. The reason for this is that, since test particles
follow auto-parallel curves of the Levi-Civita connection, the acceleration vector associated with this
connection will give the proper acceleration of the unit normal vector to the hypersurface.

Since the torsion tensor is determined entirely by the spin-current tensor in the EC theory [7],
we derived the ADM equations by making use of the torsion-free Gauss, Codazzi and Ricci equations
and introduced the torsion tensor through the use of the effective energy-momentum tensor. This
concluded our derivation of the ADM formulation of the EC theory. Following this, we turned our
attention to finding a 3 + 1 decomposition of the energy-matter content. In order to carry out such
a decomposition, we considered the effective energy-momentum tensor which is both symmetric and,
by the second torsion-free Bianchi identity (3.56), conserved. By following what was done in [30], we
obtained the evolution equations for the effective energy density and the effective momentum density.

Having derived the ADM formulation of the EC theory, we then derived the GBSSN formulation
of the EC theory which is a modification of the ADM formulation. This was carried out by again
following what was done in [19,20] for the case of GR. While the BSSN formulation assumes that the
determinant of the conformal spatial metric is unity, this is not assumed in the more general GBSSN
formulation. As pointed out in [25, 31], the determinant of the conformal spatial metric in spherical
coordinates is not unity, implying the need for the GBSSN formulation.

We concluded this chapter by considering the vacuum GBSSN evolution equations in the case
of spherical symmetry. Since the EC theory reduces to GR in the case of a vanishing spin-current
tensor, in this instance the GBSSN evolution equations reduce to that of GR which are reported
in [26, 31]. We constructed a 1D code to numerically evolve the system of GBSSN equations that
describes the evolution of a BH puncture. The 1D code that we constructed made use of the fourth-
order RK method for time integration. We reported our results as profile plots at time values of
t = 0M, 5M, 10M, 15M and 100M . In addition, we reported the evolution of the maximum values of
a and βr up to t = 100M as well as the evolution of the log of the RMS of the Hamiltonian constraint
up to t = 100M . We note that the application of GBSSN in the case of spherical symmetry in GR
has been done before in [2, 26, 31].





Chapter 7

Conclusions

In this thesis, we have studied gravitational theories for which the natural choice of an affine connection
is metric compatible and not necessarily symmetric. That is, we allow for the torsion tensor to be
non-vanishing. Below, we mention the main points that have been discussed in this work.

In Chapter 2, we discussed some of the mathematical notions needed to construct a definition of
space-time. In particular, following [55,66], we introduced the definition of a manifold that we made
use of throughout this thesis. Following this, we discussed the notions of the tangent space and dual
space. We also discussed how integration is carried out on a manifold. Such a discussion proved to be
useful since, when constructing gravitational theories, an action integral is required for the definition
of the theory. We concluded the chapter by discussing the notion of a fibre bundle and mentioned
how the Teleparallel Equivalent of General Relativity (TEGR) can be written as a gauge theory of
the translation group [8] while the Einstein-Cartan (EC) theory can be written as a gauge theory of
the Poincaré group [70].

In Chapter 3, we introduced the definitions of the various space-times that we made use of through-
out this thesis. We defined the Riemann-Cartan space-time to be the tuple consisting of the space-time
manifold, the metric tensor and the Cartan connection as the natural choice of an affine connection [9].
Furthermore, in the event that the Cartan connection is the Weitzenböck connection, the space-time
was then referred to as the Weitzenböck space-time. In addition to these definitions, we discussed
the notions of auto-parallel and extremal curves in these space-times. In particular we noted that
since test particles follow extremal curves, test particles follow auto-parallel curves of the Levi-Civita
connection and not necessarily auto-parallel curves of the Cartan connection [74]. We discussed three
Raychaudhuri equations that can be constructed on the Riemann-Cartan space-time. We argued
that, since test particles follow auto-parallel curves of the Levi-Civita connection, one must turn to
the torsion-free Raychaudhuri equation to derive the relevant focusing conditions of the theory. This
argument is what led us to make use of the torsion-free Raychaudhuri equation in Chapter 5 when
determining the focusing conditions for f(T ) theories.

In Chapter 4, we reviewed some of the gravitational theories that have non-vanishing torsion. We
began the chapter by first discussing the EC theory of gravity by following what was done in [7, 9].
Following this, we reviewed the Einstein-Cartan-Saa (ECS) theory which was first presented in [11].
We noted that, in order to obtain a volume element that yields a pure boundary term upon the
integration of the Cartan divergence of an arbitrary vector field, one must ensure that this volume
element is parallel with respect to the transpose of the Cartan connection. Another modification
to the EC theory that we studied was the Chern-Simons Einstein-Cartan (CSEC) theory which was
constructed based on what was done in [13,14] for the case of General Relativity (GR). We concluded
the chapter by reviewing the f(T ) theories of gravity.

In Chapter 5, we studied the focusing conditions that arise in the context of the f(T ) theories of
gravity. In particular we derived, for the first time, the f(T ) focusing conditions for a one-parameter
dependent congruence of timelike auto-parallel curves of the Levi-Civita connection. We then studied
these focusing conditions for three bi-parametric f(T ) cosmological models. These results have given
rise to the article [65]. Future prospects could involve determining these focusing conditions for the
spatially-flat Robertson-Walker space-time in spherical coordinates.
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In Chapter 6, we derived the Arnowitt-Deser-Misner (ADM) and Generalised-Baumgarte-Shapiro-
Shibata-Nakamura (GBSSN) formulations of the EC theory. We first derived the non-null torsion
and torsion-free Gauss, Codazzi and Ricci equations given a Riemann-Cartan space-time. We then
made use of the torsion-free Gauss, Codazzi and Ricci equations together with the effective energy-
momentum tensor in order to derive the ADM equations. Since the torsion tensor was included
entirely in the energy-matter content, we then derived a set of evolution equations for the energy-
matter content by decomposing the effective energy-momentum tensor. Following this, we derived
for the first time the GBSSN formulation of the EC theory. We then considered the vacuum GBSSN
equations for the case of spherical symmetry. Such evolution equations coincide with those of GR
and are reported in [25, 31]. We then constructed a 1-dimensional code to evolve this system. Such
systems have been numerically studied before in [2, 26, 27, 31]. Modifications of our 1-dimensional
code to include non-vanishing torsion is left as the subject for future work. We noted that torsion
can be included via the effective energy-momentum tensor which contains the spin-current tensor.



Appendix A

Klein-Gordon and Dirac equations in
Riemann-Cartan space-time

Here, we wish to derive the Klein-Gordon and Dirac equations in the presence of curvature and
torsion. More specifically, we wish to derive these aforementioned equations given the Riemann-
Cartan space-time U4. In deriving each of these equations, we require their formulation in Minkowski
space-time. We discuss these formulations in Sections A.1 and A.2 by following what was done in [89]
by Kleinert, [129] by Sakurai, and [130] by Scheck. We then following what is done in [79] by Shapiro
and apply the minimal coupling procedure (MCP) in order to derive the corresponding equations in
U4.

A.1 The Klein-Gordon equation in Minkowski space-time

Consider the Minkowski space-time described by the tuple
(
R1,3,η, ∂

)
where η is the Minkowski

metric with signature (+,−,−,−). Here, we denote such a space-time as M4. Let us consider the
Schrödinger equation, without forces, for a particle:

i∂t |Ψ〉 = Ĥ |Ψ〉 , (A.1)

where the ket |Ψ〉 is a Hilbert space element, Ĥ is the Hamiltonian operator and we have used natural
units to set ~ = 1. The Klein-Gordon equation(

−∂2 −m2
)
φ = 0 , (A.2)

where φ(x) is a scalar field is the field theoretic analogue of the Schrödinger equation (A.1). While the
wavefunction Ψ(x) := 〈x|Ψ(x)〉 can be described by a probability density function (PDF), a solution
to the Klein-Gordon equation (A.2) cannot, in general, be described by a PDF [130]. Here, we allow
φ(x) to be a complex scalar field and we denote its complex conjugate by φ∗(x). Let S be a frame
which has coordinates xµ and let S′ denote a frame that is obtained through the action of a Lorentz
transformation on S, i.e., the coordinates of S′ are x′µ = Λµνxν where Λµν is a matrix describing the
Lorentz transformation. The scalar field φ(x) has no spin degrees of freedom and is a Lorentz scalar,
i.e., in the frame S′ we have φ′(x′) = φ(x). Let us consider the following action constructed on the
Minkowski space-time M4

SKG =

∫
d4x φ∗(x)

(
−∂2 −m2

)
φ(x) . (A.3)

Varying the above action with respect to φ∗(x) yields the Klein-Gordon equation (A.2). An equivalent
action can be obtained by carrying out an integration by parts on the above expression. This yields
the following action

SKG =

∫
d4x

[
(∂νφ

∗) (gµν∂µφ)−m2φ∗φ
]
, (A.4)
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after requiring that the scalar field vanishes at the boundaries. It is easily verifiable that varying
the above expression with respect to φ∗(x) yields the Klein-Gordon equation (A.2). When we wish
to find the Klein-Gordon equation in the presence of curvature and torsion, we will apply the MCP
approach to the above expression. Before doing this, however, we wish to apply Noether’s theorem
in order to find a quantity that is conserved under a global internal symmetry [98]. First, consider a
one-parameter, u, family of U(1) symmetry transformations of the scalar field φ(x):

φu := e−iuGφ , (A.5)

where iG is an element of the associated Lie Algebra u(1). We note that we obtain different φu
variations for different u ∈ R. In addition, we note that the symmetry transformation of φ∗ from the
above equation is nothing more than

φ∗u = eiuGφ∗ . (A.6)

We now require that the Lagrangian density L (φ, φ∗, ∂νφ, ∂νφ
∗) is invariant under a global internal

symmetry transformation of the form given above, i.e., we have [98]

L (φu, φ
∗
u, ∂νφu, ∂νφ

∗
u) = L (φ, φ∗, ∂νφ, ∂νφ

∗) . (A.7)

From the above expression, it follows that we have

d
du

∣∣∣
u=0

[L (φu, φ
∗
u, ∂νφu, ∂νφ

∗
u)− L (φ, φ∗, ∂νφ, ∂νφ

∗)] = 0 . (A.8)

Carrying out the differentiation with respect to the parameter u yields

∂ν

(
∂L

∂ (∂νφ)

dφu
du

∣∣∣
u=0

+
∂L

∂ (∂νφ∗)

dφ∗u
du

∣∣∣
u=0

)
= 0 , (A.9)

where we have made use of the Euler-Lagrange equations. By reading off the Lagrangian density from
equation (A.4) and determining the derivatives of the scalar field with respect to u from equations
(A.5) and (A.6), it can be found that

jν := φ∗
←→
∂ν φ = φ∗∂νφ− φ∂νφ∗ , (A.10)

is a conserved Noether current with ∂νj
ν = 0. This concludes our discussion of the Klein-Gordon

equation in Minkowski space-time M4. In Section A.3, we derive the Klein-Gordon equation in the
Riemann-Cartan space-time U4 through the application of the MCP.

A.2 Dirac equation in Minkowski space-time

In this section, we follow what is done in [89,129] in order to discuss the Dirac equation in Minkowski
space-timeM4. Let us first discuss the Lorentz transformations that yield a frame S′, with coordinates
x′µ, from a frame S, with coordinates xµ. As mentioned previously, the coordinates transform as
x′µ = Λµνxν . Let us study the Lorentz transformation, Λ, that yields a rotation, by an angle say α,
about the z−axis. Such a transformation, which we shall denote as Rµ3 ν (α), is written as

R3 (α) =


1 0 0 0
0 cosα − sinα 0
0 sinα cosα 0
0 0 0 1

 , (A.11)

where we have suppressed space-time indices. The fact that the transpose of the above matrix is
equal to the inverse of the above matrix together with the fact that the determinant is unity implies
that it is an element of the Lie group SO(1, 3). We now wish to find a matrix, say Lµ3 ν , that
allows us to obtain the above Lorentz transformation matrix through the use of the exponential map,
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i.e., Rµ3 ν =
[
e−iαL3

]µ
ν
. Calculating the right-hand side through the use of a Taylor expansion and

dropping the space-time indices yields

e−iαL3 =
∞∑
n=0

(−iαL3)n

n!
= −i

∞∑
n=0

(−1)nα2n+1L2n+1
3

(2n+ 1)!
+

∞∑
n=0

(−1)nα2nL2n
3

(2n)!
. (A.12)

Let us consider the following 4× 4 matrix as an ansatz:

L3 = −i


0 0 0 0
0 0 1 0
0 −1 0 0
0 0 0 0

 . (A.13)

It is not difficult to show that

L2
3 =


0 0 0 0
0 1 0 0
0 0 1 0
0 0 0 0

 . (A.14)

By substituting the last two expressions into equation (A.12), we obtain the following

e−iαL3 =


1 0 0 0
0 0 0 0
0 0 0 0
0 0 0 1

+ cosα


0 0 0 0
0 1 0 0
0 0 1 0
0 0 0 0

− sinα


0 0 0 0
0 0 1 0
0 −1 0 0
0 0 0 0

 , (A.15)

which is nothing more than the rotation matrix Rµν (α) ∈ SO(1, 3). Through the use of the exponen-
tial map, one can obtain the SO(1, 3) element Rµν (α) from the matrix Lµν . What we have considered
so far is simply a rotation about the z-axis. Let us now consider rotations about the x- and y- axes.
The matrices

L1 = −i


0 0 0 0
0 0 0 0
0 0 0 1
0 0 −1 0

 , L2 = −i


0 0 0 0
0 0 0 −1
0 0 0 0
0 1 0 0

 , (A.16)

produce the rotation matrices R1 ∈ SO(1, 3) and R2 ∈ SO(1, 3) respectively. That is, one can obtain
the SO(1, 3) elements describing rotations about the x- and y-axes through the mappings R1 = e−iαL1

and R2 = e−iαL2 respectively.
Up until now, we have only discussed rotations. To find all the generators of the Lorentz group

SO(1, 3) we must consider, in addition to rotations, boosts. Consider the following Lorentz transfor-
mation that describes a boost in the x-direction

B1 =


γ βγ 0 0
βγ γ 0 0
0 0 1 0
0 0 0 1

 , (A.17)

where β := v/c, v is the velocity of the boosted frame and c is the speed of light. Introducing the
rapidity, w := arctanhβ, allows us to write the above Lorentz transformation as

B1 =


coshw sinhw 0 0
sinhw coshw 0 0

0 0 1 0
0 0 0 1

 . (A.18)
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We now wish to find a matrix, say N1, that can produce the above Lorentz transformation through
the use of the exponential map. As an ansatz, we consider

N1 = i


0 1 0 0
1 0 0 0
0 0 0 0
0 0 0 0

 . (A.19)

It is not difficult to show that

e−iN1w =
∞∑
n=0

(−1)nw2nN2n
1

(2n)!
− i

∞∑
n=0

(−1)nw2n+1N2n+1
1

(2n+!)!
. (A.20)

By making use of the fact that we have

N2
1 = −


1 0 0 0
0 1 0 0
0 0 0 0
0 0 0 0

 , (A.21)

it follows from equation (A.20) that the exponential map yields

e−iwN1 =


0 0 0 0
0 0 0 0
0 0 1 0
0 0 0 1

+ coshw


1 0 0 0
0 1 0 0
0 0 0 0
0 0 0 0

+ sinhw


0 1 0 0
1 0 0 0
0 0 0 0
0 0 0 0

 , (A.22)

which is nothing more than the Lorentz transformation B1 ∈ SO(1, 3) which describes a boost in
x-direction. In addition, the matrices

N2 = i


0 0 1 0
0 0 0 0
1 0 0 0
0 0 0 0

 , N3 =


0 0 0 1
0 0 0 0
0 0 0 0
1 0 0 0

 , (A.23)

through the exponential map yield B2 = e−iwN2 and B3 = e−iwN3 which are the Lorentz transfor-
mations that describe boosts in the y- and z-directions respectively [89]. We note that an arbitrary
Lorentz transformation, say Λ, can be written as [89]

Λ = e−i(α
kLk+wkNk) . (A.24)

Consider now the matrices given in equations (A.13), (A.16), (A.19) and (A.23). These generators
satisfy the following set of commutation relations

[Li, Lj ] = i
3∑

k=1

εijkLk , (A.25)

[Li, Nj ] = i

3∑
k=1

εijkNk , (A.26)

[Ni, Nj ] = −i
3∑

k=1

εijkLk , (A.27)

where i, j, k ∈ {1, 2, 3} and we remind the reader that we use εijk to denote the Levi-Civita sym-
bol [89]. The above relations form a Lie algebra for the Lie group SO(1, 3) for which the Lorentz
transformations Ri and Bi are elements for i ∈ {1, 2, 3}.
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In the above, we have briefly discussed the associated Lie algebra of the Lorentz transformations
on the Minkowski space-time M4. We now wish to turn our attention to studying spin-1/2 fields by
making use of the Lie algebra construction given in equations (A.25), (A.26) and (A.27). Let us first
define the Pauli spin matrices as follows [89]

σ1 :=

(
0 1
1 0

)
, σ2 :=

(
0 −i
i 0

)
, σ1 :=

(
1 0
0 −1

)
. (A.28)

Following [89], and with the above definitions in mind, we note that the matrices of smallest dimension
that satisfy the subalgebra described by equation (A.25) are

Li :=
σi

2
. (A.29)

Turning our attention to the entire Lie algebra, which is given by equations (A.25), (A.26) and (A.27),
we note that there are two distinct options for ensuring the satisfaction of this Lie algebra. The first
such option is to define

Mi := − iσ
i

2
. (A.30)

The second option is to instead define

Mi :=
iσi

2
. (A.31)

The first complete set of generators is then equation (A.29) together with equation (A.30) while
the second complete set of generators is then equations (A.29) and (A.31). Given the first set of
generators, an arbitrary Lorentz transformation can be written as

Λ = e−i(a
kσk−ibkσk) , (A.32)

where a, b ∈ R3. On the other hand, given the second set of generators, an arbitrary Lorentz
transformation can be written as [89]

Λ = e−i(a
kσk+ibkσk) . (A.33)

Given that we have two distinct sets of generators, we introduce two vector fields whose associated
transformation law is either that of equation (A.32) or of equation (A.33). That is, we introduce the
so-called Weyl spinors, ϕ and ξ, that behave in the following way under a Lorentz transformation [89]:

ϕ(x) −→ e−i(a
kσk−ibkσk)ϕ(x) , (A.34)

χ(x) −→ e−i(a
kσk+ibkσk)χν(x) . (A.35)

By making use of the Weyl spinors introduced above, the goal now is to construct an action integral
that is invariant under Lorentz transformations and from which we can extract the equations of
motion for a spin-1/2 field. The construction of such an action integral that is quadratic in the Weyl
spinors as well as their first order derivatives is given in [89]. Here, we shall simply state this action
integral and the interested reader is directed to [89] for the construction. This action integral reads

S =

∫
d4x

(
iϕ†(x)σ̄µ∂µϕ(x) + iχ†(x)σµ∂µχ(x)−m1ϕ

†(x)χ(x)−m2χ
†(x)ϕ(x)

)
, (A.36)

where m1 and m2 are constants, the superscript † is used to denote the Hermitian conjugate and we
define

σµ :=
(
12×2, σ

i
)
, σ̄µ :=

(
12×2,−σi

)
. (A.37)
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In equation (A.36) we have omitted the space-time indices following [89]. We now wish to read off
the Lagrangian density from equation (A.36) and obtain the equations of motion. By carrying out
an ordinary variation of the action with respect to the Weyl spinor Hermitian conjugate ϕ†, one can
obtain the following equations of motion:

iσ̄µ∂µϕ(x)−m1χ(x) = 0 . (A.38)

On the other hand, the ordinary variation of the action with respect to the Weyl spinor Hermitian
conjugate χ† yields the following equation of motion:

iσµ∂µχ(x)−m2ϕ(x) = 0 . (A.39)

Now, by acting iσµ∂µ on the equation of motion (A.38), one obtains

−σµσ̄ν∂µ∂νϕ(x)−m1iσ
µ∂µχ(x) = 0 . (A.40)

Now, we not that the anti-commutation relation

σ(µσ̄ν) = ηµν , (A.41)

implies that we have

σµσ̄ν∂µ∂ν = 12×2∂
2 . (A.42)

Therefore, by substituting equation (A.39) into equation (A.38) as well as by making use of the above
expression we obtain the following equation(

−∂2 −m1m2

)
ϕ(x) = 0 . (A.43)

We can apply a similar procedure to equation (A.39) in order to obtain the following(
−∂2 −m1m2

)
χ(x) = 0 . (A.44)

It is at this point we wish to define a new object which is the so-called Dirac spinor and is defined as

ψ(x) :=

(
ϕ(x)
χ(x)

)
. (A.45)

For the sake of simplicity, from here on-wards we set m := m1 = m2 and we define the so-called
γ −matrices as

γµ =

(
0 σµ

σ̄µ 0

)
. (A.46)

In addition, we define ψ̄(x) := ψ†(x)γ0. We now write the following action integral which is referred
to as the Dirac action [89]

S1/2 =

∫
d4x ψ̄(x) (iγµ∂µ −m14×4)ψ(x) . (A.47)

By carrying out an ordinary variation of the above Dirac action with respect to ψ̄(x), one can obtain
the following equation of motion

(iγµ∂µ −m14×4)ψ(x) = 0 . (A.48)

By writing the above equation in terms of the Weyl spinors ϕ(x) and χ(x) through the use of the
definition of the Dirac spinor, one obtains equations (A.38) and (A.39). Equation (A.48) is referred
to as the Dirac equation in the Minkowski space-time M4. Before moving on to discuss this equation
for a Riemann-Cartan space-time U4, we first wish to apply Noether’s theorem in order to obtain
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conserved quantities for a global internal symmetry. Let us consider a one-parameter, u ∈ R, family
of symmetry variations of the Dirac spinor field, ψ(x), described by the Lie group U(1). We write

ψu := e−iuGψ . (A.49)

Of course, the one-parameter family of symmetry variations for the adjoint Dirac spinor is given as
follows

ψ̄u := e−iuGψ̄ . (A.50)

Given a Lagrangian density, L, that depends on the Dirac spinor, its first order derivative as well as
the adjoint Dirac spinor, a global internal symmetry of this Lagrangian density implies that

d
du

∣∣∣
u=0

(
L
(
ψu, ψ̄u, ∂νψu

)
− L

(
ψ, ψ̄, ∂νψ

))
= 0 . (A.51)

The above expression together with the Euler-Lagrange equations of motion imply that

∂ν

(
∂L
∂∂νψ

dψu
du

∣∣∣
u=0

)
= 0 . (A.52)

By substituting equation (A.49) into the above expression, as well as by reading off the Dirac La-
grangian density from the Dirac action given in equation (A.47) we obtain the following conserved
Noether current [89]

jν = ψ̄γνψ . (A.53)

In Section A.4, we wish to derive the Dirac equation given the Riemann-Cartan space-time U4 by
applying the MCP to the Dirac action in M4. The MCP will not be applied directly to the Dirac
action as it is given in equation (A.47). By first writing the Dirac action as

S1/2 =
1

2

∫
d4x

(
iψ̄(x)γµ∂µ + iψ̄(x)γµ∂µ − 2m14×4ψ̄(x)ψ(x)

)
, (A.54)

and then carrying out an integration by parts on the second term in the intgrand, we obtain the
following integral for the Dirac action

S1/2 =
1

2

∫
d4x

(
iψ̄(x)γµ∂µψ(x)− i

(
∂µψ̄(x)

)
γµψ(x)− 2m14×4ψ̄(x)ψ(x)

)
. (A.55)

In Section A.4, it is this form of the Dirac action that the MCP will be applied to.

A.3 The Klein-Gordon equation in Riemann-Cartan space-time

Here, we consider the Riemann-Cartan space-time U4. Our goal in this section is to derive the Klein-
Gordon equation for U4 by applying the MCP as described in the review article [79] by Shapiro.
Before stating the action integral to be used, we wish to make a note on the volume element that will
be used. While it is possible to consider an alternative to the natural choice of a volume element,
which is done in the ECS theory of gravity, in this section we will consider action integrals that are
constructed using the natural choice of a volume element. The Klein-Gordon equation in Minkowski
space-time is studied in Appendix A.1. Applying the MCP procedure to equation (A.4), which is the
action in Minkowski space-time, we obtain the following

SKG =

∫
d4x
√
−g
[
(Dνφ

∗) (Dνφ)−m2φ∗φ
]
. (A.56)

and we remind the reader that Dν denotes the Levi-Civita covariant derivative. In constructing
the above action from equation (A.4), we have introduced the natural choice for a volume element.
Since φ is a C∞ function on the Riemann-Cartan space-time manifold, the dual vector field obtained
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by carrying out a covariant derivative on the scalar field is independent of the covariant derivative
used, i.e., ∇νφ = Dνφ = ∂νφ. Since the volume element is parallel with respect to the Levi-Civita
connection, we have written the derivatives in the action in terms of Levi-Civita covariant derivatives.
Since the volume element is parallel with respect to the Levi-Civita connection, an integration by
parts of the above action integral yields

SKG =

∫
d4x
√
−gφ∗

(
−D2 −m2

)
φ . (A.57)

Therefore, by requiring an extremum of the action under ordinary variations of the complex conjugate
of the scalar field, φ∗, we obtain the Klein-Gordon equation in Riemann-Cartan space-time(

−D2 −m2
)
φ = 0 . (A.58)

It is worth noting that torsion does not play a role in the above expression. This is not surprising
since, as is the case for the Einstein-Cartan theory of gravity, an absence of spin degrees of freedom
implies that there is no torsion contribution. Let us now turn our attention to obtaining a conserved
quantity, through the use of Noether’s theorem, that arises through the occurrence of a global internal
symmetry. By applying a similar method to what was done in the previous section for the case of a
Minkowski space-time, we have the following Noether current

jν := φ∗
←→
Dνφ , (A.59)

with the associated conservation equation Dνj
ν = 0. This concludes our discussion of the Klein-

Gordon equation in the Riemann-Cartan space-time. We now wish to turn our attention to the Dirac
equation. In deriving the Dirac equation for U4, we follow a similar approach to what was done for
the Klein-Gordon equation.

A.4 The Dirac equation in Riemann-Cartan space-time

In this section, we wish to derive the Dirac equation for the Riemann-Cartan space-time by following
what is done in [75, 79]. The derivation in this section will be carried out by applying the MCP to
the Dirac action given in equation (A.55). Before we apply the MCP to the Dirac action, we first
wish to consider how the Dirac spinor behaves as a result of the action of the full covariant derivative,
defined in equation (3.121). As suggested in [79], the result of the Dirac spinor being acted on by the
full covariant derivative is

Dµψ = ∂µψ −
i

2
wabµσabψ , (A.60)

where wab is the connection one-form defined in equation (3.93) and

σab := iγ[aγb] . (A.61)

On the other hand, the action of the full covariant derivative on the adjoint Dirac spinor field is [79]

Dµψ̄ = ∂µψ̄ +
i

2
ψ̄ wabµσab . (A.62)

We note that the connection one-form is also referred to as the spinor connection [8]. In addition, we
note that we have defined the spinor connection in a different manner to what is done in [79]. Let us
now turn our attention to the antisymmetric object σab defined in equation (A.61). Here, the gamma
matrices with Latin indices denote the gamma matrices in the non-holonomic frame. That is, the γa

are given by equation (A.46) and satisfy

γ(aγb) = ηab , (A.63)
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where ηab is the Minkowski metric. We remind the reader that, in this section, we make use of the
signature (+,−,−,−). We introduce the space-time gamma matrices, γµ, by contracting the tetrad
coefficients with the gamma matrices in the non-holonomic frame, i.e., we write

γµ = e µ
a γ

a . (A.64)

The anti-commutation relation satisfied by the space-time gamma matrices is as follows

γ(µγν) = gµν , (A.65)

where gµν is the space-time metric [75]. Let us now turn our attention to equation (A.60) which
describes the action of the full covariant derivative on the Dirac spinor. By assuming the tetrad
postulate, i.e., that the action of the full covariant derivative on the vierbein vanishes, we have the
following expression for the space-time components of the connection one-form

wkbν = ekα∇νe α
b . (A.66)

The above expression can be derived from equation (3.122) which follows directly from the tetrad
postulate. By substituting equation (A.61) into equation (A.60), and noting that the connection
one-form is antisymmetric, i.e., wab = −wba, one can obtain the following expression

Dµψ = ∂µψ +
1

4
wabµγaγbψ . (A.67)

Now, by substituting equation (A.66), which relates the spinor connection to the vierbein, into the
above expression we obtain

Dµψ = ∂µψ + Γ̃µψ , (A.68)

where we have defined Γµ as

Γ̃µ :=
1

4
eaν (∇µe ν

b ) γaγ
b . (A.69)

In addition, we also have the following equation for the adjoint Dirac spinor field

Dµψ̄ = ∂µψ̄ − ψ̄Γ̃µ . (A.70)

The last three expressions are what is given in [75]. It is also worth noting that the action of the
total covariant derivative on the gamma matrices vanishes, i.e., Dνγα = 0 [75]. In order to show this,
consider the following which follows from equation (A.70) [75]

Dµγα = ∂µγ
α + Γ̃αµβγ

β + Γ̃µγ
α − γαΓ̃µ . (A.71)

By substituting equations (A.64) and (A.69) into the above expression yields

Dµγα = γa∇µe α
a +

1

4
γνγ

a∇µγαe ν
a −

1

4
γαγνγ

a∇µe ν
a . (A.72)

Substituting equation (A.65) into the third term on the right-hand side of the above expression yields
the following

Dµγα =
1

2
γa∇µe α

a +
1

4
γνγ

aγα∇µe ν
a +

1

4
eaβγνγ

αγβ∇µe ν
a . (A.73)

Finally, by substituting equation (A.65) into the third term on the right-hand side of the above
expression we obtain

Dµγα =
1

2
γa∇µe α

a +
1

4
γνγ

aγα∇µe ν
a +

1

2
γνe

aα∇µe ν
a −

1

4
γνγ

aγα∇µe ν
a = 0 , (A.74)
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as desired. So far, we have only considered how the Dirac spinor behaves as a result of the action of
the full covariant derivative whose spin connection depends on the Cartan covariant derivative of the
vierbien. By defining the torsion-free spin connection

◦
wk

b := Γkabθ̂
a , (A.75)

we can introduce the torsion-free full covariant derivative as

◦
Dkb := δkbD +

◦
wk

b . (A.76)

We remind the reader that the Γkab denotes the Christoffel symbols in the non-holonomic frame and
θ̂ denotes the dual basis in the non-holonomic frame. The torsion-free full covariant derivative of the
spinor field is written as

◦
Dµψ = ∂µψ − Γµψ , (A.77)

where the term Γµ is found by replacing the Cartan covariant derivative in equation (A.69) with the
Levi-Civita covariant derivative. In addition, the torsion-free full covariant derivative of the adjoint
Dirac spinor field is given by the expression

◦
Dµψ̄ = ∂µψ̄ − ψ̄Γµ . (A.78)

Let us now turn our attention to applying the MCP to the Dirac action of Minkowski space-time M4

which is given in equation (A.55). Replacing the partial derivatives in this expression with the full
covariant derivative D, one obtains the following action integral

S1/2 =
i

2

∫
d4x e

(
ψ̄γνDνψ −Dµψ̄γµψ + 2imψ̄ψ14×4

)
, (A.79)

where e is the determinant of the tetrad field, i.e., e = det eaµ. Consider the second term in the
integrand on the right-hand side of the above expression. By making use of equations (A.70) and
(A.78), we can convert the full covariant derivative to the torsion-free covariant derivative as follows:

Dµψ̄ =
◦
Dµψ̄ + ψ̄

(
Γµ − Γ̃µ

)
. (A.80)

By substituting the above expression into equation (A.79) we obtain the following

S1/2 =
i

2

∫
d4x e

(
ψ̄γνDνψ −

◦
Dµψ̄γµψ − ψ̄

(
Γµ − Γ̃µ

)
γµψ + 2imψ̄ψ14×4

)
. (A.81)

Of course, since the full covariant derivative reduces to the torsion-free covariant derivative in the case
of vanishing torsion, it follows that, since the gamma matrices are compatible with the full covariant
derivative, the gamma matrices are also compatible with the torsion-free full covariant derivative,

i.e.,
◦
Dµγν = 0. By making use of this result together with the fact that the volume element ed4x is

compatible with the torsion-free full covariant derivative, an integration by parts of the second term
in the integrand in the above expression yields the following

S1/2 =
i

2

∫
d4x e

(
ψ̄γνDνψ + ψ̄γµ

◦
Dµψ − ψ̄

(
Γµ − Γ̃µ

)
γµψ + 2imψ̄ψ14×4

)
. (A.82)

We can now convert the torsion-free full covariant derivative
◦
D to the full covariant derivative D and

obtain the following

S1/2 =
i

2

∫
d4x e

(
ψ̄γνDνψ + ψ̄γµDµψ + ψ̄γµ

(
Γµ − Γ̃µ

)
ψ − ψ̄

(
Γµ − Γ̃µ

)
γµψ + 2imψ̄ψ14×4

)
.

(A.83)
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By writing the difference between the non-null torsion and torsion-free spin connections in terms of
the contorsion tensor, we obtain the following

γµ
(

Γµ − Γ̃µ

)
−
(

Γµ − Γ̃µ

)
γµ =

1

4
Kεαβ

(
γεγβγα − γαγεγβ

)
(A.84)

= Tαγ
α . (A.85)

In order to obtain the second equality in the above, we applied the anti-commutation relation given
in equation (A.65) to the first term in equation (A.84) twice. By substituting the above result into
the Dirac action given in equation (A.83), we obtain the following space-time integral for the Dirac
action

S1/2 = i

∫
d4x e ψ̄

(
γνDνψ +

1

2
Tνγ

νψ + imψ14×4

)
. (A.86)

By varying the above action with respect to the adjoint Dirac spinor field, we obtain the Dirac action
of Riemann-Cartan space-time as is given in [75,79]

iγµDµψ +
i

2
Tµγ

µψ −mψ = 0 . (A.87)

Clearly, the above equation is different to that which would have been obtained by applying the MCP
to the Dirac equation of Minkowski space-time. More specifically, if one were to apply the MCP to the
Dirac equation of Minkowski space-time, which is given in equation (A.48), the resulting expression
would not contain the second term in the above expression. That is, the term iTµγ

µψ/2 does not
appear in the Dirac equation obtained through the application of the MCP.
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