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* Abstract 

We study high-energy approximations to nuclear scattering. 

These are based on expansions of the free-particle propagator. 

We distinguish the eikonal expansion and the Fresnel expansion 

and interpret their physical meaning in optical terms. 

A "Fresnel approximation" is defined as a partial sum of the 

eikonal expansion which describes Fresnel diffraction effects. 

In Fresnel approximation we derive, by means of a unitary 

transformation, a closed representation of the scattering 

amplitude which is formally similar to the corresponding 

expression irt Glauber's high-energy scattering theory. 

The corrections to the ~lauber model of first order in the 

reciprocal wave 

approximation. 

energy elastic 

number are given by the second-order eikbnal 

These are evaluated explicitly for high

scattering of protons from light nuclei (~He, 

1 2C, 160) • 

* This thesis is a combined version of.three papers which have 

been separately prepared and submitted for publication: 

I. "High-energy approximations to nuclear scattering", by 

W.E. Frahn and B. SchUrmann, submitted to Annals of 

Physics (N.Y.); 

II. 

III. 

"Fresnel diffraction in high-energy multiple scattering", 

by B. Schftrmann and W.E. Frahn, to be published in 

Nuclear Physics B; 

"Eikonal and Fresnel corrections to the Glauber theory 

of nuclear multiple scattering", by B. Schftrmann, 

submitted to Nuclear Physics B. 
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I. Introduction 

Over the past few years there has been great interest 

in the theoretical study of hadron-nucleus scat~ering at 

high energies (several hundred MeV and above} . This was 

initiated by the. 1 GeV proton-nucleus scattering experiments 

performed at the Brookhaven National Laboratory in 1967 [1] 

with the aim of investigating the structure of light nuclei. 

High-energy hadron-nucleus scattering is a useful tool for 

such studies because the incident particle interacts strongly 

with the target nucleons, and because it has a wavelength 

<= 1 fm for 1 GeV protons} comparable to the internucleonic 

distances {= 1.5 fm}. Due to the strong interaction it is 

not sufficient to take account of single scattering processes 

only. Double scattering, triple scattering etc. play an 

important role. Whereas the single scattering contribution 

involves the one-particle nuclear distribution only, the 

higher-order terms depend on the two-p~rticle density, the 

three-particle density etc., and thus contain information 

about nuclear structure. 

There is another, more general aspect of high-energy 

nuclear scattering, however, with which we shall mainly be 

concerned in the present work. This is its.usefulness in 

4c 
studying multiple scattering theories. The results obtained 

u 

from such studies may be applied also to problems in branches 

other than nuclear physics, for which high-energy conditions 

hold. The expansion of the hadron-nucleus transition 

operator in a multiple scattering series is suggested by the 

fact that the projectile may collide with~the individual 
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target nucleons an arbitrary number of times.- Each term 

in the series corresponds to a specific scattering sequence 

involving free hadron-nucleon effective interactions, which 

represent the projectile-target nucleon collisions, and free

space Green functions, which describe the propagation of the 

scattered wave between successive collisions. The transition 

operator taken between the initial and final target states 

then yields the hadron-nucleus scattering amplitude. For 

elastic scattering from not too light nuclei, an equivalent 

procedure consists in considering a multiple scattering 

series for the optical potential. Such an expansion is 

essentially the target ground sta~e average of the transition 

T-matrix [2]. Inserted in the Schr~dinger-equation for the 

projectile, the optical potential reproduces the exact ampli

tude for elastic scattering. The essential approximations 

in the multiple scattering approach outlined above are 

i) the replacement of (A+l)-body dynamics and kinematics by 

two-body dynamics and kinematics, ii) regarding the energy 

levels of the excited intermediate target states to be 

degenerate with the ground state energy. The latter approxi-

mation allows for a summation over all the intermediate 

states. Almost all of the various multiple scattering 

approaches discussed in the literature make use of the above 

assumptions in one way or another. Some of the more recent 

works will now briefly be discussed. 

Watson's multiple scattering expansion [2-5] has been 

used extensively in the study of the optical potential up to 

second order [6-11]. A different method based on the work 

by Kerman, McManus and Thaler [12] has recently been developed 

by Feshbach and collaborators [13-15]. These authors 
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formulate the scattering problem in terms of an infinite set 

of coupled equations, an approach vlhich is familiar in low 

energy scattering (coupled channels method). The calcula

tion of the optical potential including second-order correc

tions is then equivalent to solving a pair of coupled equations 

which contain the elastic channel and an effective one which 

accounts for all the inelastic channels. Another approach, 

also based on ref. [12], consists in replacing the second

order (non-local) optical potential by an equivalent local 

one [16]. Foldy and Walecka have obtained an explicit 

solution for the scattering amplitude assuming the projectile

target nucleon interaction potentials to be non-local and 

separable [17]. 

Although the above-mentioned methods all yield reasonably 

accurate results for elastic nuclear scattering, far more 

frequently used in practice is the multiple scattering theory 

proposed by Glauber [18,19]. It has the advantage over other 

models of being both remarkably simple and versatile, and is 

thus of considerable use also in branches other than nuclear 

physics [20-22]. 

In addition to the basic assumptions i) and ii), in the 

Glauber model the free-space Green functions are replaced by 

the so-called eikonal propagators [23,24]. These represent, 

at the same time, the asymptotic energy limit k ~ oo , where k 

is the wave number of the projectile, and propagation accord

ing to geometrical optics. Thus the Glauber (eikonal) 

approximation is the better the higher the energy. If the 

theory is applied at energies below the multi-GeV region, 

corrections due to deviations from the two aspects of the 

eikonal propagator are expected to become significant. In 
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the last few years, there have been many efforts to improve 

the Glauber theory by taking account of these deviations 

[25-44]. Sugar and Blankenbecler [29] were the first to 

study corrections to the Glauber model in a systematic way 

by expanding the full free-space Green propagator in terms 

of a simplified propagator. A similar method will be 

employed in the present work where the expansion.ismade in 

terms of the eikonal and Fresnel propagators, respectively. 

The relationship between certain corrections to the Glauber 

model and Fresnel diffraction effects was first pointed out 

by Gottfried [36] , who employed the Fresnel-Kirchho£f . 

diffraction theory in a study of high-energy scattering from 

deuterium. 

In the present work we s·tudy the effects of corrections 

to the eikonal propagator in a systematic fashion. Like.in 

the article by Gottfried these are interpreted in wave

optical terms. In section II we develop approximation 

methods for the free-space Green propagators in the framework 

of scattering from a potential in the Schr~dinger equation, 

which are based on expansions in terms of the eikonal_and 

Fresnel propagators, respectively. Using results obtained 

in section II we study Fresnel diffraction effects for 

potential scattering in section III, and Fresnel and eikonal

type first-order corrections to the Glauber potential scatter-

ing amplitude in section IV. In section v, Fresnel ~iffra-

ction in multiple scattering from comp~xnuclei is discussed. 

The influence of Fresnel and eikonal-type first-order 

corrections to the Glauber multiple scattering amplitude is 

studied in section VI, and some numerical results for elastic 

scattering from light nuclei are presented in the same section. 
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A short summary and conclusions are given in section VII. 

In appendices A and B we discuss the effects of the rescatter

ing terms and the centre-of-mass motion in the Fresnel 

approximation to a Watson-type multiple scatter~ng series. 

In appendix C an expression is derived which takes account 

of the first-order Fresnel correction to the Glauber multiple 

scattering amplitude for elastic scattering from a nucleus 

represented by an independent particle model. The derivation 

of the corresponding expression for potential scattering is 

given in appendix D. We confine ourselves to. a non-

relativistic treatment. Relativistic kinematics can, 

however, be included in the results for potential scattering 

and for the optical limit A + oo (where A is the mass number 

of the target nucleus) by using the method described on 

p. 340 of ref. [2]. 
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II. High-energy· approxirnat·ions to· the ·free-space 

Green propagator 

In the present section we develop systematic approxi-

mation procedures by suitable expansions of the full free-

particle propagator. These are first formulated in momentum 

representation; by transformation to configuration space we 

obtain expressions for the various approximate Green functions 

which allow an interpretation of their physical meaning in 

wave-optical terms, much in the spirit of Gottfried's lucid 

article [36]. 

For simplicity, our approximation methods will be 

formulated for potential scattering, even though the potential 

concept has little significance at the energies for which they 

are valid. Application to multiple scattering of nucleons 

in complex nuclei will be presented in sections V and VI. 

1. First-order eikonal approximation 

The wave function for nonrelativistic scattering of a 

particle of mass m and wave number ~ by a local potential 

V(r) satisfies the integral equation -
(II.l) 

where 

~ kl r .. l"'l 
e, - - (II.2) 

I r-l" q 
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is the free-particle Green function for outgoing-wave 

boundary conditions. In momentum representation 

(II.3) 

where we have introduced ~ = p-k, taking k in z-direction, 
.,.. .,.,. ....... """"'"' 

and the particle speed v = nk/m. 

Now we split all momenta into transverse (index~) and 

longitudinal (index II ) components with respect to the z-

direction; a similar split in coordinate space introduces 

the two-dimensional impact parameter vectors b. Then we -
may write 

(II.4) 

where 

(II.S) 

and where we have defined 

• (II.6) 
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The eikonal approximation employed in Glauber's theory 

consists in neglecting h compared with t:.11 
, i.e., in replacing 

the propagator (II.S) by the "eikonal propagator" 

(II.7) 
• 

The index (1) indicates that we shall regard this as the 

~first-order eikonal approximation", as distinct from higher-

order eikonal approximations to be defined in subsect. 4. 

By inserting eq. (II.?) in eq. (II.4) and noting that 

it is seen that in coordinate space the eikonal Green 

function has the form 

(II. 7a) 

where 8(z) is the unit step function. The delta function 

of impact parameters means that the propagating wave suffers 

no transverse displacement; thus the eikonal approximation 

corresponds to propagation according to geometrical optics. 

To solve the integral equation (II.l), the wave function 

is first written in the form of the incoming plane wave multi-

plied by a modulating function ~<r> , 

where ¢(r) satisfies 
$. 

(II.8) 
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rk( S ~~ -~k(r-~') . 
i' r) == 1- ct. r 1 e -- - GCr r') Vt r') ~( r') 
s- -'- ·- s- (II. 9) 

By inserting (II.7a) in place of G(r,r') we have - .-. . 

• (II .10) 

Thi~ can be converted into a differential equation by 

differentiation with respect to z, 

(II.lOa) 

It is, of course, just the first-order eikonal approximation 

to the SchrBdinger equation (compare eq. (III.6)). With the 

initial condition ¢~ l) (_!2,-oo) = 1, the solution of eq. (II.lOa) 

and thus of eq. (II.lO) is 

(II .11) 

It means that the only effect of the interaction is a 

modulation of the incoming plane wave, by a phase shift in 

case of a real potential, and by a reduction in amplitude 

as well, in case of a complex potent.ial. 

The scattering amplitude has the general form 

(II.l2) 

, 
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where hq = h(k-k') is the momentum transfer. Since, for - .... -
fixed momentum transfer, 

-t ••• (II.l3) 

is of order k- 1 compared to q~ 1 and on the other hand ¢( 1
) 

~ e 

represents the asymptotic energy limit k ~ oo 1 in the first-

order eikonal approximation to eq. (II.l2) we must replace 

the factor exp(iq 11 z) by unity. Hence 

(II.l4) 

where ~X(b) plays the role of the phase shift in impact . -
parameter representation and is given by 

• 
(II.l5) 

Eqs. (II.l4) and (II.l5) are the well-known results of Glauber. 

2. Second-order eikonal approximation 

An alternative derivation of the eikonal result (II.ll), 

which emphasizes the high-energy character of the eikonal 

approximation, proceeds through partial integration in eq. 

(II.9) in spherical coordinates over the cosine of the 

scattering angle, and dropping the resulting terms of order 

(ka)- 1 and higher, where a is a characteristic dimension of 
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the scattering potential. This shows that the first-order 

eikonal approximation holds in the high-energy limit ka + oo. 

To obtain corrections for lower energies it seems natural 

to carry the same procedure to first order in (ka)- 1
• This· 

has been done recently by Baker [43] who, after a somewhat 

lengthy calculation, arrives at a result which in our notation 

may be written in the form 

(II.l6) 

1"72 
where vb is the two-dimensional Laplacian in impact parameter 

space. Baker also derives a solution of eq. (II.l6) for 

spherically symmetric potentials which we do not reproduce 

here. It shows that the modulating function ~( 2 ) differs 
e 

from ~~l) both in phase and in amplitude by terms of order. 

(ka)- 1 involving the potential and its derivatives with 

respect to b as well as terms proportional to z. 

In subsect. 4 we shall rederive Baker's equation (II.l6) 

in a very simple fashion as the second order of a ?ystematic 

approximation method, and also give a physical interpretation 

of it in "optical" terms. 

3. Fresnel approximation 

In view of the fact that the (first-order) eikonal Green 

function (II.7a) represents propagation according to geometric-

al optics, one may look for corrections which describe wave-
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optical modifications of the scattered wave. This has been 

done by Gottfried D6J for high-energy scattering by deuterium. 

Let us forget about potential scattering for a moment and 

assume that the scatterer (nucleon within a nucleus) may be 

regarded as perfectly absorbing. The eikonal Green function 

(II.7a) then describes the formation of a cylindrical "shadow" 

extending to infinity behind the scatterer. In actual fact, 

diffraction at the scatterer causes a distortion of the 

geometric-optical wave field which destroys the shadow at 

distances of the order of and larger than the Rayleigh distance 

d = ka 2
• R . Thus the eikonal Green function (II.7a) approximates 

the propagation only at distances z << dR , and the Glauber 

approximation for multiple scattering will only be valid if 

the Rayleigh distance is large compared with the mean free 

path of the projectile in the target nucleus. Since dR is 

proportional to k, this condition can always be satisfied if 

the energy is made high enough. At lower energies, however, 

the diffractive distortion of the geometric-optical shadow 

may become appreciable. 

Gottfried takes these effects into account by employing 

the Fresnel-Kirchhoff formulation of Huygens' principle in 

representing the scattered wave function. · This amounts to 

replacing the eikonal Green function (II.7a) by the"Fresnel 

Green function" 

The index (1) again indicates that we shall regard this as 
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the first order of a systematic "Fresnel approximation .. 

method to be defined in the following subsection. 

In momentum representation the Fresnel propagator has 

the form 

(II.l7) 

i.e., it arises from the full propagator (II.S) by neglecting 

ll 
h The relation between (II.l7a) and (II.l7) was noticed 

by Gottfried (see footnote 9 of .ref. [36].) 

4. Systematic approximation methods 

· We shall now develop systematic approximation methods 

for improving the eikonal propagator (II.7) which proceed 

in different directions indicated by the .. second-order 

approximation" and the 11 first-order Fresnel approximation .. , 

respectively. 

We start with the full propagator (II.S) in momentum 

representation, 

A \I and regard h as a 11 perturbation 11 of the eikonal term u • 

,... ,..(1) 
Then we may write the relation between G and Ge in the 

form 

,., .-(i) -(!) ,_ 

G - Ge, - G~ h G (II .18) 
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!l 
Alternatively, we may regard h as a "perturbation" of the 

Fresnel term h.l. + 1::.1\ , and write the relation between G and 

- (1) 
GF in the form 

(II.l9) 

Finally we have a relation between G~ 1 ) and G~ 1 ) , 

(II.20) 

Our approximation methods now consist in iterating in 

eqs. (II.l8) and (II.l9) with respect to G~ 1 ) and G~ 1 ), 

respectively: 

(II. 21) 

and 

- ... 
...... (II.22) 

We call (II.21) the "eikonal expansion" and (II.22) the 

"Fresnel expansion" of the free7particle propagator. 

Going beyond the first-order eikonal (or Glauber) 

approximation G ~ G~ 1 ) to the next-higher order, we obtain 

,.. 
- G (2.) 

- e. • (II.23) 

The physical meaning of this second-order eikonal approximation 

is best discussed in coordinate representation. The result is 
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(II. 23a) 

Inserting (II.23a) in place of G(r-r') in eq. (II.9) yields --
precisely Baker's equation (II.l6). 

It may be useful to indicate briefly how eq. (II.23a) 

is derived. When G(b .. ~ ,t.11
) in eq. (II.4) is replaced by .,_ 

."'(2) ""(1) 
Ge we obtain three contributions. The first, from Ge , 

yields·G~ 1 ) (~-~·,z-z'). The third, from the term with h~ , 

involves the integral 

---

• A_ll ).. 
1.1..)1;(/\11. )-e · u-L~ 

.L)l. 
l~ l 0(e) 
.lk 

The second contribution, from the term with h
11 

, involves 

To obtain the last equality we have used G~ 1 )hll G~ 1 ) = l/2k. 

That this holds true can be seen by writing 
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and expanding both terms in powers of h. 

Going beyond the first-order Fresnel approximation 

G ~ Gi 1
) to the next-higher order, we have 

• 

In coordinate representation we find 

Gtl.) ( ) ) b-b 7;.-7:.' 
F - -) 

(II.24) 

(II. 24a) 

Again we give a brief outline of how (II.24a) is derived. 

When G (l). J- , t. 11 
.. - in eq. (II.4) 

...... ( 1 ) 
. first contribution, from GF 

is r~placed by Gi 2
) , the 

' I"' ( 1 ) 
, yields GF <e-~',z-z') • 

The second contribution, from the term with h 11 
, is 

G (;1.) ~ c; (1) 

r 'F 
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Transforming from t;,
11 

to (t;,11 }> = ( t:.l. }.,_ /2k + /;:.11 
and thereafter -

dropping the prime yields 

With 

the integration over t:. 11 can be carried out with the result 

. The integration over t:.J. is then straightforward. 

5. Partial summation of the eikonal expansion 

After writing eq. (II.l8} in the form 

(II.25) 

the eikonal expansion (II.21) may be regarded as composed 

of three contributions, 

(II.26) 
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,.., "'(1) hj_ where Gl contains G plus the terms involving only, e 
,... 

hll 
,-,... those. involving only, and G3 the "mixed" terms "'2 

involving products of h.L and hll 

Since all the factors in the expansion are ordinary 

functions and commute, we have 

(II.27} 

where the last equality follows from eq. (II.20). Tht.:s ·::he 

sum total of the terms involving h.J. in the eikonal expans.ion 

is just the first-order Fresnel approximation. Hence b~e 

coordinate representation G (b-b',z-z') is given by eq. 
1 - .... 

(II.l7a). 

The second contribution can also be summed in closed. 

form, 

All ,...(1)211 
=~ /2k and Ge h = (2k) - 1 we have 

In coordinate representation this yields 



- 19 -

Since we have closed expressions for G1 = G;
1

) and G2 , and 

of course for the full propagator 'G, the mixed contribution 

G3 may also be regarded as known in closed form, 

(II. 31) 

6. Physical interpretation · 

The~two expansions of the full free-particle propagator 

defined in subsect. 4,·eqs. (II.21) and (II.22), yield 

successive approximations subject to the conditions 

h" + \,.1. (<. D." eikonal approximation, (II.32) 

Fresnel approximation. (II. 33) 

Thus the Fresnel approximation only requires that ~I = ~2 /2k 

is small compared with the eikonal term t}1 
, whereas in the 

eikonal approximation the sum h = (t2 + ~2 )/2k is small 

compared to 6.11 Indeed, as we have shown in the preceding 

subsection, the first-order Fresnel approximation G~ 1 ) already 

represents a partial sum of the eikonal expansion: it comprises 

to all orders the terms involving ft only. Thus the two 

expansions are physically distinct, emphasizing different 

aspects of the scattering process. 

The Fresnel expansion concerns the-wave•optical (diffractive) 

deviations, in the transverse direction, from geometric-optical 
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propagation. As we have discussed earlier, following 

Gottfried's interpretation, the first-order Fresnel approxi-

mation accounts for the diffractive distortion of the geo-

metrical shadow beyond the Rayleigh distance ka 2 • This is 

caused by a distortion of the scattered wave front due to 

diffraction at the boundary of the scatterer. The Fresnel 

propagator G~ 1 ) describes this distortion to first-order as 

a transverse curvature of the wave front,by retaining the 

term proportional to (b-b') 2 in the phase of the Green -- . 

function. This is best seen by an alternative derivation 

of G~ 1 ) from the full free-particle Green function in the 

form 

(II.34) 
• 

Expansion in powers of S = (b-b') 2 /(z-z') 2 and retaining the --
leading term in the phase only, yields eq. (II.l7a) except 

for the factor a (z-z') which restricts propagation to the 

forward direction. 

The integral equation (II.l) or (II.9) may be regarded 

as an exact formulation of (the quantal analogue of) Huygens' 

principle: the scattered wave at observation point r is -
formed by interference of freely propa~ating spherical waves 

G(r-r') originating with amplitude V~ from each source point -- . 

r' in the interaction region. The first-order Fresnel 
""" 
approximation represents an approximate form of Huygens' 

principle (corresponding to the Fresnel-Kirchhoff~pproximation 

in physical optics), in which only the leading distortion of 
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the wave front in transverse direction {i.e., over the b-

plane) is retained and the longitudinal {z) propagation is 

restricted to the forward direction. Higher-order terms 

in the Fresnel expansion correspond to higher powers of S 

in the expansion of both amplitude and phase of Gin eq. (II.34). 

Thi~ may be seen from the form {II.24a) of the second-order 

Fresnel propagator. 

Each term of the Fresnel expansion contains contributions 

of all orders in k- 1
• If such a term is further expanded 

in powers of k- 1
, the transverse curvature of the wave front 

is represented by powers of the transverse Laplacian V~ • -
For instance, the expansion of the Fresnel propagator G~ 1 ) 

with respect to k- 1 is 

which is of course nothing else than the coordinate representa-

tion of the expansion obtained by iteration of eq. (II .20) , 

(II.36) 

Comparison with eq. {II.21) shows that this forms part (G 1 ) 

of the eikonal expansion which we consider next. 

The eikonal expansion represents a systematic expansion 

in increasing orders of k- 1 , or rather in powers of (ka)- 1 

where a is the characteristic dimension of the scatterer. 

It therefore concerns the deviations from the asymptotic 

energy limit ka + oo • In each order beyond G~ 1 ) it collects 
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contributions describing both longitudinal (eikonal type) 

and transverse (Fresnel type) distortions of the geometric

optical pattern represented by G(l) • For instance, in 
e 

the second-order eikonal approximation G~ 2 ) these are given 

by the second and third terms, respectively, in eq. (II.23a). 

The partial summations given in subsect. 5 show that the 

transverse distortions, represented by the derivatives of 

o(z) (~-~'), result mainly from the contribution G
1 

= G~ 1 ) 
.1,.. 

determined by h , and that the longitudinal distortions, 

described by the derivatives of 8(z-z'), are.mainly due to 
ll 

the contribution G2 determined by h However,the presence 

of the "mixed" contribution G3 shows that there is no clear

cut separation between transverse and longitudinal distortions 

in the eikonal expansion. 
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III. Fresnel" approximati·on in potential scattering 

In the preceding section we have_s~en_t~at the (first

order) Fresnel and eikonal Gr.een functions are related by a 

unitary operator, J 

(III.l) 

where 

(III.2) 

is the transverse kinetic energy operator. This remarkable 

connection allows us to represent the Fresnel approximation 

of the scattering amplitude by a closed expression which is 

formally analogous to the eikonal (Glauber) amplitude. This 

is achieved by means of a unitary transformation of the 

Fresnel solution which is a precise formal analog of the 

transformation from the Schr~dinger picture to the interaction 

picture in time-dependent perturbation theory. 

Starting from the Schradinger equation for the modulating 

function <I> s (s_) = <I> s (~, z) defined ·by eq. (II. 8) , 

(III.3) 

where 

A A A 't;l- l. 

k = k + K -::::.-- \fb 
.1. II .1. tn - (III.4) 
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is. the full kinetic energy operator, the Fresnel and eikonal 

wave functions ~F and ~ e satisfy the wave equations 

(III.S) 

/ 

and 

(III.6) 

respectively. These equations are formally analogous to the 

time-dependent Schr~dinger equation with a "time parameter .. 

T = z/v and a time-dependent interaction Hamiltonian. 

(According to ref. [13] , this analogy for the eikonal 

equation (III.6) was previously noticed by Reading.) 

By a unitary transformation from the "Fresnel picture" 

l~F> to an "interaction picture .. I~> with respect to the 

interaction V(b,z), -
' 

(III. 7) 

eq. (III.S) transforms to an equation of 11 eikonal 11 type, 

. ' (III.8) 

with an interaction operator 

• A • A 

V(~,~)- e. :v KJ.1: V(~,e) e.-fv I<J,.-c (III. 9) 



~· 
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,.. 
The "z-translation operator" Ub(z,z

0
) defined by 

satisfies the same equation (III.8}; in integrated form 

(III .11) 

Equation (III.ll} is formally solved by a Dyson-type perturba

tion expansion [45] 

(III.l2) 

where the z-ordering operator Z arranges the noncommuting 
1\ 

interaction operators V in the order of increasing z-values 

from right to left. Writing symbolically 

(III.l3) 

the total wave function in the "eikonal interaction picture" 

becomes 

Its asymptotic form for z + oo , 

lm "t'(e_,t:)- etk"l:~(~ 1 oo) 
1:-1?0 

~kc :::::. e 

(III.l4) 

(III.l5) 
~(b) -



- 26 -

defines the function S(b) by the action of the operator ...... 
" " Ub(oo,-oo). = Sb on the constant function cp(b,-oo) = 1, -- -

~ ~ 

~ ( ~) = u b ( 00)- 00) ~ ( h)- pO) = < ~ b > . - -
(III.l6) 

Thus S(b) is the expectation value, in the constant state -
</>(b,-oo) = 11 of the scattering operator -
" " ~ b ~ U b ( oo1- oo) 
- -

c.D (1() 

== 1 + t (- ~vY ~ ~ d,1;tt• .. f Jvt1 Z [VC~.lrt}·· V(b 11:i)] 
h'i • -oO _.,.:~ 

{III.l7) 

where 

(III .18) 

is the "phase shift operator" in the interaction picture. 

With the profile function 

rtb)= t- $(~) - (III.l9) 

the scattering amplitude (as a function of momentum transfer 

q~ ) takes the form ..... 

(III.20) 

-
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where 

.(III.21) 

Thus the Fresnel approximation has been cast into a form 

which resembles Glauber's expression for the eikonal approxi-

mation to potential scattering. In section V it will be 

shown that eq. (III.20) is identical with the amplitude 

obtained in the optical limit of the Fresnel approximation 

to multiple scattering. 



{ 
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the Glauber· ·theo-ry ·o·f ·nu·clea'r potential scattering 

Although eq. (III.20) shows that Fresnel diffraction 

in high-energy scattering can be described by a closed 

"Glauber-type" expression of the scattering amplitude, this 

result may appear to be merely of formal interest and of 

no immediate practical use. Of course, th~re would be no 

point in trying to evaluate the perturbation expansion in 
1\ 

powers of the potential operator V; thereby one would lose 

the decisive advantage of Glauber theory (over,say, the 

Born approximation) of incorporating the effects of the 

interaction potential to all orders. 

However, the result (III.20) is useful as a starting 

point of a different approximation method, by expanding the 

interaction 9perator V (defined by eq. (III.9)) in powers of 

" (z/hv)K~ = -(z/2k)V~ which because of its proportionality to 
.... 

k-1 is the appropriate expansion operator at high energy. 

In fact, this approximation procedure is equivalent to the 

expansion (II.35) or (II.36) of the Fresnel propagator in 

powers of the eikonal propagator. 

" To first order in this expansion, V = V, and eq. (III.20) 

reduces to the Glauber formula (II.l4). To second order, 

(IV .1) 

Inserting (IV.l} in (III.l7) and retaining only contributions 

of order k-1 in each term of the perturbation series yields 
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• .(IV.2) 

Here 

(IV. 3) 

t ,.-=- is the Glauber contribution with the Glauber phase shift 

(II.lS) I 

• 

\ The function 

(IV. 4) 

defines the Fresnel correction, with 

(IV. 5) 

and 

(IV. 6) 

The derivation of these results will be discussed in appendix 

D. For spherically symmetrical potentials the Fresnel 

correction simplifies to 
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. (IV .4a) 

Here we have used 

(IV. 7) 

• 

In addition to the Fresnel correction there is an 

eikonal-type contribution which originates from the first-

order longitudinal modification of the eikonal propagator 

(cf.eq. (II.23)). Including this correction, the function 

S of eq. (IV.2) changes to 

(IV.8) 

where 

(IV. 9) 

defines the eikonal correction. Its derivation will also 

be discussed in appendix D. From eqs. (IV. 8) and (IV. 3) 

we see that to first order in k- 1 the Glauber phase shift 

(II.l5) is modified by the Fresnel and eikonal corrections 

to 

• (IV.lO) 
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It is instructive to study this equation for spherically 

symmetrical potentials. Defining V(r) = -v U(r) and intro-. 0 

ducing the energy E = ~mv 2 of the projectile, we obtain 

(IV .lOa} 

This clearly exhibits the distinct physical nature of the 

Glauber contribution and the eikonal correction on one hand 

and the Fresnel correction on the other. Whereas the former 

essentially depend on the ratio V /E and the range a of the 
. 0 

potential (!
00 

dzU(b,z) ~ !
00 

dz[U(b,z)] 2 ~a), the latter in 
0 0 

addition depends strongly on the form of the potential 

because of the derivative a/ab. For a Woods-saxon form 

(corresponding to a heavy nucleus) the main contribution to the 

function dF comes from the surface region of the potential, in 

accordance with the physical picture of Fresnel diffraction. 

It should be mentioned that eq. (IV.lOa) agrees with 

the result obtained by Wallace [44] , but disagrees with 

the earlier mentioned one by Baker [43]. This is due to 

the fact that the longitudinal momentum transfer q 11 appears 

to have been neglected in ref. [43]. 

It will be shown in section VI that the inclusion of 

eikonal and Fresnel corrections in multiple scattering leads 

in the optical limit to a result similar to eq. (IV.lO}. 

There are additional eikonal contributions, however, due to 

rescattering on the same nucleon. 
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V. Fresnel diffraction· in high-energy multiple· scattering 

In section II we have d·iscussed systematic approximation. 

methods for high-energy nuclear scattering which improve upon 

Glauber's eikonal approximation. 

These methods were formulated, for simplicity, in the 

framework of potential scattering. Since the potential 

concept has probably little significance for high-energy 

nuclear interactions, however, it is more' appropriate to 

describe hadron-nucleus scattering as a multiple scattering 

process .• In the present section we study the Fresnel approxi-

mation to multiple hadron-nucleus scattering. This consists 

in approximating the free-space propagator between successive 

scatterings by the Fresnel propagator rather than by the 

eikonal propagator as in Gl?uber's multiple scattering theory. 

The eikonal approximation employed in the latter means, in 
I 

optical terms, that the projectile propagates between 

successive interactions with the target nucleons according 

to geometrical optics; the Fresnel approximation takes 

account of the diffractive deviations from straight-line 

propagation. As we have shown in section II, the connexion 

between these two approximations can be expressed in terms of 

a unitary transformation relating the Fresnel and eikonal 

propagators which is generated by the transverse kinetic 

energy operator. 

As has been mentioned earlier the Fresnel approximation 

was first investigated ~or hadron-deuteron scattering by 

Gottfried [ 36 J. Other corrections to the Glauber theory, 

such as those arising from the recoil of the target nucleons[37,38, 
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40,41], have also been studied mainly in scattering from 

the deuteron. In fact it has been shown by F~ldt [41] that 

in this case both recoil and Fresnel corrections to the 

Glauber model can be obtained from a careful treatment of the 

Green function in the double scattering contribution. However, 

for target nuclei with A > 2 it becomes increasingly difficult 

to include nucleon recoil corrections. We therefore retain 

the frozen nucleus approximation of Glauber theory and 

confine ourselves to the effects of Fresnel diffraction which 

we study for an arbitrary number A of target nucleons. 

As in earlier investigations of multiple nuclear scatter

ing [21,31,46] we start from a Watson-type multiple scattering 

series to be discussed in subsect. 1. We first derive the 

Glauber theory from the eikonal approximation in subsect. 2. 

We then deal in subsect. 3 with the Fresnel approximation for 

which we derive closed expressions of the scattering amplitude 

that are formally similar to the corresponding Glauber formulae. 

In subsect. 4 the general expressions are applied to elastic 

scattering by a target nucleus represented by an independent 

particle model. As an example, the amplitude for nucleon-

deuteron scattering is explicitly evaluated in subsect. 5 and 

compared with an expression previously derived by Gottfried 

[36]. The results of this section are briefly summarized 

and discussed in subsect. 6. 

1. Multiple scattering series 

We consider the scattering of a single hadron by a 

nucleus composed of A nucleons. Our description is based 

on a Watson-type multiple scattering series for the hadron-
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..... 
nucleus transition operator T, 

..... 
The operators t. describe effective hadron-nucleon 

J 

interactions and G denotes the free-space propagator 

/' 

G -
,... -1 

(f+t&-K) 

..... 

(V .1) 

(V. 2) 

where E is the energy and K the kinetic energy operator of 

• 
the projectile. The series ~.1) consists of a finite sum of 

A terms that describe scatterings in which the projectile 

collides with each target nucleon only once (referred to as 

"direct" terms), plus an infinite remainder Tr which 

incorporates all processes where the same nucleon is hit 

more than once except in consecutive scatterings (referred 

to as "rescattering" terms). 

Expression W.l) is a good approximation to the exact 

Watson series [2-5] provided that the binding energy of the 

target nucleons is small compared to the incident energy 

(adiabatic approximation) and the target nucleons are 

stationary during a collision ( frozen nucleus approximation) . 

These conditions are well satisfied at high energies (for a 

thorough discussion see ref.[l7]). 

There has been considerable discussion, for potential 

scattering in the eikonal (Glauber) approximation [47-52], 

whether in addition the rescattering contributions Tr are 

negligible. Here we offer arguments that Tr may in fact be 
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discarded in the context of our approximations. Firstly, 

as the potential concept appears to havelittle meaning for 

high-energy hadronic interactions, we regard the hadron-
A 

nucleon transition operators tj as given by the experimental 

hadron-nucleon elastic scattering amplitudes rather than as 

constructed from a two-particle potential via the Lippmann-

Schwinger equation. (This is essentially equivalent to the 

assumption of non-overlapping potentials in potential scatter

ing [53],) Such a "phenomenological" treatment of the hadron-

nucleon interaction is in accord with the spirit of Glauber's 

original theory [19] and its very successful applications to 

high-energy nucleon-nucleus scattering. (For comprehensive 

surveys of these applications.see refs. [20,21] ; recent 

discussions of the phenomenological viewpoint can be found 

in refs. [48,49,42].) Since the observed hadron-nucleus 

elastic scattering amplitudes are sharply forward-peaked 

and predominantly imaginary, indicating a strongly absorptive 
A 

interaction, the contributions Tr which mostly involve large 

momentum transfers are expected to be negligible. Secondly, 

it turns out (as shown in appendix A) that, granted our 
A 

assumption on the tj' the rescattering terms in fact vanish 

exactly in the eikonal and Fresnel approximations with which 

we are concerned in this section. We therefore disregard 
A 

Tr in what follows and are thus left with a finite multiple 

scattering series of A terms. 

The hadron-nucleus scattering amplitude F(k',k) is then -
obtained from T by · 
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(V. 3) 

' 
where j o,.k> and I n,k> are the unperturbed initial and final 

_, """' 
states, respectively, of the system projectile + target, and 

F(l) is the contribution from single scattering, F( 2
) from 

double scattering, etc. 

In terms of the hadron-nucleon scattering amplitudes 

(V. 4) 

and the propagators 

(V. 5) 

the scatter~ng contributions F(j) become 

(V. 6) 

and 

The coordinates r , ••. , rJ. are the instantaneous positions 
-1 ""' 

of the target nucleons, and the summation index P{l ... j) 

means that the sum is taken over all permutations of the ' 
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indices 1, .•. , j. For simplicity we neglect spin and 

charge exchange effects, and replace the hadron-proton and 

hadron-neutron amplitudes by an ·average amplitude f. 

To proceed further, we transform the variables p in 
-'V 

J. II 
eq. (V.7) to ~'V = Pv - k, denote by~ and ~'V the components of - - ~ ~\) 
~v transverse and parallel to ~' respectively, and choose as 

the z-axis the direction of k. In addition, we define as 

in section II 

with 

"t J.):Z. tli' )J. 
h = ~ + hll = ; k + ).. k 

Then eq. (V. 7 )" becomes 

where q = k - k' is the momentum transfer. 

- -

(V. 8) 

(V. 9) 

We now use our pragmatic assumption that in the high~ 

energy regime the amplitude f depends on the transverse 

momentum transfer only and thus defines a hadron-nucleon 

profile function y(b) by -
(V.ll) 

• 
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We insert this in eq. (V.6) and (V.lO), write r = (s ,z ) 
-v ..... v v 

r.J 

·and introduce the Fourier transforms of the propagators G, 

(V.l2) 

where v = nk/m is the speed of the projectile. This yields 

(V .14) 

These expressions have an obvious physical interpretation. 

The incident wave with impact parameter £1 is distorted by 

scattering at nucleon 1 situated at (~1 ,z 1 ) and described by 

the profile y(~ 1 - ! 1 ) ,then in case of j > 1 propagates with 

impact parameter £2 to nucleon 2 at (s 2 ,z 2 ) and with profile -
y(~ 2 - ~ 2 ), undergoes a second scattering, and so on for j>2 

collisions. 

Our main purpose is to simplify expression (V.l4) by 

suitable approximations to the Green functions G. Thi'S will 

be discussed next. 
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2. Eikonal approximation 

This approximation, which consists in replacing the 

Green functions G in eq. (V.l4) by the eikonal Green function 

(II.7a), 

is equivalent to Glauber's theory of multiple scattering [19] 

as has been shown previously by Remler [46]. 

In evaluat:i,ng eq. (V.l4) with the eikonal Green function 

we note that q 11 is of order k- 1 compared to q.l. (cf. eq. 

(II.l3), and the factor exp(iq11 zj) may be replaced by unity 

in the limit k + oo Then we use 

(V .15) 

integrate over b 1 , ••• ,b. 1 and write b. = b , with the .... ' .... ]- ..... ] ..... 
result 

(V.l6) 

The total amplitude becomes 

(V .17) 

with 
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(V.l8) 

These are the well-known formulae of Glauber's multiple 

scattering theory. 

3. Fresnel approximation 

In this approximation we replace the Green functions G 

in eq. (V.14) by the Fresnel Green functions (II.17a), 

ex\? [ i l. k(e-~ //( ~ -"l>)] e( r- z.>) e..z k.(z. .. -c•) 
1: - t;l 

In evaluating eq. (V.l4) with the Fresnel Green function we 

now have to use a better approximation for q 11 ; according 

to eq. (II.l3) we put qll .:::; (ql.) 2/2k. This is consistent 

with the fact that the Fresnel approximation involves hk 

only (on the energy shell we have h..L = (q..o.) 2 /2k) • Equation· -
(V.l4) then becomes 

It would be desirable to carry out the ~ntegrations 

over b 1 ._.. I • • • I 

(V.16)-(V.18). 

b. 
1 

to arrive at results analogous to eqs. 
-J-

This can be done in a formal fashion by 
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using the fact, derived in section II (eq. (II.35)), that 

the Fresnel and eikonal Green functions are related by a 

unitary transformation, 

where 

:::::::.-

Then the integrations over b 1 , ••• , b._1 , and a partial 
.... -J 

integration over b. using 
-J 

yield (again setting b. =b) 
' ...... ] ""' 

where 

1 

J~>.1 ) 

(V.20} 

(V. 2l) 

(V.22) 

is an operator in impact parameter b-space. As in section -
III, the symbol (ob) denotes the expectation value of a b-

space operator ob in a constant state 0~-~alue_ynity. 

The combination 
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(V.23) 

is a "z-ordering operator" which, acting on noncornmuting 
A 

operators y, arranges them in the order of increasing 

z-values from right to left. Thus we may write (defining z 

as the identity operator for j = 1) 

-
(V. 2 4) 

and the total amplitude becomes 

(V. 25) -
where 

~ . . . ~ 

~ ( ~) ~1. • •• ~" 11:.1···1:,_) ~ 1- (2 { ~1 [1- ~ (~-i.\) ~ j) 1 \). (V.26) 

Thus the Fresnel approximation leads to results which 

are formally closely similar to the Glauber expression. 

However, because of the noncommutability of the profile 
A 

operators y their explicit evaluation is much more difficult. 
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4. Elastic scattering and independent particle model 

We now consider elastic scattering, In> = !o> and 

k' = k, and describe the target nucleus by an independent 

particle model. For comparison again we first deal with 

the eikonal approximation. Then we have in eq. (V.l6) 

. 
[ . ~ 

:::: - ..L X ( b )] A G _. 

(V. 2 7) 

with XG{b) defined by (compare eq. (II.l5)) .... 

X G ( ~) ::::. - ~I v L~~ cL c v ( ~ I 1: ) (V.28) 

c;tnd 

{V. 2 9) 

or 

(V. 30) 

where p(~) is the Fourier transform of the single-particle -
density p(r) = p(b,z). 

.... -
Then the elastic scattering amplitude in the eikonal 

approximation becomes 

, (V.31) 
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where 

r ( ~) =:; < o I F ( ~ ) ~ 1 ... ~A) 1 o 1 = 1 - [ 1 + t x G ( ~; 1 A • (V. 32) 

In the optical limit A + oo we have 

(V. 3 3) 

and ~XG(~) plays the role of a phase shift for scattering 

by an optical potential V(r) = V(b,z) defined by eqs. (V.29), 
"""' wJ 

(V.30). 

In the Fresnel approximation we have in eq. (V.24) 

< 0 I < l {, ~ ( ~ ~ ~j I 2: j) ... ~ ( ~- ~ 11 '1: 1) 1 '! I 0 > 
(V.34) 

= lfvA ')! r~~ ~~j ··· f_:d-"ll <z t V(e 1cj)···V{~,c1)1/, 

where we have defined the operator 

,... 
v (b ~)-:::. -, (V. 35) 

with V(b,z) given by eq. (V.29). 

Introducing the b-space operators ._. 

(V.36) 

and with the symbolic definition 
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(V. 3 7) 

the elastic scattering amplitude in the Fresnel approximation 

may be written as 

(V. 3 8) 

where 

In the optical limit A ~ oo we have 

(V.40) 

in formal analogy with eq. (V. 3 3) • 

Comparison with the results of section III shows that 

the scattering amplitude in the optical limit of the multiple 

scattering series is identical to that of potential scattering, 

if the optical potential is defined in terms of the hadron-

nucleon amplitude and the nuclear form factor according to 

eq. (V. 30) • Although this identity holds only in the optical 

limit, there is a structural analogy between the j-th term of 

the (finite) multiple scattering series and the j-th term of 

the {infinite) perturbation expansion with respect to the 
,. 

interaction operator v~ the former differs from-the latter 

only by a factor A!/Aj{A-j)! . 
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5. Application to the deuteron 

It will be instructive to apply our general expressions 

to the simplest example, the deuteron, for comparison with 

the results previously obtained by .Gottfried [36]. Again 

we first briefly consider the eikonal approximation. 

Assume the two target nucleons in positions symmetrical 

we confine ourselves to the (elastic) double 

scattering term which, from eq. (V.l6), becomes 

(V.41) 

with 

(V. 4 2) 

Reintroducing the amplitudes f by 

'~ .l. i. /j,J.. b 
v l'_) - - ~ =.:E r B e. - - f ( t. J. > 
0 t:> - " \<. ~ (;. ~):z. """ (V. 4 3) 

yields the well-known Glauber expression [19] 

(V. 4 4) 

For an amplitude of the form, suggested by experiment, 

(V. 4 5) 
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(where a is the average of the p-n and p-p total cross 

sections) , this becomes 

(V. 4 6) 

In the Fresnel approximation we have, from eq. (V.24), 

(V.47) 

where 

(V. 4 8) 

With the definition (V.22) of the profile operators and (V.23) 

of the z-ordering operator this can be written as 

~p.) I .l. ) - (;.. t-+-> ( ~ "l~> 
\"" F ~ 0y \ ~ 1 l :::.. I F '\; ) ~ l l ) ~ f;; ( 't,.l. - S - l J 

w~ '*"....., )~J 

where 

By using eq. (V.43) and noting that exp(iT'V~)exp(i~.l.~) 

=' exp(-i'Tb.J. 
2 + it"~>, eq. (V.SO) becomes 

(V. 4 9) 

(V. 50) 
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A 

F (+)( .L ) 
.F q,I~J1: 

"" -

If the eikonal amplitude is similarly split into +z and -z 

contributions, 

[ 6l1:) + 8(-z.)] ~(~) ('{(, ~) 
""' 'WI (V. 52) 

"(+) .L 
we see that the Fresnel components FF (q ,s,z) and 

..,... ...,. 

F~+) (q~,-s,-z) differ from the corresponding eikonal terms 
""' -

by the factors exp[i~(q1 ) 2 /4k]exp(-i~K2 /2k) with ~ = +z and 
""' -

~ = -z, respectively. The first exponential arises from 

retaining the longitudinal momentum transfer to the order 

k- 1
,. (q 11 z (q1 ) 2/2k from eq. (II.l3)), while-the second expo-

nential originates from the replacement ofthe eikonal by the 

Fresnel propagator. 

Using the form (V.45) of the hadron-nucleon scattering 

amplitude, the integration in eq. (V.Sl) can be carried out 

with the result 

(V.53) 
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where ~ = z/kB. The total double scattering amplitude 
{\ ( 2 ) 
FF is then given by the sum (V.49)of the contributions 

(\7.53) with arguments (s,z) and (-s,-z). The form of this 
·r ,... 

result agrees with Gottfried's expression (eq. (22) of ref. 

[36J), except that the latter lacks the z-ordering. This 

is because in Gottfried's definition of the Fresnel propagator (II. 

17a) the step function 8(z-z') is omitted. It should be 

mentioned that for spherically symmetrical nuclear wave 

functions the z-ordering in eq. (V.53) is immaterial, so 

that in this case we would obtain th~ ~am~result as Gottfried 

for the averaged double scattering amplitude F~ 2 ) (~L) from 

eq. (V. 4 7) • For higher-order terms, however, the step 

function in GF (as well as in Ge) and the resulting z

orde~ing is essential. 

6. Summary and discussion 

We have derived a closed expression for the hadron-

nucleus multiple scattering amplitude at high energies which 

includes the effects of Fresnel diffraction on the propagation 

of the projectile between successive collisions. Although 

this expression is formally very similar to the corresponding 

result in eikonal (Glauber) approximation, it differs from 

the latter by the appearance of noncommuting profile operators 

which occur in a characteristic Dyson-type ordering with 

respect to the z-coordinates of the targ~t nucleons. This 

feature makes the explicit evaluation very difficult for all 

but the lightest target nuclei. However, a significant 

physical aspect of our result is that it shows how the 
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equivalence or interchangeability of the scatterers with 

respect to their longitudinal positions, which makes Glauber 

theory so simple, is destroyed by the diffractive distortion 

in transverse directions of the wave front of the projectile 

as it propagates through the target. 

As far as explicit evaluation of our expressions for 

A > 2 is concerned it would be possible to develop systematic 

procedures for the expansion of the matrix elements of the 

z-ordered products of the profile operators y which are 

analogous to the methods used in time-dependent perturbation 

theory or in the cluster expansion of the partition function 

in statistical mechanics. There is, however, not much point 
A 

in carrying the full form (V.22) of y if we are interested in 

Fresnel diffraction effects of a given order in the reciprocal 

wave number. This is because the Fresnel approximation, as 

pointed out in subsect.II.6, contains contributions to all 

orders of k- 1
; it represents a particular partial summation 

of the eikonal expansion which has a well-defined physical 

meaning in terms of the "optics" of the scattering proces~. 

If we confine ourselves to high-:-energy Fresnel corrections· 

to the Glauber amplitude, to first order in k- 1
, a different 

procedure is appropriate. This consists in expanding th~ 

profile operators (V.22) with respect to z/hv ~ k- 1 and 

retaining only the contributions up to second order. In 

this way we have derived in section IV Fresnel corrections 

of order k- 1 to the Glauber phase shift for potential scatter-

ing. The same method applied to eqs. (V.24)-(V.26) yields 

Fresnel corrections of order k- 1 to the Glauber amplitude 

for multiple scattering in target nuclei of any mass number 

A. These, as well as the eikonal-type corrections of order 

k- 1 , will be studied in the following section. 
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VI. Eikonal and Fresnel· ·c·o·r-r-ect·ion·s ·to the 

Glauber theory of nuc'lear· mul'tip1e s.cattering 

In this section we study first-order corrections to the 

Glauber high-energy multiple collision model. These are 

obtained by replacing in a Watson-type multiple scattering 

series the free-space Green function between successive 

scatterings by the second-order eikonal propagator (II.23a), 

where Ge is the eikonal Green function (II.7a), 

(VI .1) 

and 

(VI. 2) 

are the eikonal and Fresnel corrections, respectively. Like 

in the case for potential scattering (section IV) these 

corrections lead to two physically distinct types of modi

fications of the Glauber multiple scattering amplitude. 

Since the Glauber theory is already a very good zero-order 

approximation to high-energy scattering, it might be sufficient 

for practical applications to confine explicit calculations 

to the second-order eikonal approximation. 

As an introduction the elastic scattering from the 
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deuteron in the second-order eikonal approxlmation is 

studied in subsect. l. The expressions obtained are generali-

sed in subsect. 2 to scattering from nuclei consisting of an 

arbitrary number of nucleons. In subsect. 3 the general 

formulae are applied to elastic scattering from a nucleus 

represented by an independent particle model. Numerical 

results for elastic scattering by light nuclei are presented 

in subsect. 4, and a short summary and discussion of results 

are given in subsect. 5. 

l. Scattering from the deuteron 

The second-order eikonal approximation to the multiple 

scattering series (V.l), applied to scattering from the 

deuteron, yields very simple and instructive results which 

already contain the main features of the more general 

expressions for A > 2. Thus considering the deuteron as 

a target nucleus first will bring out the essential points 

more clearly, and will also considerably shorten the 

discussion for a target nucleus with arbitrary A. The 

single scattering contribution (V.l3) which does not contain 

any propagator is disregarded in the following discussion. 

(There is, however, a correction of order k- 1 to the Glauber 

" . single scattering term arising from the factor exp(iq z 1 )). 

l.a) Fresnel term 

As shown in appendix A the rescattering contributions 
A 

Tr of eq. (V.l) vahish for propagators with a. factor 8(z) in 

the framework of our approximations. Thus we are concerned 



- 53 -

with the double scattering term only. In the Fresnel 

approximation, this becomes 

(VI. 3) 

where 

{VI. 4) 

{cf. eqs. (V.21) and (V.22)). Expansion of eq. (VI.4) to 

first order in k- 1 yields 

(VI. 5) 

Noting that·· 

for· an arbitrary function g, and assuming the two nucleons to 

be in positions symmetrical about the origin at r 1 = (-~s,-~z) ..... ""' 
and r

2 
= (~s,~z), eq. (VI.3) becomes to first order in k- 1 

-
Fr-l:l.) ( ~;1.) -= r-~1\ 't ... ) + 'b~l.) ( 't.l.) 

._ - - (VI. 7) 

Here 

(VI. 8) 
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is the Glauber result, and the Fresnel correction is given 

by 

(VI. 9) 

where 

(VI. 9a) 

and 

. ...,.,_ (2) . ) c k i. r i 2 I ~ '¢ b < I [f)o G '1 [n ( . J 
J..J (a.l. =--;::: -

1 
~a. be. -..... o vLt:)- (-c)J l vb V b +.!. ~) 

F.l v · 2 \\ .l <- "",.... 6 - '- .--- . 
(VI. 9b) 

We note that the contribution n~f) 

symmetrical wave functions. 

vanishes for spherically 

l.b) Eikonal terms 

Replacing the Green function G in eq. (.V .14) by the 

eikonal correction (VI.l) and integrating over one impact 

parameter b, yields the direct eikonal term .... 
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However, this is not the only eikonal-type contribution. 

A triple scattering sequence consisting of scattering from 

nucleon 1 to nucleon 2 and back to nucleon 1 ("rescattering 

process 1") also yields a non-vanishing contribution. The 

rescattering term 1 in its general form is (cf. eq. (A.l)) 

(VI.ll) 

Applyin·g the second-order eikonal approximation in eq. (VI.ll) 

and using 8(z)8(-z) = o, 8(z) + 8(-z) = 1, the product of nei 

of the, propagators becomes to first order in k- 1 

(VI .12) 

With eq. (VI.l2), F!~) reduces to the rescattering eikonal 

term of type 1, 

(VI .13) 

A further contribution originates from the quadruple scatter-

ing sequence 1 + 2 + 1 + 2 ("rescattering process 2"). Its 

general form is 
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(VI .14) 

• 

The non-vanishing part in the product of the propagators to 

order k-1 is 

(VI.l5) 

With eq. (VI.l5) F;;> reduces to the rescattering eikonal 

term of type 2 

All higher-order rescattering eikonal terms vanish because 

of a factor 8 (z) 8 (-z). 

Comparison of eqs. (VI.lO), (VI.l3) and (VI.l6) shows 

that the eikonal terms have similar structure. Because of 

the delta-function they are non-zero only for those positions 

of the target nucleons which involve the same z-coordinate. 

The factors y 2 in D(
3

) and D(
4

) appear because of double 
e1. e2 

scattering on the same nucleon. Thus the size of the 

eikonal terms relative to one another depends on the form of 

the effective interactiony. If y ~ y 2 
, D~~) will tend 

to cancel against D(
3

) because of the opposit·e signs involved. 
, e1. 

This tendency of cancellation and the resulting smallness of 

the eikonal contribution with respect to the Fresnel contri-
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bution can be demonstrated for a simple·example. 

Assume the two-particle scattering amplitude to be given 

by eq. (V.45), 

This yields for the profile function (V.43) 

(VI.l7) 

In evaluating the various scattering contributions we must 

use the deuteron internal wave function (cf. appendix B). 

We assume this function to be Gaussian, 

(VI .18)• 

with C = 64 (GeV/c)- 2 taken from ref. [54]. For simplicity 

we neglect in the correction terms the imaginary part of 

the profile y :and terms ,of order B/C. We thus obtain 

(VI. 8a) 

....,__, (:1.) .l.) \':' l~) .1.) ~ l [ I 1 ( J.)l. J 
..!Jr (t = 1G l'k m k Vc ~ C I. i -).. (VI. 9c) 

(VI.lOa) 

(VI .13a) 
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"1'-..l'l-) ( .!.) ::=. -f (:2.)( .l.) j_ ~ I l' G' \2. L.-, ~ l' ... )).] 
D, ~ G ) ,r-::::- 1 ;r-;;"' -g ~) e,}(f 8 q; • 

\!.3.""' - 111.1\ <-yC "l _ 
(VI .16a) 

Table 1 shows the relative sizes of the various correction 

terms in dependence on the momentum transfer squared. The 

parameter f.l is defined as f.l = F ~ 2 ) ('I) (i/k) (2TIC) -~. The 

last row gives the sum D ( 2) 

e of the eikonal terms in percentages 

of the Fresnel contribution. There is a complete cancellati.on 

between D~~) and D ( 3
) 

e1. 
in the forward direction. At the 

diffraction minimum (which is near 0.3 (GeV/c) 2 at high energies), 

this cancellation is still appreciable, but becomes less pro-

nounced at larger momenta. Due to a rapid increase with 

increasing angle, the Fresnel term still remains the dominant 

contribution, however. The calculations have been performed 

for aj4TIB = 1, ~ = 8(GeV/c)- 2
, as in ref. [36]. We also have 

employed the quite different parameters cr/4nB = 1.6 and B = 

5.45 (GeV/c)- 2 
, used by Bassel and Wilkin [55], and found 

that the sum of the eikonal terms is about 15% of the Fresnel 

contribution throughout. At least to order k- 1
, these results 

lend support to the procedure of truncating the Watson series 

after the double scattering term and taking only the Fresnel 

corrections to the Glauber model into account. 

The main effect of Fresnel diffraction (and of corrections 

to the Glauber double scattering term in general [27,31J)is 

to fill in the diffraction minimum predicted by Glauber theory. 

Especially at lower energies, the Fresnel effects also reduce 

the Glauber differential cross section at large angles [36]. 

This feature is not reproduced by our first-order correction 

and thus appears to be due to the influence of the higher-

order terms in k- 1
• We note that in the forward direction 
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the Fresnel correction (VI.9c) agrees with Gottfried's 

expression (39) . This means that at zero momentum transfer 

all higher-order Fresnel contributions vanish. 

Table 1 Fresnel and eikonal corrections to the Glauber 

double scattering term F~ 2 ) 

q 2 (GeV/c) 2 0 0.3 (min.) 0.6 (max.) 1.0 

D~2 ) Ill -2 2.88 7.75 14.25 

D ( 2 ) Ill 1 eo 1 1 1 

D (3) Ill . 
e1 

-1 -1.56 -2.43 -4.39 

D ( 4 ) Ill 
e2 0.13 0.17 0.23 0.34 

D ( 2 ) Ill 6% e , 14% 16% 21% 

2. Scattering from complex nuclei 

Like for scattering by the deuteron, we get a Fresnel 

term and three eikonal-type contributions. We again first 

discuss the Fresnel term. 

2.a) Fresnel term 

The j-th multiple scattering contribution including 

Fresnel diffraction, is (cf. eq. (V.24)) 

F~1\ ~j.) :- ~~ (-1) i -l ( 1) L:L ~b ~ ~ r ': < Y\ \< l { ~ ( ~- ~~) ~j)·-- ~ (!:_-~j. 111))/\u/, -
J ~ i . 
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Using eqs· (VI.S) and (VI.6), we obtain to first order in 

k-1 

i ~ 1 (VI .19) 

where 

is the Glauber result (V.l6), and 

(VI. 20) 

is the Fresnel correction, with 

(VI. 20a) 

x 't"[\J~Xl~-f;)]"'·" ~l~-~1.)\o';> , j ~1 ) ... 

(VI.20b) 

1( ];~+i [~~ ~( e-~h~.l ;] ~(~-£x)··· [~~~(~- ~v )] • •• ~(~- ~1.) 3 \ O? I 

~ 7 .1 • 

Again, the expression for D~i) vanishes for spherically 

symmetrical target wave functions. (we note that it is 

formally justified to call the first-order single scattering 

. correction D~~) a "Fresnel" correction, although it o:~;iginates 

not from a propagator but from the phase factor exp[i(qL 2 j2k)z 1 } 
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The reason is that this phase is closely connected to the 
;. J. 

Fresnel propagator for on-shell values of h (h o.sh. = 

q~ 2 /2k) 1 

• ) 

2.b) Eikonal terms 

We replace the full propagators in eq. (V.l4) by their 

second-order eikonal approximations (II.23a) 1 and extract 

the eikonal correction of order k- 1 ~ This yields for the 

direct eikonal term after summation over the permutations 

(VI.21) 

) s ') 1 

and for j = 2 reducesto eq. (VI.lO). Next we discuss the 

rescattering terms. To order k- 1 the only non-vanishing 

contributions to the rescattering processes 1 involving 

j + 1 collisions come from sequences a + a + 1 + a, 

a= 1 1 ••• , j - 1. The sequences a+ ••• a+~+ .a, ~· > 1, 

all contain products of step functions which give rise to 

zero. As a generalisation. of eq. (VI.l3) we obtain 

(VI.22) 

l( [~l ~- £,) 1:2..· ·· ~(~-ij) + ~ ( ~-~.1. }·· [~l ~-~"')]~-- 6(~-Si) 1 ~( cv- 2->-) i o7) 
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For· the rescattering pr9cesses 2 involving j + 2 collisions, 

only sequences a + a + 1 + a + a + 1 N - 1 · 1 · ld 
I ""' - I • • • I J- t yle 

nonzero contributions. In analogy to eq. (VI.l6), the 

rescattering eikonal correction of type 2 is 

(VI. 2 3) 

Like for the deuteron target, higher-order rescattering 

processes do not contribute. The sum of all eikonal-type 

corrections to order j (where j denotes the number of 

different target nucleons involved in the collisions, and 

not the number of collisions!) is 

• (VI. 24) 

3. Elastic scattering, independent particle model 

We now consider elastic scattering from a nucleus 

represented by an independent particle model. The definitions 

and notations are the same as in subsect. V.4. 

The jth contribution to the Glauber amplitude is given 

by (cf. eq. (V.27)) 

(VI. 25) 
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For the Fresnel correction we obtain 

(V. 2 6) 

, r~ i ) 

with 

(V.27) 

and 

(VI. 2 8) 

The derivation of eq. (VI.28) is not trivial and will be given 

in appendix C. We note that for spherically symmetrical 

functions V eqs. (VI.27) and (VI.28) simplify to 

clfi (b) = 0 (VI. 2 7 a) 

(VI .2 Sa) 

The sum D~j) of the eikonal-type contributions 

becomes 

. 
\ ~ 1 
4 -- } 
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where 

'J (VI. 30) 

and deo , dei , de 2 are the direct eikonal contribution, the 

eikonal contribution from rescattering 1, and the eikonal 

contribution from rescattering 2, respectively, 

., (VI.31) 

(VI. 32) 

(VI. 3 3) 

Here 

(VI.34) 

with 

(VI. 35) 

The total jth scattering contribution is 

f(~)l1j.) = Fdi>cr) +':D~~}(qf·) + :t~>cov.i.> 
""""" ~ VV' .,..J 

(VI.36) 
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Summation over·j= 1, ••• , A yields the total scattering 

amplitude 

. ~b ··s·· ~'t c ::: ~ J.}·b e, - - 1- $(b) J 
~~ ~ 

(VI.37) 

with 

(VI. 38) 

• 

In the optical limit A + oo this becomes 

(VI. 3 9/ 

To first order in k- 1 , the Glauber phase shift xG will thus 

be modified to 

(VI. :_.c;: 

The differential cross section is given by 

(v::;:. 4l) 

The total cross section is (using the optical theorem) 
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(VI. 42) 

If the Glauber phase shift is pure imaginary (a = o in eq. 

(VI.l7)), we obtain the remarkable result that the total 

cross section is independent of the first-order corrections. 

This can be concluded from eq. (VI.38) by noting that dF and 

de are real for a = o. Since crT is not very sensitive to a, 

one therefore expects the corrections of order k- 1 to the 

total cross section to be quite ~mall. 

We note that if we replace the function V by a real 

potential and de by its direct contribution deo' eqs. (VI.39) 

and (VI.40) become identical to the result obtained in 

section IV for potential scattering. There are no analogues 

in section IV to the rescattering terms d J. and d 2 , however. 
e~ e 

4. Application to elastic scattering from light nuclei 

In this section we study the elastic scattering of 

high-energy protons from 4 He, 12C and 160. We assume the 

single particle density in momentum space to be given by 

(VI. 4 3) 

Such a Gaussian-type function is consistent with the harmonic-

oscillator nuclear model and fits the electron elastic scatter-

ing data fairly well at small scattering angles [56]. Moreover, 

it allows to take the c.m. motion of the nucleus correctly into 

account by employing the Gartenhaus-Schwartz transformation [57]. 
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This means that instead of having to use expressions which 

contain a delta flinction constraint (cf. appendix B) and 

therefore are difficult to handle, we can employ the formulae 

of subsect. 3 derived for an independent particle nuclear 

model. We only have to multiply the total scattering 

amplitude by a factor exp (~ ~ q 2
). It is instructive to 

study our first-order corrections for a simple Gaussian first. 

With the explicit form (VI.l7) for the profile y, all inte-

grations can be done analytically. The results are 

where 

(VI.46) 

(VI. 4 7) 

(VI. 4 8) 

"'ti+-1.)' 1.) tj\ .l..){J..'D-+-C)-i {2B+C)
1 

.!.f. G" );l. 
.Ue_,_ l! c:=. f"' 1 \ '&+ C _lT:.+C)(lfn.+C) .l.\ ~liB (VI. 4 9) 

exr[ 'bl?-~+C) . I (q;J.)l. J 
)( l. P· .\~2. B+C ,_, 

J 

For simplicity the imaginary part of theprofile ·function 

(VI.l7) has again been neglected in the correction terms. 
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Fig. 1 shows the influence of the corrections on the 

Glauber differential cross section for p- 4 He elastic scatter-

ing at 1 GeV incident energy, with experimental points from 

ref. [1]. The Fresnel contribution is seen io be the dominant 

correction. It has a sizeable effect on the diffraction 

minimum regions. The eikonal-type corrections are negligible 

everywhere except at the second diffraction minimum where 

they have a marginal effect. A more detailed analysis shows 

that this is due to an almost complete cancellation between 

D(j) and D(j+l)at all momentum transfers, and to the smallness 
eo e1 

of D~~+2 ) Similar results are obtained for scattering by 

12 c and 16 0 at 1 GeV. However,the Gaussian density reproduces 

only the gross features of the angular distributions for these 

nuclei,and we therefore have to use the more realistic density 

(VI.43). (r = 6.93 (GeV/c) -z for 12 C and T = 9.15 (GeV/c) -z 

for 16 0 as in ref.[55~. As discussed earlier, the size of 

the e~konal-type corrections.mainly depends on the form of 

the effective interaction Y and less on the specific type 

of wave function employed. We therefore conclude that the 

eikonal corrections will be small with respect to the Fresnel 

corrections also for densities other than Gaussian, and thus 

disregard them. Figs. 2 and 3 show results for p- 12C and 

p- 16 0 elastic scattering at 1 GeV incident energy, with 
Q> 

experimental data from refs. [5g] and [1], respectively. 

Again the Fresnel corrections mainly influence the diffraction 

minimum regions. Their effect is of the same size for 12 C 

and 16 0. Though still significant it is smaller throughout 

than for p- 4 He scattering at the same energy,: due to the 

different densities employed. The prediction of too large 

values for the second and third maxima in the case of the 
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12
C-target possibly originates from the deformation of the 

12 C-nucleus [59]. 

We also have studied the influence of the Fresnel 

corrections on the total cross sections for scattering of 

protons by 4 He, 12 C, and 16 0 in the energy range 200 MeV to 

1 GeV. It is found to be very small; less than two percent 

of the Glauber result for incident energies > 300 MeV 

(compare figs. 4-6). This was to be expected from the 

discussion at the end of subsect. 3. We should mention 

that our results for 12 C and 16 0 closely agree with the 

Glauber model calculations of ref. [60] where a simple 

Gaussian was used. This indicates that the total cross 

sections are largely independent of the nuclear model 

employed. Thus aT-data appear to be suitable for studying 

corrections to the Glauber model which are of a different 

nature than those discussed here, such as spin and correlation 

effects, Fermi motion, recoil corrections etc. 
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Fig. 1: 

Proton-4He elastic scattering differential cross 
sections at 1 GeV. The experimental data are 
from ref. [1]. B = 5.45 (GeV/c)- 2

, C = 46.7 
(GeV/c)- 2

, o= 44mb, a= -0.3 as in ref. [55]. 
The dashed curve is the Glauber result, the solid 
curve include~ the Fresnel correc~ion, and the 
dotted curve takes account of both Fresnel and 
eikonal corrections. 
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Fig. 2: 

.Proton- 12c elastic scattering differential cross 
sections at 1 GeV. The eb~erimental data are 
from ref. [58]. C = 62.3 (GeV/c)- 2 , as in ref. 
[55]. The values forB, a and a are the same 
as in fig. 1. The dashed curve is the Glauber 
result, and the solid curve includes the Fresnel 
correction. 
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Fig. 3: 

Proton- 160 elastic scattering differential cross 
sections at 1 GeV. The experimental points are 
from ref. [1]. As in ref. [55], C = 73 (GeV/c)- 2 • 

B, a and a have the same values as in figs. 1 and 
2. The dashed curve is the Glauber result, and 
the solid curve {ncludes the Fresnel correction. 
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Fig. 4: 

Proton-
4

He total cross section. The experimental 
data and the values for B, a and a are taken from 
ref. [60] and references cited therein. C = 46.7 
(GeV/c)- 2 as in fig. 1. The dashed curve is thu 
Glauber result, the solid curve includes the Fresnel 
correction. 
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Fig. 5: 

Proton-
12

C total cross section, The experimental 
data and the values for B, a and a are taken from 
~~{. [60] and references cited therein. C = 62.3 
(GcV/c)- 2as in fig. 2. The dashed curve is the 
Glauber result, the solid curve includes the 
Fresnel correction. 
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Fig. 6: 

Proton- 16 0 total cross section. The experimental 
data and the values for B, a and a are taken from 
ref: [60] and references cited therein. C = 73 
(GeV/c)- 2 as in fig. 3. The dashed curve is the 
Glauber result, the solid curve includes the Fresnel 
correction. 
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5. Discussion of results 

We have obtained the first-order corrections to Glauber's 

multiple scattering model which originate from the replace-

ment of the free-space. Green function between successive 

scatterings by the second-order eikonal propagator. These 

corrections consist of Fresnel and eikonal-type contributi9ns. 

Approximating the projectile-target nucleon scattering 

amplitudes in the multiple scattering series by their on-

shell values (which corresponds essentially to the assumption 

of non-overlapping potentials in potential scattering), the 

Fresnel contribution arises from collision processes where 

the same target nucleon is·hit only once. Its size strongly 

depends on the form of the nuclear density. For heavy 

nuclei it originates mainly from the nuclear surface, in 

accordance with the physical picture of Fresnel diffraction. 

The eikonal contribution consists of three terms. These 

arise from single scattering on the same nucleon, double 

scattering on the same nucleon, and two double scatterings 

on two different nucleons, respectively. Due to large 

cancellation effects the total eikonal contribution is found 

to be very small with respect to the Fresnel correction. 

This result underlines the usefulness -of the-Fresnel approxi-

mation to multiple scattering. 

we have made a comparison with Glauber model results for 

high-energy elastic scattering of protons from 4He, 12C and 

16 0. While the Fresnel corrections have a negligible 

influence on the total cross sections, they have a sizeable 

effect on the diffraction minimum regions of the angular 

distributions. 
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We have studied approximations to.high-energy nuclear 

scattering which go beyond the Glauber theory. Our investi-

gations have been based on expansions of the free-space Green 

propagator in terms of simplified propagators (eikonal 

expansion and Fresnel expansion) . For simplicity, these 

methods have first been formulated for scatter~ng from a 

potential in the Schr6dinger-equation. 

Two approximations obtained from our expansions, the 

Fresnel approximation and the second-order eikonal approximation, 

have been employed in an analysis of nuclear multiple scattering 

formulated in the framework of the frozen-nucleus assumption 

and the on-shell approximation for the hadron-nucleon scatter-

ing amplitudes. We have shown that the Fresnel approximation 

leads, as in the corresponding Glauber approximation, to a 

finite multiple scattering series. The resulting formal 

expressions for the multiple scattering amplitude are, however, 

difficult to evaluate for target nuclei with mass number A > 2. 

The second-order eikonal approximation also yields a 

finite scattering series. This, however, includes contri-

butions from rescattering processes. Due to cancellations 

between these rescattering contributions and the eikonal-

type correction from the direct terms, the only significant 

first-order correction to the Glauber results originates from 

the leading term of the Fresnel'approximation. Our results 

therefore indicate that the Fresnel contributions constitute 

the dominant corrections to first order in the reciprocal 

wave number. These corrections have a sizeable effect on the 

diffraction minima of the elastic scattering differential 
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cross sections, comparable to the influence of nuclear 

correlation and spin effects [15,61]. For this reason they 

must be taken into account in realistic calculations of 

high-energy scattering differential cross sections. 
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In this appendix we show that the infinite remainder Tr 

of the multiple scattering series (V.l) vanishes in the 

approximation considered here. 

The simplest contribution to Tr represents a triple .. 
scattering event in which the projectile first collides with 

nucleon 1, then with nucleon 2, and again with nucleon 1. 

This is of the form 

(A .1) 

~ ~ ( k1-~i) G( ~~-b.> &,-t;z.) ~ (~~- ~:2.) G(!:>~-~~ >1~- t 1 )~(~1-~:.) \ o 1. 

Now it is clear that any approximation to the free-space Green 

function G of the form 

(A. 2) 

where g (b-b 1 , z-z 1
) is continuous at z = z 1

, yields F ~ 3 ) (q ) = o 
- - -

The same argu-
A 

ment is valid for any of the contributions to Tr • These are 

defined as containing 11 Closed loops 11 of the form 

j + j+l + ••• + j+i + j, giving rise to a factor 

8(1;i-l=• JJ6(?;- o-2:· o i)···0(1:·~ -[;·) 
4 jh ~+v j +~.- A 1 ·! "> 

(A. 3) 

A 

so that the corresponding term in Tr vanishes. 

As can be seen from eqs. (II.7a) and (II.l7a), the 
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eikonal and Fresnel Green functions are of the form (A.2). 

For the eikonal approximation it has been noticed by 

Eisenberg [SO] that the contributions from Tr vanish if in 

the multiple scattering series (V.l) the transition operators 
A 

t. are approximated by their on-shell values. 
J 

The latter 

approximation is equivalent to our assumption that these 

operators are given by the observed two-particle scattering 

amplitudes. The above considerations show that, under 

the same assumption on the tj' the rescattering terms vanish 

also in the Fresnel approximation. 

Moreover, it appears that the Fresnel approximation is 

in fact the closest approximation to G for which this holds 

true. The only contributions to G which are of the form 

-(A.2) are those whose Fourier transforms involve only Ge 

~ 
and h as defined by eq. (II.6); as shown in subsect. II.S 

N 

these add up precisely to the Fresnel propagator GF. 
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Here we briefly discuss how to take account of the 

centre-of-mass motion of the target nucleus in the Fresnel 

approximation. To bring out the point, we first deal with 

the eikonal case. The amplitude (V.l7) may be written 

explicitly as [19] 

(B .1) 

Here, nP and hP are the total initial and final momenta, 
-o -n 

~0 and ~n the initial and final internal wave functions of 

the nucleus, respectively; R = (S,Z) is its centre-of-mass 

coordinate, and r' = (s',z')= (s. - S,z. - Z), b' = b- S. 
-j ~j j ~J ~ J ~ -

In (B.l) use has been made of the fact that the internal wave 

functions and the profile function f are translation invariant. 

The integration over R yields -
~~ (~.L) = ~ (l.) c <tJ. + r: -'P~ ) s ( rr;·- -rn'1 ) ~~~ ~d:~ e.~ f ~ rd.~r; · ·· f,Pr~ 

'-""' ~ 't/flJ """" 

(B. 2) 

Aside from the delta functions expressing overall momentum 

conservation, eq. (B.2) is of the form (V.l7) if it is under-

stood that the internal target wave functions are to be used 
A 

together with the delta function o(A- 1 I r~). 
j=l -J 

The Fresnel amplitude (V.25) could be treated in the 
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same way, were it not for the fact that the profile function 
A 

rF defined by eq. (V.26) is not translation invariant as it 

stands. However, by a partial integration over b (similar 

to the one over b. used in deriving eq. (V.2l)) it can be 
..,.] 

shown that 

Then we obtain in analogy to (B.2) 

which is, again up to the appropriate momentum-conserving 

delta function, of the same form as eq. (V.25). Similar 

(B. 3) 

results are obtained in the second-order eikonal approximation. 
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Appendix· C ·: · Fresnel cor·re·ct·ion· for· elastic scattering 

in an· independent·-p·article ·nuclear model 

The derivation of the Fresnel contribution dFl (eq. 

VI.27D from the general expression D~~) given in eq. (VI. 

20a) is straightforward. We therefore only deal with the 

second contribution dF
2

. For an independent particle model 

of the nucleus, the general expression D~~) from eq. (VI.20b) 

becomes 

Since each term in the sum over the j! permutations yields 

the same contribution, we have chosen one specific sequence 

of indices l, ... ,j. Introducing the functions V(r) defined -
in eq. (V.3~ we obtain from eq. (C.l) 
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We now define 

(c. 3) 

By noting that d8/dz = o(z) I partial integration yields 

I~~~ 8(lj-lj-i)'t~jVlk)rj)·= w(b)oo)-V(bllj-1.) , (C. 4) 

(C.4a) 

Using these results in eq. (C.2) and changing indices 

~+2, .•. ,j into ~+l, ••. ,j-1, many terms cancel, with the 

result 

(c. 5) 

The terms summed over ~ represent a function symmetric in 

We thus can eliminate the step functions by 

introducing the sum over all permutations of the indices 

l, ..• ,j-1 and using 

(c. 6) 
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We note further that 

Thus we finally obtain 

with xG(~) defined in eq. (V.28) and dF2 {~) given by eq. 

(VI. 2 8) • 

(c. 7) 

(c. 8) 



r 
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Appendix D · • 'Fres·n·el· co·rr·ecti·on for· }?'oteht'i'al scattering 

The amplitude for scattering from a potential is 

f ( ~) - 1~ i;7· < ~ I ~ \ ~ '/ (D .1) -
" Here t is defined as 

,.. 
t (D. 2) 

,... 
with a potential operator V and the free-space Green pro-

pagator defined in eq. (V.2). We now expand (D.2) in a Born 

series and insert this in eq. (D.l). The resulting expression 

is very similar in its form to the sum of the direct terms 

of the multiple scattering series (V.l) for a target nucleus 

represented by an independent particle model. The former 

differs from the latter by a factor Aj(A-j) !/A!, and by the 

fact that it consists of an infinite number of terms. Both 

dif~erences are unimportant for the present consideration, 

and thus the derivation of the Fresnel correction (IV.4) oroceeds 
" 

along the same lines as in appendix C. Due to the above-discussed 

analogy the eikonal contribution (IV.9) is also obtained in 

the same way as the corresponding expression (VI.3l) for 

multiple scattering. 
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