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ABSTRACT 

Panoramic images (panoramas) are wide-angle images that provide fields of 

view of up to 360°. They are acquired with a specialised panoramic camera or 

by stitching a series of images captured with a conventional digital camera. 

Panoramas have widely been used to texture 3D models generated from laser 

scanning, for creating virtual reality tour applications, documenting landscape 

and cultural heritage sites, advertising real estates and recording crime 

scenes.  

The goal of this research was to develop an accurate close-range 

photogrammetric technique for the semi-automatic extraction of 3D 

information from spherical panoramas. This was achieved by developing a 

non-parametric method for the removal of distortions from images acquired 

from fisheye lenses as well as an algorithm, here referred to as the Minimum 

Ray Distance (MRD), for the fully automated approximate relative orientation 

of spherical panoramic images. The bundle adjustment algorithm was then 

applied to refine the orientation parameters of the panoramas; thus enabling 

accurate 3D point measurement. Finally, epipolar geometry theory was 

applied to the oriented panoramas to guide the interactive extraction of 

additional conjugate points.  

The MRD algorithm has been extended to laser scanning technology for the 

first approximations of laser scan setup positions and scan orientation prior to 

a least-squares based registration. The determination of approximate scanner 

orientation and position parameters were accomplished using panoramic 

intensity images derived from full dome laser scans.  

Thus, a technique for the semi-automatic extraction of 3D measurements from 

panoramic images has been developed in this research. The technique is 

most appropriate for applications which do not require dense point clouds and 

in situations with limited access to funds or as a quick field method to 

document many features in a short time. This is because a single image 

orientation is required for several overlapping images as compared to the 

normal stereo or multi-image photogrammetric approach. It is not suggested 



v 

 

that 3D reconstruction from spherical panoramic images should replace 

traditional close-range photogrammetry or laser scanning; rather, that the user 

of panoramic images will be offered supplementary information to the 

conventional and modern cultural heritage documentation approaches.   
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CHAPTER 1 

1. INTRODUCTION    

1.1. Motivation and Problem Statement 

Rapid advancements in imaging technology and relatively affordable, 

conventional digital cameras have contributed to the growing interest in 

panoramic imaging and photogrammetry. 

Panoramic images1 are wide-angle images that can provide horizontal fields 

of view of up to 360°. They can be acquired using low-cost techniques such 

as stitching a series of images captured from a single position with a 

conventional digital camera or with expensive specialised panoramic cameras 

such as the rotating line cameras. Panoramic images have a wide range of 

applications. Common examples include; texturing of 3D models generated 

from laser scanning (Sequeira and Goncalves, 2002; Klette and Scheibe, 

2005) and creating virtual reality tours (Chen, 1995). Virtual reality tours 

generated from panoramic images have been used to record crime scenes 

(Chan, 2005; Toet and van Schaik, 2012), document landscape and cultural 

heritage sites (Addison, 2000; Koehl et al., 2013; Wessels et al., 2014), 

advertise real estates (Jongerius, 2003), etc. Beside the visualisation and 

navigational capabilities, virtual reality tour applications can be enhanced with 

the ability to make 3D measurements if such functionalities are incorporated. 

Photogrammetry provides such additional 3D measurement capability. 

“Photogrammetry is defined as the art, science and technology of obtaining 

reliable information about physical objects and environment through 

                                            

 

1 The term panoramic image was coined out of a general term panorama. Panorama originates 
from two Greek words, “πᾶν” (pan) meaning "all" and “ὅραμα” (horama) meaning "view. In this 
thesis the two terms are used interchangeably. 
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processes of recording, measuring and interpreting photographic images and 

patterns of electromagnetic radiant energy and other phenomena” (Slama, 

Theurer and Henriksen, 1980). Close-range photogrammetry is a specialised 

branch of photogrammetry where the object-to-camera distance is not more 

than 300 m (Kemp, 1996). However, the value of 300 m for defining distance 

might have to be revised in view of the increasing use of drones or Unmanned 

Aerial Vehicle (UAV) which capture aerial images at lower flying heights. 

Close-range photogrammetric techniques have widely been used in the fields 

of archaeology, architecture, accident and crime investigations, engineering, 

medicine and mining. 

Over the past two decades, panoramic images have been used in close-range 

photogrammetry. Early researchers mostly relied on cylindrical panoramic 

images generated from rotating line panoramic cameras (Luhmann and 

Tecklenburg, 2004; Maas and Schneider, 2004) or spherical panoramic 

images generated by stitching images captured with conventional cameras 

and rectilinear lenses (Fangi, 2007; 2010). The photogrammetric processing 

of panoramic images is generally referred to as Panorama photogrammetry. 

The term Spherical photogrammetry was however introduced by G. Fangi 

when processing spherical panoramic images (Fangi, 2007).  

In Panorama (or Spherical) photogrammetry, the bundle adjustment algorithm 

is used to simultaneously determine the exterior orientation parameters 

(EOPs) of the panoramic images and the 3D coordinates of the object points 

(Luhmann and Tecklenburg, 2004; Maas and Schneider, 2004; Fangi, 2007; 

2010). The mathematical model of the bundle adjustment algorithm, however, 

is non-linear, thus requiring good initial approximations. In Maas and 

Schneider (2004), the initial approximations were obtained by applying 

sequential Cassini-resection and spatial intersection. This approach of 

generating initial approximations for the exterior orientation parameters rely on 

known coordinates of control points which makes the orientation phase 

cumbersome and time consuming, especially for non-technical operators. 

Fangi (2007, 2010) generated initial approximations by applying relative 
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orientation based on the coplanarity equations, followed by the transformation 

of independent models into a global coordinate system.  

Like the collinearity equations, the coplanarity equations are non-linear, 

therefore they require good initial approximation values to solve the unknown 

parameters. Fangi (2007, 2010) resolved this challenge by defining arbitrary 

values for unknowns (orientation angles). The approximation values are 

subsequently refined until the iterative least squares computation converges. 

This process of defining the approximation values for the unknown parameters 

makes the orientation process cumbersome. 

The research work described in this thesis therefore sought to develop a 

simple-to-use close-range photogrammetric technique for extracting 3D 

information from spherical panoramic images. Special emphasis was placed 

on the development of a new orientation procedure for generating initial 

approximation values for exterior orientation parameters of the panoramic 

images. The initial approximation values required to solve the exterior 

orientation parameters in the research are neither arbitrarily defined nor does 

the orientation procedure rely on coordinates of known control points.  

As in the case of Fangi (2007, 2010), this research focussed on relatively low-

cost techniques, thus conventional as opposed to panoramic cameras were 

chosen for the panorama photography. Fisheye lenses, however, were used 

in this research because the need to stitch several images captured from 

rectilinear lenses was not only considered time consuming but could possibly 

introduce errors in the image stitching process. A literature search, however, 

showed that very few researchers in the photogrammetric community have 

worked with fisheye lenses (Schwalbe, 2005; Van Den Heuvel et al., 2006; 

Schneider, Schwalbe and Maas, 2009). The reason could be attributed to the 

fact that fisheye lenses are incompatible with already existing conventional 

photogrammetric software packages. The incompatibility is because the 

projection model for transforming 3D rays to 2D image in conventional 

photogrammetric software packages is central perspective while that for 
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fisheye lenses are non-perspective. Since there are various non-perspective 

models (stereographic, equidistant, equisolid-angle and orthogonal), a non-

parametric approach to lens distortion model can serve as a universal solution. 

Thus, the research work described in this thesis will explore the development 

of an image rectification method for the corrections of images acquired with 

fisheye lens systems prior to stitching the final panoramic images.  

 

 

1.2. Research Background 

This research work is a contribution to the activities of the Zamani project (The 

African Cultural Heritage Site and Landscapes Database), based at the 

Geomatics Division of the University of Cape Town. The aim of the Zamani 

project is to create a permanent metrically accurate record of important African 

heritage sites, to provide data  for restoration and conservation purposes and 

to create awareness of African Heritage  (Rüther, 2002). The project supports 

the work of researchers, archaeologists, architects and conservationists by 

using precise and well-established conventional survey techniques, as well as 

laser scanning and photogrammetry to document heritage sites (Rüther et al., 

2009). Interactive databases and GISs are created, supported by 3D terrain 

models of the immediate vicinity of the site and contextual information such as 

scientific publications, 3D photorealistic models of heritage structures and 

monuments, historical maps and general photography of current activities in 

and around the site (Rüther, 2002, 2011; Rüther et al., 2012).  

Panoramic images are an important component of the Zamani database with 

their use presently being restricted to visualisation of heritage sites. While 

laser scanning is widely used in the Zamani project for capturing dense point 

cloud data, it has substantial financial implications and can thus not be seen 

as a generally applicable tool in an environment with limited economic 

resources. Therefore, there is the need to develop a low-cost and accurate 
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solution for applications which do not require dense point clouds, in situations 

with limited access to funds or as a quick field method to document many 

features in a short time. As a possible solution for such cases, this research 

investigates the use of panoramic images as a tool for extracting 3D 

information of heritage structures. The developed approach is suitable for 

quick 3D measurement from existing panoramic images but can also serve as 

a full documentation tool where laser scanning is not available. 

 

 

1.3. Research Aim and Objectives 

The aim of this research is to develop the concept for a low-cost and accurate 

close-range photogrammetric technique for extracting 3D information from 

spherical panoramic images. 

The specific objectives which contribute to the final solution are: 

(i) to develop a method for the removal of distortions from images 

acquired from fisheye lenses for the subsequent use of the thus 

corrected images in the creation of spherical panoramas;  

(ii) to develop an algorithm for the approximate automated relative 

orientation of multiple spherical panoramas and extract 3D 

coordinates from the oriented images; and 

(iii) to extend the relative orientation algorithm, as proposed in (ii) 

above, to laser scanning technology for the first approximations of 

laser scan setup positions and scan orientation prior to a least-

squares based registration. 

 

 



 

 

19 

 

 

1.4. Hypothesis and Research Questions 

Hypothesis statement: An automated process for the generation of 3D object 

coordinate information from spherical panoramic images will provide effective, 

alternative and supplementary means to standard photogrammetric 3D 

reconstruction. The same model can also be employed for the first 

approximation of laser scan setups. 

In accordance with the aims and hypothesis statements, the research seeks 

to answer the following specific questions; 

(i) Can a non-parametric model be used to accurately rectify images 

captured with fisheye lenses?  

(ii) Can spherical panoramic images be generated from the images 

rectified as proposed in (i) above? 

(iii) Can the initial approximation values for exterior orientation 

parameters of the panoramic images and 3D object point 

coordinates be generated automatically? 

(iv) In an attempt to recover 3D coordinates from oriented spherical 

panoramic images, how can the epipolar geometry be applied to 

panoramic images and used to reduce the search space? 

(v) Can the relative orientation algorithm developed for spherical 

panoramic images be used in laser scan registration? 
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1.5. Contribution of the Research 

The following constitute novel contribution to knowledge: 

(i) A non-parametric image rectification method to correct images 

acquired with both rectilinear and fisheye lens systems.  

(ii) A new algorithm here referred to as the Minimum Ray Distance 

(MRD) for the fully automated approximate relative orientation of 

multiple spherical panoramic images. The MRD algorithm 

generates good initial approximation for all the unknown parameters 

for refinement by the bundle adjustment algorithm. 

(iii) Extension of the MRD algorithm to laser scan technology for the first 

approximations of laser scans setups prior to a least squares-based 

registration.  

In addition to these contributions, the epipolar geometry for spherical 

panoramic images has been implemented in the developed software to guide 

the interactive and automatic extraction of 3D information from two or more 

panoramas. 

 

 

1.6. Structure of the Thesis 

This thesis is organised into seven chapters. The first chapter covers the 

motivation and problem statement, research background, objectives, 

hypothesis, research questions and the main contributions of the research to 

the scientific community.  

Chapter 2 reviews relevant literature and provides a brief theoretical 

background to seminal aspects of the research. Topics discussed in this 

chapter include the acquisition of panoramic images, panoramic image 
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stitching, feature-based matching techniques, lens distortion modelling and 

the photogrammetric bundle adjustment algorithm.  

Chapter 3 discusses the development of a new technique for rectifying images 

acquired from fisheye lenses for the subsequent use in the creation of 

spherical panoramic images. Experimental results and analysis of the 

developed approach are also presented.  

Chapter 4 focuses on procedures for the orientation and extraction of 3D 

object coordinates from spherical panoramas. A feature-based matching 

approach to automatically extract conjugate feature points from spherical 

panoramas is presented. The MRD algorithm is then presented while the well-

known bundle adjustment algorithm and the epipolar geometry are extended 

to spherical panoramic images. 

Experimental tests and results on the orientation and extraction of 3D object 

coordinates from spherical panoramas discussed in the previous chapter are 

presented in Chapter 5.  

Chapter 6 describes the extension of the MRD algorithm to laser scan 

technology for the purpose of scan registration.  

Finally, Chapter 7 draws conclusions about the research and recommends 

future work. 
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CHAPTER 2 

2. LITERATURE REVIEW AND THEORETICAL BACKGROUND 

2.1. Acquisition of Panoramic Images 

The Irish painter, Robert Barker in the 1780s used the term “panorama’’ to 

describe his wide-angle view paintings of Edinburgh (Oettermann, 1997; Lam, 

2007; Huang, Klette and Scheibe, 2008). Thus, prior to the invention of early 

panoramic cameras such as J. Puchberger’s hand crank swing lens camera 

in 1843 and M. Grarella’s rotating lens camera in 1857, panoramas were 

already in existence (McBride, 1994; Oettermann, 1997; Huang, Klette and 

Scheibe, 2008; Faugeras, Benosman and Kang, 2013).  

Today, the term panorama is collectively used to refer to a wide-angle pictorial 

representation of a scene visible from a single point of view. This pictorial 

representation could be in the form of a drawing, film, painting or a photograph. 

For in-depth historical background on panoramas, an interested reader is 

referred to McBride (1994), Oettermann (1997), Huang, Klette and Scheibe 

(2008); Faugeras, Benosman and Kang (2013). 

Panoramic images are widely used in virtual reality tour applications such as 

the Google’s ‘World Wonders Project’ (Morisse, 2012) and the Cave Automatic 

Virtual Environment (Creagh, 2003). The ‘World Wonders Project’ allows 

Internet users to explore World Heritage Sites by navigating through 360° 

spherical panoramic views provided by the Google Street View Services. In 

the Cave Automatic Virtual Environment, a head-mounted, wide-

view stereo display with interactive controls is used to view projected images 

in an immersive way.  

Panoramic images are also used as complimentary data in laser scanning 

technology to texture 3D models (Sequeira and Goncalves, 2002; Klette and 

Scheibe, 2005; Held, 2012).  Panoramic images have  been applied in the 

areas of collision avoidance (Shoval, Borenstein and Koren, 1994), 
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surveillance and security monitoring (Thibault, 2007; Wong et al., 2009), 

medical imaging (Honey et al., 2007; Estrela et al., 2008) and robotic 

navigation (Gaspar, Winters and Santos-Victor, 2000; Briggs et al., 2006). 

 

2.1.1. Imaging Systems and Techniques for Capturing Panoramic Images 

Panoramic imaging systems can be broadly grouped into two; - catadioptric 

and dioptric camera systems2 (Figure 2-1). Dioptric camera systems (Figures 

2-3 and 2-4) make use of lenses with field of views (FOVs) sometimes slightly 

exceeding 180°.  

 

Figure 2-1 Imaging systems and techniques for capturing digital panoramic 

images 

 

Catadioptric camera systems on the other hand combine lens systems with 

one or two curved mirrors (e.g. parabolic, hyperbolic mirrors) to record an 

                                            

 

2 The terms ‘dioptrics’ and “catoptrics”  refer to the use of refracting elements (lenses) and 
reflecting surfaces (mirrors) respectively. Thus, ‘catadioptrics’ is the combination of lenses 
and mirror(s) in an imaging system (Hecht and Zajac, 1974) . 
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entire hemisphere in a single shot. An example of the catadioptric camera 

system is shown in Figure 2-2. 

 

Figure 2-2 Catadioptric camera system with a hemispherical FOV (Nayar, 

2001) 

 

The drawbacks in using Catadioptric camera systems include lower image 

resolution than that of the conventional digital camera used in constructing 

them (Baker and Nayar, 1999), self-occluded areas in each image and 

defocuss blur resulting from the use of curved mirrors (Baker and Nayar, 1999; 

Huang, Klette and Scheibe, 2008).  For these reasons, Catadioptric camera 

systems are often not used for close-range photogrammetric applications 

(Huang, Klette and Scheibe, 2008).  

Dioptric camera systems are further discussed. These cameras are 

categorised into two:- panoramic and conventional digital cameras. 

 

Panoramic Camera System 

The rotating line and multi-head cameras are two categories of panoramic 

cameras. The rotating line camera is made up of a linear array charge-coupled 

device (CCD) sensor which is placed on a turntable with a direct current (DC) 

motor (Parian and Gruen, 2010). As the turntable rotates, the sensor captures 

a 360° horizontal FOV as a continuous set of vertical RBG scan lines (Huang, 

Klette and Scheibe, 2008; Parian and Gruen, 2010). The vertical FOV of the 

camera system, however, depends on the focal length of the lens in use and 
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the size of the CCD chip (Parian and Gruen, 2010). Examples of rotating line 

cameras include Panoscan MK-33 and EYESCAN-M3/MM34 which are based 

on spherical and cylindrical projections respectively.  

   

(a) (b) 

Figure 2-3 Rotating line panoramic cameras: (a) Panoscan (Panoscan, 2007) 

(b) Eyescan-M3 (Eyescan, 2015) 

The advantage of these cameras is their ability to capture high resolution 

seamless panoramic images without the need to stitch. However, due to the 

scanning nature of their image capture, the rotating line camera is suitable for 

recording static scenes while the camera is mounted on a steady tripod. The 

multi-head camera system is a group of cameras arranged on a platform. 

Examples of these multi-head camera systems are Ladybug 55 and Dodeca 

23606 which have six and twelve cameras respectively. 

 

 

                                            

 

3 Panoscan MK-3 is produced by Panoscan Inc. -  www.panoscan.com/ 
4 EYESCAN-M3/MM3 is a joint co-operation between Kamera and System Technik, Germany and DLR, 

the German Aerospace Centre - www.kst-dresden.de/ 
5 Ladybugs 5 is produced by Pointgrey Research Inc. - www.ptgrey.com/ 
6 Dodeca 2360 is produced by Immersive Media. - www.immersivemedia.com/ 
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(a) (b) 

Figure 2-4 Multi-head panoramic cameras: (a) Ladybug 5 (Pointgrey, 2015)     

(b) Dodeca 2360 (Agarwal, 2007) 

 

Multi-head camera systems have the ability to capture an entire scene with 

simultaneous shots from all the cameras. The individual images are 

subsequently stitched to form the panoramic image. However, the use of 

multiple cameras makes it sometimes impossible to ensure a singular 

perspective centre, thus, leading to parallax errors during the stitching of the 

panoramic images (Swaminathan and Nayar, 1999).  

While panoramic cameras such as the rotating line and multi-head cameras 

represent a convenient means of capturing panoramic images, they are very 

expensive, thus making them unsuitable for low-budget projects. 

 

Conventional Digital Camera Systems 

The most practical option of generating accurate panoramic images with 360° 

horizontal FOV is by stitching three or more partially overlapping images 

captured from a single point of view as the conventional digital camera rotates 

about the external nodal point of its lens system. The basic hardware and 
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software required to generate panoramic images include the camera lens and 

body, a panoramic head (rotator), a tripod and an image stitching software. 

There are three types of conventional digital cameras: compact or ‘point and 

shoot’, digital single-lens reflex (DSLR) and the prosumer or ‘bridge’. The 

principal differences between the three cameras are the view finder 

mechanism, the type of lens, whether fixed or interchangeable and the size of 

the camera sensor. Compact cameras are generally small and light weight. 

They have an LCD monitor or an electronic viewfinder (EVF) or both. The 

operator sees a slightly displaced view compared to that of the camera’s 

sensor (Busch, 2000; Hirsch, 2012). The lens of the compact camera is fixed 

to the body of the camera. Often the camera sensors of the compact cameras 

are the smallest of the three camera types. DSLR cameras are relatively large 

and typically heavier than compact cameras. They have an optical viewfinder, 

made up of a mirror and a pentaprism system which enable the operator to 

see the same field of view as the camera sensor. The lens of a DSLR camera 

can be interchanged, thus one camera can be used for a wide range of 

photography. The size of the camera sensor is generally large (Busch, 2000; 

Hirsch, 2012). The bridge camera is an intermediate step between the 

compact and DSLR camera. It has a similar size and weight as the DSLR 

camera but has no interchangeable lens. The DSLR cameras are preferred 

over compact and bridge cameras because of their ability to interchange 

lenses and their relatively large sensor size which results in better image 

quality. 

A rectilinear or fisheye lens may be attached to the DSLR camera body to 

capture the individual images. A major difference between these two types of 

lenses is the kind of image they produce. Rectilinear lenses cause straight 

lines in object space to be projected almost as straight lines in the image space 

while straight lines in object space appear to be curved in the image space 

when captured with a fisheye lens. Fisheye lenses can be categorised into 

two: - circular or true fisheye lenses and full-frame fisheye lenses. Figure 2-5 

shows images captured by both rectilinear and fisheye lenses.   
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Figure 2-5 Image captured by rectilinear and fisheye lenses: (a) Circular 

Fisheye (b) Full-frame fisheye (c) Rectilinear (Adapted from Highton, 2008) 

 

The circular fisheye lens captures a hemispherical view which is surrounded 

by the remaining unexposed sensor area with a FOV of 180° in all directions. 

On the other hand, the full-frame fisheye lens exposes the entire sensor area. 

The lens has a FOV of 180° in the diagonal direction, while the horizontal and 

vertical FOVs are less than 180°. Figure 2-6 shows the exposed sensor area 

of both circular and full-frame fisheye lenses. 

 

Figure 2-6 Exposed sensor area of fisheye lenses: (a) Circular fisheye (b) 

Full-frame (Adapted from Gløckner, 2013) 

 

Preferably, the camera should be attached to a panoramic tripod head and 

placed on a firm tripod to enable it rotate about the external perspective centre 
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of the camera’s lens system. Examples of panoramic heads available on the 

market are Nodal ninja N37 and the Manfrotto 303SPH QTVR8. 

The individual images captured with the camera lens and body are rectified to 

remove lens distortions and subsequently stitched into a seamless panorama 

using a stitching software. Examples of commercial stitching software include 

PTGui9 and Autopan10.  

 

2.1.2. Image Alignment and Stitching Techniques  

Image alignment algorithms, also known as registration, are used to establish 

a set of geometric transformations that relates pixel coordinates of overlapping 

images while image stitching algorithms take these alignment estimates and 

blend the images seamlessly (Szeliski, 2006). These algorithms ensure that 

blurring or ghosting caused by parallax and scene movement as well as 

varying image exposures are minimised  or largely  eliminated (Szeliski, 2006). 

In the mid-1990s, image alignment and stitching techniques for generating 

panoramas became common. These panoramas were used mainly for virtual 

reality applications such as the Apple’s QuickTimeVR system (Szeliski, 2006). 

The approach to aligning and stitching overlapping images to generate 

panoramas involve three most principal steps: - local registration, global 

registration and compositing. 

Local registration techniques relate pixel coordinates of a pair of neighbouring 

images. These techniques can be categorised into two: direct or area-based 

techniques (Szeliski and Kang, 1995) and feature-based techniques 

(Zoghlami, Faugeras and Deriche, 1997; McLauchlan and Jaenicke, 2002). 

                                            

 

7 Nodal ninja N3 is produced by Bill Bailey L.L.C.  – www.shop.nodalninja.com 
8 Manfrotto 303SPH QTVR is produced by Vitec Group Italia Spa - www.manfrotto.us 
9 PTGui is produced by New House Internet Services BV - www.ptgui.com 
10 Autopan is produced by Kolor SAS - www.kolor.com 



 

 

30 

 

 

For the area-based methods, pixel-to-pixel dissimilarities between 

neighbouring images are minimised by shifting images relatively to each other 

until the differences between matched pixels are minimised (Szeliski, 2006). 

The area-based approach involves selecting a matching entity in one image 

and searching throughout the other image for its conjugate entity using for 

example a cross-correlation technique. Searching through the entire image is 

highly computation intensive, thus a hierarchical coarse-to-fine approach 

(based on image pyramids) or a Fourier transform can be used to speed up 

the computation (Szeliski, 2006). Area-based methods are generally accurate. 

However, they require very good initial approximation and will fail if images 

components to be matched are at different scales, illumination and 

orientations. Feature-based registration involves extracting distinctive features 

from the image pair and matching these features. Feature-based methods are 

often preferred over area-based methods  because local feature operators 

such as Scale Invariant Feature Transformation (SIFT) (Lowe, 2004) and 

Speeded Up Robust Features (SURF) (Bay, Tuytelaars and Van Gool, 2006) 

are invariant to scale changes, illumination, robust against scene movement 

and are faster, if rightly implemented (Szeliski, 1996, 2006; Brown and Lowe, 

2003). The feature-based registration technique using the SIFT operator is 

discussed in Section 2.2. The procedure involves matching features and 

estimating a geometric transformation matrix that maps a greater number of 

the feature points between the two images. 

After the pairwise registration stage, a global consistent set of alignment 

parameters is applied to minimise the mis-registration between all pairs of 

images (Sawhney, 1999; Coorg and Teller, 2000; Szeliski, 2006). This is 

referred to as global registration. Global registration is achieved by applying a 

bundle adjustment algorithm based on Levenberg-Marquardt (Triggs et al., 

1999) to calibrate the focal length and the EOPs of the camera (Szeliski, 

2006).  
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A compositing surface or a cartographic projection is then chosen to project 

and stitch the aligned images. Examples of cartographic projections widely 

used are the cylindrical, the equirectangular and the cubic projections. During 

the compositing phase, blending algorithms are also applied to ensure smooth 

transitions between neighbouring images in the presence of illumination 

differences (Brown and Lowe, 2003; Szeliski, 2006). Examples of blending 

algorithms include Laplacian pyramid blending (Burt and Adelson, 1983a; 

Shum and Szeliski, 2002) and multi-band blending (Burt and Adelson, 1983b; 

Brown and Lowe, 2003; Luo et al., 2011). Figure 2-7 shows the workflow for 

stitching panoramic images using feature-based image alignment techniques. 

 

Figure 2-7 Workflow for feature-based image alignment and stitching  
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2.2. Overview of the SIFT Feature Matching Procedure 

The procedure for extracting conjugate feature points from a pair of images 

using the SIFT operator involves feature detection and description, feature 

matching and outlier detection.  

 

2.2.1. Feature Detection and Description 

The SIFT operator plays the role of a detector and descriptor. A feature 

detector is used to extract distinctive features that are geometrically stable 

under various transformations while the descriptor is a vector of variable length 

that is used to uniquely describe a patch around the detected feature 

(Remondino, 2006). Potential features that are invariant to scale and 

orientation are identified on the entire image, using a difference-of-Gaussian 

function. Features with low contrast are filtered out. This is followed by 

calculating a descriptor for the local patch around the detected feature that is 

distinctive and invariant to properties such as change in illumination and 

perspectives. For detailed information about the SIFT operator an interested 

reader is referred to Lowe (1999, 2004). 

 

2.2.2. Feature Matching 

Once distinctive features have been detected and described in the image pair, 

conjugate points may be found by comparing descriptors. The comparison is 

often based on a nearest-neighbour search, without having any prior 

information about the geometry of the images. The search for conjugate point 

can be performed exhaustively by evaluating all possible matches between 

the two descriptor vectors 𝑑𝑎 and 𝑑𝑏, extracted from images 𝐼𝑎 and 𝐼𝑏 

respectively. This approach may lead to descriptors having more than one 

possible match as well as false matches.  
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Alternatively, a less computationally intense approximate approach involves 

using a k-d tree algorithm (Friedman, Bentley and Finkel, 1977). An example 

is the Best-Bin-First (BBF) method as proposed by Beis and Lowe (1997). For 

each descriptor in 𝑑𝑎, the BBF method finds the nearest descriptor in  𝑑𝑏 by 

calculating the Euclidean distance between the descriptors given a threshold. 

This matching approach leads a one-to-one mapping of descriptors with a high 

possibility of mismatches especially for repetitive and less distinctive features. 

The resulting matches can further be filtered for uniqueness by specifying a 

threshold value which is measured as the ratio of the distance between the 

best matching feature, 𝐷𝑏1 and the distance to the second best matching 

feature, 𝐷𝑏2.  

 

2.2.3. Outlier Detection 

For conjugate feature points that are extracted automatically, a number of 

outliers (false matches) exist. These outliers are often removed using iterative 

robust estimators such as the Random Sample Consensus (RANSAC) 

(Fischler and Bolles, 1981), Least Median of Squares (LMedS)  (Leroy and 

Rousseeuw, 1987), Maximum A Posteriori Sample Consensus (MAPSAC) 

(Torr, 2002; Torr and Davidson, 2003) and  PROgressive SAmple Consensus 

PROSAC (Chum and Matas, 2005). 

The RANSAC algorithm is widely used as it is able to cope with a large 

proportion of outliers (Hartley and Zisserman, 2003). The RANSAC algorithm 

may be summarised as in Table 2-1. 
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Table 2-1 RANSAC algorithm  (Fischler and Bolles, 1981; Hartley and 

Zisserman, 2003) 

(i) From a set of data points, randomly select a sample to determine the 

parameters of the model. 

(ii) Estimate the parameters of the model using the sample data. 

(iii) Determine how many points from the sample data fits the model. 

(these are the inliers.) 

(iv) If the number of inliers exceeds the given threshold value, re-

estimate the model parameters using all the inliers and terminate.  

(v) If the number of inliers is less than the given threshold value, select 

a new sample and repeat (i) through (iv) for a given maximum 

number of trials. 

 

 

2.3. Lens Distortion Modelling   

The most widely used parametric lens distortion model adopted by the 

photogrammetric community was proposed by D. C. Brown and dates back to 

the era of Analytical Photogrammetry. 

In 1966, Brown published a paper on decentering lens distortion in which he 

reviewed and reconciled two earlier, conflicting theories: the thin prism and 

Conrady’s model. He demonstrated in his paper that with regards to the 

tangential component of decentering distortion, Conrady's model was in 

agreement with the thin prism model; however, both models were at variance 

with regards to the radial component. Based on Conrady's model which was 

formulated using the rigorous analytical ray tracing through a decentered lens, 

Brown proposed an alternative model for decentering distortion as follows 

(Equations 2-1 and 2-2): 

∆𝑥 = [𝑃1(𝑟
2 + 2�̅�2) + 2𝑃2�̅��̅�][1 + 𝑃3𝑟

2 + 𝑃4𝑟
4 … ]          Equation 2-1 
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               ∆𝑦 = [2𝑃1�̅��̅� + 𝑃2(𝑟
2 + 2�̅�2)][1 + 𝑃3𝑟

2 + 𝑃4𝑟
4 + ⋯ ]       Equation 2-2 

in which, �̅� = 𝒙 − 𝒙𝒐, �̅� = 𝒚 − 𝒚𝒐. In Equations 2-1 and 2-2, x and y are the 

measured image coordinates, 𝒙𝒐 and 𝒚𝒐 are the image coordinates of the 

principal point, P1, P2 , P3 and P4 are the coefficients of decentring distortion 

and 𝒓 is the radial distance from the principal point (𝒓 = [(𝒙 − 𝒙𝒐)
𝟐 +

(𝒚 − 𝒚𝒐)
𝟐]

𝟏
𝟐⁄ ). 

Brown (1971) showed that the image of a photographed plumbline would have 

been a perfect straight light in the absence of radial and decentering lens 

distortion and therefore proposed the 8-parameter lens distortion model for the 

correction of image coordinates (∆𝒙,∆𝒚) as follows (Equations 2-3 and 2-4): 

∆𝑥 = �̅�(𝐾1𝑟
2 + 𝐾2𝑟

4 + 𝐾3𝑟
6 + ⋯) + [𝑃1(𝑟

2 + 2�̅�2) + 2𝑃2�̅��̅�][1 + 𝑃3𝑟
2 + ⋯ ]  

Equation 2-3 

∆𝑦 = �̅�(𝐾1𝑟
2 + 𝐾2𝑟

4 + 𝐾3𝑟
6 + ⋯) + [2𝑃1�̅��̅� + 𝑃2(𝑟

2 + 2�̅�2)][1 + 𝑃3𝑟
2 + ⋯ ] 

 Equation 2-4 

where K1, K2 and K3 are the coefficients of radial distortion. 

In Fraser, Shortis and Ganci (1995) and Fraser (1997), a 10-parameter lens 

distortion model was proposed. Fraser’s model departs from Brown's 

‘standard’ 8-parameter model by ignoring P3 and including a term to estimate 

camera constant and two terms to account for first-order in-plane image 

distortion. Equations 2-5 and 2-6 outlines Fraser’s 10-parameter lens 

distortion model:   

∆𝑥 = −xo −
�̅�

𝑐
∆𝑐 + �̅�𝑟2𝐾1 + �̅�𝑟4𝐾2 + �̅�𝑟6𝐾3 + (2�̅�2 + 𝑟2)𝑃1 + 2𝑃2�̅��̅� + 𝑏1�̅� + 𝑏2�̅� 

Equation 2-5 
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∆𝑦 =  −yo −
�̅�

𝑐
∆𝑐 + �̅�𝑟2𝐾1 + �̅�𝑟4𝐾2 + �̅�𝑟6𝐾3 + 2𝑃1�̅��̅� + (2�̅�2 + 𝑟2)𝑃2 

Equation 2-6  

where, c is the principal distance (camera constant), Δc represents a 

correction to the initial principal distance while 𝒃𝟏 and 𝒃𝟐 are differential scaling 

and non-orthogonality between the x- and y-axes.  

While the above models (Equations 2-3 to 2-6) have proved efficient for 

rectilinear lenses, they failed when applied to fisheye lenses. This is because 

the projection models for transforming 3D rays to 2D image for a rectilinear 

lens is central perspective while that for fisheye lenses are non-perspective. 

Examples of the non-perspective projections are include stereographic, 

equidistant, equisolid-angle and orthogonal projections (Miyamoto, 1964). 

With the exception of a few publications on fisheye lens distortion modelling 

(Schwalbe, 2005; Van Den Heuvel et al., 2006; Schneider, Schwalbe and 

Maas, 2009), the majority of literature in this area of research are found outside 

the photogrammetric community (Basu and  Licardie, 1995; Devernay and 

Faugeras, 2001; Kannala and Brandt, 2004, 2006; Hughes et al., 2010). 

In this research, a non-parametric alternative to lens distortion modelling for 

rectifying fisheye images is presented. The developed approach estimates the 

distortion characteristics of a lens-camera combination by comparing near-

error-free simulated image point positions of targets of a calibration testfield 

with the real image of these targets (Tagoe, Rüther and Smit, 2014).  

 

 

2.4. Bundle Adjustment Algorithm 

Bundle adjustment is the most widely used algorithm in photogrammetry for 

estimating the EOPs of a camera and the 3D coordinates of object points. The 
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algorithm was first developed by (Brown, 1956, 1976; Brown, Davis and 

Johnson, 1964) and Schmid (1955) and has since undergone numerous 

improvements and additions (Wester-Ebbinghaus, 1980; Kruck, 1998; Fraser, 

1997). The bundle adjustment algorithm is based on the collinearity equations 

for perspective images. The standard form of the collinearity equations for 

perspective images is given as in Equations 2-7 and 2-8 (McGlone, 1989; 

Mikhail, Bethel and McGlone, 2001): 

𝑥𝑖 − 𝑥𝑜 = 𝑐
𝑚11(𝑋𝑗−𝑋𝐨)+𝑚12(𝑌𝑗−𝑌𝐨)+𝑚13(𝑍𝑗−𝑍𝐨)

𝑚31(𝑋𝑗−𝑋𝐨)+𝑚32(𝑌𝑗−𝑌𝐨)+𝑚33(𝑍𝑗−𝑍𝐨)
                 Equation 2-7 

𝑦𝑖 − 𝑦𝑜 = 𝑐
𝑚21(𝑋𝑗−𝑋𝐨)+𝑚22(𝑌𝑗−𝑌𝐨)+𝑚23(𝑍𝑗−𝑍𝐨)

𝑚31(𝑋𝑗−𝑋𝐨)+𝑚32(𝑌𝑗−𝑌𝐨)+𝑚33(𝑍𝑗−𝑍𝐨)
              Equation 2-8 

where, 𝒙𝒊, 𝒚𝒊 are the measured image coordinates, 𝐗𝒋, 𝐘𝒋, 𝐙𝒋 are the object 

space coordinates of the measured points, 𝐗𝐨, 𝐘𝐨, 𝐙𝐨 are the object space 

coordinates of the perspective centre of the camera, and 𝑚11 to 𝑚33 are the 

individual elements of the 3 x 3 orthogonal rotation matrix, 𝐌 (M = M𝑋𝑌𝑍 =

M𝜔M𝜙M𝜅) between image and object coordinate systems and are given by, 

for example, as follows: The orthogonal rotation matrix, 𝐌 is given as: 

M = [

m11 m12 m13

m21 m22 m23

m31 m32 m33

]                      Equation 2-9 

where 

𝑚11 = 𝑐𝑜𝑠 𝜙 𝑐𝑜𝑠 𝜅    

𝑚12 = −𝑐𝑜𝑠 𝜙 𝑠𝑖𝑛 𝜅 

𝑚12 = −𝑐𝑜𝑠 𝜙 𝑠𝑖𝑛 𝜅 

𝑚13 = 𝑠𝑖𝑛 𝜙   

𝑚21 = 𝑐𝑜𝑠 𝜔 𝑠𝑖𝑛 𝜅 + 𝑠𝑖𝑛 𝜔 𝑠𝑖𝑛 𝜙 𝑐𝑜𝑠 𝜅 

𝑚22 =    𝑐𝑜𝑠 𝜔 𝑐𝑜𝑠 𝜅 − 𝑠𝑖𝑛 𝜔 𝑠𝑖𝑛𝜙 𝑠𝑖𝑛 𝜅   

𝑚23 = −𝑠𝑖𝑛 𝜔 𝑐𝑜𝑠 𝜙 
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𝑚31 = 𝑠𝑖𝑛 𝜔 𝑠𝑖𝑛 𝜅 − 𝑐𝑜𝑠 𝜔 𝑠𝑖𝑛 𝜙 𝑐𝑜𝑠 𝜅   

𝑚32 = 𝑠𝑖𝑛 𝜔 𝑐𝑜𝑠 𝜅 + 𝑐𝑜𝑠 𝜔 𝑠𝑖𝑛 𝜙 𝑠𝑖𝑛 𝜅 

𝑚33 = 𝑐𝑜𝑠 𝜔 𝑐𝑜𝑠𝜙 

 

 

Figure 2-8 The 3D axis and directions of three rotation angles 

 

All other terms have previously been defined. Any deviation from the 

collinearity condition11 is as a result of systematic and random errors, mainly 

lens distortions. These distortions (∆𝒙, ∆𝒚), often referred to as the additional 

parameters (APs), can be modelled as discussed in Section 2.2. Equations 2-

10 and 2-11 represent the collinearity equations for perspective images 

extended with APs. 

𝑥𝑖 − 𝑥𝑜 + ∆𝑥 = 𝑐
𝑚11(𝑋𝑗−𝑋𝐨)+𝑚12(𝑌𝑗−𝑌𝐨)+𝑚13(𝑍𝑗−𝑍𝐨)

𝑚31(𝑋𝑗−𝑋𝐨)+𝑚32(𝑌𝑗−𝑌𝐨)+𝑚33(𝑍𝑗−𝑍𝐨)
              Equation 2-10 

𝑦𝑖 − 𝑦𝑜 + ∆𝑦 = 𝑐
𝑚21(𝑋𝑗−𝑋𝐨)+𝑚22(𝑌𝑗−𝑌𝐨)+𝑚23(𝑍𝑗−𝑍𝐨)

𝑚31(𝑋𝑗−𝑋𝐨)+𝑚32(𝑌𝑗−𝑌𝐨)+𝑚33(𝑍𝑗−𝑍𝐨)
                 Equation 2-11 

                                            

 

11 The collinearity condition states that a point in object space, its corresponding point in the image plane 

and the perspective centre of the camera should, in the absence of lens distortions, form a straight line. 
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Two collinearity equations12 per image can be written for each image point, 

visible in multiple images. All the equations are combined into a simultaneous 

solution for the unknown parameters using the Gauss Markov model of the 

least squares adjustment method. Since the collinearity equations are non-

linear, they are linearised with respect to the unknown parameters using the 

first order terms of the Taylor series expansion. The linearised collinearity 

equations are expressed in least squares format as: 

𝑣 = 𝐴�̂� − 𝑙                 Equation 2-12 

where, 𝑨 is the design matrix containing the coefficients of the unknown 

parameters and has a size of n x u (n is the number of observations, u is the 

number of unknowns) 𝒍 is the discrepancy vector, 𝒗 is the residual vector and  

�̂�  is the solution vector. The solution vector (�̂�) is computed as: 

�̂� = 𝑁−1𝐴𝑇𝑃𝑙               Equation 2-13 

where, 𝑃 is the weight matrix of the observations, 𝑁 = 𝐴𝑇𝑃𝐴 is the normal 

equations matrix. After the solution has converged, the variance-covariance 

matrix can be computed as: 

∑𝑥 = �̂�𝑜
2𝑄𝑥                Equation 2-14 

where �̂�𝑜
2 is the a posteriori variance factor estimated from the residuals as: 

�̂�𝑜
2 =

𝑣𝑇𝑃𝑣

𝑛−𝑢
                     Equation 2-15 

The discrepancy, residual and solution vectors all have a size of n x 1 while 

the weight matrix have a size of u x u. 

 

                                            

 

12 The collinearity equation here refers to either the standard collinearity equation (Equation 2-7 and 2-

8) or the extended version (Equations 2-10 and 2-11). 
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2.4.1. Datum Definition 

Without defining a datum, a photogrammetric network composed of only image 

coordinate observations has a datum defect (𝑑) resulting in a non-invertible 

singular normal equations matrix (𝑁 = 𝐴𝑇𝑃𝐴). Datum deficiency is also 

referred a Zero Order Design (ZOD) problem (Grafarend, 1974). In case of the 

bundle adjustment, the datum deficiency can be resolved by holding fixed a 

minimum of seven parameters or ordinates from three control points (e.g. two 

XYZ and one height). This is known as the minimum constraint solution. 

Alternatively, one can apply a matrix decomposition algorithm for the creation 

of a pseudo-inverse, referred to as free-network adjustment or inner constraint 

network (Blaha, 1982). If more than seven parameters are held fixed then the 

network is ‘over constrained’.  

Parameters that are held fixed have no associated variance–covariance matrix 

element. In the case of the free network adjustment, error estimates for all 

parameters are available. The software produced for this thesis allow for all 

three techniques. 

   

2.4.2. Generation of Approximate Values for the Unknown Parameters 

For a bundle adjustment solution to converge to a global minimum, reliable 

initial approximation values are required for all unknown parameters. The 

unknown parameters in a standard case include the interior orientation 

parameters (IOPs), the EOPs of the camera(s) and the 3D coordinates of 

object points. 

In the case of the IOPs, the principal distance and principal point coordinates 

may be approximated using techniques based on vanishing points (Van Den 

Heuvel, 1998, 1999; Grammatikopoulos, Karras and Petsa, 2007; Douskos et 

al., 2008). In practice, initial approximation values for the principal point 

coordinates and APs can sufficiently be approximated to zero while the focal 
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length of the camera as provided by the lens manufacturer can be used as 

initial approximation value for the principal distance. 

Initial approximation values for the EOPs of the camera(s) and 3D coordinates 

of the object points may be generated through the transformation of 

independent models after relative orientation of image pairs. Another 

approach involves a combination of resection and intersection techniques. 

Example of resection techniques often used include the closed-form space 

resection  (Zeng and Wang, 1992; Guan et al., 2008) and Cassini-resection 

(Maas and Schneider, 2004). If the 3D coordinates of at least six object points 

are known, the DLT algorithm (Abdel-Aziz and Karara, 1971) can be applied 

to approximate the EOPs of the camera(s). In practice, the initial 

approximation values of the EOPs of the camera(s) can also be generated by 

attaching GNSS/INS units to the camera during photography. 
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CHAPTER 3 

3. IMAGE RECTIFICATION USING FICTITIOUS IMAGE 

COORDINATES 

3.1. Overview 

In this Chapter, a new technique for rectifying images acquired from fisheye 

lenses for the subsequent use in the creation of spherical panoramic images 

is presented.  

The technique involves quantifying the distortion characteristics of a lens-

camera combination from a single reference image. This is done by creating 

a distortion matrix through the comparison of near-error-free simulated image 

point positions of targets of a testfield with the positions of these targets on the 

calibration image. While the distorted image of the testfield is captured with a 

fisheye lens and a conventional digital camera, the virtual image coordinates 

of the target points of the testfield are simulated based on a fictitious image 

generation algorithm proposed by Rüther (1982). The difference between the 

distorted and fictitious image coordinates is the amount of distortion to be 

applied to the specific positions on the camera’s sensor where the targets were 

imaged. Images captured with the same lens and camera are then rectified 

using a backward pixel mapping strategy. The rectified images are 

subsequently used to create spherical panoramic images.  

The remaining sections of this Chapter are structured as follows: Section 3.2 

presents the basic requirement for the development of the method. The 

procedure for the image rectification technique developed in this research is 

then elaborated in Section 3.3. Experimental results and analysis are 

presented in Section 3.4 while Section 3.5, presents the concluding remarks 

on the image rectification approach. 
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3.2. Pre-requisite for the Image Rectification Technique 

The basic requirements for developing the image rectification technique are 

as follows: 

(i) Imaging equipment to capture the image of the calibration testfield 

and; 

(ii) Calibration testfield with known 3D object coordinates. 

 

3.2.1. Imaging Equipment  

The conventional digital camera and lens used for the image acquisition were 

a Nikon D200 DSLR camera and a Nikkor 10.5 mm fisheye lens respectively. 

The specifications of the camera and lens are provided in Tables 3-1 and 3-2 

respectively. 

 

Table 3-1 Specifications of Nikon D200 DSLR camera  

 

  

Table 3-2 Specifications of the Nikkor 10.5 mm full-frame fisheye lens 

 

 

 

Camera features 
Sensor CCD 

Maximum image size 3872 x 2592 pixels 

Sensor size 23.6 x 15.8 mm 

Pixel size 6.4 µm 

Approx. dimensions 132 x 103 x 77 mm 

Lens features 

Focal length 10.5 mm 
Maximum aperture f/ 2.8 

Minimum aperture f/ 22 
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3.2.2. Calibration Testfield 

The calibration testfield used in this research for establishing the distortion 

characteristics of the fisheye lens is a near-planar point array of 91 targeted 

calibration points with known 3D object coordinates. The testfield is located in 

the Geomatics teaching laboratory at the University of Cape Town. The 

laboratory covers a floor area of 8 m by 8 m and is about 3 m in height. The 

target points of the testfield are well distributed over a wall area of 

approximately 6 m by 2.5 m on one side of the room and are represented by 

circular targets in the form of white retro-reflective disks of 14 mm diameter on 

a black background (Figure 3-1). Using a total station, the 3D object 

coordinates of these targets were determined with sub-millimetre accuracy by 

means of theodolite and distance measurements from a three-point base 

triangle.  Appendix 1 shows the 3D object coordinates of these targets. 

 

Figure 3-1 Calibration testfield at University of Cape Town 

 

 

3.3. Image Rectification Procedure  

The steps adopted for rectifying images acquired from fisheye lenses are: 

(i) Calibration image acquisition; 

(ii) Preliminary camera calibration and fictitious image generation; 
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(iii) Determination of geometric lens distortion characteristics and 

creation of distortion matrix; and 

(iv) Image rectification. 

 

3.3.1. Calibration Image Acquisition  

A calibration image of the calibration testfield is captured with a fisheye lens 

and a camera from a central location such that the target points of the testfield 

fill the entire area of the camera’s FOV (or ideally fill the image format). The 

positions of the targets on this calibration image represent the distorted image 

coordinates. 

 

3.3.2. Preliminary Camera Calibration and Fictitious Image Generation  

The next step is to simulate the near error-free fictitious image equivalent of 

the calibration image. The mathematical model of the fictitious image is based 

on the collinearity equations without APs (Equations 2-7 and 2-8).  

To create the image coordinates of the fictitious image which simulates an 

error free version of the actual calibration image, the camera constant (𝒄), 

principal point (𝒙𝒐, 𝒚𝒐) as well as the position (𝑿𝒐, 𝒀𝒐, 𝒁𝒐) and angular 

orientation (𝝎,𝝓, 𝜿) of the camera used in capturing the calibration image are 

required. As the true values of these are not known, a conventional camera 

calibration was carried out to approximate them. If the testfield is used 

frequently for camera calibrations a frame, similar to a panoramic head, can 

be permanently installed in front of the testfield, and surveyed, thus 

guaranteeing that the external pupil of the calibrated camera is in the same 

known location.  In this research, the determination of the parameters for the 

fictitious image was carried out using the Australis software based on the 

standard multi-image bundle adjustment algorithm. The alternative of single 
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image space resection was considered to be of inferior accuracy in this regard 

and the bundle adjustment option was adopted as a more reliable solution.  

After the preliminary camera calibration step, the derived 

parameters (𝒄, 𝒙𝒐, 𝒚𝒐, 𝑿𝒐, 𝒀𝒐, 𝒁𝒐, 𝝎,𝝓, 𝜿) were substituted in the collinearity 

equation (Equations 2-1 and 2-2) to obtain the fictitious image coordinates. 

 

3.3.3. Determination of Geometric Lens Distortion Characteristics and 

Creation of Distortion Matrix 

After the generation of fictitious image coordinates, the geometric distortion 

characteristics of the lens are quantified. This is done by calculating the 

differences between the distorted and the near error-free fictitious image 

coordinates of the target points of the testfield (Figure 3.2).   

  
(a)  (b) 

Figure 3-2 Image coordinates of the calibration testfield: (a) distorted image 

points and (b) fictitious undistorted image points 

 

Figure 3-3 shows the positions of the distorted and fictitious image coordinates 

in green and red respectively, superimposed on the calibration image. 
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Figure 3-3 Distorted (green) and fictitious (red) image coordinates 

superimposed on the calibration image 

 

The difference between the two coordinates of an image is the amount of 

correction to be applied to the specific positions on the camera’s sensor where 

the targets were imaged. The corrections are expressed as: 

[
∆𝑥𝑖

∆𝑦𝑖
]
1,2𝑛

= [
𝑥𝑖

𝑦𝑖
]
1,2𝑛

− [
�̅�𝑖

�̅�𝑖
]
1,2𝑛

              Equation 3-1 

where 𝒙𝒊, 𝒚𝒊 are the near error-free fictitious image coordinates, �̅�𝒊, �̅�𝒊 are the 

distorted image coordinates of the reference image, ∆𝒙𝒊, ∆𝒚𝒊 are the 

departures from collinearity, representing the distortion amounts in x and y, 𝒏 

is the number of imaged target points involved and 𝒊 is the unique identifier of 

the target points of the calibration testfield.  

In the next step, a distortion matrix equivalent to a look-up table is created in 

which each pixel in the distorted image is allocated a distortion value derived 

by interpolating between the target points. Distortion values for pixels at the 
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edges of the calibration image (outside the imaged calibration targets) have to 

be extrapolated. This emphasises the need for the calibration image to be 

captured close to the edge of the calibration testfield. 

 

3.3.4. Image Rectification  

In the final step, the positions of the distorted pixels are corrected to their 

positions in the output image where they would have appeared if there was no 

distortion by applying a backward pixel mapping strategy. The backward pixel 

mapping was chosen over the forward pixel mapping to avoid gaps or the 

creation of multiple values for a pixel in the resulting output image. 

The procedure involves taking a pixel location on the corrected but still blank 

image as input (Figure 3-4) and determining which original pixel on the 

distorted image maps to this location after the application of correction values 

(∆𝒙, ∆𝒚) from the distortion matrix. RGB values are then extracted from the 

distorted image to the pixel location on the corrected image. The resulting pixel 

location are floating point values and do not correspond to integer pixels. For 

this reason, their RGB values are interpolated from the RGB values of 

surrounding pixels. A bilinear interpolation was chosen over nearest 

neighbourhood and bi-cubic interpolations  as it provides a compromise 

between computational efficiency and image quality (Gonzalez and Woods, 

2011).  

 

Figure 3-4 Backward pixel mapping method 
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3.4. Experimental Results and Analysis  

Figures 3-5a and 3-5b are examples of images of the testfield before and after 

rectification respectively. As can be observed, the barrel effect in Figure 3-5a 

has been removed through the rectification process, thus converting fisheye 

images into rectilinear images (Figure 3-5b).  

     

(a)  (b)  

Figure 3-5 Image of the calibration testfield before and after image 

rectification: (a) before rectification (b) after rectification 

 

Table 3-3 shows an extract of five minimum and five maximum displacements 

of measured image coordinates of control points from their rectified positions. 

As expected, the maximum displacements in control point positions (1344.1 

pixels) occur towards the edges while the and minimum displacements (1.5 pixels) 

occur in the image centre (Table 3-3). An obvious check of the effectiveness of 

the rectification technique is to verify that a straight line in object space 

appears as a straight line on the image after rectification. This was tested using 

straight line features in object space. The coordinates of these features were 

measured on both the distorted and rectified images. The standard deviations 

of the least squares fit before and after rectification were used as indicators 

for the straightness of lines and as a measure of the success of the rectification 

process. For example, the standard deviation from seven points (marked in 

yellow) along a straight line feature in Figure 3-6 before (180.6 µm equivalent 

to 28 pixels) and after (17.5 µm or approximately 3 pixels) rectification indicate 
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that the effect of lens distortion was successfully minimised using the 

developed method. 

Table 3-3 Minimum and maximum image coordinate displacements 

ID 

 

Fictitious Image 
Coordinates (mm) 

Distorted Image 
Coordinates (mm) 

Displacement  
mm (pixels) 

𝒙 

 

�̅� 

 

𝒙 

 

𝒚 

 

𝒅𝒙𝒚  

509 2.10 -0.90 2.10 -0.89 0.01 (1.51) 
409 2.12 0.42 2.12 0.40 0.02 (2.84) 

9 -0.43 -1.01 -0.38 -1.00 0.04 (6.90) 

6 -0.40 0.32 -0.35 0.31 0.05 (7.09) 

3 -0.45 1.51 -0.40 1.48 0.06 (8.92) 

601 -15.17 -3.73 -9.86 -2.46 5.46 (853.41) 

101 -14.96 6.01 -9.48 3.78 5.92 (924.72) 

701 -15.15 -6.27 9.60 -4.01 6.00 (936.81) 

112 13.35 9.64 8.31 5.94 6.25 (976.00) 

113 16.84 9.88 9.45 5.48 8.60 (1344.1)

5 
 

 

(a)  (b)  

Figure 3-6 Verification of straight line in object space: (a) before rectification 

(b) after rectification 

 

A further numerical test of the proposed method used a subset of the control 

points to form the distortion matrix (86 out of 91). The known locations of the 

five remaining randomly selected control points were compared with their 

interpolated values. From Table 3-4 and Figure 3-7, it is observed that Control 

points 610 and 5 recorded the maximum and minimum displacements 

respectively. The denser the control points the more precise the interpolated 
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value. This is an indication that the proposed method is dependent on the 

distribution and density of control points. 

Table 3-4 Displacement of interpolated control point coordinates from their 

measured values 

ID 

 

Measured Image 
Coordinates (mm) 

Interpolated Image 
Coordinates (mm) 

Displacement         
mm (pixels) 

 𝒙 �̅� 𝒙 𝒚 𝒅𝒙𝒚 

5 -1.63 0.29 -1.63 0.28 0.01 (1.80) 
304 -8.08 1.37 -8.01 1.33 0.08 (11.77) 

312 9.81 1.85 9.73 1.81 0.09 (14.01) 

704 -7.96 -6.36 -7.94 -6.36 0.02 (2.84) 

610 4.98 -3.39 4.75 -3.33 0.24 (37.04) 

 

 

Figure 3-7 Effect of control points distribution on interpolation 

 

Figure 3-8a shows an image of a section of a building that was captured with 

the camera-lens combination (Nikon D200 DSLR camera and the Nikkor 10.5 

mm fisheye lens). As can be observed in Figure 3-8b, the barrel effect in the 

image has been removed through the rectification process. 
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(a)  (b)  

Figure 3-8  Image rectification prior to stitching panoramic images: (a) before 

rectification (b) after rectification 

 

Figure 3-9 shows an example of spherical panoramic image created (with 

PTGui) after the original fisheye images were rectified with the proposed 

technique. 

 

Figure 3-9 Spherical panorama generated from rectified fisheye images 
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3.5. Chapter Summary 

The objective of developing an image rectification technique for images 

acquired from fisheye lenses has been achieved in this research. The 

technique is capable of removing the barrel effects produced by fisheye lens, 

thus transforming the fisheye into rectilinear images.  

A shortcoming of the developed technique is that its efficiency relies on the 

density and distribution of control points of a calibration testfield. Thus, it is 

recommended that for higher accuracy, a dense and well-distributed set of 

control points should be adopted.  

It has also been shown that panoramas can be created from images rectified 

with the proposed method. This makes the technique particularly useful for 

image stitching software that does not support fisheye lenses. 
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CHAPTER 4 

4. ORIENTATION AND EXTRACTION OF 3D COORDINATES 

FROM SPHERICAL PANORAMIC IMAGES 

4.1. Overview 

This Chapter focuses on the algorithms and methods developed and adopted 

in this research for the orientation and extraction of 3D coordinates of object 

points from spherical panoramas.  

A new approach to automatically orient and position multiple spherical 

panoramas with respect to each other is presented. The determination of the 

final 3D object coordinates is based on the bundle adjustment algorithm, which 

requires initial approximation values for the unknown parameters. These 

provisional values are provided in an automated process by the Minimum Ray 

Distance (MRD) algorithm developed in this research. The unknown 

parameters comprise of the EOPs of each panorama 

(𝑿𝒐𝒊, 𝒀𝒐𝒊, 𝒁𝒐𝒊, 𝝎𝒊, 𝝓𝒊, 𝛋𝒊) and the 3D object coordinates of the measured image 

points (𝑿𝒋, 𝒀𝒋, 𝒁𝒋), where the subscript 𝒊 refers to the individual panorama while 

𝒋 refers to the object points.  

Prior to orientation, image coordinates of conjugate points on the panoramas 

are measured either manually or automatically. Automatic conjugate point 

extraction was accomplished by a feature-based matching technique using the 

SIFT operator. When the conjugate points are extracted in automatic mode 

(Section 4.3), only a few of these are chosen for the MRD algorithm to avoid 

excessive computation time. Typically, some six to ten conjugate points suffice 

to provide the provisional values required for the bundle adjustment.  

The workflow for the panorama orientation and extraction of 3D coordinates of 

object points involves five principal routines (Figures 4-1 and 4-2). These are 

the MRD and bundle adjustment algorithms, scaling of object coordinates, 
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interactive extraction of conjugate points guided by the epipolar geometry and 

3D similarity transformation.  

First, the MRD algorithm is sequentially applied to pairs of spherical 

panoramas to automatically estimate the initial approximation values for the 

unknown parameters. This is followed by scaling all derived object coordinates 

to a common uniform scale. The bundle adjustment algorithm is then carried 

out to jointly refine the initial approximation values for the unknown parameters 

for all panoramas within a panorama configuration. A panoramic configuration 

in this thesis refers to a group of panoramas defined within a local coordinate 

system, where a single panorama is selected as reference and all others, 

known as the free panoramas are sequentially oriented with respect to the 

reference panorama. The initial approximation values for 3D object 

coordinates of any additional image points which were not included in the 

orientation phase as well as points interactively or automatically measured 

through the guidance of the epipolar geometry can then be calculated. The 

final 3D object coordinates of all image points are then determined by the 

bundle adjustment algorithm.  

If all possible panorama connections have been formed and there are not 

sufficient points in the remaining panoramas, a new configuration is created. 

In a final step, the configurations can be linked with 3D similarity 

transformation which requires fewer points than the MRD orientation process. 

Given three or more control points with known object coordinates within a 

project area, the local coordinate system can then be georeferenced into the 

desired national or local coordinate system.  

These processes described in the workflow are discussed in details in the 

following sections after introducing the spherical panoramic imaging model. 
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Figure 4-1 Workflow for orientation and extraction of 3D coordinates of object 

points  
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Figure 4-2 Overall workflow for panorama orientation and extraction of 3D 

coordinates of object points 

 

 

4.2. Spherical Panoramic Imaging Model 

The imaging process for transforming 3D object points onto a 2D image plane 

involves four different coordinate systems. These are: 

(i) object coordinate system (𝑿𝒋, 𝒀𝒋, 𝒁𝒋), 

(ii) Cartesian panoramic coordinate system (𝒙𝒊, 𝒚𝒊, 𝒛𝒊), 

(iii) spherical coordinate system (𝝀𝒊, 𝝓𝒊), and 

(iv) image coordinate system (𝒖𝒊, 𝒗𝒊). 

 

First, the 3D object points are mapped onto the panorama sphere in the 

intersection of the vector from the perspective centre of the panorama 

sphere (𝑿𝒐𝒊, 𝒀𝒐𝒊, 𝒁𝒐𝒊) to the object with the sphere. The relationship between 

object (𝑿𝒋, 𝒀𝒋, 𝒁𝒋) and Cartesian panoramic (𝒙𝒊, 𝒚𝒊, 𝒛𝒊) coordinate system 

(Figure 4-3) is given as: 
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[

𝑥𝑖

𝑦𝑖

𝑧𝑖

] = 𝜓 [

𝑚11 𝑚12 𝑚13

𝑚21 𝑚22 𝑚23

𝑚31 𝑚32 𝑚33

] ∗ [

𝑋𝑗 − 𝑋𝑜𝑖

𝑌𝑗 − 𝑌𝑜𝑖

𝑍𝑗 − 𝑍𝑜𝑖

]   Equation 4-1 

where the three separate equations describing the relationship between two 

coordinate systems are:  

𝑥𝑖 = 𝜓 [𝑚11(𝑋𝑗 − 𝑋𝑜𝑖) + 𝑚21(𝑌𝑗 − 𝑌𝑜𝑖) + 𝑚31(𝑍𝑗 − 𝑍𝑜𝑖)]      Equation 4-2 

𝑦𝑖 = 𝜓 [𝑚12(𝑋𝑗 − 𝑋𝑜𝑖) + 𝑚22(𝑌𝑗 − 𝑌𝑜𝑖) + 𝑚32(𝑍𝑗 − 𝑍𝑜𝑖)]       Equation 4-3 

𝑧𝑖 = 𝜓 [𝑚13(𝑋𝑗 − 𝑋𝑜𝑖) + 𝑚23(𝑌𝑗 − 𝑌𝑜𝑖) + 𝑚33(𝑍𝑗 − 𝑍𝑜𝑖)]      Equation 4-4 

The 𝒎′𝒔  in Equation 4-1 to 4-4 are the individual elements of the rotation 

matrix as defined in Equation 2-9 and 𝜓 is the individual scale factor for each 

point on the panorama sphere in relation to the object. 

 

Figure 4-3 Relationship between Cartesian panoramic and object coordinate 
systems 

 

On the panorama sphere, two coordinates systems can be defined. These are 

the Cartesian panoramic (𝒙𝒊, 𝒚𝒊, 𝒛𝒊) and spherical (𝝀𝒊, 𝝓𝒊) coordinate systems 

(Figure 4-4). The relationships between the two systems are as follows:  

𝑥𝑖 = 𝑟 sin 𝜆𝑖 sin 𝜙𝑖    Equation 4-5 

𝑦𝑖 = 𝑟 cos 𝜆𝑖 sin𝜙𝑖    Equation 4-6 

𝑧𝑖 = 𝑟 cos𝜙𝑖      Equation 4-7 

The inverse solutions are expressed as: 
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   𝜆𝑖 = arctan (
𝑥𝑖

𝑦𝑖
)     Equation 4-8 

   𝜙𝑖 = arccos (
𝑧𝑖

𝑟
)    Equation 4-9 

where 𝝀𝒊 represent the latitude, 𝝓𝒊 is the longitude and 𝒓 is the radius of the 

sphere.  

 

Figure 4-4 Relationship between Cartesian panoramic and spherical 

coordinate systems 

 

In the final stage, the spherical surface is mapped onto the image plane. This 

involves the transformation from spherical (𝝀𝒊, 𝝓𝒊) to the image coordinate 

(𝒖𝒊, 𝒗𝒊)  systems based on the Equirectangular projection expressed as 

(Snyder, 1987; Fangi, 2007): 

𝑢𝑖 = 𝑟 𝜆𝑖     Equation 4-10 

𝑣𝑖 = 𝑟 𝜙𝑖     Equation 4-11 

The origin of the image coordinate system is at (0,0) for the centre of the top-

left pixel (Figure 4-5). The spherical panoramic image covers a horizontal FOV 

of 360° and a vertical FOV of 180°, thus the image has a width (W) to height 

(H) ratio of 2:1. The radius of the panorama sphere is ideally equal to the focal 

length of the camera. However, the actual radius of a final panorama output 

after stitching can be calculated using the expression: 

𝑟 =
𝑊

2𝜋
    Equation 4-12 
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Figure 4-5 Image coordinate system 

 

The expression for scale factor 𝝍𝒊 can be derived through the relationship 

between the radius of the sphere (𝒓), and the distance between an object point 

in space (𝑿𝒋, 𝒀𝒋, 𝒁𝒋) and the perspective centre (𝑿𝒐𝒊, 𝒀𝒐𝒊, 𝒁𝒐𝒊) as: 

                     𝜓𝑖 =
𝑟

√(𝑋𝑗−𝑋𝑜𝑖)
2
+(𝑌𝑗−𝑌𝑜𝑖)

2
+(𝑍𝑗−𝑍𝑜𝑖)

2
     Equation 4-13 

Substituting, Equations 4-2 and 4-3 into 4-8 and also Equations 4-3 and 4-13 

into 4-9, the collinearity equations relating the image coordinates  (𝒖𝒊, 𝒗𝒊) and 

object points (𝑿𝒋, 𝒀𝒋, 𝒁𝒋) for spherical panoramas are expressed as follows: 

       𝑢𝑖 = 𝑟 𝑎𝑟𝑐𝑡𝑎𝑛 (
𝑚11(𝑋𝑗−𝑋𝑜𝑖)+ 𝑚21(𝑌𝑗−𝑌𝑜𝑖)+ 𝑚31(𝑍𝑗−𝑍𝑜𝑖)

𝑚12(𝑋𝑗−𝑋𝑜𝑖)+ 𝑚22(𝑌𝑗−𝑌𝑜𝑖)+𝑚32(𝑍𝑗−𝑍𝑜𝑖)
)     Equation 4-14 

       𝑣𝑖 = 𝑟 𝑎𝑐𝑜𝑠 (
𝑚13(𝑋𝑗−𝑋𝑜𝑖)+ 𝑚23(𝑌𝑗−𝑌𝑜𝑖)+𝑚33(𝑍𝑗−𝑍𝑜𝑖)

√(𝑋𝑗−𝑋𝑜𝑖)
2
+(𝑌𝑗−𝑌𝑜𝑖)

2
+(𝑍𝑗−𝑍𝑜𝑖)

2
)     Equation 4-15 

 

 

4.3. Automatic Extraction of Conjugate Points  

In order to automatically extract conjugate points for the orientation of 

spherical panoramas, a feature-based matching technique using the SIFT 

operator was adopted. Initial attempts to match the descriptors after the 

feature detection and description stages between a pair of spherical 
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panoramas yielded many false matches. This is because most feature-based 

matching algorithms like the Best-Bin-First method are designed for 

perspective images and not for spherical panoramas. Features in spherical 

panoramas often appear to be deformed especially towards the upper and 

lower sections of the image with straight line appearing as curved lines. Thus, 

making the matching algorithm not globally valid for the entire panoramas and 

restricting it to limited regions within the panoramas. For this reason, the 

matching procedure was modified by creating multiple image tiles in one 

panorama and matching each of these tiles with the other panorama (Table 4-

1). The number and size of the image tiles are always decided by the user 

prior to the matching process. 

 

Table 4-1 Procedure for extracting conjugate feature points from a pair of 
panoramas 

For each panorama pair  (e.g. Panorama 1 and 2) 

(i) Apply a SIFT detector to extract distinctive features on both 

panoramas. 

(ii) Represent the extracted features with the SIFT descriptors and 

store them with a k-d tree structure. 

(iii) Define two or more small image tiles in Panorama 1 or divide the 

entire Panorama 1 into several image tiles. 

(iv) For Panorama 2 and each image tile in Panorama 1 

• Find conjugate feature points using a nearest neighbour search 

procedure based on the Best-Bin-First method. 

• Reject false conjugate feature pairs by applying the RANSAC 

algorithm and store the best candidates. 

(v) Combine all valid conjugate feature points  for each matching step 

in (iv) 

 

The developed approach has been successfully tested on a wide number of 

spherical panoramas in both indoor and outdoor environments. The approach, 

however fails where the perspectives of the panoramas change significantly 
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or in the presence of repetitive and indistinctive features. In such cases, the 

manual extraction of conjugate points is still the best option. Figure 4-6 shows 

two panoramas 1 and 2, with four image tiles defined in Panorama 1. Figures 

4-7 to 4-8 show the nearest neighbour matching and RANSAC outlier 

detection results between features in Panorama 2 and three of the four image 

tiles of Panorama 1. 

 

Figure 4-6 Panorama pair with four image tiles defined in one panorama 

 

After matching features between Panorama 2 and the first image tile of 

Panorama 1, 516 tentative matches were obtained (Figure 4-7a). Out of these 

516 matches, 252 (48.48%) outliers were removed (Figure 4-7b).   Similarly, 

after matching features between Panorama 2 and the second image tile of 

Panorama 1, 137 tentative matches were obtained (Figure 4-8a). Out of these 

137 matches, 93 (67.88%) outliers were removed (Figure 4-8b).    

A total of 421 correct matches were obtained after the matching and outlier 

detection steps between Panorama 2 and the four image tiles of Panorama 1 

(Figure 4-9). These can then be reduced if necessary prior to the application 

of the MRD orientation algorithm.  
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Figure 4-7 Output of feature-based matching and outlier detection 

procedures between Panorama 2 and image tile 1 of Panorama 1: (a) 

Feature matching (b) After outlier detection (c) Matched features in image tile 

1 of Panorama 1 (in red) (d) Matched features in Panorama 2  (in blue) 
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Figure 4-8 Output of feature-based matching and outlier detection 

procedures between Panorama 2 and image tile 2 of Panorama 1: (a) 

Feature matching (b) After outlier detection (c) Matched features in image tile 

2 of Panorama 1 (red) (d) Matched features in Panorama 2 (blue) 
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Figure 4-9 Conjugate feature points after outlier detection between 

Panoramas 1(in red) and 2 (in blue)  

 

 

4.4. Minimum Ray Distance Algorithm 

The underlying concept of the MRD algorithm is the minimisation of distances 

between two conjugate space vectors or skewed rays. This approach is based 

on the premise that the vectors from the centre of separate panoramas (𝑷𝑪𝟏 

and 𝑷𝑪𝟐) to the same object point (P) intersect in this point, albeit not perfectly 

as a result of observation and other errors. The unknown orientation of the 

panoramas and their relative positions and heights can be determined 

iteratively by stepwise rotating the un-oriented panoramas with respect to each 

other and by iteratively changing the height displacements between the 

panoramas until a global minimum distance between conjugate rays are 

achieved. Rotations are iterated around the three coordinate axes by angles 

omega (𝝎𝒊), phi (𝝓𝒊) and kappa (𝛋𝒊). If 𝐋𝟏 and 𝐋𝟐 are conjugate rays defined 

by the vectors �⃗⃗�  and �⃗⃗�  respectively, then the minimum distance between the 

two rays after each rotation is found between points  𝑷𝒂(𝐬) and  𝑷𝒃(𝐭) where 

the two vectors �⃗⃗�  and �⃗⃗�  have a common normal (Figure 4-10). The minimum 

distance between the rays (𝐋𝟏, 𝐋𝟐) is mathematically expressed as follows: 

𝒅(𝑳𝟏, 𝑳𝟐 ) = 𝐦𝐢𝐧
𝑷𝒂(𝐬)∈ 𝑳𝟏 𝑷𝒃(𝐭)∈ 𝑳𝟐

{𝒅(𝑷𝒂(𝐬), 𝑷𝒃(𝐭))}            Equation 4-16 

such that, 𝑳𝟏 = 𝑷𝑪𝟏 + 𝒔�⃗⃗� , and 𝑳𝟐 = 𝑷𝑪𝟐 + 𝒕�⃗⃗� . The mid-point between the two 

point, 𝑷𝒂(𝐬) and 𝑷𝒃(𝐭) defines the 3D position of the object point (𝑿𝒋, 𝒀𝒋, 𝒁𝒋). 
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Figure 4-10 Minimum distance between two skew rays 

 

Figure 4-11 shows a typical setup of two panoramas before and after relative 

orientation by MRD algorithm. The minimum distance is not only evaluated for 

one ray, but for a bundle of rays from each panorama centre. 

(i) 𝐏𝐂𝟏 and 𝐏𝐂𝟐 are the perspective centres of the reference  and free 

panoramas respectively; 

(ii) 𝐏𝐂𝟏𝒊  and 𝐏𝐂𝟐𝒊 represent the 3D coordinates of object points on the 

reference and free panorama spheres; the coordinates of 𝐏𝐂𝟐𝒊 are 

modified in the iteration process; 

(iii) Provisional base (𝑩) is the arbitrarily chosen distance between the 

reference and free panoramas. The actual scale of the derived 

model will be determined later by measuring, or calculating an object 

distance from known coordinates. 

Prior to the implementation of the MRD algorithm, no information about the 

relative position and height of the panoramas is known. EOPs 

(𝑋𝑜1, 𝑌𝑜1, 𝑍𝑜1, 𝜔1, 𝜙1, κ1) and (𝑋𝑜2, 𝑌𝑜2, 𝑍𝑜2, 𝜔2, 𝜙2, κ2 ), are therefore assumed 

as (0,0,0,0,0,0) and (0,B,0,0,0,0) for the reference and free panoramas 

respectively. It is also assumed that the panoramas are “quasi-horizontal” i.e.  

within 10º horizontal. 

The task of the MRD algorithm is to estimate the EOPs for the free 

panorama(s) and object coordinate values for all image points (Figures 4-12 

and 4-13).  
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Figure 4-11 MRD algorithm configuration 
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Figure 4-12 Overview of automatic estimation algorithm for the creation of 

initial approximation values for bundle adjustment 

 

 

Figure 4-13 MRD algorithm 
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This involves keeping the EOPs of the reference panorama fixed while the 2D 

position (𝑿, 𝒀), height (𝐙) and the three rotational angles (𝝎,𝝓, 𝛋) of the free 

panorama are varied in steps. To initiate the iterative orientation process, the 

default value for the provisional base is chosen as 1 or as a rough realistic 

estimation of the actual base, the height range for the iteration is then set equal 

to the base, B allowing iteration for the height to step through values from –B 

to +B in steps of B/10. Figure 4-14 shows the hill-climbing approach (Russell 

et al., 2003) to the determination of the height (𝐙) of the panoramas.  

 

  

Figure 4-14 Height determination for the free panorama using the MRD 

algorithm 
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The 2D position of the free panorama (𝑿𝟐, 𝒀𝟐) is obtained by varying the 

‘alignment angle′ (𝛼) (Figure 4-15). ‘Alignment angle’ (𝛼) refers here to the 

angle between the X-axis of the local coordinate system and the reference 

base in cases where the axis of the free panorama does not coincide with the 

axis of the local coordinate system. The iteration for 𝜶 ranges from 0° to 360° 

in intervals of 1° or 5°. In practice, one can reduce the range if prior information 

such as a sketch of the panorama survey is available.  

 

Figure 4-15 Determining suitable alignment angle for the 2D position of free 
panorama 

 

It should be noted that there are two rotational angles, 𝜶 is the rotation of the 

base from its starting position, and κ is the rotation of the free panorama about 

its centre . The iteration for rotational angle 𝛋 ranges from 0° to 360° in 

intervals of 1° or 5°, and the iteration for rotational angles 𝛚 and 𝝓 ranges from 

-10° to +10° in intervals of 1°. The three angles and the height difference can 

then be refined using smaller steps within a limited range (narrower search 

space) around the previous approximation. 
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As mentioned above, for each iteration step the minimum 

distance𝑠 (𝒅) between the conjugate rays (𝐋𝟏𝒊 and 𝐋𝟐𝒊) are determined for all 

image points (Figure 4-10 and Equation 4-16). The 𝒁, 𝛚, 𝝓 and 𝛋 values 

associated with the global minimum of the sum of all minimum distances 

indicate the optimal position and orientation between the two panoramas. The 

mid-point between the point vectors 𝑷𝒂(𝐬) and 𝑷𝒃(𝐭) then define the provisional 

values for 3D coordinates of the object points (𝑿𝒋, 𝒀𝒋, 𝒁𝒋).  

 

 

4.5. Scaling of Object Coordinates 

Prior to the application of the bundle adjustment for the panorama 

configuration, a uniform scale for all the panoramas is established 

automatically by determining the distance between two objects which are 

selected on the basis of maximum separation. If the distance between two 

points in object space is known or measured, then an absolute scale can be 

adopted. 

 

 

4.6. Bundle Adjustment Algorithm  

The bundle adjustment algorithm is applied twice. Once, to refine the 

coordinates of all object points used in the MRD iteration process and then to 

determine the coordinates of the additional points extracted guided by the 

epipolar geometry or extracted automatically via feature-based matching.    

The mathematical model for the bundle adjustment algorithm is based on the 

collinearity equations for spherical panoramic images derived in Section 4.2 

(Equations 4-14 and 4-15). Subscripts are omitted for reasons of simplicity. 

𝑢 = 𝑟 𝑎𝑟𝑐𝑡𝑎𝑛 (
𝑋∗

𝑌∗) = 𝐹𝑢  Equation 4-17 
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𝑣 = 𝑟 𝑎𝑟𝑐𝑐𝑜𝑠 (
𝑍∗

𝑑
) = 𝐹𝑣  Equation 4-18 

where, 

𝑋∗ = 𝑚11(𝑋 − 𝑋𝑜) + 𝑚21(𝑌 − 𝑌𝑜) + 𝑚31(𝑍 − 𝑍𝑜) 

𝑌∗ = 𝑚12(𝑋 − 𝑋𝑜) + 𝑚22(𝑌 − 𝑌𝑜) + 𝑚32(𝑍 − 𝑍𝑜) 

𝑍∗ = 𝑚13(𝑋 − 𝑋𝑜) + 𝑚23(𝑌 − 𝑌𝑜) + 𝑚33(𝑍 − 𝑍𝑜) 

𝑑 = √(𝑋 − 𝑋𝑜)2 + (𝑌 − 𝑌𝑜)2 + (𝑍 − 𝑍𝑜)2 

No APs were introduced into the collinearity equations as the individual images 

captured by the camera were rectified prior to stitching. Similar to the standard 

collinearity equations for rectilinear images, collinearity equations for spherical 

panoramic images are non-linear. These equations were linearised via Taylor 

series expansion as shown in Equations 4-19 and 4-20.  

𝑣𝑢 = (
𝜕𝐹𝑢

𝜕𝑋𝑜
) 𝜕𝑋𝑜 + (

𝜕𝐹𝑢

𝜕𝑌𝑜
) 𝜕𝑌𝑜 + (

𝜕𝐹𝑢

𝜕𝑍𝑜
) 𝜕𝑍𝑜 + (

𝜕𝐹𝑢

𝜕𝜔
) 𝜕𝜔 + (

𝜕𝐹𝑢

𝜕𝜙
) 𝜕𝜙 + (

𝜕𝐹𝑢

𝜕𝜅
) 𝜕𝜅 (

𝜕𝐹𝑢

𝜕𝑋
) 𝜕𝑋 +

(
𝜕𝐹𝑢

𝜕𝑌
) 𝜕𝑌 + (

𝜕𝐹𝑢

𝜕𝑍
) 𝜕𝑍 − (𝑢 − 𝐹𝑢

0)                    Equation 4-19                     

𝑣𝑣 = (
𝜕𝐹𝑣

𝜕𝑋𝑜
) 𝜕𝑋𝑜 + (

𝜕𝐹𝑣

𝜕𝑌𝑜
) 𝜕𝑌𝑜 + (

𝜕𝐹𝑣

𝜕𝑍𝑜
) 𝜕𝑍𝑜 + (

𝜕𝐹𝑣

𝜕𝜔
) 𝜕𝜔 + (

𝜕𝐹𝑣

𝜕𝜙
) 𝜕𝜙 + (

𝜕𝐹𝑣

𝜕𝜅
) 𝜕𝜅 + (

𝜕𝐹𝑣

𝜕𝑋
)𝜕𝑋 +

(
𝜕𝐹𝑣

𝜕𝑌
) 𝜕𝑌 + (

𝜕𝐹𝑣

𝜕𝑍
)𝜕𝑍 − (𝑣 − 𝐹𝑣

0)                     Equation 4-20       

where u and v are the image coordinates of the object points in the 2D format 

of the panorama image. 𝐹𝑢
0 and 𝐹𝑣

0 are Equations 4-17 and 4-18 respectively, 

evaluated at the approximate values of their parameters. The individual partial 

derivatives of the linearised collinearity equations with respect to the unknown 

parameters are given in Appendix 2. 
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4.7. Interactive Extraction of 3D Measurements from Spherical 

Panoramic Images 

After the relative orientation, epipolar geometry theory was employed to guide 

the interactive extraction of additional feature points. The epipolar geometry of 

a panorama pair reduces the search space from a full 2D image space image 

to 1D (epipolar curve). Figure 4-16 shows the epipolar geometry between two 

oriented panorama spheres where P an object point in space is. All other terms 

used in the figures have previously been defined (Section 4.4). 

 

Figure 4-16 Epipolar geometry between two oriented spherical panoramas 

 

The plane defined by PC1, PC2 and P is known as the epipolar plane. The 

intersection of the epipolar plane with the two oriented panorama spheres 

defines great circles on each of these two spheres (Figure 4-17), which 

appears on the panoramic image plane as curves in a sinusoidal shape known 

as the epipolar curve (Figure 4-18). 



 

 

74 

 

 

  
(a)  (b)  

 

Figure 4-17 Intersection of epipolar plane with a panorama sphere defining a 
great circle (a) Front view ((b) Back view 

 

 

Figure 4-18 Epipolar curve on the panoramic image plane 

 

To derive the mathematical formula for the epipolar curve on the panoramic 

image plane, the general equation of the plane is used. This is given as: 

                                𝐴𝑥 + 𝐵𝑦 + 𝐶𝑧 = n ∙ x = 0                           Equation 4-21 

where  [
𝐴
𝐵
𝐶
]

1,3

is normal vector to the plane and [
𝑥
𝑦
𝑧
]

1,3

 represent the Cartesian 

panoramic coordinates of any point on the sphere.  
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By substituting Equation 4-5 to 4-7 into Equation 4-21, the epipolar plane 

expressed in spherical coordinates is given as: 

       𝐴 ∗ 𝑟 sin 𝜆 sin 𝜙 + 𝐵 ∗ 𝑟 cos 𝜆 sin𝜙 + 𝐶 ∗ 𝑟 cos𝜙  = 0            Equation 4-22 

From Equation 4-22, the expression for the great circle, expressed in spherical 

coordinates as (Fangi and Nardinocchi, 2013): 

                              𝜙 = 𝑎𝑟𝑐𝑡𝑎𝑛 (
−𝐶

𝐴∗sin𝜆+𝐵∗ cos𝜆  
)     Equation 4-23 

where 𝑨,𝑩 and 𝑪 are the elements of the normal vector and 𝝀 is the horizontal 

angle of the points, which ranges from 0° to 360°.  

Finally, the expression for the epipolar curve on the panoramic image plane is 

obtained by substituting the equation for 𝝀 (4-10) into Equation 4-24. 

                           𝑣 = 𝑟 ∗ 𝑎𝑟𝑐𝑡𝑎𝑛 (
−𝐶

𝐴∗sin(
𝑢

𝑟
)+𝐵∗ cos(

𝑢

𝑟
)  
)        Equation 4-24 

The horizontal pixel coordinates of the panoramic image ranges from 1 to 𝑊 

where 𝑊, as defined in Section 4.2 is the width of the spherical panorama in 

the 2D image format.  

While the epipolar geometry of a panorama pair reduces the search space 

from the complete 2D image space to a 1D epipolar curve, the search space 

can be further reduced to a single point if two or more oriented panoramas are 

available, in which case the search is fully automated. Figure 4-19 shows an 

example of the extraction of a feature point on a 2D panoramic image with the 

support of the epipolar geometry after the relative orientation of four 

panoramas.  

Three epipolar curves are plotted on the single panorama intersect at two 

points, one in the upper-half of the panorama and the second in the lower-half. 

The point in the lower-half is automatically eliminated based on the minimum 

distance between two conjugate rays (Equation 4-19). 
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Figure 4-19 Interactive extraction of a feature point from a 2D panoramic 

image supported by epipolar geometry after relative orientation of four 

panoramas shown at different zoom levels 

 

 

4.8. 3D Similarity Transformation 

Two sub-routines as in the workflow for the estimation of panorama orientation 

and 3D object points (Figure 4-2) involve the use of common control points to: 

• link individual panorama configurations into a single consistent uniform 

panoramic configuration; and, where possible;  

• georeference panoramas to the relevant national or local coordinate 

system.  
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These tasks are carried out with the 3D similarity transformation. The 3D 

similarity transformation may be defined as: 

[
𝑋
𝑌
𝑍
] = [

𝑋𝑜

𝑌𝑜

𝑍𝑜

] + 𝜇𝑀(𝜔,𝜙, 𝜅) [
𝑥
𝑦
𝑧
]               Equation 4-25 

where  [𝑋, 𝑌, 𝑍]′ represents the coordinates in the target system,[𝑥, 𝑦, 𝑧]′ 

denotes the coordinates of corresponding point in the source system. 

[𝑋𝑜, 𝑌𝑜,𝑍𝑜]
′ are the translational parameters, 𝜇 is the scale factor and 𝑀(𝜔,𝜙, 𝜅) 

the 3 x 3 orthogonal rotation matrix whose individual elements 𝑚11 to 𝑚33 are 

defined in Equation 2-9. 

 

 

4.9. Chapter Summary 

An accurate, low-cost approach for orienting spherical panoramas and 

extracting 3D object coordinates from spherical panoramas has been 

presented in this Chapter. 

The orientation procedure is based on the bundle adjustment algorithm. The 

main contribution of this Chapter is the development of the MRD algorithm to 

automatically generate initial approximate values for the bundle adjustment 

algorithm. Both the MRD and bundle adjustment algorithms require conjugate 

points as input data. These points can be measured manually or automatically. 

A feature-based matching approach using the SIFT operator has been 

presented in this Chapter to automatically measure conjugate point 

coordinates from the spherical panoramas. 

Another important contribution of this Chapter is the implementation of the 

epipolar geometry between relatively oriented panorama pairs and triplets to 

aid interactive feature point extraction. 
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CHAPTER 5 

5.  EXPERIMENTAL TESTS, RESULTS AND ANALYSIS OF 

THE MRD ORIENTATION APPROACH 

5.1. Overview 

This Chapter presents and analyses the results of experimental tests carried 

out to verify the MRD approach of orienting panoramic images and the 

subsequent bundle adjustment and extraction of 3D coordinates of object 

points as shown in the workflows in Figures 4-1 and 4-2.  

The approach was first tested at the Geomatics teaching laboratory of the 

University of Cape Town (indoor environment) and this is presented in Section 

5.2. The laboratory was used as a testing site to establish the validity of the 

approach to object point measurement from panorama photography as 

developed in this research. The details of the testfield were presented in 

Section 3.1. The image coordinates of the conjugate points required to initiate 

the orientation process were manually measured.  

In Section 5.3, another experimental test is presented using panoramas 

captured at Fort Jago, a heritage site in Ghana (outdoor environment). This 

test demonstrates the generation of sparse point cloud data, using 

automatically extracted conjugate feature points. The Chapter concludes with 

a brief summary in Section 5.4. 

All experiments in this Chapter were carried out using self-developed Matlab 

programs including image point measurement capability, MRD and bundle 

adjustment algorithms as well as 3D similarity transformation. For automatic 

conjugate feature point extraction, the SIFT operator and matching procedure 

from the Vfleat open source library (Vedaldi and Fulkerson, 2010) were 

adopted.  
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5.2. Determining the 3D Object Coordinates of Target Points of 

the UCT Calibration Testfield 

5.2.1. Data Acquisition   

Four panoramas (Figure 5-1) were captured at random positions in the 

Geomatics teaching laboratory to determine the 3D object coordinates of the 

target points of the calibration testfield.  

 

Figure 5-1 Four spherical panoramas of the calibration testfield: (a) 

Panorama A (b) Panorama B (c) Panorama C (d) Panorama D 

 

The individual images of the panoramas used in this Section were captured 

with a Canon EOS Rebel T5 camera and the Rokinon 8 mm fisheye lens. The 

specifications of the camera and lens are provided in Tables 5-1 and 5-2.  

 

Table 5-1 Specifications of Canon EOS Rebel T5 camera  

 

 

 

Camera features 
Sensor CMOS 

Maximum image size 5184 x 3456 pixels 

Sensor size 22.3 x 14.9 mm 

Pixel size 4.3 µm 

Approx. dimensions 129.6 x 99.7 x 77.9 mm  
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Table 5-2 Specifications of the Rokinon 8 mm full-frame fisheye lens 

 

 

 

The image coordinates of fifteen points on the panoramas, eight of which were 

target points of the calibration testfield and seven feature points were 

measured manually. All measured points were common to the four 

panoramas. The approximate positions of the four panoramas relative to the 

fifteen image points are shown in Figure 5-2. 

 

Figure 5-2 Approximate positions of the four panoramas relative to the fifteen 

image points in the UCT Geomatics teaching laboratory 

 

5.2.2. Panorama Orientation and 3D Measurement Phase 

Description of Procedure  

Panorama A (Figures 5-1a and 5-2) was chosen as the reference and the other 

panoramas were oriented and positioned with respect to it. Scaling information 

was derived from the distance calculated from reference coordinates of two 

target points 601 and 613. After scaling, the initial approximation values for all 

Lens features 
Focal length 8 mm 

Maximum aperture f/3.5 

Minimum aperture f/ 22 



 

 

81 

 

 

EOPs are available. The bundle adjustment algorithm was applied to refine 

the initial approximation values for EOP of the panorama as well as the 3D 

object positions of all the fifteen image points that were involved in the MRD 

orientation process. The epipolar geometry was then activated to guide the 

extraction of image coordinates of the remaining sixty-nine target points. The 

initial approximation values of targets were then calculated. Finally, the EOPs 

of the four panoramas and as well as all the 3D object coordinates of the target 

points of the calibration testfield were jointly refined by applying a free-network 

bundle adjustment.  

 

Experimental Results  

Table 5-3 shows the final EOPs of the four panoramas captured at the 

Geomatic teaching laboratory. The average standard deviations of the 

seventy-seven 3D objet coordinates of calibration target points were estimated 

as σx=0.7 mm, σy=1.2 mm (depth direction), σz = 0.6 mm and σxyz = 1.5 mm. 

 

Table 5-3 Final EOPs of the four panoramas of the Geomatics teaching 

laboratory 

Panorama X (m) Y (m) Z (m) ω (°) ϕ (°) κ (°) 
A -0.008 0.023 -0.004 0.04 -0.24 -0.10 
B 5.361 -0.418 0.306 -0.49 0.58 177.37 

C 6.419 2.964 0.355 0.58 -0.30 337.24 

D 1.182 2.816 0.314 0.18 -0.22 353.25 

 

5.2.3. Testing the Accuracy of the MRD Algorithm 

Experimental Test 

First, the EOPs of the panoramas obtained from the MRD algorithm were 

compared with their values after bundle adjustment. The bundle adjustment, 

like the MRD algorithm was also applied to a pair of panoramas at a time to 

provide a good basis for comparison. The bundle adjustment algorithm was 
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based on the minimum constraint approach where the seven parameters 

required to define the datum are held fixed. The parameters that were held 

fixed in this experiment were the six EOPs of the reference panorama (A) as 

well as the x-ordinate of the free panorama. This allowed for direct comparison 

of the EOPs of the free panoramas (Tables 5-4 and 5-5). 

Subsequently, the 3D object positions of the fifteen image points obtained from 

the MRD and bundle adjustment algorithms were also compared with their 

reference values obtained by survey measurements (Table 5-6). The 

comparison was only possible after applying a 3D similarity transformation. 

Four target points served as controls whilst the remaining four were used as 

check points to verify the accuracy of the object points.  

 

Experimental Results and Analysis 

Tables 5-4 and 5-5 compare the EOPs of the Panorama B and C respectively, 

after applying MRD and bundle adjustment algorithms. Table 5-6 also shows 

the accuracy of the 3D object coordinates of 15 points after applying MRD and 

bundle adjustment algorithms. 

 

Table 5-4 Comparison of EOPs for Panorama B after applying MRD and 

bundle adjustment algorithms 

Parameters MRD Bundle adjustment Difference 

𝑋𝑜 (m) 5.383 5.383 0.000 
𝑌𝑜 (m) -0.415 -0.416 0.001 

𝑍𝑜 (m) 0.298 0.299 -0.001 

𝜔 (deg. decimals) 0.34 0.35 -0.01 

𝜙 (deg. decimals) -0.37 -0.36 -0.01 

𝜅 (deg. decimals) -177.72 -177.74 0.02 
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Table 5-5 Comparison of EOPs for Panorama C after applying MRD and 

bundle adjustment algorithms 

Parameters MRD Bundle adjustment Difference 

𝑋𝑜 (m) 6.436 6.436 0.000 
𝑌𝑜 (m) 2.812 2.966 -0.155 

𝑍𝑜 (m) 0.310 0.338 -0.028 

𝜔 (deg. decimals) 0.42 -0.38 0.80 

𝜙 (deg. decimals) -0.11 0.18 -0.29 

𝜅 (deg. decimals) 337.52 337.47 0.05 

 

 

Table 5-6 Accuracy of 3D object points from MRD and bundle adjustment 

orientation  

Parameters Orientation of Panorama A, B Orientation of Panorama A, C 

MRD Bundle adjustment MRD Bundle adjustment 

𝜎𝑋 (mm) 0.1 0.1 2.6 0.5 
𝜎𝑌 (mm) 0.5 0.5 4.2 0.2 

𝜎𝑍 (mm) 0.9 0.6 9.4 2.0 

𝜎𝑋𝑌𝑍(mm) 1.0 0.8 10.6 2.1 

 

From Tables 5-4 to 5-6, it can be observed that the 3D positions of Panoramas 

B and C as well as the 3D object coordinates of the 15 points obtained from 

the MRD and bundle adjustment algorithms differed in the order of few 

millimetres. This is an indication that, while the accuracy of the bundle 

adjustment algorithm was better (Table 5-6), the MRD algorithm provided good 

initial approximation values. Should millimetre accuracy be desired, then the 

initial approximation values obtained from the MRD orientation are sufficient 

as final values. 

However, the MRD, unlike the bundle adjustment algorithm can only be 

applied to a pair of panoramas at a time. It is a well-known fact, that the 

precision of 3D object points as well as the reliability of the photogrammetric 

network is greatly improved in a multi-image orientation process. Thus, 

including additional panorama stations will increase network redundancy and 

the chance of detecting gross and systematic errors. For this reason, as well 

as the fact that the bundle adjustment algorithm provides improvement to the 
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MRD results, it is advisable to always apply the bundle adjustment after the 

MRD algorithm. 

 

5.2.4. Influence of Imaging Configurations on the 3D Object Points 

Experimental Test 

A further test was carried out on two pairs of panoramas to determine (confirm) 

the effect of weak panorama network configurations on the determination of 

3D coordinates of object points. Seventy-seven target points of the calibration 

testfield were used for this test. The test was performed after applying MRD 

algorithm and a free network adjustment to panoramas A and B (Figure 5-3a) 

as well as to panoramas A and D (Figure 5-3b).  

 

Experimental Results and Analysis 

Figure 5-3 and Table 5-7 show the geometry and the average standard 

deviation of the seventy-seven object point coordinates from network 

configuration 1 (Panorama A and B) and network configuration 2 (Panorama 

A and D) respectively after the free network adjustment. 

 

 

(a)  (b)  

Figure 5-3 Comparison between strong and weak network configurations 

showing error ellipsoids for object points: (a) Network configuration 1 has 

large B/D ratio, (b) Network configuration 2 has small B/D ratio  
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Table 5-7 Comparison of average standard deviations of 77 object point 

coordinates obtained from two network configurations  

Network configuration 𝜎𝑋 (mm) 𝜎𝑌 (mm) 𝜎𝑍 (mm) 𝜎𝑋𝑌𝑍 

(mm) Network 1 (Panoramas A, B) 0.1 0.3 0.1 0.4 

Network 2 (Panoramas A, D) 4.4 8.1 1.2 9.3 

 

It is well known that large B/D ensures strong geometry in contrast to small 

B/D. Typical B/D of about 0.5 – 0.75 have been reported to improve precision 

in the depth direction while B/D ratio of 0.3 or below increases depth error 

(Fraser, 1984; Voltolini et al., 2006; Remondino et al., 2013). Figures 5-3a and 

5-3b demonstrates a case of strong geometry with a B/D of about 0.9 and a 

weak geometry with a B/D of about 0.25 respectively. It can be noted from 

Table 5-7 that, as the B/D decreases, the precision of the y-ordinates (depth 

direction) of the calibration target decreases from 0.3 mm to 8.1 mm. This 

justifies why the shape of the error ellipsoids in Network configuration 1 is more 

homogeneous and isotropic than Network configuration 2 (Figure 5-3).  

The geometry of Network configuration 2 can be strengthened by including 

more panoramas in a multi-image orientation via bundle adjustment 

procedure. This is obvious from the resulting average standard deviations of 

the seventy-seven calibration target points obtained after the bundle 

adjustment orientation between all the four panoramas (Section 5.2.2).  

 

 

5.3. Generation of Sparse Point Cloud from Spherical Panoramas  

5.3.1. Study Area and Data Acquisition  

The MRD algorithm has been tested on a number of cultural heritage sites. An 

example is Fort Jago, formally known Fort Sao Jago da Mina (Figures 5-4 and 

5-5). The fort is located in Elmina along the coast in the “Central Region” of 

Ghana and was built in the 1660s by the Dutch to protect the Elmina Castle 

(Figure 6-2) from attacks.  
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Three panoramas A, B and C were captured at the central court of the Fort 

Jago with a Nikon D200 DSLR camera and the Nikkor 10.5 mm fisheye lens. 

The specifications of the camera and lens have previously been provided in 

Tables 3-1 and 3-2.  

The goal of the experiment was to recover the position of the three panoramas 

and to subsequently demonstrate the generation of sparse point cloud data. 

  

                        (a)                                                          (b)                                      

Figure 5-4 Images of Fort Jago:  (a) Front view (b) Central court  

 

Figure 5-5 Top view of Fort Jago showing central court area (in red) 

 

5.3.2. Procedure for the Generation of Sparse Point Clouds  

Conjugate points required to initiate the orientation process were automatically 

extracted using the matching procedure presented in Section 4-3. First, 

Panorama A was chosen as the reference and sub-divided into five image tiles 
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(Figure 5-6). The SIFT operator was applied on Panorama A, B and C to 

extract feature points. Over 80,000 feature points were extracted from each 

panorama (Figure 5-7).  

 

Figure 5-6 Panorama A showing the five image tiles 

 

 
(a) 

 
(b) 

 
(c) 

Figure 5-7 Extracted feature points using the SIFT operator: (a) 82,863 

feature points on Panorama A (b) 88,590 feature points on Panorama B (c) 

137,675 feature points on Panorama C 
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Panorama B and C were matched with each of the image tiles in Panorama A 

after which outliers in the matched features were removed by applying the 

RANSAC algorithm. The number of matched features before and after the 

outlier detection stages between Panorama C and each of the five image tiles 

of Panorama A are presented in Table 5-8. Figures 5-8 to 5-10 also show the 

results of the matching and outlier detection stages between Panorama C and 

the first three image tiles of Panorama A.  After the outlier detection stages, 

the matched features are automatically stored on condition that the 

percentage of inliers are 50% and above, otherwise the results must be 

visually inspected before accepting or discarding. As can be noted, from 

Figure 5-8, the matches that were obtained after the outlier detection stages 

contained a number of false matches and thus were discarded. 

 

Table 5-8 Matching and outlier detection between features in Panorama C 

and the five image tiles of Panorama A  

Case 
No. 

Number of points after 
Feature matching 

Number of points after 
Outliers detection  

% 
Inliers  

1 308 11 3.57 

2 3322 2679 80.64 

3 258 81 31.40 

4 564 371 65.78 

5 269 10 3.72 

 

Figures 5-8 and 5-9 show graphical representation of the matched feature 

points between Panorama C and the first two image tiles of Panorama A. 
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Figure 5-8 Results of feature-based matching and outlier detection 

procedures between Panorama C and the first image tile of Panorama A: (a) 

Feature matching (b) After outlier detection (c) Matched features in first 

image tile of Panorama A (in red) (d) Matched features in Panorama C (in 

blue) 
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Figure 5-9 Results of feature-based matching and outlier detection 

procedures between Panorama C and the second image tile of Panorama A: 

(a) Feature matching (b) After outlier detection (c) Matched features in first 

image tile of Panorama A (in red) (d) Matched features in Panorama C (in 

blue) 
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Figure 5-10 Results of feature-based matching and outlier detection 

procedures between Panorama C and the third image tile of Panorama A: (a) 

Feature matching (b) After outlier detection (c) Matched features in first 

image tile of Panorama A (in red) (d) Matched features in Panorama C (in 

blue) 

 

A total of 3174 and 3152 correct matches were obtained from the matching 

procedure between panorama pair A and B and panorama pair A and C 

respectively. Twenty-five feature points common to the three panoramas were 

selected as input for the orientation phase. The MRD algorithm was then 
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applied to orient Panoramas B and C to Panorama A after which derived 

objects were scaled. The initial approximation values for the position of the 

three panoramas as well as their orientation parameters and the 3D object 

coordinates of the twenty-five feature points were then refined with the bundle 

adjustment algorithm based on free-network adjustment. The panorama 

positions as well as the 3D object coordinates of all feature points were then 

refined with the bundle adjustment algorithm.  

 

5.3.3. Experimental Results  

The final EOPs of the three panoramas after applying the MRD and bundle 

adjustment algorithms are provided in Table 5-9.  

 

Table 5-9 Final EOPs of three panoramas of the central court of Fort Jago 

Panorama X (m) Y (m) Z (m) ω (°) ϕ (°) κ (°) 
A 0.781 0.014 0.131 0.69 0.26 -1.58 

B 2.642 -4.627 -2.424 1.90 0.24 342.77 

C 0.461 -5.662 -2.588 0.97 0.59 0.10 

The average standard deviation of the 3D coordinates of object points after 

applying free network adjustment was σx = 0.027 m, σy = 0.013 m, σz = 0.008 

m. Figure 5-11 show the sparse point cloud of central court yard of Fort Jago 

derived from the three panoramas. 

 

Figure 5-11 3D sparse point cloud of central court yard of Fort Jago  
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CHAPTER 6 

6. APPLICATION OF MRD ALGORITHM TO LASER SCAN 

REGISTRATION 

6.1. Background of Laser Scanning in Cultural Heritage 

Documentation 

Due to the similarity between the relative orientation of photographic 

panorama orientation and laser scan registration, the MRD algorithm was 

tested as a potential tool for the registration of laser scans. 

The terrestrial laser scanner (TLS) is an active optical sensor that captures 

dense 3D points in a very short time by measuring distances between scanner 

and object based on laser pulse travel time measurement (time-of flight) or 

phase-shift measurement (Vosselman and Maas, 2010). In addition to these 

distances, horizontal and vertical angles as well as reflectance intensity values 

for each point are acquired. Some scanners also capture RGB information for 

each point. 

An important component of the laser scanning processing pipeline toward the 

creation of 3D models is the determination of relative orientation and position 

of the various scans used to create the model. This is referred to as laser scan 

registration. There are various approaches to the registration of laser scans. 

Prominent among these are the Iterative Closest Point (ICP) algorithm (Besl 

and McKay, 1992; Chen and Medioni, 1992) and the Least Squares 3D 

surface matching (LS3D) (Gruen and Akca, 2005). Both techniques require 

good initial approximation of the laser scan positions and orientations. Other 

approaches to laser scan registration derive initial approximation values from 

GNSS systems/IMU sensors (Alba et al., 2012). Photographic or intensity 

images were used by Ullrich, Schwarz and Kager (2003), Al-Manasir and 

Fraser (2006) Dold and Brenner (2006) González-Aguilera, Rodr’iguez-

Gonzálvez and Gómez-Lahoz (2009), Barazzetti (2010) and Alba et al. (2012) 
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The relative orientation of photographic panoramas and the registration of 

laser scans require initial approximation values for the bundle adjustment and 

least squares scan registration respectively. The MRD algorithm, the suitability 

of which has been demonstrated for the photographic panorama orientation 

as demostrated in this thesis, should thus also be suitable for the panorama 

registration. In the laser scanning enviroment, these images can either be 

intensity images, in which the intensity values of each point is represented by 

a colour scale or by RGB values, in cases where a scanner has an on-board 

or associated camera. The software developed in this research is designed for 

panoramas in equirectangular projections and if intensity or RGB images 

produced by laser scanner are to be used in the MRD software, then these 

must be in the same projection. The RGB images from the laser scanner are 

practically identical to photographic panoramic  images and they were 

expected to perform in the MRD orientation process while the intensity 

panoramic images required testing. 

 

6.2. Description of Study Area 

Elmina castle is one of the numerous trading forts along the coasts of Ghana 

(formally Gold Coast) (Figure 6-1). The castle is located on 5° 05' North and 

1° 21' West in Ghana’s “Central Region”. It was built in 1482 by the 

Portuguese in order to protect their interests in the gold trade and it was 

originally named São Jorge da Mina (St. George of the Mine). Later, the castle 

became the centre of the Dutch slave trade, after its capture by the Dutch 

in 1637. In 1872, it was seized by the British Empire. Associated with the 

Elmina castle is Fort St. Jago (Section 5.3 and Figure 6-2). Elmina 

castle remains as one of the best-preserved and most impressive castles in 

Africa and has been studied intensively from archaeological, architectural and 

historical points of view. The castle-now-turned-museum is currently being 

managed by the Ghana Museums and Monuments Board (GMMB). It was 

inscribed in 1979 by the United Nations Organisation for Education, Science 

http://en.wikipedia.org/wiki/Ghana
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and Culture (UNESCO) as a World Heritage Site (UNESCO, 2016). The 3D 

model of the Elmina castle is shown in Figure 6-3. 

 

(a)                                                          (b) 

Figure 6-1 Elmina Castle: Front view (a) Inner court (b) 

 

 

Figure 6-2 GIS of Elmina castle and its environs 

 

Figure 6-3 3D model of the Elmina castle 
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6.3. Laser Scan Registration  

6.3.1. Data Acquisition  

The laser scanning of the Elmina castle was part of the of the Zamani project 

and as earlier mentioned, the research work documented in this thesis is a 

contribution to the activities of the Zamani project.   

For the test of the MRD algorithm for laser scan registration, seven laser scans 

acquired during a field campaign with Zamani research team were used. The  

scans were taken in June 2013 with a Z+F Imager 5010. This scanner has no 

inbuilt camera and only full dome panoramic intensity images are generated. 

Figures 6-4a and 6-4b show two examples of panoramic intensity images that 

were used for the registration process. 

  

(a) (b) 

Figure 6-4 Panoramic intensity images of Elmina castle used for the laser 

scan registration 

 

6.3.2. Test of MRD Procedure for Laser Scan Registration  

The application of the MRD algorithm (Figure 4.8) to laser scanning was tested 

with seven panoramas in two panoramic configurations, one of three and the 

other with four.  

Conjugate points to be used as input for the orientation process were 

automatically extracted using the SIFT operator based on the procedure 

described in Section 4.3. The second panoramic configuration become 

necessary as enough feature points could not automatically be extracted from 
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the chosen reference panorama of the first configuration. To avoid excessive 

computation time, these features were reduced to fourteen and sixteen 

common points for the two panorama configurations respectively. Of these, six 

feature points were common to both configurations.  

The MRD algorithm was then applied to estimate the initial approximation 

values of laser scan setups and orientation. Derived object points were then 

scaled after which a free-network adjustment was applied to each setup to 

refine the positions of the scans and their orientation parameters. Finally, the 

object points of both panoramas configurations were transformed into a unique 

coordinate system.  

 

6.3.3. Experimental results  

Table 6-1 shows the standard deviations of the object points from the two 

panorama configurations after the bundle adjustment and 3D similarity 

transformation procedures.  

 

Table 6-1 Results of laser scan registration 

 𝜎𝑋 (m) 𝜎𝑌 (m) 𝜎𝑍 (m) 𝜎𝑋𝑌𝑍 (m) 
Bundle Adjustment for Setup 1 0.034 0.020 0.006 0.040 
Bundle Adjustment for Setup 2 0.038 0.015 0.006 0.041 

3D transformation (4 common points) 0.039 0.014 0.025 0.048 

 

The final EOPs of the seven panoramas after the 3D similarity transformation 

of the two panorama configurations into a unique coordinate system are 

provided in Table 6-2. 
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Table 6-2 Final EOPs of three panoramas of the central court of Fort Jago 

Panorama X (m) Y (m) Z (m) ω (°) ϕ (°) κ(°) 

1 0.022 0.012 -0.008 -0.02 -0.01 0.07 
2 -20.078 -2.164 4.062 0.02 0.02 42.33 

3 -19.809 3.672 4.063 0.06 -0.04 89.58 

4 -4.296 -24.922 -0.526 -0.95 0.69 -171.54 

5 -22.406 -28.226 4.193 -0.94 0.73 106.91 

6 -21.719 -22.589 4.177 -0.92 0.70 129.64 

7 -22.267 -20.777 0.620 -0.94 0.78 103.45 

 

Figures 6-5a and 6-5b show the 2D and 3D views of the positions of the seven 

scans (in red) and object points (in blue) after the laser scan registration 

process. 

 
(a) 

 
(b) 

Figure 6-5 Scan positions and object points in 3D space after laser scan 

registration (a) 2D view (b) 3D view 



 

 

99 

 

 

6.4. Chapter Summary 

In this Chapter, the research objective to extend the MRD algorithm to laser 

scanning technology has been achieved. The  algorithm has been tested using  

intensity panoramic images of the Elmina Castle in Ghana. After conjugate 

points were measured automatically using the feature-based matching 

procedure presented in Section 4.3, the MRD algorithm was applied to 

determine the approximate scan positions and orientations. The free-network 

adjustment was finally applied to refine the initial approximation values. 
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CHAPTER 7 

7. CONCLUSIONS AND RECOMMENDATION 

7.1. Conclusions 

This research has presented a close-range photogrammetric method for the 

semi-automatic extraction of 3D measurements from spherical photographic 

panoramas.  

A component of the research was the design of a novel model for the non-

parametric correction of lens distortions for images acquired with fisheye 

lenses. The model is based on the quantification of distortion characteristics 

of a lens-camera combination from a single reference image. This was 

achieved by creating a distortion matrix through the comparison of near-error-

free simulated image point positions of targets of a calibration testfield with the 

positions of these targets on the reference image. The difference between the 

distorted and fictitious image coordinates was the amount of distortion that 

was applied to the specific positions on the camera’s sensor where the targets 

were imaged. Images captured with the same lens and cameras were then 

rectified using a backward pixel mapping strategy. Spherical panoramas were 

subsequently generated from the rectified images. As a check of the 

effectiveness of the developed technique, a best-fit line function was used to 

verify that a straight line in object space appears as straight line on the image 

after rectification. The standard deviations before (180.6 µm equivalent to 28 

pixels) and after (17.5 µm or approximately 3 pixel) fitting the best-fit line 

indicate that the lens distortion has been minimised. The performance of the 

approach was tested, by forming the distortion matrix with only a subset of the 

calibration points. The known locations of the remaining randomly selected 

control points were compared with their interpolated values. It was observed 

that the denser the control points the more precise the interpolated values 

indicating that the efficiency of the developed method is dependent on the 

distribution and density of control points.  
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An equally relevant outcome of the research is the development of the MRD 

algorithm for the fully automated approximate relative orientation of spherical 

panoramas. The MRD algorithm is based on the minimisation of distances 

between two conjugate space vectors or skewed rays by rotating one 

panorama with respect to a reference panorama. While no information about 

the relative position and height of the panoramas are known, the MRD 

algorithm assumes that the panoramas to be oriented are within 10° horizontal 

or “quasi-horizontal”.  Six to ten conjugate points are required as input data for 

the MRD algorithm. These points are either extracted manually or 

automatically, using a feature-based matching. The initial approximation 

values for the EOPs of each panorama (𝑿𝒐𝒊, 𝒀𝒐𝒊, 𝒁𝒐𝒊, 𝝎𝒊, 𝝓𝒊, 𝛋𝒊) and the 3D 

object coordinates of the measured image points (𝑿𝒋, 𝒀𝒋, 𝒁𝒋) were 

automatically generated by the MRD algorithm are refined by the bundle 

adjustment algorithm.  

In an attempt to recover 3D coordinates from oriented spherical panoramas, 

the epipolar geometry was employed to guide the interactive extraction of 

additional conjugate points. The epipolar geometry has been implemented for 

both panorama pairs and triplets. It has been shown in this research that 

whiles the epipolar geometry of a pair of panoramas reduces the search space 

from an entire 2D image space to a sinusoidal curve on the image; the search 

space is further reduced to a single point if multiple oriented panoramas are 

involved.  

Following the research hypothesis that automated processes for the 

generation of 3D object coordinate information from spherical panoramas will 

provide an effective, alternative and supplementary means to standard 

photogrammetric 3D reconstruction. The research has investigated the 

possibility of extending the MRD algorithm developed in this research to laser 

scan registration for the first approximation of laser scan setups and scan 

orientations. Laser scan registration is an important component of the laser 

scanning processing pipeline toward the creation of 3D models. They are often 

accomplished using least squares technique such as Iterative Closest Point 
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(ICP) and Least Squares 3D surface matching (LS3D). Either techniques 

require good initial approximation of the laser scan position and orientation. 

Using intensity spherical panoramic images generated by a laser at each scan 

position scanner, the MRD algorithm was extended to laser scanning 

registration process to automatically determine the initial approximation values 

for scan position and orientation prior to any least squares registration. 

 

7.2. Recommendation 

As opposed to the feature-based matching procedure developed in this 

research for extracting conjugate points prior to panorama orientation, it is 

recommended that a fully-automated feature and area-based matching 

algorithms based on the geometry of the spherical panorama should be 

developed. After orientation, the epipolar geometry for spherical panoramas 

can be employed to cross-validate the conjugate points extracted during the 

fully-automated image matching stages in order to generate reliable point 

cloud data. 
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APPENDIX 

APPENDIX 1: 3D OBJECT COORDINATES OF TARGETS ON 

THE CALIBRATION TESTFIELD 

ID X Y Z 

1 3.3677 0.8279 1.998 

2 3.632 0.8368 2.0007 

3 3.8725 0.841 1.9914 

4 3.3715 0.8273 1.7597 

5 3.6313 0.8359 1.7532 

6 3.8763 0.8409 1.7542 

7 3.3678 0.8296 1.4642 

8 3.6314 0.8374 1.5 

9 3.8641 0.8422 1.4915 

101 0.8842 0.7701 3.0162 

102 1.384 0.7849 3.0204 

103 1.8682 0.7934 2.9928 

104 2.3726 0.1622 2.9738 

105 2.9259 0.177 2.987 

106 3.3692 0.1914 2.9833 

107 3.6465 0.1961 2.9917 

108 3.8941 0.196 2.9856 

109 4.3975 0.2112 2.9865 

110 4.8971 0.2263 2.9914 

111 5.4029 0.2401 2.9937 

112 5.9295 0.2632 2.9966 

113 6.3994 0.2606 2.9992 

201 0.8885 0.7717 2.5148 

202 1.3884 0.787 2.5194 

203 1.8646 0.7966 2.4971 

204 2.3672 0.8067 2.4915 

205 2.8763 0.8174 2.5038 

206 3.3617 0.8257 2.4924 

207 3.6264 0.8338 2.4992 

208 3.8848 0.8404 2.4887 

209 4.379 0.8534 2.5004 

210 4.8732 0.866 2.5071 

211 5.3749 0.8778 2.4996 

212 5.8771 0.8906 2.4976 

ID X Y Z 

213 6.3734 0.9033 2.5144 

301 0.8843 0.7722 2.0135 

302 1.3815 0.7887 2.0147 

303 1.8616 0.7686 1.9986 

304 2.3644 0.7778 1.9956 

305 2.8793 0.8191 2.0033 

309 4.3721 0.8543 2.0028 

310 4.8694 0.867 2.0081 

311 5.3797 0.8781 1.9922 

312 5.8753 0.8912 1.9968 

313 6.373 0.9042 2.014 

401 0.8931 0.772 1.7635 

402 1.3845 0.7881 1.7553 

403 1.8742 0.7687 1.7545 

404 2.3732 0.777 1.7581 

405 2.8898 0.8186 1.7595 

409 4.3766 0.8531 1.7608 

410 4.8799 0.8664 1.7536 

411 5.3761 0.8773 1.7545 

412 5.8721 0.8909 1.7658 

413 6.3679 0.9033 1.7627 

501 0.8757 0.7728 1.5125 

502 1.3729 0.79 1.514 

503 1.8618 0.7694 1.5023 

504 2.3567 0.7792 1.4908 

505 2.881 0.8203 1.4704 

509 4.363 0.8539 1.5008 

510 4.8705 0.8674 1.5087 

511 5.3717 0.8781 1.4986 

512 5.872 0.8925 1.4991 

513 6.366 0.9048 1.5114 

601 0.8794 0.7739 1.0155 

602 1.3678 0.7918 1.0129 

603 1.8671 0.7714 1.0025 
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ID X Y Z 

604 2.3601 0.7804 0.9865 

605 2.8758 0.8213 0.9735 

606 3.3609 0.8319 0.9634 

607 3.6283 0.8384 0.9949 

608 3.8656 0.8441 0.993 

609 4.3662 0.8554 1.0022 

610 4.8645 0.8684 1.0149 

611 5.365 0.8801 0.9973 

612 5.8642 0.893 0.9982 

613 6.3649 0.9058 1.0152 

701 0.8906 0.7775 0.5119 

702 1.3635 0.793 0.5117 

703 1.8602 0.7726 0.5106 

704 2.3743 0.7824 0.4864 

705 2.8693 0.8231 0.476 

706 3.3615 0.8339 0.4661 

707 3.6092 0.8407 0.4939 

708 3.8599 0.8465 0.5043 

709 4.3732 0.8572 0.4975 

710 4.8798 0.8707 0.5032 

711 5.3783 0.8823 0.5063 

712 5.8798 0.8956 0.5076 

713 6.3754 0.9074 0.5105 
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APPENDIX 2: PARTIAL DERIVATIVES OF THE LINEARISED 

COLLINEARITY EQUATION 

This section provides the partial derivatives of the unknown parameters in the 

collinearity equation for spherical panoramic images developed in Section 4.4.  

For the sake of convenience, the simplified collinearity equations (Equation 4-

17 and 4-18) are repeated as follows: 

𝐹𝑢 = 𝑟 𝑎𝑟𝑐𝑡𝑎𝑛 (
𝑋∗

𝑌∗
) = 𝑢  Equation A1 

𝐹𝑣 = 𝑟 𝑎𝑟𝑐𝑐𝑜𝑠 (
𝑍∗

𝑑
) = 𝑣  Equation A2 

where, 

𝑋∗ = 𝑚11(𝑋 − 𝑋𝑜) + 𝑚21(𝑌 − 𝑌𝑜) + 𝑚31(𝑍 − 𝑍𝑜) 

𝑌∗ = 𝑚12(𝑋 − 𝑋𝑜) + 𝑚22(𝑌 − 𝑌𝑜) + 𝑚32(𝑍 − 𝑍𝑜) 

𝑍∗ = 𝑚13(𝑋 − 𝑋𝑜) + 𝑚23(𝑌 − 𝑌𝑜) + 𝑚33(𝑍 − 𝑍𝑜) 

𝑑 = √(𝑋 − 𝑋𝑜)2 + (𝑌 − 𝑌𝑜)2 + (𝑍 − 𝑍𝑜)2 

 

The partial derivatives of the collinearity equation for the 𝒖 coordinate of a 

point (Equation A-10) with respect to the unknown parameters are as follows: 

𝜕𝐹𝑢

𝜕𝜔
= 𝑟 [

(𝑚31(𝑋 − 𝑋𝑜) + 𝑚32(𝑌 − 𝑌𝑜) + 𝑚33(𝑍 − 𝑍𝑜))(𝑋
∗)

𝑋∗2 + 𝑌∗2 ] 

𝜕𝐹𝑢

𝜕𝜙
= 𝑟

[
 
 
 
 
(𝛽11(𝑋 − 𝑋𝑜) + 𝛽12 (𝑌 − 𝑌𝑜) + 𝛽13 (𝑍 − 𝑍𝑜))(𝑌

∗) −

(𝛽21(𝑋 − 𝑋𝑜) + 𝛽22 (𝑌 − 𝑌𝑜) + 𝛽23 (𝑍 − 𝑍𝑜))(𝑋
∗)

𝑋∗2 + 𝑌∗2

]
 
 
 
 

 

𝜕𝐹𝑢

𝜕𝜅
= 𝑟 [

(𝑚12(𝑋 − 𝑋𝑜) − 𝑚11 (𝑌 − 𝑌𝑜))(𝑌
∗) − (𝑚22(𝑋 − 𝑋𝑜) + 𝑚21(𝑌 − 𝑌𝑜))(𝑋

∗)

𝑋∗2 + 𝑌∗2 ] 
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𝜕𝐹𝑢

𝜕𝑋
= 𝑟 [

𝑚11(𝑌
∗) − 𝑚21(𝑋

∗)

𝑋∗2 + 𝑌∗2 ] 

𝜕𝐹𝑢

𝜕𝑌
= 𝑟 [

𝑚12(𝑌
∗) − 𝑚22(𝑋

∗)

𝑋∗2 + 𝑌∗2 ] 

𝜕𝐹𝑢

𝜕𝑍
= 𝑟 [

𝑚13(𝑌
∗) − 𝑚23(𝑋

∗)

𝑋∗2 + 𝑌∗2 ] 

 

The partial derivatives of the collinearity equation for the 𝒗 coordinate of a point 

(Equation A-2) with respect to the unknown parameters are as follows: 

𝜕𝐹𝑣

𝜕𝜔
= −

[
 
 
 
𝑚21(𝑋 − 𝑋𝑜) + 𝑚22(𝑌 − 𝑌𝑜) + 𝑚23(𝑍 − 𝑍𝑜)

𝑑√1 −
𝑍∗2

𝑑2 ]
 
 
 

 

𝜕𝐹𝑢

𝜕𝜙
= −𝑟

[
 
 
 
𝛽31(𝑋 − 𝑋𝑜) + 𝛽32(𝑌 − 𝑌𝑜) + 𝛽33(𝑍 − 𝑍𝑜)

𝑑√1 −
𝑍∗2

𝑑2 ]
 
 
 

 

𝜕𝐹𝑣

𝜕𝜅
= −𝑟

[
 
 
 
𝑚32(𝑋 − 𝑋𝑜) + 𝑚31(𝑌 − 𝑌𝑜)

𝑑√1 −
𝑍∗2

𝑑2 ]
 
 
 

 

𝜕𝐹𝑣

𝜕𝑋
= −𝑟

[
 
 
 
𝑑2 𝑚31 + (𝑋 − 𝑋𝑜)(𝑍

∗)

𝑑3√1 −
𝑍∗2

𝑑2 ]
 
 
 

 

𝜕𝐹𝑣

𝜕𝑌
= −𝑟

[
 
 
 
𝑑2 𝑚32 + (𝑌 − 𝑌𝑜)(𝑍

∗)

𝑑3√1 −
𝑍∗2

𝑑2 ]
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𝜕𝐹𝑣

𝜕𝑍
= 𝑟

[
 
 
 
𝑑2 𝑚33 + (𝑍 − 𝑍𝑜)(𝑍

∗)

𝑑3√1 −
𝑍∗2

𝑑2 ]
 
 
 

 

 

where 

   𝑏11 = −sin𝜙 cos 𝜅 

   𝑏12 = sin𝜙 sin 𝜅 

   𝑏13 = cos𝜙 

   𝑏21 = sin𝜔 cos𝜙 cos 𝜅 

   𝑏22 = −sin𝜔 cos𝜙 sin 𝜅 

   𝑏23 = sin𝜔 sin𝜙 

   𝑏31 = −cos𝜔 cos𝜙 cos 𝜅 

   𝑏32 = cos𝜔 cos𝜙 sin 𝜅 

   𝑏33 = −cos𝜔 sin𝜙 




