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1. 

CHAPTER 1 

SUI~RY AND INTRODUCTION 

The purpose of this thesis is a discussion of 

the generation and influence of magnetic fields in gaseous 

disks. It builds mainly on the work of Vainstein and 

Ruzmaiken (1972) on the generation of galactic magnetic 

fields. 

Emphasis here is on application to accretion 

disks in the cataclysmic variables (CVs). These include , 

novae, dwarf novae and nova-like variables. Disks are 

maintained by mass transferred from a Roche-lobe filling 
-

secondary star to a white dwarf. More information can 

be found in Warner (1976) and Robinson (1976). 

As is pointed out in the final chapter, the 

basic theory should have wider applicability. 

The scheme of the thesis is: 

(i) Generation of a seed field in disks is considered. 

(ii) It is pointed out that disks in the CVs are pro-

bably turbulent, allowing the possibility of 

dynamo amplification of the battery field. 

(iii) The status of the dynamo theory is discussed. 

. (iv) The theory is applied to "thin" disks. Two 

specific models are considered. Growing fields 

are obtained for most parameter values. 

(v) Particular attention is paid to the possibility 

of explaining dwarf nova outbursts as being due 

to magnetic valve action in an accretion disk. 

(vi) Some properties of the "wind zone" outside the 

disk are investigated. The relevance of the 
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existence of this zone to the problem of removal 

of angular momentum from disks is str.essed. 

Directly observable consequences of the presence 

of fields in disks are sumn1arised. 

Conclusions are given. 



3. 

CHAPTER 2 

GENERATION OF A SEED FIELD 

2.1 Relevant equations 

The equations descriptive of a steady state are 

div B = 0 . 

rot B 4TI • = -J c 

rot E = 0 

div E = 4npe 

p(v.'V)v -Vp 1 . + p E - V.T = + -JXB pg + c e 

V. ( pv) = 0 

where 

p - mass density 

pe = charge density 

T - hydrodynamic stress tensor 

'-~ 

and other symbols have their usual meanings. 

In component form ( 1. 5) and 

2 
( av 

. p vr a: - vre) = -~ + pg + 1 (jxB) ar r c r 

(av8 v8) 1 a 
(r2Tre> p -- + - v - iT ar ar r r 

~ = pg + l (J.XB) + p E 
az z c z e z 

a -(rpv ) ar r 0 

+ 1' 
c 

(1.6) are 

+ p E e r 

(jxB) 8 

(1.1) 

(1.2) 

(1. 3) 

( 1. 4) 

( 1. 5) 

(1.6) 

(1.7) 

( 1. 8) 

( 1. 9) 

( 1. 10) 

where axial symmetry has been assumed and vz and stresses 

other than Tre have been ignored. (The absence of E8 from 
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eqn. (1.8) is no accident - it can be proved from (1.3) 

and (1.4) ·that Ee = 0 if Pe is axisymmetrical). 

We adopt 

p = p g 
(1.11) 

(pg - gas pressure) as equation of state. (Some idea of 

the influence of radiation pressure can be gained by 

studying Kato and Nakagawa (1969)). 

It remains to specify Ohm's law;. we assume that 

the material in the disk is completely ionized so that 

only a two-fluid model of the plasma needs to be consider-

ed. (This will be a good approximation for compact cen-

tral stars). We have (Spitzer 1956), 

i = E + .!vxB - - 1-JxB + ...!..v .¢ ·_ ~me v ¢ 
o c enc en e en m. · e 

1 

(1.12) 

since it can be proved that the inertial terms are negli-

gible. Here tPe' tjli are the electronic and ionic stress 

tensors (including pressures) and Z is the atomic charge 

on the nuclei in the plasma, henceforth taken to be unity. 

Provided LTE holds inside the disk, p. ~ p • 
. 1 e 

Furthermore, d~ue to the fact that the ionic visc:::t:a::: 

efficient ni ~ ye (Mitchner and Kruger 1~973), 
. M· 

of ionic to ·_electronic shearing stress is M:. Combining 

these two points 

K > - e 

so that the last term in (1.12) will be neglected: 
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J_ ~ E + !vxB \ 1 . B + l[n +·e a * (J 

J x v p r ( r 2 T ra ) ] ( 1 • 13 ) enc ' en e cr c r2 

where it is understood that stresses in (1.5), (1.8) are 

* ionic while Tra is electronic. 

2.2 Field generation 

We assume that 

(i) Electrical forces are small compared with the 

magnetic. This.ics so; provided(rot B) 1 (rot B) r z 
:f. 0 (see Mestel 1972). 

(ii) The Ohmic term jja in (1.13} is negligible, 

(iii) 

field growth being controlled by the Hall term. 

The stress term in Ohm's law is negligible. The 

stress acts as a "battery" by causing an azimu-

thal current and consequently a poloidal,magne-

' 
tic field (Browne 1968} . This contribution should, 

however, be outweighed by that from the vxB-term. 

The assumption also implies that the viscous 

stress term in (1.5) and (i.8) is small compared 

c 1 . 
with c < J x B > 8 • 

(iv) lvrl<<v8 so that the term in vr in (1.7) can be 

ignored. 

We proceed by taking the curl of (1.13) and using 

(1.3) to find 

. 1 c 1 
rot[ (v - -j) xB] ~ -M_e rot (-Vp ) en p p c 

Using (1.5) and the fact that Pe = ~p (since complete 

ionization with z = 1 has been assumed), 
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M c 
rot[ (v- ~)xB] ~ _? __ rot[(v.V)v- ~jxB] en 2c cp · 

(rot g = Q as g is the gradient of a scalar function) . 

= -M ern~ 
p e Clz 

The first two equations contain no new information; after 

the approximations the a-component of (1.13) reads 

(1.15) 

When this is substituted into (1.8) one obtains 

or 

(1.16) 

Together with (1.1) this gives 

a eM 
- (rB ) = _ ___12_ 
ar r e 

(1.17) 

where F(z) is to be determined by the boundary conditions. 

( 1.14) 
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We now turn to the third of equations (1.14). 

This describes the generation of a toroidal field by the 

usual Biermann-mechanism (Biermann 1950). Assuming . (v) 

ljel d · (1 15) v 8 >> en an US1ng . 

[ a (Bzn) + f-<rnB ) HPc . an] = - r az + . ..-...:-:rn-
. r r e az 

= MpcfF(z)~ _ 
e L ar. 3rnaaz] 

· Eqn. (1.2) gives .. 

jr 
c aBe 

(1.18) =-- --4TI az 

jz 
c a (rB

8
) (1.19) = 4Tir ar 

je 
c (aBr - aBZ) (1.20) = 4TI Tz ar 

so that 

1 a[Be a ] +.1_ {B8 [aB8 
B 

aar (rB8) ]} r En ar(rBa) + 2 r 
ar n . az rB z 

8nM r F (z) an - 3rn an] 
, 

(1.21) = ar j 

p 
L az 

Clearly then 

(1.22) 
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2.3 Discussion of assumptions 

(i) Assume jr = O, i.e. Be is independent of z. Now 

(1.2) implies that 

div j = 0 (1.23) 

Symmetry considerations suggest that j
2 

= 0 at z = 0; 

"'•~ consequently j z = 0 everywhere. Since j r = j z = 0 would 

imply Be = 0 (which is not a solution of (1.21)), we con

clude that Be ~ust depend on z. 

A somewhat less elegant proof (also involving 

- (1.21), (1.23)) that j t- 0 is possible. 
Z. 

(ii) 
jr/cr 

enc 10 4~ ..., 
1 (jxB) 

crBe cr '(rn) 
enc . r 

Spitzer (1956) gives cr ..., 107 T312 s- 1 so that for T ~ 104 

°K, r'n ~ 108 cm s- 1 (typical figures for accretion disks 

in the CVs if the angular velocity ·is approximately 

Keplerian) , 

1 
enc 

(jxB) . r 

The same result is obtained for the other two comppnents. 

(iii) 1 a < z L ar r Tr()) 4nnn r 
< 

1 - ~ - (jxB)e /8-IT""'i)rn c e 
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(•: (1.16) - (1.19)). According to Mitchner and Kruger 

(1973) n ,.., lo- 15 T512 g cm- 1 s- 1 so that 

1 d ( 2 ) 
"? 1fr r Tr6 

~(jxB)a 

(T :; 106 °K 1 r n .;::: 10 em s- 1 ) • The most tenuous turbulent 

disk·models (with mass transfer rates M ~ l017 gs- 1 
• (Koen 

1976)) have central densities in excess of l0- 8 g cm- 3 -

laminar disks are bound to be much more dense due to slower 

transport of matter through the disk. 

(iv) By (1.15) I 

B · CM 

I. I 1 I r I P ' r v =- J' - J'z -B ,...., 41repr ll87rp rQ max 1l 1 r en r 
z 

-~} 
r 

lo-1'+ 
S ~max { IF ( z )! } 

11 rQ 

For reasonable field configurations the fact that Bz is 

an even function of z (eqn. (1.16)) implies that Br should 

be odd. {It can in fact be shown that Br cannot be even 

except for the special case Q = G(~)). Consequently 

F{z=O) = 0. 

We expect 

essentially holds; it seems 

r 

Br 
since 

Bz 

unlikely 

,.., ·max {l IF(z) l 
1 rn 

that the radial field 

would exceed the vertical (because of the action of radial 

shear) . 
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(v) 
env8 

eM 2 

1 r,___£) max· {n I IF (z)l} 
4nprn e . r r 

For representative CV-parameters 

<_ 10-2 7 max { 1 IF ( z >I} 
p ' . rn 

2.4 Criticism of the model 

Although the above treatment of the problem is 

self-consistent, both observation and theory argue against 

the battery operating in the form derived. 

(i) The present theory implies an enormous disk mass: 

:Integrating the continuity equation (1.10) we find 
. 
M rv 2n p l·v I z 0 r 

r 

where z
0 

s length scale in the z-direction (estimated £rom 

(1.9) and (1.11)). With the aid of (1.24) we find 

The buildup-time for the disk is 

since zo $ r, (for disk formation) 

10 9M2 r • d 
Md ""' M .T ~ (rn)2 
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For the cvs, ~ ~ 1016 gs- 1 , rd- 2.5 x l0 10 cm, rn ~· 3 x 106 

em s- 1 so that T x l016 s- l011 yrs. Also Md > 103 -g which 

is not compatible with observations (warner 1973). 

(ii) On the theoretical side we find that the derived 

configuration is bound to be unstable. (1.22) predicts 

tha~ the ratio of magnetic to thermal energy is 

Thus, unless T ~ 106 °K, magnetic forces dominate over 

the pressure gradients and instability will set in 

·(Parker 1966) • 

(If it is assumed that the fields grow linearly with time 

(Roxburgh 1966) instability starts to threaten only after 

at least ~lo 6 'yrs. of mass transfer. It therefore seems 

· ·unlikely that it could serve as the origin of turbulence 

in the disk - if present, this should be due to hydrodynami-

cal instabilities). 

2.5 Remarks. 

(i) The first point in the preceding paragraph clearly 

indicates that a mechanism for producing larger radial 

velocities in the disk must exist. The present theory 

fails in this regard because the peloidal field is very 

·1 small and the stress term c(jxB)e therefore inadequate 

to change the angular momentum of the gas. Virtual turbu-

lent stresses are usually invoked to escape this predicament 
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(ii) The second point of paragraph 2.4 implies that 

an additional dissipative mechanism must operate if disks 

are to be stable. If the disk is turbulent, reconnection 

could be important in this regard (Eardly and Lightman· 

1975). 

(Alternatively the field might assume a force

free configuration. This case is beyond the scope of the 

present work as electric forces should be included - see 

(i) of § 2. 2) 

(iii) The explanation of the outbursts of the dwarf 

novae in terms of an instability in the disk (Osaki 1974) 

seems promising. However, it is difficult to see how this 

could come about by purely hydrodynamical meanSi a magne

tic "valve•: appears more likely. 

In view of the above remarks an investigation 

of turbulent dynamo action in these disks seems worthwhile. 

Before embarking on this a defense of the dynamo theory 

will be attempted. 
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CHAPTER 3 

AN ASSESSMENT OF THE DYNAMO THEORY 

For a comprehensive review of the dynamo theory 

see Moffatt (1973). The theory has had at least one\ tena-

cious detractor (Piddington: see reference list) whose 

criticism has not been answered convincingly. We shall 

discuss the major points of contention raised by him. 

3.1 .Theoretical considerations 

{i) One of Piddington's main objections against the 

dynamo theory is the introduction of a turbulent magnetic 

diffusivity {e.g. 1975a). The crux of the matter is that 

there is no real enhancement of the diffusivity, just as 

the presence of Reynolds 5tresses in turbulent flows does 

not imply a real increase in the viscosity •. 

Writing X = <X> + X1 {<X> = ensemble average of 

X and X1 = fluctuating part of X in a turbulent system) 

in Ohm's law 

we find 

j == cr(E + lvxB) c {2 .1) 

<j> == a[<E> +.! <v> x <B> + 1 < v 1 x B 1 >] (2.2) c c 

since <v 1 > == <B 1 > = 0. Steenbeck and his co-workers have 

shown that 

{2. 3) 

(e.g. Steenbeck and Krause 1969) which clearly implies an 

apparent change in the conductivity. (Note that both 

Piddington's equation (9) and his interpretation of it, 
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i.e. of the derivation of (2.2) from (2.1), are incorrect 

in the paper quoted above) • 

(ii) Independent support for the dynamo theory comes 

from the calculations of Nagarajan (1971) who considered 

the energy spectra of turbulent magnetic and velocity fields. 

He found that energy is fed both to small and large-scale 

fields in contrast with Piddington's view that the scale 

will merely be reduced until II balance will be attained . . . 
between the generation and destruction of a filamentary 

tangle 11
, (1975c). Alternatively, Piddington envisages 

the magnetic stresses inhibiting fluid motion: Nagarajan 

shows that fields are amplified only until equipartition 

.is reached between magnetic and (turbulent} kinetic energies. 

Piddington bases some of his arguments on the 

results of Moss (1970) and Weiss (1966) (see e.g. 1975b). 

The latter author did not, however, model a turbulent 

situation: the influence of a single steadily rotating 

"ed~y" on a regular flow distribution was investigated. 

Moss's work is open to criticism: 

(a} The model is two-dimensional; 

(b) His simulation of turbulence is doubtful 

(compare with e.g. Landau and Lifschitz 

1959); 

(c) The model is kinematic instead. of dynam~c; 

(d) It is possible that the models had not 

evolved to a real equilibrium before 

computation was discontinued (Sweet 1971). 

·(Objections 

model) . 

{a) and (c) also apply to Weiss's 
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(iii) Piddington (1972) claims that nevl dynamo ·fields 

will be formed above the old and that the entire field 

will be lost fromthe parent system after a few cycles. 

Yoshimura (1972) has shown that new fields can be formed 

below the old. Apart from this,. dynamo theory presupposes 
' 

the existence of a mechanism for generating seed fields; 

this would remain operative. 

(iv) With reference to the same paper, the Rayleigh-

Taylor instability is not the only possible source of 
\, 

turbulence in the galactic disk - see e.g. Stewart (1975) 

and Parker (1970). 

' 
.(v) ?iddington (1975b) also objects to the applica-

tion of the dynamo theory to the galaxy on !:the grounds 

that the predicted seed fields would have been too small 

to be amplified to present day strengths. This has been 

discussed by Harrison (1970a, b) who showed that the 

difficulty can be circumvented. 

3.2 Observational considerations 

a. The solar field 

(i) According to Piddington (1975a, 1977b) the chao-

tic surface fields of the sun are not consistent with the 

predictions of the dynamo theory. In the light of work 

discussed in §. 3.1 (i), (ii) it can be seen that the theory 

does not imply that ordered fields are created but only 

that the mean field is non-zero. 
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(ii) The appearance of new-cycle fields in regions 

where weak fields of a previous cycle are still visible 

is thought to be incompatible with the dynamo theory 

(1975a). Yoshimura (1972, 1975) has shown that this is 

not so. 

(iii) Piddington {1975a) considers the possibility of 

loss of toroidal flux from the solar surface to be an 

observational constraint on any model; he claims that 

this is difficult to realise in the dynamo theory. (Com-

pare with § 3.1 (iii)!). At the time of writing the 

theory of surface fields is still subject to much uncer-

tainty (Parker 1977; Wilson 1977a,b) and Piddington's 

model may not be much superior. Also, many of his ideas 

in this area may be compatible with dynamo theory. 

· (iv) It is claimed (1977b) that dynamo fields are 
4\• 

multipolar, in contradiction with the observed dipolar 

nature of the solar field. However, Deinzer et al. (1974) 

have found dipolar dynamo fields. 

(v) Piddington (l977b) examines the evidence for a 

reversing solar peloidal field and concludes that it is 

dubious. Howard (1977), on the other hand, appears to be 

more optimistic about the measurements. A quantitative 

assessment of the results may provide an answer. 

A point worth nothing is that although the existence 

of a steady peloidal field would do,away with the necessity 
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to invoke dynamo action, it would not disprove that the 
' 

field is indeed so maintained. This is so because steady 

dynamo fields are also possible (Yoshimura 1975). 

(vi) In the same paper Piddington states that the 

' axis of a peloidal dynamo field would not exhibit the ob-

served stability. A quantative discussion of this question 

is obviously not easy. Hm·lever, it seems significant that 

the magnetic and rotation axes are closely coincident; 

this is what one expects for a dynamo field but not necessarily 

for a fossil field. (The most popular explanation of the 

periodic variations in the observed field strengths of 

some Ap stprs is in terms of rotation of the star around 

an axis inclined with respect to the magnetic north-south 

(Preston 1971) . These fields are thought to be primeval 

(Mestel 1972)). 

b. The galactic field 

(i) Piddington {1975b) considers the observed large-

scale ordering of the galactic magnetic field to be in-

compatible with the chaotic situation predicted by the 

dynamo theory. Regarding this, see § 3.2(a) (i) and 

Seymour {1969). The latter concludes that the average 

field is made up of many randomly orientated regions of 

extent ~30 pc within which fields are ordered. 

(Due to the uncertain amounts of contamination 

by the galactic magnetic field (Isserstedt and Reinhardt 

1976) and inadequate resolution {Segalovitch et al. 1976) 

no dependable information on the small scale structure 
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of fields in other galaxies is available). 

Further support for the theory of turbulent 

magnetic fields comes from the agreement in the values 

of the spectral index of the magnetic energy distribution 

derived by widely differing methods - compare the papers 

' 
by Nagarajan (1971), Ichimaru (1976), Somogyi (1975) and 

Owens (1976). 

( ii) According to Piddington (1972) the Maxwell stresses 

might suppress turbulent motion, i.e. the magnetic field 

energy is larger than the turbulent energy. (A related 

point is Piddington's interpretation of the observed random 

motions in the galaxy as being mainly hydrodynamic oscilla

tions rather than turbulent velocity fluctuations) . These 

are serious observational problems and no definite state-

ment appears to be possible at the moment (see e.g. the 

papers by Heiles (1974) and Van de Hulst (1970) as well as 

the discussions following these) .. 

(iii) It is claimed (1973a) that the mean turbulent 

velocity required by the dynamo theory is larger than the 

observed value. The figure quoted is, however, only an 

order of magnitude estimate (Parker 1972, 1973) which 

depends on the determination of several uncertain para-

meters. 

3.3 Piddington's alternative models 

An exhaustive critique of the alternative models 

will not be attempted here; we will only try to show that 
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these are not beyond reproach and therefore not nece~sarily 

preferable to the dyna~o models. 

Piddington's magnetohydrodynamic model of g.alac

tic structure (1973b) ~as been criticised by Burton (1974); 

no further comments will be added here. 

His model of the solar field is based on ·the 

existence of a 22-year periodicity i'n the meridional circu

lation currents in the sun. This, together with differen

tial rotation, acts on a· primordial peloidal field to pro

duce the observed variations in the toroidal field (1971; 

1977a,b). 

The arguments for the existence of the· proposed 

'meridional oscillation are propounded in the 1977a-paper: 

, · ( i) . The latitudinal motion of sunspots is examined. 

Interpretation of the results seems to be an open matter 

at the moment: Piddington apparently considers it indica

tive of a large scale drift whereas Ward (1973) and Tuominen 

:(1974) doubt this. Furthermore, the existence of a 22-year 

period in the motions cannot be claimed beyond doubt as a 

period6gram analysis or similar technique has not been 

applied to the data. 

See also the next point. 

(ii) It is perhaps possible that the migration of magne-

tic features described by De Jager (1959} and Becker (1959) 

is indeed due to circulation currents. As. the motion 

appears to be always in the s.ame direction, the possibility 

that it is caused by a steady (instead of oscillating} drift 
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plus periodically evolving (instead of stationary) 

fields cannot be discounted. An alternative explanation 

in terms of magnetic forces has been given by Pneuman and 

Raadu (1972). 

(iii) It is not clear why Piddington quotes the work 

of Antalova and Gnevyshev (1965). The authors used data 

on sunspot distribution and the intensity of coronal lines 

to deduce the existenc.e of two maxima in the solar cycle, 

the first oc.curring at all latitudes while the second is 

restricted to the vicinity,of the equator. They explicitly 

state that both maxima appear over the whole of their 

respective domains at one time, i.e. there is no evidence 

for spreading as would be the case if drifts were present. 
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CHAPTER 4 

THE DYNAMO EQUATION 

Krause, RAdler and Steenbeck (e.g. Steenbeck 

· et · aZ., 1966, Steenbeck and Krause. 1969; for a transla-

tion of a number of papers by these authors see Roberts 

and Stix 1971) have discussed the elect.rodynamics of 

turbulent media extensively. 

They have shown that whereas Maxwell's equations 

are still satisfied by the ensemble averages, Ohm's law 

is altered, several additional terms making an appearance 

(Krause 1967, RAdler 1968). The most prominent of these 

are given by our eqn. (2.3). A full description of the 

kinematic behaviour of the mean fields in the disk is then 

provided by (1.1), (1.2) and (1.4) together with 

rot E ( 3. 1) 

and 

j (E 1 + ~B f3 .) = a + -vxB cJ c c 

i.e. 

ntj E + 1 + ~ B = -vxB c c (3.2) 

(Neglecting the displacement current in (1.2) is justified 

for the time scales under consideration) . 

Taking the curl of (3.2) and using (1.2), (3.1) 

leads to 

aB c 2 

at - rot (vxB + aB) - 4n rot (nt rotE) 
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=rot (vxB +aB) +v 0 V2 B--Vv 0 xrotB; 

c2 
Vo = 4-rr nt. The components of this equation are 

aB r 
(lt 

av aB8 a ( B ) + r dQ B AB 0 ar a Z dr r + Vou 8 + az -a2 

aBz = 1:. .1_ (rvrB) + VoAB --'· _avo(aBz- aBr) 
a t I r a r V. e U z "T ar a r a Z 

where it has been assumed that v- v 8 (r)_ = rQ(r)8 .. The 

operator !J. is defined by 

-We consider a disk of infinite radial extent in which the 

angular velocity is of the Keplerian form, Q = const. -3/2 r . 

Thus 

aB 
( 3. 4) 

a 3 a 2Be 
= -~-(aB ) - -2 QBr + v---

dz r o az2 
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~-

if terms quadratic in v 0 are neglected. If we set 

)(t B
8 

(z,t) = y(z)e · , 

= 0 

( 3. 5) 

(3.6) 

(3.7) 

follows. (Compare also Vainstein .and Ruzmaiken 1972). 

Steenbeck and Krause (1969) have shown that 

{sign z} . (3.8) 

,,.· c 2 4;rcr 2 
v ...., 4;rcr [1 + <v' >T], 

1 3c2 
{3.9) 

T being the mean correlation time of the velocity fluctua-

tions. 

The validity of these relations is subject to 

the satisfaction of a number of conditions the most important 

of which are: 
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(i) T << 4ncr A2 , A being the correlation length of 
c2 . . 

the velocity fluctuations. This ensures that the· turbulent 

correlation time is much shorter than the timescale for 

magnetic field diffusion. Letting 

Q 21r 
T :: ~-' 3-

Q 

(3.10) 

(vs a sound velocity) and bearing ln mind that z 0 - vs/Q 

(see e.g. Shakura and Sunyaev 1973), 

crQz 2 
. 0 

( 3. 11) 

(ii) l<v' 2 > T.<< A, i.e. 

(3.12) 

Additionally we assume that the second term on the right 

hand side of (3.9) dominates over the first: 

(3.13) 

Consequently 

v~ ~ <v' 2 > T (3.14) 

Note that Ichimaru (1976) found v (k) = }]' iL 
0 /8 k2 

· for the magnetic viscosity associated with the current 
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fluctuation with wavenumber k. (v = const. 
-k A 

r 2 e was 

assumed in deriving this expression). Ichimaru postulates 

that v 0 (k) is due to all turbulent fluctuations with wave-

numbers greater than k; consequently the magnetic viscosity 

due to fluctuations of all possible scales~ z 0 is 

which should be compared with (3.14) 1 viz. 

General forms of v 0 and a are 

(3.15) 

when x = z/z· 1 the£, and B. are constants and g(x) and 
0 J. J. 

h(x) are functions representing the vertical variation 

of Vo and a <lg(x) I 1 lh(x) I - 1). Note that g(x) is even, 

h{x) odd ( (3.8) 1 (3.9)). 

Defining y = 2 ~X 1 the dimensionless form of 

(3.7) is 

Y 
' 

Y 3 3 I y2 
G-y' + (G'-- + -2H)y1 +. {-H - --)y = 0 

1T . 1T 2 4'1T2 
(3.16) 

Numerical methods for solving this equation are described 

in the appendices; results obtained for a few different 

forms of G (x) and H (x) will be presented in the next chapter. 

Examination of (3.15) and (3.16) reveals that: 

(i) For fixed £t 1 £ 2 ,Bt 1 the eigenvalues yare propor-

· tional to 8 3 • 
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(ii) Changing £ 1 by a factor ¢ is. equivalent to 

changing 61 by a factor$, 63 by a factor ~- 1 • 

(iii) Changing £ 2 by a factor $ is equivalent to 

changing 61 by $-~, 63 by $. 

Thus, once the dependence of y on B1 is known, 

the eigenvalues can immediately be found for all para-

meter combinations. 

We shall consider two possible boundary conditions 

at the outer edges (assumed to be at x = + 1) of the disk. 

(i) If the area outside the disk is a vacuum, B6 = 
z . 

canst. r- 1 there. In order to have Ba+oot O, the constant 

should be zero. Continuity of the field then requires 

B a ( z = +z 0 ) = 0, i.e •. 

y(x = +1) = 0 (3.17) 

(ii) A condition which appears more_realistic is 

so that the boundary condition is 

Gy' I + G'y' - ~ y = 0 
21T 

at x = +1. 

(3.18) 

(3.19) 

It vdll be assumed that the field is either 

symnetrical, y' (0) = 0, or antisymmetrical, y (0) = o, 

with respect to the central plane of the disk; it is 

then only necessary to integrate (3.16) over one half 

of its domain. 
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The condition for neglectin~ higher-order terms 

in v 0 in the derivation of (3.7) is 

or 

Vo 

<< I X I 
z~ 

(3.20) 



CHAPTER 5 

SOLUTION OF THE DYNAMO EQUATION 

Model 1 

The case g(x), h(x) = canst~ is worth considering 

as a simple semi-analytical solution of (3.16) is oossible 

for the boundary values (3.17). 

(3.16) reduces to 

G I ' 3 ' y
2 

-y + -2Hy - ---y = 0 
TI 4TI2 

with G = E1BIB3, H = E2SIB~{Sign z} = I Sigrt z . This 

has the solution 

c 1 e m1x + c 2e m2x (x > 0) 
y = -m2x + * -m 1x (x < 0) c*e c 2e 1 

{ 4 .1) 

with 

-3TI I ~[(3TI _!_)
2
]+ :L ~ ml = --- + 4 Gy 2 2 Gy J TIG 

(4.2) 

-3TI I ~[(3TI _!_)2 + JL]~ m2 = T Gy- 2 Gy TIG 

The requirements that y and y' be continuous at x = 0 yield 

while the boundary values y(+l) = 0 give 

m1 -m2 c 2 = -c 1 e 

c* = -c*eml-m2 
2 

m 1 - m2 = 2 inn ( n - 1, 2, ••. ) ( 4. 3) 
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(4.1) becomes 

(x > 0) 

y = -m1x -m2x c 1 (e - e ) (X < 0) 

Evidently only the odd modes of the tangential field exist 

in the present case. Substitution of (4.3) into (4.2) 

leads to 

r + (2mr) 2y2 +(3ITI)
2 

= O 
TIG 2G 

( 4. 4) 

The zero-finding routine described in appendix B was used 

·to determine-the roots of (4.4) for £ 1 = £ 2 = 8 3 = 1 1 

variable 81. The results are shown in figure 1. The other 

two solutions are the complex conjugate of the one given 

and a real decaying mode (yr < 01 yi = 0). 

An examination of the figure shows that the 

condition (3.20) requires 81 < 0.1. (It can ~e proved 

(£1>1). 
2/3 . 

If E 2 < 1 1 8 1 :S 0 • 1 E 2 and 1 f E 2 > 1 1 8 1 !5 .o • 1 E 2 

should hold). Since y is proportional to 8 3 no restriction 

is placed on the latter. 

In the CVs 10 3 ~ T $ 10 6 °K and 10- 3 

s- 1 are expected (Koen 1976) so that 

crnz 2 

104 ~ 0 < 1010 
c 

Furthermore it is generally accepted that 81 ~ 1 (e.g. 

Shaktxa and Sunyaev 197 3) while 8 2 ~ 1 obviously holds. 
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\ 0 
n:J 

"' l.Of '1; 
2 

....... : ... 3 

•I 

Figure 1. The dependence of y on 8 1 in model 1. 
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' Substitution of the above data into (3.11) -

(3.13) shov1s that the restrictions are easily satisfied 

for a large range of values of the sk. 

In order to make the results a little more 

concrete, note that ~~ ~2 

imply y 1 y. ~ 10-2 , i.e. a growth time and oscillation r .. 1 · 

period of ~102 Kepler periods. For Q ~ 10-2 s- 1 , this 

is ~6 x lOqs or about 3/4 days. 

The vertical structure of the toroidal field in 

the disk follows from (4.1). _ Br is given (3.18) while 

Bz can be found from (3.6) if it is assumed that its time 

dependence is the same as that of Brand Be: 

K2 = ..::L 
- 21TG 

( 4. 5) 

According to (3.18) Br is odd when Be is odd. 

A little consideration then leads one to expect Bz to be 

even; this is in fact borne out by an examination of the 

complete equation for Bz in § 4. . (Similarly 1 even Be 

implies Br 1 odd Bz). In our case then 

Finally, some ideas as to the efficiency of the 

numerical technique developed in appendix A can be gained . 

by comparing its results for the present model with those 

obtained semi~analytically. This is done in appendix B. 
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Model 2 

Approximate eigenvalues for the model 

G Si TIX = cos 3 
H = 82 sin 1TX . 1 

are presented in table 1. Solutions for both boundary 

conditions ((3.17) and (3.19)) were obtained by using 

the method outlined in appendix A. Details of the comput

ing method can be found in ~ppendix B. Where applicable 

the first three growing even and odd-mode values are 

given. (Except for B1 = 1, B
8

(1) = 0 where no converging 

solutions could be found in the odd-field case, even and 

odd eigenvalues lie close to each other) . 

Table 1 

-~--

Be ( 1) = 0 Br(l) = 0 
131 

Yr Yi Yr Yi 

7.7E-l 0 1. 36E+l 0 (c) 
(a) 

1. 2.7E-l 4.0E-l 
(b) 

8.7E-l 2.3E-l 

8.9E-2 1.6E-l 1.36E-:-l 0 

10- 2 6.5E-2 1.4E-l 8.9E-l 1.6E-l 

4.5E-2 1.2E-l .6.5E-l 1.4E-l 

2.3E-3 2.3E-3 2.2E-3 ·2.2E-3 

lo-" 2.1E-3 2.1E-3 2.0E-3 2.0E-3 

1.9E-3 1.9E-3 1.7E-3 l.SE-3 
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Due to the exorbitant computing time required, 

only a few solutions were verified by the Harwell method 

{appendix B). For these, see table 2. 

Table 2 

Solution Mode Yr y. 
1 

{a) Even 3.71E-l 2.76E-l 

{b) Even l.OlE-1 2.29E-l 

{c) {Even} 
Odd 1.31E-l 0 
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CHAPTER 6 

AN OUTBURST MODEL FOR THE DWARF NOVAE 

Several discussions of the various models of the 

eruption phenomenon in the dwarf novae can be found in 

Eggleton et al (1976}. (In particular, see papers by War

ner, Bath and Faulkner.) The following pertinent remarks 

can be offered: 

(i) Warner (1974) and Starrfield et al (1974 a, b) have 

proposed that a thermal runaway leading to explosive nuclear 

processes occurs on the white dwarf surface. An outward prop

agating shock wave then heats the disk. Bath et al (1974) 

reject this model. The main objection tendered is that 

shock wave propagation through the disk will be difficult 

to realise. Also, as noted by Robinson (1976), the short 

decay time of the dwarf nova outbursts is not consistent 

with the long timescale for cooling of the white dwarf in 

the nuclear burning model. Other difficulties encountered 

by the theory have .been pointed out by Sparks & Starrfield 

(1975). 

(ii) The behaviour of the bright spot as discussed by 

Warner (1976) seems to imply that an increase in the mass 

trans rate from the secondary star to the white dwarf 

follows (rather then precedes) the beginning of an eruption • 

. This casts doubt on the suggestion made by Bath et al (1974) 

that outbursts are due to an enhanced mass transfer rate. 
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(iii) Smak (1976) has presented an argument for accumu-

lation of material in the disk as proposed by Osaki (19741 .. 

No arguments against the latter's model seem to have been 

raised in the literature. 

Bearing in mind iliese facts, the most promising erup

tion model av.ailable.at present is probably Osaki's. This 

requires a periodic instability to operate in the disk, thus 

"':-. modulating the rate of mass accretion by the white dwarf. 

Instabilities in the standard disk model of Shakura 

& Sunyaev (1973) have been investigated by Shakura & Sunyaev 

(1976), Pringle (1976) and Lightman (1974a, b). The physical 

SignificanCe Of thiS WOrk ·iS 1 hOWeVer 1 qUeStiOnable - See 

Bisnovatyi - Kogan & Blinnikov (1977} and Stewart (1976}. 

(It may also be pointed out that energy transport by turbu

lent motion was neglected in all the papers quoted; this 

might not always be justified (Koen (1976)). A more prom

ising approach is that of Ichimaru (1977). Unfortunately 

his treatment is incomplete due to the neglect of compress

ional heating and turbulent transfer tn the energy equation 

(Koen 1976}. 

Intuitively it seems possible that instabilities 

such as those mentioned above could cause changes in the 

rate of angular momentum exchange in the disk (as required 

by Osaki's model). A less complicated possibility will be 

indicated here. 

As can be seen from the equations in §2, accretion 

is driven mainly by forces acting in the tangential direction. 



36. 

In a turbulent flow 

1 a ( 2. c t) \ + 1 c . · B • , , \ 
- r2 ar r Tre l c .<J>X< > + <J XB >.Le (5 .1} 

where (t} is a Reynolds stress. Tre Ichimaru (1977) found 

1 , I I 
-<J xB > c 

in regions where P g 

the gas, turbulent and radiation pressure.) ·since 

Pg/P - S'i 2 and {3 1 ~Tprobably holds (see the previous 
t 

chapter), the last term in (5.1) could be important. Un-

.fortunately Ich~maru (1976) incorporated neither the effects 

of fie~d-velocity correlations nor those of large scale mean 

fields in his theory of magneto-hydrodynamic turbulence, so 

that his results are open to doubt. 

Justification for neglecting the large scale fields 

is possible: 

(Steenbeck &. Krause 1969) so that provided (3.13) is satis-
2 ' 

fied (or equivalently v 0 » -4c ), IB'I»!:<B>I. (3.13) is 
'ITG 

indeed valid in Ichimaru's theory. 

We will discuss the case where the <j> x <B> - term 

in (5.1) is not negligible. 

The stress due to the mean field is 

I 
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while 

Re . {Be} = (Yr cos x.t - Y. sin x.t}exrt 
~ .1 :;1... 

Re {B } ! [ (G y If G'Y' 
YrYr yiYi 

x.t = + - 27r + - 2-}cos r 3 r r · 1r l.. 

- (G Y ." . + G' Y .' 
1. ~ 

yrYl.. Y. Y 1. r) . ] x._t. - ---- Sin X·t e ~ 
27f 1. 

and 

Re 
K X -K X · = [(Ae r +Be r }cos Kix cos x1 t 

-Krx X t 
Be }sin K.x sin x.t]e r 

~ l.. 

(*.. (3.18), (4.5}) 

(<j> x <B?>e = 

+ 

where the Fk are functions of x involving Yi, ·Yr' G and 

their derivates •. 

It follows that for substantial <j> x <B>, Fa will 

be a function of time: the radial flow of mas~ in the 

disk will be modulated. If the phasing of the r4dially 

distributed dynamos is favourable, it might then be pass-

ible to obtain periodic diminutions and enhancements of 

the global radial flow rate in the disk. 

This behaviour would mimick the valve-type action 

envisaged by Osaki (1974) in his eruption model. 

An import:3-nt question to be ansv1ered by any pro-

posed theory is \'lhy this type of outburst is restricted 

to the dwarf novae even through all the members of the CV 
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family appear to be much the same physically (e.g. Robin-

son 1976) . In the present model several suggestions come 

to mind, e.g. the radial phasing of the dynamo periods 

could be advantageous only in the dwarf nova disks or the 

<j> x <B> force effective only in these systems. This 

dichotomy might again be a consequence of differences in 

the nature of the turbulence in the·disks, perhaps due to. 

different mass transfer rates.· (For example, it is poss-

ible that convection is present only in disks with low 

• 
values of M (Koen 1976).} , The fact that Warner (1976) 1 

by consideration of bright spot luminosities, deduces 

higher mass transfer rates in the classical novae than in 

dwarf novae supports this idea. 



CnA:PTER 7 

THE DYNAMIC PROBLEM 

In § 5 the kinematic dynamo was investigated; 'f(le 

now briefly consider t.he dynamics of the field-gas inter-

action. The contents of this are extremely speculative as 

such. interaction is pool:"ly underst.ood even in the solar 

case (Parker 1977). 

It seems plausible that dyna.mo action should con-

tinue until approximate equipartition between magnetic and 

turbulent energy densities is reached, i.e . 

. /when vt = l<v'?> • (In what follows vt :;: vs' i.e. 13 1 :;: 1, 

will be assumed) . Differential rotation could amplify the 

toroidal field beyond this strength; it is not clear what 

the effect on the turbulence would be. If all turbulence 

is suppressed, the peloidal Bp should then remain approx

imately stationary as the conductivity is again increased 

to the molecular value. On the other hand, if turbulence 

survived, Bp might decay due to the inability of the a

mechanism to manipulate B8 • 

Clearly we expect 

•B2 
8(max.) :;;; p v2 

8'IT s 

(Parker 1966). In practice, magnetic buoyancy (e.g. ~arker 

1977) and the effects of circulation currents (e.g. Mestel 

1972) could be important. 



The inequalities 

Bz 
_12 < ! P vtz 

1T .- 2 
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will be assumed to hold inside the disk • 

(6 .1} 

(6. 2} 

The values in 

. Table 3 are based on the· CV disk models of Koen (i~76); 

the central star in all these models had mass 1 ~ and 

"· radi11s ]~0 9 em. (r4axirnum value·s of p and. T occur at nearly 

the same location in the disk.) 

Table 3 

Model M p (max) . T (max) Bp (max) Ba (max) 
pl 

(g 51) (g ern- 3 ) (OK) (gauss) (gauss) 

1. 1 El7 3. 7 E-7 8.4 E4 5. 7 E3 8.0 E3 
·. 

2 1 El8 8.0 E-7 1.4 ES 1.1 E4 1.5 E4 
' 

3 10-z El7 2. 8 E-5 2. 4 ES 8.4 E2 1. 2 ES 

( . 
/ 
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We w·ill postulate the existence of a region with 

.. B2. 
1' 2 « 

41fpC 
1 and neglect electric forces. In 

a time-independent magnetosphere, the field configuration 

in this zone should be nearly force-free, i.e. 

cv· x B) x B ~ o (7 .1) 

(A possible but unlikely alternative would be to have the 

pressure gradient balance the jxB - force.· However, in the 

CVs, the coronal temperature would have to be ~ 10 7 
- 10 8 0~ 

for pressure forces to become comparable to the inertial ones 

alone. Such high values see1n unlikely from an observational 

point of view.) pince the magnetic energy density » the 

gas kinetic energy, the field is relatively ·impervious to 

deformation by the gas flow. This implies that, contrary 

to the situation inside the disk, production of B
8 

frotn Bp 
B 

If we then assume fe!T « 1, it can is not very efficient. 
p . 

be shown that {7.1) reduces to 

{ 7. 2) 

i.e. the vacuum-field form. In view of the defining quality 

of region (A) this result is certainly plausible. 

A separable solution of (7. 2) which vanishes as 

z 7 ± oo, r + ± oo is 

B = cl r 
-.\z K

1
(,\r} e 

-,\z z > 0 
B \ K0 (,\r) = cl e z 

(7. 3) 

Br 
AZ K

1
(.\r} = -c.2 e 

AZ z < 0 
Bz = c.2 e K0 Ur} 

where K0 , K1 are modified Bessel functions of the second kind. 
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There seems to be some confusion between the para-

meters a:. and D
5 

in Mestel's (_1968, 1972} papers. We shall 

assume that a:. refers to the angular velocity of the field 

lines, equal to the angular veloctty of the medium in which 

they are anchored. Q then refers to the angular velocity s; 

of the gas. Since {i) arbitrary flow along Be is possible 

and. (ii) viscosity is ~ot taken into account, ns is not 

necessarily equal to the rotation rate of the medium at z = O. 

It will be assumed that a is given by the Keplerian angular 

velocity at z = 0. 

We will be particularly interested in ~f, the rate 

of loss of angular momen·tum, and ~M, the mass loss rate from 

the disk. With no magnetic field present and a Keplerian 

rotation law 

when F 

· ·6r = .MdiGMrd - i1s/G.tv1r
5 

·r 
F::;j 4rriGM I d r 3/z P (r) dr 

rs 

is the flux of mass lost along 

r • 0 • 

the 

AM = Md - M s = 4rr I d rF(r)dr. 
r 

s 

(7.6) 

disk, i.e. 

A lower limit to the rate of mass loss can be esti-

mated as follows: The maximum. value of ~f/~M (i.e. the 

maximum loss of angular momentum for a given value of ~M) 

is obviously obtained if all the mass is lost from the 

outer edge of the disk, i.e. 

F (r) == 



with F a constant. 
* 

. 
ilT = 

• A.M = 

Thus generally 

Also, from (7.6), 

so that 
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t11r/GM
1 rf F 

* 
41Trd F 

* 

For the CVs, rd/rs ~ 10 so that 

> o. 7. 

(7. 7) 

It can be shown that in the case of a nonzero field 

rd B ~ f . P o v o B z ) o r ~ r -· 2 dr. 
rs p 

.. fi,-,. 
~f. = 47ft GM 

Subscripts o and c denote values at z = 0 and at the bound-

ary between regions A and B respectively. We introduce the 

dimensionless variables 

x = Ar = r/R 

y = AZ (In what. follows y ~ 0 will be assumed) : 

s = /x2+y2 

u ' = vf.fT a 

w = Qj 
q, = ~% Q GM Xa 



46, 

We also let 

H2 H2,\2 
t; ·* = = 81Tp 0 a 2 161Tp 0 a 2 

R, GM -
Ra2 

Some simplifying assumptions regarding physical 

conditions are made: p 0 and the coronal temperature (and 

thus the coronal sound velocity a) are constant. Further-

more, viscosity terms in (1.5) and (1.13) are neglected and 

it is assumed that Ohm's law reduces to 

E + ~ v X B ~ 0 • 

The latter should be a good approximation - see Mestel (1972) • 

Now 

tsr = 

xd B 
• 41T12' ap

0
R2 z 

~M = J uo --) X dx B o 
xs p 

and . 
~r = IGMrd' (f. Jl> 
~.f:i J rd 

. where 
xd B -!.: 

I - J Ua ~) x2 X 2 dx B o c 
X p s 

xd B z J - J uo B)O X dx 
xs p 

For the fields (7.4) and (7.5) 

1 = 12' 
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and 

= 

respectively. 

The formulae determining xc are now presented 

without proof; the derivation is analogous to that of 

Mestel (1968) . 

For the field configuration ( 7. 5) · the variation 

of U along the field lines·is given by 

( 7. 9) 
= f(x) +A • 

The field lines are described by 

In Mestel's model A is found by requiring that U be continuous 

in the sonic point: 

A = ~ (l+log2) 
x 2 t 

S
t a ~ y + ~ log [K21 <. xa) +K 1 2(Xa) ] 
a 2x~ a 

if w(l-~w) ~ ~ at x = x is assumed in (7.9). Differenta 

iation of the latter equation'in the point xa gives 

(2U - 1; ) u 1 = f '(x 0 ) u 
while xa is determined by setting f' (X ) = o. In the models a 

considered here, however, solutions for xa obtained in 

way are unphysical,-i.e. f' (x} * 0 vx. We conclude that 

-k 
U' + oo as U ,..). 2 2 shock formation is unavoidable. 

this 
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Instead of using 

(7 .10) 

to solve for U0 , we shall use it to determine A once a 

value for U0 has been assumed. 

w0 is found iteratively from 

uch~ {;x)+K~ (x) - ueY-:-Yc {_~)2 h~ (xc)+ Ki (xc} 
w = 

ucv{~ (x)+Kf (:x).- ueY-Yc h~ (:xc) + Kf (xc) 

(7 .11) 

while xc and Uc are obtained by simultaneous solution of 

~ ~ 
[ K 2 (X )+ K 2 (X ) ] 2 

[ K 2 (X)+ K 2 (X) ] 2 
0 0 1 0 0 1 

w ::-::: 1 - 2U 

(2U - 1/U) Ui 

and (7.9} i.n the point x_c • 

Gorresponding~elations for Blandford 1 s field config-

uration are 

(7.12) 
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u x x~ - Ux 2 1i- S!c;s·-
c c c c w == 

x[u x /-c- Yfs ·-Ux /f -Yis J 
C C CY C 

ll-Yjs 

w = 1 -
___ 4_s (s-y) U 

2s(s-y) (U+xU') + x 2 U 

(7.13) 

(2u- .YuJu' 1· X 
= x + 2s(s-y) 

lx + 2x1w(l-~w) 
5 2(s-y) x3 

0 

In the above expressions for u~, the variation of 

w near xc was neglected and wb ~ 0 assumed. / 

The integrals I and J were calculated for a number 

of parameter v~lues .. U0 was assumed independent of x. For 

Blandford's field (BF) xs= 1, xd= 15 or 25 whi.le for our 

field (OF) x
5

= 0.1, xd= 1.5 or 2.5. 

In the case of BF, J could be found analytically; 

~or OF a Simpson-type integration was used. The numerical 

te~?hnique used for the determination of I was the following: 

(i) 

(ii) 

(iii) 

At each x 0 , a starting value for w0 was assumed. 

The parameter A followed from (7.10), (7.12). 

The four equations determining Uc' xc' we and U~ 

were solved simultaneously ~ use of the MACC routine 

zru~EQ from the ZRRT package is gratefully acknowledged. 

Bessel functions were calculated by the BESK routine 

from the Univac Math.-pack. 

(iv) w0 was found from (7.11), (7.13) and steps (ii) and 

(iii) repeated. 

(v) Step (iv) was continued until the relative change in 

xc from one ite.ration to the next was ~- 1%. Generally, 

two i tera.tions were sufficient. 
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(vi) The value of the integrand of I was stored and 

steps {i) - (v) repeated for a new value of x 0 • 

(vii) The stored values were integrated using a Simpson 

method. 

To facilitate comparison of the results of the BF 

and OF mo'dels, it was assumed that the field energy at the 

poi11t (x = xs, y = 0) was the same in the two cases. This 

implies that 

E; (OF) = E; (BF) 

K;(o.l) + K~(O.l) 

Because of the difference in scale 

R, (OF) = R, (BF) 
10 

= 
E; (BF) 

102.99 

must also be taken. Parameter values quoted henceforth are 

those associated with the BF model. 

If'the outflow velocity does not greatly exceed v
8 

Bz B2 1. (BF) 4 . 2 41TpV8 R, . rr.pv 
(7.14) 

102 t; (OF) I 

Also 

t:n the CVs M - 1M<=>, rs - 109 em; consequently (v:y -. lo- 4 

near the inner edge xs of the disk and decreases outwards. 

Thus 
-4 5. B2 10 ' 

~ 
R, 

41Tpc 10- 2 £ 
R, 

(BF) 

(OF) 
B2 

From (7.14) and (7.15) we deduce tha·t --- < 1 and 
4'll'pC 2 

(7.15) 

B2 
--"7"2 > 1 for both fields provided 9. < t; < 102 9.. For 
41TpV . . 
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coronal temperatures 10 5 ~ T ~ 108 °K, 10 ~ 1 ~ 10~. 

Some of the results obtained are shown in tables 

4 and 5. The value aiven is .!. ~ - this should be com--' J r 
d 

pared with the maximum 1 obtainable in the field-free 

case (compare (7. 7) and (7 .8) .) The moral is )chat for a 

given rate of mass loss from the disk the magnetic field 

can· act to increase the rate of angular momentum outflo-v;. 

Table 4 

U0 - 0.2 

Model 
xd 

15(1.5) 25(2.5) 

1 = 10 BF 20.4 10.4 

E.: = 10 3 OF 4.9 1.9 
·-

1 = 10 2 BF 10.9 6.5 

~ = 10 3 OF 3.8 * 
1 = 10 2 BF 49.6 29.8 

~ = 10 4 OF 8~3 3.4 

1 = 10 3 BF 23.5 14.4 

~ = 10 4 OF 6.0 2.7 

1 = 10 3 BF 107.2 64.9 

~ = 10 5 OF 11.6 4.9 
1--· ·--

1 = 10 4 BF 50.1 30.5 

~ = 10 5 OF 8.5 3.7 

* Unphysical solutions for xc. 
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Table 5 

= 2 

Model 
xd 

15 (1.5} 25(2.5) 
- -

9, = 10 3 BF 23.5 14.4 

E;, = 10 5 OF 6.0 2.7 

9, = 10 4 BF 11.2 7.0 

E;, = 10 5 OF 4.1 2 .o 

.t = 10 4 BF 50.1 30.5 

E;, = 10 6 OF 8.5 3.7 

General trends are: 

(i) The lower E;,, the less effective the models are in 

transporting angular momentum. The reason is that for 

large E;, (large magnetic field strength) the gas is forced 

into approximate co-rotation with the field lines to larger 

distances from the outflow point (i.e. x is increased). c 

(ii) The BF model is the more efficient as regards the 

• 
value of ~r for a given ~~- The primary reason is that the 

field strength decreases faster with distance from (x = xs' 

y = 0) in the OF model. 

(iii) Efficiency decreases with increasing xd. This may 

be ascribed to the fact that the field is weaker far from 

x . Also, the angular velocity of the field lines decreases s 

with increasing x. 
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(iv) Decreasing 1 increases 6f/6~. Th~s happens because 

low 1 corresponds to high values of a and thus of the out

flow velocity ~ U0 a. For a given value of 6M, smaller p 0 

is required for faster outflow. This again implies that 

the magnetic field will exert a controlling force at large 

values of x. 

(v) Models with low values of U 0 have larger I. 'rhe 

physical reason for this behaviour is not obvious; mathe-

matically it follows from the ~-equations. The existence 

of different branches in the solutions may be important 

here. 

The.internal consistency of the model mainly depends 

on the assumptions that w' ~ 0 and that the role of vis-. c 

cosity can be neglected. Clearly the latter will not be 

true if w(y = 0) deviates substantially from 1. We find 

0.89 $ w0 ~ 1 in the models with U0 = 0.2 while for U0 = 2, 

0.74 < w $ 1. As far as the other assumption is concerned, 

we note that 0.33 $ we ~ 0.49 (BF) and 0.51 $ we ~ 0.84 (OF) 

except for the (U
0 

= 0.2, 1 = 10, ~ = 10 3 ) - case which has 

0.17 <we < 0.34 (BF). 

In conclusion, it seems that the magnetic field of 

the disk might act as an efficient agent for disposing of 

excess angular momentum. 
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CHAPTER 9 

THE OBSERVATION OF MAGNETIC FIELDS IN DISKS 

A. Introduction 

The magnetic field in a disk can manifest itsel~ 

in at least three ways which are in principle observable 

viz. through its influence on radiation, 

(ii) the dynamics of gaseous motions and (iii) the struc-

ture of the chromosphere and corona associated with the 

disk. This last feet will not be considered here as 

coronal theory generally and heating through hydromagnetic 

waves particularly seem to be poorly understood even in the 

solar case (e.g. Adam 1977). 

Effect (ii) includes 

(a) Modulation of the accretion flow as discussed in § 6 . 

(Note also that the field could interfere with material 

flovling from the secondary star towards the disk.) 

(b) Mass loss due to a magnetically controlled wind (§ 8). 

Unfortunately this may not be the only process which 

can cause a continuous outflow of material (see e.g. 

Sorenson et al (1975) .) 

(c) Interference with the ejection of mass eruptions. 

Detailed predictions here would depend on the over

all field structure and cause of the outbursts. 

The rest of this chapter will be devoted to a summary 

of the influence of the field on the emission of radiation. 
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A Brief Revie'VIr 

Continuum spectrum 

Cyclotron radiation has been considered by Masters 

et al (1977). 

Synchrotron processes have been reviewed by Takakura 

(1967). (See also Lang 1974.] The paper contains 

general information on such topics as the spectral 

distribution of radiation from a collection of elec-· 

trons in a magnetic field and the modifying influences 

of the refractive index of the plasma and synchrotron 

absorption. 

(iii) Takakura (1967) has also discussed a variety of part

icle acceleration processes. Further information can 

be found in Kaplan & Tsytovich (1973) and Lang (1974} 

. (and references therein.) Additionally we note that 

reconnection of magnetic field lines (e.g. Lynden

Bell 1969) may be an efficient acceleration mechanism. 

An interesting point is that the. process may be trigg

ered by charges in the mass transfer rate (Shields & 

Wheeler 1976.) 

Eruptions could probably also produce energetic part-
' 

icles. 

(iv) Meszaros et al (1977) (see also Mara~chi·& Treves (1977) 

and references therein) have presented a discussion of 

the production of high energy photons in the corona of 

a magnetic accretion disk. 

{v) A stream of accelerated electrons can stimulate emission 

of plasma radiation. Excitation by Alfv~n waves or mag

netohydrodynamic shock waves might also be possible 

. (Takakura 1967). 
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L.l.ne spectrum 

Depending on the field strength and the atomic 

species the anomalous Zeeman, Paschen-Back or 

quadratic Zeeman splitting of the lines may be 

imported. (The latter also causes a shift in 

the central line frequency.) 

(ii) Comparison of line profiles with those of null 

lines (Preston 1967) could reveal the presence 

of mpgnetic effects. 

3. Polarization 

a., Continuum 

A detailed description of many processes is given 

. by Gnedin & Sunyaev (1974) . Papers by Rees (1975) , Masters 

et al (1977) and Gnedin & Sunyaev (1973) are also of interest. 

The major conclusions are: 

(i) In a magnetic field both the electron scattering 

and free-free absorption cross sections depend on 

the sense (ordinary or extraordinary) of polariz

ation of the radiation. (Lamb & Sutfuerland (1974) 

have shown this to be the case for bound-free absorp

tion also.) This causes a net polarization of both 

optically thick and optically thin radiation. 

Kemp (1970 a, b, 1977) has discussed continuum pol

arization from a different viewpoint. 

(ii) The frequency dependence of sign reversals of circ

ular polarization is treated. Similarly, the plane 

of linear polarization can depend on v. 
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(iii) Polarization· of cyclotron radiation is discussed. 

The. frequency dependence of linear and circular 

polarization in both optically thick and thin syn

chrotron radiation has also been dealt with by 

Pacholczyk (1974) . We note that whereas thermal 

radiation in a magnetic field usually gives p 

(percentage linear polarization) « q (percentage 

circular polarization) , cyclotron radiation has 

p ~ q (e.g. Ingham et al 1976.) 

(iv) Beamed radiation can be appreciably polarized. 

(v) The situation can be complicated by non-magnetic 

sources of linear polarization such as electron 

scattering in the disk and reflection off the disk 

or companion (secondary) star. 

b. Absorption lines 

(i) Stenflo (1971) has reviewed the transfer theory of 

Stokes parameters in absorption lines formed in a 

magnetic field. 

' 

(ii) As a result of Zeeman splittin~ the line ~ings on 

either side of the central frequency should be circ

ularly polarized with opposite handedness. 

(iii) Equivalent widths determined in different polarization 

directions may ,differ (Warwick 1951) . 

(iv) Zeeman shifts of line images in oppositely polarized 

spectra are possible. 

{v) Line profiles may also depend on the polarization 

stat~ (crossover effect.) 

(vi) Finally, magnetic microturbulence (Stenflo 1971) may 

have a piofound influence on line polarization. 
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c. Emission lines 

(i) A review of fluorescence line polarization and de

polarization in magnetic fields was given by Tand-. 

berg-Hanssen (1976). If the incident radiation is 

either polarized or anisotropic, the emitted radia

tion can be polarized in the absence of a magnetic 

field. A field, if large enough, exerts a perturb

ing influence. A more detailed discussion can be 

found in Mitchell & Zemansky (1934). 

(ii) An exhaustive discussion of the resonance scattering 

redistribution function for dipole transitions in a 

magnetic field can be found in House (1970a, b) 

(plane polarized light) and House (1970c) (circularly 

polarized light) • A number of potentially important 

effects such as multiple scat·tering, collisional 

effects and Doppler broadening still need to be in-

. corporated in the theory. 

House (1970b, 1971) has applied the theo~y to the 

calculation of the degrees of polarization under 

various circumstances. In the latter paper linear 

polarization in emission lines formed in a magnetic 

field is studied. 

A summary of some important points has been given by 

Beckers (1971). We specifically note that coherency 

effects between magnetic sublevels are unimportant 

provided B » 5 x lo- 8 , y being the damping width of y 
the upper .state level. Also, excitation and de-

excitation by isotropic collisions act as depolarizing 

mechanisms. (If collisional excitation is not negli

gible impact polarization due to.anisotropy in the 

velocity distribution of the exciting particles could 

be a complicating factor (Hyder 1965) .) 
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(iii) Hyder (1965) has presented a method for calculating 

the maximum polari.zation in bright lines formed in 

magnetic fields. 

{iv) Gnedin & Sunyaev (1974) have discussed polarization 

of cyclotron lines. 

d. General considerations 

Eventually several mechanisms can influence the ob

served degree of polarization: 

(i) Non-uniformity of the magnetic field. 

{ii) Superposition of contributions from different polar

izing agents. 

' (iii) Faraday rotation and the Voigt effect {Jenkins & 

White 1957) or Faraday pulsation (Pacholczyk 1974). 

(iv) Frequency shifts due to Doppler effects. 

{v) Compton processes can extend the spectral range over 

which polarization is observable (Sciama & Rees 1967). 

(vi) Cyclotron self-absorption and refraction effects 

{e.g. Beckers 1971.) 

,{vii) Addition of unpolari:ted light. 

c. Application to the CVs 

In this section we shall assume that the information 

in table 3 applies - hence table 6 (Ac = minimum cyclotron 

wavelength, 11A
2 

= maximum Zeeman splitting for Ha) ~ (We 

note however that apart from other uncertainties (i) different 

disk models would imply different field strengths and (ii) as 

in the case of the sun, chaotic fields might well be much 

stronger than the ordered fields.) 
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Table 6 

Model "-c (]J) l:.Az 0 
(A) 

1 1. 31 E4 0.17 

2 7.0 E3 0.31 

3 9.1 E2 2.37 

The continuum spectra of the CVs are thought to be 

a composite of contributions from the disk, boundary layer 

.between the disk and the white dwarf, bright spot and the 

two stars. Since the theory for describing conditions in 

all these regions has not been fully developed and espec-

ially as the white dwarf may itself have a significant mag-

netic field, observation of the continuum spectral shape or 

polarization would not be sufficient to establish the presence 

of a field associated with the disk. Furthermore, a glance 

at table 6 shows that unless invers~ Compton processes are 

important polarization at optical wavelength should be small. 

Thus the fact that Landstreet & Angel (1971) failed to find 

wide-band continuum polarization in U Gem and, z Cam does not 

disallow the existence of disk-generated fields in these sys-

terns. 

As·both the rotational Doppler effect and Stark broad-

ening are probably important in the fonnation of spectral lines, 

it seems unlikely that Zeeman splitting would be observable. 

The influence ·of these broadening mechanisms would be least 

noticeable in emission lines formed in a system observed pole-

on; even so the thermal Doppler might blur line splitting -
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' 0 
AAQ~2A for Ha at T = 10 6 °K. 

We conclude that observational methods based on 

the polarization spectral lines should have the best 

chance of success in the detection of magnetic fields in 

the disk. 
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CHAPTER 10 

CONCLUDING REr1ARKS 

According to present ideas on the origin of 

magnetic fields in stars, battery fields should also be 

generated in disk systems. If, furthermore, the disk is 

turbulent, both poloidal and toroidal fields could be 

amplified. Chapters 2 to 5 were devoted to making these 

ideas more plausible. (Note that a magnetic field associ-

ated with the central star could also act as a seed field 

for a disk dynamo. This could be the case in e.g. the 

pulsating X-ray sources and systems such as AM Her. Due 

to the strong fields in these stars the dynamo could only 

operate far from the star, i.e. where the magnetic energy 

density is low). 

A by-product of the'investigation was the develop

ment of an algorithm for finding eigenvalues of equations 

of the form (A.l) numerically. 

Several avenues of extension of the basic theory 

can be suggested e.g. 

(i} 

(ii} 

(iii) 

Invest1gation of the radial structure of the field. 

Inclusion of further terms in the form (3.2) of 

Ohm's law (e.g. Krause 1967, R~dler 1968}. 

Generalization to other distributions of angular 

velocity in the disk. 

However, little quantitative information stands 

to be gained before the hydrodynamic and electrodynamic 

theories of turbulence have been placed on firmer bases. 
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In the remaining chapters of the thesis impli

cations of the theory for the CVs were discussed. The 

work should have wider relevance: 

(i) The structure of some x-ray binaries is thought 

to closely resemble that of the CVs (Ruffini 

, 1975). Variations of emission on both short and 

long timescales (e.g. Gursky and Schreier 1975) 

could be ascribed to the presence of magnetic 

fields (flares and valve action). 

(ii) Similar remarks apply to the transient X-ray 

sources (e.g. Cominsky et al.· 1978). 

(iii) An interesting parallel between the dwarf novae 

and X-ray burst sources has been drawn by 

Brecher et aZ. (1977). Liang (1978) has also 

developed a model for burst sources based on an 

instability in an accretion disk. He suggests 

that outbursts may be triggered when strong 

magnetic fields are accreted but fails to explain 

the quasi-periodic recurrence. In our model 

this could be due to the oscillatory nature of 

the field. 

Wheeler (1977) states the bursts are caused by 

magnetic flares in accretion discs. 

(iv) Magnetic effects associated with an accretion 

disk around a neutron star or black ~ole can 

provide an explanation for the emission from 

some X-ray sources (Meszaros et al. 1977). 
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(v) Lynden Bell (1969) has discussed the importance 

of magnetic fields in differentially rotating 

galaxies containing a collapsed object. The theory 

is able to explain Seyfert galaxies, quasars and 

galactic nuclei as well as cosmic ray production. 

Shields and Wheeler (1976) presented a similar 

model in which the variability of quasars and 

Seyfert galaxies is caused b9 magnetic eruptions. 

(vi) Accretion disk models of double radio sources are 

due to Lovelace (1976) and Blandford (1976) . In 

these studies a magnetic field was taken to be 

accreted into the disk. Our work shows this 

assumption is probably redundant. 

./(vii) The possibility of dynamo operation in a hypotheti

cal solar disk has been mentioned by Hestel (1974). 

According to Larson (1977) such disks might also 

exist around other isolated protostellar condensa

tions. 

In addition to the abov~~-:nentioned cases disks 

and rings are observed in a \vide variety of binary systems 

(see e.g. Batten 1973a) and even around single stars such 

as Be's (e.g. Marlborough 1976). Some systems show variations 

(Batten 1973b, Baldwin 1976) which might again be explicable 

in terms of magnetic action while nonthermal emission 

(Hjellming 1977) could be due to bremsstrahlung in the disks. 

It is usually assumed that the angular momentum 

transferred into disks in binary systems will either be 

returned into orbital angular momentum through tidal inter

action (Smak 1972, Biermann and Hall 1973, Hall and Neff 1976) 
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or lost from the outer edge of the disk (Lin and Pringle 

1976). Scepticism towards the first possibility has been 

expressed by Drobyshevski and Reznikov (1974), towards 

the second by Shu (1976) . In § 8 we have proposed a third 

mechanism. 

We note that the amount of angular momentum 

carried with mass lost from a binary system can influence 

its evolution - see e.g. Paczynski and Ziolkowski (1967). 

~~ The importance of angular momentum transfer processes in 

solar and protostellar disks has been pointed out by 

Mestel (1974} and Larson (1977). 

As has been mentioned in § 3 magnetic fields 

·have actually been observed in some galaxie~ (see also 

Elvius 1978 and other papers in Berkhuijsen and Wielebinski 
/ 

1978). Evidence for fields has also been found in some 

confirmed or suspected binary systems where disks may be 

present - Kemp and Wolstencroft 1973a (see however Angel 

and McGraw 1973), Kemp and Nolstencroft 1973b, r.Uchalsky 

and Swedlund 1977, Landstreet and Barra 1978. However, 

the possibility that the fields are associated with either 

star rather than with circumstellar gases cannot at present 

be excluded - e.g. the strong magnetic fields recently 

discovered in some nova-like variables (Krzeminski 1978) 

are probably too large to be disk-generated. 
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APPENDIX A 

. We will attempt to develop an algorithm for the 

numerical solution of the equation 

(A.l) 

-i.e. 

F(x,y)y" + G(x,y)y' + H(x,y)y = 0 (A. 2) 

subject to boundary conditions to be discussed later. 

(A.l), (A.2) are somewhat more general than (3.16). y and 

y can generally be complex while the functions fk' gk and 

hk are real. For convenience we assume 0 < x ~ 1. 
"· 

A ready-made program for solving this type of prob-

lem is available (see Appendix B) but it was considered 

necessary to obtain reasonably accurate starting guesses 

for y to ensure that it could be executed economically. 

Another reason for not solely using the package is that 

there is no guarantee that all solutions will be found. 

Thus physically important solutions could inadvertently 

be omitted. The starting values were obtained from a sec-

ond approach, described below. 

The finite difference approximation to (A.2) in 

the point xi is given by (see e.g. Beckett & Hurt 1967) 

F. 
~ 

-2y~ + y y - y -=-=--_ ..... ___ i_-_1 i + 1 · i -1 H y = 0 + Gi + i i 
{ox) 2 2ox 
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where 

x. = iox 
l 

yi = y {x.) 
l 

Fi = F(x., 
l 

'Y) r etc. 

and i = o, 1, 2, . . . , N with ox =' 1/'N. The above repre-

sentation is accurate to second order in ox. On rearrang-

ing we find 

yi-~y{2Fi-· oxGi) + yi{-4Fi + 2ox 2 Hi) + yi+l {2Fi+ o xGi) = o, 

{A. 3) 

i = O, 1, 2, ... , N i.e. N + 1 equations with N + 3 unknowns. 

If the boundary specifications are such that y_
1 

and 

YN+l can be expressed in terms of y 0 ,y 1 and yN, yN_ 1 respect

ively {i.e. y_
1 

= a 0 y 0 + S 0 y 1 , yN+l = aNyN + SN YN-~·) then 

(A.3) can be written 

Aoz Ao 3 0 0 Yo 

Al 1 A12 Al 3 0 

0 A21 A22 A23 • 

0 0 

• 

• 0 

0 ~-1,1 ~-·) f 2 
A 

N-1, 3 

0 0 ~~ 1 ~,2 YN 

where 
(A. 4) 

= 0 
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Aa 2 = (-4F 0 + 2ox 2 H o) + ao (2F 0 - ox Go) 

1{0 3 ·- (2F
0 

+ ox Go) + Sa (2F' - ox Go) 0 

~,1 = (2FN -ox GN) + SN (2FN +ox GN) 

~,2 = (-4F + 2ox 2 HN) + aN (2F - OX GN) N N 

A. - 2F. - OX Gi ll l 

Ai2 = -4F. + 2ox 2 H. l l 

A. = 2F. + ox G. 
13 l l 

( i = 1, 2, ••• , N-1) • Now 

Ao 3 0 

~-i, 3 

must hold to guarantee non-trivial solutions of (A.4). 

' 
(A.6) constitutes a polynomial equation for y; we will try 

to establish a recipe for the calculations of the coeffic-

ients in this expre~sion. 

D. 
J. 

Defining the subdeterminant Dj by 

~+l-j,2 

~+2-j, 1 

0 

~+l-j,3 

.~+2-j,2 

0 

~+2-j, 3 

. . 0 

(A. 5) 

(A. 6) 

0 A 
N, 1 AN , 2 

(A. 7) 
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it can be shown that 

. (A • .S) 

for j = 3, 4, • • • I N+l. If \'le set 

A. 1 
,. n 

== ... a. y 
J , n=o J ,n 

A. 2 !: b. y n = 
J I n==o J ,n 

A. 3 !: 
n 

= c. y 
J, n=o J ,n 

D. 
J = !:. p yn-1 

n=o · j,n · 

in (A.8) the coefficients P. in the polynomial D. can be 
J,n J 

found in terms of P . 
1 

and P . 
2 

The a . 1 b . and 
J- ,m J- ,m. .J,n J,n 

c. in (A.9) are of course determined by comparison with J,n 

(A. 5) • 

As an illustration we consider the equation 

2 
q 1 y Y'; · + .1. q2 X Y' · + (.1. q - _l_) Y = 0 

1T 2 2 2 41T2 . . 
'.) 

(A. 9) 

(q ,q constant) ·subject to the conditions Y' (o)=O, y(l)=O. 
1 2 

From the first boundary condition 

s:::l 0 

so y..;. 
1
= y 

1 
i a 0=0, f3 0 = 1 . The second condition allows us to 

reduce the order of (A.4) by one since yN is given explicitly -

setting up an equation of the form (A.3) for i=N simply in-

volves -the introduction of the unnecessary unkn'own yN+l. 

In order to keep the notation uniform we shall continue to 

use the symbol N for the highest value of the index i in (A.3). 

(Note that ox = 1; N+ 1 then holds) . 
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A. = 2ql 1. -· 3 
q2 O:x xi 1, l 1T 2 (i = 1, 2; • • • I N) 

A. 2 = -4q 1. + 2ox2, (~ q2 - L ' 2} 1, 1 1T 4'!T 
(i=0 1 1, ••• ,N) 

Ao 3 = 4ql 1. 
1T 

A. = 2q y + .1. q2 ox x' 
1,3 1 1T 2 i 

(i = 1, 2' • • o I N-1) • 

From (A. 7) 

D1 = ~,2 = (-ox
2

) 2 
21T2 y 

pl 1 = 3q2 ox 2 
I 

p 1 2 = 
-4ql 

. I 1T 

p 1 3 
-ox2 

= 
I 21T2 

Similarly, 

~-1, 3 ~, 1' 

which determines (k = 1 ' 2 , ••• , 5) 

·We have 

a. = -3 q2 x. ox J,O 2 J 

a. = 
2ql 

J, l 'IT 

b. 0 = 3q ox~ 
J' 2 

b. = -4ql 
J , 1 'IT 

b. = -ox 2 
J, 2 41T2 

c. 0 = 3 ' x. ox J, 2q2 J 

c. = 2ql 
J, 1 'IT 
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so that (A.8) becomes 

( 
. . 2\2j-1 n-1 

b + b . y + b . . y . r: p. y 
N+1-j,o N+I-J 1 1 . N+2-J,2 ) n=i J-1, n D. 

J 

CN + 1 - j 1 l . ~ + 2 - j 1 l p j- 2 1 n- 2 

(j = 3,4, . .• , N+l; n = 1, 2, ••• , 2j+l). 

The roots of the equation 

can now be determined numerically. 



72. 

APPENDIX B 

(a) The package DD03AD from the Harwell Subroutine 

Library can be used for solving (A.l) provided it is written 

as a system of first order real equations. Starting guesses 

for y and y,y' over [0,1] have to be supplied. The program 

ch6o~es shooting points and perfonns Runge-Kutte integrations 

from these to matching points. It then attemps to reduce 

the discontinuities in the matching points to a minimum and 

to satisfy boundary conditions. 

(b) The program used for solving (A.G) was based on the 

MACC package ZRRT. developed at the University of Wisconsin, 

Madison. ZRRT contains the routine ZRMUL which uses Muller's 

method to estimate the complex zeros of a poly~omial. The 

estimates are subsequently refined by Newton-Raphson iteration. 

The following points are noteworthy: 

(i) Use of the recommended starting values for the 

Muller iteration sometimes prevented overall 

convergence .. 

(ii) The range of coefficient sizes in the polynomial 

DN+l can be decreased considerably by making the 

transformation 

y 

(N 1 being the order of the polynomial) and solving 

for q. It is also useful to "normalise" the equa

tion for q by dividing through by PN+l,l" As an 

example, for model 1 with (3 1 = lo-2 (e; = e; = (3 3 = 1), .. 1 2 



(iii) 

73. 

ox = 1/ 2 a , the size range is changed from 

lo- 101 -10- 7 ~ to lo- 1 -10 10 • 

This ruse allows the Muller operations to be 

carried out in single precision (limitations 

for this arithmetic being approximately lo- 38
, 

10 38 on the Univae 1108) and obviously improves 

conditioning of the polynomial equation. 

Instead of calculating zeros for a single small 
' 

value of ox it was found expedient to start with 

a large value and to decrease it. This procedure 

provides starting values for the Newton-Raphson 

method, thus bypassing use of the Muller itera

tions. It has the advantage that the convergence 

of the roots can be followed, thus enabling one 

to eliminate some of the spurious solutions en

countered. 

(iv) Another method for detecting spurious roots is by 

. repeating runs with different values of S3 and. 

comparing (see §4.) 

(v) Eigenvalues associated with even and odd fields 

are usually comparable. 

(c) Comparison of solutions of DN-i-l = 0 (model 1) with 

the exact values obtained from (4.4) shows that: 

if E 1 ~ E 2 = S1 = S
3 

= 1, the relative error 

y(DN+l) - y(exact) 

y (exact) 

in the lowest order posi·tive eigenvalue y r is - 4% (y. 
J. 

7%) 

if N = 7~ 3% (3%) if N = 10. Corresponding values for rt = 2 

are 32%, 28% (N = 7) and 15%, 4% (N = 10). 
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(The CPU time required to find solutions for 

N = 5 - 10 on the Univac 1108 was < 10 seconds. This 

should be compared with"' 3 minutes for an exact solution 

(errors 0.03%, 0% to fourth decimal) for the fundamental 

mode using the Harwell package on the IBM S/370 model 1489 

Of course, DD03AD also-provides solutions for B8 , Br -

this_ is not possible with the method given in Appendix A.) 

If~~= 10- 2
, we obtain relative errors 4%: 13% 

(N = 10) and 3%, 6% (N = 15) for n = 1. Figures.for n = 2 

are 4%, 20% (N = 10) and 0.2%, 9% (N = 15). 

Convergence of solutions for model 2 is slower and 

the\elimination of spurious roots difficult; the results 

in table 1 should only be considered indicative of the true 

situation. Generally N - 15 waG used as solutions for 

larger values sometimes started to diverge. 
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POSTSCRIPT 



84. 

H~aRujo wa~ waiR~ng ~n th~ fion~~t w~th 

a d~~e~pt~ wh~n a han~ ~eu~n~~d ofifi at 

th~~n appnoaeh. "Why do~~ th~ han~ fiiy 

fin om you?" a~ R~d H~aRuj o. "B~eau~ ~ h~ 

~~ afina~d ofi m~", wa~ th~ an~w~n. "No", 

~a~d th~ ma~t~n, ":it ~~ b~eau~~ you hav~ 

a mund~nou~ ~n~t~net". 

Okakura Kakuzo, The Book of Tea. 
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:t NEllER TJ.IOUGHT 
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