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ABSTRACT
This paper examines the static hedging of a European up-and-out call option. Four different
static hedging models are examined in detail and are implemented. Their hedging performance
is examined in a framework that aims to simulate real market conditions. This is done to
determine the practical usefulness of the static hedging schemes in comparison with dynamic
delta hedging. Only one of the four models, by Derman, Ergener and Kani (1995) seems to
show promise when transaction costs and stochastic volatility are taken into account.
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INTRODUCTIO
Static hedging is one of the most actively researched areas in Financial Mathematics. This
paper examines various models proposed for hedging barrier options statically. Previous work
on the evaluation of hedges of these options by Tompkins (2002), concluded that while various
exotic options can effectively be hedged by either dynamic delta or static hedges, neither
methods produced effective hedges for a European up-and-out call option. Tompkins concluded
that further research into how this option can be hedged is warranted.

This paper extends the work done by Tompkins (2002) by examining four models for the
hedging of a European up-and-out call . In section two of this paper, an overview of the
rationale behind barrier options, the various types of barrier options and the pricing thereof is
discussed. Section three discusses the preference for static hedging and its main advantages.
This is followed by a section that provides a brief overview of the existing literature on the
static hedging of barrier options. The sections thereafter examine the four hedging models in
detail. Section nine evaluates the performance of the proposed static hedging methodologies
and casts some light on their effectiveness. Finally, relevant conclusions are drawn

All the modelling experiments were implemented in Microsoft Excel 2000 and Visual Basic for
Applications and were run on a personal computer with 1.2GHz processor with 640MB RAM.
The CD-ROM accompanying this paper includes all the programming code of the numerical
implementations ofthe four models reviewed in this paper.
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BARRIER OPTIONS

Barrier options have been traded in financial markets in larger volumes than vanilla options as far
back as the 1950's. Snyder (1969) discusses the use and market for 'special options', which are now
known as 'barrier options' . They allow the user to tailor option strategies to their specific market
views, generally at a lower cost compared to vanilla options. This section discusses the various
types of single European barrier options, their use and pricing in a Black-Scholes framework.

2.1 Types of barrier options
Single barrier options can be grouped into one of two groups: Regular or Reverse barrier
options. Reverse barrier options are options that are either born or die in-the-money. This
results in a discontinuity in the position needed when dynamically hedging (see
discussion in Section 3) which increases trading difficulty and risks . Table 1 below lists
the various type of single European barrier options and their payoffs. As soon as the
payoff condition are not met, the barrier option ceases to exist and pays out nothing.
Table 1: Categories ofSingle barrier options

Option

Type

Payoff at maturity

Down-and-out call

Regular

max{Sr -K,O} provided st > L, \It E [o,T] , whereL <K

Down-and-out put

Reverse

max{K -Sr,O} provided st > L, \It E [O,T], whereL <K

Up-and-out call

Reverse

max{Sr -K,O} provided st < L, \It E [o,T], whereL >K

Up-and-out put

Regular

max{K -Sr,o} provided sl <L, \It E [o,T], whereL > K

Down-and-in call

Regular

max {Sr - K, 0} provided 3t s.t. S 1 ~ L fortE [O, T], where L < K

Down-and-in put

Reverse

max {K- ST, o} provided 3t s.t.

st ~ L fortE [o,T], where L < K

Up-and-in call

Reverse

max{Sr . . :. K,O} provided 3t s.t.

st?::. L fortE [o,T],

whereL > K

Up-and-in put

Regular

max {K- ST, 0} provided 3t s.t.

st?::. L fortE [O,T] ,

where L > K

2
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2.2 Demand for barrier options
The following factors affect the demand for barrier options:
•

r

Cheaper than vanilla options: A major reason for the use of barrier options is that
they are cheaper than vanilla options. Consider a speculator who thinks that a share

f

(or index) will go up, but by no more than 20% over some period of time (say 6
months) . L t the current price level be 100, volatility 20%, the risk-free rate 10%
and assume no dividends. An at-the-money European vanilla call option (strike
equals 100) will cost the speculator 8.28 . However, a European up-and-out call
option with barrier level 120 will cost the speculator only 2.35 . Taleb (1997) notes
that fund managers use barrier options (particularly down-and-out puts) to hedge
their exposure, at reduced cost, but with residual risk.

•

Chartist views: Taleb (1997) also explains that the demand for barrier options is
affected by market participants believing in serial correlation and trends. Fund
managers may prefer to be long provided that the market does not fall below a
certain point. These market participants therefore create demand for down-and-out
call options.

•

Mean-reverting mentality: As opposed to chartist views, some market participants
believe in mean-reverting price processes. They believe that if the market rallies too
high, it will revert back (fall again) or vice versa. They therefore prefer to hold
options that come into existence against the general market direction. This mentality
lends itself to knock-in options. For example, those believing in mean reversion may
want to hold up-and-in put options in a rallying bull market.

3
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2.3 Pricing barrier options in the Black-Scholes framework
The focus of this paper from this section onwards will be on the European up-and-out
barrier option. The derivation in this section is based on the pricing of barrier options as
set out by Bjork (1998). We work in a space ( n, F , JPl, ( .r; ),~ 0 ) where :F, is generated by
a standard Brownian motion B,, augmented to satisfy the usual conditions. Consider the
following arithmetic Brownian motion process X, :
dX,

= f..1dt + O'dB,

(1)

X 0 =a

where f..1 is the constant drift,

0'

the volatility and B, a standard Brownian motion. Let

r fJ be a stopping time such that,

r fJ

= inf{ t : X, = ,8}

where ,8 >a
Define the absorbed process

X?

as follows:

x rp
1

=

X

I

if t < rp

(2)

{ ,8 if t ~ r fJ

Theorem 2.3.1:

The density / p(x;t,a) of the above absorbed process

X?

where

X,

is as defined in (1)

above, is given by

where <p(x; f.l, 0' 2 ) denotes the density of a normal distribution with mean f..1 and variance
2

0' .

The density /p (x;t,a) holds for the interval ( -oo, ,B) if a< ,8.

4
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The proof of the above theorem will be broken up into four sub-lemmas.

Lemma 1:
First note that Brownian motion satisfies the Strong Markov Property:

r

If r is a stoppi g time, then il1

r

Let r = inf {t: B1

l

!,

= y}

=Br+r- Br is

and let

il = Br+l 1

a standard B.M. indep. of the 0'-algebra F..
Br, where B,

= standard Brownian motion,

B; =sup Bs , 0 ~ y and x ~ y . Then,
S~l

JP'(B, ~X, B; > y ) = JP'(Br+(l-r) ~X, T <f)
= lP'(ill-r ~X- y, .. < t) since ill-r

~
1

= lP'(il _r
1

= B,- Br

and Br

=y

~ x- y)lP'( r < t) since il1_r independent of F. and {r < t} E

F.

= lP'(il1_r ~ Y- x)lP'( r < t) by symmetry

= JP'(ill-r ~ Y- X, T < l)
= JP'(B Br ~ y- X, T < t)
1

-

=lP'(B1 ~2y-x) sinceBr =y and {B, ~2y-x}~{r<t}
because B1

~

2 y - x :::> B,

~

y :::> r < t

Therefore,

lP'(B1

~ x,B; > y ) = lP'(B, ~ 2y- x) = lP'( ~ ~ 2Ji X)= 1- N( 2Ji x) = N( x -;;y)

since

~-

N ( 0,1) and where N is the cumulative distribution function of a standard

normal random variable.
D

Lemma 2:
We now investigate F,(x,y) = lP'(B1 ~ x,B; ~ y), the joint distribution of B, and B;. We
derive an expression for

F,. Now,
5

F,(x,y)=l?(B1 ~x,B; ~y)

= l?(B

1

~ x) -l?(B1 ~ x,B; > y)

Also, l?(B1 ~x,B; > y)=l?(B1 ~2y-x)

It therefore follows from Lemma 1 that the joint distribution F,(x,y) of (Bt'B;) 1s glVen

by

Ji

Ji

F,(x,y)=N ( x) -N (x-2y)

and the marginal density function with respect to x,

((X)
Ji -cp (X-2y)J
Ji

1 cp
!, x (x,y) = Ji

where cp(x) is the standard normal density function. This can be seen by differentiating
F,(x,y) with respect to x.
0

Lemma3:
Next, we aim to extend the result of Lemma 2 to the case where X 1 is an arithmetic
Brownian motion starting at 0 with drift Jl and volatility
f.'

motion B1 ,

X1 =

CY

1

2
and define dQ = e;;B,- 2cr dl? . Then define

B = Jil + CY B
1

and volatility

1 f.'2

CY.

1

CY.

•

Start with a

B =B
1

1

-

1-l t

JP> -Brownian

and define

(J

X 1 is then, under Q, an arithmetic Brownian motion with drift Jl

ow,

6

where the last line follows by completing the square. We have now shown that if X 1 is
an arithmetic

Q -Brownian motion, with X 0 = 0 , then

Now, if X 0 =a, then we simply replace x by x-a and y by y -a to get

F;(x,y ) = Q(X1 ~ x,x; ~ y )

= N( x -

a - fll

crJi

J_exp { 2f1 (y
cr

2

a)}

N ( x + a - 2y -

fll

J

crJi

and thus

1
2

where cp(x, f1 ,CY ) =

.[2;;

2Jrcr

- (X- IJ)2

e

2

2

a

isthedensityofa N(fl, CY

2

)

variable.

0

7

Lemma4:
Now suppose that
dX,

= f-Ldt + CYdB,

X 0 =a

under a measure JP> .
Consider the absorbed process
JP>(

x? s; X)= 1

if

X,'P

as defined in (2) and (1) above. It is obvious that

Xz. f3. Now,

Therefore, by Lemma 3 the density /p(x;t,a) of X,rp is given by
if X< j3

1
-(X- /1)2
2
for j3 >a where cp(x, f-l, CY 2 ) = ..j2; e 2,- • Lemma 4 thus completes the proof of
2trCY

Theorem 2.3.1.
0

Theorem 2.3.1 above can now be used to prove the following theorem for up-and-out

contracts (call or put).
Theorem 2.3.2:
Consider the following dynamics for the share price process and the bank account,
dS1 = aS,dt + CY S1 d~

dA, = rA,dt
where A, now refers to the bank-account at time t and

~

the standard Brownian

motion. Let F(t,s,<D) be the value at time t of a contingent claim with payoff <D(S(T))
8

at time T' given

sl = s . Also,

let FLO denote the pricing function of an up-and-out

contract with maturity T, payoff function <D(S(T)) and barrier level L. Furthermore, let

F (t, s, <DL) refer to the pricing functional of a claim at share price level s at time

t

and

payoff function <DL . Then,

F

where S<L and

LO

L
(t,s, <D)= F(t,s,<D ) - ( -; )
L

r=r-~a 2 •

0"2
2F

L2
L
F t,-;, <D
(

J

Here <DL(x)=<D(x).I{x<L} where I refers to the usual

indicator function.
Proof:

Let Z

LO

=

{<D(S(T)) if S(t) < L Vt E [O,T]
(i.e. claim only pays off if barrier has not
0 else

been hit). Now,

FLO(O,s,<D)
=

= e-'TE~s [ zw]

e-'rE~s [<D(S(T))./{

sup S(t)<L

}]

O<I<T

=

e-'rE~s [<DL(SL(T)).I
'

] where SL is the absorption of Sat level L

{sup S(I) <L}
O~t~T

where E~s refers to the conditional expectation under the risk-neutral measure,
conditional on the share price being s at time 0 .

J

L

E~s [ <DL(SL(T)) = J<DL(x)h(x)dx
0

where h(x) refers to the density of the stochastic variable SL (T). From standard BlackScholes theory and price dynamics,

9

where,
dX(t)

= rdt + adW(t)

X(O) =Ins
( X ln L

and thus SL (t) = e

(I))

. Therefore,
JnL

J f <DL(eY)f(y)dy

E~, [ <DL(SL(T)) =

-co

where f(y) is the probability density function of the stochastic variable X 1"L (T) as
given by Theorem 2.3.1 above. So,
r;:;;

f(y) = rp(y;rT + lns,a ..u)- exp

{-2r(lnsa -lnL)} rp(y;YT -Ins+ 2lnL,a-vT)
r;:;;
2

Therefore,

JnL

E~, [ <DL(SL(T))] =

f <DL(eY)f(y)dy

- co

This implies that,
u

Iffi~, [ <DL (SL (T))] = Iffi~, [ <DL (S(T))]- ( ~ )a Iffi~£ [ <DL (S(T))]
2

'
and therefore that,

F

LO

2

L al
L
L
u F ( t,-;-,<1>
(t,s,<D)=F(t,s,<D )--;
( )
L

J

0
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2.3.1 The European Up-and-out call option formula
Consider a European up-and-out call option with maturity T, strike level K and
barrier level L on a share with price S1 at time t. Also, let the share's continuous
dividend rate be q, the risk-free rate r

and the volatility CY. Therefore,

r = r-q-_!_CY 2 • By Theorem 2.3.2, we have that
2

where C(K) denotes the payoff of a call struck at K and CL (K) the payoff of a
contingent claim that pays

Sr - K if Sr < L
{

0

otherwise

In other words, the out feature here depends on Sr, not the path of (S) 1s.r .

Consider H (x;L)

={

1 if X> L

.

0 tf

X

-5,

L

. This contract gives the owner one unit currency if

the value of the underlying share exceeds L at maturity T, otherwise nothing.
Using risk-neutral valuation (in a Black-Scholes framework), because H is just a
binary call with strike L, it is well-known that

H(t,s;L)

= e-rCT-tlN

m(£) +

r(T- t)

CY.JT- t

where H(t, s;L) is the price of this contract at time t (maturity T) with share price

s at time t.
Now, for L < K the up-and-out call option has no chance of any payoff, so we can
ignore this case. If L > K , then

CL(K) = C(K)- C(L)-(L -K)H(L)
See Figure 1 below for an explanation.
11

Payoff at T of C(K)

s

K

_ _P_a_yo_ff_o_f-C-(K_)_-_c_(L_)_,/

s

L

K

Payoff of C(K)- C(L)- (L - K)H(L)

s

K

L

Figure 1: The payoff at maturity of an up-and-out call option synthesized using other securities

Therefore, the price of an up-and-out call option is as follows :
Cw (t,s ,K)

= C(t,s,K)- C(t,s,L)- (L- K)H(t,s,L)
2

-

( L) ~
--;

(Y

2
[

2

2

L ,K)- C(t ,-;
L ,L)- (L- K)H(t ,-;,L)
L
C(t ,-;

l

(3)

where C(t, s,K) denotes the price of a vanilla call option with strike K with a
share price of s at time t. This follows from the linearity of the pricing functional
F , which in turn follows from the linearity of the expectation operator.

12

2.3.2 Delta of a European Up-and-out call option

The delta, or first derivative with respect to the share price, of the European up-andout call (equation (3)) can thus be computed as

acw (t,s,K)
as

= aC(t,s,K) _ aC(t,s,L) _ (L _ K) aH(t,s,L)
as

as

as

2
2
2
2
2
2;:;
)(
;:)(
L
L
L
;-IJ[
- (Ll u ~2
su
C(t,-;,K)- C(t,-;,L)- (L- K)H(t,-;,L) ]
2

2

2
2
2
L
L
;
L)-;?( LzJ aC(t,-;,K) aC(t,-;,L)

(

- -;

as

--s
2

-

as

2
L
aH(t,-;,L)

l

- (L- K)--a....:::;s- -

for S < L, where aC(t,s,K) is the delta of a call with strike K and a share price of
as

.
. aH(t,s,L)
s at time t, while
as

=

e -r(T-t)

r;:;:;--: rp
T- t

S(J''\j

m(±) +

r(T -t)

CJ'.JT- t

Section 3.3 contains a discussion on the use of delta for dynamic hedging, its
continuity and some graphical depictions.
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2.3.3 Other Barrier Option Formulae

I

Formulae for pricing down-and-out contracts (FLO (t, s, <D) ) can be derived in a
similar way to up-and-out contracts as discussed in the previous sections.

See Bjork (1998), but note that the formula for an up-and-out call stated there is
incorrect.
The price of down-and-in contracts ( Fu (t,s; <D)) can easily be found through in-out
parity,

Fu(t,s;<D) = F(t,s;<D)-FLO(t,s;<D), Vs
because the down-and-in and down-and-out contracts are perfectly complementary.
When one disappears, the other appears and as a result, they must add up to a
vanilla contract ( F(t,s; <D)).
Similarly, the price of up-and-in securities ( Fu (t,s; <D)) can be found, again using
in-out-parity:

Fu (t,s;<D) = F(t,s; <D)- FLO (t,s; <D), Vs
Both put and call prices for these contracts can thus easily be found in a BlackScholes framework.
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2.3.4 8/ack-Scho/es prices versus real prices
In real market conditions, the crossing of the barrier is typically checked discretely
(for example once a day) . This contrasts with the Black-Scholes framework, where
the share price is monitored continuously. Figure 2 below depicts a heuristic
argument as to why the price of an up-and-out barrier option would be less under
continuous than discrete monitoring of the barrier. Assume that the price of a share
is S1 at time t and Sl+ 1 at time t, with both being below the barrier level L . In the
case of continuous monitoring, there are an infinite number of price paths between
time points t and t + 1 . A fair proportion of these paths may cross the barrier level,
resulting in the up-and-out option knocking out. However, in the case of discrete
monitoring at time points t and t + 1 , none of the share price paths will result in the
option knocking out (because only the values at times t and t + 1 are considered).

Share price

Continuous monitoring

~

Share price

_,...-...

L

L

/

~

I

J

t

t+1

I

I

...r

_

time

Discrete monitoring

------I
I

I
I

t

t+1

,..

time

Figure 2: Continuous versus discrete monitoring

The probability of crossing L is therefore greater under continuous monitoring. As
a result, the price of an up-and-out option is therefore lower in the Black-Scholes
framework than that observed in the market. Monte Carlo simulations confirm the
above argument.
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3 A CASE FOR STATIC HEDGING

l

r

This section motivates why market participants (and especially market makers in options) may
prefer static hedging to dynamic hedging in the case ofbarrier options.

3.1 Dynamic hedging
According to the Black-Scholes (Black and Scholes (1973)) theory, a share option at any
instant behaves like a weighted portfolio of risky shares and riskless zero-coupon bonds.
Instead of buying an option, you can buy a portfolio of shares and bonds, with weights as
given by the Black-Scholes formula, and earn exactly the same return. To accomplish this
you must continuously adjust the weights according to the formula though. This portfolio
with continuous adjustment is called the dynamic replicating portfolio.

3.2 Static hedging
Under static hedging, a portfolio consisting of various securities like standard options is
constructed so that it will exactly replicate the value of the target option (option needing
to be hedged). This portfolio can consist of securities with various maturities and strike
levels, but must have fixed weights that will require no further adjustment.

3.3 Dynamic Hedging: Problematic for Barrier Options
In this paper, market makers in options are assumed to be those market participants that
have no business reason other than trading profit to take on option positions. They don't
have some business or project risk that that needs to be hedged nor are they speculating
or placing a directional bet. Their business aim is simply to determine the cost of the
option and charge the client a price higher than this (i.e. cost of option+ profit = option
premium). Dynamic hedging, like delta hedging (see Hull (2003) for a discussion), is not
used to determine the cost of the option to the market maker. It is rather a technique used
16
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by market makers to protect themselves from losses. Static hedging will prove to be a
better tool for determining the cost of the option, especially in the case of a barrier option.
Let's consider dynamic hedging of a European up-and-out call option on a share in
comparison with a European vanilla call option. Parameters are given in Table 2 below.
Table 2: Option Parameters

I

Strike Price (X)

RlOO

Barrier Level (L)

R150

Volatility

20%

Risk-free rate (r)

10%

Continuous dividend yield (q)

5%

Time to maturity in years (T)

1/12

Note that the rates in Table 2 above are given in NACC (nominal annual compounded
continuously) form. Figure 3 below shows the Black-Scholes values for the up-and-out
call option (UOC) and the vanilla call option at time 0 for various spot prices of the
underlying share.

Value of UOC vs Value of Vanilla Call

-UOC

-Vanilla Call

60
50
Cl)

40

::J

>

30

~

20

C'CI

c:

a.

0

Share Price
Figure 3: Value of up-and-out call option vs. value of vanilla call option
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As discussed in Hull (2003), anyone interested in delta hedging (making a portfolio deltaneutral) will be interested in the portfolio's (or option's) delta and gamma. Figure 4
below depicts the delta for the up-and-out call and the vanilla call.

Delta of UOC vs Delta of Vanilla Call

-uoc
-Vanilla Call

0.5
0
-0.5
-1
~ -1.5
-2
-2.5
-3
-3.5
~

-4

Share Price

Figure 4: Delta of up-and-out call option vs. delta ofvanilla call option

Figure 4 above shows that while the delta for the barrier option almost coincides with that
of the vanilla call for share prices less than Rl20, it differs significantly for values close
to the barrier option's barrier level (R150) . The fact that the barrier' s delta changes so
much as the spot level tends to Rl50 makes delta hedging for the barrier option more
difficult. A small price change in the spot level of the underlying can result in large losses
when delta hedgi ng, as continuous adjustment is impractical. Figure 5 reinforces this.
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Gamma of UOC vs Gamma of Vanilla Call

-UOC

-Vanilla Call

-0.05
-0.1
C'll
E
E -0.15
C'll

(.!)

-0.2
-0.25
-0.3
-0.35
-0.4
Share Price

Figure 5: Gamma of up-and-out call vs. gamma ofvanilla call option

Figure 5 shows that when the spot price approaches the barrier level (RJ50), the gamma
takes on large negative values. These large absolute gamma values imply that delta is
highly sensitive to the price of the underlying share. It is then quite risky to leave a deltaneutral portfolio unchanged for any length of time. Frequent rebalancing is therefore
imperative. The reason that deltas and gammas for the up-and-out call become such large
negative values i that the payoff of the barrier option is discontinuous at the barrier level.
Figure 6 plots the Vega for the two options in question. This shows that a market maker
(or anyone who wants to hedge a barrier position) will find it difficult to dynamically
vega-hedge an up-and-out call option. The vega of the up-and-out call simply changes too
much when the spot level approaches the barrier level. This can be attributed to the fact
that a volatility pickup near the barrier increases the likelihood of the price of the
underlying passing through the barrier.
In contrast to the up-and-out call, the Greeks of the vanilla call are always positive wellbehaved functions making dynamic hedging more practical.
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Vega of UOC vs Vega of Vanilla call
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-Vanilla Call
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Figure 6: Vega of up-and-out call vs. vega ofvanilla call

3.4 Advantages of static hedging over dynamic hedging
The previous subsection showed that dynamic hedging for barrier options (especially the
up-and-out call option) could be problematic. This section notes the main advantages of
static hedging over dynamic hedging.
•

Dynamic hedging requires continuous trading (rebalancing) that will generate
infinite transaction costs. One may argue that it is acceptable to trade periodically.
This may lead to a low approximation error for securities with low gammas.
However, barrier options like up-and-out call options often have regions of large
negative gamma, which can lead to substantial losses under dynamic hedging. Static
hedging doesn 't have this problem, as long as the hedger can trade at the first
passage tim to the barrier.

•

To dynamically hedge barrier options, the hedger needs to continuously estimate the
future carrying costs ( r ), dividend yield ( q) and volatility of the barrier option. An
error in estimating these parameters will lead to erroneous dynamic hedging. This
can be substantial especially in the case of large absolute values for the Greeks, as
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observed fo r the up-and-out call option (but also for other barrier options). Static
hedging only requires knowledge about the implied volatility of the vanilla options
at inception of the hedge and sometimes when the underlying asset is at the barrier
level.

•

Static hedging comprises the construction of a portfolio consisting of traded vanilla
options (in the case of a barrier option). The market values of these vanilla options
provide us with a good estimate of the cost of the target option (the barrier option to
be hedged) . Dynamic hedging relies on a theoretical framework of option valuation
(like Black-Scholes) that ignores transaction costs and assumes market conditions
that are unrealistic.

Static hedging is not without its problems though. An illiquid market in the required
hedging instruments poses a real problem. An investigation into static hedging does seem
warranted though if one takes its advantages into account.
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4

AN OVERVIEW OF STATIC HEDGING OF BARRIER OPTIONS

This section contains a brief overview of the literature surrounding static hedging of barrier options
to date:

r
•

Bowie and Carr (1994) show how to statically hedge single barrier options and look-back
options, based on the assumptions of the Black (1976) model. These results were later
extended by Carr and Chou (1996) to include assets with a non-zero underlying carry rate.
They show that all down-and-in securities can be decomposed into a static portfolio of ArrowDebreu securities, which in turn can be statically hedged by vanilla options. In-out parity
implies that the same result holds true for out options. Carr, Ellis and Gupta (1998) further
extended this research to include assets with non-lognormal distributions. The research done
by these authors can be grouped together as they are all based on the underlying principle of
' vertical' replication. This involves static hedging by taking a position in securities with the
same maturity as that of the security being hedged, but with various strike levels. Their results
are favourable as they provide closed-form analytical solutions for the hedge positions and
values.

•

Derman, Ergener and Kani (1995) introduced a different approach to static hedging known as
' horizontal ' replication. This involves taking positions in various securities with maturities
before and equal to that of the hedged security, all with the same strike level. Their model can
be considered a discrete-time model as it only provides exact replication at a finite number of
time points. The model generates numerical solutions for the , hedges and values of barrier
options using the available hedging instruments.

•

Chou and Georgiev (1998) established an analytical connection between the above two
approaches. They also furthered the 'vertical' replication method by showing how to hedge
when the drift is a piecewise-constant function oftime.
'

'
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•

Tompkins (2002) sim lated dynamic hedging using Monte Carlo methods in comparison with
various proposed static hedging strategies for various types of options. He concludes that:
"The results varied among the types of exotic securities. Neither dynamic no_r static
hedging approaches were found to be universally superior. " (Tompkins (2002), p.31)
'
'
Tompkins further notes that the Carr, Ellis and Gupta (1998) method for hedging an up-and-out
call is ineffective. Specifically he notes that:
"It was found that both approaches [delta hedgi.n g and the Carr, Ellis and Gupta
approach of static hedging] jailed to adeq1:1ately address the risks of up-and-out calls,
and further research into how these pro~ucts are he4ged is warranted" (ibid, p.32)

•

Thomsen (1998) extended Tompkins's research. Like Tompkins, Thomsen based his research
on the assumptions of discrete trading

~pportunities, pos~tive

transaction costs .and. a stochastic

volatility structure. However, Thomsen considers underlying assets with.non-zero constant
carrying rates, and compares dynamic hedging with the Carr and Chou (1996) static hedge of

.

'

down-and-in calls. He concludes that not only under a perfect marke~ setting. (Black-Scholes
framework), but also under conditions oftransactions costs and stochastic volatility, the static
hedge performs better than dynamic hedging.
•

Toft and Xuan (1998) tested the Derman, Ergener and Kani (1995) model for up-and-out calls
with rebates by assuming that Heston's stochastic volatility model describes market option
prices. They concluded that the static hedge is effective i.f volatility is mod.erate or if the rebate
is set equal to the intrinsic value of the corresponding standard call.

•

·

Brown, Hobson and Rogers (1998) took a different approach to that of Carr, Ellis and Gupta
(1998) and Derman, Ergener and Kani (1995). They use traded call options to establish lower
and upper bounds for barrier options. The benefit is that market beliefs and preferences are
incorporated into the hedge and that these prices are mC?del independent. They also provide
simple arbitrage strategies when barrier options are trading outside of these limits.
23

•

Carr and Pieron (1999) use a mixture of'vertical' and 'horizontal ' replication to statically
hedge American binary options. They show that the ability to hedge these fundamental path-

•

dependent securities implies that all other single-barrier options can be statically hedged . They
conclude that:
"Our simulation of dynamic and static hedges of American binary calls shows that static
hedging dominates dynamic hedging in both a mean-variance framework and in a more
general utility maximization setting" (Carr and Pieron (1999), p.67)
'

'

They also note that it would be relatively easy to extend the analysis to more complicated
barrier options (e.g. lookback and multiple-barrier options), but that it would be challenging to
extend the analysis to include time and

~pat!ally

dependent variance rates,

in~erest

rates and

dividend yields and still retain analytical solutions.
•

Liljefors (2001) examines the efficiency of the Derman, Ergener and Kani (1995) model under
dynamic market conditions. He first builds the Derman, Ergener and Kani (1995) portfolio and
then optimises it over the number of options to buy/sell(with the flexibility to choose different
strikes). This dramatically diminishes the risk compared to the original Derman, Ergener and
Kani (1995) portfolio when dynamic market conditions are applied.

•

Andersen, Andreasen and Eliezer (2002) present extensions of the results of some of the
above-mentioned articles. They derive exact, explicit expressions for the composition of
statically replicating portfolios that allow the underlying asset price process to have both jumps
and a time- and state-dependent diffusion volatility structure. These results are all based on the .
assumption that European options are traded for all maturities and strikes, with inelastic
supply.

•

Dupont (2002) outlines the application of the technique known as mean-square-hedging to
static hedging of barrier options. This technique minimizes . the hedging
. error and an extension
is derived to make this technique consistent with any prior pricing model or with any linear
24

constraints on the hedging residual. The main benefits of this method of replication are that it
does not require any strong assumptions on the availability of traded options with certain
strikes or maturities, or on the distribution of the underlying asset.
•

Poulsen (2003), much like Thomsen (1998) and Tompkins (2002), compares dynamic hedging
with static hedging. Poulsen, however, focuses on model risk (the effect of model
misspecification on prices). He finds that,

"Static hedging of barrier options is more sensitive to model risk than 11-hedging. Still, under
realistic conditions wrong static hedges may very well outperform correct 11-hedges.
Especially after some natural adjustments. "(Poulsen (2003))
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THE CARR, EL LIS AND GUPTA MODEL
Carr, Ellis and Gupta (1998) (CEG) introduced static hedges for various European pathdependent exotic options that rely on the put-call symmetry (PCS) result developed by Bates
(1988). The CEG method of static hedging is also known as 'vertical ' replication as it uses
options with variable strikes, but fixed maturity (the same maturity as that of the exotic option
being hedged) to construct the hedge.

5.1 Model Assumptions
The model relies on the following assumptions:
•

Frictionless markets and no arbitrage opportunities.

•

Liquid vanilla options market. Vanilla options with the required strike levels are
freely available in the market place.

•

Underlying price process with zero drift. An example of such a price process is the
familiar geometric Brownian motion under the risk neutral measure:
dS1

-

st

=(r-q)dt + crd~

(4)

where S1 is the price of the underlying asset at timet, r the nominal risk-free rate, q
the continuous dividend yield of the underlying asset, cr the standard deviation of
the underlying asset's relative price changes and

~

the familiar standard Brownian

motion. The zero drift condition therefore implies that r

=q ,

so that S1 is a

martingale.
•

A symmetric volatility structure (described below)
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The above assumptions show that the CEG model has some obvious limitations,
particularly the zero-drift condition. Section 5.4 discusses the main limitations of the
CEGmodel.

5.2 Put-call symmetry and a symmetric volatility structure
Denote T as the xpiration time of options under consideration and K as the strike price.
Note that under the zero drift assumption, forward prices equal spot prices, since

F = s e <r-qXT-1)
I

(5)

I

where F; denote the forward price for delivery Tat time t and thus when r

= q , F; =S

1

'lit. Therefore, the zero drift condition implies that options written on the spot price
behave the same as those written on the forward price.
CEG make the further assumptions that:
•

The volatility of the forward price is a known function u(F; , t) of the forward price
F; and timet.

•

The following symmetry condition holds:
u(F;, t)

=u(F 2 IF;, t)

(6)

for all F; ~ 0 and t E [ 0, T] where F is the current forward price

Fa.

CEG notes that the above symmetry condition is satisfied in the Black (1976) model
where volatility is deterministic ( u(F;,t) =u(t) ). The symmetry can be seen when the
volatility is graphed as a function of

~

= ln(F; I F) . If

v(~, t)

= u(F;, t), the equivalent

condition is:

v(y,t) = v(-y,t)

(7)
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for all y

E

R and t

E [ 0,

T],

where

I: =y

for ease of notation. This equivalent condition

can be derived as follows :

v(y, t) = u(F;, t)

by definition

=u(F IF;, t) by the symmetry condition
=u(F.F IF;, t)
=u(Feln(F I F, ) ' t)
=u(Fe-y, t) since y = ln(F; I F)
=v(-y, t)
since FeY =F;
2

CEG notes that the symmetry condition is satisfied in models with a symmetric volatility
smile in the log of KIF . The same holds true for volatility frowns and even more
complex volatility structures. Note that volatility here is local volatility ( u(F;, t)) and not
implied volatility. Refer to Derman and Kani (1994), Dupire (1994) or Kani, Derman and
Kamal (1996) for a discussion on local volatility.

Theorem 5.2.1: European Put-call symmetry:
Given frictionless markets, no-arbitrage, zero drift and the symmetry condition, the
following relationship holds:
(8)

where C(KJ and P(KP) denotes the price of a European call struck at Kc and a
European put struck at K P respectively and where the geometric mean of the call strike

Kc and the put strike K; is the forward price F(= S) (the price ofthe asset):
(9)

This relation holds at any time before and including expiration.
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Proof:
Denote

F;

as the forward price at time t E [ 0, T] of the underlying for delivery in T years

time. Also, let

CJ(F;, t) be the local volatility rate of the forward price as a function of the

forward price

F;

and timet. Under the risk-neutral measure, the forward price process is

given by

dF; =CJ(F;' t)d~
F;
where

~is

(10)

a sta dard Brownian motion. Let B0 denote the price at time 0 of a bond that

pays one currency unit at time T and let C0 (K, T) and

Fa (K , T)

denote the initial value of

a European call and put struck at K and maturing at timeT. Let Gc(K,T)

= Ca(K, T)

and

Bo
GP(K,T)=

Pa(~, T)

be the forward prices at time 0 of these options for delivery in T

0

years.

Lemma 1:
CEG then shows that both these forward prices satisfy the following partial differential
equation (PDE) :

(11)
where K > 0, T > 0
This result and it proof can be accredited to Dupire (1994) . It shows how forward option
values change with the strike and maturity, holding the initial time and underlying
forward price fix ed. The proof is as follows:
Consider the standard result that the forward price of a call is given by its expected
payoff under the risk-neutral measure:
<X)

Gc(K,T)

=f(FT -K)p(FT,T;F"a,O)dFT

(12)

K
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where p(Fr, T; f'o ,0) is the transition density function of the forward price showing the
probability density function of the forward price at Fr at time T, given that it is at F0 at
time 0. The Kolmogorov forward equation governing this density is:
2

1 8
2 aK

-2

[

a

a- 2 (K,T)K 2 p(K,T;Fa,O) ] =-p(K,T;Fa ,O)

ar

(13)

where K>O,T > O.
Differentiating (12) twice with respect to K yields:
(14)

This result (14) can be attributed to Breeden and Litzenberger (1978).
Substituting (14) into (13) yields:

(15)

where K > 0, T > 0 . Integrating twice with respect to K yields (13), the required result.
By put-call parity, the same result holds for European puts.

It can easily be verified that Black' s formulae for calls and puts satisfy the above
equation (15) with a- 2 (K , T)

=o-

2

.

The forward call value Gc(K,T) is the unique

solution of ( 11) subject to the boundary conditions :
Gc(K,O)

=max(F0 -K,O] , K

>0

lim Gc(K ,T)=O , T > O

K _,oo-

Similarly, the forward put value CP (K, T) is the unique solution of (11) subject to the
following boundary conditions:
30

G/K,O)=max[K-Fa,O], K>O
lim GP(K,T) : K, T>O

K-tro-

lim GP(K,T) = 0, T > 0

K-tO+

Consider the normalized call and put values: uc(Y, T)

uP(y,T)

=GP(K,T)(KF;S

12

where y

=ln(K I F

0)

=Gc(K, T)(KF Y' 2 and
0

and Tthe maturity as usual.

Lemma2:
It can be shown by a change of variables that the normalized values both solve the

following PDE:

v2(y, T) a2u ( T)- v2(y, T) u( T) = au ( T)
2
al y,
s
y,
ar y,

where y

E ( -oo, oo ), T

> 0 and v(y, T)

(16)

= ()(FaeY, T) is the volatility expressed as a function

of y and T. In the case of uc(y, T), this can be done as follows :

8uc(y,T) _ 8(Gc(K,T)(KF0 f 112)

ay

ay
ace (KF.0
=
c
aK

r

112

)

aK

ay

dropping the (K, T) for ease of use

= acec (KF.arl /2 ) FeY
aK

a

Therefore,
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Making

02

G; the subject ofthe above equation and substituting it into (11) yields,

aK

since oGc = ouc(y, T) (KF0

ar

ar

Y

12

•

Simplifying and noting that v(y, T)

= O'(F0 e Y , T) yields

the required result (i.e. (16)). A similar argument holds for u/-y ,T) .
D

The normalized forward call value uc(y ,T) is the unique solution of (16) subject to the
following boundary conditions:

lim_u c (y , T)
y --+oo

=0 , T > 0

lim uc(y ,T) = +oo , T > 0

y-..+-00+

While the normalized forward put value uP(y, T) is the unique solution of ( 16) subject to
the following boundary conditions:
32

r
lim_uP(y,T)
y.-+oo

= +oo,

T >0

lim uP(y,T) = 0, T > 0

y .-+-<X>+

Recall from (7) our symmetry condition, which implies that:

This together with an analysis of the previous two sets of boundary conditions leads one
to conclude that uc(y,T) and uP(-y,T) satisfy the same boundary value problem and are
thus equal. Therefore,

uc(y,T)

= uP(-y,T)

for all y

E

R,T > 0

Recalling our definitions of the normalized put and call values, we can rewrite this
equality as,

where ~ KcK P = F0 • This can be seen as follows: First, denote K by Kc instead, so that

uc(y,T) = Gc(Kc,T)(KcF0 f

111

up(y,T) = Gp(Kc,T)(KJ'0 f

111

y

=ln(Kc I F

by our previous definitions. So that F0

0)

= Kce- y . Also, note that

~KpKc =F0
(K p K c )111 =Ke-y
c
1
1
1K
-1 / 2 = -y
KP
c
e

K p =Fe-y
0
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Now,

uc

(y, T)

= u P (-

y, T), so that

Gc (K c > T)(K c F0 )- 112

=G

p

(Fe
-y ' T)(Fe-y
F0 )- 1' 2
0
0

Multiplying both sides by jF;B0 yields the required result (Theorem 5.2.1) :

= P0 (K p> T)K p - 112

C0 (K c> T)Kc - 112

5.3 Hedging an Up-and-Out Call using CEG
Although the CEG model can be used to hedge various exotic European path-dependent
options, the foe s in this paper will be on hedging a European up-and-out call option
(UOC). Once a hedging strategy for the UOC option is derived, the in-out parity result
can be used to determine the hedge or value of an up-and-in call option (see section
2.3 .3).

Put-call symmetry will be the fundamental result used to establish the hedge for the UOC
in this section. Note that all the instruments considered in this section, have the same
maturity as that ofthe UOC ('vertical ' replication) .
By definition, an UOC has a knockout barrier set above the current market price (or
forward price, si ce r

= q , and thus F; = S

strike (L>K) is considered, because if (L

~

1

\:ft ) . Note that only barriers set above the

K) the option will be worthless, as it will

knock-out before it can have a positive payoff. Consider the following naive replicating
portfolio :
•

A long E ropean call struck at K

•

sell (write) - European puts struck at L
}(

}(

L2

The reasoning is as follows : The call will match the required payoff at maturity if the
barrier has not been hit. The puts will provide a portfolio of zero value along the barrier:

34

When F(= S) =L, the put-call symmetry condition is:

2

Therefore substituting K P = L into the above put-call symmetry equation and solving

K

for C(K) yields:

In other words, when F(= S) = L, the call will exactly be offset by the position in the
written puts, leaving us with a portfolio with zero value. However, our hedge is incorrect
since when F(= S ) < L, our naive replicating portfolio does not match the barrier as our
position in puts still has value.
Instead CEG proposes the following replicating portfolio for the UOC using up-and-in
securities:
•

A long European call struck at K

•

A European up-and-in put (UJP) struck at K, with barrier level L

•

A short posit ion of (L-K) up-and-in bonds (UIB), with barrier level L. By definition,
an up-and-i bond UIB(L) pays one currency unit at expiration, as long as the barrier

L has been hit before expiration.
Our portfolio in summary then,

UOC(K,L)

=C(K) - UIP(K,L)- (L- K)UIB(L)

(17)

for L > K , F . This replication can be seen as follows . Consider the UOC if the barrier is
never touched : The required payoff is exactly equal to that of the call, while the up-and-in
securities expire worthless as the in-barrier as not been crossed. If the barrier is crossed
before expiration (and the UOC knocks out), the in-securities knock in and become
vanilla options. P t-call parity tells us that our replicating portfolio can then be liquidated
at zero cost: By put-call parity,
35

C(K) = [L - K]B(T) + P(K)
since F(= S)

=L

and where B(T) denotes a zero coupon bond maturing at timeT

(equivalent to our up-and-in bond) .
Note that this replicating portfolio is model independent (since put-call parity is model
independent) and holds for any underlying price process. CEG, however, note that the upand-in securities may not trade or may only trade with heavy friction. The aim is
therefore to try and replicate these up-and-in securities using vanilla European options.

K

. L2

Put-call symmetry can be used to show that- calls struck at -

L

K

will replicate the

2

UIP(K ,L) option. Here, L

K

= L.!:_ > L > K
K

since !:..._ > 1 and therefore the call never

K

expires in the money. lfthe barrier is never hit before maturity, the UIP(K ,L) expires
2

worthless as do the calls. Mathematically, if Sr

because ST-

~

~s

r(

1-

~) < 0 . Hence, if

sl

s L, then

2

K ( LK J= L
K ( Sr - LK J+= 0
LC

does not hit the barrier, then

c(; J

= UIP(K,L) . Ifthe barrier is hit before expiration though, the above position

in calls exactly equal the P(K) which in turn equals the UIP(K ,L) since the put has
knocked in. Mathematically, if S 1 does hit the barrier, however, then

~c(;J=~(;n(;t c(~Jl
=~(;JY, (K-Y,P(K))
=P(K)
CEG then show that the UIB(L) can be replicated by buying 2 binary calls (BC) struck at

1
L and - European calls struck at L. In other words,
L
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J

'

UIB(L)

= 2BC(L) + _!_C(L)

(18)

L

for L > F . Note that by definition, the binary calls pay one unit currency at expiry if the
underlying asset' s price finishes above the barrier L at expiry.

Proof of Up-and-In bond replicating portfolio:
First rewrite the up-and-in bond as a combination of an up-and-;in binary call and an upand-in binary put,

UIB(L)

=UIBC(L) + UIBP(L)

(19)

The UIBC(L) will provide the identical payoff as that of the UIB(L) when the
underlying asset' s price crosses the barrier and ends up above the barrier at expiry (the

UIBP(L) will then expiry worthless) If the barrier is crossed before expiry, but the
underlying asset' s price ends up below the barrier at expiry, the UIBP(L) will identically
match the UIB(L ) payoff(while the UIBC(L) will expiry worthless)
Observe that an UIBC(L) is identical to a standard BC(L) since it has to knock in to
have positive val e. Thus UIB(L)

= BC(L) + UIBP(L) .

CEG then expand the UIBP(L) into the following components using the Chriss and Ong
(1995) method of synthesizing using vertical spreads:

UIB(L) = BC(L) + lim_n[ UIP(L ,L)- UIP(L- n-1,L)
n--.oo

J

(20)

and apply put-call symmetry to get

UIB(L) = BC(L) + lim_n[ C(L)- (L- n-1 )D 1C(L2 (L- n- 1f
n--.oo

1

)

J

(21)

Note that as explained on the previous page,

(LJ

(LJ=
2

2

UIP(K ,L) =LC
K
K

and thus UIP(L,L)

=L C

L

C(L) and also that
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A good approximation to (21) is as follows :
UIB(L) ~ BC(L)

+D

1

lim_C(L2 (L- n- 1f
n4oo

1
)

+

lim_n[ C(L)- C(L

n ~oo

+

n- 1)

J

(22)

with approximation error of O(n- 2 ) . Again using Chriss and Ong (1995) the final term

C(L)

can be rewritten as a binary call while the second term tends to D 1

as n ~ oo .

Therefore,
UJB(L)

= 2BC(L)+D 1C(L)

(23)

Rewriting (17) in terms of (23) and the replicating portfolio of calls for the UIP(K,L)
discussed on the previous page, yields the following :

UOC(K,L) = C(K)-

c( J-[

~ ~

2(L - K)BC(L) + L

~ K C(L)]

(24)

for L > K,F. Eq ation (24) above still contains a binary call. Again, the Chriss and Ong
(1995) method of synthesizing can be used to reduce it to an infinite number of vertical
spreads of standard calls:
BC(L) = lim_n[C(L)- C(L + _!_)]

n

n ~oo

(25)

This technique of binary call replication is impractical though. A numerical technique
called Richardso extrapolation (see Dahlquist, Bjorck and Anderson (1974) or Marchuk
and Shaidurov (1983) for a derivation) can be used approximate the limit in (25). This
works as follows :

Consider three known points for (25). Let these be n =1, n = 2 and n =3 , so that the
values of C(L ),

C(L+l), c(r+±)

extrapolation fits a polynomial of the form

c(r+k)

are known. Richardson

f (x) =ax2 + bx + c

through these three points

and
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wherex,

=I,

x,

f (x,) =n( C(L) -

=~

c(

L+

x,

and

~))

words, n = 1 correspond to

X1

=±

so

that

and f(x,) =3 ( C(L)-

=

f(x,) C(L)

c( + ±))
L

-c( +f).
L

respectively. In other

= 1 , n = 2 to x2 = _!_ and n = 3 to x3 = _!_ . Substituting into
2

3

the polynomial then,

j (X1)

= a+ b + C

a b
j(x2) = 4+2+c
a b
f(x 3 )=-+-+c
9

3

and therefore

C(L) -C(L + 1) = a+b +c

2( C(L)-C(L+~)) =: + ~ +c
3(C(L)-c(L+~))=; +%+c
In matrix notation,

C(L)- C(L + 1)

2(C(L)-c(L+~))
3( C(L)-c(L+D)
inverting,

-12
16

-4

9

C(L)-C(L + 1)

2(C(L)-c(L + ~))
4/i
3(
L+~))

-13/i

(26)

C(L)-c(
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Now, lim corresponds to x = 0, but f(O) =c . Therefore,
n~ co-

BC(L)

t

~~(C(L)-C(L+l))-+( C(L)-c(L+ ~))J+4H3( C(L)-c(L+~))J

and thus

BC(L)~6C(L)-0.5C(L+1)+8C(L+ ~)- 2; c(L+~)

t

(27)

CEG notes that the above portfolio of vanilla calls approximates the binary call well
(accurate to five decimal places), but the approximation deteriorates near expiration when
prices are near the strike. Substituting equation (27) into (24) produces a static hedge
consisting of plain vanilla call options of varying strikes, but fixed maturity T. The static
hedge is as follows,

An even better approximation for the binary call (and thus up-and-out call) can be found
by using four known points. Refer to Marchuk and Shaidurov (1983) for a derivation of
the required positions for four or more points.
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5.4 Limitations and restrictions of the CEG model
The limitations and restrictions of the CEG model can be grouped into the following
categories:
•

Zero drift price process: While this is acceptable for options on futures, it will is
unlikely that the price process of any share or index will exhibit a zero drift. Carr
and Bowie ( 1994) and CEG did relax the assumption of zero drift, but they were
only able to derive tight bounds for the required static hedges.

•

Symmetric volatility structure: Volatility structures do sometimes exhibit a
symmetric structure, especially smiles in the case of foreign currency options (see
Hull (2003), pp.330-345). However, volatility skews are far more prevalent in the
market for equity options.

•

Fractional positions : The static hedge derived above requires the hedger to take on a
fractional position in certain options. This is fairly impractical.

•

Broad, deep market of vanilla options: The hedger requires a market of plain vanilla
options with various strike levels. These options may not trade or may only trade
infrequently.

•

Not a ' pure' static hedge. The hedger is required to liquidate the portfolio as soon as
the barrier level is hit. To an extent, continuous monitoring of the position is
therefore still required.

•

Transaction costs: The CEG model ignores transaction costs. When the replicating
portfolio is unwound, transaction costs will be incurred that might not produce the
required payoff.
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6 THE DERMAN, ERGENER AND KANI MODEL
The Derman, Ergener and Kani (1995) (DEK) model is based on 'horizontal' replication. This
involves the building of a static hedging portfolio using securities with a wide range of
maturities (i.e. not only securities with the same maturity as that of the target option, as in the
case of 'vertical' replication). The DEK model specifies step-by-step how to find a replicating
portfolio for any path-independent or 'weakly' path dependent options at all future share price
levels and times. A barrier option is an example of a 'weakly' path dependent option where the
payoff depends only on whether or not the share price path has crossed a certain level. The
DEK model is not applicable to ' fully' path dependent options (e.g. Asian options) though. In
general, the DEK replicating portfolio would require an infinite number of hedging
instruments. Using a finite number of instruments, the target option can be hedged precisely at
a finite number of time points. An increase in the number of instruments will increase the
hedging accuracy.

6.1 Model Assumptions
The model relies on the following main assumption(s) :
•

Black-Scholes assumptions, including most notably:
o

The share price follows the familiar geometric Brownian motion with
constant volatility under the risk-neutral measure.

o

Short selling is allowed .

o

Securities are perfectly divisible. In other words, fractional positions in
options can be taken in the market.

•

Option positions can be liquidated at model implied prices.

•

A wide and deep market for vanilla options with a wide range of strikes.
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6.2 Mathematical derivation of the DEK model
Assume that the share price process follows a geometric Brownian motion process with
constant volatility under the risk-neutral measure. In other words,

dS1

-

s =rdt + CJdW

t

t

(28)

where S1 denotes the share price at time t, r the constant risk-free rate, CJ the constant
volatility and ~ a standard Brownian motion.
Let V (S1 , T- t) denote the value of a European derivative dependent on S1 at time t. The
DEK models aims to find a portfolio of standard options that replicates the value of the
derivative V(S~> T - t) for all times t, except possibly at expiration T. Mathematically,
T

f

V(SI' T- t) = w(t, u)Option(SI' K(u),u- t)du

(29)

where Option( S~> K (u ), u - t) denotes the value of standard call or put option with strike

K(u) and maturity u-t and w(t,u) the number of options (i.e. weight) with maturity

u- t . The DEK model is interested in a static hedge (i.e. fixed weights) . Therefore the
weights must be independent of the initial time t,

a
at

-w(t,u) = 0

The first parameter t is therefore redundant and can therefore be eliminated to make way
for a simpler static weight function w(u). The integral representation in (29) therefore
represents the value of the derivative V (S~> T- t) as a changing portfolio since some of
the options mature as t -+ T , with static weights corresponding to options with changing
maturities (the same option keeps the same, constant weight although the option's
maturity changes as one moves through time from t to 1). For simplicity, we will assume
that the strike prices K(u) coincide with the boundary levels. In other words,

K(u) = B(u)
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This will ensure that there are no cash flows generated by expiring options. Consider for
example a European up-and-out call option ( V (S1 , T- t) = UOC) with barrier level L. If
call options with strike levels less than the barrier level are used to hedge the UOC, cash
flows will possibly be generated during the life of the option. This can invalidate the
hedge. Using strike levels that coincide only with the barrier level, this will be avoided (A
similar argument holds for exotic derivatives with down barriers and double barriers).
We can therefore rewrite equation (29) as
T

V(S" T -t)

=I w(u)Option(S"B(u), u -t)du

(30)

Equation (29) above was defined for all times t, except possibly at expiration T. This was
done for the following reason. Take the case of the up-and-out call with t = T and S1 = L .
The payoff of the up-and-out call is discontinuous at S1 = L . This means that the weight
w(T) has the form of a Dirac delta function. To avoid the problems that this will pose
when determining the integral (the integral will be improper), DEK separates the terminal
weights from the integral, so that
T

V(S" T - t)

=I w(u)Option(S"B(u), u -t)du +wTOptior~r-(ST>B(T), T- t)

(31)

where wT represents the collective weights necessary to hedge the payoff of the target
option at expiration while OptionT (ST, B(T), T- t) represents collectively the standard
options necessary for the hedge at expiration. The problem now reduces to finding the
weights (of the appropriate standard options) w(u) . This can be done as follows. Let
Boundary _payo.ff(t) denote the known payoff at time t on the boundary. When
S, =B(t),
T

Boundary_ payoff (t)

=I w(u )Option(B(t), B(u ), u- t)du + wTOptionT (B(t), B(T), T- t) (32)
t
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Equation (32) can be used recursively to determine the weights w(u) as follows .
Consider t =T . First identify an appropriate collection of standard options with
expiration T. Both Boundary_ payoff(T) and OptiOfLr (B(T), B(T), T- T) are known
and

Boundary_ payoff (T) =wrOptiofLr (B(T), B(T), T- T)
Therefore the weights wr can be determined. (In certain cases such as the up-and-out call
option with a discontinuous payoff at the barrier level, OptiOfLr (B(T), B(T), T- T) will
be zero for options. This makes the weights wr indeterminable. As we will see in the
next subsection, modifying our approach so that options expiring at time T hedges the
target option at time T- s, for small s > 0, will produce a good approximation.)
Equation (32) can then be used recursively to determine the weights for the replicating
portfolio of standard options. Doing this in a continuous time space is impractical though
(since there are an infinite number of time points and weights). Instead DEK uses
discretization of time to approximate the hedge and weights at a finite number of time
points.
Consider dividing the time interval (t, T) into a set of equally spaced time points

where wN now denotes the collective weights at termination of the target option. The
integral representation (31) then becomes,
/N

V(S;. T - i) = Lw(u)Option(S;,B(u), u -i) +wNOptionN(S;,B(T), T -i)

(33)

u= i

where i =t0 , ...tN . Equation (32) becomes,
/N

Boundary _payoff(i) = L w(u)Option(B(i),B(u),u- i)+wNOptionN(B(i),B(T), T -i) (34)
u= i

Consider i

= tN.

Equation (34) is then,

Boundary_ payoff(T) =wNOptionN (B(T), B(T), T- T)

(35)
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with Boundary_ payoff (T) and Optionr (B(T), B(T), T- T) known. The weights wN
can therefore be determined. We can then find wN-I from equation (34) as follows,

Boundary_ payoff(tN-I ) =wN_pption(B(tN-I ), B(tN-I ), tN-I - tN-I )
+wNOptionN(B(tN_ 1),B(T), T -tN_ 1)
since all quantities in the above equation are known, except wN-I (the option values are
simply Black-Scholes prices). This recursive method can be applied to find all the other
weights wl> w 2 , . . .wN _2 .

6.3 Hedging an Up-and-Out Call using DEK
This section demonstrates the hedging of a European up-and-out call option on a share
with parameters as given in Table 3 below.
Table 3: Parameters of the up-and-out call option

Spot price of share ( S0 )

R80

Strike price (X)

RlOO

Barrier Level (L)

Rl20

Volatility (a)

20%

Risk-free interest rate (r)

5%

Continuous dividend yield (q)

3%

Option' s time to maturity in years (1)

1

Note that the rates in Table 3 above are given in NACC (nominal annual compounded
continuously) form. Computing the theoretical price implied by the Black-Scholes model
for this up-and-out call option, yields a value ofR0.541246.
We now try and find an approximate hedge for the above up-and-out call using the DEK
model. We first use only 6 positions in call options with different maturities to construct a
perfect hedge at five time points only. The discretization approach as outlined in the
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prev10us subsection is used. Also, the modification (also discussed in the prev10us
subsection) is applied to avoid the problem of indeterminable hedging instruments at
expiration. Table 4 below displays the calls used to construct the hedge.
Table 4: Hedging the up-and-out call using six vanilla call options
Strike Price

Option

Expiration (Maturity)

Time of hedge

Call 1 (Obvious position)

R100

1

-

Call2

R120

1

0.8

Call3

R120

0.8

0.6

Call4

R120

0.6

0.4

Call 5

R120

0.4

0.2

Call6

R120

0.2

0

The obvious hedging instrument for the up-and-out call struck at Rl 00 is a European call
option struck at RJOO (Call 1) with the same maturity as that of the up-and-out call
option. This option will perfectly hedge the up-and-out call if the out barrier (RJ20) is
never hit.
A position in Call 2 (with maturity at time 1) is bought to ensure that if the barrier (R120)
is hit at time 0.8 (i.e. in 9.6 months time), the payoff (value) of Call 1 will be perfectly
offset by Call 2 (i.e. so that the portfolio consisting of both will have zero value once
liquidated).
Similarly, a position in Call 3 (with maturity at time 0.8) is purchased to ensure that if the
barrier is hit at time 0.6, Call 3 will exactly offset the values of the positions in Calls 1
and 2.
Table 5 below shows the calculated positions in the various options needed for the hedge,
as well as the Black-Scholes prices of these options at time 0.
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Table 5: Using six vanilla call options to hedge the up-and-out call options

Multiplying the values in the column labelled "Weight" in Table 5 with the
corresponding values in the column labelled "Price at time 0" yields the cost of this static
hedge (R0.688113).
Figure 7 below plots the value of the hedging portfolio against various times to maturity
of the up-and-out call when the price of the underlying share is equal to the barrier level

(RJ20) . A 'perfect' hedging portfolio should give us a portfolio of value zero in this
situation. The graph in Figure 7 can therefore be seen as an indication of the error
inherent in using the hedging portfolio as described above.

Portfoli o Value at various times to expiry at barrier level
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14 "'C
...0
12 ~
2.
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8 <
r.l
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0
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0.6

0.4

0.2

0

Time to expiry

Figure 7: Hedging error ofportfolio with six call positions

The graph shows that the hedging portfolio is zero for the hedging times of the five nonobvious call options (i.e. times 0; 0.2; 0.4; 0.6 and 0.8). Note that these times correspond
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to times 1; 0.8; 0. 6; 0.4 and 0.2 to expiry for the up-and-out call. It is evident from Figure
7 that the error is greatest very close to expiry of the up-and-out call. However, this is as
expected.
In an identical fashion a second, more accurate hedging portfolio can be constructed
using 21 call option positions with different maturities. These options allow the hedge to
be 'perfect' at 20 different time points.
Table 6 below shows the detail of this replicating portfolio.
Table 6: Using 21 vanilla call options as a replicating portfolio

The cost of this replicating portfolio is therefore R0.584626. This value can be seen to
converge to the Black-Scholes price ofR0.541246 as the number of hedging instruments
and time points increase. A hedging portfolio consisting of 101 call options with equally
spaced time points for hedging can be shown to cost R0.550569.
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Figure 8, similar to Figure 7, plots the value of the hedging portfolio of 21 positions in
different call options against various times to maturity of the up-and-out call when the
price of the underlying share is equal to the barrier level (RJ20) .

Portfolio Value at various times to expiry at barrier level
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Figure 8: Hedging error of replicating portfolio consisting of 21 call positions with different maturities

As expected, the hedging error shown in Figure 8 is smaller than that ofFigure 7. Again,
the error is, not surprisingly, greatest close to expiration of the target up-and-out call
option.
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6.4 Limitations and restrictions of the DEK model
A few of the maj or limitations and restrictions of the DEK model are as follows :
•

Model implied prices. The DEK model assumes that model implied prices will be
realized on liquidation of the option positions, either at maturity or when a barrier
will be hit. Changing parameters like volatilities and other market conditions and
frictions make this unlikely. This also then leads us to our second point:

•

Only a ' semi' static hedge. The hedger still needs to monitor the position and
liquidate the portfolio as soon as a barrier level is hit. It is therefore not really a
'hedge and forget' pure static hedge. Furthermore, the continuous monitoring of the
portfolio implies costs, unaccounted for in the model.

•

Notional positions in vanilla options. As evident from the previous section (see
Figures 7 and 8), fractional notional positions in vanilla options are required . This is
not realistically achievable in the market place.

•

Strike levels. Clarke ( 1998) notes that barrier options frequently have barrier levels
far removed from strike levels observed in liquid vanilla option markets. Finding
vanilla options with the appropriate strike levels can therefore be problematic.

•

Only an approximation. The previous section shows that the DEK model only
produces an approximate replicating portfolio in practice (the hedge is only perfect
at a few discrete points in time) .
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7

MEAN-SQUARE HEDGING IN THE DUPONT FRAMEWORK
The DEK and CEG methods of static hedging introduced above were noted to make strong
assumptions either on the availability of vanilla options with given strikes and maturities or the
distribution of the share price process. Dupont (2002) introduces an alternative method called
mean-square hedging. This method closely resembles the general linear model in regression
analysis. The writer of a barrier option may have liquid vanilla options with only a few
maturities and strikes available to hedge the barrier option. These vanilla options may not have
the required strikes and maturities to hedge the barrier in either the DEK or CEG framework.
Mean-square hedging provides the hedger with a method that uses only these vanilla options to
construct the best possible semi-static hedging portfolio. In addition, any share price process
and option valuation method can be used in conjunction with mean-square hedging method.

7.1 The Mean-square Hedging method
Consider a barrier option with price

r;

and underlying share price S1 at time t, strike

level K, barrier level H and maturity T. Also, consider a world with n possible states
at time T . These n states correspond to n possible states for S1 and

r;

at time T .

availability of k hedging instruments (these can be any assets, e.g. vanilla options, bonds
etc.) with prices S~, ...

,s;

respectively. However, with n possible states ofthe world at

time T, these assets will each also have n possible states. Group the asset prices of these
hedging instruments at maturity T together in a matrix X , where
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Matrix X therefore has dimensions ( n x k) . Similarly group the barrier option values at
maturity T into a matrix Y , where

Y=

is a

(n X 1)

matrix. Denote the position in asset

together in a matrix

si

f3i . Again group

by

these positions

p such that,

P=

is a ( k x 1) matrix. Consider the equation Y

=

xp + e

where e is the ( n x 1) matrix,

e=

In other words, matrix e is the matrix of errors from regression. Mean-square hedging is
n

concerned with fi nding the matrix

p such that e' e = L e;2 is

minimized ( e' denotes the

i=l

transpose of matrix e). In other words, mean-square hedging minimizes the hedging error
at maturity, give a set of hedging instruments k and asset prices at maturity for the n
possible states of the world.
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7.2 Mean-square hedging of an Up-and-out call option
The method of mean-square hedging can be best illustrated by considering an example.
Consider the hedging of a European up-and-out call option with asset dynamics given by
equation (36) below, and parameters as given in Table 7.
Table 7: Parameters of Up-and-out call options

Spot price of share ( S0 )

R80

Strike price (X)

RlOO

Barrier Level (L)

Rl20

Volatility (a)

20%

Drift rate of share price (JL)

20%

Risk-free interest rate (r)

5%

Continuous dividend yield (q)

3%

Option's time to maturity in years (1)

1

Note that the rates in Table 7 above are given in NACC (nominal annual compounded
continuously) form. Assume that the hedging instruments available are as given in Table
8.
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Table 8: Details ofhedging instruments/assets
Instrument

Type

Strike

Volatility

Maturity in years

-

-

-

1

Option 1

Call

R70

20%

1

Option 2

Call

R75

20%

1

Option 3

Call

R80

20%

1

Option 4

Call

R85

20%

1

Option 5

Call

R90

20%

1

Option 6

Call

R95

20%

1

Option 7

Call

R100

20%

1

Option 8

Call

R105

20%

1

Option 9

Call

RllO

20%

1

Option 10

Call

Rl15

20%

1

Bank

account

I

zero-coupon bond

Note that all the options listed in Table 8 above are options on the underlying of the
barrier option to be hedged. Since the maturity of these options is identical to that of the
barrier option, the risk-free rate and dividend yield will be the same as that ofthe barrier
option.
Although an implied volatility skew is common in the marketplace, the assumption here
will be that all the options listed in Table 8 and the barrier option will have a constant
implied volatility of20% until maturity.
In this example, it follows that k = 11 . Next, the asset prices at maturity T for the various
states of the world n need to be calculated. As all the assets are options on the same
underlying (except for the bank account I risk-free zero coupon bond, in which case

s; ((l)i) =1 for i =1, ... , n ), the problem reduces to calculating only the share price of the
underlying asset for the various states of the world n .

55

We make the fo llowing assumptions about the share price process and option valuation
model:
•

Assume a geometric Brownian motion share price process, so that

dSr

st

=(0.2-0.03 )dt + 0.2dB

1

(36)

S0 = 80
(recalling the values in Table 7), where B1 is a standard Brownian motion under the
real-world measure.
•

Also, assume that the above vanilla options and barrier can be valued using the
Black-Scholes model.

The share price at maturity T , for the various states can therefore be simulated using
Euler' s approach:

(37)

where

&

is a sample from the standard normal distribution. In addition, choose:

•

n = 10000 i.e. there are 10000 states of the world and therefore 10000 simulations

•

11t = !_ = - - . In other words, discrete increments once per day to the share price
N 365

1

(365 time steps).
Note that instead of using Monte Carlo simulation, as we do here, one can also use a
binomial tree or trinomial tree for the share price evolution.
One further thing must be kept in mind: the up-and-out call option can at any stage (time
step) knock out (cross or hit the barrier of R120) . This is bound to happen for a fair
proportion ofthe 10000 simulations ofthe share price at maturity. When this happens, the
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portfolio of asset (options in this example) is liquidated (which implies that this method
is semi-static) and respective values accumulated (rolled forward) to maturity using the
bank account.
One Monte Carlo simulation with antithetic variate (see Clewlow and Strickland (1998)
for a discussion) was run (with the parameters n = 10000 (paths) and N = 365 ).
Microsoft Excel ' s Solver function was then used to find the matrix

pthat

minimizes

n
""
2 .
eI e = "L..e;

i=l

Table 9 below lists the optimal asset positions (weights) and the cost of the hedge at time
0. "Weights" in Table 9 refers to the required position in the particular option. A negative
weight indicates that the option needs to be written, while a positive number indicates a
purchase. The bank account position indicates the required amount of money that needs
to be deposited at time 0.
Table 9: The required asset positions (weights) and the associated costs
Bank Account position
Option 1
Option 2
Option 3
Option 4
Option 5
Option 6
Option 7
Option 8
Option 9

10
Total Cost of

at time 0

To test the quality of the hedging position, the regression measureR-squared can be used.
Recall that R-squared is defined as follows :

R2

i(fr (w;)- rf

= -'-'i=:..c.l_ _ _ __

±(

Yr (W;) -

f)

2

i =l
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where Y refers to the arithmetic mean of the elements of the column vector Y and

Yr (m;)

the value produced by our hedging portfolio when the share price is in state i . In

our example above, the R-squared equals 80.61%. This seems to suggest that the hedge is
fairly good. However, closer inspection of the hedging errors under the various states
indicates that this is not the case. A fair number of the observations have large errors in
absolute terms. Figure 9 below shows the errors
""'

ei = YT ( {l)i)- YT ( {l)i)

fori

= 1, ... , n where Y=XP with p being the p that minimizes e' e = .L e;.
""'

....

""'

n

i= l
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Figure 9: A plot of the observed regression errors under the various states

In other words, an error of Rl 0 means a loss of Rl 0 for the writer of the barrier option
under that specific state. This loss is large relative to the cost of the hedging strategy.
Consider an alternative hedging portfolio, consisting of the instruments as given in Table
10.
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Table 10: Details ofhedging instruments/assets
Instrument

Type

Strike

Volatility

Maturity in years

-

-

-

1

Option 1

Call

R90

20%

1

Option 2

Call

R95

20%

1

Option 3

Call

R100

20%

1

Option 4

Call

R105

20%

1

Option 5

Call

RllO

20%

1

Option 6

Call

R115

20%

1

Option 7

Call

R120

20%

1

Option 8

Call

Rl30

20%

1

Option 9

Call

R140

20%

1

Option 10

Call

R145

20%

1

Bank

account

I

zero-coupon bond

A Monte Carlo simulation (with the same up-and-out call option parameters as the
previous hedging portfolio) yields a R-squared value of 96.16% and positions (weights)
as given in Table 11 below.

Tab/ell :The required asset positions (weights) and the associated costs

Option
Option
Option
Option
Option
Option
Option
Option
Option
on

1

2
3
4
5

6
7
8
9
10

Total Cost of Hedge at time 0

An error plot (see Figure 10) of this portfolio confirms that this semi-static hedge

performs much better than our previous portfolio.
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Figure 10: A plot of the observed regression errors under the various states

Although some of the hedging errors are still big in absolute terms, the errors are in
general much smaller than those in the previous hedging portfolio. In particular, there are
fewer errors with large positive values (these correspond to those states implying a loss to
the writer of the barrier option).
An analysis of the latter hedging portfolio's instruments [in Table 10] indicates that the

availability ofvanilla options (hedging instruments) with high strike levels is crucial for a
reasonable hedge to be constructed.
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7.3 Advantages of Mean-square hedging
The main advantages of Mean-square hedging are as follows :
•

As opposed to the CEG and DEK models discussed earlier, mean-square hedging
places no re trictions or assumptions on the share price process. The user is allowed
to specify any process he/she sees fit. This further translates into allowing an option
pricing model other than the Black-Scholes model.

•

The user of this semi-static hedging scheme is allowed to specify the available,
liquid vanilla options that can be used to construct a hedge. No assumptions about
the availability of options with specific strike levels or maturities are made.

•

Although not discussed in this paper, mean-square hedging can incorporate
constraints on the hedging error as well as the allowable option positions.

•

Mean-square hedging also allows a volatility structure to be specified i.e. a volatility
skew or smile can be incorporated. This may be a better representation of reality.

7.4 Limitations of Mean-square hedging
Mean-square hedging does have the following limitations though.
•

Computationally the method is more complicated than the CEG and DEK models.
Computation time is therefore also greater.

•

Mean-square hedging is still only a semi-static hedge. If liquidation is removed (to
make it a full static hedge), the hedge deteriorates and hedging errors grow very
large.

•

Even with a portfolio of hedging instruments with a wide range of strike levels,
hedging errors are fairly large in some states.
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8

THE ANDERSEN, ANDREASEN AND ELIEZER MODEL
Andersen, Andreasen and Eliezer (2002) (from here on referred to as AAE) extended the
results of previous literature on static hedging. They derived exact, explicit expressions for the
static hedging of barrier options with almost any complicated knock-out region. Rebates were
also included in their analysis. In the case of an out option, a rebate is an amount received by
the option holder if the barrier option knocks out before maturity. AAE demonstrated that their
technique allows for a local volatility structure, which depends deterministically on time and on
the underlying asset as in Dupire (1994). When a stochastic volatility structure is considered,
their technique breaks down though (see AAE Appendix B for a discussion) .

8.1 Static hedging under the AAE model

The AAE method is based on the following assumptions and results:
•

First assume that all interest rates and dividend yields are zero. Also assume that the
underlying hare has a local volatility structure. Mathematically,
(38)

where S1 denotes the share price at time t and

~

the standard Brownian motion

under the risk-neutral measure.
•

Let C(T,K) and P(T,K) denote the time-0 prices ofEuropean call and put options,
with maturity T and strike level K . Denote the marginal density of S1 by

f (t, S)

so that f(T ,S) corresponds to the marginal density of Sr . Now,
co

f

C(T,K) = (S- K)f(T,S)dS
K
K

f

=- (S- K)j(T,S)dS
co
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Hence,
K

CK(T,K) =-(K -K)j(T,K)-

f- j(T,S)dS
<Xl

K

=fj(T,S)dS

........... (*)

<Xl

r

r

·

I

t

and so

CKK (T,K)

= j(T,K)

where subscripts denote partial derivatives. Therefore,
(39)
This result was first proved by Breeden and Litzenberger (1978) and is model
independent.
By put-call parity, j(T, S) = PKK (T, S) . Also, from

(*)

above,

<Xl

fj(T,S)dS =-CK (T,B)
B
B

(40)

fj(T,S)dS =1+CK(T,B)

,l

0

AAE prove the following theorem (see pp.17-21 in AAE) :

Theorem 8.1.1:
Suppose that the underlying share evolves according to (38) and consider an option that
has the value g ( Sr ) at time T and knocks out on a set B c .0, .0 =[0, T] x ( 0, oo), with a
once differentiable rebate function, R , that depends only on time. Assuming that .0 \ B is
an open submanifold in .0 , a static hedge for the option value is defined by
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•
co

BO(O,S0 ) = Ig(S)CKK(T,S)dS
0

1T

-- I

L

2

[BOs(t,S+)-BOs(t,S-)]cr(t,S) S 2 CKK (t,S)dt

2 0 SE(W)(t,-)
co

-I

L

[BO(t+,S)-BO(t,S)JcKK(t,S)dS

o tE(IaB)(·,S)

-LtBR (t)CKK (t,S)dtdS
1

where aB and intB denote, respectively, the boundary and interior of B, R 1 = ~,

BOs (t, S +) is the limit of BOs (t , S + 8) for 8 -1- 0 and BO(t, S) is the value of a barrier
option at time t with share price S at that time. Further, define

laB= {(t,S) EaBj38 > 0: (t,S +h) EaB, Vihi < 8}
as =aB\IaB
and if A c

n , let
A(t ,-) = {s E

(O,oo)!(t,S) E A}
A(-,S) ={t E [o,r]!Ct,S) E A}

The first term i

Theorem 8.1.1 above is that part of the barrier price that can be

attributed to the payoff at maturity. The second term represents the non-vertical parts of
the knock-out barrier, the third the vertical parts and the fourth the rebate.

8.2 Hedging an up-and-out call option
Consider Theorem 8.1.1 in the case of an up-and-out call option with a constant barrier

B, no rebate, maturity T and strike level K < B (recall that Theorem 8.1.1 assumes that
all interest rates and dividend yields are zero). Note that here there is no rebate, so the
fourth term in Theorem 8.1 .1 falls away. Also, jaB= { }, the empty set, so the third term
also falls away. In addition, g(S) = (S- Kt I{s<BJ, so that
64

ct)

I g(S)CKK (T,S)dS
0
ct)

=I (S -Kt I{S<B}CKK(T,S)dS
0

B

=I (S -K)CKK(T,S)dS
K

Therefore,
B

oo

oo

I (S- K)CKK (T,S)dS =I (S- K)CKK(T,S)dS- I (S- K)CKK (T,S)dS
K

K

B
ct)

=C(T,K)- I(S-K)CKK(T,S)dS
B
ct)

=C(T,K)- I (S- B + B- K)CKK(T,S)dS
B
ct)

ct)

= C(T,K)- I (S -B)CKK(T,S)dS-I (B- K)CKK(T,S)dS
B

B
ct)

= C(T,K)- C(T,B)- (B- K) I CKK(T,S)dS
B

=C(T,K)- C(T,B) + (B- K)CK(T,B)
since CKK (T, S) = f(T, S) . Lastly, consider the second term in Theorem 8.1 .1. Note that
for a constant barrier level, the boundary

aB consists only of one piece, so that the

summation sign is redundant. Also, for an up-and-out option, UOC(t, B+)
UOCs(t,B+)

= 0,

so that

= 0 . Therefore, the third term reduces to
1T
2 2
--I -UOCs(t,B-)<J(t,B) B CKK(t,B)dt

20
1T
2 2
=- IU0Cs(t,B-)<J(t,B) B CKK(t,B)dt

20
T

=Iuocs(t,B-)Cr(t,B)dt
0

recalling from Dupire (1994) that Cr (t,B)

= ]_<J(t,B) 2 B 2CKK (t,B) . The hedging equation
2

for the up-and-out call option under consideration is therefore,
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T

UOC(O,S0 )

=C(T,K)- C(T,B) + (B- K)CK(T,B) + fUOCs(t,B-)Cr (t,B)dt

(41)

0

8.3 A numerical example
Consider the hedging of a European up-and-out call with parameters as given in Table 12
below. Note that here the volatility is assumed constant, so that o- =o-(t, S1 )

.

Table 12: Parameters of the European up-and-out call

Spot price of share ( S0 )

R80

Strike price (X)

R100

Barrier Level (L)

R120

Volatility ( o-)

20%

Risk-free interest rate (r)

0%

Continuous dividend yield (q)

0%

Option' s time to maturity in years (1)

1

Consider an implementation of the AAE hedging equation (41) where the integral term is
approximated by a midpoint Riemann sum. An implementation with 5 subintervals for
the Riemann sum yields the hedging portfolio indicated by Table 13 .

The first two option positions represent the required position for C(T,K) and C(T,B)
respectively, while the third and fourth positions are those required for the strike spread

(B-K)CK(T,B)=(B-K)[C(T,B+s;-c(T,B)J. Note that the strike spread involves
a first derivative approximation in B to the right, to ensure that there are no unwanted
cash flows ( C (T, B- &) will produce a unwanted cash flow) . The value of
above-mentioned strike spread was 0.01 , while the

&

&

used for the

value used for the maturity spread

in the integral approximation was 0.0001 . Note that the choice of & values will influence
the maximum allowable subintervals for the integral approximation.
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Table 13: Hedging position for the up-and-out call given in Table 12 above

Table 13 shows that the required hedge has a total cost of R0.575558 compared to the
Black-Scholes value of R0.483974. Increasing the number of subintervals produces a
total hedging cost that converges to the Black-Scholes value.

8.4 Non-zero interest rates and dividend yields
In this section we aim to extend the static hedge of the up-and-out call to the case of nonzero, constant risk-free rates and dividend yields. In other words,

(42)
where r and q denote the continuously compounded risk-free rate and dividend yield
respectively and

~

a standard Brownian motion under the risk-neutral measure. First,

consider the case of constant volatility u(t, S1 )

=u .

AAE suggests non-zero interest rates and dividend yields can easily be incorporated into
their model by modelling the forward share price

F; , instead of the share price (equation

(38)), so that
(43)
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,

where F;

=S e<r-qXT-t ) and
1

T is the option's maturity. By Ito's Lemma, this is equivalent

to dS1 =(r- q)S1dt +O'(t,S1 )d~. AAE notes that in this case, the barrier levels must be
represented in terms of forward share price levels, B(t) =Be<r-qXT-t), and terminal
payments must be represented in terms of their discounted values. In other words, the
barrier level becomes time-dependent. The resulting hedging equation is then
UOC(O, S0 )

=C(T,K)- C(T,B(T)) + (B- K)CK(T,B(T))
T

+ fUOCF(t,B(t)-)Cr(t,B(t))dt
0

= C(T,K)- C(T,B) + (B- K)Cx (T,B)
r

as

0

8F;

+ fuocs(t,B(t)-)-1 Cr(t,B(t))dt

(44)

= C(T,K)- C(T,B) + (B- K)Cx (T,B)
T

+ f e-<r-q XT-t)UOCs(t,B(t)-)Cr(t,B(t))dt
0

A

where C(T,B(T)) refers to the value of a call option on the forward share price with
maturity T and strike B(T) . However, a call option on the forward share price is
equivalent to a call option on the share price with interest rate r and dividend yield q .
A

Therefore C(T,B(T)) = C(T,B(T)) . Futhermore, C(T,B(T)) = C(T,B) since B(T) =B.
The only other complexity remaining in constructing the static hedge is then the
computation of UOC(t, B(t)-), the value of an up-and-out call option on a share, with
underlying process ( 42) and with moving barrier B(t) = Be<r-q XT-r). Kunitomo and Ikeda
(1992) provide a closed-form solution for such an option. Once UOC(t,B(t)-)

IS

computed, its delta UOCs(t,B(t)-) can easily be computed numerically.
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An implementation of this static hedging scheme (44) however fails to work. The hedge
does not seem to converge to the Black-Scholes value 1•2 .

8.5 Advantages of the AAE model
The AAE model has the following main advantages:
•

The model allows for a price process with jumps. Although not discussed in this
paper, the AAE model extends Theorem 8.1.1 to the case of an underlying share
price proces with jumps. The model therefore provides a static hedging scheme for
barrier options with a discontinuous share price process.

•

Allows for arbitrary barrier structures. The AAE model allows for the hedging of
options with arbitrary barrier structures.

8.6 Limitations of the AAE model
The limitations of the AAE model are similar to those of the other three methods
discussed in this paper. These include:
•

fractional notional positions unattainable in the market place

•

semi-static hedging that requires liquidation of the hedging portfolio upon knockout

•

only an approximation (because the integral needs to be approximated when
implemented)

1

In a personal communication, Dr. David Eliezer says: "The first thing I am checking is whether the Carr-

type formula that you are using can be extended to arbitrarily shaped barriers without additional terms. It
isn't clear to me that it can."

2

At the time of writing, Dr. Peter Carr was working on a paper titled "Semi-Static Hedging and

Conservative Fields". This paper aims to extend the formulation of the AAE paper to include deterministic
interest rates and dividend yields and to include jumps.
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•

no transaction costs, and

•

a liquid vanilla options market with a continuum of strike levels and maturities
remains a problem.
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9 EVALUATION OF HEDGING PERFORMANCE
This section aims to evaluate the hedging performance of the four hedging methodologies
discussed in this paper in a similar way to that of Tompkins (2002) . This is done in a
framework that tries to simulate real market conditions by considering models of non-constant
volatility, transaction costs and bid-offer spreads. Throughout, the hedging performance of the
static hedging schemes will be compared to that of dynamic delta hedging.

9.1 Evaluation Methodology
9. 1. 1 Main assumptions
•

Throughout this section, we will assume that the static hedging schemes
replicate the payoff of the up-and-out call exactly, as the dynamic hedging
scheme does. Note that none of the four hedging schemes exactly replicate the
payoff of the up-and-out call. All four provide only an approximation to the
exact payoff, with the approximation improving as the number of different
option hedging positions are increased. Loosely, the general order of accuracy
ofthe four methods, in increasing order is: Dupont, DEK, AAE and CEG. This
order varies depending on the hedging instruments and number of different
positions available. Since this section incorrectly assumes that the static
hedges are perfect, its results are biased towards the static hedging schemes
when compared to the dynamic delta hedging scheme. This should be borne in
mind .

•

A constant bid-offer spread of 0.125 ( ){) is assumed throughout. This
implies that when the share price is

sl '

a share is bought at a cost of
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(S1 + 0. 0625) and sold at (S1 - 0.0625), with the simulated share price path
providing the mid value of

•

sl

Proportional transaction costs of 0.5% are assumed. This implies that when
any security (option and/or share) is bought or sold, a cost of 0.5% is incurred.
Note that an option transaction will only incur the proportional transaction cost
while it will be unaffected by the bid-offer spread. Share transactions will be
affected by both (both a bid-offer spread and transaction costs will be
incurred) .

9.1 .2 Modelling assumptions
This section aims to simulate real market conditions. This is done in two ways:
•

Stochastic volatility. To simulate the fact that the hedging portfolio's options
mostly probably won't be liquidated at model-based prices, Heston's
stochastic volatility model will be employed. Fouque, Papanicolaou and Sircar
(2000) briefly discuss the Heston model, together with some other stochastic
volatility models. Mathematically,

dJ: =a(m- J:)dt + fJJi;dzl
()I=

jY;
(45)

where

~

is the standard Brownian motion driving the share price process,

CY1

the volatility at time t, a the mean reversion rate, m the mean reversion level
and p the correlation between the volatility and share price processes. This
volatility process was implemented using the familiar Euler method (see
Clewlow and Strickland (1998) for a discussion) to get a realization of

0'1

for

use as an estimate ofthe market implied volatility at time t .
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•

with antithetic variance reduction, to produce simulated share price paths in

t

.

Secondly, the Euler approach will be employed, as was done in equation (37)

the real world.
9. 1. 3 Comparing dynamic delta hedging with static hedging
The performance evaluation approach in the next few sections will then be
employed as follows . First, share price and volatility paths will be generated as
discussed in the section above. Taking transaction costs into account, the delta
hedging costs under the various paths will be calculated and discounted to the
inception date of the option under consideration. Refer to Hull (2003), pp. 302-309
for a discussion on delta hedging. Two performance statistics will be calculated:
•

Firstly, a statistic called average percentage difference (AD) will be calculated
as foll ows:

AD=

HC
UOC(T,L ,K)

where HC is the average hedging cost and UOC(T,L,K) is the Black-Scholes
price of a European up-and-out call with strike level K , barrier L and maturity

T . Under zero transaction costs and constant volatility, the expectation is that
this measure will be equal to one. A value greater than one will indicate that
hedging costs are greater than that given by Black-Scholes. In the sections that
follow, this statistic is also referred to as Avg. Hedging Cost I Theoretical
Value, but where Theoretical value includes the transactions cost at inception of
the option.
•

Secondly, a statistic called hedging performance will be calculated, where

HP = __o-_;H'-'-'C' - - - UOC(T,L,K)
and a- He is the standard deviation of the hedging costs over the various paths.
The statistic HP is therefore a measure of the variability of the hedging result
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HC . Note that this is the same performance measure as used in Hull (2003) and
will be referred to as Std. Dev. HC I Theoretical Value in the sections that
follow .
The same will be done for the static hedging method under consideration. In other
words, the costs of putting the static hedge in place at time 0 will be computed and
added to the discounted value of transaction costs incurred if the up-and-out call
knocks out before or at expiration. This will produce a value for HC under each
path. Statistics AD and HP will be computed in a similar manner.

9.2 Evaluating the different models
Throughout this section, the stochastic volatility parameterisation for the Heston model,
as given in Table 14, will be used.

The mean reversion level of 4% translates into a mean reverting volatility level of 20%.
A mean reversion rate of 16 ensures that the stochastic volatility paths will stay within a
narrow band aro nd the reverting level of 20%, while the negative correlation of -0.5
ensures a stochastic volatility process that resembles the real world observation of a
negative correlation between volatility and price.

9. 2. 1 Evaluating dynamic hedging under no transaction costs and constant
volatility
Before this paper exammes the four static hedging models, the dynamic delta
hedging method is examined under the conditions of no transaction costs. Table 15
below lists the details of the up-and-out call under consideration.
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Table 15: Details of up-and-out call to be hedged

,

I

f

~·

As shown in Table 15, one thousand (1000) daily share price and volatility paths
were simulated. The dynamic delta hedging portfolio was furthermore assumed to
be rebalanced on a daily basis (365 times over a one year period).
Table 16: Statistics of dynamic delta hedging under zero transaction costs and constant volatility

Dynamic delta hedging does not seem to work well in the case of the up-and-out
calL The average hedging cost under the dynamic scheme is approximately 25%
greater than that indicated by the Black-Scholes price. As explained in section 3.3,
the poor dynamic delta hedging results can be attributed to the fact that the delta of
an up-and-out call changes dramatically as the share price approaches the barrier
leveL Furthermore, a hedging performance statistic of 127.60% is observed. This
indicates that the hedging costs under a dynamic hedging scheme are highly
variable. Dynamic delta hedging is therefore undesirable and impractical even
under zero transaction costs and constant volatility.
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9.2.2 Evaluating the DEK model
Table 17 below details the parameters of the up-and-out call to be hedged.
Table 17: Details of the up-and-out call to be hedged

Again, one thousand (1000) daily share price and volatility paths were simulated.
The dynamic delta hedging portfolio was also assumed to be rebalanced on a daily
basis (365 times over a one year period).
The portfolio of hedging options is displayed in Table 18 below.
Table 18: Details of the hedging portfolio under the DEK model
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Under constant volatility of20%, the results are as displayed in Table 19.
Tab le 19: Statistics of the DEK model under constant volatility

Note that the initial cost of the static hedge includes commission and that the
"Theoretical Value" in the dynamic and static hedge statistics corresponds to
0.681067 and 0.765655 respectively.
If stochastic volatility is instead considered, the resulting hedging statistics are as
given in Table 20.
Table 20: Statistics of the DEK model under stochastic volatility

Tables 19 and 20 indicate that dynamic delta hedging performs poorly under both
constant and stochastic volatility when transaction costs are considered. Not only is
the hedging cost far greater than the Black-Scholes price, but the standard deviation
is also very large, indicating large variability in the hedging costs. The dynamic
delta hedgi g results can partly be explained by noting that the delta of an up-andout call changes dramatically as the share price approaches the knock-out barrier
level. This results not only in a large change in the required number of shares held,
but as a consequence, also results in large transaction costs being incurred.
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The same cannot be said for the DEK static hedging scheme. Hedging costs are
only slightly greater than that indicated by the theoretical DEK price, while the
standard deviation is only of moderate size. One would be inclined to conclude that
the DEK is preferable for the up-and-out call under consideration. This optimism is
dampened though if the reader recalls the possible hedging errors incurred under
such a static hedge (especially close to maturity, see Figure 8). However, it is the
writer's opinion that the static hedge is still preferable and performs better than
dynamic delta hedging.

It is interesting to see that the static hedge seems to perform better under stochastic
volatility than constant volatility. This can be explained by first noting that the
transaction costs at inception will be identical under constant and stochastic
volatility (because the volatility is assumed to be 20% at inception under both).
Transaction costs under these two approaches only differ when the up-and-out call
option knocks out, at which stage the underlying share price is at its highest. The
stochastic olatility will on average then be lower than 20% (the value of volatility
at inception) due to the negative correlation between the share price and stochastic
volatility process. The value of the individual hedging options (and by implication
the hedging portfolio as a whole) at knock-out will therefore be of smaller
magnitude than under constant volatility. Transaction costs will as a result also be
smaller.

9. 2. 3 Evaluating the CEG model
The same up-and-out call option was considered with the same parameters as those
given in Table 17, with the only difference being that the risk-free interest rate and
dividend yields were set to 0%. Tables 22 and 23 display the hedging statistics in
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the case of the CEG model, while Table 21 displays the details of the portfolio of
vanilla options used in the static hedge.
Table 21: Details of the hedging portfolio under the CEG model

Note that the absolute sizes of the option hedging positions under the CEG model
are much larger than those under the DEK model.
Tab le 22: Statistics of the CEG model under constant volatility

Table 23: Statistics of the CEG model under stochastic volatility

Tables 22 and 23 show that while dynamic delta hedging performs poorly, the CEG
static hedging scheme does worse. Not only is the average hedging cost much
greater than the theoretical price or value, but the standard deviation of the hedging
costs is also extremely large. While the static hedge may on average perform to a
similar extent to that of dynamic hedging, greater variability of the static hedging
costs makes it less attractive.
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The proportional commtsswn structure seems to make the CEG static hedging
scheme impractical. This is not only due to the absolute size of the weights of the
option positions held - it is also due to the nominal values of these positions when
the portfolio is liquidated (at knock-out when the call options are in the money).

9.2.4 Evaluating the Dupont model
Again, the exact up-and-out call detailed in Table 17 was considered under the
Dupont (mean-square) hedging methodology.
Table 24 below lists the details of the 10 different option positions used in the static
hedge.
Table 24: Details of the hedging portfolio under the Dupont model

Compared to the CEG model, the notional positions of the hedging portfolio are far
smaller in absolute terms. They are, however, greater than those of the DEK model.
In addition, the option positions with large weights are most likely to be out of the
money at knockout, reducing the effect of transaction costs when compared with
the CEG model. It is therefore not unexpected to observe that Dupont static hedging
model performs better than the CEG model, but worse than the DEK static hedging
model.
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Table 25: Statistics of the Dupont model under constant volatility

Table 26: Statistics of the Dupont model under stochastic volatility

While the average hedging cost is reasonably close to the theoretical value
indicating that the hedging strategy may be adequate, a fairly large standard
deviation measure negates this.

81

9. 2. 5 Evaluating the AAE model
~

I

The same up-and-out call option was considered with identical parameters as those
given in Table 17, but with the risk-free interest rate and dividend yields set to 0%.
Tables 28 and 29 display the hedging statistics in the case of the AAE model.
Table 27: Details of the hedging portfolio under the Dupont model

Note that from Table 27 above, hedging options 3, 4, 14 and 24 all have large
weights. In the case of options 3 and 4, the values are far greater than any of the
portfolios in the previous hedging methodologies.
Table 28: Statistics of the AAE model under constant volatility

82

Table 29: Statistics of the AAE model under stochastic volatility

These large weights translate into large hedging costs as observed in Tables 28 and
29 above. The static hedging performs worse than the delta hedging scheme and is
impractical to use.
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SUMMARY AND CONCLUSION

This paper reviewed the static hedging of barrier options. In particular, the static hedging of the
European up-and-out call option under four models was examined. These four models were:
Carr, Ellis and Gupta (1998) (CEG); Derman, Ergener and Kani (1995) (DEK); Dupont (2002)
(mean-square hedging) and Andersen, Andreasen and Eliezer (2002) (AAE). All four methods
derive static hedging portfolios of vanilla options that replicate the payoff of the up-and-out call
option. While none of these models is able to replicate the payoff of the call exactly under all
conditions, their approximations converge (under the assumptions made) to a perfect
replicating strategy as the number of different vanilla hedging options available increases.
However, none of these models attempts to include transaction costs in the modelling
assumptions. When the performance of these hedging strategies is evaluated under conditions
similar to those found in financial markets (realised volatility different to that used to construct
the hedge, and transaction costs), only one of the four methods performs adequately. Since the
DEK model uses a hedging portfolio with reasonably small notional positions in vanilla
options, it is not that affected by the transaction costs structure. This implies that the model is
the most appropriate of the four for a static hedging scheme. Not only does it perform much
better than dynamic delta hedging in terms of average hedging cost, but its variability is also
within reasonable bounds. However, the suitability of the DEK model is limited by certain
factors : the availability of the required range of notional positions in vanilla options and the
potentially large hedging errors close to maturity. The CEG, Dupont and AAE models, on the
other hand, are impractical to implement because they rely on portfolios containing large
notional positions.
Based on these limitations of the four models discussed in this paper, further research into static
hedging (taking transaction costs and share price processes with jumps into account) is
warranted.
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