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Abstract 

One of the greatest challe ges in modern cosmology is determining the origin of the observed ac
celeration of t he Universe. The 'dark energy' believed to supply the negative pressure responsible 
for this cosmic acceleration remains elusive despite over a decade of investigation. Hunting for 
deviation from the 'vanilla' cosmological model, ACDM, and detecting dynamics with redshift 
in the equation of state remains a key research area, with many challenges. We introduce some 
of the challenges in the search for such dark energy dynamics. We illtlstrate that under the as
sumption of well-motivated scaling models for dark energy dynamics, ~arly universe constraints 
on the dark energy density imply t hat these models will be essentially indistinguishable from 
ACDM for the next decade. After introducing the Fisher Matrix formalism, we derive the Fisher 
Flex test as a measure of whether the assumption of Gaussianity in the likelihood is incorrect for 
parameter estimation. This formalism is general for any cosmological survey. Lastly, we study 
the degeneracies between dark energy and curvature and matter in a non-parametric approach, 
and show that incorrectly assuming values of cosmological components can exactly mimic dark 
energy dynamics. We connect to the parametric approach by showing how these uncertainties 
also degrade constraints on the dark energy parameters in an assumed functional form for w. Im
proving the accuracy of surveys and experiments to search for possible signatures of dark energy 
dynamics is the focus of much attention in contemporary cosmology; we highlight challenges in 
the hunt for dark energy dynamics. 



Table of Definitions 

Abbreviation/Symbol 

gJ.L!I 

G = 6.67 4 x 10- 11 Nm2 / kg2 

l eV= 1.602 x 10- 19J 
mpi = 1.22 x 1019 GeV 

GF = 1.16637 x 10- 5 Gev- 2 

Ho [lm1s- 1Mpc- 1f 
o = \72

- EP jat2 

E, 'T), E, 1] 

pc ~ 3.1 x 1015m 
CMB 

FLR\iV 
EFE 
CPL 

SN Ia 
LRG 
BBN 
BAO 

DETF 
ACDM 
SDSS 

MCMC 
F}A 
FoM 

FRIIb 

I Definition 

The metric (0 for time, i = 1, 2, 3 for spatial components) 
Gravitational constant , dimensions of [L3 j(l\!Jt2)] 
Electron volt 
Planck mass 
Fermi coupling constant 
Hubble constant 
d 'Alembertian 
Slow-roll parameters 
parsec 
Cosmic Microwave Background 
Friedmann Lema.itre Robertson vVa.lker 
Einstein Field Equations 
Cheva.llier-Polar ksi-Linder (dark energy parameterisation) 
Type Ia Supernova 
Luminous Red Galaxy 
Big Bang Nucleosynthesis · 
Baryon Acoustic Oscillations 
Dark Energy Task Force 
A Cold Dark Matter 
Sloan Digital_ Sky Survey 
Markov Chain Monte Carlo 
Fisher Matrix 
Figure of Merit 
Fanaroff-Riley Type lib Radio Galaxies 

Table 1: Definitions and symbols used in the thesis. 
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Chapter 1 

·standard Cosmology 
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1. 1 History of Modern Cosmology 

Cosmology is the study of the Universe, its origins and its fate . Humanity has been trying to 
find answers to questions on the nature of time and space, where we come from and where we 
are going through the ages. Physical cosmology combines measurements and observations of the 
Universe with mathematical theories and predictions to try and determine some of the answers 
to those questions, such as constraining the age or size of the Universe. This constant balance 
and tension between observations and theory gives rise to many challenges and some successes in 
answering these age-old questions. We provide here a very brief overview of the modern history 
of cosmology. 

Prior to the beginning of the twentieth century, Newtonian physics with its laws of motion and 
gravitation was the dominant paradigm. Kepler 's laws of motion (which were originally derived 
by Johannes Kepler in 1605 before the time of Newton) could be derived using Newton's laws of 
motion, and they had been used to successfully predict the existence of planet Neptune. · 

However, towards the end of the nineteenth century, the scientific community had reached a state 
of crisis in that there was no complete understanding of the motion of light. It was assumed 
that waves of light needed a medium to propagate, like water waves. The famous interferometer 
experiment of Michelson and Morley was designed to detect such a propagation 'aether ' by 
detecting changes in the time taken for light to bounce between mirrors based on the orientation 
of the mirrors - they expected the light to move more slowly as it moved through more of the 
'aether'. They did not , however , detect any such variation due to the aether. This observational 
result would later be placed in the context of Einstein's theory of Specia;l Relativity, which defines 
the speed of light to be constant. 

Many theoretical developments were also made towards the end of the 1900's, by people such 
as Hendrik Lorentz , who introduced a method of converting measurements such as lengths and 
times between observers at rest and moving observers. The Lorentz transform now bears his 
name. 

These observational resul ts and theoretical insights all paved the way for Einstein's theories, the 
first of which was published in 1905. Special (and later General) Relativity changed the paradigm 
of science at the time. Special Relativity defined the speed of light as an upper bound for all 
motion in the Universe, and included the theory of Lorentz transforms between reference ftames 
of observers. General Relativity would, in addition, radically change the way we view space and 
matter - in that matter and energy are interchangeable, and that the curvature of space and the 
energy are related. 

One of the outstanding challenges in contemporary cosmology is the direct detection of dark 
matter. First proposed by Fritz Zwicky in 1933 based on observations of the Coma cluster, dark 
matter was suggested to explain the rotation curves of galaxies. The mass inferred from the 
luminosity of these galaxies was unable to account for their rotation. While the origin of this 
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dark matter is still unknown, there are many observations such as gravitational lensing which 
seem to confirm the dark matter hypothesis. These observations indirectly detect dark matter 
in that they detect its gravitational effects, while a confirmed detection of a dark matter particle 
would, however , rule out different cosmological models. 

Various fundamental solutions of the Einstein Field Equations were developed in the years fol
lowing the formulation of the theory of General Relativity, with some of the most well known 
being the Schwarzschild biack-hole solution to the field equations, and the Friedmann-Lemaitre
Robertson-Walker (FLRW) expanding universe, first suggested by Alexander Friedman in 1922. 

Einstein was himself biased towards astatic model of the Universe, and so introduced the concept 
of the cosmological constant, or A, which he later recalled as his greatest blunder. The observa
tions by Edwin Hubble and Vesto Slipher which led to Hubble's law in 1929, however , indicated a 
correlation between the dist ance of galaxies and their redshifts. In other words, galaxies further 
away from us were moving away from us with greater speed. This was conclusive evidence in 
support of the FLRW solutions, and the expanding Universe. 

These theoretical and observational results started intense debate in the scientific community 
about the origin of the expanding Universe, as opposed to the infinite static Universe proposed 
by people such as Hermann Bondi, Thomas Gold and Fred Hoyle, who invented the term 'Big 
Bang' as a derogatory term for the expanding Universe theories, which has stuck to this day. 

The overwhelming support of the expanding Universe, however, came from the discovery of 
the Cosmic Microwave Background (CMB) by Penzias and Wilson in 1965, which confirmed the 
predictions of theorists such as Ralph Alpher, Hans Bethe and George Gamow on the production 
of elements and the relic radiation (the CMB) from such a hot big bang. The CMB is still an 
active research area in modern cosmology. Measurements of the CMB from experiments like the 
Cosmic Background Expl6rer (COBE) [1], the Arcminute Cosmology Bolometer Array Receiver 
(ACBAR) [2], MAXIMA l3], the Cosmic Background Imager (CBI) [4], Balloon Observations 
of Millimetric Extragalactic Radiation and Geophyiscs (BOOMERANG) [5] and the Wilkinson 
Microwave Anisotropy Probe (WMAP) [6] have constrained various cosmological parameters. 
The power spectrum data from these experiments is given in Figure 1.2, which is found in [7] as 
Figure 2. 

The CMB also provides support for another important theory of cosmology, that of inflation. In 
the early 1980's, a period of rapid inflation the early Universe was proposed [8 , 9, 10, 11, 12] to 
explain the following key problems in cosmology. · 

• The Flatness problem arises because present observations of the Universe suggest that the 
universe is nearly flat , however in standard big-bang theory the Universe would evolve away 
from flatness (either expand or collapse) very quickly. 

• The Horizon problem describes the fact that the size on the sky of causally connected 
regions should be no larger than 1 o, whereas the CMB sky is the same temperature to high 
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Figure 1.2: T he power sp ectru m of t h e Cosmic Microwave B ackground. The power 
spectrum from WMAP, as Figure 2 in [7] . combined with data from the ACBAR ([2] pur ple) , 
BOOMERANG ([5] green), and CBI ([4] red ) experiments. The red curve is the best-fit ACDM 
model to the WMAP data. Measurements of the CMB constrain cosmic parameters such as the 
energy density of dark energy, and provide tests for various models of inflation. 

precision ( b.T /T < 10- 5). 

• The origin of structure problem refers to the fact that the temperature fluctuations are 
distributed on such large scales that it would not be possible to generate them in a FLRW 
metric between the Big Bang and the epoch of last scattering, via causal processes [13]. 

• The relic density problem describes the fact that symmetry breaking in the early universe 
would have produced many relic magnetic monopoles and other topological defects which 
should be present and plentiful today, which again are not observed [13] . 

Inflation answers these problems by having a period of rapid expansion in the early universe. This 
stretching out of space drives the universe towards flatness , as this rapid expansion would allow 
causal contact between regions larger than the 1 o regions we observe today, since they would in 
fact have been close together in the early universe, thereby solving the horizon problem. Inflation 
also provides a causal mechanism to generate the fluctuations which will seed the structure in the 
universe, through fluctuations in the inflaton field . Lastly, during inflation the energy density of 
the Universe decreases slowly, while the energy density of the magnetic monopoles decreases like 
a-3 , and so these monopoles will be red-shifted away during the expansion, provided the period 
of inflation is long enough [13] . Today much interest centers around testing the inflationary 
model which has provided such a strong link to the cosmos we observe today and the quantum 
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Figure 1.3: The Hubble diagram - then and now. Hubble's original plot (top) of the 
velocity-distance relation of galaxies provided evidence for the expansion of the Universe, which 
is Figure 1 in [18]. The estimated constant (later known as t.he Hubble constant) in the relation 
was an order of magnitude too large. Measurements of SNe Ia from various surveys (b ottom 
figure) , collated in [19], show not only t hat the universe is expanding, but suggest that the 
expansion is in fact accelerating. 



15 

nature of the early Universe [14, 15, 16, 17]. A review of inflationary models can be found in 
[13]. 

Another significant change in the cosmological paradigm occurred with the observations of Type 
Ia Supernovae (S e Ia) [20, 21], which strongly suggest that the Universe is not only expanding 
as found by Hubble and others, but that it is doing so at an ever increasing rate. Figure 
1.3 shows Hubble's original plot of velocity and distances [18] together with a contemporary 
Hubble diagram from the Union Sup€rnova Compilation [19]. Complimentary observations, such 
as the CMB, provide fur ther support to this claim of late-time acceleration. The problem with 
this current paradigm is t hat the origin of this acceleration, which has been dubbed the 'dark 
energy' , is unknown. 

This exciting history seems to leave us with more questions than answers. As the scient ific 
community struggles to understand the nature and origin of dark matter and even more so of 
dark energy, we are again poised at the brink of a paradigm shift, when the ideas and theories 
of the past are re-evaluated and we search for new theories to explain t he Universe we observe. 

In the sections that follow we will outline some of the key concepts in modern cosmology, and 
the mathematical tools needed to make inferences about t he Universe. we inhabit. 

1. 2 The Metric 

In general relativity the metric is defined in terms of the line element as 

(1.1) 

where the 'upper ' indices are contravariant and the 'lower ' indices are covariant indices, and we 
make use of the Einstein summation convention. We define t he 4-vector dx0 = (edt, dx, dy, dz) 
in flat space. Throughout this work we will use the metric signature (-1 ,1,1,1). Table 1 contains 
a list of further notation and abbreviations we will follow; Appendix A gives a short introduction 
to Tensor Algebra. 

The inverse metric go:f3 is defined so that t he product go:f3 9f3'Y = g'Yf39{3o: = 6~ , where <5~ is the 
Kronecker delta. We can use the metric (and its inverse) to raise and lower indices of general 
tensors for example t f3'Y = g t vf3'Y 

' ' a o.v . 

1.3 Curvature 

The metric is used to calculate geodesics (analogous to the 'shortest distance between two points ' 
in Euclidean space), and will describe the motions of test part icles. In this section we define 
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derivatives in curved space, and illustrate how the curvature of the space is fully contained within 
the metric. 

Firstly, we define the concept of a derivative in a curved space, known as the covariant derivative, 
V'w It is defined in terms of the usual partial derivative 811- and the Christoffel symbols, or 
COnnection coefficients f~_x , as 

(1.2) 

This covariant derivative is a tensor, and so obeys all the transformation properties of a tensor (see 
Appendix A for an introduction to tensor algebra). One of the key characteristics of the metric 
tensor is that the covariant derivative is 'compatible' with the metric tensor [22], or \7 p9J-Lv = 0. 
This property defines the ·connection in terms of the metric tensor and its derivatives , 

r~v = ~gap (8J-LgVp + 8v9pJ-L- 8p9J-Lv) 0 (1.3) 

vVe assume here without proof the Riemann tensor (or curvature tensor) to be given as 

R~J-LV = 811-r~a- 8vr~a + r~Ar~a- r~Ar~a· (1.4) 

We can perform contractions on the Riemann tensor over one index to yield the Ricci tensor; 
RJ-Lv = R~.xv and over two indices to form the Ricci scalar: R = RJ-LJ-L = gJ-Lv RJ-Lv· By performing 
covariant derivatives of the Riemann tensor, we obtain the Bianchi identity, or 

\7 .xRpaJ-Lv + \7 pRaAJ-Lv + \7 aRApJ-Lv = 0. (1.5) 

We perform contraction over Eq. (1.5) twice to obtain 

gva gi~.x (\7 _xRpaJ-Lv + \7 pRaAJ-Lv + \7 aRApJ-Lv) 0 

:. \JI-L RPJ-L- \7 pR + \lv Rpv 0 

(l.G) 

If we then define the Einstein tensor to be 

1 
GJ-LV = RJ-LV- 2RgJ-LV> (1 .7) 

then Eq. (1.6) is equivalent to the expression \711-GJ-Lv = 0. 

1.4 Linking Energy to Geometry 

The stress-energy (or energy-momentum) tensor TJ-Lv , describes the energy content of the universe, 
and is linked to the geometry of the Universe through the Einstein field equations. It describes 
the flux of four-momentum pt' in spacetime orthogonal to the xv direction [22, 23] . 
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In a perfect fluid description (which we will address in more detail later), the energy-momentum 
tensor is simply given by 

(1.8) 

Both the energy-momentum tensor, given by Eq. (1.14) and the Einstein tensor given by Eq. (1.7) 
satisfy 

(1.9) 

Hence we define a relationship between them, namely 

(1.10) 

which is nothing but the t ensor form of the Einstein Field Equations (EFE), and relates how 
the curvature of space reacts to the presence of energy. Figure 1.4 illustrates the link between 
the energy content and the geometry of space. The energy content curves the space around it, 
while the geometry of space determines the geodesics along which matter moves [24] , which is 
well summarised by the catch-phrase coined by John Wheeler: 'matter tells space how to curve 
and space tells matter how to move'. 

Figure 1.4: General relativity links energy and geometry. This schematic figure illustrates 
how the energy content of the Universe curves the space around it, while the curvature of space 
influences the geodesics along which matter travels. Figure taken from [25]. 
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1.4.1 The Energy Conditions I 
Given the definition of the stress energy tensor, one might ask what the restrictions are on it (and I 
therefore by construction the restrictions on the metric) - or in other words , what are 'realistic' 
components of the stress-energy tensor. The most common property that we require of T!J.v is 
that only positive energy densities are allowed (or in other words that negative masses are not 
allowed) [22]. This leads to the formulation of the strong and weak energy conditions. 

The weak energy condition states that for all time-like vectors, say x!J. the density satisfies [22] 

(1.11) 

which also implies that p + p > 0 for all observers [23] . 

The strong energy condition on the other hand states that not only that the matter density is 
non-negative , but that the trace of the tidal tensor is always greater than 0 [22], or that: 

(1.12) 

in other words that p + 3p > 0 in a fluid description [23]. 

The description of the tensor in terms of perfect fluids (in Section 1.6) hence places bounds on 
the relationship between the pressure and the density of a barotropic fluid. 

1.5 The Friedmann Lemaltre Robertson Walker Model 

Much of modern cosmology centers around the Friedmann-Lemaitre-Robertson-Walker (FLRW) 
model , named after the four scientists who were instrumental in formulating the properties of 
this solution to the Einstein Field Equations. Alexander Friedmann first derived the main results 
of the model in 1922, while Georges Lemaitre arrived independently at the same results in 1927. 
Howard Percy Robertson and Arthur Geoffrey Walker also worked on the problem and proved 
its uniqueness as a spatially homogenous and isotropic metric on a Lorentzian manifold in 1935. 
These two properties of spatial homogeneity and isotropy are the key distinction between FLRW 
and other solutions to the EFE. 

Isotropy implies that the metric is invariant under spatial rotation, or in other words that the 
Universe looks the same in all directions. Homogeneity, however, implies that the metric is 
invariant under spatial translation, or that the Universe looks the same at all points in space. 
On small scales this may not be valid but FLRW is constructed under the assumption that these 
conditions hold on large scales. 

I 

I 
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These assumptions are used to formulate the FLRW metric, in that isotropy and homogeneity 
imply maximal symmetry in the spatial directions. The FLRW is also constructed to be an 
expanding Universe, which fits what we observe today. 

1.5.1 The Scale Factor a nd the Metric 

This expansion of the Universe is described by the scale factor a(t), which we explicitly assume to 
be only a function of time (if there was a spatial component this would violate the assumptions 
of the model) . The FLRW metric is then defined as 

(1.13) 

where the curvature parameter k can take on three values, -1 , 0, + 1, 9-nd represents open , flat 
and closed universes respectively. 

The energy content of the universe in the FLRW picture is usually modelled by a perfect fluid , 
which by definition is a fluid which is isotropic in its rest frame [22]. The energy-momentum 
tensor in this model is therefore given by 

T/: = diag(-p,p,p,p). 

Taking the trace of Eq. (1.14), we obtain 

T = r: = -p+3p 

By taking the 00 term in the conservation equation, or, \71-LTI: we obtain 

8~-tTI: + f~0Tg - f~0Tf 
a 

:. -oop-3-(p+p) 
a 

1.5.2 Evolution E quations 

The Einstein field equations are given by Eq. (1.10) as 

RI-Lv = 81rG ( TI-Lv - ~91-LvT) 

The ii components of Eq. (1.10) yield [23]: 

a 41rG 
~ = --3- (p + 3p) , 

0 

0 

(1.14) 

(1.15) 

(1.16) 

(1.17) 

( 1.18) 



which is known as the acceleration or Raychaudhuri equation. 

The J-LV = 00 component of Equation (1.10) is: 

(~)
2 

= 81rG P _ ~, 
a 3 a2 

which is known as the Friedmann equation. We define the Hubble parameter to be 

a 
H=

a 

20 

(1.19) 

(1.20) 

With the concept of the scale factor to quantify the expansion of the Universe in the Friedmann
Lemaitre-Robertson-Vlalker metric, cosmological background observables can be defined in this 
metric. Many cosmological observations are made by recording radiation and determining the 
fractional change in frequency (or wavelength) of the radiation received in relation to the emitted 
frequency. Redshift is defined as the dimensionless measure of the fractional change in wave
length, as z = £ll - 1, since the wavelength of the light is stretched by a, a0 is the scale factor 

a . 
today (with a0 = 1 in a flat Universe), >.0 is the wavelength of the received photon, and >. is 
the wavelength of the emitted photon. Hence one can express the evolution equations either in 
terms of the redshift z or the scale factor a. 

1.6 Cosmological Components 

Consider a barotropic fluid with a linear relationship between the pressure and the density or 

p=wp, (1.21) 

where w is defined as the equation of state of the fluid. This description is used ubiquitously in 
cosmology, and particularly in dark energy analysis, since we model the dark energy component 
with such a fluid, where w is either left constant, or is allowed to vary as a function of redshift. 
This is discussed further in Section 1.11. 

The conservation equation -80 p- 3~ (p + p) = 0, (given as Eq. (1.16)) can thus be rewritten in 
terms of the parameter w; as 

P a - = -3(1 + w)-, 
p a 

(1.22) 

with 80 the derivative with respect to proper time. Under the assumption that the equation of 
state w is constant, we can integrate the above equation to obtain: 

p ex a- 3(1+w) ex (1 + z )3(1+w) . (1.23) 

I 
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The value of w is specified by the type of fluid we consider. We define the density parameter as 
the density required to ensure flatness of space. More explicitly, 

n = 87f~ P - _p_ 
3H Pcrit 

(1.24) 

is the density parameter , where Pcrit is the critical density of flat space, and is given by Pcrit = ~~~. 
It is important to note that since H = H(z) the critical density will also change as a function of 
redshift. 

1.6.1 Matter and Radiation 

We introduced the equation of state in the previous section, and the general form for the energy 
density of a perfect fluid. A common example of such a fluid is collisionless "dust". When the 
dominant component of the total energy density of the Universe is that of matter we say that 
the Universe is matter-dominated. 

For this collisionless fluid w = 0, and hence the density of matter evolves as p ex a- 3 , which can 
be understood as the density of matter decreasing with the volume of space, and hence the a-3 

term. 

In the case of radiation, the number density of photons will also decrease with volume in the 
Universe, but there is an additional component related to the wavelength of the light. Since this 
is stretched by the same factor a- 1 we find that Prad ex a-4 , and hence we from Eq. (1.23) have 
that Wrad = 1/3. 

1.6.2 Curvature 

If we rewrite Eq. (1.19) in t erms ofEq. (1.20), and use Eq. (1.24) we find the Friedmann equation 
in the form 

k 
n -1 = H2a2· (1.25) 

Since H 2 and a2 are both positive, we then find that the critical density and the curvature (the 
sign of k) are closely related in that if 

• n < 1 
This means k = -1, which means that the Universe is open . 

• n = 1 
This implies that k = 0, and we have a flat universe. 
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• n > 1 
Hence k = + 1 and we live in a closed universe. 

One can apply the definition that Drad + nm + nk + nDE = 1, and so if the sum of the other D's 
adds up to less than 1, we have that the curvature energy density (Dk) is greater than zero- we 
have to 'top-up' the Universe with curvature to ensure flatness. The opposite of course applies 
for if nk < 0; then we are dealing with a closed universe. The curvature of the universe influences 
the geodesics , in that they remain parallel in a fiat universe, they converge in a closed universe 
and diverge in an open universe. This is illustrated schematically in Figure 1.5 on a map of the 
CMB taken with the BOOMERANG experiment [5]. 

I 

Figure 1.5: The effect of cosmic curvature on the CMB . Schematic diagram showing I 
the Cosmic Microwave Background taken by Balloon Observations of Millimetric Extragalactic 
Radiation and Geophyiscs (BOOMERANG) for different values of the curvature of the Universe. 
In a closed universe and the geodesics converge, the hot and cold spots would appear larger than 
in the fiat universe case. On the other hand, an open universe would have geodesics that diverge, 
and so the spot would appear smaller. Figure taken from [26]. 

1.6.3 Dark Energy in FLRW 

The 'cosmological constant' term that Einstein introduced to his solution of GR was originally 

1 intended to force a static universe. This idea was abandoned after the discovery that the Universe 
was in fact expanding, but has been resurrected as the potential agent for the observed cosmo-
logical acceleration. We note that we can modify the Einstein equations (Eq. (1.10)) instead 
as 

(1.26) 

I 
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which will still be invariant under the derivative \7 1-'G~-'v. We can, in fact "absorb" the terni. with 
A into the general energy tensor, with: 

(1.27) 

The cosmological constant is then described by a perfect fluid with constant energy density 
p = -p = -Aj81rG, and therefore we see that A corresponds tow= -1. 

We stated the weak and st rong energy conditions in Section 1.4.1. Given that we can express the 
energy momentum tensor in terms of the pressure and density of a pe~fect fluid, we can express 
these conditions in terms of those fluid properties. Hence the weak energy condition means 
that p + p > 0, while the strong energy condition implies that p + 3p > 0. The condition for 
acceleration is ii > 0. Imposing this condition on Eq. (1.18), implies p + 3p < 0, or alternatively 
that w < -1/3. Hence we see that acceleration from dark energy violates the strong, but not 
the weak energy condition. 

We now discuss the observables used to constrain cosmological models. 

1. 7 Hubble Parameter 

The Hubble parameter is a measure of the expansion rate of the Universe. It is taken directly 
from the Friedmann equation, given by Eq. (1.19), which is (a/a) 2 = (87rGp)/3- kja2

. The 
total density can be expressed in terms of a sum over the densities of the separate components 
(excluding curvature since it is the last term on the RHS of Eq. (1.19)) as 

p Prad + Pm + PDE 
3

HG6 [Orad(1 + z)4 + Om(1 + z) 3 + OoEf(.z)], 
87f . 

(1.28) 

where Ho is the Hubble parameter today, Om, OoE are the density parameters of matter and dark 
energy today (as opposed the p~ for example, which is energy density of dark energy today) and 
f(z) is the equation describing the evolution of the density of dark energy as a function of 
redshift, or 

f(z) = exp 3 dz' . [ 1z1+w(z') ] 
0 1 + z' 

(1.29) 

If we then substitute in the relation (Eq. (1.20)), namely H =a/a, into Eq. (1.19), we are then 
left with the equation for the Hubble parameter, 

(1.30) 
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where nk = - H~a2 = 1 - (Dm + DnE + Drad) is the density parameter of curvature. This is also 
0 • 

often denoted by 
H( z) = H0E( z), (1.31) 

where E(z) is clearly the square-root term in Eq. (1.30). 

The specific model for dark energy comes enters Hubble parameter via f( z) as an integral over 
(1 + w(z))/(1 + z), and so it is clear that any measurements of H(z) will 'smear ' out or smooth 
the contribution from w through the integral. 

1. 7.1 Age Measurements 

The Hubble parameter can be measured indirectly through differential measurements of the ages 
of sources such as luminous red galaxies (LRGs) [28 , 29]. This can be seen by considering the 
equation for the Hubble rate (eq. (1.20)) and substituting into it the scale factor-redshift relation: 

a 
H( z) = a(z(t)) 

1 dz 
----

1 + z dt. 
(1.32) 

Hence precise measurements of the age of the sources over a redshift range are needed to estimate 
H( z). The spectra of LRGs evolve with age and hence by fitting the observed spectrum to 
simulated spectra we can accurately determine the age of the galaxy (at a particular redshift) 
and thus determine H( z). Figure 1.6 gives an example of the image and spectrum of a LRG, 
taken from the Sloan Digital Sky Survey (SDSS) [27]. 

1.7.2 Baryon Acoustic Oscillations 

Another way to determine the Hubble parameter as a function of redshift is to measure the 
Baryon Acoustic Oscillations (BAO) in the matter power spectrum of galaxies. We give a very 
brief summary of the technique here, detailed descriptions of the physics and the measurement 
techniques of the BAO can be found in [30, 31, 32, 33, 34]. 

The baryon acoustic oscillations result from physical processes in the early universe. Before 
the Universe cooled enough for protons and electrons to combine to form atoms, the universe 
consisted of a hot plasma of photons and baryons which were tightly coupled via Thomson 
scattering. 

The competing forces of radiation pressure and gravity set up oscillations in the photon fluid. Be
cause of the tight coupling. of the photons to the baryons, the perturbations in the coupled fluids 
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Figure 1.6: SDSS image and spectrum of a typical LRG with (ra, dec) = (324.527, 0.2776). The 
spectra of these passive, red galaxies (note from the image the lack of blue light from young hot 
stars) evolve with redshift in a well-described way. Hence measurements of the ages of these 
galaxies at different redshifts yields a measurement of the Hubble parameter. Figures taken from 
[27]. 
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oscillated as sound waves with sound speed in the plasma of v = cj J3. This pressure-supported 
oscillation continued until recombination, when the photons decoupled from the baryons in the 
plasma and the photons free streamed away, removing the pressure support. This radiation is the I 
cosmic background radiation that we observe redshifted into the microwave part of the electro-
magnetic spectrum. The characteristic scale of the oscillations is imprinted on the distribution 
of the baryons and is set by the sound horizon, which is the comoving distance the sound wave 
could have travelled by decoupling, and depends on the baryon and matter densities. 

After decoupling dark matter in the universe and the baryons still interact gravitationally, and 
so the dark matter also clumps near this excess in the baryon distribution from the oscillation 
scale. This means that the characteristic scale is imprinted in the dark matter distribution. 
Measurements of this oscillation scale, which we will denote by s(z), in the radial direction 
give measurements of H via s'(z) = c/ H(z) where cis the speed of light . Using this method, 
Gaztanaga et al. use the SDSS LRG sample [35] to reconstruct the radial oscillation scale and 
find H(0.24) = 79.7 ± 2.1 ± 1 kms- 1Mpc-1 and H(0.43) = 86.5 ± 2.5 ± 11 kms-1Mpc-I, where 
the first error is the statistical error and the second is the systematic measurement error. 

1.8 Distance Measurements 

Distance measures are another key background observable which used in contemporary cosmol
ogy. Curvature alters distances through its effect on the geodesics and its contribution to the 
expansion of the Universe through the Hubble parameter, Eq. (1.30). It is useful therefore to 
define the comoving radial distance, Dr(z) as [36] 

c c rz dz' 
Dr(z) = Ho x(z) = Ho }

0 
E(z')' (1.33) 

and the comoving transverse distance as [36] 

Dt(z) = ~0 k sin ( ~x(z)), (1.34) 

where E(z) is given by Eq. (1.31). It is worth noting that in a flat universe (Dk = 0), Dt(z) = 
Dr(z). 

Eq. (1.34) shows the explicit link between curvature and distance in the Universe. This link 
can be intuitively understood in that the curvature changes the geodesics on which light travels, 
hence measurements of distances are crucial in determining the curvature. This is illustrated 
schematically in Figure 1. 7. 

The definition of the radial and transverse distances are in turn used to define the angular 
diameter distance dA( z) and luminosity distance dL(z) as a function of redshift [36]: 

( ) ( ) ( ) dA(z) 
__ Dt(z)_ 

dL z = 1 + z Dt z ' 1 + z (1.35) 

I 

I 
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Figure 1.7: This figure , taken from [37], illustrates the relationship between the curvature of 
the space, distances and physical sizes in the Universe. Each wedge in the diagram is of a cone 
of fixed opening angle, with the observer (us) at the point of the cone, at zero redshift. The 
wedges ill ustra.te the connection between the co moving radial distances (the vertical direction) 
and transverse (horizontal) directions, and the physically observable quantities such as redshift 
(marked as the 'long arms ' of the triangle) and angular separation. These are shown here for 
three difi'erent cosmological models , namely a flat matter-dominated Universe in the left panel, 
an open matter-dominated Universe with D0 = 0.2 ( whereD0 is the total D) in the middle of the 
row, and finally a flat Universe with a cosmological constant , DA = 0.8 on the right. 
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By examining Eq. (1.35) we note the distance duality dL(z) = (1 + z) 2dA(z), which is valid in 
all metric theories of gravity. Independent measurements of luminosity distance and angular 
dia}Ileter distance can be used to test whether this duality holds in the observable Universe [38]. 

1.8.1 Angular Di~meter Dist ance from B aryon A coust ic Oscillations 

We have given the equations for distance in cosmology, as both the angular diameter distance and 
the luminosity distance. However, one must extract those distance measures from observations. 
For this we need the concept of a 'ruler ', or a fixed quantity against which we can compare our 
measurements. In the case of angular measurements, angular scales measured on the sky are 
converted into a distance to the object . This is a process continuously performed on Earth when 
determining how far away something is from how large it appears. Mathematically the angular 
diameter distance is 

L 
dA = e' (1.36) 

where Lis the true scale of the object, e is the angular size we measure and dA the angular diam
eter distance. Clearly then knowing the scale of the 'standard ruler ' L is crucial in determining 
dA. 

The linear theory behind the baryon acoustic oscillations was outlined in the previous sect ion. It 
is this known oscillation scale imprinted in the matter distribution that we then use to reconstruct 
the transverse comoving distance as s(z) = Dt(z), and hence measure the angular diameter 
distance as a function of redshift. The BAO reconstruct the 'standard ruler ' statistically from 
measurements of the correlation function and power spectrum of the galaxy distribution. This 
acoustic scale has been suecessfully detected in the galaxy distribution [32, 30, 31, 39], and future 
surveys will concentrate on measuring both the angular diameter distance and Hubble parameter 
at high redshift z ~ 3 in coming years [40, 127, 41, 42]. 

The angular diameter distance is not only probed using the BAO. Observations of Fanaroff-Riley 
lib (FRIIb) radio galaxies use the angular size of large extended radio jets in the galaxies as a 
standard ruler [43], while compact radio sources [44, 45] and observations of X-ray clusters [46] 
are examples of other 'standard rulers ' to measure the angular diameter distance. 

1.8.2 Lum inosity Distance from Type Ia Supernovae 

As opposed to a 'standard ruler', another state of the art technique uses 'standard candles' to 
determine the distance to cosmological objects. The concept of a standard candle is a simple 
one that we use intuitively on a daily basis. Consider a source with a known luminosity L, and 
flux F. The flux received from that object decreases spherically symmetrically with the distance 
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from the source as 
L 

F = 47rdi" (1.37) 

Figure 1.8: The relationsh ip between luminosity and flux. Assuming spherically symmetric 
radiation propagating from an object, the flux received decreases with the inverse of distance 
squared. This defines the luminosity distance. Figure taken from [47]. 

Using fluxes leads us to the notion of the magnitude of an object. The luminosity distance is 
defined in terms of the apparent magnitude m of the object (the magnitude that we observe) 
and the absolute magnitude M, which is defined to be the apparent magnitude the source would 
have at a standard distance (for example 10 Mpc) , or 

J-L = m - M = 5log dL + 25, (1.38) 

with dL measured in Mpc as given in the first equation in Eq. (1.35), and J-L = m- M is defined 
as the distance modulus of the object. Of course both J-L and dL vary with redshift. 

SNe Ia were first conclusively used as standard candles to detect the acceleration of the Universe 
[20 , 21] . Certain assumptions about the amount of mass in each explosion of the SN Ia and the 
key characteristics of the explosion are used in order to exploit them as such standard candles. 
Firstly it is assumed that the white dwarf progenitors are in accreting binary systems and explode 
once they exceed the Chandrasekhar mass limit of 1.4M0 , where the dot refers to solar mass. This 
uniformity in mass leads to a uniformity in the energy released during the explosion, and hence 
a uniformity in the intrinsic luminosity of the sources. More importantly, however , an empirical 
correlation between lightcurve decay time and the intrinsic brightness of the S at maximum 
light [50, 51] is used to standardize these sources, and reduce the scatter in the distribution of 
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absolute magnitudes of the SNe Ia. This in turn reduces the error in the estimate of the distance 
modulus of these objects. The distance modulus is plotted as a function of redshift , and different 
cosmological models are fitted to this data, enabling us to constrain cosmological parameters in 
those models. 

Future missions will continue to use S e as cosmological acceleration probes, from space (e.g. [52]) 
and from the ground (e.g. [53]), and will probe to higher redshifts in order to constrain parameters 
like dark energy more effectively. 

1.9 Volume Measurements 

Another background observable can be made from combinations of measurements of the distance 
measure and the Hubble rate. The comoving volume per unit solid angle dS1 on the sky and per 
unit redshift z is defined as 

, _ d2V c3 D(z)2 

V (z) = dzdS1 = H'5H(z)' (1.39) 

where the prime is the derivative with respect to redshift. This clearly shows that measurements 
of the volume depend on the cosmic parameters in a model through their contribution to the dis
tance and the rate of expansion of the Universe. For example, the degeneracy between curvature 
and the dark energy contribution is discussed in Chapter 4. 

1.9.1 Galaxy Clusters as a Volume Tracer 

In principle, one way to measure the volume is to measure the number counts of galaxies , or the 
apparent abundance of galaxies per unit redshift and solid angle [54] dN/dz, as 

dN dV 
dz = n(z) dz ' (1.40) 

where n(z) is the comoving number density of the particular object. This test has been shown 
to have the potential to constrain cosmology effectively when n(z) is known (for example it is 
predicted by the luminosity function of the object) and also when n(z) is very sensitive to the 
underlying cosmology [54]. 

The Atacama Cosmology Telescope (ACT) [55, 56] and South Pole Telescope [57] use the 
Sunyaev-Zel'dovich (SZ) effect to detect clusters in the microwave region of the electromagnetic 
spectrum. The Dark Energy Survey (DES) [58], whose imaging area was selected to overlap with 
the SPT, will correlate the SZ decrement with the optical richness of the clusters measured using 
multi-band photometry in the optical regime, as a function of redshift. Surveys like the Deep 
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Extragalactic Evolutionary Probe 2 (DEEP2) [54, 59] however, take spectra of galaxies in fields 
on the sky, and group them as a function of their redshift and velocity dispersion. These 'groups' 
of galaxies are then counted and used in the above prescription to constrain dark energy. 

1.10 The Dark Energy Task Force Experiment Stages 

In discussing current and future experiments, it is useful to classify the experiments in terms of 
cost, timescale and precision. The report of the Dark Energy Task Force [60] defines stages of 
current and future dark energy surveys. Stage I represents dark-energy projects that have been 
completed while Stage II represents current dark energy experiments. In this work we are more 
interested in the Stage III and Stage IV experiments: Stage III comprises near-term, medium
cost, currently proposed projects, such as WFMOS [40, 61], and Stage IV comprises long-term 
future dark energy projects, including those such as the Large Synoptic Survey Telescope (LSST) 
[53, 62] and the proposed experiments of the Joint Dark Energy Mission (JDEM) such as the 
Super ova Acceleration P robe (SNAP) [52]. 

1.11 Dark energy 

Measurements of the expansion rate and distance probes provide strong evidence for acceleration 
in the late Universe. An accelerating Universe driven by a component with negative pressure 
acting against gravity was suggested in the late 1990's [63 , 64, 65, 66]. Measurements of the 
luminosity distance of SNe Ia by two independent groups [21 , 20] confirmed this acceleration; 
the supernovae 'standard candles ' were too far away given only a flat , expanding Universe. Since 
then understanding the nature of the 'dark energy' driving the acceleration remains one of the 
biggest challenges in observational cosmology. 

The original SNe Ia data has been supplemented both by larger SN samples [68 , 69, 19, 70, 71], 
by observations of the CMB [1 , 26, 4, 2, 6], measurements of the BAO in the distribution of 
galaxies [32, 35, 31 , 39], angular diameter distance constraints from X-ray clusters [46] and 
compact radio sources [44, 45] and weak and strong lensing [72 , 73, 74]. While the data from 
one experiment might be explained without acceleration, the combination of data from these 
different and complimentary probes strongly supports an accelerating cosmos, and allows us to 
constrain how much of the total energy is 'dark'. For example, the CMB constrains the flatness 
of the Universe through the acoustic peaks 1

. Combined with constraints on the matter content 
from observations of clusters [46 , 75, 76, 77], this suggests that the dark energy component 
contributes roughly 70% of the energy density of the Universe at late times. Figure 1.9 from the 
Supernova Cosmology Project [78, 67] illustrates the complimentarity between different probes. 

1 Although we note that curvature is degenerate with the dark energy. This is discussed in Chapter 4. 
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The different degeneracy directions in the Dm - D>. plane combine to give tight constraints on 
the matter and dark energy densities. 

1.11.1 Challenges in Dark Energy 

The evidence for acceleration in the Universe has provided modern cosmology with many chal
lenges. A fundamental problem is that of the Coincidence Problem. Observations suggest that 
the acceleration of the Universe started at a time remarkably similar to the beginning of life, so 
it would appear we live at a very special time in the Universe. While acceleration at redshifts 
much larger than 2 would mean that galaxies would not be able to form , and hence life would 
not exist as we know it , one might ask why we happen to live so near the start of acceleration? 
This could also be restated in terms of the size of the density parameters of the Universe, since 
given that 0 < DoE, Dm < oo (assuming the energy conditions hold) , we happen to observe 
DoE ~ Dm today. If we reject the idea that we live at this special time, we need to challenge the 
fundamental assumption of the Copernican Principle, that we do not live at a special place in 
the Universe. This has been investigated recently in the literature [79J.. 

In addition to the Coincidence Problem - that we live near the onset of acceleration, the origin 
itself of the cosmic accel ration still remains a mystery. In the current 'flavour of the month ' 
cosmology, dark energy as a cosmological constant A is the driving force behind this observed 
acceleration. This constant term A was introduced by Einstein almost a century ago in 1918 in 
order to impose a static Universe in his solutions, and was recently revived as the ideal candidate 
for the dark energy in that is occurs naturally as the vacuum energy density of the Universe in 
particle physics. The problem with this explanation is that if A originates from the vacuum, it 
is in fact expected to be much larger than we what we observe today, given that A is of the same 
order as the value of the Hubble constant, or A ~ H5 = (2.13h x 10- 42 GeV)2, where his the 
Planck constant [80]. This means that the energy density of the dark energy today is · 

Am~1 
PA = s:;;:-' (1.41) 

with mp1 = 1.22 x 1019GeV as the Planck mass. The attractive property of A was that one can 
sum the zero-point energies of the vacuum together to account for the value of A. The vacuum 
energy that results from summing the zero-point energies of quantum fields with mass misgiven 
by the following integral over momentum vector k [80]: 

1 rXJ d3k 
Pvac = 2 Jo (2¢ )3 Vk2 + m 2 

_l_ f'X) k2Jk2 + m2 dk (1.42) 
47r2 Jo ' 

where in the second line we have assumed spherical symmetry to integrate out angular compo
nent , to get a volume of 47r . Clearly this integral diverges , unless you apply some cut-off scale 
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k. Various theories give different values for this cut-off scale (for example at the Planck mass 
mp = 1.22 x 1019GeV), but these methods typically yield values of the energy density of A that 
is far too large, by around 120 orders of magnitude. This major challenge is commonly known 
as the fine tuning problem. 

1.11.2 Parametrisations of Dynamical Dark Energy 

The cosmological constant , or A can be seen as a constant dark energy equation of state w = -1. 
Even given all the theoretical mysteries surrounding A, however, it seems to provide a good fit to 
current data [6, 30, 31, 32, 68, 69]. Recently, attention has been focused on detecting dynamical 
evolution in the dark energy equation of state, in other words if w = w(z). 

A plethora of dark energy parametrisations can now be found in the literature. Some approaches 
are to parameterise the dark energy equation of state with a Taylor series in z with w0 , the 
late-time value of the equation of state. One example of this was proposed as [81] 

(1.43) 

Another popular model is to parameterise the redshift dependence of the equation of state using 
instead the scale factor itself and not the redshift, for example the Chevallier-Polarski-Linder 
(CPL) parametrisation [82, 83] 

w(a) = Wo + wa(1- a) , 

which can be written in terms of redshift as 

z 
w(z) = Wo + Wa--· 

1+ z 

Others [84, 85] consider a 4-parameter family of curves, given (for example) by 

(wJ- wo) 
w (z) - w + -----'----'------:---'--7" 

- o 1 + exp ( zr6:" z ) , 

(1.44) 

(1.45) 

(1.46) 

where w0 = 0 is the initial" equation of state, w f is the final equation of state, Zt is the redshift of 
the sharp transition and 6. is the width of the transition, which describes how rapidly the dark 
energy changes. These parametrisations of dynamical dark energy are illustrated schematically 
in Figure 1.10. 

Models such as the 'kink' parametrisation [84, 85] allow for more flexibility in the dark energy, 
and therefore can describe dynamics more effectively than a very compressed parametrisation, 
such as Eq. (1.45). However, we are only sensitive to observables which contain at least one 
integration over redshift, and will 'smooth' out features in the dark energy, making it harder to 
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Figure 1.10: Models of dynamical dark energy. Schematic plot of various parametrisations, 
namely the linear parametrisation, or first order Taylor series (pink curves) [81] , the second
order Taylor series expansion (red curves) [81], the CPL parametrisation (blue curves) [82, 83] 
and the four parameter 'kink' model of dark energy (green curves) [84, 85]. The curves are 
plotted for various values of the constants in these models. In the linear case, w0 = -1 is fixed , 
with 0 < WI < 0.7. The quadratic model is also fixed with w0 = -1 , and WI = 0 but with 
0.1 < w2 < 0.7. The CPL parametrisation is for the range w0 = -1 , 0 < Wa < 1. Finally the 
4-parameter model is specified with constant values of w0 = -1 , w1 = -0.3, with the two sets of 
curves corresponding to a fixed ~ = 0.1 with changing 0.1 < Zt < 1 (light green curves), and 
a fixed Zt = 0.4, 0.05 < ~ < 0.2 (dark curves) respectively. All models are plotted on the same 
scale on the y axis to illustrate the power of the models to describe different types of dynamics. 
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reconstruct more than around two parameters in any expansion. So the tension remains between 
models with enough flexibility to be accurate, and models that reflect the accuracy with which 
we are able to make measurements. Measurements of w(z) (through measurements of the cosmic 
observables) at high redshift will .hopefully help constrain the value of w through the long lever 
arm of such observations; and will provide insight into possible dynamics. 

1.11.3 Scalar Fields as Dynamical Dark Energy 

Scalar field models of dark energy naturally extend the cosmological constant A (which corre
sponds to a constant potential) to a dark energy model with redshift-dependent equation of state. 
See [80] for an extensive review of dynamical dark energy. We consider a scalar field cp rolling 
down its potential V(cp). 

The dynamics of scalar fields are best described using the principle of least action. The general 
action is given as an integral over spacetime of the Lagrangian density which for scalar fields can 
be expressed as: 

(1.47) 

where X= (D¢) 2 = g~-'"8"'¢8v¢ , g = detg"'" is the determinant of the metric and V( cp) is the 
potential of the field ¢. F(X) is some general function of X, F differs for various scalar field 
models (for e.g. in k-essence F is a non-linear function of X). We consider the field to be 
minimally coupled to gravity 2 , and so in this case the functional form for F is given by 

(1.48) 

The energy momentum tensor of the field is obtained by varying the action given above in 
Eq. (1.47) in terms of the metric g"'" (where g = det(g"'v)) , and is given by [80]: 

2 68 
-----
Hbg~-'" 

\71-'cp\lv¢-gl-'" [~ga,B \la¢\l,acp+V(cp)] . (1.49) 

In order to derive the evolution equations for cp we vary the action in terms of ¢. Under the 
assumption of a homogeneous scalar field , varying the action leads to the Klein-Gordon equation: 

·· · dV 
cp + 3H cp + d¢ = 0 . . (1.50) 

2This means that we can move easily from fiat space to curved space, i.e. 'T/11-v ---+ g~-'" and 8~-' ---+ \l w 



37 

vVe can then use Eq. 1.49 to obtain expressions for the energy and pressure of the scalar field. 
These are given by 

1 " 2 
P = 2¢ + V(¢), 

1 "2 P = -¢ - V(¢) 
2 

(1.51) 

Substituting Eqs. (1.51) into the Friedmann and Raychaudhri equations from Section 1.5.2, we 
derive similar equations for the scalar field, which are in turn given by 

(1.52) 

Furthermore we define the equation of state for the field , W<J> by the ratio of pressure to density 
of the field 

p Ji - 2V(¢) 
W<J> = p = ¢2+2V(¢). (1.53) 

A scalar field in a FLRW background is a perfect fluid , and so by integrating the continuity 
equation we obtain the energy density as a function of the dark energy equation of state for the 
field [80] , 

p(z) ex exp 3 <I> dz1 
, [ l z 1 + w ( z1

) ] 

0 1 + z1 
(1.54) 

which is given as j(z) in Eq. (1.29) 

In the context of accelerat ion, we introduce the slow-roll parameters: 

E = ~~ ( ~) 2 ~ = ;;! ~~' (1.55) 

where the prime 1 denotes differentiation with respect to the field ¢, or V 1 = dV/d¢. The 
conditions for slow-roll are that E, 1~1 « 1. One can equally define the slow-roll parameters in 
terms of the Hubble parameter and its derivatives [86]: 

- = m~1 [ H
1 

( ¢)] 2 

E- 47f H(¢) (1.56) 

where again the imposing slow-roll means the E', 1771 « 1. During ear.ly stages of acceleration, 
none of these parameters need necessarily be small, since a large fraction of the energy density of 
the Universe ( ,..,_, 30%) does not have negative pressure. Hence the coincidence problem described 
in Section 1.11.1 can be restated as why the slow-roll parameters are not small despite the 
acceleration of the Universe at late times [87]. 

Performing a Taylor series expansion of Eq. (1.53) in (3 = ¢2 /V(¢) yields: 

(3 -1 2 
w<l> = -a - = -1 + 2(3 - 2(3 + ... 

"'+ 1 
(1.57) 

Hence for small (3 , i.e. ¢2 « V(¢), (when the field is slowly rolling) , the dark energy approaches 
a cosmological constant, w ~ -1. 



Chapter 2 

Early Universe Constraints on the 
Detectability of Dark Energy Dynamics 

Figure 2.1: ©Scott Adams, online at www.dilbert.com 18/10/2007 
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2.1 Introduction 

Scaling quintessence models are physically well-motivated alternatives to the cosmological con
stant, A. After a review of scaling solutions, we show that imposing early universe constraints 
on the energy density of dark energy in these models strongly limits the deviation from ACDM 
at late times. The detectability of such models will hence be limited for the next decade until 
the DETF Stage IV experiments [60]. This work is published in [88]. · 

2.2 Big Bang Nucleosynthesis and Dark Energy 

Big Bang ucleosynthesis (BBN) occurred shortly after the Big Bang. When the temperature 
of the Universe reached around 1 MeV, the abundances of the light elements, 3He, 4He, 6Li, 
7Li , 1H, 2H = D, 3H, 7Be and 8Be were set through a series of chemical reactions in the early 
Universe. We assume that the reader is reasonably familiar with the process of BB , the details 
of which can be found in [14, 89, 90, 91 , 92]. Big Bang ucleosynthesis is sensitive to the amount 
of dark energy at early t imes, and hence the BBN measurements provide strong constraints on 
early dark energy [93]. 

At high temperatures (T » MeV) the numbers of protons and the number of neutrons in the 
Universe are in equilibrium via the weak interactions [14, 89]: 

(2.1) 

where the symbols n , v , D, p, e- , e+ denote the neutron, electron neutrino (and its anti-neutrino) , 
the proton, electron and positron respectively. 

The number of species i (where i indexes the particular species) is distributed according to the 
Boltzmann equation. In the non-linear regime this is given by [14]: 

(2.2) 

where T is the temperature of the reaction and mi the species mass. Hence during equilibrium, 
the ratio of neutrons to protons is given by 

n ( mn- mp) p ~ exp - T , . (2.3) 

where m n - mv ::= 1.29 MeV is the difference in mass between the neutron and the proton. For 
temperatures around 1 MeV the number of protons is roughly equal to the number of neutrons , 
but that the ratio Eq. (2.3) tends to zero as the temperature decreases. The weak interaction 
rates drop rapidly, as r oc T 5

, and at a critical temperature , T crit , the reactions go out of 
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equilibrium. At this temperature the ratio of neutrons to protons "freezes out", and remains 
essentially constant. 

At early times the Universe is radiation-dominated, and therefore we neglect matter in the Hubble 
parameter, and Eq. (1.30) becomes 

(2.4) 

The dark energy enters into the equation via f(z), Eq. (1.29) in Section 1.7. Big Bang Nucle
osynthesis is sensitive to the dark energy at early time in two key ways. 

• The temperature of freeze out 
As mentioned above, the neutron to proton ratio is determined by Tcrit, the temperature 
at which the reactions Eq. (2.1) go out of equilibrium. The interaction rate of Eq. (2.1) 
relative to the expansion of the Universe is [14] 

(2.5) 

where Gp = 1.16637(1) x 10-5GeV- 2 is the Fermi constant and H = aja is the Hubble rate 
in the early Universe given in Eq. (2.4). For temperatures below 1 MeV, the interaction 
rate r is lower than the expansion rate, and so the neutrino interactions are too weak to 
maintain equilibrium [14, 89]. The ratio njp, Eq. (2.3), is exponentially sensitive to change 
in T crit, and hence to the cosmology at BBN. 

• The age of the Universe 
The formation of 4He and the heavier elements requires deuterium D , which is formed 
through 

(2.6) 

Deuterium is, however, only produced in significant amounts for temperatures below T ~ 
0.06 MeV, otherwise it is destroyed by energetic photons [89]. This results in the deuterium 
bottleneck. During the t ime between freeze-out and significant deuterium production, the 
free neutrons begin to decay, with a half-life of Tn = 885.7 ± 0.8s. Essentially all the free 
neutrons go into the production of D, and so the abundance of the elements is very sensitive 
to the time taken for the temperature to drop from 1 MeV to 0.06 MeV, given by 

r 1 dz 
t = }0 1 + z H( z)' 

(2.7) 

This is also then sensitive to the expansion of the Universe through H( z). 

Observations of the abundances of these light elements from the Lyman alpha absorption feature 
in high-redshift quasars (see [92, 91] and references therein) constrain the amount of primordial 
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deuterium, while measurements of the CMB [94, 6] put limits on the baryon density. Observations 
of low metallicity HII regions [95, 96] constrain the abundance of 4He, while metal-poor stars 
constrain the abundances of 7Li (see [96] for a set of references) , although there is a significant 
tension between observed Li abundances and those predicted by BBN in a FLRW cosmology 
consistent with the WMAP data [97]. -· 

We have discussed how BB is very sensitive to the amount of dark energy present in the early 
Universe. We now turn our attention to scaling models of dark energy in which the dark energy 
tracks the dominant energy components until it breaks away and begins to dominate at late 
times. These models will allow the constraint on dark energy at early times to carry through 
and constrain the detectability of such dark energy models at late times. 

2. 3 Scaling Models of Dark Energy 

Scalar fields are ubiquitous in modern cosmology, and are popular partly due to the fact that they 
arise naturally in particle physics [80] (see [98] for a review of particle physics and cosmology), 
and so extend the cosmological constant to a model with dynamical dark energy. Scalar fields 
are introduced in Section 1.11. 

As outlined in Section 1.11, the scalar field is specified by the form of its potential V(¢). One 
such model for the potential of the scalar field is the exponential potential, 

(2.8) 

where M is a constant with dimensions of mass, .A is a dimensionless constant, K-2 = 81rG = 81rm~12 
and mp1 = 1.22 x 1019 GeV is the Planck mass . The energy density of the scalar field , P<P is given 
by Eq. (1.51), and hence the critical energy density (again see Section 1 for details) is defined by 
D!/> = "-2P¢/3H2. 

The key characteristic of this potential is that is exhibits a scaling property, in that it scales with 
the background fluid, so that W¢ = wb, with wb = 0 during matter domination and wb = 1/3 
during radiation domination. The energy density of the field remains constant and equal to the 
value 

(2.9) 

provided that ..\2 > 3(wb + 1). 

The solution</> with energy density given by Eq. (2.9) is an attractor solution [99]. In the context 
of dynamical systems, this means that regardless of the initial value of the field , the field will 
converge to this solution. If the field starts from an initial value dominated by its kinetic energy 
(i.e. V(<P) « ¢2

), the equation of state of the field will be w ~ 1, and hence the energy density 
of the field will scale asp"' 1/a6

, with then¢ ex 1/a3 [100]. The kinetic energy density of the 



44 

field will drop as a-6 until it reaches the scaling solution. If Dcp is very small (i.e. much less than 
Eq. (2.9)), then the Hubble parameter will be dominated by background. This acts as a friction 
term in the dynamics of ¢, and causes ¢ to drop more slowly than the background. Hence ¢ has 
an effective w greater than the background; as a result Dcp increases until it reaches the scaling 
solution. 

The fact that the attractor solution exhibits scaling is an important result as it means that at 
early times (when the dark energy is sub-dominant during the matter and radiation epochs) the 
energy density of the field remains fixed at a constant value. We will show that this scaling 
property allows any constraints on the energy density at early times to be brought through to 
late times, until the field emerges from scaling and starts to dominate the energy density of the 
Universe. 

The other attractor (when >.2 < 3(wb+ 1)) is a solution of late-time acceleration, when the energy 
density of the Universe is dominated by the scalar field, with wcp = -1 + >.2/3 [101 , 102, 80]. 

Since one of the attractor solutions of the system for the single exponential potential is scaling 
and another is dark energy domination, it makes sense to construct a potential that is a sum of 
the two exponentials [101]: 

(2.10) 

with carefully chosen constants. In that way we construct a potential that results in scaling at 
early times and acceleration at late times. Here p, < J2 ensures acceleration at late times, since 
for these values the potential resembles that of 'power-law' inflation [100, 99], with a ::= t 2 /2 . 
Furthermore, the coefficients lVh and 11112 are determined according to the model considered and 
the constraints on the present-day value of the scalar field energy density. 

We define the upper bound on the density parameter of the scalar field by E. BBN implies that 
DnE(T "' 1 MeV) < E, with E = 0.045 at 2(} [93]. In order to carry forward these constraints 
on the energy density to late times, the field must be scaling by this time. If the field is not 
yet scaling at BBN, these constraints cannot be carried through to late times since we have no 
guarantee that the density did not grow a large amount before scaling began. However , it was 
shown that the field will in fact approach the attractor long before nucleosynthesis [99, 100], and 
so we can treat it as scaling at this time. In addition our results remain even if the field only 
starts to scale at the time of decoupling (around z "' 1000), since similar or better constraints 
hold from analysis of the CMB [104, 105]. Hence the value of E = 0.045 is given as a conservative 
bound. 

Scaling at early times implies that the upper bound DnE(z > Zt) < E = 0.045 for all redshifts 
greater than Zt, the redshift at which the equation of state stops scaling. Hence we investigate 
the detectability of a model in which the field exhibits scaling with the background f-luids until 
some transition redshift Zt when the field begins to dominate the energy density of the Universe. 
We give a specific parametrisation of a such a model in Section 2.5. 

I 
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2.4 General Scaling Constraints on the Energy Density 
of Dark Energy 

Given the upper bound on the density parameter of the scalar field from BBN, DoE(zssN) < 
E = 0.045 [93] for scaling models of dark energy, we give model-independent constraints on the 
background cosmological observables H ( z ) and the distance modulus p,( z), as defined in Chapter 
1 for all such scaling models. 

The density parameter (see Chapter 1) of the dark energy (where we neglect the contribution 
from radiation) is defined as the ratio of the dark energy density to the critical density, or 

DoEf(z) 
DoE(z) = DoEf(z ) + Dm(1 + z)3 ' (

2.1l) 

where f( z) describes the redshift dependence of the dark energy density as given in Eq. (1.29). 

Beyond the redshift where the scaling ends the energy density of the dark energy is constant 
(i.e. DoE(z ~ Zt) is constant in perfectly scaling models). Hence the constraint from early times 
implies that DoE(z ~ Zt) < E. 

When the field is in the matter dominated epoch (and scaling) it tracks the background as 
w(z) = 0, for z > Zt· This constraint coupled to the constraint on the density parameter limits 
the form of f, as 

!( ) _ c(1 + z) 3 
_ 0.047( )3 z>zt- ---1+z 

- r(1- c) r 
(2.12) 

where r = DoE/Om ~ 7/3 is evaluated today, and we have substituted in the value for E from 
Bean et al. [93]. 

We illustrate the constraint on DoE(z) in Figure 2.2 , for various models of the dark energy 
density. The constraint that DoE(z) ---+ 0.7 as z ---+ 0 is imposed on the solutions. We see that 
for z > Zt, the value of DoE is scaling and is fixed at E, the early Universe limit. 

Clearly this constraint on the energy density implies a constraint on the cosmological observables, 
like the Hubble parameter and distance measures. Starting with the Hubble parameter, the 
general constraint on H(z ) in the scaling regime is: 

HoE( ) 
HA z ~ zt = (1- c)((1 + zt)3 + r) (2.13) 

Given that r = DoE/Om is Eq. (2.13) is maximised at r = 0, and hence we establish a strong 
model-independent upper bound 

HoE ~ -H (z ~ Zt):::; -- = 1.023, 
A 1-E 

(2.14) 
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0.1 10 
z 

Figure 2.2: Evolution of OnE(z) for the scaling model parameterised by the polynomial 
parametrisation ofw(z), Eq. (2.17). The approach to the BBN limitE= DnE(z = ZBBN) = 0.045 
(dashed line) can be seen for z ---+ oo. The curves are plotted for a range of coefficients in the 
models, from Zt = 4 (light orange) to Zt = 10 (dark red). For comparison we also show the 
curve for ACDM (green curve), where the energy density drops to zero before z = 2. Figure 2.4 
shows the corresponding observational quantities for these scaling quintessence models. 

where the numerical value is obtained by substituting in the value for E from [93]. 

This limit can be seen in the left panel of Fig. 2.4, where the Hubble parameter for all models 
tends towards this limit for z > Zt· This has strong implications for detecting deviations from 
ACDM at high redshift, since the limit above means that any such deviations are bound to be less 
than 2.3%. It is important to note that this limit only applied for z > Zt. To derive constraints 
on the Hubble parameter for redshifts 0 < z < Zt, we will need to parameterise a specific form 
for w(z). One such parametrisation is given in Section 2.5. 

The distance modulus, given by J..L(z) is constrained in a similar manner. Once again, the in
teresting quantity is the deviation from ACDM , as this indicates how likely they are to be 
distinguishable from a cosmological constant model with no evolution in the dark energy. Hence 
the quantity 6.J..l = J..lDE(z)- J..lA( z) is given by: 

(
dL ,DE(z) ) 

/:).J..l = 5 logl0 dL ,A ( Z) (2.15) 

where dL(z) is the luminosity distance for the given model (J..L(z) is defined in Eq. (1.38), see 
Section 1.7 for a summary of the observables). 

Assume that there exists a number a such that H(z)/ HA( z) ~ 1 + a 2 for all z. For example 
the constraint on the energy density constraint discussed above, i.e. DnE(z 2': Zt) < 0.045 , yields 
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the constraint on H that a 2 ~ 2.3%. Since dL involves integrals over 1/ H(z), the constraint 
propagates through as dL,oE(z)/dL,A(z) ~ (1 + a 2)-I. Hence tlp,( z) obeys the inequality 

(2.16) 

A bound of a 2 = 0.025 gives lllp,(z)i ~ 0.054 mag. This is visible as the limit on tlp,(z) in 
Fig. 2.4. Propagating the limit on H using E will impose an even stronger constraint, since 
z ~ Zt, a 2 ~ E/2. Again it is worth noting that these general results do not constrain H( z < Zt), 

which instead requires a specific model for w(z). We now turn to one such parametrisation. 

2.5 Late-time Evolution of the Models 

The models of interest must satisfy scaling until some redshift, Zt, and then yield late-time 
acceleration. In order to achieve this, we need to parameterise our models once the field exits the 
scaling regime. The double exponential potential [101 , 102] as outlined in Section 2.3 achieves 
such late-time acceleration for carefully chosen values of the constants. Models of this form were 
considered in [88], although we do not discuss the detectability of such models here. Instead we 
focus our attention on the w(z) models parameterised by a polynomial in redshift. 

2.5.1 Polynom ial parametrisation of w(z) 

We consider a quadratic parametrisation of the dark energy equation of state, w(z) [106], that 
exits the scaling regime at Zt. It is given by 

(2.17) 

We are interested here in describing minimally coupled scalar fields with canonical kinetic terms. 
In other words they satisfy the constraints in Eq. (1.48). 

In general we consider the case where w0 = -1, w2 =/= 0. We force continuity in the equation of 
state at the boundary between scaling and dark energy domination, i.e. at z = Zt, which implies 

1 WI 
w2 = 2--. 

Zt Zt 
(2.18) 

The BBN constraint provides WI in terms of Zt, and we are left with a family of curves that 
satisfy the early Universe constraints and the bounds on the energy density today. We have set 
w(z = 0) = -1, f2oE(z = 0) = 0.7. 
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Figure 2.3: Late-time p arametrisation of scaling d ark en ergy. The polynomial parametri
sation w(z) given as Equation (2.17) for Zt from 4 (light orange) to 10 (d ark red). The models 
are fixed at w(z = 0) = -1. The density parameter for these models, SloE(z) is shown in Figure 
2.2, and the observables for this parametrisation are given in Figure 2.4. 

Figure 2.3 shows this polynomial parametrisation for various values of the redshift zt, in the range 
4 < Zt < 10, with the lower bound of this range was chosen to ensure that we are describing a 
minimally coupled canonical scalar field, so w(z) :2: -1 \;/ z. 

The observables from this family of w(z) curves are shown in Fig. 2.4. We note that for z :::; 1 
the BBN constraint is so strong that all models have w(z) < -0.8, as shown in Fig. 2.4, and the 
density parameter for these models is shown in Fig. 2.2. The largest deviation of H(z) from the 
ACDM comparison model is about 2.7% with the largest deviation in the distance modulus only 
about 0.03 magnitudes (occurring at z = 2). 

This shows that if w ~ -1 today we cannot expect significant deviations from ACDM at any 
redshift and only Dark Energy Task Force (DETF) Stage-IV experiments [60] are likely to detect 
dark energy dynamics with any real significance. However while current data favour w(O) ~ -1 , 
they are consistent with larger values, such as w(O) < -0.86 [6, 39]. This might give some hope 
to the detection of dynamics in models with larger values of w today. 

2. 6 Conclusions 

Scaling models are physically well-motivated alternatives to the cosmological constant. We have 
reviewed the basic definition of scaling models, where the energy density of the field is constant 
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Polynomial w(z) 
0. 06.------.--.-~-.-----..,....-------, 
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Figure 2.4: Observables from the polynom ial p arametrisation: allowed observables for the 
polynomial w(z) (shown in Figure 2.3) showing the small deviations from the ACDM predictions. 
All models have ldw/dz(O)I < 0.2. For w(O) < -0.9 (the thicker lines) HnE(z) deviates from 
HA(z) by at most 2.7%, and implies a deviation in distance modulus of less than 0.05 mag. The 
error bars in the right panels correspond to the Stage-III (large boxed errors) and Stage-IV (small 
triangular errors) supernova surveys respectively. These are produced for the bottom curve in 
each case. 

during scaling as its equation of state tracks the background. These scaling properties allow us to 
propagate the constraint on early dark energy through to late times. In so doing, we have shown 
that the constraint OnE < E on the energy density of the scalar field at the time of Big Bang 

ucleosynthesis (and similarly for decoupling) strongly limit the allowed dynamics at late times. 
We discussed the general constraints on the observables from scaling models of dark energy for 
z > Zt, and have investigated one particular scaling model at low redshift. 

We have explicitly assumed, however, that one excludes phantom behaviour of w, in that we 
have forced w ~ -1 in all cases. Hence unless we allow much more freedom in our choice of w, 
and if it is not close to the maximum value allowed by current data, then we have shown that the 
detection of dynamical models of dark energy will likely have to wait a decade for the Stage-IV 
DETF [60] experiments. We should not then let the non-detection of dark energy dynamics 
discourage us from searching for dynamical alternatives to the current 'flavour of the month' 
cosmology. 



Chapter 3 

Fisher Analysis and Flex corrections 

thingpart Joe sayers 

Figure 3.1: © Joe Sayers, online at www.jsayers.com/thingpart 08/06/2005 
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3.1 Introduction 

This section reviews and extends the Fisher Matrix formalism. We calculate non-Gaussian 
corrections to the likelihood which we call the Fisher Flex corrections. We introduce the Fisher 
Flex test as a test of whether the assumption of Gaussianity in the standard Fisher Matrix 
formalism will produce biased constraints on cosmological parameters. This original research is 
in preparation for publicat ion [107]. 

3.1.1 Bayesian Statistics 

The physical interpretation of statistics is a topic of much debate. This debate is particularly 
relevant in terms of two opposing statistical frameworks, namely the frequentist and Bayesian 
approaches. Briefly stated, the frequentist interpretation of probability is that the probability of 
a given event A is the ratio of the number of times the event occurs in a large number of trials, 

P l . NA ( ) A= 1n1 - , 3.1 
N ->oo N 

where N A is the number of times event A occurs. This school of thought is characterised by the 
objectivity of the observer when defining the probability. The intuition or understanding of the 
observer is not important in this case. This approach is criticized by those in favour of evidential 
or Bayesian probability, which defines probability as a measure of the state of knowledge [108]. 
Here the notion of prior knowledge affects the probability of an event. We will not debate the 
merits of the two methods here, but will use Bayesian theory from here onwards. 

Firstly, the conditional probability of event A given event B is defined as P(AIB), which is the 
probability that event A will occur given that B occurs. The posterior probability, P(TID) , is 
the probability of a theory or model T given the data D we observe. This is something which 
we do not know a priori. Bayes' theorem, however allows one to writ~ the posterior in terms of 
the likelihood, which is the probability of the data assuming a certain model, as follows: 

P(TID) = P(DIT) P(T) 
P(D) ' 

(3.2) 

where P(DIT) is the likelihood of the data given the assumed model, P(T) is the prior on the 
theoretical model, and encodes any knowledge on the validity model, and P(D) is the Bayesian 
evidence, which is generally treated as an arbitrary normalisation factor. 

Bayes ' theorem is used to determine the values of the parameters that are most likely to be 
correct. In other words , the best-fit parameters are those that maximise the posterior, Eq. (3.2) . 
Since the evidence is treated as normalisation, and the prior is input , maximising the posterior 
is achieved by maximising the likelihood, P(DIT) , which is 

.!£ = P(DIT). (3.3) 
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We are interested in the both the maximum likelihood parameters and their corresponding errors. 
For a random variable X distributed according to a Gaussian function with mean p,, then the 10' 
error (the standard deviation) is defined to be such that jx- p,j < 0' with 68% probability. These 
errors are a measure of the curvature of the likelihood, since values close to the mean value (the 
parameter value that yields the maximum value of the likelihood) indicate a very steep likelihood 
surface, whereas wide errors mean that the likelihood is very flat in terms of those parameters. 
In terms of a general likelihood of parameters, 2 one could use percentiles to determine the 
values of the 10', 20' errors. Under the assumption of Gaussianity, however, the Fisher Matrix 
allows us to estimate exactly the curvature of the likelihood surface, and hence determines the 
error on the maximum likelihood parameter values. 

3.1.2 Fisher Information Theory 

Fisher Information Theory is a powerful statistical tool used in many fields , and has gained popu
larity in astronomy and cosmology in recent years. It describes how much information a measure
ment of a particular observable quantity will give you about parameters in an underlying model. 

-+ 
More precisely, if we denote the vector of observables X = (X1 , X2 , ... , Xi, ... , Xn) , where i labels 
the specific observables, t.hen the Fisher Information Matrix or Fisher Matrix (FM) quantifies 

-+ 
how much information these observables contain about the parameters () = (()1 , ()2 , ... , e1, ... , ()m) 

in the model. 

A key point in Fisher analysis is that the Fisher Matrix treatment allows one to compute the 
-+ -+ 

errors on these parameters () , around a given input model () *. In other words, assuming a given 
model and fiducial values of the parameters in that model, t he FM then allows you to estimate 
how well you would be able to constrain those parameters from observations. 

-+ -+ -+ 
In general the Fisher Matrix is given in terms of the likelihood function 2( ()) = f(X; () ), via 
the expectation value of the derivatives of the log of the likelihood with respect to the parameters 
-+ 
() , or 

(3.4) 

where the angle brackets indicate the expectation value of derivatives. It is worth noting that 
for a random variable X with probability density fx(x), the expectation value any arbitrary 
function g(x) is defined to be 

(g(X)) = 1: g(x)fx(x)dx. (3.5) 

If the likelihood (Eq. 3.3)) .can be written as 2 ex: exp( -x2 /2) where x2 = -(d- t )T C- 1 (d-t) / 2 
is the usual chi-squared statistic relating the theory t to the data d and C , (the data covariance 
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matrix which is a measure of how the data are correlated), then Eq. (3.4) can be expressed 
instead in terms of a sum over derivatives of the observed quantities as: 

ax T _ 1 ax 1 ( _1 ac _1 ac) 
FAs = ae A c ae s + 2 Tr c ae A c ae s ' (3.6) 

----t 
The X /s in Eq. (3.6) are the observables, and e the vector of parameters in the model. gf 

J 

is the derivative of the covariance matrix with respect to the paraq1eter e1, which measures 
how the covariance of the data depends on the assumed model and parameter values. In most 
cosmological applications of Fisher Matrix theory, it is assumed that the errors are only weakly 
dependent on cosmological parameters, and so this second term in the expression for the Fisher 
Matrix can be ignored. 

In the case when the data are uncorrelated, then the covariance matrix C is diagonal, CiJ 

diag[O"i, ... O"~] and Eq. (3 .6) then reduces to the simple equation 

N 1 [8X8XJI FAs=2::- --
i O"l,i fJBA fJBs i' 

(3.7) 

where the sum over i = 1 : N is a sum over data points in your data set. 

The inverse of the Fisher Matrix corresponds to the error covariance matrix, and so we can 
convert from the Fisher Matrix FAB to errors on particular parameters. The Cramer-Rao bound 
states that the variance of any unbiased estimator, or one whose expectation value is equal to 
the true value of the parameter, is at least as high as the inverse of the Fisher information [109] . 
In one dimension this means that the errors on the parameter are always larger than the square 
root of the diagonal component of the inverse ofF, or t::.eA 2:: (F- 112 )AA· In other words the 
bound states that the errors from Fisher analysis are lower bounds for. the error on parameters. 

3.1.3 Marginalisation 

In general we consider a likelihood in terms of N parameters (i.e. an N-dimensional likelihood). 
We are, however, often interested in only certain n parameters, and so we want to marginalise 
over the other m 'nuisance' parameters. For example, the likelihood P(Bi) for parameter ei, is 
obtained from the full likelihood by marginalising over the other e1, j =!= i as follows: 

(3.8) 

This marginalisation is simple in terms of the Fisher Matrix formalism , if we write the full Fisher 
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Matrix in terms of sub-matrices, as 

(3.9) 

where A is then x n sub-matrix for the parameters of interest, B is an x m matrix and C and 
m x m matrix. The marginalised matrix of interest then is given by [110] as 

(3.10) 

where the first term is the ·matrix of the reduced parameter space and the second term encodes 
the effects of the marginalisation over the other parameters. This can be linked to the formulation 
in terms of integration (Eq. (3.8)) if we express the multi-dimensional integral in terms of the n 
parameters of interest and the m nuisance parameters, as 

(3.11) 

where x is the set of m nuisance parameters. Since we are integrating over these nuisance 
parameters, the matrix A is just a constant with respect to these parameters. Then Eq. (3.11) 
can be expressed as 

(3.12) 

Since the overall normalisation factor is not relevant, we note then that the term in the exponent 
of Eq. (3.12) is nothing but the marginalised matrix F given by Eq. (3.10), and so we have shown 
how integration over the parameters that are not of interest is equivalent to marginalisation via 
the matrix manipulation technique described above. 

Equivalently, one could invert the original Fisher Matrix F, form a n x n matrix consisting ~ 
the rows and columns of the n parameters of interest , and then invert this sub-matrix to get F 
[33]. In the two dimensional case, we can then define an error ellipse in the two parameters at a 
given significance level a by the matrix equation 

(3 .13) 

3. 2 Fisher Matrix Techniques in Cosmology 

As an example of how Fisher Matrix ellipses give us intuition about the feasibility of our model, 
consider Figure 3.2. The 10" error ellipse is generated (using the code Fisher4Cast [107, 111] 
developed with fellow students at the University of Cape Town) around the fiducial ACDM 
model with the coefficients in the CPL [82, 83] parametrisation (w0 , wa) = ( -1 , 0). Models with 
values of w0 , Wa taken from inside this ellipse are not distinguishable from the fiducial model at 
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the 1o- confidence level. However, a model with parameters taken from outside this 1o- contour is 
clearly distinguishable from the fiducial model at the 1o- level. Hence the Fisher Matrix allows us 
to determine which models will be discernible from the assumed cosmological model at various 
confidence levels. 

I Parameter I Value 
Redshift z = 0.1 : 0.1 : 2 
Observables Percentage error 
H(z) O"H = 1% at each zi 
dA(z ) a-dA = 1% at each zi 
G(z) o-a = 1% at each zi 
Cosmological model Values 
(Ho , Dm, !lk , Wo, Wa) (70kms ·1 Mpc ·I, 0.3, 1 x 10-10 , -1 , 0) 
Priors on model (1 X 104 , 1 X 104 , 1 X 104 , 0, 0) 

Table 3.1: Survey data to investigate the affect of curvature on or knowledge of dark energy. 
Taken from [1_12] . 

FMs are also used to predict the sensitivity of future surveys and to evaluate how expected 
errors on future measurements (data) map onto the space of errors on inferred cosmological 
parameters of interest. In designing future experiments, we are interested in studying how the 
experiments will constrain cosmological parameters in our model. This can of course be done .by 
simulating data for a particular experiment from a specific cosmological model, and then running 
the simulated data through the data reduction pipelines to 'reconstruct ' the input cosmology. 
However, such techniques are computationally very costly, especially when sampling over a very 
large multi-dimensional parameter space. The Fisher Matrix, however is a much faster way to 
derive such constraints, and so Fisher matrices are optimally used for things like telescope (and 
survey) design in astrophysics and cosmology. 

As a particular example of Fisher Matrix projections in the literature, Figure 3.3 shows projected 
errors from the forthcoming Large Synoptic Survey Telescope [53, 62] , which will detect up to 
200 000 SNe Ia per year. Zhan et al. [113] propose not only to use these SNe to measure 
the luminosity distance but to use t he large numbers of S e ( rv 20000) S e Ia as tracers to 
measure the BAO as well (the luminosity and angular diameter distances are given in Eq. 1.35 of 
Section 1.7). Figure 3.3 shows the projected constraints on the dark energy parameters from this 
experiment. ote the effect of including a prior on the parameters from the Planck satellite [114] 
(see Section 3.1.1 for a discussion on prior matrices.) An extensive review of Fisher matrices 
applied to cosmology can be found in [109] . 

Figure 3.4 (which is Figure 7 from [110]) , shows projected 1o- error ellipses from a 5-dimensional 
likelihood for a projected redshift survey of the baryon acoustic oscillations (BAO). The ellipses 
are plotted for different ranges in redshift , with the projected ellipse from the combined survey 
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Figure 3.2: The link between parameter space and model likelihood. This schematic 
plot shows the an error ellipse for a given survey (top panel) and the models of the angular 
diameter distance corresponding to those models (bottom panel) . The details of the survey are 
given in Table 3.1. Models for the angular diameter distance dA(z) generated using parameters 
within the 1o- ellipse (the green and yellow points) are not distinguishable from the assumed 
model - which is plotted as the red curve with the errors for the survey. However, once outside I 
this ellipse (the blue point), we see that the corresponding models are distinguishable from the 
data at 68% confidence. The 1o- error ellipse is plotted using the Fisher4Cast code [107, 111]. 
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Figure 3.3: LSST survey projections. Constraints on the coefficients in the CPL parametri
sation [82, 83] from measurements of the BAO from 20 000 SNe Ia (red dashed line) are shown 
with the luminosity distance constraints (blue dotted line), which is Figure 3 in [113]. Com
bining information from both probes yields tighter constraints, as shown by the green filled 
ellipse. The constraints are slightly changed without the inclusion of the Planck prior. 

shown as the small central ellipse. This illustrates the power of combining information from 
many redshifts in surveys to measure the baryon acoustic oscillations. 

In order to evaluate the power of a given survey, Figures of Merit (FoMs) can be defined using, 
among others, the error ellipse in the parameter plane that results from the Fisher Matrix through 
Eq (3.13). Examples of such FoMs can be found in [60, 115, 116]. This idea of a Figure of Merit 
will be useful when investigating the affect of cosmic curvature on the precision of our knowledge 
of dark energy, which will be discussed in Chapter 4. 

We give examples of the formalism outlined out in the previous section in a cosmological context. 
In this context the observables are given by the Hubble parameter or the distance modulus for 
example (these are introduced in Section 1. 7). The vector of cosmological parameters in our 

~ 

model, e, (assuming a FLRW cosmology) consists of H0 , the value of the Hubble parameter 
today, Slm , the critical energy density of the matter content of the Universe today, nk, the density 
of the curvature of the Universe and the coefficients w0 , Wa in the CPL [82, 83] parametrisation 
of the dark energy equation of state, w(z). In the following sections we give examples of the 

~ 

Fisher derivatives of the Hubble parameter as a function of the parameters e . To illustrate the 
model dependence of the Fisher derivatives, we also compute them for a different model of the 
dynamical equation of state w(z). 
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Figure 3.4: Projected error ellipses for a galaxy redshift survey. The ellipses for a survey 
to measure the BAO using different tracers at different redshifts, taken from [110], where it is 
Figure 7. The dotted lines show the contours from a volume limited survey of Mr "" -22 
galaxies, while survey B (short-dashed line) is for a survey of luminous red galaxies at low 
redshift . The long-dashed lines are for surveys of giant ellipticals or star forming galaxies 
over a redshift range (0.5 < z < 1.3), and survey D is a high-redshift sample of Lyman break 
galaxies (dot-dashed line). Combining information from the various sample greatly increases 
the expected accuracy on t he dark energy parameters of the CPL [82, 83] parametrisation, as 
can be seen from the solid central ellipse. 

I 

I 
I 



61 

3.3 Example of Fisher Derivatives 

3.3. 1 The Hubble P arameter 

As introduced in Section 1.7, the expansion history of the Universe is described by the Hubble 
parameter (Eq. (1.30). The parametrisation for dark energy enters the Hubble in the form 
of the evolution of the energy density of the dark energy, or Eq. (1.29). Assuming the CPL 
parametrisation, given as w(z) = w0 +waz/ 1 + z (Eq. (1.45) in Section 1.11.2) we can write f( z) 
as 

j (z) = (1 + z )3(1+wo+wa) exp { -3Wa 
1 
~ Z} · (3.14) 

In contrast for the dark energy model w(z) = w0 + w1z (given as Eq. (1.43)) which is used in 
many analyses [81 , 117, 118], f( z) becomes 

f( z) = (1 + z) 3(1+wo-w1
) exp (3w1z). (3.15) 

Assuming a FLRW background and the equations for the Hubble parameter in this model, we can 
compute the Fisher derivatives with respect to the 3 general cosmological parameters, H0 , Slm , Slk, 
and the parameters for the assumed model of dark energy. We give the derivatives in terms of 
the w0 , Wa in the CPL parametrisation, and w1, w2 in the linear parametrisation of w(z). 

• Ho 

As the Hubble constant , H0 only appears as a multiplicative term, the Fisher derivative of 
H( z) with respect to the Hubble constant H0 is simple and yields: 

8H 
8Ho = E(z), (3.16) 

where E(z) is the function defined in Section 1.7. 

• The matter density Om 

The matter density only enters H(z ) through E(z) ; and hence we use the chain rule to 
determine the derivat ives: 

8H 1 { 3 } 
f)Slm = Ho 2E (1 + z) - f( z) . (3.17) 

• Curvature Slk 

gain curvature only occurs in E(z), yielding: 

8H 1 { 2 } 
oSlk = Ho 2E (1 + z) - f( z) (3.18) 
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Figure 3.5: Fisher Derivatives for the Hubble parameter. The derivatives are given for 
Ho (solid olive line)) ln Dm (dot-dashed green line) ) nk (dashed light brown line)) Wo 
(dotted brown line) and Wa (dashed dark brown line) . This figure was produced using 
Fisher4Cast [107, 111]. 

• Equation of state parametrisations 

Firstly we take Fisher derivatives with respect to the specific parameters of the CPL [82, 83] 
given in Eq. (1.45). 

- The coefficient Wo 

The derivatives with respect to H( z ) decompose into derivatives with respect to f( z), the 
evolution of the energy density of the dark energy as: 

where we define 

8f 

Bwo 

- The coefficient Wa 

- (1 + z)3
(l+wo+wa) ln(1 + z)3exp { -3wa

1
: z } 

3f(z ) ln(1 + z) . 

Similarly the derivatives with respect to Wa are given by 

(3.19) 

(3.20) 

(3.21) 
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where again the part ial derivative with respect to f( z) is 

EJ!(z) = 3f(z) ( ln(1 + z)- _ z_) . 
u~ 1+ z 

(3.22) 

The derivatives in terms of the coefficients in the linear parametrisation of w(z) are different 
only in that the 8 f / EJwi derivatives change for the parametrisation, namely 

- The coefficient w1 

- The coefficient w2 

(1 + z) 3(1+w1-w2 ) ln(1 + z)3 exp {3w2z} 

3f(z) ln(1 + z) . 

-3ln(1 + z)(1 + z)3(1+w1 -w2 ) exp {3w2z} + (1 + z)3(1+w1 -w2 )3z 

3f(z)(z -ln(1 + z )) . 

3.4 Testing the Fisher Approximation 

(3.23) 

(3 .24) 

As defined in Section 3.1 , the Fisher Matrix relies on the assumption of Gaussianity in the 
likelihood of the parameters. In general we know that this is not the case. There are many 
examples in the literature of error 'ellipses' between parameters that are far from ellipsoidal. As 
an example, an error contour plot for the parameters nm, w plane from the Supernova Union 
project [19] . 

Another example of the discrepancy between simulations of data (through Monte Carlo Markov 
Chain (MCMC) methods) and Fisher Matrix techniques is shown in Figure 3.7, which is taken 
from [119] as Figure 3. This shows the projected error ellipses for the Planck CMB mission [114] 
over an 8-dimensional parameter space for both methods. The parameters under consideration 
are (nbh2' ndmh2, fv , nA , T, YHe, As, ns), representing respectively the baryon and the dark matter 
densities, the hot fraction of dark matter fv = nvjndm, the cosmological constant energy density, 
the optical depth to re-ionisation, the primordial Helium fraction , and, finally, the primordial 
spectrum amplitude As and spectral index ns. In some cases there is a large difference between 
the ellipse predicted from the Fisher Matrix, which assumes Gaussianity in the likelihood surface, 
and the simulated MCMC data. Moreover, in some cases the ellipses from simulations are smaller 
than the predicted error ellipse from the Fisher Matrix, which would seem to violate the Cramer
Rao bound. It is therefore worthwhile to develop a way to check this assumption by computing 
the higher order terms in the expansion of the log likelihood function. 
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Figure 3.6: Non-Gaussianity in likelihood contours - An example error contour taken 
from the Supernova Union Project [19] in the Om, w plane shows contours that are highly non
ellipsoidal. The 68.3%, 95.4% and 99.7% contours are shown for data from Supernovae, the 
Cosmic Microwave Background and Baryon Acoustic Oscillations. The seemingly non-Gaussian 
nature of the likelihood for these parameters is the motivation for testing the Fisher assumption 
of Gaussianity. 

3.4.1 Taylor Series Expansion of the Log Likelihood 

We start by writing the likelihood 2 = exp(ln2), and hence we can write the likelihood as a 
product of the exponent of all the terms in the Taylor series expansion for the log likelihood, 
given by 

- -ln £( 8* +58) - "" -ln£(8*) + L..,.ln£(8*) + 68i 

(3.25) 

The first term in this expression is merely a constant, and can effectively be ignored as an - -arbitrary normalisation. At the fiducial or input value of the parameters 8 = 8 *, the likelihood 
is a maximum, and hence, the second term in the expansion, which contains first derivatives of 
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Figure 3.7: Tests of the Fisher Matrix Approximation. Projected 68% and 95% confidence 
levels from the Monte Carlo (colored/shaded) and the Fisher Matrix (black lines) methods, for 
Planck without lensing extraction and the minimal, eight-parameter ACDM model specified by 
the parameters {Obh2

, ndmh2
, fv , nA, T, YHe, As , ns}, representing respectively the baryon and the 

dark matter densities, the hot fraction of dark matter fv = f2v/f2dm , the cosmological constant 
energy density, the optical depth to re-ionisation, the primordial Helium fraction , and , finally, 
the primordial spectrum amplitude and spectral index. Taken from [119]. The diagonal plots 
show the corresponding marginalised probabilities for each cosmological parameter. This plot 
shows how the Monte Carlo simulations and Fisher Matrix predictions do not always agree (and 
even seem to break the Cramer-Rao bound). Given the discrepancy between simulation and 
Fisher Matrix predictions, it is clear that testing the validity of the Fisher Matrix is important 
in cosmological analysis. 
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the likelihood, will be zero. The third term contains second derivatives, 

2 --+ 

Fij = L 8 ln 2'( e ) ' 
ij 8ij 8 =0: 

(3.26) 

is the term used in traditional Fisher Matrix analysis, where 8ij = 82 I 8Bi8ei are derivatives with 
respect to the theoretical parameters in the model (for example H0 ). 

It is however the last term in the expansion which encodes the non-Gaussian contribution at 
third order to the log likelihood expansion, which we will denote by 

3 --+ 

G .. -"'"" 8 ln2'( e) 
111- L 

ijt 8ijt 
(3.27) 

where again we define 8ijl = 83 I 8Bi8ej8Bt as the third derivatives with respect to the cosmological 
parameters e. We could include non-Gaussian terms of higher order, but for simplicity consider 
the third derivatives only at this point. 

We would like to quantify how the term of third derivatives affects the likelihoods and errors on 
parameters derived in our analysis. We need to convert from Eq. (3.25) in terms of likelihoods to 
terms containing derivatives of observables, in the same way we rewrote Eq. (3.4) as Eq. (3.6). 

Again we use the fact that we can relate the likelihood function 2' by to the x2 statistic by 
writing 2' rv exp[-x2 12]. Here we define x2 in vector form as 

(3.28) 

and ( d - t) is a column vector (of length N, the number of data points) of the data d minus 
the theoretical model t, which will be specific to a particular observable (which we named Xi)· 
This definition is the more general case of Eq. (3.1.2), where we assumed that the covariance 
matrix C as diagonal. Furthermore, we assume that when evaluated at the maximum value of 
the likelihood we have 

((d- t)) = 0,_ (3.29) 

which is a key assumption in our derivation. 

We start by using the product rule in taking derivatives of x2 with respect to the cosmological 
parameters ei using the definition Eq. (3.28). Note that we take derivatives of the theory with 
respect to the parameters - the data points represented by d do not change with the assumed 
theoretical model. As in Eq. (3.6) , we assume that the errors (the covariance matrix, C) are only 
weakly dependent on the cosmological parameters, and so terms with derivatives of c-1

, namely 
the Ci1 are neglected. They will be represented by O'(Ci1

). , , 

I 



3.4.2 Derivatives of x2 

First Order Derivatives 

We take derivatives of x2 at first order as 

2 
X,i -t}C - 1 (d - t )- (d - t )TC- 1 t ,i + (d - t )TC~ 1 (d - t ) 

- t }c - 1 (d- t ) - (d- t )Tc - 1t ,i + 6'(C~1 ). 
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(3.30) 

(3.31) 

Note that in the assumption of t he vanishing average at t he maximum of t he likelihood, Eq. (3.29), 
this term falls away, which is what we expect from the form of Eq. (3:25). 

Second Order Derivatives 

-At second order, t he derivatives of x2 with respect to t he parameters e are: 

X
2 . = [-t T c - 1 (d - t ) + t Tc - 1 t -+ e(c--:-1 )] 
,t) ,t) ,t ,J ,J 

+ [t TC- 1 t ·- (d- t )TC- 1 t · · + O'(C -:- 1 )]. ,) ,t ,t) ,J 

(3.32) 

The assumption t hat the average of x2 evaluated at the maximum (fiducial) value is zero as in 
Eq. (3.29) means that the first and third terms vanish. Under the assumption of uncorrelated 
data, the vector dot product can be written as a sum over products, or 

(3.33) 

Vle can then recover the first term of equation (3.4), where t here is the theoretical observable 
funct ion, X: 

F - = (82
ln .!.£ ) = - ~ 1 2 _) = _"" tk ,itk ,J. 

t) 8_ _ 2 \X,t) ~ 2 , 
D k uk 

(3.34) 

where the sum (in Eq. (3.26)) over the indices i,j is an average, and the sum over k = 1 : N is 
for all the data points . 
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Third Order Derivatives 

Once again we use the chain rule to take derivatives of Eq. (3.32) in order to get the third 
derivatives of x2

, neglecting once more all terms with first (or higher) derivatives of 0'( C -:- 1
). 

,I 

(3.35) 

Eq. (3.35) simplifies to 

(x~jl) = 2 L [ tk , (~;k , l) J 
k k 

(3.36) 

in the uncorrelated case, with the round brackets indicating the three terms of symmetric per
mutations of i, j, l. In order to express the derivatives of the likelihood in terms of the derivatives 
we have found here, we again use ( fJ3 ln 2' / Oijl) = - ~ (x~il) , we have t hus that 

(3 .37) 

This is the general form of the equation, and results in a tensor Gijl with products of first and 
second derivatives. Again this can be simplified to the fully uncorrelated case as: 

(3.38) 

where the round brackets on the indices imply the permutations of i, j, l. 

3.4.3 The Fisher Flex Corrections 

In t he previous section we took analytical derivatives of the likelihood of the data at first, second 
and third order. Combining Eq. (3.25) with Eqs. (3.37) and (3.34) we have that at third order 
the 'flex corrected ' form of the likelihood, 

(3 .39) 

where we have truncated the expansion of the log likelihood at third order , for simplicity. In 
order to quantify the important of including such effects, we must compare the likelihoods of 
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the parameters on the assumption of Gaussianity, with the change once we include the term 
involving Gijl· 

The likelihood is in general a function of many parameters (in our cosmological example we have 
5 parameters of interest). To consider the flex corrections in general we need to marginalise over 
all the parameters we are not interested in, which involves taking integrals over the parameter 
space of those 'nuisance' parameters. In order to do this marginalisation we need to make some 
simplifying assumptions about the nuisance parameters. 

We can consider a special sub-case, however , where we merely set the other parameters to their 
fiducial values and then compute one-dimensional likelihoods for the parameters of interest. 

Computationally, this involves taking the matrix of first derivatives of the full set of parameters 
(again with reference to the cosmological example this would be a 5 x 5 matrix) , and taking one 
column of this matrix that contains first derivatives of the parameter of interest. One can then 
perform numerical differentiation to this column to obtain another matrix of second derivatives 
of all that column with respect to the other parameters. 

To plot the likelihood itself, we take steps in the parameter space 68i 8i - 8; for each parameter 
i. The one-dimensional likelihoods obtained in this manner are shown in Figure (3.8) for the 
example of the Hubble parameter, H( z). 

3.4.4 Fisher Flex Test 

Using the one dimensional likelihoods, we can construct a Fisher Flex test , which will indicate 
whether or not the assumption of Gaussianity is valid , or more precisely, just how large the 
deviation from Gaussianity is. 

Assuming Gaussianity, the la error is defined to be the position 8 = 8* +a where the likelihood 
drops to 1/ Ve· Similarly one can ask what are the values a+ , a - which coincide with the values 
on either side of 8* where again the likelihood drops to 1/ yle. Since the flex-corrected likelihood 
is no longer Gaussian, they will in general have very different values . Hence we can define 

(3.40) 

By comparing the size of the largest of the two 'non-Gaussian' as with the Gaussian a , one 
can measure how far away from Gaussian the likelihood is , and thus how the assumption of 
Gaussianity will change the inferred errors on the parameters. 
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Likelihood for H
0 Likelihood for n m Likelihood for n, 

Likelihood for w 
0 Likelihood for w

0 

Figure 3.8: Testing the assumption of Gaussian likelihoods. The 1-dimensionallikelihoods 
of the parameters (H0 , Dm, Dk , w0 , wa) are given assuming Gaussianity and using the normal 
Fisher Matrix (solid lines) and including the contribution from the non-Gaussian higher order 
derivatives of the x2 (dashed lines) . These likelihoods are considering measurements of the 
Hubble parameter at redshifts 0 < z < 1.1 , as summarised in Table 3.1. The size of the flex 
correction increases for increasing errors on the measurement of H. The likelihoods are shown 
for 8H = (0.05, 0.1 , 0.35) respectively. 

3.5 Conclusions 

The Fisher Matrix is a powerful statistical tool to perform error projection and forecasting for 
future surveys and experiments, and is particularly useful in astrophysics and cosmology. It is 
an efficient way to project errors on cosmological observables to constraints on parameters, and 
allows one to investigate degeneracies between parameters quickly and easily. We introduced the 
Fisher formalism , and provided an example of the Fisher derivatives for the specific cosmological 
example of the Hubble parameter. 

In the standard Fisher Matrix formalism , Gaussianity is assumed in the likelihood of the pa
rameters. Analyses of real data have, however, shown that this is not always the case. This 
assumption of Gaussianity could incorrectly bias estimates of the error on parameters, which is 
potentially of much interest for designing and optimising cosmological surveys. We introduce 

I 

I 
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Fisher Flex Corrections to the standard Fisher Matrix formalism, as higher order derivatives 
of the log likelihood. This Fisher Flex test provides a check as to whether the assumption of 
Gaussianity is valid in parameter estimation forecasting. 

Fisher Matrix techniques will be used in Section 4 when we investigate the relationship between 
dark energy and other cosmological parameters, such as the curvature and matter densities of 
the Universe. 
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Chapter 4 

Dark Energy Degeneracies with 
Cosmological Parameters 
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4.1 Introduction 

Incorrect assumptions about densities, Dm and curvature, nk have powerful implications for 
the reconstruction of dark energy dynamics. Errors in curvature are particularly important 
and hence nk needs to be marginalised over in addition to the usual cosmic parameters in any 
real analysis. We discuss these degeneracies between dark energy and the cosmic parameters 
given perfect measurements of Hubble rate, distances and the infinitesimal volume element, both 
parametrically and in a non-parametric framework. This work has been published in [120]. 

The problem of dark energy is one of the key unsolved problems in modern cosmology. The 
last decade has seen much work in both the observational and theoretical community in an at
tempt to understand its origin and nature. The main thrust of this work has been in detecting 
deviations from the simplest model of dark energy, the ACDM model , and to determine the 
possible dynamical behaviour of the equation of state as a function of redshift, w(z). We intro
duce dynamical dark energy in Section 1.11. Any observations made are, however, sensitive to 
many cosmological components like the cosmic curvature nk, and the energy density of matter 
Dm, and not exclusively to dark energy. This leads to degeneracies between these cosmological 
components and the inferred dark energy. · These degeneracies have been investigated by many 
in the cosmology community [121, 122, 123, 124] . 

As an illustration, this degeneracy can be seen in Figure 12 of the recent WMAP5 results [6] 
(here Figure 4.2) , which shows the degeneracy between the curvature of the Universe and dark 
energy. The CMB on its own provides weak constraints on curvature due to this curvature-dark 
energy degeneracy, as can be seen from the blue error contour in the left panel of Figure 4.2. 
Adding measurements of distances (the angular diameter distance and luminosity distance are 
introduced in Section 1. 7) significantly improves the constraints. This complimentarity of probes 
is illustrated in Figure 4.3 of Section 4.4.1 , where we show how the errors on dark energy decrease 
when combining data from both the Hubble parameter and distance information, even allowing 
for uncertainty in the curvature of the Universe. We discuss the complimentarity between the 
expansion and distance measures in Section 4.4. 

Clarkson et al. [122] discussed this degeneracy between the geometry of the universe and the 
dark energy equation of state in that a Universe with constant equation of state in the pres
ence of spatial curvature can mimic one with dynamical dark energy. We extend this work to 
include investigations of the degeneracies that result from cosmic volume measurements , without 
assuming a particular form for the parametrisation of dark energy. 

It is common practice, however, to assume some functional form for the dynamical equation of 
state (examples of some parametrisations are given in Section 1.11). We show how curvature 
affects the inferred values of the parameters in certain models of dark energy, and link our 
non-parametric approach to standard techniques . 

In the case of the degeneracies with matter, Kunz [121] argues that observations are only sensitive 



-o.1 

c! 

. WMAP • WMAP+BAO+SN 

-2.0 -1.5 -1.0 -o.5 0 
w 

. WMAP+HST 

. WMAP+BAO 

. WMAP+SN 
• WMAP+BAO+SN 

-o.12 ......_~ ........... ~~......_~._._~ ............ 
-2.0 -1.5 -1.0 -o.5 0 -2.0 

w 

76 

BAO from SDSS-lRG 

. WMAP+BAO 
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Figure 4.2: The curvature-dark energy degeneracy. The marginalised 65% (dark inner 
contours) and 95% contours in the Ok - w plane (with a prior on the constant w > -2.5), 
as Figure 12 from [6]. The left panel shows the 95% contour level from WMAP measurements 
alone. Constraints on the parameters are improved with the inclusion of data from SNe from the 
Hubble Space Telescope [71, 70], the Supernova Legacy Survey (SNLS) [68] and the SupErNovae 
Trace Cosmic Expansion (ESSENCE) survey [69] (WMAP + SN) and from the measurements of 
the Baryon Acoustic Oscillations in the Sloan Digital Sky Survey (SDSS) galaxies [32] (and the 
LRG subset) [31, 35] and the Two degree field (2dF) survey[125], labelled collectively by WMAP 
+ BAO. Also included are measurements of the Hubble constant [126] (WMAP + HST). The 
difference between the right and middle panels is that the right hand panel has a slightly weaker 
prior [32]. This shows that the CMB alone cannot break the degeneracy between dark energy 
and curvature, while including data from many probes helps narrow the constraints. 
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to the full energy-moment um tensor and thus cannot see beyond a combination of the dark 
matter and dark energy component. This provides motivation for reconstructing the degeneracies 
between dark energy and matter from perfect observations. 

4. 2 Parametric Degeneracies with Dark energy and Cur
vature 

We begin with a standard method of reconstructing dark energy from observations, given errors 
on those observations. We introduced the Fisher matrix formalism in Chapter 3. Not only can the 
Fisher matrix allow one to project how errors on observables from future surveys will impact the 
inferred errors on parameters, but this treatment allows us to investigate the relationship between 
specific cosmological parameters for a given survey. This is particularly useful in understanding 
the degeneracy between cosmic curvature and dark energy in a parametric way. That is, by 
parameterising the form of w( z) we can investigate the degeneracy between nk and the parameters 
in the specific dark energy model. 

To illustrate this , we compute the Fisher error ellipses for the parameters w0 , Wa in the CPL 
parametrisation 

z 
w(z) = Wo + Wa-- , 

1+ z 
( 4.1) 

which is given as Eq. (1.45) in Chapter 1.11. Once we have obtained the Fisher matrix FAB from 
the derivatives of the observables we consider using Eq. (3.6) and the covariance matrix of the 
data, we add in the prior matrix on the parameters, as 

(4.2) 

which encodes any prior information on the parameters, as outlined in Chapter 3. In general this 
matrix allows for correlation between the parameters, but in the case where the parameters (ji 

are uncorrelated, this prior matrix is a matrix with diagonal entries Pi = 1/CJ;. In other words 
this prior matrix gives a measure of how certain we are of the input value of the parameter, and 
is based on prior experiments and theory. 

However, we will see that changing the prior value on the curvature parameter (or our con
fidence in our previous measurements of curvature) has a large affect on the resultant error 
ellipses in the dark energy parameter space. We illustrate this in Figure 4.3, produced using 
the Fisher4Cast suite of code [107, 111]. This error ellipse in the w0 - Wa plane is shown for 
changes in the value of the prior on the curvature from Prior(O.k) = 101 to Prior(O.k) = 106

, 

while keeping prior values on the other parameters fixed. We plot this for the both expansion 
rate (H(z)), distance measurements, e.g. dA(z), and the ellipse resulting from the combination 
of both observables. It is worth noting that the combined error ellipse provides much tighter 
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constraints on the coefficients in the dark energy equation of state parametrisation, although 
even this combined ellipse is degraded with curvature. We will see this degeneracy broken in 
a similar fashion when considering the non-parametric degeneracy between curvature and dark 
energy in Section 4.3. 
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Figure 4.3: Curvature degrades the errors. Error ellipses in w0 - Wa plane for a survey 
characterised by Table 3.1 in Chapter 3. The ellipses shown are for measurements of the Hubble 
parameter (blue curves) and the angular diameter distance (orange curves). The black ellipse 
is obtained by combining the data from both observables, hence yielding much tighter constraints 
on dark energy than the observables considered separately. We vary the prior on the energy 
density of the curvature, nk from 106 (innermost curves) to 10 (outer curve) in factors of 10, 
except for the last three steps, which are 46, 22 and 10 respectively. As the curvature prior gets 
weaker (i.e. we are less confident in the flatness of the Universe), the size of the error ellipse in 
the w0 , Wa parameters increases, and so our constraints on dark energy are weakened. Changing 
the prior on curvature also rotates the ellipse, which corresponds to changing the degeneracy 
direction between the dark energy parameters. Figure produced using Fisher4Cast [107, 111]. 
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This degrading of the error ellipse translates into a change in the Figure or Merit of the survey, 
as introduced in Chapter 3. As the prior on curvature increases, the size of the error ellipse in 
the w0 - Wa plane decreases, which results in an increase in the Figure of Merit (FoM). This is 
illustrated in Figure 4.4, which was constructed using the Fisher4Cast code [107, 111] for the 
survey data summarised in Table 3.1 in Chapter 3. The figure of merit flattens out for both very 
large and very small values of the prior. This can be explained by the fact that for very large 
prior values the contribution of the cosmic curvature is essentially "nullified", whereas for very 
small values of the curvature the prior is effectively zero and the ellipse is completely degenerate 
with the curvature. 

10 

0.01 F------

0.001 '------'--------'----------L------' 

0.01 1 100 10000 
Prior on Qk 

Figure 4.4: Increasing the FoM by changing prior on curvature. As illustrated in Figure 
4.3 , curvature degrades the error on the dark energy parameters. We plot the Dark Energy Task 
Force (DETF) Figure of Merit [60] (the inverse of the area of the ellipse in the w0 - Wa plane) as 
a function of the prior on t he energy density of curvature, nk for the Hubble parameter (blue 
curve) and angular diameter distance (orange curve) separately and for the combined error 
ellipse (black curve). In all cases the shape of the curve is roughly the same, with no change 
in the FOM beyond a certain value of the prior, both in case of very large and very small priors. 
Figure produced using Fisher4Cast [107, 111]. 
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4.3 The Non-Parametric Dark Energy Equation of State 
from Observations 

We have illustrated how curvature degrades our constraints on the dark energy parameters in 
an assumed model. However, one can reconstruct this degeneracy in a fully non-parametric 
approach without assuming a particular function form for w(z). 

We consider three key observables of the background geometry when investigating the degenera
cies between dark energy and other cosmic parameters, namely measurements of distances using 
the concept of 'standard candles' or 'standard rulers', of the Hubble parameter and of the change 
in the fractional volume of the Universe (e.g. from number-counts) , as defined in Section 1. 7 of 
Chapter 1. 

The Hubble parameter is in its own right an observable which will play an important role in future 
dark energy experiments. H(z) is a measure of the expansion rate of the Universe, and allows us 
to directly probe its dynamical behavior. As discussed in Section 1. 7, Baryon Acoustic Oscillation 
surveys simultaneously provide measurements of H(z) and the angular diameter distance, dA( z) 
at the same redshift by exploiting the radial and angular views of the acoustic oscillation scale 
[34, 33], a fact that will provide key new data in coming years [35, 40, 127]. The third key 
background test we will discuss is the observation of the fractional volume change as a function 
of redshift which can also in principle be determined via number-counts or the BAO. 

We wish to reconstruct both the dark energy equation of state as a function of redshift w(z) and 
the values of Dk , Dm from observations of the above three functions. It was shown in [122] that we 
can determine the curvature directly, and independently of the other parameters or dark energy 
model by solving for the curvature in the equation for the distance Dt(z), (given in Chapter 1 
as Eq. (1.34)) which is related to the angular diameter distance dA and luminosity distance dL 
by dL(z) = c(1 + z)Dt(z)/ H0 = (1 + z) 2dA(z). Solving for the curvature in Eq. (1.34), we obtain 

Dk = [H(z)D~(z)] 2 - H'J 
[HoDt(z)F . 

(4.3) 

The key thing to note in Eq. (4.3) is that while the right hand side is a function of redshift, 
the left hand side of the equation is valid at any redshift. Such independent measurements of 
the curvature of the universe can in turn be used to test the Copernican Principle in a model
independent way, which was proposed in [79]. 

The key idea behind this non-parametric approach is that assuming we have 'perfect' and un
correlated data from observations we would like to reconstruct w( z) without assuming a specific 
parametrisation. Depending on the particular observable of interest, there are different ways to 
reconstruct w. 
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4.3.1 Dark Energy from Hubble Measurements 

It is straightforward to find w(z ) from the Hubble rate [128, 123], from Eq. (1.20) , and is given 
by: 

w(z ) = _! DkH6(1 + z)2 + 2(1 + z)H H'- 3H2 

3 H6(1 + z)2 [Dm(1 + z) + Dk]- H 2 
. (4.4) 

Here the prime in this equation indicates the derivative of the Hubble parameter with respective 
to redshift. If we knew the values of Dm and Dk , this equation would fully specify the dark energy. 
However, this explicitly reveals a degeneracy between Dm and w(z ) which cannot be overcome 
by background tests alone [121] . This is discussed further in Section 4.4.2. By considering the 
Friedmann equation, Eq. (1.19) , we see that individual tests of the background cosmology such as 
H(z ), Dt(z ), V'( z ) measure the combination Dm + DDef(z)/(1 + z)3 , but not the two separately. 

In a similar manner to the reconstruction of w(z) from the Hubble parameter, we can reconstruct 
dark energy from the other two observables. · 

4.3.2 Dark energy from Distance measurements 

From distance measurements , we may invert Eq. (1.34) by solving for w(z) in the equation. This 
yields 

w (z ) = 2 (1 + z ) (DzDk + 1) Dt''- Dt' [nk (1 + z)
2 D/2 + 2 DkDt (1 + z ) Dt'- 3- 3 Dt2Dk] 

3 {[Dk + Dm (1 + z)](1 + z)2 D?- DzDk- 1} D/ · ' 
(4.5) 

Hence we can reconstruct the dynamical dark energy from measurements of the distance Dt(z ), 
from either angular diameter distance measurements or measurements of the luminosity distance 
and their derivatives. Volume measurements effectively 'combine' both distance measurements 
and the Hubble parameter, and we apply similar techniques to reconstruct w(z ). 

4.3.3 Dark Energy from Volume Measurements 

As outlined in Section 1.9, the infinitesimal volume element is given by Eq. (1.39) as 

(4.6) 

In order to reconstruct w(z) from volume measurements as an analytical formula we need to 
solve for w(z ) from Eq. (4.6) , where is appears in the expression for Dt(z ) as a double integral 
(Eq. ( 1. 34)) and in H ( z) in the form of f ( z) as one integral over z . Hence it is rather tricky 
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to obtain an analytical expression for w(z) as it involves the root of a quartic power. Instead 
we reconstruct w( z) by solving the differential equation for f ( z) and then differentiating to get 
w(z). 

Starting with Eq. (1.34), we solve for the derivative of the Hubble parameter and equate this 
with the expression for H' in terms of w(z) from Eq. (4.4) and use 

( ) = (1 + z )f'(z) _ 1 w z 3f(z ) 

to yield a first order differential equation for f ( z), namely 

where 

with 

and 

f'( z ) = _ A(z ) + ~(z) + C(z), 
H0 V'DnE 

Xab = (1 + z)2 (aDk + bDm(1 + z)), 

B(z ) = 2H5V" (J(z)DnE +Xu) 

C(z) = H2VII x32 . 
0 1 + z 

(4.7) 

(4.8) 

We solve this set of equations for f( z ) and then use (4.7) again to yield w(z ). The solution for 
f( z ) is unique since we demand f(O) = 1. 

4.4 Reconstructing w(z) 

From Sections 4.3.1 , 4.3.2 , 4.3.3 we have three separate expressions for w(z) from observations. 
Assuming we lived in an exact FLRW universe, if we knew Dm and Dk perfectly then these 
expressions for w(z) would yield the same function w(z). However we do not know the curvature 
(or matter density) perfeetly. So the question is: what is the effect of, for example, imposing 
flatness on the Universe- or more explicitly, imposing Dk = 0 when the true curvature is actually 
non-zero? · 
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Figure 4.5: Reconstructing the dark energy equation of state assuming zero curvature 
when the true curvature is 2% in a closed ACDM universe. The w(z) reconstructed from H( z) 
is phantom ( w < -1) and rapidly acquires an error of order 50% and more at redshift z ,2: 2, 
and diverges at finite redshift. The reconstruCted w(z) from dL( z) for nk < 0 is phantom until 
z ~ 0.86, where it crosses the true value of -1 and then crosses 0 at high redshift , where the 
bending of geodesics takes over from dynamical behavior , producing errors in opposite direction to 
the DE reconstructed from H( z). In order to make up for the missing curvature, the reconstructed 
dark energy is behaving like a scalar field with a tracking behavior. These effects arise even if 
the curvature is extremely small (< 0.1%). Reprinted from [122] . 
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4 .4 .1 Zero Curvature Assumpt ion 

In most cosmological analyses, it is usually implicitly assumed that the error on w(z) will be 
of order nk, but, as was shown by Clarkson, Bassett and Cortes in [122] this is not the case. 
They illustrated the implications of incorrectly assuming flatness by constructing the functions 
dL(z) and H(z) under the assumption of the ACDM in a curved Universe (i.e. assuming w = 
-1, nk =/= 0) and inserting the results into Eqs. (4.4) and (4.5) . In other words, we reconstruct 
the dynamical dark energy that would mimic a curved universe with a cosmological constant. 

Setting nk = 0 in Eqs. (4.4) and (4.5), we arrive at the two different w(z) functions required 
to reproduce the curved forms for H(z) and dL(z) in a fiat Universe with dynamic dark energy. 
This would apply equally to dA(z) for that matter, since the two distances measures are related 
only by a factor of (1+z) 2

. We reproduce Figure 1 from [122], here as Figure 4.5, which presents 
this method using for simplicity the concordance value of w = -1. The qualitative results do 
not depend on the 'true' underlying dark energy model (i.e. the results are similar if another 
constant value of w was in fact the true underlying model, and not a cosmological constant). In 
addition, the assumption of flatness per se is not a special case, as the results presented here are 
qualitatively the same for any assumed nk which is different from the 'true' value. In this figure , 
it is assumed that Dm = 0.3 in all expressions; numbers quoted are weakly dependent on this. 
The implication of assuming the incorrect value for Dm is addressed in Section 4.4.2. 

The spurious w(z) inferred under this incorrect assumption of flatness can simply be thought of 
as the function required to yield the same H(z) or dL(z) as in the actual curved ACDM model, 
or explicitly we equate the following expression (e.g. for distance measures) 

dL[flat , w(z)] = dL[curved , w(z) = -1]. (4.9) 

We stress yet again that this is a non-parametric approach, as we do not assume any particular 
form for w(z) , and instead reconstruct the free function w(z) at each redshift. In Fig. 4.5 we 
show that for ACDM the curvature manifests itself as evolving dark energy. The panels show the 
dynamical dark energy incorrectly inferred from perfect observations when we assume flatness , 
where the true universe is curved. In the case of the Hubble rate measurements this is clear since 
we are essentially solving the equation DDEf(z) = DA + Dk(1 + z)2 as a function of redshift, 
where f(z) is given by Eq. (3.14). For nk > 0 (open universe), w(z) must converge to -1/3 
to compensate for the curvature, which evolves as (1 + z) 2 = (1 + z)3(1+- l / 3l. For nk < 0, the 
opposite occurs and a redshift is reached when w -+ -oo in an attempt to compensate, albeit 
unsuccessfully, for the positive curvature. Clearly assuming that the error on w is of the same 
order of magnitude as the error on the curvature is very incorrect. 

By comparing the panels for the Hubble parameter and the luminosity distance from Fig. 4.5 , we 
see that the errors in w reconstructed from dL(z) and H(z) have opposing signs at z ~ 0.9. This 
relates to the curvature of the geodesics in that above a critical redshift the effect of curvature on 
the geodesics (which affects the distance measurements) becomes more important than the pure 
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dynamics (as traced by the Hubble parameter). Hence the luminosity distance flips w(z) in the 
opposite direction to that reconstructed from H( z). This opposite sign in the reconstructed w(z) 
will allow us to break the degeneracy between curvature and dark energy. This combination of 
measurements is key to breaking the degeneracy, even in the parametric approach. This can be 
seen in Fig. 4.3, where the combination of observables reduces the size of the error ellipse in the 
Wo - Wa plane. 
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Figure 4.6: Reconstructed dark energy from volume measurements while incorrectly 
assuming flatness. Similar to the case for distance measurements in a closed Universe, the 
w(z) reconstructed from perfect volume measurements must initially be phantom in order to 
compensate for curvature, and crosses the true value of w = -1 at a redshift of z 1.6, which 
is greater than the redshift of 0.86 for the distance measurements alone [122]. This is due to 
the dark energy appearing in the equation for the volume both in the expansion rate and in the 
distance measure. After this critical redshift , the w(z) increases to overcome the curvature of 
the geodesics. Published in [120]. 

In the case of volume measurements the reconstructed w(z) has a similar form to the w we 
obtained from the distance measurements Dt(z). This makes sense by noting from Eq. (1.39) 
that the distance information enters the equation as a square power. For example in the closed 
Universe case the reconstructed w(z) drops to more phantom values (-2.5 compared to -1.3 
for the distance measurements) in order to make up for the missing curvature. Again the effect 
of curvature on the geodesics dominates the effect of dynamics for large z, and the distance 
contribution in the volume measurements flips the reconstructed w(z) at z = 1.6. The critical 
redshift of this flip is determined by the redshift at which the curvature of the geodesics affecting 
distance measurements becomes more important than the expansion rate. This playoff is more 
finely balanced for volume measurements due to the fact that H( z) appears both in Dt(z) (as 
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a square power) and on its own. So w(z) has to work harder in reproducing curvature to 
counterbalance the opposing trends of expansion history and geometry, and so the balance is 
achieved at higher redshift. The specific redshift at which this happens is dependent on Om 
in that lower values imply higher value of the critical redshift. Hence we see that incorrectly 
assuming flatness in measurements of the background observables can result in a reconstructed 
w(z) that mimics dynamics , yielding errors on w that are much larger than the order of errors 
on Ok. However, from Eqs. (4.3.1)- (4.3.3) we recall the degeneracy also extends to the matter 
density of the Universe. Hence we extend this analysis to investigate what happens when a 
particular value for the matter density in the Universe , Om is incorrectly assumed. 

4.4.2 Uncertainties in the Matter Content nm 

Measurements of the power spectrum from Cosmic Microwave Background (CMB) data and 
from measurements of BAO provide estimates of the matter content of the universe. While 
constraints on Om are sharpened by combining data from many observations, the best-fit value 
is often derived under the assumption of flatness [35, 31]. We have seen that unlike the case for 
cosmic curvature, the degeneracy between observables and the matter content is perfect and we 
show that incorrectly assuming a particular value for Om can also mimic deviations from ACDM. 
Here we again reconstruct w(z) (now in a flat Universe with Ok = 0) but here the errors occur 
when assuming the concordance value of Om = 0.3 incorrectly. For example in this case t he w(z) 
reconstructed from Hubble measurements Eq. ( 4.4) reduces to 

1 2(1 + z )HH'- 3H2 

w(z) = -3 H6(1 + z)2 [0m(1 + z)]- H 2 . 
(4.10) 

Similar expressions are found for both the distance and volume measurements. The w(z) curves 
obtained from incorrectly assuming Om = 0.3 are shown in Fig. 4. 7. The complete degeneracy 
can be explained as follows: if we assume flatness for this example we find that changing the 
value of Om can only affect the dark energy density, and thus change the value of H( z). Since 
Om is only present in all three observables through H( z) or integrals of 1/ H(z) (whereas the 
curvature entered the expression for Dt(z ) in an independent way), the reconstructed w(z) is the 
same for all three measurements. 

The reconstructed w(z) curves do not go through w = -1 at z = 0, but are spread between 
-0.85 and -1.15 for 0.2 < Om < 0.4. This has implications for the inferred values of Om at late 
times, and suggests care must be taken to understand the assumptions involved in our inferences 
of cosmic parameters today. This spread is also illustrated in Fig. 4.8. 

We would like to quantify the effect of incorrectly assuming the value of the curvature or matter 
densities on the value of the dark energy at late times. Given any scenario of an assumed 
cosmology that differs from the 'true' Universe, we can derive the value of today, w(z = 0) from 
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w(z) from Volume, distances and the Hubble parameter with changing Q m 

0 

-0.5 

~ 

}- -1.0 

2 4 6 8 10 
z 

Figure 4. 7: Reconstructed dark energy from an incorrectly estimated matter density. 
The reconstructed w(z ) for changing Om from all three measurements (H,dL ,dV/dz ). Since we 
assume flatness while only changing Om, all three observables yield the same reconstructed w(z ), 
since Om only enters the functions t hrough H(z ) or integrals of 1/ H. For Om > 0.3 the dark 
energy tries to compensate for the extra matter contribution and so asymptotes to w = 0 as 
z ---+ oo. For Om < 0.3 the w(z ) is of the same form to what is reconstructed from neglecting 
curvature in a closed Universe (see Fig. 4.5) , and the phantom w tends to - oo as it attempts to 
compensate for the 'missing' matter density. Published in [120] . 
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both the Hubble and distance measurements as 

w(O) 
6Dm + 6Dk*- 3Dm*- 3- 3Dk 

(4.11) 

Em 2Dk _ 
1 

(-1+Dm*) 3(-1+Dm*) ' 

where Em = Dm* - Dm as defined above where the asterisk indicates the assumed but incorrect 
values of the corresponding quantities. We vary this equation in one 'true' density (Dm or Dk) at 
a time, while keeping the other constant at the assumed value of either nk = nk* or Dm = Dm* 
to produce the curves in Fig. 4.8. This parameter w(z = 0) allows us to easily quantify the affect 
of assuming an incorrect cosmological model on the inferred low-redshift value of w. 

-1. 7 ,___ _ __,___ _ __._ __ ..___ _ _,_ _ __,_ __ _.___---'----' 
-0.2 -0.15 -0. 1 -0.05 0 0.05 0.1 0.15 0.2 

~Q 

Figure 4.8: Low redshift variation in w(z) from H(z) and Dt(z). Incorrectly assuming 
concordance values of Dm = 0.3 and nk = 0 results in a variation in the low-redshift value of 
w(z) reconstructed from observables. The relationship between the error in the cosmological 
parameter and the reconstructed value for w (while keeping the other cosmological parameter 
fixed at the prior value) is shown for both Dm (green curve) and nk (blue curve). Published 
in [120]. 
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4.5 Expansions of the Background Observables 

We have illustrated the how incorrectly assuming flatness or the concordance value of the matter 
density can yield a dark energy that mimics dynamics , when considering perfect measurements 
of background observables in the FLRW model. To illustrate the dependency of the background 
observables on these parameters we expand them in terms of the cosmological parameters Em, 
nk and the parameter X = z/(1 + z). Here Em is defined to be E = nm*- nm, where nm* is the 
true value of the matter energy density and Om is the assumed value, as seen in Eq. (4.11). 

The expansions for H( x), dL(x), V'(x) yield 

z 
X=--

1+ z 

H( x) = Ho [ 1 + ~{3(1 + wo(1- Slm.))x- (1 + 3wo)Slkx- 3woEm }] (4.12) 

(4.13) 

(4.14) 

It can be seen from Equat ions (4.12)-(4.14) that the leading term corresponds to that of the 
standard flat ACDM model, which makes sense since we are expanding the observables around 
concordance. However , from these equations we can directly compute the error on the particular 
observable as a function of redshift based on the difference between the 'true' cosmology and the 
'assumed' cosmological model. 

4.6 Connection to the Parametric Approach 

In Section 4.2 we considered how curvature degrades the constraints on the coefficients in a 
standard parametrisation of dark energy, the Chevallier-Polarksi-Linder (CPL) parametrisation 
[82 , 83], which is used in the Dark Energy Task Force report [60]. We now also want to connect 
the non-parametric approach we have developed to such standard parametric reconstructions of 
dark energy. We expand Eqs. (4.4) and (4.5) for the Hubble rate and distance measurements 
to first order in x = z/(1 + z), which is the variable used in the CPL expansion. The values of 
w0 , Wa obtained using this expansion are given below. 
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Figure 4.9: Degeneracies in standard parametrisations. The parametrisation w(z) = 
w0 + wa 1~z using the coefficients in Eqs. (4.16) and (4.15) (solid lines) is compared with the 
fully non-parametric w(z) inferred from Hubble and distance measurements (dashed lines) . The 
red and blue lines correspond to values of nk, as in Figure 4.5. Using a limited parametrisation 
of w(z) like this incorrectly makes it appear that dark energy and curvature are not completely 
degenerate, leading to artificially strong constraints on curvature and w0 , Wa · Published in [120]. 
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( 4.15) 

(4.16) 

'vVe plot in Figure 4.9 the non-parametric reconstructed w(z) along with the reconstructed 
WcPL(z ) from the coefficients given by Eqs. (4.15, 4.16) for the observables H(z) and dL( z). 
The key idea is that in compression w(z) (or similarly w(x = z/(1 + z)) ) into a specific func
tional form it can appear to break the degeneracy, by yielding constraints on the parameters in 
the expansion. However we see from Figure 4.9 that the these constraints are artificial, since 
by restricting it in this way does not allow the function enough freedoi11 to reconstruct the true 
nature of the dynamics. 

4. 7 Conclusions 

Pinning down the nature of dark energy, and detecting any possible dynamics are some of the 
most important challenges in contemporary cosmology. We have shown that dark energy is, 
however , degenerate with cosmic parameters such as Dk and Dm. We have illustrated th~ need 
for including curvature in dark energy analyses, by showing both how dark energy mimics cur
vature in a non-parametric approach, and how curvature degrades dark energy constraints when 
imposing a specific form for the dynamical nature of the equation of state w(z). Independent 
measurements of the background observables help to break this degeneracy, and so combining 
multiple data sets gives some hope to the problem. We note, however, that at the background 
level the degeneracy between matter and dark energy is perfect, and we need to go to mea
surements of perturbations, from measurements of the growth function, for example, in order to 
disentangle matter from dark energy. 
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Dark energy is a very active research area in modern cosmology, in both the theoretical and 
observational sectors of the community. Understanding the nature of dark energy is one of the 
key outstanding questions in contemporary physics. Much emphasis is placed on testing for 
the deviations from the simplest 'vanilla' ACDM cosmology, both in current experiments and 
planned surveys . Searching for possible signatures of redshift evolution in the dark energy is key 
to such experiments. 

Future surveys such as the Dark Energy Survey (DES) [58], the Wide-Field Multi-Object Spec
trograph (vVFMOS) [40, 61], SkyMapper [129], Pan-~tarrs [130], the Stage IV Experiments Large 
Synoptic Survey Telescope (LSST) [53, 62], the Supernova Acceleration Probe (SNAP) [52], EU
CLID (a combination of the DU E [131] and SPACE [132] proposals) will take optical and 
near-infrared observations, while PLANCK [114] will take precise measurements of the CMB, 
and DETF Stage IV experiments in the radio regime like the SKA [133] (and its technology 
demonstrators from South Africa [134] and Australia [135]) will use measurements of neutral 
hydrogen in the cosmic 'dark ages' to constrain dark energy. 

Big Bang ucleosynthesis provides strong constraints on the amount of dark energy in the early 
universe. In Chapter 2 we show that such early universe constraints on scaling models of dark 
energy imply that these well-motivated models will be essentially indistinguishable from ACDM 
for the next ten years until the Dark Energy Task Force Stage IV experiments [60]. We discuss 
observables in a particular example of a scaling model, the polynomial parametrisation for dark 
energy. 

Chapter 3 was concerned with the use and limitations of the Fisher Matrix. After introducing 
the Fisher Matrix formalism, we derived Fisher Flex corrections from higher order derivatives of 
the log likelihood. For any survey, this formalism allows one to check whether the Fisher Matrix 
analysis will suffice in making parameter estimation forecasts. This is motivated by the (often 
highly) non-Gaussian nature of the error ellipses from real data. 

In Chapter 4 we investigate the degeneracies between dark energy and the curvature and matter 
densities of the Universe, and highlight the need to include curvature as a free parameter in dark 
energy analysis. We used a Fisher Matrix analysis to illustrate the degradation of constraints 
on dark energy parameters as we increase the uncertainty in the curvature of the Universe. 
Using measurements of the background observables H( z), dA(z) (or dL(z)) and dVjdz we can 
reconstruct w(z) fully without assuming a particular parametrisation. We showed how a curved 
Universe with a cosmological constant can mimic a flat Universe with dynamical dark energy, and 
applied the same analysis to incorrect assumptions of the true matter density of the Universe. 
In the case of matter, however, the degeneracy with dark energy is perfect. 

There are many challenges on the road of discovery, and great physical insight is needed in 
coming years to unravel the mystery that is dark energy. It is just these challenges, however, 
that make the hunt for dark energy that much more enjoyable . 
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Appendix A 

Tensor Algebra 

We give an introduction to the mathematic of General Relativity, which we have assumed in the 
thesis. The fi rst of these concepts is the definit ion of a vector and its dual vector , a one-form. 

Vectors are usually represented in terms of linear combinations of basis vectors, as 

Q 

y = v ea. (A.l ) 

We make use of the Einstein summation convent ion, to express a sum. As an example, this 
notation expresses the sum 

(A.2) 

simply as the expression given as Eq. (A.l ). It is also worth noting that the Greek subscripts or 
superscripts refer to vectors with four components; one time (indicated by the index 0) and three 
space components (indicated by i) . This means that vectors are normally specified completely 
just by the coefficient, V 0

. In t he same way one-forms can be represented in terms of a set of 
basis one-forms, as 

(A.3) 

again with the coefficient W 0 specifying the one-form. The basis of one-forms is defined so that 

&(e ) = o~' ___!!.. l/) (A.4) 

with o~ t he Kronecker delta, which is zero for all indices where p, =f. v and one when p, = v , This 
means that when a one-form acts on a vector as 

w (y ) wf.L&vvev 

wf.Lvv&ev 

w vvo~' 
I' v 

w vv 
I' 

y (w), 
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(A.5) 
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where we make use of the fact that the one-forms and vectors are linear maps to R 

This leads us to the definition of a tensor, which can be seen as a generalisation of the concept 
of scalars and vectors. A broad definition of a tensor of rank (n,m) is a multi-linear map from n 
one-forms and m vectors to the real numbers, R In that definition, we can think of a scalar as a 
tensor of rank (0,0), a one~form as a tensor of rank (0,1) (since one-forms maps vectors linearly 
to the real numbers) and vectors can be seen as tensors of rank (1,0). 

We may define a linear transformation of co-ordinates from xi-L ----+ x~-t' as x~-t' = AI-L~xv . A special 
set of these transformations central to GR are the Lorentz transformations which preserves the 
spacetime interval between any two points in Minkowski space. 

The key idea with tensors is that they are invariant under a change of co ordinates. This means 
that identities that hold true for a tensor in one set of co ordinates, will still hold in any other 
set of co ordinates. Mathematically we see that a general tensor of rank (n,m) TI-L!·I-Lnv

1 
... vrn, 

transforms as [22]: 

(A.6) 

with one transformation for each 'up' and 'down' index of the tensor. This transformation 
property of tensors is central to General Relativity. An important tensor in GR is that of the 
metric tensor. Mathematically the metric 9a(3 is defined by the inner (or dot) product of two 
vectors, as 

!! · y (uaea) · (vf3ef3) 

u avf3ea · e(3 

a (3 
U V 9a(3· (A.7) 

Given the definition forth~ metric, we can also define an inverse metric, gaf3 so that the product 
gaf3gf3'Y = 9'Yf3gf3a = 8~. 

\1\Te can use the metric (and its inverse) to raise and lower indices of general tensors. For example, 
we write 

tf3'Y = g tvf3'Y (A.8) a . av · 

Similarly, we can perform contraction over indices, which indicates that we are actually perform
ing a dot product over those indices, or sum over the components of the tensor, or Uf3 = u~'Y" The 
index 1 in the last example is referred to as a 'dummy' variable, since it only shows contraction 
and does not take part in the tensor expression. We take care to ensure that repeated indices 
in any tensor expression or equation indicate contraction, and so when using dummy indices in 
tensor equations, make sure to place them correctly. 




