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Abstract

This thesis studied the crack initiation and propagation characteristics of Nu-
clear Block Graphite 10 (NBG10) and Gilsocarbon (IM1-24), using the Double
Torsion (DT) technique. The DT technique allows for stable crack propagation
in such brittle materials where a modification, with the use of a graphical anal-
ysis, enabled the ability to measure the non-linear fracture characteristics as a
J-integral parameter. The full field surface displacement measurement techniques
of electronic speckle pattern interferometry (ESPI) and digital image correlation
(DIC) were used to observe and measure crack initiation and propagation. In
addition, an experimental-numerical method for the calculation of the J-integral
from a DIC measured displacement field in cracked test specimens was proposed,
which enabled the direct calculation of the J-integral during crack initiation and
propagation of the graphite material.

Since the DT is not a standardised test methodology, the thesis first presents
a critical review of the technique and its proposed corrections through an ex-
perimental analysis using the proposed corrections, a Finite Element model of
the geometry and the use of Digital Image Correlation to measure out-of-plane
surface deformations. It focuses on the validity of the assumed constant stress
intensity regime and the independence of crack length in a critical evaluation us-
ing Polymethylmethacrylate test specimens. A small but clear dependence of the
stress intensity on crack length was observed in all specimen configurations. This
dependence is attributable to significant load-point deflections and out-of plane
deformations that are not accounted for in the DT analysis. Revisions of the
proposed analysis methodologies show that a crack length independent specimen
geometry can be achieved, but at the cost of less accurate data. Reliable and
accurate data can be achieved with a DT testing configuration using an optimum
specimen configuration. As such, the DT technique was deemed suitable for the
investigations of graphite fracture.
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The analysis showed that graphite fracture is associated with significant micro-
cracking in the fracture process zone (FPZ) prior and during macro-cracking
as well as crack bridging in the wake of the crack tip, which contributes up
to 50% of the irreversible energy dissipation in both graphites. Micro-cracks
tended to nucleate at pores, causing deflection of the crack path. Rising R-curve
behaviour was observed, which is attributed to the formation of the FPZ, while
crack bridging and distributed micro-cracks are responsible for the increase in
fracture resistance. The R-curve analysis of the two materials has shown the
typical quasi-brittle R-curve behaviour.

A comparison of the R-curve data with other data available in literature, suggests
a geometry dependent fracture behaviour, where the non-linearity due to the FPZ
and the wake effects result in variations of the apparent fracture toughness. It was
found that the reported FPZ size varies significantly between various geometries,
showing a relationship between the non-linear fracture behaviour and the FPZ
and wake region size. It was identified that the observed and measured behaviour
is very similar to that of other quasi-brittle materials. In these a clear size effect on
geometry has been established and fracture cannot be categorised by conventional
elastic plastic fracture mechanics.

As such, the common fracture characteristics of quasi-brittle fracture were com-
pared to those observed in graphite fracture. Subsequently, a failure model was
proposed which is an adaption of an existing non-local damage plasticity model
for concrete and other brittle materials. The model allowed for the observed
degradation and non-linearity of the graphite material and was shown to corre-
late well with experimental data.
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Chapter 1

Introduction

This thesis concerns the characterisation and modeling of the failure mechanisms
associated with graphite fracture. Although graphite is commonly assumed to
be a material used in pencils to draw or write with, today graphite has been
developed into an engineering material with advanced applications, such as brake
linings, foundry facings and lubricants. The attraction of graphite lies in its
ability to provide a variety of properties, some of which are unique, which make
it suitable for numerous advanced applications. One of these is its application in
the nuclear field. Special grades of synthetic polycrystalline graphite, high purity,
polycrastiline graphite, find use as neutron moderators within nuclear reactors.
This type of graphite is often referred to as nuclear graphite and is an important
material for the construction of both historical and modern nuclear reactors.

The Pebble Bed Modular Reactor (PBMR) is such a type of nuclear reactor that
uses graphite. At the this point, the future of the PBMR is somewhat unclear,
however, the PBMR, a South African reactor design, was on the forefront of
development within the field of nuclear energy [1] with the additional attribute of
being a source of very high temperature energy for a range of applications from
desalination to the hydrogen economy. One of the main distinguishing features
of the PBMR is its inherently safe reactor design [1]. The PBMR is a high
temperature, helium-cooled nuclear reactor. Structurally, the PBMR is made up
of a 27 m vertical steel Reactor Pressure Vessel (RPV), which contains a metal
core barrel, which in turn supports an annular pebble fuel core. The fuel core
is positioned between inner and outer graphite reflectors. The foundation of the
PBMR design is the spherical fuel elements, or “pebbles”. These pebbles are
tennis-ball sized graphite spheres containing thousands of micro-particles called
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Figure 1.1 – Layout of the PBMR [1]

Figure 1.2 – PGA bricks in an Magnox reactor [2].
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Tristructural-isotropic (TRISO) particles. TRISO-particles are uranium dioxide
coated with silicon carbide, and are used to generate heat via a nuclear fission
reaction. The graphite forming the outer layer of the pebble acts as a neutron
moderator, effectively slowing the neutrons down. When full, the annular pebble
fuel core can contain up to 450 000 pebbles [1]. The operating temperature of the
pressurized gas is approximately 900ºC at a 9 MPa pressure. The core structures
are designed to ensure sufficient passive heat removal from the reactor, so as
to maintain a temperature safely below the 1600ºC at which the silicon carbide
coating on the TRISO-particles begins to degrade. The major components of the
PBMR can be seen in Figure 1.1.

Further examples of nuclear reactors that rely on graphite components are Mag-
nox reactors and Advanced Gas-cooled Reactors (AGRs) in the United Kingdom.
As with the PBMR design the AGRs use graphite to moderate the fast neutrons.
Magnox reactors are pressurised carbon dioxide cooled reactors that employ natu-
ral uranium as fuel and Magnox alloy (an alloy of magnesium with small amounts
of aluminium and other metals) as fuel cladding. The basic design was continu-
ously refined throughout the 1950’s and the 1960’s, and, as a consequence, most
Magnox reactors are unique. In the AGR design the Magnox cladding was re-
placed with Stainless Steel to allow for higher temperatures and greater thermal
efficiency. In the AGR, fuel is enriched uranium oxide pellets embedded in a
fuel rod. The carbon dioxide circulates through the core, reaching 640°C and
a pressure of around 4 MPa, and then passes through boiler (steam generator)
assemblies outside the core but still within the steel lined, reinforced concrete
pressure vessel [4].

The need for graphite in a nuclear generator originated due to its ability to re-
tain its properties (including strength) at high temperatures and its ability to
slow neutrons to the speed required for nuclear fission to take place [6]. Graphite
components in the core structures are generally in the form of bricks, which are
arranged to accommodate thermal and radiation induced deformations through-
out the life of the reactor. Graphite keys and dowels restrict movement during
abnormal events, such as seismic activity [3]. These graphite reflectors also pro-
vide neutron reflection and, in the PBMR design, act as passive heat removers.
Figure 1.2 shows the arrangement of graphite components in a MAGNOX reactor.

Due to the nature of nuclear generators, the structural integrity of any compo-
nents in the power plant are of up most importance. Numerous factors need to be
taken into account for a successful failure-free operation of the reactor, and one of
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the key points is the sustained structural integrity of the nuclear graphite reflector
material as it provides channels for control rods and fuel cooling. In the PBMR,
graphite components form part of the inner core structure which supports the
fuel pebbles. Thus, there is special interest in the failure mechanisms associated
with graphite fracture. As nuclear graphite research stands there are many ques-
tions which still need to be answered regarding its damage development, fracture
initiation and propagation, and fracture toughness. This is the aim of this thesis;
to contribute to the understanding of nuclear graphite fracture.

1.1 Moderator Graphite Integrity

This project was initiated as part of an ongoing research effort in the PBMR
programme in conjunction with the University of Cape Town. Its aim is it to de-
termine the fracture characteristics of nuclear grade graphite for the development
of the PBMR and its nuclear safety approval. With the future of the PBMR being
somewhat unknown, this project was extended by collaboration with the Univer-
sity of Manchester in the United Kingdom. The issue of structural integrity of
graphite components is also in its interest, since public attention was drawn in
2006 to the issue of structural integrity in the AGRs and more specifically to crack
formation in AGR moderator graphite [4]. It was claimed that British Energy
were unaware of the extent of the cracking in moderator bricks and that they
did not know why the cracking had occurred [4]. It is worth mentioning that the
project was funded by PBMR and the University of Cape Town which included
a year abroad at the University of Manchester. The University of Manchester
provided testing apparatus, graphite material and various other resources.

Current models to explain the fracture behaviour of graphite are based on the
results of work undertaken in the UK, Japan, Russia and the USA. A range of
different criteria are applied to determine when atomic bond separation will take
place; stress criteria [41], strain criteria [42] and elastic strain energy criteria
[43] have all been applied. Models of this type are elastic but pseudo-plastic
behaviour can be obtained by assuming different strengths for each of the ele-
ments in the model. Work carried out on polygranular graphite has indicated
that crack formation is preceded by damage in the most highly stressed regions
of the material [13]. Whichever model is used, the understanding of the mech-
anisms behind failure and the fracture parameters is essential. This being said,
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these parameters prove difficult to determine by conventional fracture mechan-
ics methodologies, since graphite is a quasi-brittle material. Many researchers
[14, 13, 44, 45, 46, 15, 47] have attempted various techniques to determine frac-
ture properties, however, they report difficulty in propagating cracks controllably
and obtaining valid and repeatable data. In this project an alternate method is
employed, which facilitates stable crack growth using the so called Double Torsion
(DT) technique. Since the DT technique achieves controlled crack propagation,
it is believed to provide for more insight into the fracture behaviour and fracture
mechanisms of nuclear graphite.

1.2 Fracture Mechanics and Modelling Approach

One way to asses the structural integrity, more specifically cracking, of the graphite
components is through the fracture mechanics methodology. In essence, fracture
mechanics concerns the study of the mechanics of the formation and propagation
of cracks in materials. It uses methods of analytical solid mechanics to calcu-
late the energetics and driving forces on a crack and those of experimentally
determined fracture properties to determine whether a crack or discontinuity will
propagate.

Early analyses have assumed a linear elastic hypothesis by using the critical stress
intensity factor KIc and the critical strain energy release rate GIc to predict
graphite failure. This however, raised some concern as large deviations in results
[41] and non linearity have been reported [14]. These discrepancies have been
attributed to extensive micro-cracking and irreversible slip deformation along the
basal planes of graphite crystallites [48, 40]. As a result the assessment method-
ology has focused on a non-linear hypothesis [14]. The complexity of the graphite
fracture behaviour becomes evident through the phenomenon of rising resistance
to crack propagation. Furthermore the rising resistance appears to exhibit a range
of different behavioural characteristics for which there is no satisfactory expla-
nation [16].The application of the R-curve concept, i.e. a measure of the rising
resistance with crack propagation, has become more common in recent years for
describing the process of graphite fracture [16, 13, 4, 15].

In this study the concept of fracture mechanics is also utilised in an attempt
to characterise graphite fracture. Since a different testing configuration is used,
LEFM parameters, EPFM parameters and the R-curve behaviour are measured
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in conjunction with optical observation techniques of the fracture process. It will
be shown that the EPFM methodology does not characterise graphite fracture
adequately. As a result a non-local continuum based damage plasticity approach
is proposed to predict graphite failure.

1.3 Aims of the project

The purpose of this project is to develop a greater understanding of the conditions
that will cause cracks to initiate and propagate in two graphite grades, namely
Nuclear Block Graphite 10 (NBG10) proposed for the PBMR and Gilsocarbon
(IM1-24) used in the AGRs. The research develops on the results of earlier work
undertaken by Hodgkins [4] and Fazluddin [16]. Providing an explanation for the
mechanisms associated with damage development and the variations in reported
toughness lies at the heart of this project.

To fulfill these objectives, the thesis is split into four categories. This includes;
a verification of the DT technique, the development of a novel approach to cal-
culate the J-Integral by Digital Image Correlation (DIC) displacement field mea-
surement, the damage, crack growth and fracture characteristics of graphite using
the DT technique, and a proposed non-local continuum-based damaged plasticity
model. Chapter 4 is dedicated to a complete description of the thesis objectives.

1.4 Details of Thesis Format

It was considered appropriate to include a brief section explaining the philosophy
and layout of the research report in this thesis. The chapters, while consecutive,
are largely self-contained.

The reader is first informed about relevant background information in Chapter
2. This includes general graphite information, how polycrystalline graphite is
manufactured and some general mechanical properties. Other topics include the
fracture mechanics methodology, the damage mechanics methodology and a brief
introduction into plasticity theory.

Previous studies on polygranular graphite, and how these materials fracture, are
considered in Chapter 3. This includes sections on the general factors affecting
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static strength, Linear Elastic Fracture Mechanics (LEFM), Elastic Plastic Frac-
ture Mechanics (EPFM), statistical approaches (Weibull) and continuum-based
models. It was considered necessary to include this chapter as there are particular
difficulties when attempting to identify the fracture parameters of polycrystalline
graphite.

Chapter 4 summarises the aim of this research project. In this work four cate-
gories, split into the relevant chapters respectively are presented and include; a
critical review of the DT technique (Chapter 5); the development of a novel ap-
proach to calculate the J-Integral by DIC displacement field measurement, called
JMAN (Chapter 6); the damage, crack growth and fracture characteristics of
graphite using the DT technique (Chapter 7 and 8); and a proposed non-local
continuum-based damaged plasticity model (Chapter 9).

In particular Chapter 5 details the experimental techniques and system employed.
This includes a discription of the material’s fabrication, mechanical testing facili-
ties, and evaluation of the DT technique and damage monitoring techniques. The
latter includes descriptions of Electronic Speckle Pattern Interferometry (ESPI)
and DIC techniques.

The novel approach to calculate the J-Integral by DIC displacement field mea-
surement (called JMAN), presented in Chapter 6, enables the continuous evalu-
ation of fracture parameters from the DIC images obtained during testing. This
methodology is also proposed for the evaluation of other materials.

Chapter 7 describes the observations made during testing using the aforemen-
tioned damage monitoring techniques. The chapter focuses particularly on the
crack initiation phase. DIC figures are shown, which illustrate the micro-cracking
and crack wake region effects. The mechanisms of crack propagation and failure
are described which include a discussion of the mechanisms of micro-cracking.

Similarly, Chapter 8 covers the LEFM and EPFM fracture parameters obtained
from the graphite testing. With the use of JMAN an initiation toughness and
R-curve behaviour is obtained. Conclusions are drawn on the obtained data and,
combined with data available in literature, a conclusion is drawn on the fracture
behaviour of graphite.

In view of the difficulty of adequately predicting the crack development and frac-
ture toughness using EPFM, because of the abundantly micro-cracked nature of
the graphite material, it was decided to propose an alternate methodology. Based
on a non-local continuum-based damaged plasticity approach for quasi-brittle ma-
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terials, the alternate approach was used to simulate fracture of three standard
Gilsocarbon specimen configurations.

A comprehensive discussion on the research undertaken in this thesis is given in
Chapter 10. This includes recommendations for future graphite fracture research.
The last chapter, Chapter 11, concludes this project.
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Chapter 2

Background Reading

This chapter is aimed to provide some general information on graphite; its micro-
structure, manufacturing process and general properties. The Chapter also in-
tends to introduce the necessary background knowledge on fracture mechanics,
damage mechanics and plasticity required for later reading of this thesis. A de-
tailed discussion on the previous studies on the graphite fracture mechanisms and
parameters can be found in Chapter 3.

2.1 Nuclear Grade Graphite

Mineral graphite is a crystalline allotropic form of carbon. Being non-metallic,
it holds the distinction of being the most stable form of carbon under standard
conditions and occurs in natural or synthetic forms. One of its main advantageous
properties is its ability to retain its properties at high temperatures, with a high
melting point of 3650oC, and being a highly refractory and chemically non reactive
material. Nuclear grade graphite is a high purity graphite used, as the name
indicates, in nuclear applications. It has a low absorption coefficient for x-rays
and absorption cross section for neutrons making it particularly useful material
in nuclear applications [49]. Additional properties of graphite include its stability
at high temperatures, where it is said to resist cracking and distortion. It is worth
mentioning that graphite is a highly flamable material at high temperatures. As
such, inert gases are utilised to overcome this. Table 2.1 tabulates the ranges of
mechanical properties of commercially available graphites.

The nuclear graphite grades considered in this thesis are Nuclear Block Graphite
10 (NBG10) and Gilsocarbon (IM1-24). NBG10, proposed for the Pebble Bed
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Property Property value
Bulk Density 1.3− 1.95g/cm3

Porosity 0.7− 53%
Modulus of Elasticity 8− 15GPa

Compressive Strength 20− 200MPa

Flexual Strength 6.9− 100MPa

Coefficient of Thermal Expansion 1.2− 8.2 · 10−6/oC

Thermal conductivity 25− 470W/mK

Specific heat capacity 710− 830J/KgK

Electrical resistivity 5 · 10−6 − 30 · 10−6Wm

Table 2.1 – Mechanical properties of commercial graphite at ambient temperature
[40]

Modular Reactor (PBMR), is an extruded, pitch coke graphite manufactured by
SGL Carbon Company. The material has a maximum grain size of approximately
1.6 mm and exhibits distinct grain orientations or anisotropy due to the extrusion
process of manufacture [50]. Gilsocarbon is predominantly used in Advanced Gas-
cooled Reactors (AGRs). IM1- 24, also a medium grained graphite, is classed as a
“near isotropic” graphite. It is manufactured from the raw material Gilsonite pitch
coke, which is prepared from naturally occurring asphalt found in the Utah basin
in Eastern Utah, USA. Both graphite grades form part of the internal structure
in some nuclear reactors and hence are subjected to high fast neutron flux. It is
noteworthy to mention that NBG10 has not been used in a nuclear reactor.

2.1.1 Graphite’s crystal structure

Graphite is one of two naturally occurring, metastable allotropes of carbon at
ambient temperatures and pressure [3]; the other being diamond [51]. Graphite
consists of layered planes of carbon atoms bonded to three neighbour atoms at
a separation, of approximately 1.415Å [3], seen in Figure 2.1a. Hexagonal rings
form when this basic structure is expanded by repetition and it is from these that
the basal planes are produced (Figure 2.1b) [52]. Successive planes, each a single
atom thick, sit above their nearest neighbours, offset in a repeating formation
(Figure 2.1c).

Nuclear graphite is an artificially produced graphite manufactured to fit the re-
quired properties (one requirement of moderator graphite is low neutron absorp-
tion properties). The control of these properties and, to some extent, the irradi-
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ation behaviour of the graphite can be achieved by variation of the raw materials
and by careful control of the forming and heating processes.

2.1.2 The manufacture of polycrystalline graphite

Various techniques exist for the manufacture of artificial graphite. The techniques
described here are common to graphite produced in the nuclear industry. The
following description of the processes by which artificial graphite is produced, has
been provided by Graftech Ltd [4].

Green coke is the raw material from which all artificial graphite is made and is
a slurry of carbon compounds. Prior to manufacture the green coke is calcined.
In this process the impurities and moisture are removed by heating within the
temperature range 1200oC – 1350oC. The green coke is then crushed, mixed
with a liquid pitch binder and heated to approximately 165oC – 170oC, which is
said to improve homogeneity and leads ultimately to the formation of two solid
phases in the finished product. These phases are further discussed in Chapter 7.
The mixture is then allowed to cool and then formed by either an extrusion or
a moulding process. The extrusion process, which is the most common, involves
the aggregate being extruded into long cylindrical rods, as shown in Figure 2.2.
Iso-moulding uses a process by which the mixture is moulded into shape and
heated in a pressurised container to 75 - 85 oC for several hours. Slurry moulding
uses a low viscosity binder, which is poured into the mould and then vibrated to
remove air bubbles, followed by a heated and pressurised treatment for several
hours. During the manufacture of graphite so called “non-equiaxed isotropic coke
filler particle” tend to orientate themselves along the general extrusion direction,
which result in some anisotropy in graphite grades [4]. The NGB 10 grade is such
an example.

Following this the formated article is cooled in water causing the liquid pitch to
freeze. The material can then be safely handled for transportation to furnaces
where they are baked at temperatures between 750oC – 1000oC. During this
phase the material undergoes a number of changes and baking cycles last between
20 to 70 days. The pitch baking represents a distillation process and as a result up
to 33% of its volume is lost, leaving behind characteristic interconnected porosity.
Following baking the product may be immediately graphitised or, alternatively,
liquid pitch can be impregnated into the pores to reduce porosity and increase
mechanical strength. Some grades are subjected to three pitch impregnations
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Figure 2.1 – Graphite’s hexagonal ring formation [3]

Figure 2.2 – Loading billets of extruded carbon into the furnace prior to baking
[4]

Figure 2.3 – Core structure of the PBMR [1]
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followed by re-bake. The porosity in these grades can be as low as 8% as with
each impregnation the reduction in porosity falls as pores become increasingly
enclosed. The final step of graphite manufacture is called graphitisation and takes
place in the temperature range of 2600oC – 3000oC. It is during this stage that
the hexagonal shaped crystallites rearrange to form three dimensional crystals.
Physical and mechanical properties undergo abrupt change during the process
[4].

2.1.3 Graphite in a Nuclear Reactor Environment

Most graphite components in a nuclear reactor environment form part of the core
structure of the reactor and comprise of reflector bricks, keys and dowels. In the
PBMR design, the core structure consists of

• graphite reflectors,

• metallic components, including the core barrel and

• thermal insulation

The primary function of the core barrel is to support the graphite reflector blocks,
and to bear the external loads that the graphite cannot withstand. The graphite
reflectors, in the form of bricks, are arranged to accommodate thermal and radi-
ation induced deformations throughout the life of the reactor. The graphite keys
and dowels restrict movement during abnormal events, such as seismic activity
[1]. These graphite reflectors also provide neutron reflection and act as passive
heat removers for decay heat, which is is essential to maintaining safe operating
temperatures. A schematic is shown in Figure 2.3.

2.2 The Fracture Mechanics Methodology

Throughout the life of the reactor, graphite components are subjected to radi-
ation, temperature fluctuations and other forms of stresses. These factors result
in degradation of the material and the structural integrity of graphite components
may be compromised. Hence, to assess the integrity of components, it is essential
to understand the failure mechanisms. Fracture Mechanics, which deals with the
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Figure 2.4 – A cracked body showing the energy changes

Figure 2.5 – The three basic modes of fracture surface displacement under different
loading: (a) mode I, tensile or opening mode; (b) mode II, in plane shear or sliding
mode; (c) mode III, anti-plane shear or tearing mode (Pollard and Fletcher [5])

14



Univ
ers

ity
 of

 C
ap

e T
ow

n

2. Background Reading

study of the propagation of cracks in materials, may be used to asses the struc-
tural integrity of such a material and in turn allows for predictive capabilities.

This section briefly discusses the fracture mechanics methodology. This summary
has been tailored to the thesis relevant topics, where some experimental meth-
odologies for the fracture and growth characterisation are stated. More detailed
discussions on the theory and its application can be found in books by Anderson
[6], Knott [53] and Broek [54] amongst many others.

2.2.1 Background

In essence, fracture mechanics is concerned with the study of the mechanics of
crack propagation in materials. It uses methods of analytical solid mechanics to
calculate the energetics associated with crack propagation in combination with
experimentally determined fracture properties to determine whether a crack or
discontinuity will propagate. Fracture mechanics is used as an important tool in
improving the mechanical performance of materials and components. It applies
the physics of stress and strain, in particular the theories of elasticity and plasti-
city, to the microscopic crystallographic defects found in real materials in order
to predict the macroscopic mechanical failure of components.

The analysis of cracked components has its roots in the attempt to understand the
failure of glass extended through the fracture properties of ceramics and leading
to the stability of metal engineering structures. Fracture mechanics has grown
particularly because of the successful application of its relatively simple meth-
odology in describing the failure of materials. A non-ductile material, which is
not capable of relaxing peak stresses at crack-like defects, can be analysed on
the basis of elastic concepts through the use of Linear Elastic Fracture Mech-
anics (LEFM). LEFM methodology has enabled a quantitative measure of the
resistance (of a brittle material) to unstable or catastrophic crack propagation.
However, if fracture is accompanied by considerable plastic deformation near the
crack tip, a more complex concept known as Elastic Plastic Fracture Mechanics
(EPFM) is needed. Both principles will be discussed briefly here.

2.2.2 The Energy Principle from an LEFM Perspective

One of the central concepts in fracture mechanics is the Griffith energy criterion.
This concept, born out of the discrepancies and inadequacies observed in the
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hypotheses on the fracture strength of elastic materials prevalent around the
nineteenth and early twentieth century, was a modification of a fundamental
energy theorem of classical mechanics and thermodynamics called the minimum
energy theorem. According to this theorem, the equilibrium state of an elastic
solid body, deformed by specified forces, is such that the potential energy of the
whole system is a minimum [55]. Griffith’s modification, which became widely
known as the energy criterion, relates the energy associated with an incremental
crack propagation of an isolated crack in a solid, to the energy absorbed to create
a new surface during the fracture process.

A material is considered to have a flaw which is subjected to an external force
or displacement. In the event that fracture has occurred, the crack, a, extends
over an increment, da, (i.e. from a to a + da), resulting is a crack surface area
extension dA (i.e. from A to A+dA). During this process some energy is released
to the formation of the new crack surface. This is illustrated in Figure (2.4). An
elastic body containing a crack with a relatively insignificant process zone (the
shaded area) is shown. The energy consumption of the system, Γ, considers only
the changes of the energy within the system. During fracture (of da) the load does
some work (dW ), the internal potential strain energy changes somewhat (dUE)
and some energy Uγ is released due to the formation of new crack surfaces γ.
Hence the energy conservation criterion reads (assuming isothermal conditions)

d

dA
(W + UE + Uγ) = 0 (2.1)

which can be written as

d

dA
(W + UE) = −dUγ

dA
(2.2)

Equation 2.2 must hold when fracture occurs, i.e. that some energy is lost to the
formation of a new crack surface. Conversely when the equality does not hold,
fracture does not yet take place, in which case d(W + UE)/dA = 0. In turns out
that the deliverable energy is always equal to the change in strain energy and
instead of d(W + UE)/dA = 0 one may use the absolute change of strain energy
dU/dA. Hence, the deliverable energy is dU/dA and Equation (2.2) reduces to
the criterion:
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− dU

dA
=

dUγ

dA
(2.3)

The left hand side is called the strain energy release rate G and the right hand
side the fracture energy criterion or fracture resistance R . For a stationary body,
the energy release rate criterion for crack tip instability is

G ≥ R (2.4)

Fracture will occur if, sufficient strain energy is available.

2.2.3 Crack Tip Displacement Modes

Cracking modes are subdivided into three types based on the orientation of the
load relative to the plane of the initial crack (as shown in Figure 2.5). Each
opening mode has their own energy requirement for crack propagation and, as
such, fracture is considered to be mode dependent. Mode I or opening mode
cracks are the result of tensile stresses with the displacement of the crack surfaces
perpendicular to the plane of the crack. In mode II or sliding mode cracks, shear
stresses acting parallel to the crack surfaces result in displacement in the crack
plane, normal to the crack front. Mode III or tearing mode crack growth is caused
by out of- plane-shear. It corresponds to shear stresses acting parallel to both
the crack plane and the crack front.

Of the three modes of crack tip displacement, mode I is the most important
to crack propagation for highly brittle solids as brittle cracks tend to orient in
a configuration that minimises the shear loading [56]. In problems concerning
crack loading, a combination of any of the displacement modes constitutes mixed-
mode. For pure mode I (opening mode) fractures, there are no resolved remote
shear stresses in the plane of the fracture. It is thus expected that propagation
will be along a straight path perpendicular to the least compressive (or most
tensile) principal stress direction. However, mixed-mode cracking results in crack
propagation into a region where remote stresses are in different directions and as
a result the crack path ceases to continue along a straight path, resulting in a
fracture mechanics criterion under mixed-mode condition.
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Figure 2.6 – A load vs. displacement curve during crack extension da (from Ref.
[6])

2.2.4 Strain Energy Release Rate G

The previously discussed energy balance (Equation (2.2)) can be formally ex-
pressed with the Griffith energy concept [55]. Since Equation (2.3) simply ex-
presses the energy balance for crack growth, G can generally be applied to any
crack geometry and crack growth configuration as a global parameter. G in-
cludes contributions from all parts of the system (cracked specimen plus loading
mechanism).

Consider mode I (tension) loading and the linear behaviour shown in Figure 2.6.
The stored energy due to tension loading can be defined as the area under the
load-displacement curve. G can be found by energy lost during the fracture
process

GI =
1

2

�
P
dy

dA
− y

dP

dA

�
(2.5)

As for mode I fracture, it is convenient to evaluate G in terms of the compliance
(or the inverse of stiffness) C of the sample. C is defined as the displacement y of
the force application region divided by the applied force P . Thus, the strain en-
ergy release rate during an incremental crack extension is independent of loading
configuration [56] and can be used to determine G through measuring compliance
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as a function of crack length. A relationship of the compliance is obtained as a
function of the crack extension area.

GI,y =
1

2
P

2dC

dA
(2.6)

GI,P =
1

2

y
2

C2

dC

dA
(2.7)

where GI,y denotes a constant displacement assumption and GI,P denotes a con-
stant load assumption (both in mode I loading). Figure 2.6 may also be used as
a graphical representation of the energy equilibrium. For instance:

• OA = Initial loading line

• AB = Unloading line, where P changed to P − dP , similarly y changed to
y + dy. Consequently, the crack area changes from A to A+ dA

This leads to:

• Area OAE = Stored energy at fracture = Py/2

• Area OBC = Stored energy after fracture = (P − dP )(y + dy)/2

• Area ABCE = Work done = Pdy (if a constant load is assumed)

• Area OAB = OAE + ABCE −OBC = Release of elastic energy = GdA

2.2.5 Stress Intensity Factor

Similarly an equivalent Stress Intensity Factor (SIF) can be used to predict frac-
ture. The SIF can be seen as a more accurate prediction of the stress state (“stress
intensity”) near the tip of a crack caused by a remote load and aims to provide a
measure of the real forces applied to the crack tip. Similarly to G, the SIF will
determine whether the crack will propagate or remain stationary.

The stress distribution in the crack tip region is analysed on the assumption that
classical linear theory of elasticity applies. This is valid provided that any region
of non linear behaviour is small compared with the length of the crack and the
dimensions of the cracked body. When non-linear effects at the crack tip become
large, an alternate analysis is required such as the crack opening displacement
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Figure 2.7 – J integral at a) dP = 0 and b) dy = 0 (from Ref. [6])

COD or the J integral. For the linear elastic SIF, the magnitude of the crack
tip stress field for a particular mode in a homogeneous linear elastic material is
defined by

KI = lim
r→0

[σ
√
2πr] (2.8)

where sigma σ is the tensile stress normal to the crack surface (in mode I) and
r the distance measured from the crack tip to the surrounding stress field due to
the crack tip. The surrounding stress field is governed by the applied load, the
shape and length of the crack and the shape of the body. A common, simplified
expression for the stress intensity, which assumes that a cracked body has a two
dimensional stress/strain field at the crack tip, is expressed as

KI = Y σr

√
πa (2.9)

where σr is the remote applied stress, Y is a numerical modification factor to
account for crack geometry, loading conditions and edge effects, and a is the
crack length. It is worth mentioning that the Equation 2.9 forms the bases of
fracture mechanics. The three dependent variables KI (SIF), σr (stress) and a

(crack length) form part of the so called “triangle of integrity” which dictates
whether a structure or component is structurally sound.
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2.2.6 The Energy Principle from an EPFM Perspective

Some materials undergo considerable plastic deformation before they fracture,
resulting in a considerable amount of energy being lost to the formation of a
Fracture Process Zone (FPZ) ahead of the crack tip. LEFM assumes that all
energy is converted to the formation of new crack surfaces and thus the assump-
tion of LEFM no longer holds true. A concept known as Elastic Plastic Fracture
Mechanics (EPFM) is used and the fracture parameter often used is referred as
the “J integral”. J , similar to G, is the energy release rate at the onset of fracture.
Another criterion used to quantify fracture is known as the Crack Opening Dis-
placement (COD) which measures the crack tip opening at the onset of fracture.
The COD will not be discussed as it is not relevant for this thesis.

Whether there is plasticity or not the energy conservation criterion must hold.
Thus, an energy term is added to Equation (2.2)to account for plasticity. The
fracture criterion now consists of an elastic term and an plastic term, such that

dU

dA
=

d

dA
(Uel + Upl) (2.10)

where, Uel = Uγ, i.e. the energy used for the formation of the new surface areas,
and Upl the energy used due to plasticity or for the formation of a process zone.
For elastic materials the energy balance is written in short hand as G = R, in
EPFM this becomes

J = JR (2.11)

Figure 2.7 is the non-linear equivalent of Figure 2.6, from which the critical value
of the J integral or fracture toughness can be determined at the onset of crack
growth. Similarly, the non-linear resistance to fracture JR now consists of two
parts. An elastic contribution Jel with the extension of the crack tip and an
plastic part, which is the energy required to form the plastic zone or process zone
Jpl around the crack tip. Hence fracture occurs if

Jel + Jpl ≥ JR (2.12)

Unlike brittle materials, where fracture is sudden and catastrophic, plastic ma-
terials often have some “stable” fracture due to the formation of the so called
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process zone at the crack tip. Stable fracture is often referred to as stable crack
growth, however, at sufficient loading fracture becomes uncontrollable.

2.2.7 J Integral derivation

The J-integral forms an important part of this thesis and thus it was considered
essential to include the theory behind the J-integral. Chapter 6 introduces a
novel technique to measure the J-integral directly from surface displacement fields
obtained through the Digital Image Correlation (DIC) technique, which is based
on the following derivation.

Rice [57] showed that under the assumption of a elastic plastic material the J

integral, or in this case the non-linear energy release rate, is the area enclosed by
the loading and unloading paths during crack extension. For the crack system
shown in Figure 2.4 the J integral is defined as (in indicial notation)

J =

�

Γ

(Wnx − niσij

δuij

δx
)ds i, j = x, y (2.13)

where σij and uij, are the stress and displacement components, ds is the arc
increment around the crack tip, ni the unit normal to the contour or path of
integration Γ (which begins and ends on the crack surfaces and encloses the crack
tip respectively) and W the strain energy density given by

W =

�
εij

0

σijdεij (2.14)

In essence the J-integral evaluates the energy associated with fracture by taking
the net stored energy (considered by the integral) and subtracting the energy
of traction forces and their respective displacements, in the crack propagation
direction. For linear or non-linear elastic materials that are homogeneous the
value of J is path dependent. Thus, the evaluation of J on a remote contour
and on one near the crack tip enables conditions at the crack tip to be related to
parameters describing the applied loads.

2.2.8 Equivalence of Fracture Mechanic Parameters

Under conditions of small scale yielding the various fracture mechanics para-
meters can be considered equivalent. For example, in plane-strain mode I crack
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propagation

G = Jel =
KI

2(1−v2)

E
≈ CTOD · Fty (2.15)

It must be emphasised, however, that this equivalence only holds if the assump-
tion of linear elasticity is valid, i.e. any inelastic or non-linear elastic region is
confined to a negligibly small zone at the crack tip, and there is no frictional load-
ing on the crack surfaces. Under these circumstances the several parameters in
Equation (2.15) are termed the fracture toughness and the material obeys linear
elastic fracture mechanics. If linear elasticity is not an adequate representation
of crack tip behaviour the relations in Equation (2.15) do not hold and the most
appropriate single parameter is chosen as a fracture criterion.

2.2.9 Crack Extension

The energy equilibrium law specified whether a crack will extend or remain sta-
tionary. This critical point (Kc, Gc and Jc) denotes the onset of fracture. Once the
critical value of Kc, Gc or Jc has been reached, crack propagation is known as fast
catastrophic fracture because its speed can approach that of sound in the medium,
provided that the crack is isolated and its walls are traction free. However, brittle
materials often experience sub-critical crack propagation at values of fracture pa-
rameters below the critical value. The phenomenon of sub-critical crack growth
was first observed in glass by Grenet [58], but has since been observed in other
brittle materials such as metals, plastics and ceramics by Wiederhorn [7] and also
in rocks and minerals (Atkinson [59]). Generally the crack velocity v is expressed
as a function of the SIF or G

v = v(K,G) (2.16)

The specific form of the crack velocity dependence on K or G depends on the
precise mechanism whereby the energy barrier to crack extension is overcome.
Sometimes the form of this dependence is assumed from experimental results
and sometimes from physico-chemical theories regarding the assumed crack tip
weakening process.

As a result of the work of Wiederhorn, three principal regions of crack growth
have been identified from stress intensity factor-crack velocity vK plots (Figure
2.8). In Region I, the velocity of crack growth is controlled by the reaction
rate at the crack tip. It is important because most of the slow crack growth,
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Figure 2.8 – Diagram of stress intensity factor-crack velocity V K plot showing
the three identifiable regions of crack growth. Region I is stress corrosion controlled
while in region II, the transport of active species control crack growth. In region
III, mechanical rupture occurs. KISCC is the stress corrosion limit and KIc the
fracture toughness. Sub critical crack growth takes place between these two limits.
(Wiederhorn and Boltz [7])

before catastrophic rupture, occurs here. In region II, crack velocity is limited by
the rate of diffusion or transport of the active species to the crack tip. Region II
behavior is observed in some glasses and ceramics [7]. In region III, stress induced
cracking occurs as the stress intensity approaches the critical value. Crack growth
is mainly controlled by mechanical rupture and it is relatively insensitive to the
chemical environment.

At very slow strain rates, the low stress intensity factor-crack velocity vK region
on the vK diagram becomes more complex. It is assumed that there exists a
threshold below which no significant crack extension can occur by stress corrosion,
marked as KIscc. The value of this lower threshold is a function of the material’s
fracture properties and environmental factors [8]. Atkinson [59] calculated this
limit for quartz to be about 0.2 times fracture toughness.

Other environmental factors also effect the rate of sub-critical crack growth. Tem-
perature, for example, affects sub critical crack growth in two ways. The higher
the temperature, the lower the activation energy and by implication the faster
the reaction rate at the crack tip. Thus the crack velocity increases and the frac-
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ture toughness and sub critical index are expected to decrease as temperature
increases. However, the generation of thermal micro-cracks due to an increase in
temperature can result in a toughening mechanism for very brittle materials and
hence increase the fracture toughness [8]. Other factors include residual stress
due to welding or quenching and the micro-structure of the material, amongst
others.

In this project the concept of sub-critical crack growth is explored for the char-
acterisation of graphite fracture. However, due to the nature of graphite the
experimental data is limited. This is presented in Chapter 8.

2.2.10 Fracture Process Zone (FPZ)

Classical fracture mechanics deals with a single, ideal, atomically sharp crack.
This is a suitable representation for single crystals or at a microscopic level on
polycrystalline materials. In these cases extensive electron optical studies have
supported the assertion that brittle cracks are atomically sharp and propagate by
the sequential rupture of bonds [60]. At a macroscopic level of study, however,
real polycrystalline, poly-phase materials, such as graphite, show more complex
behaviour. On loading the blunt, machined notch in Figure 2.9 a few isolated
micro cracks are formed, but the system behaviour remains linear.

On further loading, however, the intensity of micro cracking and behaviour in the
crack tip region becomes non-linear. Finally, the macro crack extension occurs
because of the linking of micro cracks in this non-linear zone, known as the
FPZ. The macro-crack propagates by taking the damaged zone with it. In some
materials the FPZ size becomes large, in which case non-linear fracture mechanics
analysis are required, such as the J-integral. It is believed that the medium
grained nuclear graphite considered in this thesis experiences this so called “micro-
cracking”. Thus EPFM options are investigated in the project.

2.2.11 Evaluation of Fracture Mechanics Parameters for
Specific Crack Systems

Two distinct methods are used to evaluate fracture mechanics parameters for
specific crack systems: (1) stress analysis, and (2) direct measurement using
compliance calibrations. For stress analysis the standard approach is to define
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Figure 2.9 – Schematic illustration [8] of the stages of development of the fracture
process zone and its influence on macro crack growth. Tensile stress increases from
A to E. In (A), few isolated cracks formed around notch during preparation. (B)
few more micro cracks formed but are mainly still isolated with a few forming linear
cracks. Micro-cracking region exhibits linear elastic behaviour. (C) The degree of
micro cracking increases with non-linear behaviour observed. (D) Micro-cracks link
up to form a macro crack within the fully developed processed zone. (E) Macro-
crack extends further by linking up of adjacent micro cracks in the migrated process
zone ahead of the macro crack tip (from Ref [9]).

Figure 2.10 – Schematic illustration of a plastic zone, non-linear zone, or process
zone size 2ry. For the simplicity, it is assumed that this zone is circular in the xy
plane although in practise it will depend upon the stress state (from Ref [9])
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a suitable stress function which satisfies the bi-harmonic equation of linear elas-
ticity theory in accordance with the appropriate boundary conditions. This is a
fourth order differential equation embodying the conditions of equilibrium, com-
patibility of strains, and Hooke’s law. The components of stress and strain can
be determined from the stress function. For complicated crack systems the anal-
ysis is formidable and simplifying analytical techniques are usually invoked, such
as the sharp slit approximations of cracks, as distributed by Lawn and Wilshaw
[56], or the assumption of plane stress or plane strain (for definitions see Jeager
and Cook [61]). In these analyses the SIF terms are introduced to embody the
essential boundary conditions of the crack systems.

G and J are usually evaluated experimentally by means of compliance calibra-
tions. Because the strain energy release during incremental crack extension is
independent of loading configuration we have a means of determining G, the en-
ergy release rate, through measuring compliance as a function of crack length to
obtain dC/da as a function of a. An equivalent SIF can be obtained from Equa-
tion 2.15 when this relation is valid. Once a suitable means of calculation K, G or
J for a specific crack system has been obtained and an appropriate experimental
arrangement has been established, then certain key conditions need to be satisfied
before experimental determination of the parameter is valid. This results from
numerous simplifications in the crack analysis. For metals there are certain well
defined standards, such as ASTM E399 [62], but these lack the ability to measure
fracture parameters accurately for brittle or quasi-brittle materials, as shown in
Chapter 3 for nuclear graphite.

2.2.12 Experimental Methods

Since the parameters that characterise fracture are said to be a material property,
testing configurations must exist that can determine these fracture parameters.
A wide range of experimental methods have been used to determine catastrophic
crack growth parameters (KIc, GIc, JIc) for brittle materials, in contrast to only
few a methods for the study of sub-critical crack growth. In part, this stems from
the great difficulty experienced in determining the position with respect to time
of the crack tip, especially in opaque materials. Common specimen configurations
include the Three Point Bend (3PB) specimen (Figure 2.11) and the Compact
Tension (CT) specimen (Figure 2.12). The 3PB has standardised techniques for
the determination of SIF however, the loading configuration is unstable for short
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Figure 2.11 – Illustration of the Three Point Bend (3PB) configuration (from Ref.
[10])

Figure 2.12 – Illustration of the Compact Tension (CT) specimen (from Ref. [10])

Figure 2.13 – Illustration of the Chevron Notched (CN) specimen (from Ref. [10])

28



Univ
ers

ity
 of

 C
ap

e T
ow

n

2. Background Reading

cracks and inaccurate for long cracks making sub-critical crack growth tests inef-
ficient. The CT specimen has the advantage of a straight crack front. However,
the SIF calibration is a function of crack length, unless the calibration of the
specimen and loading system are matched exactly.

Variations of the above mentioned techniques include chevron-notched (CN) spec-
imens (ASTM E1304-97 [63] shown in Figure 2.13. The notch is chevron shaped
and thus allows for more stable crack propagation as the crack surface area in-
creases with crack length. However, this method does not easily allow for the
observation of the crack tip and hence the suitability of a chevron-notched speci-
men for studying sub-critical crack growth is limited. The majority of sub-critical
crack growth studies have used the so called Double Torsion (DT) testing method.
The main advantage the DT technique has over other techniques is that crack
velocity determinations can be made without the need for multiple crack length
measurements when the crack tip driven load is applied in a particular way. The
DT technique also allows for stable crack propagation at a constant driving force,
which enables, unlike the other techniques, the ability to grow cracks control-
lably irrespective of the material’s brittleness. The DT, which is the preferred
technique of this project, is discussed in further detail in Chapter 5.

2.3 Damage Mechanics

Part of this thesis used an alternative methodology to predict the crack initiation
(and propagation to some extent) in graphite specimens. This section intents to
give the reader the necessary introduction to and understanding of the application
of continuum damage mechanics in Chapter 9. This brief introduction to the
damage mechanics methodology only covers the definition of a scalar damage
variable from an effective stress concept and a classical thermodynamics point
of view. The aim is to provide the reader with a general understanding of this
methodology for the later application on quasi-brittle materials, where an elasto-
plastic damage model is presented.

2.3.1 Background

In many instances and especially in quasi-brittle fracture, failure begins with a
diffuse phase of damage (e.g. micro-cracking, multiple cracking and fragmenta-
tion). The fracture mechanics methodology can deal with cracking mechanisms,
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however, these are defined within a framework of continuum as a single crack.
Continuum damage mechanics represents a non-local tool to account for dilute
distributions of voids and is not restricted to a discrete single crack, but rather
considers the degradation of the bulk material as illustrated in Figure 2.14. In
damage mechanics the state variables degrade as the material becomes “dam-
aged”. Often, the damage mechanics methodology is used for the crack initiation
phase, however, it may also be utilised for the propagation of damage, i.e. crack
growth [64].

It is worth mentioning that both damage mechanics and fracture mechanics have
their distinct advantages and disadvantages. These, however, are not discussed
here. Further, a distinction needs to be made between the processes of deforma-
tion, damage and crack propagation. Irreversible deformations described by the
framework of continuum mechanics allow the material to be re-deformed to re-
store its initial shape. This is illustrated in Figure 2.15a for a tension–compression
relationship. Damage corresponds to a definitive degradation of the material.
Figure 2.15b shows the typical case of a quasi-brittle material whose non-linear
behaviour is due to damage, observed by the drop in the elastic modulus in pos-
sible combination of small irreversible deformations. As such, damage is related
to plastic or irreversible deformations, and, in the worst case scenario a fully
damaged material section would represent a macro-crack.

2.3.2 Basic Concept of Damage

Like the fracture mechanics methodology, damage mechanics may be applied to a
range of materials. In a ductile metal, damage may be seen as the nucleation and
growth of cavities in the meso-field of plastic strains. In brittle concrete damage
is seen as the micro-cracking that occurs due to a defined stress criterion. In all
cases, damage can be seen as volume defects such as micro-cracks. The damage
variable may thus be physically defined by a surface density of micro-cracks and
the intersections of these defects of a plane cutting a representative volume of
cross section δA. For the plane with normal n̄ the damage variable becomes [11]

dn̄ =
δAd

δA
(2.17)

Thus, damage can be seen as the ratio, where 0 ≤ dn̄ ≤ 1 depending on the
severity of the damage state. If the damage is isotropic, the scalar variable does
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not depend on the normal. In more advanced developments, damage may be
described by second- and fourth-order tensors resulting from systematic studies
of the decomposition of the stiffness or compliance tensors [23, 65].

In order to describe the impact of the damage on the macroscopic behaviour
of the material, the effective stress is often used in constitutive equations. One
methodology is to assume that the net stress is the average stress applied to the
resistant section of the damaged specimen. The net stress is deduced from the
Cauchy stress by taking into account the average section reduction due to voids
and cracks. Such an approach was used for instance by Murakami [66, 67] to
generalize the concept of creep damage in polycrystals directly to the anisotropic
case. Another way is to assume a strain equivalence or energy equivalence[11].
This considers the same elastic energy for the actual damaged state and for
the effective undamaged medium. Figure 2.16 indicates schematically the two
hypotheses for the elastic tensile behaviour.

The changes in mechanical behaviour due to damage can be measured through
from evolution of the damage parameters. Examples include the evolution of
elastic modulus, used for ductile plastic damage (Lematre, 1985) as well as for
fatigue [68]. It is also possible to use ultrasonic wave propagation velocity instead
of directly measuring the elastic moduli [11].

2.3.3 Effective Stress Concept

One method, and probably the simplest concept, is to define damage using the
effective stress concept. Here, for the uniaxial or multiaxial case of isotropic
damage, the effective stress value can be given by a force equilibrium by using
Equation 2.17 [11]

dn̄ =
δAd

δA
→ σ̄ =

σ

1− dc,t
(2.18)

where d denotes the damage variable, in this case a scalar variable for compression
(c) or tension (t). The damage due to the creation of discontinuities or micro-
cracks reduces the value of the stress carrying capabilities and hence, it also
decreases the elastic modulus, the yield stress before or after hardening amongst
others. Some of these effects are used to evaluate the damage by inverse methods
where the experimental properties of the bulk material are used to measure the
degradation of the material. It is worth mentioning that the effects on mechanical
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Figure 2.14 – The various defect sizes involved in fatigue and the two definitions
of fatigue crack initiation (from Ref. [11])

(a) (b)

Figure 2.15 – Irreversible deformation in plasticity and brittle damage: (a) ma-
terial with plasticity and (b) damageable material (from Ref [11]).

(a) (b)

Figure 2.16 – Illustration of the two equivalence principles for the uniaxial elastic
response: (a) strain equivalence and (b) energy equivalence (from Ref. [11]).
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strength and stiffness are different in tension and in compression due to micro-
cracks opening under tension and their closure under compression. This point
becomes important in Chapter 9.

2.3.4 Thermodynamics of Damage

The energy bases damage mechanics methodology is more common in damage
mechanics and is often referred to as thermodynamic damage as is adheres to
an energy balance [11]. Here, the thermodynamics of irreversible processes al-
low for the modelling of different materials’ behaviour. This is done by defining,
through state variables, the present state of the corresponding failure mechan-
isms, the state of internal material potential and the dissipation of potential from
evolution of the state variables. These three steps offer several choices for the
definitions, each chosen in accordance with experimental results and purpose of
use. Computationally this requires the second principle of the thermodynamics
to remain balanced.

The state variables are chosen in accordance with the physical mechanisms of de-
formation and degradation of the material [69]. The Helmholtz specific free energy
taken as the state potential of the material is a function of all the state variables.
Written as ψ(εij, d (for scalar damage), r, αij, T), some qualitative experimental
results have shown that the state potential (ψ) is the sum of thermo-elastic (ψel),
plastic (ψpl), and purely thermal (ψT ) contributions [11]. r and αij represent
isotropic or kinematic hardening variables respectively. One important aspect of
thermodynamic damage is that the second principle of thermodynamics has to
be obeyed. The material state potential includes the damage in the elastic strain
term and the hardening strain term. As such, the total energy dissipated during
failure is divided into the energy stored in the material (hardening), the energy
released during the damage process and possibly the energy dissipated as heat.
Since the principle of thermodynamics is used, the energy dissipated during dam-
age corresponds to the elastic energy release rate for a crack, the parameter of
fracture mechanics usually denoted G [11]. For further reading on the derivation
of the state variable associated with this damage model, the reader is referred to
references [11, 70, 71].

Since the damage mechanics methodology relies on elastic and plastic strains,
the material state needs to be defined by means of a yield and plastic flow rule.
The concept of plasticity, which defines such a relationship, is presented in the
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Figure 2.17 – Hardening mechanisms in the σ1, σ2, σ3 space. At a given pres-
sure, isotropic hardening entails an increase in size, kinematic hardening translates
the yield surface, and compound hardening includes both mechanisms. Softening
corresponds to a yield surface contraction (from Ref. [12]).

following section.

2.4 Plasticity Theory (Yield and Plastic Flow)

The term “plastic theory” defines the flow of material via dislocations and other
mechanisms at the departure from elasticity. In metals, the term plasticity refers
to the non-linear material response after yielding, in quasi-brittle materials plas-
ticity refers to micro-crack growth and void collapse, amongst others. Rather
than explicitly tracking each of these micro-scale failure mechanisms, the “yield”
surface itself characterizes them in a phenomenological manner. The material
response will be elastic to a defined limit after which the material will undergo
irreversible structural changes that can be seen as inelastic strains. If continu-
ing to apply elasticity theory, the stresses would move into regions outside the
yield surface and hence plastic flow equations are required. Similarly, damage
influences the plastic flow by affecting either the elastic domain or the hardening
evolution.

The yield surface defines the transition from elastic to plastic behaviour and as-
sumes various function depending on the material and its properties. For metallic
materials the most common yield criterion is the Von Mises yield criterion while
in quasi-brittle fracture a Drucker and Prager criterion is often assumed (these
are further discussed in Chapter 9).

The elastic stress states are “inside” the yield surface. Stress states outside the
yield surface are defined by a hardening evolution of the internal state variables
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(r, αij) corresponding to a fundamental change of the underlying micro-structure
of the material. There are two types of hardening rules; isotropic and kinematic,
or both. As indicated in Figure 2.17, isotropic hardening causes a change in size
of octahedral yield profiles, while kinematic hardening produces a translation of
all octahedral yield profiles. Both types of hardening can occur simultaneously.
These hardening evolution laws may be integrated through time, to model the
time varying hardening evolution of the yield surface. The concept of plastic
hardening or softening is further discussed in Chapter 9. For further information
on plasticity the reader is referred to references [72, 73].

2.5 Summary

This chapter presented some general information on graphite, fracture mechanics,
damage mechanics and plasticity. Its aim was to introduce these topics to the
reader, as the later chapters in this thesis require the understanding of these
topics. In this thesis, the characterisation of graphite fracture primarily utilised
the fracture mechanics methodology. However, an additional mechanical failure
model is presented in Chapter 9, where the damage mechanics, coupled with
plasticity approach is utilised. The reader wishing to acquire further information
on the presented topics is referred to the relevant references in the text of this
chapter.
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Chapter 3

Previous Studies on the Fracture of

Nuclear Graphite

This chapter considers the previous studies which have been undertaken on the
fracture mechanisms and behaviour of various nuclear grade graphites. An overall
summary of the characteristics of fracture behaviour is given and, subsequently,
the most significant studies are discussed in further detail to demonstrate the
evolution of graphite fracture understanding. The purpose of studying these is
to demonstrate how these have influenced each other and helped to form current
understanding of graphite fracture. This is followed by a discussion on the lack
of graphite fracture understanding and the need for further investigations on this
topic.

It is worth mentioning that fracture mechanics methodology has prevailed in
most recent studies. In addition, the two graphite grades that have been most
frequently studied are Pile Grade A (PGA) and Gilsocarbon (IM1-24). This is is
probably due to the fact that the PGA and IM1-24 grades are utilised in British
reactors and most graphite research is undertaken in the UK. The Nuclear Block
Graphite 10 (NGB10), one of the graphite grades considered by this thesis, has
been researched to a very limited extend as apperent from literature.

3.1 Introduction

In Chapter 1 it was established that graphite components, in the nuclear en-
vironment, form part of the internal reactor structure. Their functionality and
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integrity is thus of utmost importance. It has been reported that the failure
in these graphite components is predominately due to cracking and subsequent
fracture. Thus, it is important to understand the fracture and mechanical failure
process. The field of fracture mechanics and damage mechanics provides useful
tools in understanding and evaluating strength and durability of many materi-
als and, in particular, fracture mechanics has frequently been used to assess the
structural integrity of graphite components.

Many early fracture mechanics evaluations of artificial graphites have been con-
ducted under the assumption of the linear elastic hypothesis (LEFM) by using
the critical stress intensity factor, KIc, or the elastic strain energy release rate, G.
One of the first attempts to measure the fracture toughness was undertaken by
Corum on EGCR-type AGOT graphite [74]. He performed Single Edge Notched
Beam (SENB) tests on extruded graphite and evaluated the critical strain energy
release rates based on linear elastic fracture mechanics. His notches were placed
at different depths in the specimens using a 0.24 mm thick jeweller’s saw. They
used both the compliance measurement method and an analytical solution for the
stress intensity factor. Their results for GIc were about 70 J/m2 and 50 J/m2 for
cracks parallel and transverse to the direction of extrusion, respectively. Their
results reported that the propagation of cracks was predominantly inter-granular.
Lower GIc values were observed for notch length-to-beam depth ratios (a/W ) less
than 0.2. The variations in his results were attributed to slow crack growth prior
to unstable crack propagation and a sizable zone of inelastic deformation at the
notch tip or pre-existing cracks or flaws. There were no detailed discussions on
the effect of specimen geometry on the fracture toughness values of graphite.

Following various LEFM investigations, it was established that nuclear graphite
experiences some non-linearity during fracture and as a result the research ap-
proach was shifted to elastic plastic fracture mechanics (EPFM) for the character-
isation of graphite. Sakai et al. [14] used the compact tensile test with a chevron
notch specimen on isotropic fine grain size polycrystalline graphite, IG-11. They
measured the non-linear fracture parameters through the loading and unloading
of a specimen. Their results included the non-linear critical strain energy release
rate, the J integral, and the plastic energy dissipation rate. It was found that
about 38% of the total fracture energy was consumed as plastic energy and that
the fracture parameters decreased with increasing crack length for crack length to
specimen width ratios between 0.6 and 0.9. They concluded that for zero plastic
energy dissipation, i.e. as the crack length approaches the specimen width, the
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fracture parameters converge, to give a lower limit of 73 J/m2 which equates to a
fracture toughness of 0.27 MPa

√
m. Sakai’s research is further discussed in the

later sections of this chapter. Similarly, Rose and Tucker [42] measured acoustic
emissions during cracking of virgin pitch coke graphite and concluded that micro-
cracking occurs prior to the main failure. In addition, they concluded that the
micro-cracking decreases with increasing notch depth. In their modified solution,
which is based on LEFM with analytical compliance, they added an additional
0.6 mm to the original notch depth to account for the presence of inherent flaws.
An estimate of KIc was found, consistent with Corum’s [74] results of values
for KIc of 1.2MPa

√
m. All tests were such that the direction of stressing was

perpendicular to the extrusion direction of the graphite components.

Sakai et al [13], in a separate paper, investigated the R-curve or crack growth
resistance behaviour of fine-grain polycrystalline graphite, IG-110, using the com-
pact tensile test, ASTM E399. They showed that the fracture toughness for stable
crack propagation within the plateau region for this graphite was found to be 1.2
MPa

√
m. They showed that the R-curves rose sharply at first, and then reached

a plateau before falling off gradually for crack length to specimen width ratios
of less than 0.6. On the contrary, results on fine-grain polycrystalline graphite
(IG-110) including that of Fazluddin [16], who also used notched beams in three
point bending, concluded that KR changes very little over a range of crack lengths.
Similar properties were also noticed by Ouagne et al [15] for PGA and IM1-24
graphite. They concluded from observations of the crack growth resistance curves
for the non-linear fracture parameters that there exists a plateau region where the
crack bridging zone and the frontal process zone, ahead of the crack tip, reached
steady state values. Hodgkins [4] showed microscopical evidence for graphite frag-
ments acting as crack bridges, which were much smaller than filler particles. This
indicated that the graphite fragments are broken down during crack propagation.
Recent studies have shown that micro-cracking can occur at a third of the peak
load [17]. It was also found that the notch fracture toughness is not a constant
material property and depends on the notch geometry parameters i.e. the notch
angle and the notch tip radius [75].

Several additional papers may be included in this introduction on the fracture
characteristics of nuclear graphite [76, 24, 41, 77, 46, 78, 79, 80, 81, 82]. These,
however, show the trend that many uncertainties over the fracture characteristics
of nuclear graphite remain. One may conclude that the fracture toughness of
nuclear graphite is around 1 MPa

√
m, with the assumption that KR ≈ KIc.
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(a)

Figure 3.1 – Scanning electron micro graphs from Sakai [13] of an induced micro-
crack taken (A) in the frontal process zone and (B) far downstream in the wake
before and after the main crack extension, respectively (bars = 1 pm).

There seems to be a dependency of crack length, or rather the micro-cracking
and crack bridging, which seems to induce plastic behaviour.

(a) (b)

Figure 3.2 – (a) KR-Curve behaviours of the specimens with different initial notch
lengths. Solid circles represent the critical stress intensity factor (Kini

c ) at crack
initiation. (b) The KR curve before and after re-notching. Re-notching was under-
taken at ∆a = 2mm.

An additional point worth mentioning is that standard test methods of fracture
toughness measurement, which have predominantly been used for the graphite
fracture characterisation, only apply to homogeneous specimens containing a
sharp crack. In metals a sharp crack is typically produced by fatigue crack prop-
agation from a machined notch. Crack branching often occurs when attempts
are made to fatigue a sharp crack into brittle materials (such as graphite) which
have an inhomogeneous structure. Because of this difficulty, no standard fracture
toughness test for coarse grained brittle materials such as concrete and graphite
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has been established.

3.2 Experimental Observations and Characterisa-
tions of Graphite Fracture

The above introduction established that many questions remain concerning the
mechanisms and parameters associated with graphite fracture. It is worth point-
ing out that each chapter in this thesis provides a short relevant literature study
of a relevant topic. As such, the aim of this chapter is to establish an historical
understanding of graphite fracture. Some of the most significant contributions
are considered below. Most of these are from a fracture mechanics point of view.
The purpose is to demonstrate how these have influenced later work and helped
to form the current understanding of graphite fracture. This project follows onto
these previous projects, in an attempt to contribute to fracture understanding.

• Sakai et al. in 1983 [14] and in 1988 [13],

• Romanoski and Burchell in 1991 [78]

• Ouagne in 2001 [15],

• Fazluddin in 2002 [16],

• Hodgkins in 2006 [4],

• Ayatollahi and Torabi in 2010 [75] and

• Heard et al. in 2010 [17]

3.2.1 Sakai et al. (1983 and 1988)

It was mentioned in the introduction of this chapter, that Sakai et al. [14] utilised
a specialised loading and unloading methodology to establish the non-linear pa-
rameters associated with graphite fracture. The significance of their methodology
was the ability to define a range of parameters associated with stable crack prop-
agation. The adaptation of the elastic strain energy release rate enables the
definition of a series of both elastic and non-linear parameters as G and J (as Jel
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(a)

(b) (c)

Figure 3.3 – Sakai’s experimental data [14] (a) Diagram of load-displacement.
Load-unload procedures were conducted repeatedly at each additional crack exten-
sion. (b) Relations between non-linear fracture toughness parameters and crack
length (R-curve relationship). (c) Dependence of non-linear fracture toughness pa-
rameters on plastic energy dissipation rate.

and Jpl), all of which may be determined graphically (directly from the load v
displacement curve for the test).

Their results, which were carried out on fine grained graphite, indicate that crack
initiation occurs at the peak of the load-displacement curve following rapid load
drop as the crack grows (Figure 3.3a). Subsequent analysis indicated falling crack
growth resistance throughout the test (Figure 3.3b); at no point was there any
evidence for a rise or a plateau crack resistance. Subsequent studies on this grade
of graphite appear to confirm that there is a rise in crack growth resistance as
crack length increases [16, 4, 15], but none have shown any significant fall in
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resistance as exhibited by these experiments.

The approach to fracture property determination, taken in Sakai’s paper, is
unique. The results of the experiment contradict almost with every other test
carried out on graphite, in that they show a falling crack resistance with crack
length. This may be due to the unusual way in which the loading plates were
attached (adhesive), which prevented the specimen from rotating about the crack
tip, which clearly affects specimen compliance [4]. However, Sakai did make an
important observation. They observed that fracture is associated with significant
non-linear contributions and have established an elastic fracture threshold as 73
J/m

2 which equates to a fracture toughness of 0.27 MPa
√
m. This observation

is illustrated in Figure 3.3c and signifies the understanding that graphite fracture
is associated with non-linear mechanisms. It is worth mentioning that Sakai used
a Chevron Notched (CN) specimen configuration as it enabled stable crack prop-
agation. The crack front is, however, not straight making it difficult for crack tip
observations.

Later in 1988, Sakai et al. [13] observed the micro-mechanical processes that
leads to crack propagation in nuclear graphite . Results from earlier studies into
fracture behaviour of crystalline ceramics Al2O3 [83, 84] and BeO [85] were used
to develop a theoretical model for comparison. Sakai utilised Compact Tension
(CT) specimens, which were made from isotropic IG110 nuclear graphite. Starter
notches were cut to a variety of depths from 0.3 a/W – 0.9 a/W , using a razor
saw, with a 10�m width estimate. Each specimen was loaded using a ‘through’
screw to grow cracks in a controlled fashion. For R curve behaviour, re-notching
was carried out on an unloaded specimen following approximately 2 mm of crack
propagation. The fracture toughness was determined using the standard test
methodology ASTM E399. The formation of micro-cracks ahead of the crack tip
and their closure in the wake was monitored on the flat surface using a scanning
electron microscope.

Two mechanisms were highlighted as possibly being responsible for rising R-curve
behaviour; micro-cracking immediately surrounding the crack tip and bridging
in the wake. The onset of micro-cracks of approximately 20�m in length were
observed at 60% of the fracture load. Partial micro crack closure was also observed
in the wake causing some residual strain (crack closure) following the removal of
the applied loads.
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(a) (b)

(c) (d)

(e) (f)

Figure 3.4 – Ouagne’s R-curve analysis [15]. KR curves for (a) IM1-24 and (b)
PGA graphite. JR curves for (c) IM1-24 (d) PGA graphite. R curves for (e) IM1-24
(f) PGA graphite. Crack lengths measured using: a video camera (square) and dye
penetration (circle).
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3.2.2 Romanoski and Burchell (1991)

A study at Oak Ridge National Laboratory compared various standard frac-
ture toughness specimen configurations, using IG-110, H-451 and S2020 graphite
grades, to establish specimen geometry influences on fracture toughness. The test
geometries investigated were CT, disc compact tension (DCT), short rod (SR),
chevron-notched short-rod (CNSR), cylindrical bend specimen (BS) and centrally
slotted disc (CSD) specimens.

The analysis concluded that specimen geometries which allow for stable crack
propagation, such as the CNSR and CT, yielded a higher fracture toughness than
those where fracture is very rapid, e.g., the CSD. Further, it was also shown that
the fracture toughness increased with increasing specimen size for all specimens
and graphite grades tested. This result was attributed to the rising R-curve
behaviour. No relation was draw to micro-cracking or crack bridging.

3.2.3 Ouagne et al. (2001)

Ouagne utilised Sakai’s [14] graphical method and the standard ASTM E813-81
to determine the R-curve behaviour using CT specimens. Results from these R-
curve experiments on IM1-24 and PGA [15] showed that the R-curves, in Figure
3.4, indicate a sharp initial rise followed by the formation of a plateau region after
approximately 9-11mm of stable crack propagation. PGA appears to exhibit lower
fracture toughness (1.27 vs. 0.9 MPa

√
m for IM1-24 and PGA respectively) and

lower critical strain energy release rate (138 vs. 79 J/m
2 for IM1-24 and PGA

respectively). However, the work of fracture is higher than for the PGA graphite
suggesting greater energy dissipation effects in this grade (136 vs. 170 J/m

2

for IM1-24 and PGA respectively). Further, Ouagne et al [15] showed, on a
macroscopic scale, the tortuosity of the crack path (Figure 3.5). The indirect
crack path results in friction planes during crack opening and hence contributes
to the overall crack growth resistance, especially for large crack systems.

It was concluded that prior to crack initiation a zone of intense damage or defor-
mation formed around the crack tip. The initial rise in resistance following initia-
tion was due to the formation of a bridging zone in the wake. It was assumed that
the distance over which the rise in resistance occurred would correspond with the
length of the bridging zone, which was found to be around 9-11 mm.
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(a) (b)

(c) (d)

Figure 3.5 – Examples of cracking in PGA graphite [15]. a) and b) friction points
(arrowed) and crack tortuosity; c) crack bridging particle remote from the crack tip
with evidence for shear cracking; d) smaller crack bridging particles (arrowed) and
crack branching closer to the crack tip.

3.2.4 Fazluddin (2002)

Fazluddin utilised Three Point Bend (3PB) and CT specimens to compare the
fracture properties of a range of graphite grades used by the nuclear industry [16].
The analysis was, however, based entirely on the linear elastic assumption. The
graphite grades considered included IM1-24 and Fazluddin produced a range of
R-curve data from the two considered geometries. Crack length measurements
were undertaken by means of a potential drop system, optical and compliance
crack measurment techniques.

The curves for IM1-24 exhibit the initial sharp rise reported in earlier studies
followed by continued rising resistance throughout the test. Falling resistance
characterised the end of the test (a/W ≥ 0.85). An important aspect of his
results are the indication of a significant difference in the length of the bridging
zone in a CT specimen, estimated at 6-7 mm, to that in a SENB specimen,
estimated at 2-2.5 mm. Fazluddin reported that crack propagation in the CT
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specimen undergoes several stages. This is illustrated in Figure 3.6 where during
the first stage a FPZ develops at the crack tip, which initiates at the onset of the
second stage. Over the middle half of the specimen, the FPZ and wake effects
stabilised, resulting in the plateau R-curve phenomena. During the last stages
the FPZ nears the end of the specimen and, as a result, the fracture resistance
decreases.

Fazluddin’s R-curves, for the two considered specimen configurations, showed a
fundamentally different behaviour. The R-curve of the 3PB specimen can be
identified as a typically brittle fracture, where as the the R-curve of the CT
specimen can be associated with a more ductile fracture, due to the continuous
rise in toughness. No explanation in this respect was provided.

3.2.5 Hodgkins (2006)

Based on the research undertaken by Sakai et al. [14, 13], Ouagne [15] and Fa-
zluddin [16], Hodgkins [4] investigated the R-curve behaviour of IM1-24 using
three dimensional X-Ray tomography. This project considered three CT speci-
men configurations of the IM1-24 material. Using X-Ray tomography, Hodgkins
investigated the propagation of the crack tip and the micro-cracking associated
with it.

He found significant evidence of micro-cracking near the crack tip, as well as in
regions considerably far removed for the crack tip (of up to 45 mm). Many of
his specimens exhibited non-straight crack fronts as shown in Figure 3.7. The
significance of this is that conventional fracture mechanics assumes an even or
continuous crack front (the reader is referred to Chapter 2) and hence results may
be erroneous.

Hodgkins verified that the sharp initial rise in fracture resistance is a common
feature in graphite fracture which is due to the formation of the FPZ. The shal-
lower rise after initiation is exhibited at crack lengths greater than 10-15 mm and
can be attributed to friction bridges in the crack wake (of up to 45 mm behind
the nominal crack tip). This being said, Hodgkins concluded that the length of
the zone can vary depending on the type of loads being applied to the specimen.
He summarised by stating that graphite fracture shares common features with
concrete and cementitious materials which can be characterised as quasi-brittle.
As such there may be significantly less commonality with metals or glass.
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Figure 3.6 – Diagram of the R-curve and the mechanisms associated with each
stage [16].

Figure 3.7 – Crack propagation (1-3) in a 30mm thick CT specimen of IM1-24 con-
taining double side grooves [4]. Highlighted in all of the images are discontinuities
in wake, at long range which may represent the location of friction bridges.
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3.2.6 Ayatollahi and Torabi (2010)

Ayatollahi and Torabi [75] studied the brittle graphite fracture experimentally and
theoretically using samples containing rounded-tip V-notches. They investigated
three different V-notched specimens called the rounded-tip V-notched Brazilian
disc (RV-BD), the rounded-tip V–notched semi- circular bend (RV-SCB) and the
rounded-tip V-notched (RV-TPB) specimens. A theoretical criterion called the
Mean Stress (MS) criterion was then proposed for predicting the experimental
results.

The MS criterion was extended to rounded-tip V-notched domains in order to
estimate the fracture toughness of notched graphite components. It was shown
that the experimental results were in good agreement with the results estimated
by the MS criterion. More importantly, it was found that the notch fracture
toughness is not a constant material property and depends on the notch geometry
parameters i.e. the notch angle and the notch tip radius.

3.2.7 Heard et al. (2010)

Heard et al. [17] used PGA cylinders (12mm in diameter and 6mm long), sub-
jected to controlled cracking by either insertion of a needle into the material or
by compressive loading, to measure the cracking mechanisms in graphite. The
resultant cracking was observed using optical and focused ion beam microscopy.

Heard confirmed that micro-cracking preceded the macro-crack formation. This
mechanism was consistent with the observed non-linearity in load-displacement
curves prior to the peak-load. Such cracks have been observed at loads which are
as low as 30% of the peak-load (as shown in Figure 3.8). Macro-cracks initiate
by linking micro-cracks and follow an irregular path controlled by the direction
of the applied tensile stress and the micro-structure, in particular porosity and
the filler particles. These followed an irregular path controlled by the direction
of the applied tensile stress and the micro-structure, in particular porosity and
filler particles.

3.3 Modelling Approaches

Several studies have attempted to develop models that describe and predict failure
in polycrystalline graphite, where the underlying themes of most methodologies
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(a) (b) (c)

Figure 3.8 – FIB images of PGA specimen under (a) 497N, (b) 560N and (c) 830N
compression [17]. Arrows show developing micro-crack.

are based on the fracture mechanics methodology. These include the Rose-Tucker
model [86] (which is based on the probability that adjacent grains cleave to form
a critical Griffith flaw leading to failure), Burchell’s model which considers high
aspect ratio pores that are aligned favourably to the applied stress (as sites of
stress concentration, from which cracks initiate at relatively low stress levels) and
more recently R-curve models by Ouagne [15], Fazluddin [16] and Hodgkins [4].

The use of the fracture mechanics methodology enables a tool for accessing flaws
in materials such as graphite. If the Stress Intensity Factor (SIF), LEFM or
EPFM, is higher than the predicted material property, fracture occurs. Graphite,
however, experiences a rising crack resistance and hence a single parameter does
not adequately describe fracture. The R-curve relates theses crack growth resis-
tance parameters to the extent of crack growth and thus is believed to provide a
more realistic view of the fracture behaviour of graphite.

It is worth mentioning that some early graphite failure models have been based
on the Weibull approach. The Weibull approach is a statistical approach where
failure is governed by a weakest link process. One of the main limitations of
the Weibull approach, is that it assumes graphite as a homogeneous continuum
material and it fails to accommodate for the non-linear stress-strain behaviour.
Hence, the crack growth resistance curve or R-curve thus provides a more realistic
view of the fracture behaviour.

It has, however, been shown that the use of a critical SIF (as a criterion for frac-
ture initiation) and also R-curve behaviour to some extent varied depending on
the specimen geometry [4, 16]. As such, a cohesive zone model was suggested
by Zou et al. [87], which enables an alternate approach to the simulation of
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crack propagation. The model, which is also founded on the fracture mechanics
methodology, relates tractions to the relative displacements at an interface where
a crack may occur using a constitutive law for the tractions and displacements.
Based on a maximum (critical) value for the traction and the fracture energy G

equivalent area under the curve, the model enabled the prediction of crack initi-
ation and propagation for graphite structures under both regular (blunt notch)
and singular (i.e. a crack tip) stress concentrations.

One of the setbacks of the model is the requirement of a predefined crack path,
which has to be predicted based on a linear stress analysis before-hand. Since
cracking in graphite is irregular, the assumption of a pre-defined crack path is
questionable. In addition, mesh sensitivity has been reported using this technique
[23, 21].

3.4 Shortcomings in the Current Graphite Failure
Understanding

The current methodologies to gain understanding on the way graphite fractures
utilised a range of techniques. These include standard test methods, where LEFM
conditions are assumed, to more complex methodologies and measuring tech-
niques under the EPFM assumption. Other failure models have been proposed
such as the statistical Weibull approach or micro-structure based failure mod-
els. As it stands, clear evidence exists that the fracture of graphite is associated
with non-linear failure mechanisms such as micro-cracking and crack wake effects.
These seem to result in a rise in crack growth resistance during the first 10-12
mm of crack propagation and are said to reach a plateau region during which a
steady continued rise may be observed.

One of the main problems that researchers have experienced with standard test
specimens is the ability to propagate cracks in a stable manner, whilst observ-
ing the crack tip. Normally, CN specimens are utilised to obtain stable crack
propagation, however these don not facilitate crack tip observations. Three Point
Bend (3PB) and SENB facilitate for crack tip observations, however, fracture is
highly unstable. Sandwiched SENB configurations have been used to enable sta-
ble fracture [45], but have been shown to require complex Finite Element analysis
to account for friction. CT specimens have enabled, to a certain degree, stable
crack propagation with crack tip monitoring capabilities, however only short crack
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lengths are achievable. Modifications of the CT specimen, by Hodgkins [4], have
enabled the ability to generate relatively long cracks, however, these require side
grooves to enforce straight crack propagation. The effects of side grooves is not
fully understood as these may act as stress concentrations. It thus appears that
the need for a novel technique exists which can facilitate for stable crack prop-
agation and crack monitoring techniques. As such, the Double Torsion (DT)
technique was proposed for this project. It is believed to facilitate for stable
crack propagation and easy crack tip observations. Further details about the DT
technique are presented in Chapter 5.

At present there is no agreement as to which methodology models graphite failure
best. The reason for such discrepancies may lie, partially, in the assumptions and
limitations implied by the techniques used to characterise fracture behaviour in
graphite. If fracture mechanics does provide a valid approach, then the question
of whether graphite fracture is best characterised by LEFM techniques or EPFM
methods remains. Therefore, perhaps it is not surprising that a wide range of
results have been reported. What is understood is that the formation of damage
immediately ahead of the crack tip, appears to act as a precursor to fracture.
This zone was found to consist of micro-cracking, which is said to develop at
approximately a third of the peak load [17]. In addition, a wake zone exists
behind the damage zone in which crack bridging and friction planes can result
in toughening mechanisms. Hodgkins identified these micro-flaws in front of the
macro-crack tip and in regions beyond the crack tip [4]. However, the experimen-
tal evidence that the formation of the macro-crack is a function of the generation
of micro-cracks, in the most highly stressed regions, remains unclear. In addi-
tion, the mechanisms in the crack wake, by irreversible slip along basal planes,
crack branching and other mechanisms, remain unanswered. There also exists no
understanding of the extent of this damage zone, which appears to vary in length
depending on the configuration of the test specimen (6-7 mm in 3PB specimens
to 15 mm in CT specimens). The studies that have reported the formation of a
plateau region of fracture resistance suggest that the length of the bridging zone
stabilises following approximately 9-11 mm of crack propagation.

The fracture mechanics methodology, which is based on sound understanding
of the stress field and the energies associated with a crack, does provide a way
to describe these mechanisms. The R-curve, which has been popularly applied
in previous graphite assessments, points out that crack propagation undergoes
several stages. The formation stage, notable by a sharp rise in the R-curve,
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is succeeded by a steadily increasing zone, which has been attributed to the
stable movement of both the deformation zone and the bridging zone ahead of
the crack tip. Falling resistance is believed to take place when the deformation
zone makes contact with the rear face of the specimen. The energy consumed
by the deformation zone is no longer absorbed and therefore becomes available
for growing the primary crack. The final stage of the crack growth process is
attributed to the weakening bridging zone.

This being said, large discrepancies exist in R-curve data for the same material
using different geometries. These discrepancies could be attributed to the method
through which the R-curve behaviour was obtained, i.e. Sakai’s energetic method,
Fazluddin’s potential drop system or Hodgkins X-ray tomography analysis. The
question as to whether the R-curve behaviour is a true material behaviour in
graphite remains.

3.5 Summary

A number of models have been proposed to simulate and predict the failure
of nuclear graphite components. These are commonly based on the fracture
mechanics methodology, however, few other models, such as the Weibull approach
exist. With the realisation that graphite components mostly fail due to cracking,
the fracture mechanics methodology is believed to provide the tools necessary to
predict failure.

Nuclear graphite was shown to exhibit a rising resistance with crack propagation.
The experimental evidence suggests that the mechanisms responsible is damage
in the form of micro-cracking ahead of the crack tip and crack wake effects such
as bridging and friction planes. The R-curve behaviour has been used to char-
acterise these cracking mechanisms. The questions, however, remain as to what
the mechanisms behind crack initiation and propagation are, and whether the
R-curve behaviour is a true material behaviour.

Resolving these issues lies at the heart of this project and represents an essential
precursor to developing an understanding of the corresponding graphite fracture
behaviour. Questions surrounding crack growth resistance, which have been ad-
dressed experimentally, are listed below:

1. Does the DT specimen geometry facilitate for stable cracking whilst en-
abling easy crack tip observations? More specifically;
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• How does the DT methodology compare to other standardised tech-
niques, i.e. does the technique produce valid and repeatable experi-
mental data?

• Does the technique facilitate for the measurement of non-linear frac-
ture parameters?

• Can it be used for graphite?

2. Using the DT technique, what are the mechanisms of crack propagation
and how do these relate to the measured and previously measure R-curve
behaviour? More specifically;

• Does a damage zone exist prior to crack initiation and at what point
does a primary-crack initiate?

• Following primary crack initiation, what are the mechanisms associ-
ated with crack propagation and how are these responsible for the
initial rise in crack growth resistance?

• What are the mechanisms of crack propagation and how do these effect
the crack growth resistance?

• Does a limit to the fracture resistance exist with respect to the reported
plateau region?

In addition to the above, it would be highly beneficial if the mechanisms
attributed to the R-curve behaviour could be confirmed by means of optical
measurements and observations.

3. Does fracture mechanics provide the most appropriate technique for char-
acterising the fracture behaviour of polycrystalline graphite? More specifi-
cally;

• Why has such a vast range of fracture mechanics based parameters
been reported? Can these be attributed to the difference between the
LEFM and the EPFM assumption.

• Does the R-curve define the fundamental material property of the two
considered graphite materials?

• Is there a geometry dependency when using fracture mechanics?
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4. What has been learnt, with respect to the understanding of graphite fracture
behaviour, from the analysis and previous literature? More specifically;

• Can the failure behaviour of graphite be compared to that of quasi-
brittle fracture?

• Do quasi-brittle failure models exist that can be adapted for graphite
failure?

• If so, can graphite fracture be modelled using such models?

With respect to the questions formulated above, the next chapter, Chapter 4,
will discuss the aims of this project and the process of contributing to the under-
standing of graphite fracture.
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Chapter 4

Aims and Objectives of this Thesis

This chapter intends to discuss the main aims of this research project. It in-
troduces the problems associated with graphite fracture and gives the methods
utilised to contribute to the understanding of graphite fracture. It is worth men-
tioning that each chapter discusses the clarification of specific problems in more
detail.

4.1 Introduction

This project forms part of an ongoing research effort in determining the fracture
characteristics of medium grained nuclear grade graphite. Originally initiated by
the Pebble Bed Modular Reactor programme, later supported by the University
of Manchester, this work aims to determine the fracture initiation and propaga-
tion characteristics of two grades of graphite, namely Nuclear Block Graphite 10
(NBG10) and Gilsocarbon (IG1-24). These properties or characteristics may then
be used for life prediction models, failure probability studies or more sophisticated
Finite Element studies of moderator bricks. Whichever model is used, the need
for the understanding of the damage development, crack growth characteristics
and parameters of the material under various loading conditions exists. This is
the long term goal of this research.

The fracture toughness and crack growth properties of nuclear graphite prove dif-
ficult to determine by conventional fracture mechanics methodologies, as graphite
is a quasi-brittle material. Additionally, the fracture of graphite is associated with
complex mechanisms such as micro-cracking and crack bridging, which have re-
sulted in a variety of analysis methodologies, ranging from probabilistic Weibull
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failure models, to complex cohesive crack simulations (as discussed in Chapter
3). This being said, to date in literature, not one method exists that can describe
and predict failure with acceptable accuracy for a variety of geometries and sizes.
One of the main problems when attempting to identify the fracture parameters of
graphite is in propagating cracks controllably. Another problem is the observation
of the cracking mechanisms while driving a crack through graphite specimens.

In light of the above, an alternate testing method is employed in this project. The
so called Double Torsion (DT) technique facilitates stable crack growth and thus
it is believed to help gain more insight into the fracture behaviour and fracture
mechanisms of medium grained nuclear graphite. The technique also facilitates
easy crack tip observations due to the way the specimen is loaded. This enables
the use of Electronic Speckle Pattern Interferometry (ESPI) and Digital Image
Correlation (DIC) techniques for observations of the cracking mechanisms prior
to and during macro-cracking.

4.2 Thesis Objectives

The objectives of this work can be split into four categories which themselves are
divided into the relevant chapters respectively. This includes; a critical review of
the DT technique, which includes an experimental analysis using the proposed
corrections, a Finite Element model of the geometry and the use of Digital Image
Correlation to measure out-of-plane surface deformations (Chapter 5); the devel-
opment of a novel approach to calculate the J-Integral by DIC displacement field
measurement, called JMAN (Chapter 6); the damage, crack growth and fracture
characteristics of graphite using the DT technique (Chapter 7 and 8); and a pro-
posed non-local continuum-based damaged plasticity model (Chapter 9). These
are discussed in slightly more detail below.

4.2.1 The Double Torsion Technique

The first objective concerns the experimental development of an excellent DT
experimental facility, together with the development of a rigorous understand-
ing of its range of applicability, corrections, sensitivity to alignment parameters
and consequent optimisation. To assist in this first stage, Polymethylmethacry-
late (PMMA), commonly known as Perspex, was selected since it has a fracture
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toughness very similar to graphite, but is user friendly and cracking is readily
observed since it is transparent. Once optimised and fully understood with con-
fidence gained in the technique, nuclear graphite was used to replace the Perspex
to characterise fracture toughness. This entails the following:

• Although many publications to date are given on the DT technique, the
technique is not yet standardised and some concern exists over the validity
of the technique. For this reason the initial objective of this work is to
develop a deep familiarity and understanding of the DT technique. For
further reading, an in depth literature review is given in Appendix A and
the development of the testing rig is discussed in Appendix B.

• Furthermore, several corrections are given for the DT technique. These
corrections, however, are not clear in terms of their applicability, range,
validity and methodology. For this reason, the major corrections were ex-
perimentally investigated in depth using PMMA specimens. Additionally a
finite element analysis of the DT geometry is undertaken.

• Conclusions are drawn based on a thorough understanding of the technique
with the objective of establishing an experimental methodology for the con-
fident utilisation of the DT method for graphite testing.

4.2.2 Digital Image Correlation and the Development of
JMAN

The second topic concerns the development of a novel approach to calculate the J-
Integral by DIC displacement field measurement, called JMAN. The J-integral is
probably the most generalised and widely used parameter to quantify the fracture
behaviour of both elastic and elastic-plastic materials. It is well known that the
stress, strain or displacement fields around a crack tip may be uniquely quantified
by the J-integral, provided that the constraint level is high enough. Hence, if
the displacement field around a crack can be measured with adequate precision,
the corresponding J-integral can be extracted. Displacements can be measured,
with high precision, experimentally using the full-field DIC technique. A novel
combined experimental-numerical method for the calculation of the J-integral
from a DIC measured displacement field in cracked test specimens is proposed.
It is shown that, unlike other available methods, the technique is not limited to
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elastic fields and requires little computational power. Possible errors and their
magnitude are evaluated and the limitations of the method are discussed. The
proposed technique may be used to measure the fracture resistance of materials
in laboratory set-ups, particularly small specimens, and offers the potential for
real-time, in-situ structural integrity assessments. As such the technique was
utilised for the measurement of the fracture parameters, i.e. the J-integral, of
NBG10 and Gilsocarbon during crack initiation and propagation. This entails
the following:

• The DIC technique is introduced, together with the contour integral method
commonly used to evaluate the J-integral in the finite element environment.

• The mathematical methodology for extracting the J-integral from displace-
ment fields obtained by digital image correlation at different loads is pre-
sented (a detailed mathematical description is given in Appendix C). The
displacement vectors are transformed into a finite element domain through
a MATLAB implemented routine (JMAN) to obtain the J-integral as an
area integral.

• The JMAN methodology is verified using an ABAQUS model, and shows
excellent agreement between the standard ABAQUS and weight function
calculated SIFs. JMAN is tested on three different specimen geometries for
elastic-brittle, elastic-plastic and quasi-brittle materials.

4.2.3 Damage, Crack Growth and Fracture Characteristics
of Nuclear Graphite

Once the DT methodology and DIC are established the focus is drawn towards
nuclear graphite. The third topic concerns the crack initiation and propaga-
tion observations and characteristics of the two medium grained polygranular
graphites using the DT technique. For this, the linear elastic fracture mechanics
(LEFM) methodology of the DT technique is adapted for elastic-plastic fracture
mechanics (EPFM) to account for the non-linearity of graphite deformation. The
R-curve behaviour is measured using JMAN, enabling determination of the crit-
ical J-integral for crack propagation in both materials. The R-curve concept has
the ability to capture the toughening mechanisms that contribute to crack growth
resistance. The fracture and R-curve behaviours are compared to previous litera-
ture based findings and therefore attempts to improve the current understanding
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of R-curve behaviour of polycrystalline, nuclear graphites. The shortcomings of
the EPFM methodology for the characterisation of graphite fracture are discussed.
This is split into two chapters:

• The observations of mechanisms associated with crack growth are given.
The observations of two distinct phases of cracking in graphite, namely the
initiation phase or damage development prior to fracture and the propa-
gation phase, split into two categories, the FPZ and crack tip wake effects
or tortuosity are presented. The full field surface displacement measure-
ment techniques of ESPI and DIC are used to observe and measure crack
initiation and propagation.

• As with the observations of mechanisms associated with crack growth, the
fracture parameters are investigated. Analysis of the displacement fields
ahead of the crack tip, using the JMAN method, is used to calculate the
J-integral for initiation and propagation. The EPFM fracture parameters
and their applicability are discussed.

4.2.4 Modeling Graphite Fracture

The last topic concerns the shortcomings of the EPFM methodology and pro-
poses a non-local continuum-based methodology. For this the common fracture
characteristics observed in quasi-brittle fracture and the models used to simulate
quasi-brittle fracture are discussed. These are compared to determined graphite
fracture characteristics and subsequently the adaption of an existing non-local
damage plasticity model for concrete and other brittle materials for polycrys-
talline graphite fracture is proposed. This model allows for the degradation of
the material and for so called “plasticity” or non-linearity and was shown to
correlate well with experimental data. The model uses concepts of isotropic dam-
aged elasticity in combination with isotropic tensile and compressive plasticity
to represent the inelastic behaviour. In this method the failure is modeled in
the finite element (FE) model and consists of a combination of non-associated
multi-hardening plasticity and scalar (isotropic) damaged elasticity to describe
the irreversible damage that occurs during the fracture process. The model is
available in the ABAQUS/Standard environment [23]. A static, strain rate inde-
pendent, model is assumed. This entails the following:
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• The common observed fracture characteristics of quasi-brittle materials are
discussed, followed by the appropriate methodologies to characterise frac-
ture in such materials. Existing quasi-brittle fracture models are utilised
to formulate a fracture model for IM1-24 graphite. A model definition is
formulated.

• The parameters required for the proposed failure model are found experi-
mentally or from literature.

• The model behaviour is shown together with an experimental verification
using two Compact Tension specimens and a Three Point Bend specimen.
A discussion is formulated.

4.3 Summary

It is believed that fully characterising the failure of nuclear graphite requires
an intimate understanding of the fracture mechanisms behind crack formation
as well as propagation. Current literature shows that graphite material experi-
ences so called “plastic” behaviour, even though this material is a brittle material.
Literature has suggested that micro-cracking is responsible for these irreversible
“plastic” or non-linear deformations. It is believed that these micro-cracks signifi-
cantly influence the crack tip formation and propagation, as these can cause crack
bridging and slip formations. An understanding and measure of the irreversible
energy required for crack propagation can help better characterise and predict
graphite failure.

Previously used techniques for evaluating fracture characteristics in graphite ma-
terial, for example three point bending specimens, prove usually very difficult
as crack propagation becomes quickly unstable resulting in uncontrollable crack
formation and propagation. The DT technique, however, enjoys a constant crack
driving force resulting in an almost entirely constant load plateau. This enables
the unique ability to propagate cracks in a highly stable and controlled manner
over relatively large crack lengths (over the middle half of the specimen). In
conjunction with the ability of the DT methodology, the technique was adapted
to fit an elastic plastic model allowing for the measurement of irreversible defor-
mations. Using the modified DT technique together with ESPI, DIC and JMAN
systems, can enable in-depth investigations into the fracture mechanics of nuclear
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graphite. The FPZ could be accurately observed allowing for the measurements
of the formation and propagation of the FPZ.

The EPFM methodology, commonly utilised for materials which exhibit non-
linearity, is shown to be limited and erroneous when characterising graphite frac-
ture. Since these mechanisms are similar to those observed in other quasi-brittle
materials, a non-local continuum-based damaged plasticity model for concrete
and other quasi-brittle materials is proposed. It is believed that the model has
the capability of describing fracture in any specimen or structure configuration.
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Chapter 5

Experimental Techniques and

System

The previous chapter established the need for an experimental investigation of
the fracture behaviour of nuclear graphite, in particular the damage accumulation
prior to and during fracture. This chapter describes the experimental techniques
and systems used.

5.1 Introduction

This chapter is divided into three sections. These discuss specimen fabrication,
the Double Torsion (DT) technique and damage monitoring techniques, namely
Electronic Speckle Pattern Interferometry (ESPI) and Digital Image Correlation
(DIC). The first section deals with the details of the graphite material used in
this project, the subsequent machining of the specimens and details about the
testing apparatus and environment. The second section introduces the DT tech-
nique and is specifically focused on an evaluation of the technique. The last
section presents the damage monitoring techniques which were used to observe
the fracture process, prior and during crack propagation, in the graphite material.

It is worth mentioning that the DT technique is not yet a standardised testing
technique and, as such, several concerns exist when applying the technique. The
aforementioned evaluation, undertaken in this chapter, is aimed at developing
a full understanding of the technique, its concerns and proposed corrections, so
that it can be applied confidently to the graphite materials. For further reading,
a comprehensive literature review is presented in Appendix A.
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The last section discusses the damage monitoring techniques. The nature of
“damage monitoring” is in terms of the degree of micro-cracking present prior
and during fracture, where the techniques presented here enable the monitoring
and measurement of such damage. More specifically, the ESPI technique allows
for the observation of such micro-cracking (which is invisible to the naked eye)
and DIC allows for surface strain mapping of such micro-damaged fields.

5.2 Materials, Specimen Fabrication and
Mechanical Testing

In this work, tests were conducted at two different locations. Part of the research
was conducted in the Materials laboratory at the University of Cape Town (South
Africa). These include an experimental evaluation of the DT technique, mechan-
ical testing of DT specimens and ESPI damage monitoring. The second part
was conducted at the University of Manchester (United Kingdom) and includes
mechanical testing and damage monitoring using DIC. Specimens were machined
at each location respectively. The details are presented below.

5.2.1 Materials

Chapter 2 presented some of the properties of nuclear graphite, that the ma-
terial can have a general extrusion direction and that nuclear graphite may be
regarded as a porous material. The graphite materials utilised in this work were
two medium grained graphites, namely nuclear block graphite 10 (NGB10) and
Gilsocarbon (IM1-24). NBG10 is a pitch coke extruded graphite manufactured
by SGL Carbon Company. The material has a maximum grain size of approxi-
mately 1.6 mm [50] and exhibits distinct grain orientations or anisotropy due to
the extrusion process of manufacture. Because of the anisotropy, specimens were
machined so that crack propagation was either parallel or perpendicular to the
dominant grain (extrusion) direction. This is sometimes also reffered to “with
grain” or “against grain” direction respectivly. Mechanical material properties
are reported as 10.3 GPa and 9.9 GPa for the Young’s modulus and the tensile
strength of 18 MPa and 21 MPa for the parallel and perpendicular directions
respectively [50]. The Poisson’s ratio was taken as 0.21, independent of orienta-
tion (a small effect of orientation is expected, but has been neglected). IM1-24
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graphite was manufactured by a forerunner of Graftech. The material has a max-
imum grain size of approximately 0.5 mm and is a near isotropic material with
an anisotropy factor of 1.03 [88]. The Gilsocarbon was assumed to behave as an
isotropic material. Material properties are reported as 11.9 GPa for the Young’s
modulus with a tensile strength of 20 MPa [88]. The Poisson’s ratio was taken
as 0.21.

5.2.2 Sample Fabrication

All DT graphite specimens have typical dimensions of length (L) 150 mm, width
(W ) 50 mm and a thickness (d) of 4 mm. A starter notch (an), with lengths of 20,
40 and 60 mm with a crack front inclination of c ≈ 4, was used to initiate fracture.
An image of two fractured graphite specimens is shown in Figure 5.1, where a
schematic of a DT specimen is shown in Figure 5.2. It is worth mentioning that
the left DT specimen in Figure 5.1 did not achieve the ideal “straight” crack
propagation. The consequences of this are discussed in a later DT evaluation
section. Detailed drawings of the geometry can be found in Appendix Z.

The specimens were sliced from a large graphite block and machined to shape.
Care was taken to stress the material minimally so as to avoid any prior dam-
age to the specimens and ensure dimensional reliability. For the DT technique
evaluation, a PMMA material of several geometry configurations was utilised.

5.2.3 Mechanical Testing

All tests were conducted as static compression tests, where compression loading
resulted in a tensile mode I crack opening, due to the nature of the testing fixture.
Details of the fixture design can be found in Appendix B.

The tests, which were conducted in the Materials laboratory at the University of
Cape Town, utilised a 100kN (with a 5kN load cell) Zwick tensile/compressive
servo-controlled, screw driven testing machine. The Zwick testing machine has
large components and high inherent stiffness thus minimising background relax-
ation (mashine relaxation). The 5kN load cell was accurate to 0.1%. The tests
which were conducted at the University of Manchester utilised a Instron 5580
tensile/compressive servo-controlled, screw driven testing machine. Similar to
the Zwick, the Instron has high inherent stiffness and a load cell of 2kN.
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Figure 5.1 – Image of two NBG10 specimens tested

Details regarding the experimental procedures used to determine the damage
and fracture characteristics of the graphite material are presented appropriately
in each chapter. All tests were performed at room temperature. There was
no special control over the environment, temperature or humidity, although the
laboratories are air-conditioned and the temperature was typically 20 ºC and the
humidity 30%.
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5.3 The Double Torsion Technique

The DT technique is a powerful testing configuration, which facilitates the in-
vestigation of fracture characteristics of highly brittle materials. One of the dis-
tinguishing features of this technique is that the Stress Intensity Factor (SIF) is
said to be independent of crack length. This feature is especially attractive as
it enables the propagation of relatively long cracks in a highly controlled man-
ner in exceptionally brittle materials, such as ceramics [34], cements [89] and
brittle polymers [31, 7]. Further, due to the way the DT specimen is loaded,
the geometry allows for easy crack tip observations at a constant crack driving
force. This is useful for micro-cracking observations in the fracture process zone in
quasi-brittle materials [89] and is hence a desirable feature in the investigation of
graphite fracture. The technique is also suitable for testing configurations where
crack length measurements could be difficult to make, such as the evaluation of
opaque and non-reflective materials, or in high temperature and controlled en-
vironments. Another advantage over other testing configurations, such as Single
Edge Notched Bend (SENB) or Compact Tension (CT), is the ability to easily
conduct slow crack growth studies (the VK relation between stress intensity factor
K and crack velocity V during sub-critical crack growth).

The technique was first introduced by Outwater and Gerry [90] in the late 1960’s
and the main development of the DT technique may be attributed to Evans [91]
and William and Evans [92]. This is described in good reviews, available in liter-
ature [32, 36]. The specimen configuration essentially comprises of a rectangular
thin beam supported in a four point bend configuration at one end where the
crack propagates through the specimen’s length. A schematic diagram of the
DT specimen is shown in Figure 5.2 where: a is the crack length, an the notch
length, wm the applied moment arm with applied load P and deflection y at the
load points. The specimen has dimensions: length L, width W and thickness d.
Grooves, aligned along the specimen length, are sometimes used to constrain the
crack path. These, however, can cause substantial stress concentrations near the
crack tip [36, 93, 34]. With careful alignment of the test specimen in combination
with a high-quality fixture, the need for these grooves can be eliminated [36, 34].

The cornerstone of the DT methodology is the aforementioned feature of a crack
length independent SIF. According to Williams and Evans [92] the strain energy
release rate G, and hence an equivalent SIF (using K =

√
EG), is given by
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Figure 5.2 – Schematic of the Double Torsion (DT) specimen geometry. The
curved crack front profile is defined by the difference in surface crack extensions as
�a.

GI = −dU
dA

=
P 2

2d

dC
da

=
w2

m
P 2

2µWd4ψ
(5.1)

where U is the total strain energy, A the crack extension surface area, C the
compliance of the specimen, µ the shear modulus and ψ a thickness correction
given as a function of W/d

4.

The above expression, Equation 5.1, is entirely crack length independent and has
been derived with the following assumptions.

• The specimen has two symmetrical, independent halves, subjected only to
torsional loading due to load P with moment arm wm. The crack separates
the two halves.

• The specimen is only subjected to small torsional deformations and the
unbroken ligament remains rigid.
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• The crack front or crack profile remains constant throughout crack exten-
sion.

• Fracture occurs in pure mode I.

The practical importance of these assumptions, made necessary by the analytical
approach, is still unknown and concerns around the actual crack length indepen-
dence have arisen independently from several different investigations [94, 95, 96,
31, 97, 98, 99, 100, 93]. It has been shown that the stress intensity factor could be
a function of the crack length, which is indicated by a shift in the VK relationship
data [95, 96, 31, 97, 98, 100] (discussed later). As a result various corrections have
been incorporated into Evans’ conventional methodology. These include Leevers
et al’s large deflection correction [101], Chevalier et al’s crack length dependent
SIF correction [95] and Ciccotti et al’s finite element based correction which ac-
counts for crack length dependencies in VK relationship data [102, 103]. These
corrections, based on analytical, empirical, or Finite Element (FE) derivations,
aim to force the geometry to be crack length independent.

At this point it is worth mentioning that there exists no consensus in literature
on the various corrections and the reason for reported variations between labo-
ratories. As a result, the DT technique itself provides many challenges to the
user and although the DT technique offers significant advantages, due to its abil-
ity to propagate cracks controllably, there remains a concern about its inherent
crack length independence and other aspects such as the optimal dimensions and
test procedures. As a result, a large portion of this project was dedicated to
the validation of the technique, using PMMA specimens. It is believed that this
evaluation significantly contributes to the understanding of the DT methodology
and, as such, has been submitted to the Journal of Experimental Mechanics.

5.4 Evaluation of the Double Torsion Technique

Given that this projects intends to utilise the DT technique for the character-
isation of the damage and fracture in nuclear graphite, the need exists to use
the DT technique with confidence. Since the question regarding the applicability
of the crack length independent SIF remains, it is necessary to assess the DT
technique and its correction factors critically. The aim of this section is to fully
understand the DT methodology and to address the proposed corrections with
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respect to the crack length independent SIF and to investigate the importance of
the approximations made, with respect to the analytical derivation. Considering
that alignment is critical in the DT configuration, the effects of misalignment are
also investigated.

The evaluation is made via an experimental procedure of the various proposed
corrections (Evans [91], Leevers et al. [18], Chevalier et al. [95] and Ciccotti at
al. [102, 103]), a FE analysis of the full DT specimen geometry accounting for
crack surface interaction, and uses measurement of the out-of-plane deflections of
loaded samples by DIC. First, the analytical derivations of the DT technique and
the proposed corrections are discusses. This is followed by the evaluation using
the aforementioned approaches.

5.4.1 Analytical Analysis and Proposed Corrections

The DT specimen comprises a rectangular plate that is loaded in a four point
bending configuration at one end across a starter notch (Figure 5.2). The spec-
imen can essentially be considered as two halves around the cracked portion,
which deform independently. Subjected only to small torsional deformations, the
stiffness of each half is a function of its cross-section and length. As a result, the
stiffness of each half, and thus the specimen, is a function of the specimen’s crack
length. If assumed that the unbroken ligament remains completely rigid, a linear
compliance relationship is obtained [91]

C(a) =
y

P
= BAa =

3w2
m

Wd3µ
a (5.2)

The crack front or crack profile is assumed to be straight and perpendicular to
the specimen plane throughout crack extension. It is worth mentioning that
this linear compliance relationship provides the crack length independent SIF. It
has been shown experimentally that the compliance is indeed linear, however, a
scaling constant is required to account for a shift in the compliance slope [91, 92,
31].

C(a) =
y

P
= BEa+DE (5.3)

where, BE is the slope and DE is the y-axis intercept. The experimental compli-
ance has been shown to be in agreement with the analytical compliance [31], in
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which case DE is assumed to be zero and

BE ≈ BA =
3w2

m

Wd3µ
(5.4)

The actual crack profile in the DT setup is curvilinear and therefore, a crack front
inclination is defined by c = �a/d, where �a is the crack extension difference
between the upper and lower surface of the test specimen (Figure 5.2). It has been
contended that the crack front geometry is material specific [104] and dependent
on the slow crack growth exponent [105]. However, it has also been shown that
the shape of the crack front does not vary with crack length and therefore the
assumption of constant crack extension difference is valid [92, 106].

Evans’ “conventional” methodology

Equation 5.1 provides the elastic strain energy release rate for the DT geometry
obtained using Irwin’s expression for Linear Elastic Fracture Mechanics (LEFM)
in mode I rupture. For this the crack front shape is assumed to remain constant
through crack propagation, so that dA = da · d. Since LEFM conditions apply,
GI may be related to the more commonly used SIF by KI =

√
GE � where,

E
� = E/(1 − v2) and E � = E in plane strain and stress conditions respectively

(E being the Young’s Modulus and v Poisson’s ratio). The expression for KI is
given as

K
E

I
(P ) = Pwm

�
3

Wd4(1− v)ψ(d,W )
(5.5)

for plane strain conditions. Here, µ is the shear modulus and ψ(d,W ) a thickness
correction factor, derived by Fuller [31], to account for the interaction between
the crack surfaces as

ψ(d,W ) = 1− 0.6302τ + 1.20τe−π/τ (5.6)

where τ = 2d/W . The validity of the thickness correction has been confirmed
using tests on glass ceramics [107]. The SIF given by Equation 5.5 is a function
of the applied load, the test specimen geometry and Poisson’s ratio but is inde-
pendent of crack length. The independence of the SIF however, is limited to a
range of crack lengths due to edge effects, which can lead to a deviation from
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the linear crack length-compliance relationship. Generally the middle half to a
third of the specimen is regarded as crack length independent [36]. The critical
strain release rate energy GIc, or fracture toughness, KIc, may be calculated by
substituting P with the critical load Pc into Equation 5.5.

Crack growth analysis

One of the important characteristics of the DT methodology is the ability to mea-
sure the rate of slow crack growth without having to monitor the crack length on a
continuous basis. For this, the sub-critical quasi-static crack growth or materials
experiencing environment-assisted cracking is defined by the relationship

V = BK
n

I
(5.7)

This may be reformulated as

log(V ) = n log(KI) + log(B) (5.8)

where, log(B)is a constant and n is the sub-critical crack growth index, which
may be evaluated by the commonly used load relaxation technique or the constant
displacement [31] technique.

According to the load relaxation technique, a pre-cracked specimen is loaded to
just below the expected fracture load (i.e. 0.9 to 0.95 Pc) and the crosshead
displacement is fixed (noted as subscript y). The increase in test specimen com-
pliance with crack growth relaxes the load with time and can be described by
differentiating Equation 5.3 with respect to time

dy
dt

= (BA +DE)
dP
dt

+ PBE

da
dt

(5.9)

Since the DT geometry enjoys a linear compliance and the crosshead is arrested
during a load relaxation procedure, the initial and final loads may be related by

Pi(BEai +DE) = Pf (BEaf +DE) (5.10)

where subscripts i and f denote the initial and final during a load relaxation pro-
cedure respectively. Hence, by setting Equation 5.9 equal to zero and rearranging
it with Equation 5.10 an expression for the crack velocity V is given as
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Vy(P, t) ≡
�

da
dt

�

y

= φ
Pi,f

P 2

�
ai,f +

DE

BE

��
dP
dt

�

y

(5.11)

where φ is a crack velocity averaging factor derived by Pollet and Burns [106].
This is required since the crack velocity varies along the crack front’s curved
profile.

φ(α, d) =



1

d

d�

0

(sin [α(d)]
1
n




n

(5.12)

where n is the slow crack growth exponent and α is the function of the crack
front angle to the specimen’s surface. Other curved crack front corrections have
been derived [91, 101, 108], however, Pollet and Burns’ averaging process is more
widely accepted in the literature. Fuller assumed that the ratio DE/BE, used in
Equation 5.11, may be excluded if significantly less than ai,f .

Another technique for slow crack growth determination using the DT technique
includes the constant displacement rate technique. The crosshead is moved at
a constant rate and the load is allowed to reach a plateau (with dP/dt ≈ 0),
where the expected increase in load from crosshead movement is balanced by the
increase of the test specimen compliance due to crack growth. If the plateau load
is given by Pc, Equation 5.9 reduces to

VP (y, t) = φ
1

PcBE

�
dy
dt

�

P

= φ
yP

PcBE

(5.13)

The subscript P denotes the constant load assumption.

Leevers correction

Leevers’ proposed a correction for the errors caused by large deflections at the load
points [18]. The Large Deflection Correction (LDC) corrects for the decrease in
moment (wm) due to the rotation of the loading contact points on the specimen’s
surface as shown in Figure 5.3. This is defined as w

LDC

m
in this work. Earlier

work done by Hine et al. [109] provided a different LDC, although this was since
shown to generally underestimate the error [18].
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Figure 5.3 – Schematic of the load configuration and the large deflection error
caused by the rotation of the loading points. A correction is provided by Leevers
as wLDC

m [18].

Chevaliers Correction

Chevalier and co-workers [95] reported a crack length dependence of the SIF in
studies of zirconia and alumina. They attributed a minor crack length dependence
to deflections of the unbroken ligament and then proposed a correction for load
relaxation tests. The crack length independent SIF was then

K
Ch

I
(P, a) = K

E

I
(P )

�
a

an

�m
k

(5.14)

where, m and k are constants for the test specimen geometry and material con-
sidered. The crack length was estimated during load relaxation tests as

a
ch(P ) =

�
Pi,f (BEai,f+DE)

P

�
−DE

BE

(5.15)

derived from the compliance relationship. Their correction results in a shift of the
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VK curve and an increase of the stress corrosion index n [110]. Crack velocities
are found using Equation 5.11 or Equation 5.13.

Ciccotti’s correction

Ciccotti and co-workers [111, 102, 103] performed a three-dimensional FE elas-
tic analysis on a symmetric DT geometry model, including contact between the
crack faces. They concluded that appreciable deviations (as much as 40%) oc-
curred from the conventional analytical solution (Evans’ methodology) for strain
energy release rate, and that these were due to non-linearity of the compliance
relationship. They provided two correction factors ϕ and ξ for the calculation
of KI and V to account for experimental variables such as crack shape, groove
width and depth, notch length and test specimen geometry.

C
Ci(a) = ϕ(a)BAa (5.16)

K
Ci

I
(P, a) =

�
ϕ(a)KE

I
(P ) (5.17)

V
Ci(P, t, a)y = −ϑ

ξ(ai,f )

ϕ(a)

ai,fPi,f

P 2

�
dP

dt

�

y

(5.18)

Both correction factors are a function of crack length, which may be estimated
by

a
Ci(P ) = C

−1

�
C(ai,f )Pi,f

P

�
(5.19)

The correction factors were derived from FE models with five different crack
lengths for three different specimen geometries. Functions for the correction
factors were then obtained by a 3rd order polynomial fitted to the five data
points. It is important to note that the recorded values are conditioned by the
sample geometry. In cases where the sample geometry differs, linear interpolation
is used. Examples were published by the authors [103].

5.4.2 Evaluation Procedure

This evaluation aims to examine the aforementioned assumptions, on which the
DT methodology is based, to achieve a crack length independent SIF. To do this,
the evaluation consists of three parts:
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Specimen Geometry Notch Evaluation use Recommended
Dimensions Ratio an Exp FE DIC by

(mm) (mm)
150:50:4 3W : W : 0.08W 20 x x x Chevalier et al.

40 x x [95]
150:50:5 3W : W : 0.1W 20 x Tait et al.

40 x [36]
135:50:5.5 3W : W : 0.11W 20 x x x Ciccotti et al.

40 x x [102, 103]

Table 5.1 – Specimen dimensions and ratios considered for the experimental, FE
and DIC evaluation.

• Experiments analysed using Evans’ methodology and the corrections pro-
posed by Leevers’, Chevalier and Ciccotti using three specimen configura-
tions.

• FE simulation of the full specimen geometry, which includes crack surface
interactions, a realistic loading configuration and an assessment of misalign-
ment.

• DIC observations to measure the out-of-plane deflections of the unbroken
ligament.

Experimental Evaluation

Compliance tests, fracture toughness tests and VK investigations were undertaken
using Polymethylmethacrylate (PMMA) specimens. PMMA is a clear, homoge-
nous, isotropic brittle material that allows for easy observation of the crack tip
and has similar reported fracture toughness to that of the nuclear graphite used
in this work. The material properties of PMMA were taken as � = 1.4 GPa for
the Shear modulus and E = 3.7 GPa for the Young’s modulus [112].

Three different specimen geometry ratios were considered, normalised with re-
spect to the width and notated by their length to width to thickness ratio
(L : W : d). These are summarised in Table 5.1. These ratios were chosen
from the dimensions previously used by Chevalier [95], Tait [36] and Ciccotti
[102, 37, 103]. Starter notches were machined to lengths of an = 20 mm or 40
mm with a crack front inclination of c = 4 to closely resemble the curved front of
a propagating crack and to ensure symmetrical crack initiation. Specimens were
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pre-cracked to length ap to achieve a sharp fully formed curved crack front unless
the objective of the experiment dictated otherwise.

A DT fixture was constructed to reliably achieve near symmetrical crack growth.
Details of the fixture design process can be found in Appendix B. This eliminated
the need for side grooves to control crack growth. Any non-symmetrical crack
propagation within the defined crack length independent SIF shown in Figure
5.2, (i.e. deviation of the crack path from the centreline of the specimen) was
recorded as aoff . The crack length independent SIF region was regarded as 0.25
< a/L < 0.75, according to Tait et al’s recommendations [36].

The experiments were carried out in the Materials laboratory at the Univer-
sity of Cape Town at room temperature using a Zwick tensile/compressive servo
controlled, screw driven testing machine with a 5 kN load cell. Crack length mea-
surements, to an accuracy of 0.2 mm, used a Nikon SMZ10 microscope mounted
on a sliding mechanism. Specimens were pre-cracked to length ap at a low cross-
head speed (> 0.1 mm/min, manually controlled), until a fully formed crack front
was established. Load, displacement and time were recorded continuously. Com-
pliance curves were thus determined according to Equation 5.2, Equation 5.3 and
Equation 5.16 for the analytical, experimental and Ciccotti’s compliance, respec-
tively. SIF values were then calculated using Equation 5.5, Equation 5.14 and
Equation 5.17 for Evans’, Chevalier’s and Ciccotti’s methodologies respectively.
Fracture toughness tests were conducted at a fast cross head speed of 4 mm/min
sufficient to ensure unstable fracture [31] where the critical load Pc was used to
calculate KIc. VK data was determined using load relaxation and constant dis-
placement rate tests for comparative purposes using Equation 5.11 and Equation
5.13 for Evans’, Leevers’ and Chevalier’s methodologies and Equation 5.18 for
Ciccotti’s method respectively.

Finite Element Model

A FE model of the DT geometry was constructed using ABAQUS/standard V. 6.7
[23]. The FE model represented the full DT geometry and loading configuration
under constant displacement loading (Figure 5.4). Most of earlier FE models
assumed a symmetrical DT geometry, in which the model only described half of
the specimen, loaded in pure torsion [111, 33]. This was due to computational
limitations that no longer apply. In these analyses the cracks were treated as
discontinuities with smooth and frictionless surfaces where mode I loading was
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(a)

(b)

Figure 5.4 – a) Finite Element mesh for the 3W : W : 0.08W geometry with a
crack front inclination of c = 0. Model represents the full DT geometry. b) Finite
Element mesh for the 2.7W : W : 0.11W geometry with a crack front inclination of
c = 4. Shown is half the DT geometry with maximum principle stress contours.
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assumed. However, if the crack surfaces offer frictional resistance due to sliding
in the DT configuration, the assumption of symmetry may lead to error. The
modelling of the whole specimen provides a more realistic configuration that
can analyse the effects of load misalignment and crack opening modes. Contact
between the crack surfaces was defined by the Coulomb friction law for rough
surfaces, with an assumed friction coefficient of 0.5 [113, 114, 115].

A concentrated mesh with collapsed elements at the crack tip was used (Figure
5.4a and b). This allows for a better description of the strain field near the crack
tip and has been validated against analytical solutions [33]. Mode I and III stress
intensity factors along the crack front were directly calculated by ABAQUS using
the contour integral method [116]. In addition, the out-of-plane deflections of the
ligament and the compliance relationship were extracted.

Rotational loading was applied as a displacement to an analytically rigid body,
tied to the outer edge of the DT geometry (Figure 5.4a). This gave a four point
bending loading configuration with a moment arm length of wm. This way, the
torsional load configuration incorporating the fixed support points (as a four
point bend configuration) could be modelled excluding any point load effects.
Twenty different specimen configurations were modelled. These consisted of two
specimen geometry ratios, each with two different crack front inclinations, namely
c = 0 and c = 4, at five crack lengths of 37.5, 56.25, 75, 93.75 and 112.5 mm
respectively. The crack front inclinations were limited to a maximum inclination
of c = 4 so as not to distort the elements internal angles below 10°.

Since non-grooved specimen geometries were considered, the effect of specimen
misalignment was modelled as a percentage difference in the applied moment
on each specimen halves torsion arm. This was considered to be an accurate
representation of misalignment since misalignment of the specimen in the loading
jig would result in a shift of the loading points and would thus cause an imbalance
in the applied moment.

The models contained a total number of 7468 and 9465 quadratic brick elements
for the geometries with crack front c = 0 and c = 4 respectively. PMMA was
defined as a linear elastic material with the properties stated previously.

Digital Image Correlation

DIC allows full field displacement measurements to be obtained throughout the
deformation of material in two or three dimensions, depending on the camera
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Figure 5.5 – Percentage error in the calculation of KI for three specimen thick-
nesses when using Equation 5.2. All specimens have the same loading configuration
shown in Figure 5.3.

Figure 5.6 – Comparison between the various compliance relationships for the
2.7W : W : 0.11W geometry.
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system [117]. DIC operates through the discretisation of an image into multiple
interrogation windows, which are correlated with the same features in the fol-
lowing images. Displacement vectors are obtained for the change in position of
each interrogation window, allowing strain distributions across the full image to
be calculated [118]. Further details, regarding DIC technique, are discussed in
the following sections under damage monitoring techniques.

The digital image correlation technique was employed at the University of Manch-
ester to analyse the out-of-plane deformation during cracking of PMMA DT spec-
imens. The system used two Davis ® Imager Pro X 4 Megapixel cameras and
LA Vision DaVis software ver.7.2 [119]. The two-camera analysis was used as the
DT specimen experiences some out-of-plane deflections. These can cause errors
in single camera observations and it was necessary to measure the in-plane dis-
placements accurately [120]. The displacement vector accuracy is dependent on
the interrogation window size, and in this work the best results were obtained by
an interrogation window size of 128 x 128 pixel window size with 75% overlap,
which allowed for around 0.01 pixels accuracy [119]. The large overlap provided
a sufficient number of displacement vectors. One pixel was approximately 50 µm,
for an imaged area of 100 x 100 mm. The DT specimens were tested at 4 mm/min
constant displacement rate with an image recording frequency of 1 Hz.

5.4.3 Results and Observations

52 specimens were tested in the experimental evaluation. This included 20 frac-
ture toughness tests, 20 VK investigations (limited to a maximum of three relax-
ations per specimen), nine compliance tests and three DIC observations. Their
respective dimensions are reported in Table 5.1.

Correction Factors

Table 5.2a shows all the calculated correction factors for the three specimen ge-
ometries considered, determined according their specified methodologies. The
LDC correction was found to be essential, as large deflections at the load points
result in a significant decrease of the moment arm wm. One example is the de-
crease from 16 mm to 14.5 mm for the 4.0 mm thick specimen configuration.
Failure to correct for these large deflections can result in an error in KI of up to
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25% (Figure 5.5). The crack front inclination was established at where the crack
tip shape, once established, was found to remain constant with crack length.

Compliance Relationship

Table 5.2b summarises the linear compliance relationships found experimentally,
analytically and through the FE model respectively. A good correlation was
found between these relationships with less than 2% difference in their average
values. It is worth mentioning that the assumption that DE/BE in Equation 5.11
is significantly less than ai,f (as commonly assumed) does not hold true here, as
DE/BE has a magnitude of approximately 20 mm compared to ai,f , which ranged
from 37.5 to 112.5 mm. This becomes significant for the VK data plots and thus
requires an experimentally determined compliance in order to reduce a significant
shift in VK relationship data.

Since the crack length independence of the DT technique is dependent in the lin-
earity of the compliance relationship, it provides a tool for assessing the aforemen-
tioned assumptions. This is shown in Figure 5.6, which compares the compliance
relationships obtained from the experimental, analytical, the Ciccotti correction
and the FE model for the 2.7W : W : 0.11W configuration. The experimentally
and FE determined compliance show similar behaviour with a slight deviation
from linearity at larger crack lengths. This observation was found in all specimen
configurations (it is most exaggerated with the thicker 2.7W : W : 0.11W geom-
etry) and thus suggests a crack length dependent geometry. Ciccotti’s corrected
compliance, which aims to provide a crack length independent geometry, did not
agree with experimental data.

The non-linearity of the compliance has been attributed to the deformation of
the unbroken ligament [95, 110], which introduces error in the prediction of tor-
sional deformation of the broken ligaments. The direct measurement of surface
displacements by two-camera DIC (Figure 5.7) confirms these out-of-plane de-
formations and shows, in good agreement with the FE model predictions, that
these deformations increase with crack extension. This contributes to the overall
non-linearity of the compliance data. This effect is again amplified by the thicker
specimen configuration. This is discussed further later in more detail.
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Figure 5.7 – Out-of-plane deformations of the specimen surface at crack length a
= 76mm obtained through the DIC analysis and the relative load point deflections
at the crack tip. Shown are the Abaqus and DIC obtained surface displacements.

Crack Length Independence

To further investigate the effect of the non-linear compliance, the various pro-
posed corrections were compared by plotting the SIF (calculated according to
each methodologies), against the crack length. This is shown in Figure 5.8a for
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the 2.7W : W : 0.11W configuration. Both Chevalier’s and Ciccotti’s correc-
tions achieved the crack length independent SIF (i.e. a constant SIF), however, a
gradual decrease in the SIF with increasing crack length was observed when using
Evan’s “conventional” methodology, with or without the LDC. These findings are
in agreement with the FE analysis (Figure 5.8b), where a clear crack length de-
pendence on the SIF was found, especially for the thicker specimen configuration.

The testing procedures also contribute to the overall validity of a crack length
independent geometry. Similarly to Figures 5.8, the variation of the SIF with
crack length for specimens with various crack propagations for the 3W : W :

0.08W configuration is illustrated in Figure 5.9. The effects on a fully pre- and
symmetrically cracked specimen were investigated and compared with either a
non-pre-cracked or non-symmetrically cracked specimen, or both. The results
clearly show the effect of misalignment on the pre-cracking procedure.

The main observations were:

• During the pre-cracking stage the curvilinear crack front develops. At this
point the rate of crack extension area dA is not constant, but increases
until a fully formed crack front has developed. This has been confirmed by
Ricco et al. [121] who compared the load vs. time relationship for PMMA
specimens with the corresponding crack speed vs. time recording obtained
from video recordings. Hence, the assumption made in Equation 5.1 is
not valid and it follows that during the pre-cracking phase artificially high
SIF’s are obtained that lead to erroneous fracture toughness readings or
unreliable VK relationship data.

• During non-symmetrical or “skew” crack propagation the opposite can be
observed. The calculated SIF decreases with increasing crack deviation
(aoff ). The argument follows that due to the non-symmetrical crack prop-
agation the torsional stiffness changes in each half. The ability to support
the same torsional load, in the case of the reduced specimen half, reduces
and hence the ability to drive the crack propagation weakens. This argu-
ment is in agreement with Salem et al. [34] who tested non-symmetrical
specimens and concluded that specimen symmetry should be within 1%.

There is an important observation to note; the common measurement of fracture
toughness [91] is only dependent on the peak load and crack deviation is always

87



Univ
ers

ity
 of

 C
ap

e T
ow

n

Thorsten H. Becker

(a)

(b)

Figure 5.8 – a) Comparison of crack length independency. Plotted are Evans’
model, Evans’ model with LDC, Chevalier’s model and Ciccotti’s model for speci-
men dimensions 2.7W : W : 0.11W . Crack length independence setup is identified
by a horizontal fitted line. b) Comparison of crack length independency obtained
from the FE analysis. Plotted are specimen dimensions 2.7W : W : 0.11W and
3W : W : 0.08W .
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5. Experimental Techniques and System

small at short crack lengths (provided the starter notch is machined on the sym-
metry line), hence the consequence of misaligned specimen in fracture toughness
testing is small. The effect of misalignment, however, becomes potentially adverse
in VK investigations since a constant SIF is required over larger crack extensions.

The FE analysis provides additional insight into the SIF’s independence of crack
length. Visual inspections have shown that the crack front remains similar in
shape over the middle section of the specimen. The SIF distributions along the
specimen depth for two considered crack lengths, namely 37.5 mm and 112.5 mm
are shown in Figure 5.10. Since an angled crack front was assumed (c = 4), the
SIF profile is not representative of a real crack front, which is curved. However,
it can provide insight into any variations of the profile with crack length. Figure
5.10 shows a small decrease between the two profile curves (with increasing crack
length). This is in agreement with the experimental observations.

One of the more subtle difficulties associated with the double torsion technique
is whether it is strictly appropriate to describe the failure as mode I. Fuller [31]
believed that the fracture mode is indeed mode I since the loading configuration
and specimen geometry are symmetrical about the crack plane. The contention
that there is a mode III (shear) component appears to depend on the relative
amount of axial to through thickness crack driving force [31]. The FE analysis
conducted shows that indeed some mixed mode loading is shown in Figure 5.10.
The analysis shows the ratio of mode III to mode I is less than 2% and no
thickness dependence could be established between the two considered geometry
configurations. The error induced by the assumption of pure mode I failure
seems negligible considering experimental error. Comparative results with other
techniques also show that the mode I assumption is applicable for materials which
have much larger KI/KIII ratio [31, 92].

Fracture Toughness

Table 5.3 shows the results of 20 fracture toughness tests, which were undertaken
at a constant crosshead displacement of ẏ = 4 mm/min. Excellent agreement was
found between the toughness values obtained from the Evans methodology and
the FE model. Chevalier’s and Ciccotti’s corrections were derived for analysis
of load relaxation tests, however, since the fracture toughness is obtained at a
maximum load, their correction methodologies can be used. In agreement with
Madjoubi [110], Chevalier’s correction generally gives an overestimation in SIF
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Figure 5.9 – Investigation of the crack length independency for four identical
specimen configurations. Shown are: i) a pre-cracked specimen with “skew” crack
propagation, ii) a pre-cracked specimen with symmetrical crack propagation, iii)
no pre-crack with symmetrical crack propagation and iv) no pre-crack with “skew”
crack propagation. Crack length independence setup is identified by a horizontal
fitted line.

Figure 5.10 – SIF profile for mode I and mode II through thickness r/d at crack
length a = 37.5 mm and 112.5 mm. r/d = 1 at upper tensile surface.
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due to the exponent value. Ciccotti’s correction on the other hand decreases the
SIF. This may be attributed to the fact that Ciccotti’s optimum specimen ratio
of 2.7W : W : 0.117W was not entirely satisfied, although no dependence on
specimen geometry ratio was observed within either analysis method.

Direct calculation of Fracture Toughness

To validate the calculated fracture toughness, an alternate approach was utilised,
which directly calculates the fracture toughness using the Irwin relationship and
specimen compliance. This method is similar to Albuquerque and Rodrigues’
determination of R-curves using the DT geometry [39] and is based on the as-
sumption of Linear Elastic Fracture Mechanics (LEFM).

This direct method makes use of consecutive loading and unloading curves, gen-
erated by loading and unloading the specimen with some crack propagation. The
compliance C1 at crack length a1 was calculated as the slope of the loading curve.
This procedure was repeated for a second cycle, C2 and a2. A schematic is shown
in Figure 5.11. GIc and hence KIc were calculated using the following expression

G
P

I
=

P 2

2

�
dC
dA

�
≡ 1

2d
P

2

�
C2 − C1

a2 − a1

�
(5.20)

The advantage is that this methodology does not assume a linear compliance
relationship, and hence the SIF is calculated directly from the energy required to
propagate the crack. Since this methodology requires crack length measurement
at each loading cycle, it cannot be used in load relaxation tests to investigate
slow crack growth behaviour. However, it could be of use for constant rate of
displacement tests, where the plateau load at a set displacement rate could be
used to verify points on a VK curve obtained by the load relaxation technique.
Excellent agreement was found between Evans, the alternate methodology and
the FE model, which is summarised in Table 5.3.
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Method GIc Equivalent KIc

3W
:
W

:
0.
08
W

3W
:
W

:
0.
1W

2.
7W

:
W

:
0.
11
W

3W
:
W

:
0.
08
W

GE

I
472±50 468 ±56 471 ±70 1.64 ±0.5

G
E+LDC

I
421 ±15 422 ±30 419 ±50 1.48 ±0.2

GCh

I
484 ±18 488 ±20 481 ±25 1.70 ±0.3

G
Ch+LDC

I
436 ±10 432 ±11 437 ±12 1.53 ±0.2

GCi

I
- - 426 ±19 * 1.50 ±0.2

G
Ci+LDC

I
- - 387 ± 8 * 1.36 ±0.2

GP

I
419 ±9 421 ±10 420 ±10 1.48 ±0.2

GFE

I
419 - 418 1.48

Table 5.3 – GIc and equivalent K for all specimen configurations. * has the
2.7W : W : 0.11W geometry configuration.

Figure 5.11 – Illustration of the direct method to determine GIc from the measured
compliance at several loading and unloading curves.
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Method Geometry n log(B)

Evan’s method 2.7W : W : 0.11W 32 ± 4 2.2 · 10−7

3W : W : 0.08W 33 ± 3 9.4 · 10−7

Chevalier’s correction 2.7W : W : 0.11W 35 ± 3 5.8 · 10−7

3W : W : 0.08W 35 ± 2 6.2 · 10−7

Ciccotti’s correction 2.7W : W : 0.11W 36 ± 3 1.8 · 10−7

Table 5.4 – Summary of experimental sub-critical crack growth data, where n
represents the slope and log(B) the y-axis intercept of the log-log linear relationship.

VK Relationship

Figure 5.12a shows the VK plots obtained using Evans’ method, Chevalier’s and
Ciccotti’s correction respectively. The results are summarised in Table 5.4. The
reproducibility of VK relationship data using Evans “conventional” methodol-
ogy, where several relaxation tests were conducted on a single specimen, shows
a transverse shift. This effect has been discussed before [39, 95, 37, 36, 93]
and is believed to be a consequence of a crack length dependent SIF. Figure
5.12b compares the relative scatter of VK relationship data as a function the y-
axis intercept log(B) deviation (which quantifies the shift in VK data lines) and
specimen configuration. Chevalier’s correction achieved the best reproducibility
for all configurations, where Evans’ method shows an increased error with the
thicker specimen configuration. Ciccotti’s correction could only be utilised for
the 2.7W : W : 0.11W geometry with relatively good reproducibility.

Specimen Geometry

The DT specimen can be regarded as a thin plate that typically has the propor-
tions of a microscope slide [36]. However, there do not appear to be standard spec-
imen proportions. A review of DT specimen sizes presented by Tait et al. showed
that the relative proportions are popularly a length of three times the width and
a thickness between 1/6 and 1/15 of the width [36]. They recommended that
specimen proportions should be of the order of 3W : W : 0.12 to 0.08W . The use
of longer specimens (L > 3W ) reduces the edge effects, however, it can be diffi-
cult to achieve symmetrical crack propagation if un-grooved specimens are used.
This work has also shown that side grooves are not necessary and symmetrical
cracking can be achieved by careful alignment.

It has been revealed in this analysis that the geometry configuration can influence

93



Univ
ers

ity
 of

 C
ap

e T
ow

n

Thorsten H. Becker

(a) VK curves obtained by successive relaxations using Evans’ methodology with spec-

imen ratio 3W : W : 0.08W , Chevalier’s methodology using 3W : W : 0.08W specimen

geometry and Ciccotti’s methodology using 2.7W : W : 0.11W specimen geometry.

(b) Relative scatter in VK relationship data as a function of log(B) (y-axis intercept).

Figure 5.12
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the validity of the assumption of a crack length independent SIF. The general
observed trend was a decrease in the SIF with increasing crack length, consistent
with a smaller change of the out-of-plane deformations.

Repeatable data was achieved using the thinner 3W : W : 0.08W configuration,
which showed the least SIF deviation with increasing crack length. The thicker
and shorter configuration (2.7W : W : 0.11W ) showed a less constant SIF, re-
sulting in a reduced repeatability of VK relationship data.

Alignment

Poor crack plane alignment relative to the specimen symmetry line causes the
crack to curve to one side rather than extending along the specimen centreline.
The effect of this on the SIF’s crack length independency was shown in Figure
5.9, where poor alignment resulted in lowered SIF readings.

Additionally, considerable variations in DE (the compliance y-axis intercept) were
attributed to the symmetry of crack growth. An experimentally determined re-
lationship between DE and aoff (Figure 5.13a) was established. From this a
95% confidence in DE was established when aoff is less than 1/8W . The shift
of the compliance curve indicates a more compliant specimen configuration with
increasing crack offset. This is due to the reduced stiffness of the broken specimen
ligament, which has a reduced torsional load carrying capability.

There is, however, an additional consideration that contributes to the way frac-
ture occurs in a misaligned specimen. Figure 5.13b represents the effect of mis-
alignment on the DT geometry with respect to the SIF’s calculated from the FE
model. The mode III contribution to fracture with increasing misalignment is
shown. A misaligned specimen causes significant mode III contributions of up
to 20% in severely misaligned specimen configurations. With the aforementioned
crack path offset threshold of aoff = 1/8W , it may be argued that an equivalent
imbalanced load configuration has mixed mode fracture contribution of less than
6%.

5.4.4 Discussion

This evaluation of the DT technique used an experimental study, a full 3D FE
model and digital image correlation to assess the underlying assumptions that
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(a) Relationship of DE and aoff . A aoff < 1/8W limit was established.

(b) Effect of misalignment on Keff shown on left y-axis and the contributions of KI

and KIII on Keff on right y-axis.

Figure 5.13
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make the testing geometry crack length independent. A small but clear depen-
dence of SIF on crack length was shown for all specimen configurations, especially
for the thicker 2.7W : W : 0.11W geometry. It follows that the geometry is not
entirely crack length independent, hence the need for a correction exists if a crack
length independent test is required. The evaluation has shown that this can result
in systematic error of fracture toughness data and will cause non-reproducibility
of VK relationship data.

These discrepancies can be attributed to non-linearity of the compliance rela-
tionship, which is commonly assumed to be linear. The assumption that only the
torsional deformations of the broken ligament halves contribute to the compliance
does not hold. DIC verified the FE model prediction that the unbroken ligament
does deform considerably, in contrast to the general assumption that it behaves
rigidly. Further, it was shown that this deformation increases with increasing
crack length, resulting in a crack length dependency of the SIF. Large deflections
at the loading points result additionally in non-linearity as the lever arm length
decreases with increasing deformation.

Another interesting point to consider: The deformation of the unbroken ligament
has an opposite effect on the compliance relationship to the large deflections at
the load points. The changes in the loading configuration due to large deflections
at the load points result in a continuously decreasing compliance and the deforma-
tions of the un-cracked ligament result in a continuously increasing compliance.
This makes the DT configuration complex and it may well be that in some cases
these effects counter resulting in a nearly linear compliance and an effectively
crack length independent system. Indeed, some investigators have obtained re-
peatable data with Evans’ conventional method using a thin long specimen with
a 3W : W : 0.08W configuration. This further suggests that the validity of the
crack length independent DT technique thus depends on the loading configura-
tion, the specimen geometry and material stiffness, which may combine to give
an optimum specimen.

The various corrections established in the literature are intended to account for
the crack length dependent effects of non-optimised specimens. Both Chevalier’s
and Ciccotti’s corrections achieve a crack length independent specimen by cor-
recting for the non-linear compliance. Chevalier’s adjustment constants m and
k are geometry specific, where a clear dependence on the specimen thickness
was established. According to their method, thinner specimens require less cor-
rection, with almost negligible correction for the specimen with dimension ratio
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3W : W : 0.08W . Ciccotti’s work shows a great deal of attention to geometrical
factors such as side grooves and starter notches, however, no variations in the
thickness parameter were modelled.

At this stage it may be suggested that the FE model utilised, which was validated
by DIC, may be used to develop an optimum specimen ratio for given loading
configuration and material. This may provide a route to standardise the DT
methodology and limit the need for the proposed corrections. However, for the
time being an acceptable configuration and methodology has been formulated.
The 3W : W : 0.08W configuration with the current load configuration is utilised
in the graphite analysis. Evans “conventional” methodology is assumed.

5.4.5 Summary

An evaluation of the DT geometry was presented in this section, that provides a
firm basis for the further testing on the nuclear graphite specimens. The evalua-
tion, both experimental and a 3D FE model, has shown a measurable dependence
of the SIF on crack length for all specimen configurations. It has been shown that
the validity of the common assumption of crack length independence is dependent
on the loading configuration, the specimen geometry and material.

The validity of the DT geometry depends on several factors. These include sig-
nificant deflections at the loading points and the deformation of the unbroken
ligament, which were measured using the 3D Digital Image Correlation system.
This results in a non-linear compliance relationship that causes the SIF to become
crack length dependent.

The corrections proposed to the DT technique by Chevalier and Ciccotti achieved
a crack length independent configuration which enables reproducible fracture
toughness and VK relationship data to be obtained for various specimen geome-
tries. However, it was found that Chevaliers’ correction overestimates and Cic-
cotti underestimates the calculated SIF by up to 10% in the geometries studied.
Evans’ conventional methodology, with a large deflection correction, can obtain
valid fracture toughness and VK relationship data in some geometries; for exam-
ple, un-grooved DT specimens with dimensions resembling 3W : W : 0.08W . The
middle half of the specimen achieves an almost crack length independent regime
(within 2%), provided the crack tip remains within aoff < 1/8W of the centreline
for VK investigation.
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The author believes that the DT methodology is a unique testing methodology,
which best allows for the characterisation of the fracture characteristics of highly
brittle materials and thus seems ideal for the investigation of the fracture char-
acteristics of nuclear graphite.

5.5 Damage Monitoring Techniques

It has been recognised that damage development in nuclear graphite is associated
with micro-cracking [16, 14, 13, 15, 4], which can significantly affect its fracture
behaviour [15, 14, 4]. The functions of micro-cracking are not yet understood and
hence, monitoring and measurement of this micro-cracking will provide useful
understanding in the graphite fracture. To do this two techniques were used,
namely ESPI and DIC.

It is worth mentioning that DIC provides accurate surface displacement mapping
around a cracked section. This feature was further taken advantage of and a
unique tool named JMAN was developed. JMAN allows the calculation of the
J-integral (the measure of energy required for crack propagation) directly from
DIC image sequences. This tool is described in detail in Chapter 6.

5.5.1 Electronic Speckle Pattern Interferometry (ESPI)

Strain laser analysis by means of ESPI is used for monitoring the development
of surface strains during crack propagation in the DT specimen geometry. ESPI
is a widely used technique to measure full-field deformation on surfaces of many
kinds of objects and has previously been used to study crack nucleation and
fracture propagation in nuclear graphite [82, 4] in which a fracture process zone
was observed. The optical technique facilitates the detection of deformations with
sensitivity smaller than the wavelength of light [122, 123]. In this work, the ESPI
technique is applied to obtain quantitative measurements of the fracture process
zone length.

A laser light is used to illuminate the specimen surface in a full-field manner using
diverging optics. The reflected light is collected with a lens and imaged on a light
sensitive chip of a video camera (CCD). In addition, a divergent reference beam,
originating from the same laser light source, is superimposed via a beam splitter
on the video camera. Both wave fronts, back scattered from the object and of
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Figure 5.14 – Schematic diagram of ESPI

the reference beam interfere and form a speckle pattern. This is shown in Figure
5.14.

The intensity at each pixel on the CCD can be described by

I(x, y) = Io(x, y) [1 + γ(x, y) · cos (φ(x, y))] (5.21)

where x, y are the coordinates on the chip, Io is the intensity of the laser light,
γ describes the contrast function and φ the phase of the wave front [124]. After
loading and deformation of the specimen surface the wave front emanating from
the object is slightly deformed, whereas the wave front of the reference beam
remains constant. Subtraction of the two images result in a fringe pattern, which
reflects the deformation of the object surface between the original and deformed
state.

The ESPI system used was developed by the University of Cape Town [125] and
has a fast shutter system [126]. To perform the measurements, a laser light
illuminated the DT specimen with a working distance of 100 mm. The region
scanned by the strain laser analyser was about 30 x 30 mm. Speckle patterns
from both were recorded by a high-resolution video camera and processed to
produce a fringe pattern by subtracting the two different speckle patterns [125].
This was analysed, with in-house software, to determine the apparent in-plane
displacements and hence the strain distribution on the specimen surface.
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It is worth mentioning that the DT specimen experiences some out-of-plane de-
flections, and ESPI is affected by out-of-plane movements [127], which were not
calibrated for in this work. Hence the ESPI analysis was semi-quantitative. Only
the size of the FPZ was extracted from the ESPI analysis, identified by fringe dis-
continuities along the propagating crack. ESPI has been used previously as a full
field strain mapping technique to obtain in situ, load resolved, strain fields from
the surface of disc compression and tensile test specimens of IM1-24 by Joyce et
al. [82]. Their analysis of these fields is used to show the development of the
distribution of localised deformation, which can be linked to the micro-structure
and damage processes. Similarly, Hodgkins et al [4] used ESPI to measure the
crack length in IM1-24 CT specimens. Similarly, ESPI analysis has been under-
taken on concrete to observe the development of micro-cracking and the fracture
process.

5.5.2 Digital Image Correlation

DIC allows full field surface displacement measurements to be obtained through-
out the deformation of material [117]. Although less sensitive to displacements
than the ESPI technique, DIC is relatively easier to use and provides quantita-
tive measurements of the surface deformations. The basis of DIC is the matching
of one point from a digital image of an object’s surface, in this case the DT
specimen, before loading (the undeformed image) to a point in an image of the
object’s surface taken at a later time/loading (the deformed image). Assuming
a one-to-one correspondence between the deformations in the image recorded by
the digital camera and the deformations of the surface of the specimen, an accu-
rate, point-to-point mapping from the undeformed image to the deformed image
will allow the displacement of the object’s surface to be measured.

The nature of DIC requires the surface of the specimen to have a pattern that
produces varying intensities of diffusely reflected light from its surface. This
pattern may be applied to the object or specimen or it may occur naturally. In
graphite, fortunately, a sufficient random pattern exists and hence no additional
patterns had to be applied.

The imaging process, to track displacements, works in such way that the camera
converts the continuous intensity field reflected from the specimen surface into
a discrete field of integer intensity levels or grey levels. In a CCD camera, this
transformation occurs when the light incident on a sensor (commonly known as a
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pixel) is integrated over a fixed time period. The displacement field for an object
is obtained at a discrete number of locations by choosing subsets of pixels or
interrogation windows from the initial image and searching throughout the second
image to obtain the optimal match or fit of that pixel subset on that image. The
pixel subset size of a subset can be between 8x8, 16x16 up to 1024x1024 pixels.

Usually, to provide a more useful representation of this intensity pattern, a surface
fit method known as the bi-linear interpolation technique is used to represent the
data in continuous form. Briefly, an expression of the form of

fd + fax1 + fbx2 + fcx1x2 (5.22)

where fa, fb, fc and fd are constants, is used to estimate the intensity distribution
for any square set of four sample points. A mathematical relationship between the
actual object deformation and the ‘deformation’ or change in the stored intensity
pattern is established by the following mathematical expression

(x�)i = (x)i + ui +
∂{ui(x)}

∂xj

dxj i, j = 1, 2 (5.23)

where x’ is the deformed position of an arbitrary point in the small subset, u
is the vector displacement field and ∂ui/∂xj are components of the deformation
gradient. To obtain the displacement and deformation gradient terms for a lo-
cal subset, the difference between the initial subset and the deformed subset is
minimised, defined by a correlation coefficient C

C

�
ui,

∂ui

∂xj

�
=

��
initial(x)− deformed(x)dx i, j = 1, 2 (5.24)

The deformations, which minimize the difference, as given in Equation 5.24, are
defined as the local mapping of the actual object surface. It should be noted that a
basic tenet of elasticity is that there exists a subset within the body such that the
deformation in this small region may be expressed as a homogeneous deformation.
Therefore, if the subsets are chosen sufficiently small and the various assumptions
noted previously are generally valid, then the method described is useful for both
large and small deformation processes.

The accuracy of DIC is dependent on several factors, including but not limited
to camera resolution, lens optical quality, and pattern and contrast. Often the
intensity pattern is oversampled using several overlapping interrogation windows
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of features in the intensity pattern. Further, DIC allows sub-pixel displacement
measurements by fitting a Gaussian function using non-linear least-squares algo-
rithm to the gray levels [128]. This combination of oversampling, interpolation
and quantization allows the original intensity pattern to be reconstructed with
reasonable accuracy and the displacement field estimated with an accuracy of ±
0.02 pixels or better. The technique is independent of scale.

The DIC tests were undertaken at the University of Manchester and the setup
used allowed for an accuracy of approximately ± 0.01pixel, which is equivalent to
± 25�m. DIC has been applied previously to study damage nucleation in nuclear
graphite, revealing crack nuclei that were not possible to detect by normal optical
methods [129, 47]. Further experimental details regarding the damage and crack
monitoring are given in Chapter 7.

5.6 Summary

This chapter has described the experimental details of specimen preparation,
the DT technique and damage monitoring techniques. The materials considered
and their properties were also discussed accordingly. The aim was to present
the experimental details required for the further investigation of nuclear grade
graphite.

One of the major topics discussed was a detailed evaluation of the DT technique.
The DT technique, to date, has not been standardised and many questions re-
main. Hence, an evaluation of the technique was formulated, which consisted of an
experimental, finite element and DIC analysis. A optimum testing configuration
was presented for the forthcoming graphite analysis. It is worth mentioning that
a comprehensive literature review on the DT technique is provided in Appendix
A.

Additionally, the damage monitoring techniques were discussed. It is believed
that graphite undergoes micro-damage prior to and during cracking. ESPI and
DIC techniques allow for the observation of such damage, where DIC allows for
full field surface strain mapping during testing. These techniques are believed
to provide useful tools for the monitoring and measuring of damage prior to and
during fracture.

With this extensive experimental background it is now possible to examine dam-
age initiation and crack propagation in nuclear graphite using the DT technique.
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First however, a novel tool is presented, which enables the measurement of the
J-integral directly from DIC images sequences.
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Chapter 6

A Novel Approach to Calculate the

J-Integral by Digital Image

Correlation Technique

This chapter presents a novel methodology for extracting the J-integral measure
from digital image sequences. This optical and non intrusive method enables to
measure the energy required for crack propagation and hence provides a useful
tool to characterise and measure fracture. The JMAN methodology is presented
in this chapter and is separate to the main aim of this project. The JMAN
methodology was used in the further fracture characterisation of nuclear grade
graphite, yet is also believed to provide a tool in other applications. As a result
this Chapter has been submitted for publication to the International Journal of
Fracture.

6.1 Introduction

Assessing the integrity of cracked structures, in order to keep them in service
as long as safely possible, has received considerable attention during the past
five decades. Specifically, the aerospace, nuclear, oil and gas, and railway in-
dustries benefit from such techniques. Real-time monitoring of the condition of
components, containing flaws such as cracks, in service and ensuring their safety
is another aspect of structural integrity assessments. In order to standardise
the assessment techniques a number of parameters have been introduced that
essentially quantify the severity of the stress field around a crack. Crack mouth

105



Univ
ers

ity
 of

 C
ap

e T
ow

n

Thorsten H. Becker

opening displacement [130], energy release rate [57] and stress intensity factors
[131] are among such parameters.

Standard procedures have been proposed to measure experimentally these pa-
rameters using defined designs such as compact tension or three point bend spec-
imens in elastic [132] and elastic-plastic [133, 134] conditions. For a wide range
of commonly occurring cracks (e.g. semi-elliptical cracks), there exist tables that
relate the geometry, applied load and the stress intensity factor, or its equiva-
lent parameter [135, 136]. However, the possible variety of loading conditions
and geometries often require engineers to simplify the geometry and rely on over-
conservative estimations. Therefore replacing a cracked component, which may
be safe for continued service, is a common practice. If the functionality of the
cracked component is important enough and replacing it causes significant fi-
nancial or physical difficulties, then numerical techniques such as Finite Element
(FE) are employed to more accurately calculate the stress intensity factors and
to reduce the over-conservatism. For complex structures, due to the accuracy
with which the boundary conditions can be defined and the possible refinement
of the FE mesh, there may be significant errors between the calculated and real
stress intensity factors. This led some specialists to regard numerical methods
for calculation of the stress intensity factor as unreliable [137].

Full-field optical techniques such as the Digital Image Correlation (DIC) or elec-
tronic speckle pattern interferometry have proved to be powerful means to moni-
tor cracks in a wide range of materials. Extracting the parameters to quantify the
mechanical driving force for fracture (such as the Stress Intensity Factor (SIF))
from full-field optical techniques has received considerable attention during the
past twenty years. These studies can be divided into two main categories:

• Numerically optimising the assumed SIF such that the theoretical displace-
ment field matches the measured field.

• Calculating the energy associated with the changes in the displacement field
and obtaining the strain energy release rate directly. The strain energy
release rate then provides the SIF.

The majority of the investigations used the first optimisation method, with the
displacement fields generally obtained by DIC. This method was used as early as
1981 by Chiang and Asundi [138] who simply plotted the vertical or horizontal
displacements versus the square root of the distance from the crack tip, which

106



Univ
ers

ity
 of

 C
ap

e T
ow

n

6. A Novel Approach to Calculate the J-Integral by DIC Technique

according to the Williams stress series should have a linear dependence [131], and
hence estimated the SIF from the displacement-axis intercept of the fitted line.
Huntley and Field [139] used least squares methods to minimise the difference
between the theoretical and measured displacement fields to calculate the SIF.
They also used a line integral method to extract the associated J-integral and con-
cluded that the least squares approach had a smaller systematic error to the line
integral. McNeill, Peters and Sutton [140] also used the least squares technique
to measure the SIF in a three point bend test configuration. They pointed out
that accurately defining the location of the crack tip is of paramount importance
in this technique. Abanto-Buenbo and Lambors [141] subsequently postulated
that as the calculated SIF should remain constant over the K-dominated region,
this criterion could be used to select the area to calculate the SIF of a crack.
They applied this to a functionally graded material.

Yau, Wang and Corten proposed a method [142], based on the so called interaction
integral or M-integral that was first proposed by Chen and Shield [143]. Kim and
Paulino [144] modified the method of Yau, Wang and Corten [142] and applied
it to a functionally graded material to obtain the mode I and mode II SIFs as
well as the T-stress. The interaction integral was also used by Rethroe et al.
[145] to measure the SIF of a Compact Tension CT specimen in a homogeneous
material. Rethore, Roux and Hild [146, 147] used the interaction integral as well
to estimate both the 2D and 3D SIFs.

The SIFs in mixed mode loading first received attention by Yoneyama, Morimoto
and Takashi [148, 149] who utilised a sophisticated least squares method to extract
the surface displacement field of a single edge notch tension SEN(T) sample. A
least squares technique was also employed by Roux and Hild [150, 151] to measure
mode I and mode II SIFs of a four point bend sandwich test. Hamam, Hild and
Roux [152] used two integrated and posterior methods, both based on least mean
squares, to obtain the SIFs of a middle tension M(T) specimen. The sensitivity of
the least squares technique for SIF calculation was studied by Rethore, Roux and
Hild [146]. Recently Lopez-Crespo and co-workers [153] mapped the displacement
field obtained by experiment to Muskhelishvili’s complex potential in order to
determine mode I and mode II SIFs. This method was also used by Yusef and
Withers [154] in determination of SIF of a fatigue crack propagating within a
residual stress field.

The above brief review shows that both integral and optimisation methods are
used, and have been found to be robust. The optimisation methods require
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consideration of the fundamentals of linear elastic fracture mechanics and they use
mathematically complex techniques. The optimisation techniques are therefore
limited to purely elastic fields and are highly sensitive to accurate location of
the crack tip. When calculating the SIFs for cracks in quasi-brittle materials,
such as nuclear graphite and concrete, using these methods may therefore be
inaccurate due to difficulties in locating the crack tip, and the consequences of
inelastic damage processes such as micro-cracking. In contrast to the optimisation
methods, the alternative approach of calculating the SIFs by integral methods, in
particular the M-integral, is both mathematically and theoretically complicated.
However, such integral methods can be applied to both elastic and elastic-plastic
fields. Therefore, it would be very useful if a method could be introduced that
was both accurate and sufficiently simple, mathematically, to implement, and
that could be applied to both elastic and elastic plastic fields. That is the aim of
this work.

This chapter addresses the findings of a combined numerical-experimental study
in which the displacement fields of different cracked components in a wide range
of materials are measured through the DIC technique. The measured displace-
ment field was taken directly to calculate the J-integral for elastic, elastic-plastic
metallic materials and quasi-brittle materials. Based on the contour integral
method, which was first introduced by Li et al and proven to be robust [116], the
method has a solid theoretical foundation and is relatively simple. The method-
ology proposed does not require the crack tip to be located very accurately and
can, in principle, be applied to both elastic and elastic plastic materials. This
chapter proposes this methodology as an alternative to the existing SIF mea-
surement techniques and shows the advantages of this method over the existing
approaches.

6.2 Methodology

To obtain the J-integral an experimentally obtained displacement field through
digital image correlation was used. Here, the technique of DIC is briefly described
followed by the derivation of JMAN, the algorithm to extract the J-integral di-
rectly from the measured displacement field.
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6.2.1 Digital Image Correlation

DIC allows full field displacement measurements to be obtained throughout the
deformation of material [120]. DIC operates through the discretisation of an
image into multiple interrogation windows, which are correlated with the same
area in the following images. Displacement vectors can then be obtained for the
change in position of each interrogation window, allowing strain distributions
across the full image to be calculated [118]. DIC allows sub-pixel displacement
measurements if sufficiently large interrogation windows are used [155]. The
technique is independent of scale, with the quality of results depending on the
image capture camera and in particular its bit depth and pixel resolution.

In this chapter, the digital image correlation technique was employed to explore
the crack behaviour on the surface of the specimens using a DaVis ® Imager
Pro X 4 Megapixel camera and LaVision DaVis software ver.7.2 [119]. The dis-
placement field was calculated relative to the centre of the image, as rigid body
motion of the specimen does not affect the J-integral calculations.

6.2.2 Extracting J-integral from a Displacement Field

The displacement vector field, obtained through DIC, is discretised into a FE do-
main (Figure 6.1). Four or nine points, of appropriate order, are considered as the
nodes forming each element. Thus, each element node has a known, experimen-
tally measured, displacement as the boundary condition. The elastic stresses and
strains can be extrapolated at the integration points for each element following
the conventional elastic finite element procedure [156]. The current methodology
assumed two element types, a four node linear isoparametric quadrilateral element
(Q4) and a nine node quadratic isoparametric quadrilateral element (Q9). Since
the deformations calculated by DIC are representative of the specimen surface,
plane stress conditions apply.

The classic FE boundary problem applies, where the displacement field u in
conventional Cartesian coordinates (x1, x2) of a body is related to the applied
force F by the body stiffness matrix S:

{F} = [S] {u} (6.1)

To calculate the J-integral from the known displacement field, elastic strains
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Figure 6.1 – Discretisation of DIC displacement field into FE domain. A nine
node quadrilateral element with nodal displacements is shown.

Figure 6.2 – Crack tip coordinates (a) arbitrary line contour (b) arbitrary area
contour
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and stresses at each integration point need to be calculated first. It is worth
mentioning that the Equation (6.1) is not solved as the displacements at nodes
are already known from the DIC data. It is used to find the strain field. The
strain matrix ε at coordinate (x1, x2) is given by

{ε} = [B] {u} (6.2)

where, B is the strain-displacement matrix formed by the differentiation of the
interpolate shape functions and mapping from the local domain (η1, η2) to the
global domain (x1, x2). Similarly, the stress matrix is evaluated by

{σ} = [D] {ε} = [D] [B] {u} (6.3)

where, D defines the stress-strain relations according to Hooke’s law for linear
elastic materials.

Rice introduced the J-integral as a path independent contour integral that quan-
tified the rate of change in potential energy, with respect to crack length, within
a region of material that contained a singularity [57]. The standard formulation
of the J-integral, neglecting the kinetic energy and body forces, for a crack lying
in the x1 axis (Figure 6.2a) is

J =

�

Γ

�
Wn1 − σijni

∂ui

∂x1

�
ds (6.4)

where Γ is an arbitrary contour encompassing the crack tip, n is the unit normal
vector to the contour at the small increment of arc length ds, u is the displacement
field and W is the strain energy density

W =

εij�

0

σijd�ij (6.5)

For an elastic field, the relation between the J-integral and the stress intensity
factor, assuming pure mode I is

KI =
√
JE � (6.6)

where
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Figure 6.3 – Contours selected to calculate J-integral by JMAN from the ABAQUS
mesh

E
� =





E plane stress
E

1−v2
plane strain

(6.7)

There are a few methods to calculate the J-integral, the crudest of which is
to directly evaluate the line integral of Equation 6.4. Calculation of the line
integrals is not accurate and is mathematically complex. Li, Shih and Needleman
[116] introduced an equivalent expression in terms of a volume integral using the
divergence theorem. This volume integral can be converted to an area integral
for 2D problems, with a crack lying on the x1 axis (Figure 6.2b)

J =

�

A1

�
σij

∂ui

∂x1
−W δ1j

�
∂q1

∂xj

dA (6.8)

where AI is an area surrounded by two arbitrary contours encompassing the crack
tip, q is a smooth function that ranges from 0 on the outer contour to 1 on the
inner contour and is the Kronecker delta. Equation 6.8 can be evaluated in a

112



Univ
ers

ity
 of

 C
ap

e T
ow

n

6. A Novel Approach to Calculate the J-Integral by DIC Technique

finite element model by dividing the area AI into rings of elements

J =
�

elements in A1

GP�

p=1

��
σij

∂ui

∂x1
−W δ1j

�
∂q1

∂xj

det

�
∂xk

∂ηk

��

p

wp (6.9)

where p denotes the integration points (e.g. nine for a quadrilateral, isoparametric
element), η is the local coordinate, wp is the weight associated with each Gaussian
integration point p for the total number of integration points per element (GP).
If the displacements of a matrix of points around a crack are known along with
the material properties, the J-integral can be calculated.

A routine called JMAN has been implemented using MATLAB® code. The
input for JMAN is the location of points, their displacements as a function of
load, and the material properties of Young’s modulus and Poisson’s ratio. The
discretisation of the global displacement field into a linear elastic finite element
problem allows for the computation of the respective stress and strain field at
the element integration points, using Equations 6.2 and 6.3 respectively. From
this, J can be calculated, using Equation 6.9, by selecting any contour around a
region that contains the crack tip.

6.3 Verifying JMAN

6.3.1 Path Independency

Theoretically, the J-integral should be path independent for any contour sur-
rounding a singularity in an elastic medium. This can be exploited to verify
JMAN by calculating the J-integral, checking its path independency and com-
paring the values with an identical FE model. For this, a standard 2D compact
tension (CT) specimen was modelled in ABAQUS/Standard Ver 6.9 [23], where
the nodal displacements and the relevant J-integral were extracted. The unit
thickness specimen had a crack length of a/W = 0.5, where a and W are the
crack length and specimen width respectively. An arbitrary isotropic linear elas-
tic material was chosen with Young’s Modulus E = 10.9 GPa and Poisson’s ratio
v = 0.21 which does not affect the normalised stress intensity factor. Figure 6.3
shows two models with coarse and fine mesh respectively, which were used to
evaluate the mesh sensitivity of the contour integral method. Numerical solu-
tion values of the associated SIF were calculated by the weight function method,
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Contour Integral Method weight
Method Abaqus JMAN function

Element Full path 1 path 2 path 1&2 method
fine 9.64 Q4 10.56 10.67 10.49 10.52

mesh Q9 9.67 9.72 9.50 9.66 9.66
coarse 8.90 Q4 9.83 10.24 10.08 10.13
mesh Q9 8.74 9.53 9.25 9.40

Table 6.1 – Mode I geometry coefficient calculated by ABAQUS, JMAN and weight
function method

taken from the Anderson Fracture Mechanics book [6]. The calculated SIFs were
normalised using the following expression

f(a/W ) =
KIt

√
W

P
(6.10)

where t is the thickness and P is the applied load. f(a/W ) is usually known as
the mode I geometry coefficient.

Table 6.1 shows the mode I geometry coefficients obtained from ABAQUS, JMAN
and the weight function methods. The fine mesh solution correlates well with
the weight function method (less than 1% difference) however, considering that
a larger interrogation window size in DIC provides more accurate displacement
fields, the coarse mesh is assumed to be more representative of typical DIC results.
The ABAQUS coarse mesh also performs well, within 4%, when compared to the
weight function solution. It is worth noting that when calculating J by JMAN,
only the displacement field was used whereas the weight function method requires
the crack length. To check the path independency of the J calculated by JMAN,
four different contour paths were considered (Figure 6.3). Two contour paths
were comprised of only one ring of elements (contour path 1 and contour path 2),
the third contour path was including the inner and outer nodes of contour path
1 contour and 2 respectively. Finally, the forth contour path included all nodes
between the outer edge contour path 2 and the crack tip. The corresponding
values are given in Table 6.1 and are in good agreement with the ABAQUS and
weight function solutions (less than 2% deviation from the weight function value).
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DIC DIC element % JMAN mesh size compu-
window accuracy type overlap % error (no. of tational

size (pixel) elements) time (sec)
32 x 32 0.05 Q4 0 11.7 3969 34.4
pixel Q9 0 8.1 1089 15.5

128 x 128 0.01 Q4 0 2.5 225 2.0
pixel 75 0.9 3969 34.4

Q9 0 1.3 81 0.2
75 0.5 1089 15.5

Table 6.2 – Monte-Carlo error analysis of extracting J from DIC obtained dis-
placement fields. Shown are also the computational times taken for each analysis.

6.3.2 Error analysis

Since the J-integral in JMAN is calculated from the displacement field, the results
rely on the accuracy of DIC. In this study the DIC algorithm used to obtain the
surface displacement fields was developed by LaVision, and uses fast Fourier
transform cross-correlation to compare sub-regions [155]. Multiple iterations are
used during which the search sub-region is iteratively translated and deformed,
using interpolation, until the highest correlation possible is achieved [155].

The accuracy of displacement field measured by DIC is dependent on the inter-
rogation window size [119] and thus the sensitivity of the displacement field on
J was evaluated for two different interrogation window sizes. This was done by
a Monte-Carlo analysis where a percentage random error (according to the DIC
accuracy) was introduced to the x1 (crack propagation direction) components
of the displacement vectors obtained from the coarse ABAQUS CT specimen.
This way the error in displacement magnitude could be approximately simulated.
In this analysis, changes in the x1 direction are considered only since the crack
propagation is considered in that direction. The rate of energy release in the x1

direction is then calculated by differentiating the energy with respect to x1 which
makes the calculations highly susceptible to error in displacement in x1. Table 6.2
reports the interrogation window size, corresponding displacement field accuracy
and the error in calculated J . The accuracy of DIC is function of the image bit
depth, and a 14 Mbit camera was assumed for the estimation of the DIC error.

It was found that a large interrogation window (128x128 pixels) with an accuracy
of the displacement field of 0.01 pixels, results in a 98.7% percent confidence in J

for Q9 elements using JMAN. The ABAQUS model showed that a coarse mesh
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Figure 6.4 – Overview of the specimens (a) Compact tension CT (b) Four point
bend 4PB

gives a less accurate J as the strain and stress fields are poorly approximated over
the FE domain. This can be explained by the different methods of contour selec-
tion in ABAQUS and JMAN. In ABAQUS, a contour is automatically selected
that includes the near tip elements. However, the stress and strain fields in the
near tip elements are not accurate in this region unless a very fine mesh is utilised.
That was not done in this analysis. In contrast, JMAN does not include the near
tip elements since the DIC obtained displacement field is inaccurate at the crack
tip. Instead a ring of elements is manually chosen, enabling the selection of valid
contours that are beyond any crack tip plasticity (for metals) or micro-cracking
(for quasi-brittle materials). A smaller interrogation window (32×32 pixels) pro-
duces a relatively finer mesh, at the cost of DIC accuracy (0.05 pixels), resulting
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in a 91.9% confidence in J for Q9 elements for JMAN. Best results were obtained
with an interrogation window size of 128x128 pixels with 75% overlap using Q9
elements. The overlap allowed for a sufficiently fine mesh and fast computational
time with an uncertainty in J of less than 0.5%.

Currently used fitting methods for the extraction of SIF’s from displacement
fields, obtained through DIC for example, usually are computationally expensive
and thus may require long computational times to run. JMAN on the other
hand is simple and, as shown in Table 6.2, can solve for an equivalent SIF in
0.2 seconds if a large interrogation window is used with no overlap. The time
shown is the time required for the algorithm to mesh the domain, calculate the
equivalent stresses and strains from the displacement field and solve for J . A
more accurate solution is found with the aforementioned 128x128 pixels with
75% overlap interrogation window, which has a computation time of 15.5 seconds
on a regular PC.

Since only elastic conditions are considered in the current version of JMAN,
the contour elements for the calculation of J must be located in an elastically
deformed region. However, materials often exhibit non-linearity (e.g. plastic
deformation or micro-cracking) close to the crack tip and elastic conditions do
not apply in such areas. Since J is a measure of a global strain energy release rate
a contour can be taken around the crack tip, sufficiently far from the nonlinear
fracture process zone, and valid global J results are still obtained. The issue
of valid contour selection, outside the non-linear zone or passing through it, has
been the topic of many studies during the past 20 years (e.g. [157]). It is believed
that the most reliable value is obtained when the selected contours are outside
the fracture process zone, yet not touching the boundaries of the model [73]. This
ensures a path independent integral and hence a global energy release rate.

6.4 Application of JMAN

Given that only the displacement field, obtained through DIC, is used for JMAN,
it is proposed that JMAN is applicable at the surface of any specimen geometry
and material. To verify this, JMAN was tested using data from four sets of ex-
periments on different specimen geometries fabricated from different materials.
A CT specimen made of stainless steel under low amplitude cyclic loading (pri-
marily elastic), a CT specimen made of stainless steel under high static loading
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(elastic-plastic), four point bend and Double Torsion (DT) specimens made of
coarse grained, poly-granular graphite (quasi-brittle). The DT specimen results
are presented in Chapter 8. The overview of the specimens is illustrated in Figure
6.4, while an overview of the DT geometry is given in Chapter 5. In the case where
elastic conditions apply, an equivalent SIF was calculated and comparison with
JMAN was made. In the case of the elastic plastic standard CT specimen, the
comparison was made between JMAN and the standard method of experimental
J-integral measurement [158]).

In all cases, the specimen surface deformation was recorded and the displacements
were calculated relative to the centre of the image, with reference to an image
recorded at a zero load. A 128x128 window with 75% overlap and 4 passes
was chosen for all geometries considered. It should be noted when using large
windows that since the DIC analysis solves for the average displacement field
for an interrogation window [159], the features that are located on the one side
of a crack contribute to displacement points located on the opposite side. This
results in erroneous displacements that appear as large strains in the vicinity
of the crack. This effect is exaggerated with large interrogation window sizes.
However the problem is overcome by ensuring the contour is taken sufficiently far
enough away from the crack.

6.4.1 J-Integral measurement in specimens with small scale
plasticity

A standard CT specimen [158] was used by Yousef and Withers to monitor the
SIF change under fatigue loading in real-time. Their data was re-analysed using
JMAN to find the corresponding SIF. The material was AISI 316(L) stainless steel
with stated properties of E = 197 GPa and v = 0.3 for the Young’s modulus and
Poisson’s ratio respectively. The specimen dimensions were W/t = 3.6 with a
specimen thickness of t = 14 mm. The specimen had a fatigue crack of length
a = 28.4 mm which was initiated from tip of a notch. The test was load control
with minimum and maximum load of 0.05 kN and 3 kN respectively (R = 0.05)
At a load of P = 2.67 kN an equivalent SIF of 11.87 was calculated using the
weight function method [6]. At this load the radius of plastic region, according to
a simple Irwin approach [6], is calculated to be less than a millimetre (0.88 mm).
Hence, only small scale yielding was present near the crack tip, allowing LEFM
conditions are assumed. The respective DIC obtained displacements are shown in
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Figure 6.5. Three contour integrals were taken around the crack tip to determine
the J-integral using JMAN (Figure 6.5 shows one of the chosen contours). The
SIFs obtained from these J-integrals were 11.6, 11.5 and 11.8 units. The JMAN
results show excellent agreement (2% difference) with the weight function SIF.
The displacement uncertainty due to the background noise, at a constant load,
(if a large interrogation window is used of 128 x 128 pixels) was 0.005 mm, which
resulted in an expected error of the calculated J of less than 0.05%.

Yousef and Withers used the method developed by Lopez-Crespo et al. [153],
which calculates mode I and mode II SIFs based on fitting the measured displace-
ment field with the theoretical elastic displacement field obtained from Muskhe-
lishvili’s complex function. The value they obtained was 13.1 . This is 10%
higher than the values measured by JMAN or calculated from the weight func-
tion method. The authors believe this difference may be explained by the fact
that Yousef and Withers require the whole displacement field in their fitting pro-
cedure. This includes the displacements close to the crack tip. Since DIC is not
representative of actual displacements very close to the crack (dependent on in-
terrogation window size) and some limited plasticity is present ahead of the crack
tip, this may lead to an error in the fitting procedure. This problem does not
arise with the JMAN analysis.

6.4.2 J-Integral measurement in specimens with significant
plasticity

To verify the limits of applicability of JMAN for elastic-plastic conditions, data
of a standard J-integral resistance curve (JR-curve) test, performed by Wasylyk
and Sherry [160] on a CT specimen were re-analysed. The material used was AISI
304(L) stainless steel with stated properties of E = 206 GPa and v = 0.3 for the
Young’s modulus and Poisson’s ratio. The specimen dimensions were W/t = 2

and specimen thickness of t = 25 mm. Figure 6.6a shows the chosen contour
for JR-curve evaluation by JMAN. The results were compared to the JR-curve
behaviour determined by the compliance technique according to BS 7448 [158]
by Wasylyk and co-workers [160] which is shown in Figure 6.6b.

Excellent agreement was obtained at low load, however with the onset of gross
plasticity J values calculated through JMAN were clearly erroneous. This is
because the current implementation of JMAN assumes linear elastic deformation
and thus the stresses calculated at an element are only valid until the onset
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Figure 6.5 – Compact tension CT specimen with small scale yielding. Shown
are the surface displacement field, JMAN’s FE elements and area contour elements
used to calculate J (specimen is not to scale).

of plasticity at that element. Wasylyk and co-workers showed that as the crack
grew by 0.3 mm (�a = 0.3 mm), extensive plasticity occurred across the ligament
[160]. The contours used in the JMAN analysis contained plastically deforming
elements once the crack extension was greater than 0.2 mm. The displacement
uncertainty up to this point due to the background noise was 0.002 mm, which
resulted in an expected error of the calculated J of less than 0.03%.

6.4.3 J-Integral measurement in quasi-brittle materials

Quasi-brittle materials undergo some non-linearity during loading due to the for-
mation of the fracture process zone (FPZ) (i.e. micro-cracking) [19, 14, 16]. Since
the main aim of this project is to characterise the fracture in graphite, which can
be regarded as a quasi-brittle material [16, 4], the JMAN methodology provides
a useful tool. Since graphite is known to undergo some non-linearity during
fracture, the fitting methods for calculating SIFs prove unreliable. JMAN was
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applied to measure the J-integral fracture energies associated with the formation
and propagation of a crack in coarse grained poly-granular nuclear graphite. Two
specimen geometries were considered for the JMAN methodology; a four point
bend configuration and a DT configuration. The results obtained using the DT
methodology are presented in Chapter 8, as this is the main aim of this project
- to characterise fracture in nuclear graphite.

Four Point Bending Configuration

A four point bend fracture test was considered using single edge notched speci-
mens of a Pile Grade A (PGA) orthotropic needle-coke nuclear graphite specimen
[81]. The dimensions of the specimen (L×W ×d) were 150×30×15 mm with an
inner span si = 75 mm and outer span so = 125 mm. The maximum applied force
for a crack length of 21.5 mm was roughly 860 N. Unstable fracture occurred at
this load. The displacements were calculated relative to the centre of the image,
with reference to an image recorded at a zero load.

Using JMAN, the J-integral was calculated from the displacement field from
three different contours around the crack tip (Figure 6.7 shows one of the chosen
contours). Converting J to SIFs, using Equation 6.6 values of 1.93, 1.90 and 1.88
were obtained. The same test was simulated using ABAQUS, using a symmetrical
2D plane stress model (with a plane stress thickness of 15 mm) with linear elastic
quadratic elements. Typical elastic material properties of E = 11.9 GPa and
v = 0.21 were considered in the model [4]. The crack was simulated at a length of
21.5 mm (a/W = 0.72) using a concentrated mesh and collapsed elements at the
tip. Hard contact between the stainless steel rollers and graphite was modelled.
A load of 430 N was applied on the half model and mode I stress intensity factor
was calculated by ABAQUS via the contour integral method to be 1.65 . From
the weight function a SIF of 1.63 was calculated.

The JMAN value is close to the expected fracture toughness of PGA graphite [4].
The values from these contours compare well with less than 4% difference, showing
no path dependency. The displacement uncertainty due to the background noise
was 0.01 mm, which resulted in an expected error of the calculated J of less
than 1.5%. Interestingly, J-integral values calculated by JMAN are about 15%
higher than the values calculated from the elastic FE model using the same elastic
constants. This difference may be explained by inelastic deformation, which is a
characteristic of coarse poly-granular nuclear graphites [16, 15, 4]. This increases
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(a) Compact tension CT specimen with large scale yielding. Shown are the surface dis-

placement field at crack length 0.2 mm, JMAN’s FE elements and area contour elements

used to calculate J (specimen is not to scale).

(b) JR-curve behaviour of AISI 304(L) stainless steel obtained by BS 7448-4 and JMAN.

JMAN obtains valid results until the onset of gross plasticity. (Data up to �a = 0.3 mm

are shown in the insert for clarity)

Figure 6.6
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6. A Novel Approach to Calculate the J-Integral by DIC Technique

the effective crack length, in the same manner as the plastic zone correction to
crack length in metallic materials [161], and hence increases the displacements in
the elastically deforming region of the sample above that expected for a simple
elastic analysis. The JMAN analysis therefore represents the crack driving force
more accurately.

6.5 Discussion

Digital image correlation is a fast growing experimental observation technique,
which allows measurement of surface displacements and hence surface strains with
high accuracy. This was exploited to provide a novel methodology for evaluating
the J-integral, directly from the surface displacement field. Based on a solid
theoretical foundation and being mathematically simple, JMAN discretises the
displacement field into a finite element problem enabling the determination of
stresses and strains from the known material properties. Such fields are then
used to categorise fracture parameters for various material types and testing
configurations. The computation time is fast; it may be less than 0.2 seconds
for a coarse mesh. This could allow in-situ assessment of cracks, provided that
the digital image correlation analysis to provide the displacement fields is also
implemented swiftly. This approach could provide a powerful NDT methodology
for the assessment of cracked structures under dynamic loading, for example.

In the examples described in this chapter, a fatigue crack in a stainless steel
sample was evaluated and the appropriate SIF was calculated using JMAN. The
loading was such that only small scale yielding at the crack tip occurred, hence
LEFM conditions applied. As a result, JMAN would allow continuous evaluation
of the SIF throughout the load cycle. It can be concluded therefore, that the
approach presented could provide a powerful tool for in-situ analysis of fatigue
cracks. However, further investigations are required to calculate J-integral at
different points of a cyclic load and compared with the theoretical values to
verify the applicability of JMAN in a whole cycle. Caution should be taken when
measuring the minimum where the crack closure is important (R << 0.4).

The characteristic R-curve behaviour of the elastic plastic ductile fracture of
stainless steel was also analysed. Excellent agreement with the standard values
was achieved prior to the formation of an extensive plastic zone throughout the
ligament. JMAN is currently constrained to elastic fields and the associated
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Figure 6.7 – Four point bend 4PB specimen. Shown are the surface displacement
field, JMAN’s FE elements and area contour elements used to calculate J (specimen
is not to scale).

elastic energy at the integral contour. However, this analysis demonstrates that
the JMAN analysis is not limited to linear-elastic or small-scale yielding problems,
as long as plasticity is contained within the contour integral.

The fracture behaviour of a quasi-brittle material (nuclear grade graphite) was
successfully analysed with JMAN and is presented in Chapter 8. Since graphite
undergoes considerable micro-cracking and crack bridging as crack propagation
occurs, standard fracture analysis proves difficult [4]. However, the JMAN analy-
sis has the ability to categorise the fracture behaviour of such materials, provided
the fracture process zone is contained within the chosen contour integral.

Currently, the FE discretisation in JMAN is based on a simple linear-elastic
model, hence its application is limited to observations where the displacements
can be measured in the elastic regime beyond the zone of inelastic deformation
(i.e. the fracture process zone or crack tip plastic zone). It was demonstrated
in the examples that for crack singularities that develop limited local nonlinear
zones due to plasticity or micro-cracking, the linear elastic model categorises
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the J-integral well. The JMAN analysis, however, could easily be extended to
account for plastic strains, using the currently available FE formulation for plastic
behaviour of metals, and could also be extended for quasi-brittle behaviour in
other materials using appropriate and validated models. Furthermore, the JMAN
analysis may be developed readily to allow J to be decomposed into mode I, mode
II and T-stress components, and therefore to account for mode mixity or in-plane
constraint effects.

6.6 Summary

A novel and simple methodology for extracting the J-integral from displacement
fields obtained by digital image correlation at different loads has been presented.
The displacement vectors are transformed into a finite element domain through
a MATLAB implemented routine (JMAN) to obtain the J-integral as an area
integral. The methodology was verified using an ABAQUS model, with excellent
agreement between the standard ABAQUS and weight function calculated SIFs.
JMAN was tested on three different specimen geometries for elastic, elastic-plastic
and quasi-brittle materials. Excellent agreement with other fracture characteri-
sation techniques was achieved.

One of the main advantages of the JMAN methodology presented here is that the
analysis method has an advantage over standard methods in that precise location
of the crack tip is not required. It is also insensitive to inelastic strains close to
the crack tip that are contained within the chosen contour.

The JMAN methodology is intended to be utilised for the characterisation of
fracture behaviour of nuclear graphite using the DT technique. This is presented
in Chapter 8. Future development of JMAN is proposed, that would provide
the contributions of mode I and mode II in the J-integral as well as the T-
stress. JMAN may also be modified to account for plasticity and inelastic fracture
processes in the FE domain, as well as residual stress effects.
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Chapter 7

Observations of Mechanisms

Associated with Crack Growth

There does not yet appear, in literature, to be a unified theory for explaining
damage development in graphite prior to and during fracture . Effects such
as micro-cracking, macro-crack initiation and crack bridging in the wake of the
crack are known to exist, but are not fully understood. At this point, the ques-
tion behind crack initiation is believed to be dependent on the formation and
development of a fracture process zone (FPZ) [16, 4] where a non-linearity in
load-displacement curves, due to micro-cracking, is said to occur at approxi-
mately 30% of the fracture load [17]. The previously reported observations of
cracking in graphite have been highlighted in Chapter 3, however at this point,
have failed to link the damage development, macro-cracking and crack bridging
to the fracture characteristics of the material.

There has been, in addition, a need to understand the development of micro-
cracking from the tip of a so-called “single crack”, as the crack at this location
is often somewhat diffuse or hidden in the process zone. An attempt of such
a mechanistic understanding of damage development in graphite is formulated
in this chapter, where damage development ahead and in the wake of the crack
tip has been observed with the use of Electronic Speckle Pattern Interferometry
(ESPI) and Digital Image Correlation (DIC). These are compared to the consid-
ered graphite grades and orientations, in an effort to identify the mechanism of
fracture in graphite.

The sequence of the chapter is as follows; first, some previous studies on cracking
in graphite are discussed to familiarise the reader with the subject, and crack-
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(a) PGA (b) IM1-24

(c) IG110 (d) UcarC

Figure 7.1 – Micro-graphs of polycrystalline graphite using polarised light to iden-
tify the filler grain orientation [16]. Figure (c) and (d) are at higher magnification
due to the finer grain size.

ing on a micro-scale is specifically focused on. It is worth mentioning here that
the investigation undertaken in this chapter is not on a microscopic scale and is
intended to complement the existing understanding of micro-cracking and other
mechanisms associated with cracking. This is followed by an experimental de-
tails section, observations and a short summary of the findings follow the previous
studies. The materials considered are NBG10 and IM1-24. ESPI and DIC moni-
toring techniques are used for the observation of a FPZ, with efforts to link the
FPZ mechanisms and size. Lastly, the observations of the crack tortuosity and
crack bridging are given, comparing the considered graphite grades and orienta-
tions.
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7. Observations of Mechanisms Associated with Crack Growth

7.1 Previous Studies

Cracking in polycrystalline graphite such as Gilsocarbon (IM1-24) and nuclear
block graphite 10 (NBG10) has been investigated by a number of researchers
and the detection and monitoring of such cracking has utilised various techniques
ranging from simple visual and microscope observations [14, 13, 24, 15], to more
complex ESPI and Squid techniques and, more recently, x-ray methods [4, 82,
162]. It is well known that graphite is a porous material and that flaws exist even
before any load is applied [4]. These defects exist due to the aforementioned folds
in the hexagonal crystal structure in graphite. The degree of ordering of these
hexagonal structures can vary significantly, which results in defects in the crystal
structure [16]. For this reason, it is said that artificial graphite consists of three
micro-structure phases; throughout which larger graphite grains are dispersed,
termed the filler (the 2nd phase). Porosity forms the third phase. The size,
distribution, shape and form (aspect ratio) of the particles and pores vary from
grade to grade and are the principal factors that determine the bulk properties
of every grade of graphite [3]. Thus, this seems suggestive that the fracture
characteristics of artificial graphite vary for different graphite grades and are a
function of its micro-structure and porosity.

Some, though limited, research has been conducted on the relationship between
graphite failure/fracture, micro-structure and porosity. These are briefly dis-
cussed here to inform the reader of the complexity of the seemingly simple struc-
ture of artificial graphite.

7.1.1 Micro-structure of Polycrystalline Graphite

Fazluddin [16] studied the micro-structure of four nuclear graphite grades, namely;
PGA (a coarse grained graphite with a grain size of approximately 1 mm and a
distinct grain orientation due to its manufacturing process), Gilsocarbon (the
same material considered in this work, a medium grained isotropic graphite of
approximately half a mm grain size), IG110 (a fine grained isotropic graphite
with an average grain size of 20 �m) and UcarC graphite (an extruded fuel-sleeve
graphite which has an average grain size of 0.22 mm). The micro-structures of
the four nuclear graphite materials considered by Fazluddin are represented by
means of polarised light micro-graphs in Figure 7.1.

Figures 7.1a and 7.1b represent the micro-structure of nuclear graphite, where
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(a) Trans-granular crack propagation

through an apparently complete filler

grain in IM1-24 [4].

(b) Trans-granular cracking through frag-

ments of filler grains in IM1-24 [4].

(c) The crack is forced to deflect around the boundary of the gains. Highlighted in the

image are two points where crack bridging is occurring as a result of this deflection [4].

Figure 7.2 – Optical microscopy of the interaction of a crack with filler particles
in IM1-24.

needle-coke filler particles can be clearly identified, which are surrounded by the
binder phase. Because of the polarised light, the texture within the needle-coke
grain is evident from the directional orientation of the interface colours within
these grains. According to Fazluddin, grains which are orientated at 45º to the
vertical line appear blue and grains orthogonal to the blue grains appear yellow in
Figure 7.1a, while the distinct orientations are apparent in all the Figures. PGA
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for example, which is an anisotropic material, shows a distinct orientation, where
filler particles are predominantly orientated with the general extrusion direction
(45º towards the vertical line). IM1-24 on the other hand, with its characteristic
large filler particles, has a random appearance as it has isotropic properties. The
other two graphite grades considered by Fazluddin in Figure 7.1c and 7.1d show
a similar trend, where IG110 shows a random texture compared to that of the
UcarC grade. The distinguishing feature is the grain size, where the IG110 and
UcarC have much smaller needle-coke particles.

Fazluddin’s study of crack growth in CT and SENB specimen revealed a marked
difference in the extent of crack deflection or crack tortuosity between his con-
sidered materials. He observed considerable crack path deflection in the course
grained materials (PGA and IM1-24) compared to the IG110 graphite where crack
deflection was not so marked. His work showed that crack deflection is a localised
event along the crack path, occurring when the crack intersects pores and filler
grains. There was also an indication, in the coarse grain materials, of an overall
path deflection, which is consistent with the larger grain size in these materials.
The cumulative effect of the multitude of crack tip deflections that occur along
the crack front develops the complex crack path in graphite. Fazluddin observed
that fracture was predominantly inter-granular, where cracks seldom penetrated
the filler particles. In IM1-24 the larger spherical filler grains tend to have their
basel orientation always aligned perpendicular to the crack, which makes it dif-
ficult for the crack to transverse the grain, except in those instances when the
grain is orientated favourably. This can result in a higher energy requirement
for initial crack growth. Ouagne [15] suggested that needle-coke graphites, such
as PGA, tend to have a reduced crack initiation toughness as the inerlameller
region within the macro-crack is more easily created. Examples of inter- and
trans-granular cracking were shown by Hodgkins in IM1-24 [4] and are shown in
Figure 7.2.

The preferred route of the crack is along the binder-filler interface for most arti-
ficial graphites [163, 4], where the crack passes easily around the poorly bonded
grains. Walker et al. [86] has noted some important characteristics of the binder-
filler interface, in relation to the probability that the crack is deflected by the
filler grains. The less well bonded the interface, the easier it becomes for the
crack to travel around the grain and the more pronounced the crack deflection.
A strong interface forces the crack to traverse the grain.
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(a) SEM images of IM1-24. (b) magnified view of (a).

(c) Xray tomography map to

quantify porosity in impreg-

nated IM1-24.

(d) Porosity identification in

IM1-24. Various colours rep-

resent connected networks.

Figure 7.3 – Porosity identification undertaken by Hodgkins [19]

Figure 7.4 – Optical microscopy of surface cracking in a CT specimens [4]. (a)
Material close to the crack contained a high proportion of cracks. (b) Material away
from the crack, the micro-structure remained uncracked.
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7.1.2 Flaws and Porosity in Polycrystalline Graphite

Pores are the third phase in graphite and form an important part to the struc-
ture, adding to graphite’s defective nature. Pores form in defective sites between
crystallites and can either be closed or open to the atmosphere. In polycrystalline
graphite made from a mixture of coal-tar pitch and petroleum coke filler parti-
cles, pores originate from various sources [164] and are generally classed into three
categories, i. e. macro-pores (> 50 nm), meso-pores (2-50 nm), and, micro-pores
(< 2 nm) [164]. In polycrystalline nuclear graphites, macro-pores are usually of
most concern, since they have the greatest influence on graphite properties [16].
Micro-pores can be located between crystallites, graphitised coke particles and
disorganised carbon [3].

A typical SEM image of a filler particle is shown in Figure 7.3 showing the pores
and lenticular cracks in IM1-24. McEnaney & Mays [165] emphasised the impor-
tance of pore shapes on the bulk properties, where for example, long crack-like
pores promote internal stress-concentration in the graphite lattice. It is also nec-
essary to determine the total porosity, in terms of open and closed porosity, to
fully evaluate the effect of porosity on thermal, physical and mechanical prop-
erties [16]. The open porosity is especially relevant when oxidation takes place.
Porosity networks can provide for CO−3 corrosion pathways, which form the basis
for radiolytic oxidation, through the moderator bricks. Without these pathways
the mechanism of radiolytic oxidation would only result in erosion of the mate-
rial on the surface and would not weaken the graphite internally. For this reason
macro-pores are considered to be part of the external surface area.

Hodgkins et al. [19] utilised X-ray tomography (XR�T) to measure and map con-
nected pore networks. In their study porosity was categorised into three groups:

• Open Porosity (PorO)

• Closed Porosity (PorC)

• Total Porosity (PorT )

The first of these terms describes the percentage of porosity that is connected to
the surface, either directly or by pathways through other pores and void space.
The second term identifies the percentage that is not connected to the surface,
where the total porosity signifies the combined open and closed porosity.
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Hodgkins showed that typical IM1-24 has around PorT = 20% porosity for a
cylindrical sample (diameter of 9 mm with a height of 6 mm). Further they
found that pore voxels, traced from the edge of the analysis box, connected with
around PorO = 12% of the total volume. This results in a volume of the un-
impregnated porosity of approximately Porc = 8%. In addition they showed
that, in the volume of the analysis box, none of the networks grew sufficiently
large to connect opposite faces of the analysis box. However, in some cases they
observed that the total open porosity exceeded PorO = 28%. An illustration
of their porosity mapping is shown in Figure 7.3. It is worth noting that the
authors expressed their concerns regarding the sensitivity of their analysis. The
resolution limit of the XR�T system was 26 �m.

The effects of porosity in any material are complex. Porosity can act as a stress
concentrator and hence eases the initiation of fracture, or conversely, can result
in the blunting of the crack tip upon entering the pore (an effect that is said to
reduce the crack tip stress intensity). However, Fazluddin [16] pointed another
noteworthy role which concerns the deflection of the crack at the pore. As a
result the crack path can become indirect and tortuous which is said to result in a
combination of crack path deflection, secondary crack formation, crack branching,
and crack tip blunting. All these fracture processes may enhance the crack growth
resistance.

7.1.3 Discussion

It becomes clear from this brief review given on the observations of the micro-
structure and porosity, that cracking in polycrystalline graphite is associated with
complex mechanisms. Existing cracks in the filler particles and between inter-
face bonds, or faults in the ordering of the hexagonal graphite structure, all con-
tribute to the fracture mechanisms and hence characteristics. Various researchers
have identified cracking mechanisms in graphite, however, no conclusive relation
between macro-cracking and micro-cracking processes has been made. At this
point in literature, a FPZ and crack wake bridging effects have been identified
[16, 4, 19, 15] as micro-cracks in the region ahead of the crack tip and as friction
bridges behind the crack tip. An illustration by Hodgkins [4] (Figure 7.4)shows
this. An opening and propagating crack is currently regarded as having a process
zone, limited to where the fracture surface sides of the crack no longer interfere
and beyond which micro-cracking dominates. The form and size of the FPZ and
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crack tip wake effects is, however, still open to debate.

It is well known that quasi-brittle materials undergo some non-linearity during
fracture due to the formation and propagation of a FPZ and crack tip wake effects
at larger crack lengths [166]. In concrete for example, which is a typical quasi-
brittle material, the FPZ has been defined as the zone in which the material
undergoes softening damage ahead of the crack tip and wake effects have been
attributed to bridging of the intact ligament faces of a developing crack [166].
The fracture mechanisms in concrete are well understood and several failure and
fracture models exist, which account for the aforementioned non-linearity. Since
fracture in graphite is associated with a similar non-linearity, it seems vital to
fully understand these mechanisms so that a failure model may be formulated.
Hence, the aim of this chapter is to further contribute to the understanding of
the fracture processes associated with cracking in graphite and the link between
micro- and macro-cracking. It is known that micro-cracking occurs prior to and
during fracture in graphite, and that due to the crack tortuosity friction planes
exist in the crack wake. However, there currently appears, in literature, to be
a lack of understanding of these mechanisms; the size of the process zone, the
micro-macro crack interaction and the crack tip wake effects. It is this, that
this chapter aims to concentrate on before commencing onto a determination of
graphite’s fracture characteristics and the link to other quasi-brittle materials,
such as concrete. Observed in this chapter, using the DT geometry, will be
damage development prior to fracture, the crack initiation process and crack
propagation.

7.2 Experimental Investigation Details

The experimental procedures used to observe the damage development, crack
initiation and propagation utilised the following techniques: the aforementioned
DT technique, ESPI and DIC. The DT technique proves highly useful here, as
the technique allows for stable crack propagation at constant crack driving force.
As a result, the constant stress intensity factor ensures a critical load irrespective
of crack length for large crack lengths (up to 75mm) [31, 36].

The damage and fracture observations made use of 45 specimens, which were of
the aforementioned grades, namely NBG10 and IM1-24 grade graphite. Since
NBG10 has two distinct grain orientations, 15 specimens were tested with the
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(a) ESPI setup used to monitor damage development prior to fracture at the University of

Cape Town.

(b) Two camera DIC setup used at the University of Manchester. Shown also is the DT

rig, loading configuration and light source. Shown is the complete setup and a bird’s eye

perspective of the test rig and loading configuration.

Figure 7.5
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general extrusion direction (parallel) and 15 specimens were tested against the
extrusion direction (perpendicular). The other 15 were specimens made from the
IM1-24 grade graphite. For more specimen details the reader is referred to Chap-
ter 5. ESPI tests were conducted in the Materials Department at the University
of Cape Town (Figure 7.5a) and the DIC tests in the Materials Performance
Centre in the School of Materials at the University of Manchester (Figure 7.5b).
Tests were conducted according to the aforementioned methodologies described
in Chapter 5.

7.2.1 DIC setup details

The DIC configuration for determining the displacement field included a two
camera analysis, as the DT specimen experiences some out-of-plane deflections
(as discussed in Chapter 5). A two camera setup enables the measurement of
these out-of-plane displacements, and hence the in-plane displacements can be
determined accurately [120]. In the camera system setup used (shown in Figure
7.5b), one pixel was approximately 25 �m, and the imaged area was approximately
50 x 50 mm. The displacement field was calculated relative to the centre of the
image. The DT specimens were tested at 0.1 mm/min and 4 mm/min constant
displacement rates, with various loading and unloading cycles applied. Details
about the loading configurations are given in the next chapter, Chapter 8.

7.2.2 ESPI setup details

To perform ESPI measurements, a laser light illuminated the DT specimen with
a working distance of approximately 100 mm, where the region scanned by the
strain laser analyser was approximately 30 x 30 mm. The reflected light was
combined with a reference light provided by the same laser source and speckle
patterns from both were recorded by a high resolution video camera. These were
processed to produce a fringe pattern by subtracting the two different speckle
patterns [125]. This was analysed, with in-house software from the University
of Cape Town, to determine the apparent in-plane displacements and hence the
strain distribution on the specimen surface. It is worth mentioning that the DT
specimen experiences some out-of-plane deflections. Since ESPI is affected by
out-of-plane movements [127], the ESPI analysis was semi-quantitative. Only
the size of the FPZ was extracted from the ESPI analysis, identified by fringe
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discontinuities along the propagating crack.

7.3 Crack Initiation and Damage Development ob-
servations

To investigate the crack initiation and propagation in graphite, the observations
have been split onto three main categories, namely damage development section
and the propagation phase, which is divided into the fracture process zone and
crack tip wake effects or crack tortuosity sections. During the damage devel-
opment phase the formation of micro-cracks was observed ahead of the starter,
where as during propagation the fracture process zone and crack tortuosity was
studied.

7.3.1 Damage Development

The load displacement curve in Figure 7.6 shows the pre-peak nonlinear load re-
sponse in NBG10 graphite (in the perpendicular orientation) and indicates the
damage accumulation prior to any macro-crack propagation. It suggests that
fracture does not occur at the peak load where the localisation of damage forms
ahead of the notch (in the FPZ) prior to a single macro-crack [19]. ESPI obser-
vations below the load displacement curve show the development of such a FPZ
at various points on the load displacement curve. These are typical holographic
fringe patterns, showing the damage development from the notch tip prior to peak
load. The damage development is visible as discontinuities in the fringe patterns.
Kinks and distortions in the displacement fringes signify strain concentrations
in those regions, while the fringe patterns elsewhere are continuous and smooth.
The discontinuities form predominantly ahead of the notch tip indicating the de-
velopment of a FPZ. A threshold of more than two fringe patterns per 2 x 2 mm
square (in Figure 7.6) was arbitrarily adopted for the FPZ identification. It is
worth mentioning that various other criteria were employed to quantify the FPZ
with little consequence to the apparent FPZ size. It should also be noted that
strain or displacement readings cannot be directly obtained from this experiment.

The fringe patterns shown at 1/3Pc, 2/3Pc, 5/6Pc and at the critical load point Pc in
Figure 7.6a, (b), (c) and (d) illustrate the development of the FPZ prior to macro-
crack propagation respectively. A sudden relaxation or pop-in can be observed in
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the load-displacement curve at point (e) corresponding with the propagation of
the FPZ (Figure 7.6e) indicating that a macro-crack has initiated. Once the FPZ
has established, a macro-crack propagates from the notch (in the FPZ) and the
extension of the macro-crack is accompanied by progression of the FPZ ahead of
the macro-crack tip. During fracture several pop-in or load drops are observed
in the load-displacement diagram (Figure 7.6f). These correspond to a sudden
crack jump behaviour, which is further discussed in Chapter 8.

Some outliers of the strain localisation (i.e. localised strains significantly higher
than the homogeneous strain expected at that location) were identified with in-
creasing load. The majority of these strains increased linearly with applied load,
where some contribute to the FPZ. These are indicative of local strain concen-
trations, probably owing to porosity. As the failure load was approached, more
significant outliers developed at which point strain localisations within the FPZ
appeared to coalesce before macro-crack propagation.

To gain further insight into damage development prior to fracture, DIC was
utilised. DIC allows for accurate measurements of the in-plane surface displace-
ment field and hence allows for the calculation of the maximum normal surface
strain field at the surface [119]. It is worth mentioning that DIC calculates an
average displacement over the chosen interrogation window and that the accu-
racy and precision of DIC are sensitive to the interrogation window size used
to analyse the images [120]. Thus any strain localisations significantly smaller
then the interrogation window are lost in the averaging process and cannot be
identified. Images of the DIC obtained surface strain maps are shown in Figure
7.7, Figure 7.8 and Figure 7.9 for NBG10 in the parallel orientation, NBG10 in
the perpendicular orientation and IM1-24 respectively.

Micro-cracking and the macro-crack have been described using the maximum
normal surface strain field. Material which underwent more than a third of the
maximum tensile strain (i.e. ε < 0.06%, evaluated from the Young’s modulus
and tensile strength) may be said to have some damage, such as micro-cracking,
where material which underwent more than 0.35% maximum normal strain is said
to contain a macro-crack. This defines the approximate extent of micro-cracking
and hence the FPZ. All strain measurements were undertaken relative to a zero
load image.

These DIC analyses, at improved sensitivity of the strain mapping, show the
same behaviour found from the ESPI observations. Figure 7.7, Figure 7.8 and
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Figure 7.6 – ESPI observation of surface displacements ahead of the notch prior
to a macro-crack initiation. The figure shows the load displacement curve and the
corresponding images (a) to (f) taken during a constant displacement rate test of
0.1 mm/min for NBG10 graphite in the perpendicular orientation.

140



Univ
ers

ity
 of

 C
ap

e T
ow

n

7. Observations of Mechanisms Associated with Crack Growth

Figure 7.7 – Maximum normal strain mapping during damage initiation ahead of
the starter notch. Material that has undergone more than 0.35% maximum normal
strain is considered a macro-crack. The six figures show the damage development
during a constant displacement rate (0.1 mm/min) tests in NBG10 in the parallel
orientation. (DIC window size is 12x12 pixels with 25% overlap).
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Figure 7.8 – Maximum normal strain mapping during damage initiation ahead of
the starter notch. Material that has undergone more than 0.35% maximum normal
strain is considered a macro-crack. The six figures show the damage development
during a constant displacement rate (0.1 mm/min) tests in NBG10 in the perpen-
dicular orientation. (DIC window size is 12x12 pixels with 25% overlap).
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Figure 7.9 – Maximum normal strain mapping during damage initiation ahead of
the starter notch. Material that has undergone more than 0.35% maximum normal
strain is considered a macro-crack. The six figures show the damage development
during a constant displacement rate (0.1 mm/min) tests in IM1-24. (DIC window
size is 12x12 pixels with 25% overlap).
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7.9 show micro-cracks that develop ahead of the notch tip which form the FPZ.
Upon loading, cracks form along the crack direction plane and appear as localised
strains and tend to be coincident with porosity. The visible behaviour of these
cracks is such that micro-cracks grow in magnitude during loading. Larger micro-
cracks form as micro-cracks coalesce. A critical point is reached when a macro-
crack initiates from the notch. At this point several “macro-cracks” (defined as
maximum normal strain > 0.35%) may have formed head of the notch (this was
especially found to be the case for NBG10 in the parallel orientation), which
makes it difficult to define a crack tip.

The six images shown in Figure 7.7, Figure 7.8 and 7.9 correlate to load appli-
cation of 0.3Pc, 0.5Pc, 0.7Pc, 0.8Pc, 0.9Pc and Pc respectively, at which point a
macro-crack has initiated. The images show that strain concentrations are visible
at 0.3Pc, which may be classified as micro-cracking[17]. These grow in concen-
tration and at around 0.7Pc to 0.8Pcthe strain concentrations start to coalesce
to form bigger and more prominent cracks. It is at this point where most non-
linearity occurs in the load displacement curve signifying the onset of fracture.

A significant difference in NBG10 between the two crack propagation orienta-
tions, i.e. with or against the grain, was observed in the way micro-cracks form.
In both directions micro-cracking predominantly coincides with porosity. Since
the porosity is predominantly orientated with the notch direction in the parallel
orientation, a high density of relatively long micro-cracks form along the porosity
and grain boundaries. However, in the perpendicular orientation these micro-
cracks tent to be shorter and less prominent as the porosity is less favourably
orientated. In IM1-24, the amount of high strain concentrations ( < 0.2%) com-
pared to NBG10 is limited. There is less visible coalescence with micro-cracking
in the identified FPZ prior to macro-crack initiation.

7.3.2 Fracture Process Zone

In contrast to the damage development investigations, the load displacement
curve of a crack with existing FPZ (achieved through the loading of a pre-cracked
specimen) shows no pre-peak nonlinear load response (Figure 7.10). This sug-
gests brittle behaviour and can be explained due to the presence of the existent
FPZ. Unlike the damage accumulation (by micro-cracking) prior to macro-crack
propagation, a pre-cracked specimen does not require this energy to form the
FPZ as the FPZ propagates with the crack. Instead, the behaviour is linear until
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a critical point is reached and macro-crack propagation continues. ESPI obser-
vations below the load displacement curve show the propagation of the FPZ at
various points on the load displacement curve. The fringe patterns are shown at
approximately 1/3Pc, Pc and at some point during fracture in Figure 7.10a, (b)
and (c). Sudden relaxations can be observed throughout the load-displacement
curve.

Figure 7.11, Figure 7.12 and Figure 7.13 show examples of the FPZs during
crack propagation. These DIC images were obtained in a similar manner to the
damage development observation images, where a threshold of > 0.35% normal
strain signifies a macro-crack. Shown in each image is the propagating crack at
three crack lengths (at the initiation stage, and during crack propagation at crack
lengths of approximately 15 mm and 25 mm). A larger interrogation window (128
x 128 pixels with 75% overlap) was utilized for the strain mapping of the FPZ.
This helps identify more clearly the gradients of strain associated with the FPZ
as an average. The results are shown in Figure7.14 and show the subtle difference
in the shape and size of the FPZ.

Figure 7.11, Figure 7.12 and Figure 7.13 clearly show the FPZ ahead of the
crack tip in the two materials considered. Material discontinuities such as voids
or grain boundaries contribute to apparent high strain localisations which can
be observed at some considerable distance ahead of the apparent crack tip (of
the order of 20 to 30 mm), as well as in the defined FPZ. Crack nucleation at
discontinuities such as pores was also found by Joyce [82], who used high reso-
lution ESPI mapping of surface deformations to observe damage development in
the IM1-24 grade, under diametral compression loading. Hodgkins et al [4, 19]
similarly observed diffuse micro-cracking using X-ray micro-tomography in the
same material. Such micro-cracks would be expected to be aligned perpendicular
to the maximum tensile stress [167], and examination of the FPZ in NGB10 in
the parallel and perpendicular orientation (7.11 and Figure 7.12) shows that the
general direction of the strain localisations caused to micro-cracks is predomi-
nantly parallel with the extrusion direction. The most significant difference is
noticeable in 7.14 for NBG10 between the crack propagation with or against the
general grain orientation. The “with grain” (parallel) orientation shows a longer
and more narrow FPZ. This coheres with the observation that damage occurs
along grain boundaries and porosity, where these are predominantly orientated
with the crack propagation direction.

Additionally, the ESPI images can be utilised to estimate the FPZ size. Fig-
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Figure 7.10 – Comparison of cracking paths and interactions with micro-structure:
a) crack arrest at pores (NBG10), b) crack branching (NBG10) and c) crack bridging
(IM1-24). In addition, the crack path and porosity interaction is visible.

146

1.2~----~------~------~----~------~----~--~ 

1.0 

0.8 ..... m·acro-qrack· propagation 

Q~ 0.6 
· .. . · .. . · . . . . . . . . . . . . . . . . . . . . . .. . ..................... ,'................... : ..................... ',' ............................................ ~ ......... . 

Q 

0.4 ....................................... : ..................... : ...................... : ...................... : ...................... : ......... . 
· . . . . · . 

0.2 

O.O~I~~~~~~--~~--~~~--~~--~~~~~~ 

0.0 0.2 0.4 0.6 

y(mm) 

0.8 1.0 1.2 



Univ
ers

ity
 of

 C
ap

e T
ow

n
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Figure 7.11 – Maximum normal strain mapping during crack propagation. Ma-
terial that has undergone more than 0.35% maximum normal strain is considered
a macro-crack. The three figures show the damage development during a constant
displacement rate (0.1 mm/min) tests in NBG10 in the parallel orientation (DIC
window size is 12x12 pixels with 25% overlap).
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Figure 7.12 – Maximum normal strain mapping during crack propagation. Ma-
terial that has undergone more than 0.35% maximum normal strain is considered
a macro-crack. The three figures show the damage development during a constant
displacement rate (0.1 mm/min) tests in NBG10 in the perpendicular orientation
(DIC window size is 12x12 pixels with 25% overlap).
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Figure 7.13 – Maximum normal strain mapping during crack propagation. Ma-
terial that has undergone more than 0.35% maximum normal strain is considered
a macro-crack. The three figures show the damage development during a constant
displacement rate (0.1 mm/min) tests in IM1-24 (DIC window size is 12x12 pixels
with 25% overlap).
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Figure 7.14 – Maximum normal strain mapping during crack propagation. Ma-
terial that has undergone more than 0.35% maximum normal strain is considered
a macro-crack. The three figures show the damage development during a constant
displacement rate (0.1 mm/min) tests in IM1-24 (DIC window size is 12x12 pixels
with 25% overlap).
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Figure 7.15 – Comparison of cracking paths and interactions with micro-structure:
a) crack arrest at pores (NBG10), b) crack branching (NBG10) and c) crack bridging
(IM1-24). The crack path and surface porosity are shown.
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ure 7.16 illustrates this. The FPZ length ahead of the crack tip is estimated
as a function of the crack opening displacement, during the first loading cycle
of a typical DT test. The crack opening displacement was measured across the
notch tip. The FPZ was found to be approximately 8 - 10 mm in size for both
crack propagation directions in NBG 10 and also in IM1-24. However, compari-
son of the FPZ formation energy, approximated by the shaded region in Figure
7.16 (normalised by the sample thickness and the FPZ length), between NBG10
specimens of different orientation indicates that 10% more energy is required to
form the FPZ prior to macro-crack initiation parallel to the extrusion direction
(approximately 37 J/m²), compared to crack propagation perpendicular to the
extrusion direction (approximately 32 J/m²). The recorded fracture initiation
energy in IM1-24 was approximately 47 J/m². It is worth mentioning that this
energy measurement is prior to any macro-crack extension and thus cannot be
expressed as a JR term. This measurement is mainly indicative of the damage
softening prior to fracture. The size of this process zone of the ESPI and DIC
observation are in agreement.

7.3.3 Crack Tortuosity

The crack path tortuosity shown in Figure 7.11 to Figure 7.13 indicates that
the crack is likely to deflect along porosity that constitutes a crack path of least
resistance. Crack deflection is considered to be a toughening mechanism. Non-
planar cracks may create frictional surfaces that contribute to the overall fracture
resistance during cracking. It has previously been observed in IM1-24 by X-ray
tomography [19], that tortuosity of the crack path can give rise to crack bridging.

The most tortuous paths are observed for NBG10 with a crack propagating per-
pendicular to the extrusion direction (Figure 7.12), where crack propagation was
observed to follow voids that were visible on the material surface. Cracks propa-
gating parallel to the extrusion direction in NBG10 were found to coalesce with
larger micro-cracks, although it is likely that such micro-cracks also initiated from
porosity (Figure 7.11).

Three mechanisms of cracking may contribute to the crack tortuosity, namely;
the formation of a secondary macro-crack, i.e. an arrested macro-crack due to
a large pore which results in the formation of a secondary crack, bypassing the
primary crack (Figure 7.15a), crack branching (Figure 7.15b) or crack bridging,
where the crack has advanced beyond a grain boundary (Figure 7.15c). All these
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mechanisms may affect the fracture resistance.

It follows that the fracture properties of nuclear graphite are strongly influenced
by the heterogeneous structure, particularly the population and orientation of
pores or flaws and grain orientation. These appear to significantly affect the FPZ
and crack path/tortuosity. Micro-cracks that develop ahead of the crack tip lower
the effective elastic modulus of the damaged material, and produce an inelastic
or plastic strain. Crack tortuosity is an additional toughening mechanism.

7.4 Understanding the Mechanisms associated with
Cracking in Nuclear Graphite

Nuclear or artificial graphite is a heterogeneous material consisting of filler parti-
cles, and a binder phase. Some graphite grades are anisotropic; where a preferred
grain orientation is introduced through the manufacturing process. Internal voids
ranging up to several millimetres in size may be regarded as another major com-
ponent of the graphite fracture characteristsics. These voids may include pores,
cracks or flaws [3].

These defects have been shown to play an important role in the mechanical be-
haviour of graphite [16, 19, 13]. The properties of graphite are influenced by
its micro-, mezo- and macro-structures, which are characterised by the number
and distribution of internal pores and cracks. The fracture process was shown
to be influenced by the porosity and grain orientation of the material, where a
macro-crack is primarily involved with the initiation and propagation of internal
micro-cracks. It is worth mentioning that the size of these micro-cracks was not
investigated. However, since the approximate size of existing flaws (prior to any
load) ranges from the micro to the macro scale it follows logically that fracture
processes are influenced by particles and voids in the same scale.

Heard et al. [17] showed that micro-cracking, can occur at loads of 30% of peak
load and it was shown in this investigation that gross cracking between visible
pores in the graphite material occurs around 70% of the peak load. The DIC
observations, in agreement with Sakai, Fazluddin and Hodgkins, amongst others,
have indicated that during the pre-peak, non-linear phase internal flaws initiate
and propagate at existing discontinuities. These cracks are isolated and randomly
distributed predominantly ahead of the notch tip and orthogonal to the tensile
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Figure 7.16 – Load and FPZ size as a function of crack opening displacement
for the first loading cycle of a DT test in the NBG10 parallel orientation. The
shaded region represents the energy required for the formation of the FPZ prior
to macro-crack propagation. The size of the FPZ is approximated as the distance
from the notch or macro-crack tip to the edge of the high strain concentration of
fringe patterns.

strain in the loading direction. It is during this phase that most damage accu-
mulates and ultimately the internal cracks start to localize into a macro-crack,
which propagates with increasing load. These are visible as strain localisations
when observed using ESPI or DIC and may be referred to as the FPZ.

When strain localization occurs, i.e. the FPZ forms, the distribution of tensile
strain in the loading direction is no longer uniform. A critical point is reached
when a macro-crack forms and propagation of this macro-crack is primarily associ-
ated with bridging or branching through the maze of micro-flaws. It is imperative
to state that for the macro-crack to propagate a FPZ needs to be presents ahead
of the crack tip. The reader is at this point referred back to Figures 7.7 to 7.13
which show the interaction and coalescence of strain localisations during fracture.

By the same rationality of the above argument, it follows that the interaction of
micro-cracks in the micro-scale also influences the flaws in the mezo-scale and in
turn on the macro-scale. Therefore, fracture processes in graphite may primarily
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depend on the stability of these interfacial cracks.

Another factor to consider is the tortuosity of the macro-crack path. It was shown
in this work and by previous researchers that crack deflection occurs when the
path of least resistance is around a relatively stronger particle or along a weak
interface like a void. Other cracking mechanisms, which were identified, include
crack arresting, crack branching and crack bridging (Figure 7.15). These mech-
anisms are important toughening processes in graphite and these cause energy
dissipation through friction planes.

This process is also present in quasi-brittle materials and investigations have
focused on this zone, especially its size and its constituents [168]. The effects of
these processes in the crack wake are such that one frequent question is whether
the non-linearity’s should be considered by the fracture process zone or crack
wake. In concrete, Thouless [169] has shown that both approaches are equivalent
as far as structural analysis is concerned; i.e. bridging and damage zones may
be considered equivalent, but can give different physical insights. Based on their
observations using laser holographic interferometry, Castro-Montero et al. [170]
reported that the fracture process zone consisted of a wake zone behind the
observed crack-tip and a zone in front of the tip. The wake process zone increased
with crack extension, whereas the front zone remained primarily constant in size.
Since size of the wake zone was much larger than that of the front zone, they
concluded that most of the toughening in concrete occurs in the wake zone. This
fact suggests that the increasing size of the wake process zone rather than the
constant size of the crack-tip process zone should be primarily responsible for the
growing R-curve behavior in concrete. Similar observations have been reported
for silicon carbide [171] and in artificial graphite [13]. In this work, bridging
effects in the wake were identified, some up to 20 to 30 mm behind the crack tip
where, according to Hodgkins [4], crack bridging occurred at up to 55 mm behind
the crack tip in CT specimens.

The experimental techniques utilised in this chapter have shown the brittle nature
of graphite. From the observed non-linearity, which exists before the peak load
(shown in Figure 7.16) and the micro-cracking prior and during macro-crack
propagation, it can be deduced that the behaviour described is very comparable
to that of other quasi-brittle materials.
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7.5 Summary

This chapter presented the observations of mechanisms associated with crack
growth. Presented were the observations of two distinct phases of cracking in
graphite, namely the initiation phase or damage development prior to fracture
and the propagation phase, split into two categories, the FPZ and crack tip wake
effects or tortuosity. The full field surface displacement measurement techniques
of ESPI and DIC were used to observe and measure crack initiation and propa-
gation.

The observations show extensive micro-cracking ahead of the crack tip and crack
tip wake effects such as crack bridging, crack branching and crack arresting. These
mechanisms indicate the aforementioned quasi-brittle behaviour and strongly sug-
gests that graphite is a quasi-brittle material. It was shown that grain structure
and porosity play an important role in the way graphite fractures. Cracks tend
to follow a path of least resistance and crack propagation was observed to follow
voids that were visible on the material surface. Micro-cracks form in the crack
direction plane and appear as localised strains which tend to be coincident with
porosity and grain boundaries.

Prior to the initiation of the macro-crack the application of load produces a non-
linear load displacement curve in test specimens. ESPI suggest that residual
strains occur at isolated locations throughout the material with an increasing
number of strain localisations ahead of the starter notch. DIC confirms that
severe micro-structural damage occurs prior to macro-crack initiation ahead of
the notch tip. Following the initiation and growth of the primary crack, a FPZ
exists ahead of the crack tip which contains a high density of micro cracks. Some
micro-cracking remains visible in the wake, yet most close after the macro-crack
propagated past. The propagation in the FPZ is predominantly associated with
crack bridging between micro-cracking and porosity.

The boundary of the micro crack zone observed, using ESPI, suggests that the size
of this FPZ is approximately 10 mm in length and matches the surface strain field
observed by DIC. Crack wake effects were observed in the first 20 mm of the crack
and are predominantly comprised of crack bridging and branching. Following this
evidence from DIC suggests that the crack is continuous.
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Chapter 8

The Mechanisms of Crack

Propagation and Failure

Chapter 7 has shown that the fracture of polycrystalline graphite is associated
with extensive micro-cracking and slip deformations in the crack wake. These in-
elastic micro-cracking and plastic-slippage mechanisms have been shown to cause
marked non-linearity in graphite behaviour and there have been attempts to
classify these experimentally observed facts of mechanical non-linearity as Elas-
tic Plastic Fracture Mechanics (EPFM) behaviour (similar to those experienced
by some metals). The fracture mechanics route provides a powerful tool to assess
the integrity of components and Chapter 2 introduced parameters to characterise
and predict crack growth in materials using fracture mechanics. These parame-
ters have specific definitions and are limited to those materials characterised by,
in this case, non-linear (EPFM) fracture.

It is worth mentioning at this point that many previous studies have attempted
to categorise fracture by either Linear Elastic Fracture Mechanics (LEFM) or
EPFM. These have been discussed extensively in Chapter 3, however, many un-
certainties concerning fracture and failure of nuclear graphite remain. It’s cur-
rently understood that the fracture toughness of nuclear graphite seems to be
around 1 to 2 MPa

√
m. There seems to be a dependency of crack length or

rather the wake region of the crack tip and the FPZ on the fracture behaviour.
Standard methods for fracture toughness measurements do not agree with each
other and often a wide range for fracture toughness values have been reported.
For IM1-24, for example, various specimen configurations ranging from Com-
pact Tension (CT), Single Edge Notched Beam (SENB) to Chevron Notched
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Short Rod (CNSR) specimens have reported a range of fracture toughness from
1.8MPa

√
m [4], 1.2MPa

√
m [45] to 0.9MPa

√
m [14]. Additionally, due to the

non-linear behaviour many efforts have been made to characterise fracture by
R-curve behaviour. This has lead to the generation of different R-curves and at
present there is no universal agreement as to which, if any, of the techniques em-
ployed in these studies is a true material property and appropriate for character-
ising graphite’s fracture behaviour. At this point in time, the fracture mechanics
based methodologies have not managed to adequately describe and predict the
crack propagation behaviour in graphite for a variety of geometries using fracture
mechanics.

One of the main problems with assessing fracture characteristics of graphite is
its brittle tendency. With standard test geometries, such a SENB, it can prove
difficult to achieve stable controlled cracking to do the necessary measurements.
The problem of propagating cracks controllably in nuclear graphite was addressed
by Shi et al[45], who used “sandwiched” three-point bending specimens for the
determination of fracture toughness parameters and R-curve behaviour. The
sandwiched specimens allowed them to pre-crack brittle specimens to a certain
length in a controlled manner as the outer steel beams would maintain the overall
rigidity of the setup, or compliance. Their stable crack length range was reported
at 1 mm to 2 mm, however, they had to account for frictional losses between
the steel beams and the graphite, which were established by means of a finite
element analysis. It is for this reason that the Double Torsion (DT) technique
came to mind. The DT configuration is well suited for studies of fracture and
slow crack growth characteristics of highly brittle materials. The technique allows
for stable controlled crack growth, irrespective of how brittle the material is, for
relatively large stable crack extensions (e.g. up to 75 mm for a specimen of 150
mm length) and also allows for easy crack tip observations, due to the way the
specimen is loaded. It is worth mentioning that the DT technique is yet to be
standardised and there has been limited application to elastic-plastic fracture
mechanics conditions (EPFM).

The choice of the DT specimen is thus fairly evident; a specimen geometry that
facilitates slow crack growth studies in brittle materials and allows for controlled
crack propagation at critical load. Since graphite cracking can be unstable due
to the non-linearity associated with micro-cracking, this constant Stress Intensity
Factor (SIF) type specimen is essential. In addition, the geometry is fairly simple
to prepare and analyse.
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The principal purpose of the experiments described in this chapter is to address
the key issues surrounding the current state of fracture property determination
in nuclear graphite using the DT technique.

1. The first is to establish the LEFM fracture criterion of graphite using the
DT technique. This includes fracture toughness and crack velocity versus
stress intensity (VK) relationship data. Although it had been established
that an LEFM fracture criterion may not be valid for graphite fracture, it is
believed that some insight may be gained in the understanding of fracture
in graphite nevertheless. VK relationship data can provide insight into the
stability of fracture.

2. What are the EPFM fracture parameters and how do these compare to
the trends obtained by the LEFM methodology. Is EPFM the most ap-
propriate fracture parameter for characterising fracture in graphite? More
specifically, is R-curve behaviour an intrinsic material property that cap-
tures the characteristics associated with fracture?

3. Do the observed mechanisms associated with cracking correlate with the
fracture behaviour determined in this chapter? Are the observed mecha-
nisms responsible for rising crack growth resistance and over what range of
crack lengths are the mechanisms observed?

4. Can fracture mechanics provide a tool for characterising fracture/failure of
virgin nuclear graphite.

An attempt to answer these questions is made through the following experimental
investigation (in conjunction with the observation made in the previous chapter).
The DT method is applied to study the two medium grained graphites in order
to establish the criteria for crack nucleation and propagation in such materials.
Since the DT technique is not currently capable of measuring EPFM parameters,
a modification is proposed to the technique using Sakai’s energy principle [14].
This is presented in the next section. A novel methodology for directly calculating
the R-curve behaviour from the surface displacement field, introduced in Chapter
6, is employed.
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8.1 Experimental Investigation Details

The experimental procedures used to determine the fracture characteristics utilised
the following techniques: the aforementioned DT technique (introduced, reviewed
and evaluated in Chapter 5), adapted here to account for elastic fracture mechan-
ics and Digital Image Correlation (DIC) in conjunction with the JMAN methodol-
ogy (described in Chapter 6). The crack propagation characteristics investigation
was undertaken in parallel with the observation of mechanisms associated with
crack growth in the previous chapter. This made use of 45 specimens, which
were of the aforementioned grades, namely NBG10 and IM1-24 grade graphite.
Since NBG10 has two distinct grain orientations, 15 specimens were tested with
the general extrusion direction (parallel) and 15 specimens were tested against
the extrusion direction (perpendicular). The other 15 were specimens made from
the IM1-24 grade graphite. For more specimen details the reader is referred to
Chapter 5. A figure of the laboratory setup is shown in Chapter 7 in Figure 7.5b.

8.1.1 Double Torsion Technique Testing

The DT technique has been introduced and critically reviewed in Chapter 5.
The testing configuration was utilised for static tests under constant position
control for VK relationship investigations and steady ramping tests to initiate
and propagate cracks in a controlled manner. A modified approach for the DT
methodology is proposed to account for graphite’s non-linearity. This EPFM
adaption is based on Sakai’s energy principle and is described below, following
the details of the experimental procedure.

8.1.2 Adaptation of the DT Geometry for Elastic Plastic
Fracture Mechanics

Since graphite deformations are associated with non-linear mechanisms, the DT
technique is adapted to account for this. At this juncture it bares mention that
it is not assumed that graphite undergoes plastic deformations in the sense of
ductile metallic materials. The FPZ and wake region have shown to result in
irreversible energy dissipation during fracture and this energy, in its totality, can
be measured accordingly. Sakai et al [14] used an approach for the determination
of EPFM fracture parameters (i.e. the energy lost due to the irreversible energy
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dissipation) under the assumption that these “plastic” deformations contribute to
Griffiths modified energy balance. Again, the term “plastic” energy is used very
loosely here and in a sense refers to the irreversible energy dissipation due to the
FPZ and wake region.

The net rate of change of work input ∆W , relates to the rate of change of internal
elastic energy ∆Uel, the rate of change of internal “plastic” energy ∆Upl and the
rate of change in surface energy ∆Uγ with the extension of the crack.

∆W = ∆Uel +∆Upl +∆Uγ (8.1)

This empirical/graphical approach, allows one to calculate the energies associated
with crack propagation. Adapted for the DT geometry, this technique makes use
of cyclic loading and unloading where Jel, Jpl and JR are obtained experimentally
from the areas between the loading and unloading curves for crack extension
area ∆A. In other words the work done by the mechanical testing machine is
measured. If ∆A is small, this energy divided by ∆A is equivalent to the crack
growth resistance JR. In Figure 8.1 ∆πJ and ∆πp are the linear elastic and non-
linear plastic contributions to πR respectively and Wwof is the work of fracture
as a function of advancing crack length according to

JR ≡ area(BAED) =
∆πR

∆A
=

∆

∆A
(W − Uel)c (8.2)

Jel ≡ area(BAE
�) =

∆πJ

∆A
=

∆

∆A
(W − Uel − Upl)c (8.3)

Jpl ≡ area(BE
�
ED) =

∆πp

∆A
=

∆Up

∆A
(8.4)

2Wwof =

�
S

0 JR(A)dA

A
(8.5)

∆A is approximated by ∆A = ∆a ·d, as the crack front shape has been previously
shown to remain constant for the DT specimen geometry in a range of materials
[91, 105, 31, 35, 172, 95].

The J-integral represents the strain energy release rate or energy per unit fracture
surface area in a material and may be measured here as the fracture resistance
JR. JR represents the energy required to propagate the crack complete with FPZ
and wake region. The above methodology establishes the difference between the
linear and non-linear contributions to JR. Jel represents the energy associated
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Figure 8.1 – Illustration of idealised load vs. cross head displacement for an
elastic plastic body (EPFM) for the evaluation of Jel, Jpl, JR and wwof using the
DT technique. Loading and unloading paths are shown as ↑ and ↓ respectively.

with the formation of the macro-crack. The slope of the loading and unloading
curves is solely dependent on the specimen compliance, which is only dependent
on the crack length on the DT geometry. Hence, the hysteresis is a measure
of the energy lost due to “plasticity”, or more correctly the irreversible energy
dissipation.

Given that Sakai reported up to 40% irreversible, so called “plastic”, energy dis-
sipation during fracture in Chevron Notched specimens [14] and the scatter of
reported fracture toughness, a measure of the elastic linear contribution can pro-
vide a more reliable measure of the fracture toughness as the “plastic” contribution
may not necessarily be a material constant. In some cases the non-linear plastic
contributions in JR, for example in metallic materials, are said to be geometry
dependent [6, 173]. This is discussed later. The adapted methodology outlined
above for determining fracture resistance values JR will be referred to as the DT
methodology in this text.
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8. The Mechanisms of Crack Propagation and Failure

8.1.3 R-curve

One way to more realistically characterise the crack propagation behaviour of
quasi-brittle materials is by determining the R-curve of the given material [166].
The R-curve behaviour of several artificial graphite grades, including IM1-24, have
been previously investigated [14, 4, 15, 16]. The R-curve is a measure of crack
propagation resistance with respect to crack extension and to obtain this curve
experimentally, stable crack growth is required. Albuquerque et al. [39] were
the first to discuss the R-curve behaviour using the DT technique. The material
tests made use of a ceramic tile material. They refer to their methodology as
the energetic method and, similar to Sakai’s methodology, they calculate the
area underneath the load displacement curve. However, they do not use the
loading and unloading methodology and simply assume perfect linear elasticity
and hence take their zero load-displacement point as the unloading point, i.e. the
lower reversal point. The EPFM adapted DT methodology, however includes the
lower reversal points and thus incorporates non linearity.

The evaluation of the R-curve behaviour was attempted at three different starter
notch lengths of 20 mm, 40 mm and 60 mm respectively at slow cross head speeds
of 0.1 mm/min. The adapted DT methodology in conjunction with JMAN was
employed to categorise the R-curve behaviour accordingly.

8.1.4 Detecting and Measuring Crack Propagation

Three crack tip monitoring techniques were employed. The first method utilised a
microscope mounted on a sliding mechanism, which enabled the measurement of
crack lengths to 0.2 mm accuracy. This rather crude method was useful for observ-
ing the crack tip for compliance calibration tests. Further monitoring methods
were the Electronic Speckle Pattern Interferometry (ESPI) and DIC techniques.
These were primarily used for damage and crack propagation observations (Chap-
ter 7), however they also provided the ability to undertake accurate crack length
measurements. It is worth mentioning that the maximum crack extension in the
DT geometry occurs on the tensile surface due to the way the specimen is loaded.
Thus, measuring the crack length on the surface provided sufficient information
for compliance, VK relationship data and R-curve investigations. Crack propaga-
tion could also be monitored, in experiments of this type, by a fall in the applied
load according to ASTM E1820. This is discussed further at a later stage in this
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chapter.

8.2 Crack Propagation Characteristics

The investigation of the crack propagation characteristic is split into three sec-
tions; the first section discusses general observed crack propagation aspects and
the compliance calibration. This is followed by LEFM results, where the deter-
mined fracture toughness and VK relationship properties are given. The EPFM
results are given followed by discussion.

8.2.1 Controlled Crack Propagation

An example of a load-displacement curve at a ramp rate of 4 mm/min obtained
through application of the DT technique is shown in Figure 8.2a. A cyclic load
displacement curve is shown in Figure 8.2b. Note the hysteresis of this curve indi-
cates the aforementioned irreversible energy dissipation, believed to be a result of
the FPZ and the wake region. Figure 8.2b was used to calculate the compliance
relationship and the adapted DT methodology.

One of the distinguishing observations in the two figures, besides the constant
load plateau, is so called “crack-jumping” behaviour. Crack-jumping behaviour
has been defined in ASTM E1820 as unstable crack growth spurts, represented
as a sudden load drop of more than 5% on the load displacement curve. These
load drops were found to be in the order of 9% here. In concrete crack-jumping
behaviour has been said to occur due to the linking of micro-cracks, which results
in sudden unstable propagation. Since the DT technique enjoys a crack length
independent SIF, this sudden propagation remains somewhat controlled.

The significance of this observation is the statistical scatter of the peak load point
prior to the crack-jump or sudden load drop. These will result in large variations

Material Compliance (mm/N)
NBG10 (Parallel) C = 3.59 � 10−3a+ 1.35 � 10−3

NBG10 (Perpendicular) C = 3.45 � 10−3a+ 1.32 � 10−3

IM1-24 C = 4.19 � 10−3a+ 1.58 � 10−3

Table 8.1 – Experimental compliance relationship obtained for the two considered
graphite grades
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8. The Mechanisms of Crack Propagation and Failure

in fracture toughness, since these are a function of the peak load. More so, the
crack propagation for each loading and unloading cycle varied significantly and,
as such, the experimentally determined JR, Jel and Jpl values will be effected
similarly.

8.2.2 Compliance Relationship

The compliance relationship for the DT specimen was determined according to
Chapter 5 and is listed in Table 8.1. The values compare well to the DT’s analyt-
ical compliance relationship for the elastic constants stated in Chapter 5 (within
2%).

The obtained compliance data fits the DT linear compliance well. The compliance
relationship was used for LEFM SIF calculations and VK relationship data.

8.2.3 LEFM Assumption

The linear elastic parameters, KIc and GIc, and VK relationship data were de-
termined and stated accordingly below. The methodology and procedure was
according to the DT evaluation undertaken in Chapter 5.

Fracture Toughness

The critical strain release rate energy GIc, assuming LEFM, was calculated and
the equivalent fracture toughness KIc was found. It is worth mentioning that in
Chapter 5 a critical review of the DT technique was undertaken, which concluded
that Evans’ model with large deflection correction (LDC) yielded the most accu-
rate values for the strain energy release rate and hence fracture toughness. As
such this procedure was used here.

The results are tabulated in Table 8.2. KIc values are between 2.1 and 2.6 MPa√m
for the different graphite grades and orientations as an 63% average. Since large
scatter is experienced due to the aforementioned crack jumping behaviour a sta-
tistical Weibull approach (a normal distribution of scattered data approach) was
utilised to represent the LEFM data in Figure 8.3. The typical Weibull curve was
evaluated according to Stienstra and Anderson’s three parameter Weibull distri-
bution model [6]. The Weibull parameter is a weakest link mechanism where
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(a)

(b)

Figure 8.2 – Load displacement curves in (a) constant displacement rate of 0.1
mm/min and (b) cyclic displacement rate at 0.1 mm/min for NBG10 graphite
(perpendicular orientation). The dashed lines repesent a linear load-displacment
fir.
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Material GIc KIc Weibull Weibull Kmin

(J/m²) (MPa√m) slope (MPa√m)
NBG10 (Parallel) 450±40 2.1 4 1.75
NBG10 (Perpendicular) 480±30 2.3 4 2.1
IM1-24 480±50 2.6 4 2.2

Table 8.2 – LEFM fracture toughness data and Weibull parameters. The Weibull
slope has been defined as 4 for KIc data [6].

failure, controlled by KIc in this case, is a statistical distribution of the experi-
mentally obtained fracture toughness data.

It was found that NBG10 in the parallel orientation has a lower fracture toughness
to that of the perpendicular orientation. This is explained by the lower fracture
load. The statistical distribution in Figure 8.3 shows larger scatter for NBG10
in the parallel orientation. The basis of the Weibull approach is probability for
initiation and propagation, so that, when a flawed structure is subjected to an
applied SIF, the micro-cracks may or may not initiate in a favourable orientation
and location. In graphite this was shown to be the case. Initiation of the macro-
crack was shown to be governed by the weakest link mechanism (Chapter 7). It
may be concluded that the probability for a weakest link mechanism is relatively
more likely in the parallel orientation and IM1-24. These findings are in agreement
with the crack propagation observations where cracking in the parallel orientation
was predominantly associated with the linking of larger micro-cracks.

IM1-24 has the highest LEFM fracture toughness of 2.6 MPa√m. These LEFM
determined fracture toughness values are significantly higher than those reported
in literature, which were determined through other testing techniques (Chapter
3).

Crack Velocity vs. Stress Intensity

The load relaxation technique and constant displacement technique were both
used to determine the VK characteristics of the graphites. The critical review
of the DT technique in Chapter 5 has found reliable VK data for homogeneous
materials (PMMA). However, the aforementioned crack jumping behaviour of
graphite resulted in very short relaxation periods (Figure 8.4a). This resulted in
limited VK data. However, despite this material shortcoming, an attempt was
made to solve for the VK data within the short relaxation period.
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Figure 8.3 – Fracture toughness data for NBG10 (perpendicular and parallel ori-
entation) and IM1-24. The data have been fit to Stienstra and Anderson’s [6] three
parameter Weibull distribution. These parameters are given in Table 8.2.

Material VK slope
n

NBG10 (Parallel) 315±40
NBG10 (Perpendicular) 210±30
IM1-24 340±40

Table 8.3 – Summary of recorded VK parameters.

The results are shown in Figure 8.4b for crack propagation perpendicular and
parallel to the preferred grain direction in NBG10 and for IM1-24. The linear
log-log relationship quantifies the sub-critical crack growth index. The load relax-
ation data shows decreasing gradients of the VK relationship, with most stable
cracking in IM1-24, followed by the perpendicular and parallel orientations of
NBG10. This trend is also seen in the constant displacement tests, although the
data is more scattered. These VK relationships reflect the coarse nature of the
material through short relaxation periods and limited crack propagation. It is
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8. The Mechanisms of Crack Propagation and Failure

worth mentioning that Figure 8.4b may be utilised as a performance comparison
tool, where IM1-24 characteristics are perhaps most desirable as cracking is most
stable at a higher SIF.

8.2.4 EPFM Assumption

The EPFM values for JR, Jel and Jpl were determined using the adapted method-
ology and the JMAN methodology. The values of JR, Jel and Jpl reach a plateau
following the onset of crack propagation (Figure 8.5a). This was expected as the
DT technique was designed to provide a plateau of constant crack driving force.
The energy enclosed by the loading and unloading cycles per crack extension
area was used to calculate JR, Jel and Jpl, according to the modified DT method.
The aforementioned crack-jumping behaviour caused sudden load drops and ir-
regular crack extensions, which resulted in significant variability in macro-crack
extensions. In some cases small macro-crack extensions are associated with large
non-linearity, attributed to micro-cracking. As a consequence, large scatter was
observed in the calculated Jpl and hence JR values. However, consistent values
for Jel were achieved for both materials. This is shown in Figure 8.5b where, like
with the LEFM results, the Weibull distributions are shown for Jel and Jpl.

There was no significant difference for Jel in the NBG10 parallel and perpendicular
directions. IM1-24, which has an entirely different micro-structure, also exhibited
a very similar elastic fracture contribution. This suggests that Jel is a measure of
the fracture resistance of the graphite itself, and excludes the non-linear effects.
Plotting data for JR and Jel vs. Jpl (Figure 8.6) shows the convergence to a
fracture resistance of 240 J/m² and 250 J/m² for NBG10 and IM1-24 respectively
(i.e. at zero plasticity). This is equivalent to a SIF of around 1.2 - 1.3 MPa√m
for both materials.

The convergence in Figure 8.6 shows that crack propagation in graphite is accom-
panied by significant non-linear effects. This is in agreement with the ESPI and
DIC observations of the FPZ and the wake region, and the irreversible energy
dissipation shows that a plateau region with crack growth exists, indicating that
the FPZ remains somewhat constant once established.

At this point, fracture in graphite may be understood as a primary or macro-crack
with the irreversible energy dissipation due to the FPZ and wake region, which
can contribute up to 50% in energy dissipation in the considered graphite grades.
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(a)

(b)

Figure 8.4 – (a) Relaxation curve used to determining VK data in NBG10 graphite
(perpendicular orientation), showing the specimen and the background relaxation.
(b) VK data (log-log scale) of NBG10 in the parallel and perpendicular direction
and IM1-24. Data are shown for both the constant displacement and load relaxation
methods.
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There is an additional observation that needs consideration though. The scatter
in Jpl shows a large variation in the “plastic” effects during the propagation of
the macro-crack, which strengthens the aforementioned weakest link argument.
The large statistical variation of Jpl and relatively insignificant variation in Jel

demonstrate the fundamental cracking behaviour of graphite. When a graphite
structure is subjected to an applied load, micro-cracks may or may not initiate
near pores or grain boundaries. What the criterion is (for the initiation of such
flaws) is not known at this stage, however the orientation and location plays
an important role. A macro-crack develops and propagates only when sufficient
micro-cracking is present. The macro-crack can be seen as a weakest link mech-
anism that is dependent on the availability of micro-cracking and wake region
effects. Hence, cracking in graphite is a function of the energy lost due to the
micro-cracking ahead of the crack tip, and crack-bridging, branching and arrest-
ing in the wake region, rather than primary crack associated with micro-cracking
and the wake region. In other words, the amount of “plastic” energy dissipated
during fracture is dependent on the micro-structure and orientation, and possi-
bly other conditions such as load configuration, test geometry, etc. where the
so-called elastic contributions are a material property in itself.

This hypothesis can be demonstrated comparing the plateau region of NBG10
specimens that were cracked in the parallel and perpendicular directions. It
has been shown that the specimens in the parallel direction experience larger
plasticity effects. The values of Jpl differ by approximately 8% with orientation,
making the fracture resistance higher in the parallel orientation. The Jel values,
however, are similar. The grain orientation in the parallel orientation is with
the crack propagation direction, making it more favourable for micro-cracking.
The DIC observations have shown this, where micro-cracking and crack bridging
effects are more prominent in the parallel direction (Chapter 7). Hence, the FPZ
may be seen as more pronounced and less stable, where macro-crack propagation
is predominantly governed by crack bridging of larger micro-cracks. The slow
crack growth analysis supports the above argument in demonstrating that crack
growth in the parallel direction is relatively less stable. As such, the difference
in fracture behaviour between the two orientations is only dependent on the
irreversible energy loss due to micro-cracking and wake effects. IM1-24 shows the
largest “plastic” energy dissipation during propagation, with its Jpl being 16%
greater than the mean NBG10 value.
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(a)

(b)

Figure 8.5 – Data for JR, Jel and Jpl vs. crack length in IM1-24, NBG10 in
the parallel orientation and NBG10 in the perpendicular orientation. (a) Data
from the 20, 40 and 60 mm notched specimens is represented by solid, half and
open symbols respectively. (b) Data fitted to Stienstra and Anderson’s [6] three
parameter Weibull distribution. These parameters are given in Table 8.4.
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Material JR Jel Jel−min Jpl Jpl−min

(J/m²) (J/m²) (J/m²) (J/m²) (J/m²)
NBG10 (Parallel) 480±50 265 250 185 95
NBG10 (Perpendicular) 480±30 260 250 140 85
IM1-24 450±40 260 255 170 115

Table 8.4 – EPFM JR, Jel and Jpl data and Weibull parameters. The Weibull
slope has been defined as 2 for J parameters [6].

R-curve behaviour

The R-curve behaviour in the form of J versus the relative crack extension is
shown in Figure 8.7. These data for the fracture resistance, JR, were obtained by
application of JMAN (Chapter 6) to the displacement fields from DIC and also
using the DT methodology described above. Various initial notch lengths of 20,
40 and 60 mm were used. In the JMAN analysis, the contour was taken in the
elastic region, outside the observed FPZ. Examination of several contours showed
the values to be path independent in this region. The uncertainty in the DIC
calculated displacement field (for the large interrogation window used of 128x128
pixels) was 0.005 mm, which resulted in an error of the calculated J of less than
0.05%. The data are compared in Figure 8.5a, which shows no effect of the initial
notch length.

Both methods for determining the R-curve behaviour are in agreement, and the
two methods are shown to be equivalent. The advantage of the JMAN method-
ology is the ability to continuously measure JR at very short crack extensions,
which proves difficult for the DT methodology. However, the reliability of JMAN
depends on the accuracy of the DIC calibration (Chapter 6), and the DT method-
ology can be easier to apply.

The common characteristics of R-curves are observed, i.e. rapidly rising initial
behaviour (Stage I to II in Figure 8.7) followed by a plateau or slowly rising region
(Stage II to III in Figure 8.7). The value of J-integral at initiation, at which crack
propagation begins from the notch, is around 65 J/m² (±6) and 72 J/m² (±8)
for NBG10 in the perpendicular and parallel orientations respectively and 105
J/m² (±12) for IM1-24. A J initiation value has previously been reported as 108
J/m² for IM1-24 [15]. No significant effect of cross head displacement rate on
the R-curve was observed. These observations, when combined with the DIC and
ESPI observations of the FPZ (Chapter 7), show that the formation of the FPZ

173



Univ
ers

ity
 of

 C
ap

e T
ow

n

Thorsten H. Becker

Figure 8.6 – Relations between non-linear fracture toughness parameter JR, Jel
and the plastic energy dissipation Jpl.

is coincident with the initial rise in the R-curve, and hence controls J initiation.

Figure 8.7 also shows a more slowly rising initial R-curve for the parallel ori-
entation compared to the perpendicular crack system in NBG10. This may be
explained by less extensive micro-cracking perpendicular to the macro-crack ex-
tension direction in comparison to the parallel orientation, and hence a lower
work of fracture in the FPZ. The slow crack growth analysis supports the above
argument in demonstrating that crack growth in the parallel direction is less
stable.

As the propagating FPZ is observed to be constant in size, the continuously rising
R-curve (Stage II to III in Figure 8.7) may be due to frictional contact, caused
by the crack tortuosity that forms a bridging zone in the wake of the crack [40].
This is in agreement with Sakai [14], who also concluded that the formation of
a plateau suggested the length of the bridging zone had stabilised. Inspection
of Figure 8.7 suggests that this length is approximately 35 - 40 mm (after III)
in the DT specimens tested. In IM1-24 this zone was previously estimated by
Fazluddin [16] to have a length of 2 - 2.5 mm in bend specimens and 6 to 7 mm
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in CT specimens, 55 mm in CT specimens by Hodgkins [4] and 9 – 11 mm by
Ouagne [15]. It has been shown by Fuller [31] that contact stresses develop in the
DT geometry, which would affect frictional contact. Thus, crack bridging and its
contribution to the R-curve may differ from other specimen geometries, such as
compact tension and bend.

8.3 Re-analysis of Hodgkins, Ouagne and
Fazluddin’s Gilsocarbon Data

It has been established that the application of LEFM to characterise graphite
fracture has limitations due to non-linearity. As a result the focus to characterise
fracture in graphite has been shifted to EPFM. As previously discussed, the
damage in the FPZ was shown to contribute up to 50% to the fracture resistance,
and the rising R-curve behaviour is strongly influenced by the formation and
propagation of the FPZ and crack tip wake region. Given that the FPZ is not
small compared to the specimen dimensions (the reader is referred to Chapter 7)
the FPZ plays an important role in graphite fracture.

Currently in literature, most fracture characteristic data is available for IM1-24
graphite. Such examples are Hodgkins [4], Ouagne [15] and Fazluddin [16]. Both
Hodgkins and Ouagne assumed non-linear fracture mechanics to characterise IM1-
24 and utilised Sakai’s graphical approach to empirically find JR, Jel and Jpl

parameters. Similar to the DT geometry, a plateau region was observed in these
CT specimens, during which the crack growth resistance was constant. This
plateau region, though relatively shorter than the plateau region obtained with
DT, is indicative that a constant FPZ and wake region exists. Their results
are tabulated in Table 8.5. It is worth mentioning that Hodgkins results were
re-analysed (from the provided load-displacement plots) as only a JR parameter
was provided.

Table 8.5 indicates that the elastic contribution to fracture, i.e. the energy lost
due to the macro-crack propagation, is within reasonable agreement, indicating a
energy requirement of approximately 230 J/m². The overall fracture resistance JR
and non-linear “plastic” contributions Jpl show large variations in experimentally
obtained results. It follows that, if indeed the elastic contribution to fracture
remains constant for various geometries and sizes, the plastic contribution de-
pends on the specimen configuration and size. Previously, size effects have been
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Figure 8.7 – Typical R-curve behaviour determined in NGB10 (parallel and per-
pendicular) and IM1-24. The data obtained independently by the JMAN and the
adapted DT methodologies are compared.
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Geometry W B JR Jel Jpl

Ouagne [15] CT 50 15 268 208 60
Hodgkins [4] CT 100 50 310 230 80

CT 50 20 300 245 55
CT 45 30 280 230 50

Fazluddin [16] CT 48 10 ≈ 410 - -
SENB 12 10 ≈ 280 - -

Becker (this work) DT 50 4 440 250 190

Table 8.5 – Comparison of EPFM data from literaturevfor Gilsocarbon.

discussed in quasi-brittle materials such as concrete [21, 166], where it was con-
cluded that in smaller test geometries, such as the DT geometry, non linear effects
are dominant due to the relatively large FPZ [166].

The differences in reported FPZ and wake region cause some concern when using
conventional EPFM. The R-curve is said to be crack tip wake and FPZ dependent,
and since a range of wake region lengths have been reported, it suggests that the
R-curve behaviour is geometry dependent in graphite. Again, this has shown to
be the case for quasi-brittle materials [174] and it is clearly shown to be the case
for graphite in Figure 8.8. The figure compares the IM1-24 R-curve behaviour of
several specimen geometries, namely the DT geometry (evaluated in this work),
Compact Tension (CT) geometry and Single Edge Notched Beam (SENB) evalu-
ated by Fazluddin [16] using a potential drop system, optical method and elastic
compliance, and Hodgkins using Xray tomography [19]. The R-curves curves
show a similar trend; a rapidly rising initial behaviour followed by a plateau or
slowly rising region, however, the magnitude and steepness varies significantly.
The DT obtained R-curve, which is found to have a FPZ of approximately 8 -
10 mm and a wake of 35 – 40 mm, shows a more rapidly and continuously rising
R-curve behaviour compared to that of the CT geometry, which is found to have
a FPZ of approximately 6 mm [4, 16] and the SENB, which is found to have a
FPZ of approximately 2 - 3 mm [16].

There is however an additional consideration which needs to be mentioned which
concerns the assumption of plane stress vs. plane strain. The critical SIF (the
fracture toughness) is only a material constant when certain conditions are met.
For LEFM conditions, the plastic zone must be small compared to the specimen
thickness in order to achieve plane strain conditions at the elastic-plastic interface
[6]. Only then is the fracture toughness a true material property. Similarly, there
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Figure 8.8 – Typical R-curve behaviour determined for IM1-24. The data obtained
independently by the JMAN and the adapted DT methodologies are compared.

Figure 8.9 – Suggested effect of specimen thickness on recorded fracture resistance
in IM1-24.
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is no reason why this requirement should not be met in plastic fracture (i.e.
ductile behaviour) [6]. The following conditions have been proposed for materials
that undergo significant plastic yielding during fracture [175]

d = 25 ·
�

J

σty

�
(8.6)

According to this thickness criterion; when the plastic zone reaches a significant
fraction of the plate thickness, the stress state at the edge of the plastic zone
is plane stress, however, plane strain conditions may persist at the crack lip,
deep inside the plastic zone. With further plastic deformation, however, the level
of stress triaxiality at the crack lip relaxes. A lower degree of stress triaxiality
usually results in a higher toughness, hence a small specimen thickness (relative
to the plastic zone size) corresponds to a nominally plane stress fracture. The
through-thickness constraint can, in addition, influence the shape of the R-curve,
particularly for ductile materials. The R-curve for a material in plane stress is
often much steeper than the plane strain R-curve for the same material. Some
materials have a relatively flat plane strain R-curve, resulting in toughness that
is single valued, while the plane stress R-curve rises with crack growth [6].

This trend may have been observed for the reported IM1-24 results, as shown in
Figure 8.9. The DT geometry, being the thinnest of the geometries considered,
achieved the highest fracture resistance (compared to that of a ten times thicker
specimen).

However, to satisfy the thickness criterion, assuming Equation 8.6 is valid, a spec-
imen thickness of approximately 0.5 mm is required for plane strain conditions for
IM1-24 (as shown in 8.6). In addition, the thickness criterion fails to account for
the difference in results obtained for “same-thickness” specimens with a different
geometry (for example the difference in JR between the CT and 3PB configura-
tion in Table 8.5). Thus, there are complex phenomena occurring during fracture
which need further consideration.

8.4 Understanding Fracture in Graphite

It was demonstrated that the fracture behaviour of graphite deviates significantly
from the predictions of the LEFM. The reported LEFM fracture toughness data
for graphite show large differences, from 0.83MPa√m (disk compact tension [78])
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1.2 MPa√m (SENB) [45] to 2.3 MPa√m (DT geometry). The primary reason
for the observed deviation of the behaviour of artificial graphite from the LEFM
prediction is the formation of an extensive FPZ ahead of a pre-existing notch or
crack. It was shown in Chapter 7 that the material in this zone progressively
softens due to micro-cracking. It was seen in the previous sections that the
pre-peak and post-peak non-linearity are primarily a result of micro-cracking.
This process has a major influence as it reduces the flux of energy that can
be released into the macro-crack-tip while simultaneously increasing the overall
fracture surface area and thereby the energy dissipation. Another feature, which
contributes to the overall fracture behaviour, is frictional sliding in the crack wake
region. These have been discussed in Chapter 7.

It follows that the fracture criterion must be capable of describing such behaviour
and include in it a description of the irreversible energy dissipation processes.
Thus, fracture characterisation necessitates non-linear criterion. Such non-linear
parameters can be characterised under the assumption of EPFM, which make it
possible to distinguish plasticity from crack growth. These parameters, such as
the J-integral, have shown the ability to account for these processes and R-curve
behaviour can successfully describe the entire crack initiation and formation pro-
cess in metallic materials. Here, the flow of energy to the fracture process is
restricted by the growth of the plastic zone, which effectively acts as a tough-
ening mechanism [176]. However, it is worth distinguishing non-linear fracture
applicable to ductile materials from that applicable to quasi-brittle materials,
such as graphite. This is because in ductile materials the FPZ, though small, is
surrounded by a large nonlinear plastic zone, whereas in graphite the FPZ prac-
tically occupies the entire zone of non-linear deformation and a so called “plastic”
zone is practically absent. The non-linear zone is the FPZ and the crack wake
region. Its size is essentially, though not exclusively, a property of the material
and is governed by the dimensions of the inhomogeneities in the micro-structure
[177]. As a consequence its size has often been viewed as a constant, however, it
was shown that this is not the case.

The reported FPZ size varies significantly between SENB, CT and DT geom-
etry from around 2 - 3 mm to 6 - 7 mm to 8 - 10 mm respectively. Further,
the wake region varies considerably between these geometries and it follows log-
ically that these processes are dependent on the specimen geometry and not a
material constant. It is however worth mentioning that the methodologies, which
have been used to obtain these approximations, are different. Fazluddin approx-

180



Univ
ers

ity
 of

 C
ap

e T
ow

n

8. The Mechanisms of Crack Propagation and Failure

imated his FPZ and wake region through a potential drop system and Hodgkins
approximated his FPZ and wake region from X-ray tomography observations.

This is not the first time that a size effect was discussed in graphite fracture. A
paper by Romanoski and Burchell [78] observed a substantial scatter in standard
KIc values from various geometries including the CT, Disk Compact Tension
(DCT), short rod and CNSR specimens amongst others. Additionally they tested
various sizes of CNSR specimen and concluded a strong dependency on size. The
material tested was IG-110, H-451 and S-2020. Size effects in R-curve behaviour
were also noticed by Fazluddin, but were not discussed further [16].

The behaviour of graphite appears to be very similar to that of other quasi-brittle
materials such as concrete. Fracture, for example in concrete, is associated with a
FPZ in which extensive micro-cracking results in irreversible energy dissipation.
Cracking is predominantly associated with a weakest link process of coalescence of
micro-cracks in the FPZ and bridging, branching and crack arresting mechanisms
in the wake region. These mechanisms have been identified as part of quasi-brittle
fracture and at this point it seems almost trivial to suggest the use of quasi-brittle
fracture methodologies for graphite fracture characterisation.

In quasi-brittle materials size effects have been discussed extensively. Size effect
is a term used to describe the apparent fall in nominal strength observed in many
quasi-brittle materials when nominally identical specimens of larger size are tested
[177]. To date it is understood that if the size of the zone is sufficiently small,
relative to the dimensions of the specimen, then LEFM provides suitable charac-
terising parameters (Gc & Kc); if the zone encompasses a considerable amount
of the effective length of the specimen, then other non-linear assessment tech-
niques are required. It is reported that under these circumstances, the fracture
behaviour cannot be characterised by a single parameter with the conventional
elastic or elastic-plastic fracture mechanics approach [177]. An account must be
taken of the effects of the FPZ and wake region [178]. It is for this reason that
the non-linear parameter JR or R-curve is an erroneous fracture parameter in
quasi-brittle materials, and hence nuclear graphite.

The work undertaken in this chapter cannot be completely dismissed. The experi-
mental program has facilitated for the understanding and realisation of the short-
comings when analysing graphite fracture using EPFM. The parameters, which
have been obtained, can provide useful fracture parameters which are utilised in
the next chapter.
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8.5 Summary

This chapter presented the fracture characteristics of graphite obtained through
the use of the DT technique. The DT technique was successfully applied in the
study of crack propagation, which included slow crack growth characterisation
of NBG10 and IM1-24. As with the observations of mechanisms associated with
crack growth, NBG10 was investigated in the parallel and perpendicular extrusion
direction. Through the use of the DT technique, stable crack growth at a constant
driving force were attained over relatively large crack length (up to 75 mm). These
made it suitable for the measurement of fracture characteristics of quasi-brittle
materials, which experience non-linearity due to micro-cracking in the fracture
process zone and crack bridging in the wake.

A modified approach to the DT methodology was proposed. The use of a graph-
ical analysis, of loading/unloading force-deflection curves, enabled the ability
to measure the non-linear fracture characteristics as a J-integral parameter (as
shown in Figure 8.1). Evaluated were the elastic and so called “plastic” or non-
linear contributions to fracture. In addition, an analysis of the displacement fields
ahead of the crack tip, using the JMAN method (introduced in Chapter 6), was
used to calculate the J-integral during crack initiation and propagation. The
independent analysis of the modified DT methodology and the JMAN method
gave the same results.

The values of JR (the fracture resistance), Jel (the elastic contribution) and Jpl

(the plastic contribution) reach a plateau during crack propagation (as shown
in Figure 8.5a). This was expected as the DT technique enjoys a constant load
plateau of constant crack driving force. No significant difference was found for the
elastic contribution in NBG10, in the parallel and the perpendicular orientation,
and IM1-24, suggesting that this is a measure of the fracture resistance of the
graphite material itself, and excludes the non-linear, so called “plasticity” effects.
Similarly, these “plastic” energies show the same plateau region indicating that
the FPZ remains constant once established. This behaviour is in agreement with
the ESPI and DIC observations of the FPZ. However, significant large scatter
in the Jpl values is noticeable (as shown in Figure 8.5b); plotting charts of JR
and Jel vs. Jpl shows convergence to a fracture resistance of Jel = 240 J/m²
for both crack orientations (refer to Figure 8.6). This is similar to the obtained
plateau value. The convergence confirms that crack propagation in graphite is
accompanied by significant non-linear effects. Comparing the plateau region of
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the specimens that were cracked in the parallel and the perpendicular direction,
we may conclude that the specimens in the perpendicular direction experience
larger plasticity effects (by 8%).

The R-curve analysis of the two materials has shown the typical quasi-brittle
R-curve behaviour. This is consistent to the development of the FPZ and crack
wake effects. The application of JMAN on NBG10 graphite in the parallel and
perpendicular orientations show these to have the similar initiation toughness
of around 65 J/m² and 72 J/m² for the perpendicular and parallel orientations
respectively. IM1-24 was found to have an initiation toughness of 105 J/m²
(Figure 8.7).

Comparison between of the obtained R-curves shows a more sharply rising R-
curve for NBG10 in the parallel oriented crack system and IM1-24. This suggests
that micro-cracking and crack bridging effects are more prominent and further
suggests differences in the way the FPZ fractures.

Comparison of the R-curve data with other data available in literature, suggests a
geometry dependent fracture behaviour, where the non-linearity due to the FPZ
and the wake effects result in variations of the apparent fracture toughness (as
shown in Figure 8.8). It was found that the reported FPZ size varies significantly
between various geometries showing a relationship between the non-linear fracture
behaviour and the FPZ and wake region size. It was identified that the observed
and measured behaviour is very similar to that of other quasi-brittle materials, for
example concrete. In these a clear size effect on geometry has been established and
fracture cannot be categorised by conventional elastic plastic fracture mechanics.
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Chapter 9

Further Discussions

and Modeling Graphite Fracture

Throughout this thesis each chapter has been written with the intent to be self
contained; providing an introduction, the main subject matter and relevant dis-
cussions. This chapter maintains a similar format, yet aims to provide further
discussions on the previous chapters, highlighting important issues and conclu-
sions. It intends to link the four main aspects of this thesis; the Double Torsion
(DT) technique, the proposed JMAN methodology, the failure observations and
the measured fracture parameters. In addition, this chapter intends to develop
on the experimental graphite fracture programme by comparing the observed
and measured characteristics to that of other quasi-brittle materials and their
appropriate fracture models. From these existing quasi-brittle fracture models
a model for nuclear graphite is formulated and presented. A discussion on the
understanding of the failure of nuclear graphite components is formulated.

It is worth mentioning that the formulation of a graphite fracture model is in itself
a broad topic and beyond the scope of this PhD. The formulation presented in this
chapter is a proposal of a methodology to model and predict graphite fracture.
The intention is to show that graphite behaves like a quasi-brittle material and
quasi-brittle failure models exist that can adequately describe graphite fracture.
The model presented shows a good correlation to available experimental data
from Hodgkins [4] and Fazluddin [16].
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9.1 Introduction

As it has been stated in the introduction, polycrystalline graphite has in recent
years attracted considerable attention regarding the structural assessment of its
material behaviour. Earlier failure models included a Weibull analysis approach,
whereby failure is governed by a weakest link process [179] and linear elastic
fracture mechanics (LEFM) models [42]. Subsequent attempts have included
some Finite Element (FE) models, which included Burchell’s micro-structural
based fracture model [41], and Zou et al’s. numerical simulation of moderator
bricks [180]. With the understanding that the fracture of polycrystalline graphite
is associated with extensive micro-cracking and irreversible slip formations along
the basal planes, most recent attempts to model fracture in graphite (including
Chapter 8 in this work) have associated fracture with non-linear, elastic plastic
fracture mechanics (EPFM).

With the aim of this thesis being the contribution to the understanding of graphite
fracture, it utilised the Double Torsion (DT) geometry together with optical ob-
servation techniques (Digital Image Correlation, DIC, and Electronic Speckle
Pattern Interferometry, ESPI) and optical analysis techniques (JMAN) to ob-
serve and measure the fracture behaviour of graphite. The successful application
of the DT geometry and the JMAN methodology enabled the characterisation
of graphite fracture mechanisms. These are discussed below, in the order of the
thesis aims described in Chapter 4.

9.2 The Validity of the DT Geometry

The DT technique was shown to be a valid test geometry, however, the common
assumption of crack length independence is limited by the loading configuration,
the specimen geometry and material. The discrepancies of a crack length inde-
pendent Stress Intensity Factor (SIF) can be attributed to non-linearity of the
compliance relationship, which is commonly assumed to be linear. The linear
compliance relationship arises due to the assumption that only the torsional de-
formations of the broken ligament halves contribute to the specimen’s compliance.
This, however, does not hold true. DIC verified the FE model prediction that
the unbroken ligament deforms considerably together with large deflections at
the loading points, resulting in the non-linearity of the compliance relationship.
What makes the the DT configuration complex is that the changes in the loading
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configuration due to large deflections at the load points result in a continuously
decreasing compliance and the deformations of the un-cracked ligament result in
a continuously increasing compliance. It may well be that in some cases these
effects cancel each other out, resulting in a nearly linear compliance and an effec-
tively crack length independent system. Indeed, some investigators have obtained
repeatable data with Evans’ conventional method using a long thin specimen with
a 3W : W : 0.8W configuration. Despite this, the applicability of the DT ge-
ometry for graphite analyses was believed to be excellent, due to its ability to
facilitate for test conditions that allowed for stable crack initiation and propaga-
tion, whilst enabling for easy crack tip observations, due to the way the specimen
is loaded.

9.3 Digital Image Correlation and the Develop-
ment of JMAN

To compliment the DT technique, optical observation and measurement tech-
niques were utilised. This utilised the DIC technique and the development of
a novel approach to calculate the J-integral by DIC displacement field measure-
ment, called JMAN. What makes JMAN novel is its ability to calculate the energy
associated with crack growth (i.e. J integral) directly from the DIC obtained im-
ages without requiring the measure of crack length. Based on a solid theoretical
foundation and being mathematically simple, JMAN discretises the displacement
field into a finite element problem enabling the determination of stresses and
strains from the known material properties. Such fields are then used to cate-
gorise fracture parameters for various material types and testing configurations.
The computation time is fast; it may be less than 0.2 seconds for a coarse mesh.
This could allow for in-situ assessment of cracks, provided that the digital image
correlation analysis to provide the displacement fields is also implemented swiftly.
This approach could, for example, provide a powerful NDT methodology for the
assessment of cracked structures under dynamic loading.

Currently, the FE discretisation in JMAN is based on a simple linear-elastic
model, hence its application is limited to observations where the displacements
can be measured in the elastic regime beyond the zone of inelastic deformation
(i.e. the fracture process zone or crack tip plastic zone). It was demonstrated, by
three examples, that for crack singularities that develop limited local nonlinear
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zones due to plasticity or micro-cracking, the linear elastic model categorises the
J-integral well. The JMAN analysis, however, could be extended to account for
plastic strains, using the currently available FE formulation for plastic behaviour
of metals, and could also be extended for quasi-brittle behaviour in other mate-
rials using appropriate and validated models. Furthermore, the JMAN analysis
may readily be developed to allow J to be decomposed into mode I, mode II
and T-stress components, and therefore to account for mode mixity or in-plane
constraint effects.

The influence of residual stress fields could also be included. The original form
of the J-integral is defined for stress and strain fields in isotropic homogenous
medium, which guarantees the path independency. As many researches have re-
cently shown, the J-integral loses its path independency in the presence of a
residual stress field (e.g. [181]). The residual stress field can arise from man-
ufacturing processes such as welding [182], heat treatment such as quenching
[183] or pre-loading the specimen such as warm pre-stressing [184]. In addition,
residual stresses have been observed in HTTR’s graphite blocks due to radiolytic
oxidation[185]. These are amongst the main causes of cracking in engineering
components. Crack closure in fatigue is another example of a residual stress field
interaction with cracks [186], where calculating the J-integral can properly define
the stress field . Methods of calculating the J-integral in the presence of residual
stress have therefore received much attention over the past ten years. For exam-
ple, modifications to the J-integral formulation have been introduced to ensure
the path independency of the J-integral even in the presence of residual stress
field (such as Jmod [187] or JEDI [188]. Such modified formulations can also be
exploited in JMAN.

9.4 The Mechanisms of Fracture in Graphite

Defects, such as micro-cracks and porosity, in the graphite matrix play an impor-
tant role in the mechanical behaviour of graphite. The properties of graphite are
influenced by its micro-, mezo- and macro-structures, which are characterised by
the number and distribution of internal pores and cracks.

The fracture process was shown by ESPI to be influenced by the porosity and
grain orientation of the material, where a macro-crack is primarily involved with
the initiation and propagation of internal micro-cracks. The DIC observations
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have indicated that during the pre-peak, non-linear phase internal flaws initiate
and propagate at existing discontinuities. These cracks are isolated and randomly
distributed, predominantly ahead of the notch tip and are orthogonal to the
tensile strain in the loading direction. It is during this phase that most damage
accumulates and ultimately the internal cracks start to localize into a macro-
crack. The propagation of the macro-crack is primarily associated with bridging
or branching through the maze of micro-flaws. Hence, for the macro-crack to
propagate a FPZ needs to be present ahead of the crack tip. It follows that the
interaction of micro-cracks also influences the macro-crack. Therefore, fracture
processes in graphite may depend primarily on the stability of these interfacial
cracks which is a function of the material structure.

These processes result in tortuosity of the macro-crack. It was shown that
crack deflection occurs when the path of least resistance is around a relatively
stronger particle or along a weak interface like a void. Other cracking mecha-
nisms, which were identified, include crack arresting, crack branching and crack
bridging. These mechanisms are important toughening processes in graphite and
cause energy dissipation through friction planes.

The fracture process can thus be seen as a function of micro-cracking damage
and not conversely, as previously believed. It is this that makes graphite fracture
comparable to those mechanisms in other quasi-brittle materials.

9.5 Modeling Graphite Fracture Using Fracture
Mechanics

The experimentally observed facts of inelastic micro-cracking mechanisms have
been shown to result in marked mechanical non-linearity in graphite behaviour. It
was recognised that the fundamental understanding of graphite failure emerges
from the recognition of the fact that graphite contains defects, such as micro-
cracks and voids, even without the application of an external load. These de-
fects grow, and new defects are formed, under load, until they reach proportions
that are likely to compromise the integrity of the structure and a macro-crack
forms/propagates. These mechanisms of fracture, predominantly observed in the
Fracture Process Zone (FPZ), are lumped together into a single term JR using
EPFM. Hence, fracture is associated with the formation, growth, and coalescence
of micro-defects on the one hand, and for the localization of macro-fractures on
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the other. The inelastic fracture mechanisms are associated with the so called
“plastic” contribution (as with plasticity in metallic materials) and the macro-
crack with the elastic contribution to JR.

There is however, another fracture mechanism that needs to be addressed. The
initiation of micro-cracks in the FPZ occurs at loads of approximately a third of
the peak load [17]. During loading of undamaged material the material in the
FPZ progressively degrades due to the microcracking until a macro-crack initi-
ates. Similarly, the wake region of an established macro-crack softens due to crack
bridging and other frictional effects. These mechanisms continuously reduce the
flux of energy that can be released into the macro-crack during the crack initia-
tion phase, while simultaneously increasing the overall fracture surface area and
thereby the energy dissipation or fracture resistance. These toughening mecha-
nisms can be characterised by the R-curve, whereby both the formation of the
FPZ and the macro-crack propagation contribute to the fracture resistance. The
R-curve can be seen as a material property and should, in essence, be applicable
for any geometry configuration and size (as long as the crack mouth opening is
in its designated mode).

Assuming that the toughening and crack propagating mechanisms are truly a ma-
terial property, the EPFM route may be applied in conjunction with the R-curve
behaviour to characterise graphite fracture. However, the analysis undertaken
in Chapter 8, strongly suggests this not to be the case. The R-curve behaviour
observed by the various geometry and specimen configurations show that the R-
curve is predominantly dependent on the size of the FPZ and the wake region.
These have found not to be constant, with the following observations:

• GIc and hence KIc seem dependent on specimen geometry and size (litera-
ture)

• Jpl and hence JR seem dependent on specimen geometry and size

• R-curve behaviour seems dependent on specimen geometry and size

however,

• Jel appears to be independent on specimen geometry and size

An additional fundamental question needs to be addressed; is a single crack or
discrete approach for measuring crack growth resistance a reasonable assumption

190



Univ
ers

ity
 of

 C
ap

e T
ow

n

9. Further Discussions and Modeling Graphite Fracture

with the knowledge that gross damage occurs at higher stress locations prior to
fracture (i.e. at a third of the failure load) and that macro-fracture is dependent
on micro-damage. The evidence found through the ESPI and DIC observations
suggests not. The resistance to pure tensile loading appears to be dominated
by de-cohesion in the FPZ. The FPZ forms a large area, in which larger micro-
cracks continuously form and close. These localised stress concentrations lead to
a progressive and localised reduction in the Young’s modulus.

Since the EFPM determined values were shown not to be a material constant
and fracture may require a non discrete approach, another approach is required.
Modern analysis techniques exist for quasi-brittle materials that allow for a size
and geometry independent formulation of the formation, growth, and coalescence
of micro-defects on the one hand and for the localization of macro-cracks on the
other. It may therefore be possible to predict, with a high degree of confidence,
the integrity of cracked graphite components and to evaluate their residual life
and safety margins using such existing quasi-brittle failure models. These models
are discussed below. A non-local damage plasticity model for concrete and other
quasi-brittle materials is proposed, which has been adapted for graphite. The
model shows good agreement with experimental data.

9.6 Modeling Failure of Quasi-Brittle Materials

The mechanisms of failure, which have been observed and measured for graphite,
are not unique. Concrete, rock and many other materials including various fiber
composites and particulate composites, coarse-grained or toughened ceramics,
ice, cemented sands, grouted soils, bone, paper, wood, wood-particle board, etc
experience similar mechanism of fracture [21]. Such materials are said to require
a different kind of fracture mechanics than ductile-brittle metals [21]. In both
metal and quasi-brittle structures of normal sizes, fracture mechanics is non-linear
due to the development of a sizable non-linear zone that develops at the fracture
process zone (FPZ). In metals most of this zone involves hardening plasticity, and
the FPZ, defined as the zone in which the material undergoes softening damage
(tearing), is quite small. In quasi-brittle fracture the plastic flow is non existent
and the non-linear zone is almost entirely filled by the FPZ (Figure 9.1, from
Ref. [20]). Further, the FPZ in quasi-brittle materials may occupy a much larger
portion of the cross-section of the structure and is often believed to be geometry
and size dependent [21].
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Figure 9.1 – FPZ in metals (left) and in quasi-brittle materials (right) (from Ref.
[20]).

Size effects in quasi-brittle fracture have been addressed by Bazant [189]. De-
pending on structure size D (understood as the dimension of the with crack
cross-section [189]) and the typical FPZ length �ch, different theories are appro-
priate for analyzing failure. These may be approximately delineated as follows
[21]

For D/�ch ≥ 100 Linear elastic fracture mechanics (LEFM)
For 5 ≤ D/�ch < 100 Non-linear quasi-brittle fracture mechanics
For D/�ch < 5 Non-local damage; plasticity models

In the last case, to be more precise, the strength-based plastic limit analysis
gives only crude engineering estimates of the small-size behavior, while accurate
analysis, at least in theory, calls for non-local damage models [190, 191].

The above categorisation for quasi-brittle materials raises an interesting point.
Chapter 8 established that polycrystalline graphite behaves like a quasi-brittle
material. It follows that the assessment of polycrystalline graphite components
in the nuclear environment, i.e. Gilsocarbon blocks in AGR reactors, would thus
require non-linear or non-local damage analysis models. Further, the DT and
Compact Tension (CT) test specimen configuration would prove hugely erroneous
when using EPFM, which explains the difference in R-curve behaviour observed
in Chapter 8. It is worth noting that fracture mechanics is not currently used
for the assessment of graphite components in reactors. At this point in time,
the failure criteria consists of a critical tensile stress, calibrated using component
specific test data.

In concrete, it was found that R-curves depend on specimen size, geometry and
initial crack length [174]. Some material of different sized Three Point Bend
(3PB) specimens have shown that infinite size and finite specimens follow the
same R-curve behaviour, but with different plateau values [174]. The same was
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observed in Chapter 8 when comparing the R-curve obtained through various
geometries and size in graphite.

It is worth mentioning that several approaches to model quasi-brittle fracture,
more specifically concrete fracture, exist. Currently, there are two main trends
to study fracture of quasi-brittle materials. These predominantly rely on the FE
method. The first are discrete models, that represent the fracture process by
cohesive elements that are inserted in a FE mesh only when the opening condi-
tion is met. Such elements can also implement contact and friction algorithms.
The second are continuum models, based on the strong discontinuity approach.
Fracture is simulated with the degradation of the bulk material.

Three models are discussed below. It is worth mentioning that the aim is not to
discuss all the models in literature available on quasi-brittle fracture. For further
reading, the reader is referred to Karihaloo [22]. The review will lead to the
formulation of the proposed graphite fracture model.

9.6.1 Cohesive Crack Models

Conceptually the simplest and one of the earlier models used to characterise the
behavior of a quasi-brittle fracture with a finite-size FPZ is the cohesive crack
model. This model is also referred to in concrete applications as the “fictitious
crack model” and has been derived by Hillerborg [192]. The basic hypothesis of
the cohesive crack model is that, for mode I fracture, the FPZ of a finite width
can be described by a fictitious line crack that transmits normal stress σ(x) and
that this stress is a function (monotonically decreasing) of the separation u (called
also the opening displacement, or opening width) shown in Figures 9.2b and (d).

σ = f(u) (9.1)

By definition, f(0) = ftu = direct local tensile strength of the quasi-brittle ma-
terial. A terminal point of the softening curve f(u) is denoted as uf ; f(uf ) = 0.
The crack wake region, in which the cohesive stresses represent the forces trans-
mitted across an almost formed crack, is distinguished from the FPZ, in which
no distinct crack can yet be discerned.

Typically the function f(u) (Figure 9.2d), which describes the stresses as a func-
tion of crack opening u, initially descends very quickly followed by a more gradual
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Figure 9.2 – Stress distributions and softening curves: (a, b) cohesive crack model
for ductile (metallic) materials; (c, d) cohesive crack model for quasi-brittle mate-
rials (from Ref [21]).

Figure 9.3 – Bi-linear softening stress-separation law (from Ref [21]).
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decent. The importance of the shape of f(u) is believed to be less significant [22]
although much work has been dedicated to its effects on the fracture model. In
the initial work of Hillerborg et al. [192], the softening curve f(u) is described as a
decaying exponential with a horizontal asymptote below u axis . Later Petersson
[193] described the curve using a simple bi-linear form (Figure 9.3).

According to Hillerborg [192], the area under the entire softening stress-separation
curve f(u) represents the total energy dissipated by fracture per unit area of the
crack plane GF in J/m² (Figure 9.3). It is often deduced that the area under f(u)
also represents the energy dissipated per unit area of crack plane as the FPZ and
wake region moves forward by da, i.e. the J-integral [57]. This is theoretically
important as this is the energy that must be equal to the energy release rate of
the structure/specimen, i.e. JR.

Assuming the generally accepted bi-linear approximation of the softening curve
shown in Figure 9.3 [21], the cohesive crack model can be characterized by two
fracture energies

GF =

∞�

0

f(u)du (9.2)

Gf =
ftu

2

2σ�
0

(9.3)

GF corresponds to the area under the entire curve f(u), i.e. the total energy
dissipated during fracture, while Gf to the area under the initial tangent of slope
σ
�
0, i.e. the area under the initial steep segment extended down to the u axis. In

essence, Gf represents the the initial fracture energy [166] .

The fracture energy GF , measured as the area under the complete load-deflection
curve of the specimen, was shown to be significantly size dependent [166]. This
appears to be a weakness of the cohesive crack model. The sources of this size
dependence have been carefully analyzed by Guinea, Planas, and Elices [194, 195],
who suggested how the size dependence of GF could be mitigated. As for Gf , it
may be expected to be essentially size independent because it is approximately
equal to Jel (the energy associated with the formation of two new crack surfaces),
which is size independent [166]. Thus, the size dependence of GF appears to be
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caused by the tail of the stress- displacement curve. The size dependence implies
that the stress-displacement curve f(u) cannot be unique, contrary to the basic
hypothesis of the cohesive crack model [166]. The importance of Gf is that it
solely controls the maximum load at the onset of fracture and is size independent
[196].

According to Bazant [21], for the scaling and size effects, it is important to realise
that the fracture energy and the material strength imply the existence of a frac-
ture characteristic length. In view of the bi-linear approximation, f(u) possesses
two fracture characteristic lengths [21]

�1 =
E �Gf

ftu
2

(9.4)

�ch =
E �GF

ftu
2

(9.5)

In theory, the complete fracture process can be described, once the three parame-
ters to model fracture using a cohesive crack model; GF , Gf , ft0 or �ch, �1, ftu are
known (not forgetting that these may be geometry dependent). For practical use
the fictitious crack model is used widely in the FE analysis of concrete structures.

9.6.2 Crack Band Models

One concern of the cohesive crack model is that the micro-cracking and crack
bridging is not continuous and that it does not necessarily develop in a narrow
discrete region in line with the continuous crack. As such, it has been proposed,
by Bazant et al. [189], that the tension-softening relation f(u) can be equally
well approximated by a strain-softening relation f(ε), i.e. a decreasing stress
with increasing inelastic strain. The tension-softening behaviour is considered in
a “smeared” manner, where the strain is related to u and GF , so that the ultimate
strain at rupture, εc, is related to uc. In other words, εc is a fracture criterion.
To relate the inelastic strain ε to u and GF , a band of width h is introduced, in
which the micro-cracks are distributed.

Typically, in a FE analysis, the micro-cracks are assumed to be smeared over an
element, where the whole element fractures when the uniaxial tensile strength
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9. Further Discussions and Modeling Graphite Fracture

limit is reached. The softening response relationship is according to the f(ε)

function, where the element loses its ability to carry any load when εc is reached.

9.6.3 Brittleness and Size Effect

In the non-linear quasi-brittle fracture models that were described above, the brit-
tleness of the material is not characterised by the material fracture toughness,
but by a parameter that is a function of the maximum normal tensile strength
ftu and the fracture energy GF . This is an important observation. The afore-
mentioned size effect of quasi-brittle fracture, which was observed by Bazant [21],
is said to be dependent on the ratio D/�ch. To recap, D is the dimension of the
with crack cross-section [189] and �ch the characteristic length, dependent on the
intrinsic brittleness of the material (the brittle response of a structure should not
be confused with the intrinsic brittleness of the material). Since the characteris-
tic length is said to be a function of GF and f tu (Equation 9.5), the brittleness
of a quasi-brittle structure increases with an increase in the intrinsic brittleness,
which is characterised respectively by a decrease in �ch and uc, and the increase
in dimension D.

It is further understood that the elastic–perfectly plastic constitutive law (Figure
9.4a) is not appropriate for describing the localisation of damage into a crack, nor
the brittleness, in the sense that no “metallic plasticity” exists. Even the strain-
softening constitutive laws (Figure 9.4b) do not suitably simulate the localisation
phenomena, especially for reproducing dimensional effects. Only a double consti-
tutive law which uses stress and strain up to the maximum load, and stress and
crack opening in the softening stage (Figure 9.4c) can be useful for this purpose
[21].

To explain this size effect, Karihaloo [22] took an analogy of three bars of the
same material but of different lengths under tension (Figure 9.5a). The structure
stiffness of each bar decreases with the increase in length, however, the peak-
stress ftu and dissipated energy W (of each bar structure) must remain constant,
since the net work W = GFA (A is the cross-sectional area). If a linear softening
response is assumed, then the triangle formed by the elastic branch, the softening
branch, and the axis ∆y, where ∆y is the total elongation of the bar, must always
contain the same area, i.e. energy. The maximum elongation ∆yc must also be
the same, since failure is governed by the uf , the terminal point of the softening
curve. As a result, as soon as the stiffness of the bar falls below ftu/uf so that
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Figure 9.4 – Material constitutive laws: (a) elastic–perfectly plastic; (b) strain
softening; and (c) cohesive with linear softening (from Ref. [22]).

Figure 9.5 – (a) The response to uniaxial tension may be unstable or catastrophic
depending on length of bar and (b) ductile–brittle dimensional transition in three-
point bend tests. 1, 2 and 3 represent ductile, ductile-brittle and brittle structural
behaviour respectively. In (b) these correlate to stable, stable-unstable and unstable
crack propagation respectively (from Ref [22]).
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9. Further Discussions and Modeling Graphite Fracture

its length exceeds �1 = Euf/ftu; the softening branch takes on a positive slope
and represents a particularly unstable failure phenomenon, called “snap-back”
(Figure 9.5a, bar #3). The term “snap back” used by Karihaloo [22] is somewhat
ambiguous, however, it does facilitate for catastrophic failure. The ratio of stored
elastic energy prior to failure versus the dissipated energy due to failure governs
whether fracture is more ductile or brittle in nature. Since the failure stress and
the critical displacement remain constant, failure occurs when either is reached,
provided the net energy dissipation remains during failure (i.e. area under the
load displacement curve in (Figure 9.4a).

The same transition from ductile to brittle response can also be noticed in struc-
tures of complex form as the dimensions increase but the geometric ratios remain
unchanged. The load-deflection curve of three-point bend specimens is shown in
Figure 9.5b. Similarly to the above analogy, brittle fractures can be interpreted
through a virtual “snap-back” branch. It is not the individual values of GF and
ftu that determine the degree of brittleness or ductility of a structure, but their
non-dimensional function—the brittleness ratio �ch/D [21].

9.6.4 Continuum-based Approaches

Continuum damage models have the ability to represent the progressive evolu-
tion of micro-cracks and nucleation and growth of voids with the use of a set
of material state variables. These alter the elastic and/or plastic behaviour of
the quasi-brittle material in their entirety at a macroscopic level and thus allow
for a size independent formulation. Continuum-based approaches prove useful
in the application of finite sized structures such as specimens [21]. It is worth
mentioning that continuum-based approaches are not discrete methods and, as
such, not a fracture mechanics methodology. However, the continuum-based ap-
proach can rely on the same fundamental material behaviour characterised by
fracture mechanics. The practical implementation of continuum damage models
is very similar to the plasticity theory used for metals, where yield or failure
surfaces, in conjunction with a flow/hardening rule, need to be defined. Their
implementation is through the FE method.

There are two types of continuum damage models. These may be distinguished
by their ability to account for “plastic” deformations. Earlier models allow for no
residual damage, irrespective of the degree of damage suffered, whereas more re-
cent models recognise the need for “plastic” deformations. The first, the standard

199



Univ
ers

ity
 of

 C
ap

e T
ow

n

Thorsten H. Becker

damage model, is rather an unrealistic representation of quasi-brittle fracture (as
discussed in the previous section) and thus this work predominantly focuses on
the later, coupled plasticity and damage models. Again, the section below only
provides the reader with an introduction into continuum-based approaches. The
damaged plasticity (DP) model for concrete and other quasi-brittle materials is
presented. The reader who is not familiar with the theory of plasticity is referred
to Chapter 2.

Plasticity Theory

Plasticity is a tool for describing elastic-plastic material behaviour. Commonly
utilised in metallic materials, many problems involving quasi-brittle materials
have been quite successfully treated by means of plasticity theory [197]. The
procedure is to apply the plasticity theory in the compression zone and treat the
zones in which at least one principal stress is tensile by one of several versions of
fracture mechanics [197].

Like most plasticity models, the DP model defines a yield criterion. The yield
criterion is defined by a surface (if a three dimensional problem is assumed) which
defines the boundary of elastic behaviour. The evolution of the yield function,
with plastic deformations, depends on the flow/hardening rule. The yield func-
tions in biaxial tests (i.e. plane stress) on concrete are illustrated in Figure 9.6.
The size of these yield functions are based on the material properties defined for
the uniaxial behaviour. In uniaxial tension, the material is normally defined to
be elastic up to the tensile strength and is also equal to the failure surface. In
concrete, the biaxial compressive meridian yield surface hardens according to a
prescribed flow rule [198]. This is discussed later (Figure 9.6).

Several different yield criteria have been defined for quasi-brittle failure. In Figure
9.7 (from Ref [21]) some common failure surfaces are presented together with
experimental concrete data from Kupfer and Gerstle [199]]. For steel, the Von
Mises failure criterion is most commonly utilised (Figure 9.7a), whereas the yield
criteria most often utilised for quasi-brittle materials is the Drucker-Prager or
Mohr-Coulomb criteria (Figure 9.7b and Figure 9.7c, respectively).

Since the DP model allows for plasticity, the strain tensor is decomposed into
an elastic part and a plastic part. Thus, under uniaxial tension, the stress-strain
response follows a linear-elastic relationship to the point of the failure stress
ftu. The failure stress corresponds to the onset of micro-cracking. Beyond this,
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the formation of micro-cracks is represented macroscopically with a softening
stress-strain or stress/displacement response (as discussed in the previous sec-
tion). Under uniaxial compression the response is similar, however is typically
characterised by stress hardening, after yielding fc0, followed by strain softening
beyond the ultimate stress fcu. Since quasi-brittle failure is said to be rate depen-
dent, a rate-dependent model is assumed. The stress is a function of the strain
and strain rate.

σt = f(�εplt , ε̇
pl

t , fi) (9.6)

σc = f(�εpl
c
, ε̇

pl

c
, fi) (9.7)

where the subscripts t and c refer to tension and compression, �εpl the equivalent
plastic strains, ε̇pl the equivalent plastic strains rates, and fi are other predefined
field variables, like temperature, etc.

The connection between the yield surface and the stress-strain relationship is
determined by a flow rule. In a simple case, the plastic potential function coin-
cides with the yield surface and plastic flow develops normal to the yield surface
(associated flow). However, quasi-brittle failure experiences non-associated flow
(the plastic potential does not coincide with the yield criterion) and two sepa-
rate functions are required [200]. An example of a plastic potential function is
illustrated in Figure 9.8. This function is the Drucker-Prager hyperbolic plastic
potential function and is typically used for the quasi-brittle damaged plasticity
model [23]. It is worth pointing out for the later sections of this chapter, that in
plasticity theory, if a three dimensional problem is assumed, the principle stresses
are generally visualised in the p - q plane (p being the hydrostatic pressure and q

the Von Mises criterion).

Damage Theory

The progressive evolution of micro-cracks, nucleation and growth of voids are
represented in quasi-brittle damage models by a set of variables that alter the
elastic and/or plastic behaviour at the macroscopic level. When the material is
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Figure 9.6 – Typical loading curves under biaxial stresses of concrete (from Ref
[22])

Figure 9.7 – Yield criteria for biaxial stress state illustrated for plane stress state
(from Ref [21])

Figure 9.8 – The Drucker-Prager hyperbolic plastic potential function in the merid-
ional plane (from Ref [23]).
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loaded beyond the yield criterion, the elastic stiffness of the material degrades.
i.e. micro-cracking occurs.

In damage models the total stress-strain relation has the following form

σ = Es : ε (9.8)

where σ� is the stress tensor, ε is the strain tensor. The stiffness tensor Es of
the damaged material depends on a number of internal variables which can be
tensorial, vectorial or scalar. If scalar, isotropic damage is assumed, damage
may be characterised by scalar damage variables, dt and dc, for the tensile and
compressive meridian respectively. These are also assumed to be functions of
the plastic strains and the additional field variables. The damage variables take
values from zero, representing the undamaged material, to one, which represents
total loss of strength, i.e. a macro-crack.

dt = f(�εplt , ε̇
pl

t , fi); 0 ≤ dt ≤ 1 (9.9)

dc = f(�εpl
c
, ε̇

pl

c
, fi); 0 ≤ dc ≤ 1 (9.10)

If E0 is the initial (undamaged) elastic stiffness of the material, the stress-strain
relations under uniaxial tension and compression loading are, respectively (as
shown in Figure 9.9)

σt = (1− dt)E0(εt − ε̃
pl

t ) (9.11)

σc = (1− dc)E0(εc − ε̃
pl

c
) (9.12)

The model requires the specification of the tension softening and compression
stiffening degradation by means of a post failure stress-strain relation or by ap-
plying a fracture energy cracking criterion (similar to the cohesive crack model).

The implementation of the continuum-based approach is through the FE method.
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Like the cohesive crack model and the crack band model the approach requires
the definition of a characteristic length [23]. For this, the characteristic crack
length is based on the element geometry and formulation. A typical length is
taken as a line across an element for a first-order element and half of the same
typical length for a second-order element.

9.6.5 Discussion

The quasi-brittle fracture models that have been discussed are some of the more
common methodologies utilised to model quasi-brittle fracture. Adaptions to the
cohesive crack models and crack band models exist to account for size effects
experienced in quasi-brittle fracture. Through these corrections the generation
of R-curve behaviour that is a true material behaviour is enabled [21]. To this
day though, in literature, not one universal model exists that, in every aspect,
can perfectly describe quasi-brittle fracture [201]. This being said, these models
describe quasi-brittle fracture well in most applications. These models have recog-
nised that a softening behaviour due to micro-cracking exists, which contributes
significantly to the way quasi-brittle materials fracture.

These failure mechanisms have also been observed in polycrystalline graphite. In
fact, the previous two chapters (Chapter 7 and 8) have established that graphite
fracture is associated with the typical aforementioned quasi-brittle failure mecha-
nisms. It thus follows that the existing fracture models may be utilised to model
the fracture of graphite. It is worth mentioning that each of the methodologies
presented that have been used to model the fracture of quasi-brittle materials
have their own advantages and disadvantages. The aim of this work was not to
assess each methodology, but to choose, what is believed to be, the most appropri-
ate methodology to model graphite fracture. For further reading on quasi-brittle
fracture models the reader is referred to Yu et al. [202].

The continuum-based approach and more specifically a damaged plasticity model
for concrete and other quasi-brittle materials is believed to represent graphite
fracture best. The argument for this is summarised below:

• According to Bazant [21] small structures (relative to their FPZ length) are
best modelled using continuum-based approaches.

• The fracture mechanisms of graphite in tension (as well as in compression
[203]) are associated with stiffness degradation as well as with inelastic de-
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formations. Unlike discrete models, the damage plasticity model allows for
the degradation of the bulk material and not only at a predefined flaw/crack.

• Damage plasticity models allow for the capture of the effects of irreversible
damage associated with the failure mechanisms that occur.

• Since the predictions in crack patterns and deflections and especially the
FPZ length can differ considerably (and hence rely on the mesh), dis-
crete models often give too stiff behaviour after cracks have initiated [201].
Continuum-based models simulate crack propagation as the degradation of
the bulk material, irrespective of location and orientation, and hence do not
experience stiffening behaviour.

• The damage plasticity model allows for a loading-unloading scenario, where
the accumulation of damage is associated with irreversible deformations in
the load-displacement curve.

• Material degradation is said to occur at approximately 1/3 of the peak load
in medium grained polycrystalline graphite [17]. The damage plasticity
model allows for this.

• ABAQUS ® version 6.9, a commercially available FE software, provides
the ability to model damaged plasticity for concrete and other quasi-brittle
materials [23]. Thus, no additional coding of computation algorithms (such
as the JMAN methodology presented in Chapter 6) was required for the
graphite fracture model.

In light of the above argument, a continuum-based model for quasi-brittle mate-
rials was chosen in the attempt to build a model for graphite fracture. It is worth
mentioning that this model was first proposed to model concrete fracture by
Lubliner [197], but has since gained popularity in other quasi-brittle applications
[22].

9.7 Damaged Plasticity Model for Gilsocarbon

The above section established that a failure model exists that can, to a certain
degree of accuracy, model fracture in quasi-brittle materials. It was established
that the fracture behaviour that these quasi-brittle fracture models are based on,
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are very similar to the fracture behaviour observed and analysed in polycrystalline
graphite in this work. The non-local continuum-based model provides a tool
for modeling quasi-brittle fracture and is shown to provide a tool for modeling
medium grained polycrystalline graphite fracture consistently.

9.7.1 Introduction

The non-local DP model utilised here to model graphite failure is based on the
model proposed by Lubliner et al. [197], modified by Lee and Fenves [204] and is
available in the Abaqus ® version 6.9 environment (defined as “Damaged plastic-
ity model for concrete and other quasi-brittle materials”[23]). The full analytical
derivation can be found in Lee and Fenves [204]. It is worth mentioning that the
DP model, at this point in time, assumes an isotropic material. Therefore, only
the behaviour of Gilsocarbon (IM1-24) can be modeled (as Gilsocarbon is a near
isotropic material with an anisotropy factor of 1.03 [88]). Anisotropy modifica-
tion to the DP model exist [205, 206], however these are currently not available
in Abaqus ® version 6.9.

In this section an overview of the main ingredients of the model are given. This is
followed by identification of parameters, the modeling procedure and the results.
Two dimensional CT and 3PB specimen simulations are presented. The material
properties utilised for the DP model, unless specified otherwise, are according to
the properties specified in Chapter 5 for IM1-24 (Gilsocarbon). It is worth noting
that the DP model that is available in Abaqus ® version 6.9 [23] is capable of
three dimensional analysis. This being said, the problems presented in this work
are two dimensional. With the current available computational capabilities (at
the University of Manchester) a three dimensional analysis, with a refined mesh,
would typically require around 3 weeks to complete (on a server cluster of 4
CPU’s each running at a 2.8 GHz processing capability). Since the graphite
fracture model presented here is intended to investigate the possibility of using
existing quasi-brittle fracture models for graphite failure (and due to the time
constraints) a two dimensional plane stress analysis was undertaken.

9.7.2 Model Definition

The model is based upon the continuum-based approach described in the previous
section. It uses concepts of isotropic damaged elasticity in combination with
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isotropic tensile and compressive plasticity to represent the inelastic behaviour
of quasi-brittle materials [23]. The model has been designed for applications in
which the material is subjected to monotonic, cyclic, and/or dynamic loading
under low confining pressures [23].

In this method the failure is modeled implicitly in the FE environment and con-
sists of a combination of non-associated multi-hardening plasticity and scalar
(isotropic) damaged elasticity to describe the irreversible damage that occurs
during the fracturing process. This requires the definition of a yield surface and
a flow rule that allows the yield surface to expand and change shape as the ma-
terial is “plastically” loaded. The term “plastically” is used very loosely here, as
the material strictly speaking does not undergo plastic deformations. However,
failure is associated with irreversible energy dissipation similar to that of metal-
lic plasticity, which can be modelled in a similar fashion. The two main failure
mechanisms are tensile cracking and compressive crushing. The tensile softening
behaviour is defined as Gf in tensile cracking and as a stress-strain hardening
relationship in compressive crushing. The degradation of the elastic stiffness in
tension and compression is defined as a scalar variable, which is a function of the
cracking strain or displacement.

In the Abaqus environment the user is allowed control of stiffness recovery effects
during cyclic load reversals [23]. This option has not been considered in the
presented graphite failure model. Additionally, graphite failure can be defined
as being sensitive to the strain rate., however, a static, strain rate independent,
model is assumed.

Yield Criterion and Non-Associate Flow Rule

The group of the constitutive parameters to characterise the yield surface identify
the shape of the yield surface and flow potential function. The yield function takes
the form of the Drucker and Prager yield criterion, first utilised by Lubliner et.
al. [197], then modified by Lee and Fenves [204] to account for different evolution
of strength under tension and compression. The evolution of the yield surface
is controlled by the two hardening variables ε̃

pl

t and ε̃pl
c
. In terms of effective

stresses, the yield function takes the form [23]

F =
1

1− α

�
p̄− 3αp̄+ β(ε̃pl)

�
ˆ̄σmax

�
− γ

�
−ˆ̄σmax

��
− σ̄c

�
ε̃
pl

c

�
≤ 0 (9.13)
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Figure 9.9 – Softening response to uniaxial loading in (a) tension and (b) com-
pression (from Ref [23]).

where, α, β and γ are dimensionless constants,
�
σ̂max

�
is the algebraic maximum

principal stress, p̄ the hydrostatic pressure, which is a function of the first stress
invariant I1 (defined as p̄ = I1/3), and q̄ the Von Mises equivalent stress, described
as q̄ =

√
2J2 (where J2 is the second deviatoric stress invariant). α, β and γ are

given as [23]

α =
(fb0/fc0)− 1

2 (fb0/fc0)− 1
(9.14)
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β =
fc0

ft0
(α− 1)− (1 + α) (9.15)

γ =
3(1− κc)

2κc − 1
(9.16)

κc is the ratio of the second stress invariant on the tensile meridian to that on the
compressive meridian at initial yield for any given value of the pressure invariant
such that the maximum principal stress is negative (the default value is 2/3 [23]).
Since a two dimensional problem is assumed here (plane stress), the parameter
γ, which is based on the full triaxial tests, is of little significance [204].

To compute the non elastic stress-strain behaviour, the plastic-damage model
assumes non-associated potential flow as [23]

ε̇
pl = λ

∂G(σ̄)

∂σ̄
(9.17)

where, the flow rule G is the Drucker-Prager hyperbolic function (which was
illustrated in Figure 9.8) [23]

G =
�

(�ccft0tanψ)
2 + q̄2 − p̄tanψ (9.18)

where �cc is the eccentricity which defines the rate at which the plastic potential
function approaches the asymptote (Increasing the eccentricity provides more
curvature to the low potential). ψ is the dilation angle (measured in the p̄ - q̄

plane at high confining pressure). The reader is referred to Figure 9.8 for a visual
representation of eccentricity and dilation angle.

Loading Behaviour

The post-yield behaviour is defined by a strain-hardening/softening behaviour.
This is done by means of a stress-strain relation or by applying a fracture energy
cracking criterion (introduced in the cohesive crack model). For a stress strain
relation, a cracking strain ε̃

ck

t
is defined as the total strain minus the elastic strain

corresponding to the undamaged material (Figure 9.9). Tension softening data
needs to be provided in terms of the cracking strain [23].

ε̃
pl

t = ε̃
ck

t
− dt

1− dt

σt

E0
(9.19)
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(a)

(b)

Figure 9.10 – (a) Biaxial failure data for IM1-24. The data was extrapolated from
Brocklehurst [24], Sato et al. [25], Jortner [26], Bradshaw [27] and Greenstreet [28].
(b) Drucker-Prager hyperbolic plastic potential function in the meridional plane.
Experimental data was extrapolated from Brocklehurst [24].
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Alternatively the post-yield behaviour may be defined according to the energy
criterion described earlier (the energy required to open a unit area of crack)
[23]. According to the aforementioned methodology, quasi-brittle behaviour is
characterised by a stress-displacement response. This fracture energy can be
invoked by specifying the post-yield stress as a function of cracking displacement,
or alternatively, the fracture energy Gf . The tensile damage is converted to a
cracking displacement value using a relationship where the specimen length l is
assumed to be one unit length in FE implementation [23].

u
pl

t = u
ck

t
− dt

1− dt

σtl

E0
(9.20)

The DP model requires the specification of the tension softening and compression
stiffening degradation by means of a post failure stress-strain relation or stress-
displacement relation.

9.7.3 Identification of Parameters for the DP Model

The numerical strategy for solving the non-local DP problem requires knowledge
of the aforementioned constitutive material parameters. These parameters de-
scribe the material properties and govern the behaviour of the model. These
include the definition of the yield surface, the flow rule, the load response and the
material degradation (the DP model assumes a scalar damage variable in both
compression and tension).

Yield Surface and Flow Rule

Three independent material strength data are required to determine the biaxial
yield criterion using Equation 9.13: (1) the tensile yield stress ft0, (2) the com-
pressive yield stress fc0 and (3) the uniaxial compressive yield stress to biaxial
yield compressive stress ratio fb0/fc0. Since a plane stress problem is assumed,
the parameter κc (in Equation 9.16) was assumed as the default value of 2/3 [23].

The plane stress cross section for the failure surface in the principal stress space
is shown in Figure 9.10a for IM1-24. The data in Figure 9.10a was extrapolated
from literature of various sources on the biaxial behaviour of IM1-24. These are
listed in the caption which predominantly include data from Brocklehurst [24].
The typical uniaxial compressive yield stress to biaxial yield compressive stress
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Figure 9.11 – Softening behaviour of IM1-24. Tensile softening as a stress-
displacement relationship (from Chapter 8) and compression in stress-strain re-
lationship (from Oku [29]).

ratio was shown to be of the order of 0.81 [27]. The figure shows that the Ducker-
Prager criterion is an excellent fit of the failure data. The constitutive parameters
are summarised in Table 9.1.

It is worth mentioning that the DP model requires the yield criterion and not
the failure surface as shown in Figure 9.10a. Since the yield surface expands with
plastic deformation to form the failure surface, a yield surface may be extrapo-
lated according to uniaxial yield criteria [22].

Quasi-brittle materials are known to undergo a significant volume change (dila-
tancy), which is caused by the large amount of the inelastic strain. The dilatancy
can be modeled by the numerical model. It is noted that the dilatancy is con-
trolled by the ψ parameter in the flow function according to Equation 9.18. The
values ψ and the eccentricity �cc are accepted to fulfil the best fitting of the curve
(in the meridian plane) to the experimental data (see Figure 9.10b). The exper-
imental data was extrapolated from Brocklehurst [24, 76]. The dilation angle,
measured in the p - q plane at high confining pressure, was found at approxi-
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mately 30º. Similar values were determined for concrete, where ψ is between 30º
to 40º [201]. The parameters are summarised in Table 9.1.

Stiffness Degradation and Calibration with Experimental Data

The tension softening behaviour or post-yield behaviour is defined according to
the fracture energy criterion Gf , which is thought to be a material constant
(Chapter 8). To recap, Gf can be seen as the energy lost due to the formation
of the macro-crack surfaces, i.e. Jel [21, 166]. The total fracture energy lost
due to fracture GF includes Gf and the energy which is lost due to the stiffness
degradation from micro-cracking [202]. GF is believed to be size and geometry
dependent [166]. Gf for IM1-24 was determined as 250 J/m² (in Chapter 8).
Additionally, it was also found that approximately 47 J/m² of the fracture energy
is lost prior to the peak load or macro-crack (in Chapter 7). This energy, is a
result of micro-cracking and as such does not contribute to Gf . However, the pre-
peak softening behaviour can contribute to the way graphite fractures (Chapter
7) and thus has been incorporated into Gf in such way that the total energy lost
remains 250 J/m². This is illustrated in Figure 9.11.

Similarly, from the experimental observations of IM1-24 in Chapter 7, it was
clear that the degradation of stiffness from micro-cracking occurs and becomes
more severe as the strain increases. The degradation damage variable defined
in Equation 9.9 assumes the value of 0 ≤ dt ≤ 1. To determine the stiffness
degradation behaviour for IM1-24 requires a complex testing apparatus such as
the tests done by Gopalaratnam and Shah [207] for concrete. At this point
in time this data was not available for polycrystalline graphite and thus a linear
evolution of the damage variable with effective plastic displacement. This ensures
that when the effective plastic displacement reaches a critical value, the material
stiffness will be fully degraded. The parameters are summarised in Table 9.1.

Since the DP model is intended to calculate the load displacement response of
CT and 3PB specimens, the compressive load response is not of importance.
However, for completeness the data was defined according to Oku [29] for IM1-
24. The stiffness degradation behaviour was also defined as a linear evolution of
the damage variable with effective plastic displacement. This is shown in Figure
9.11 and the parameters are summarised in Table 9.1.
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Elastic Properties:
Young’s modulus E0 11900 GPa
Poisson’s ratio v 0.21

Yield Surface and Flow Rule:
Dilation angle ψ 30º
Eccentricity �cc 4.8
Biaxiality ratio 0.81
Triaxiality ratio κc 0.667

Tension softening:
Stress (MPa) Cracking Disp. (mm)

6.7 0
20 0.0008
1 0.025

Tension damage:
Scalar damage Cracking Disp. (mm)

0 0
1 0.025

Compression hardening:
Stress (MPa) Cracking strain

20 0
65 0.015
1 0.045

Compression damage:
Scalar damage Cracking strain

0 0
1 0.045

Table 9.1 – The material parameters of DP model for Gilsocarbon (IM1-24)

9.7.4 Model Behaviour

The behaviour of the DP model, using the IM1-24 data, is presented. Simu-
lated is a monotonic uni-axial loading, full cyclic monotonic uni-axial loading
and mesh-sensitivity behaviour simulations. It is worth noting that only lim-
ited experimental data for IM1-24 is available in current literature and thus, the
presented simulations could not be compared to experimental data. However,
structural examples of CT and 3PB specimens are presented in the next section,
which are compared to experimental data.

The verifications assume linear elastic quadratic full integration elements. The
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9. Further Discussions and Modeling Graphite Fracture

material properties used for each model are presented in Table 9.1 and represent
the non-local DP properties of IM1-24 graphite. The element mesh size of 7.4
x 7.4 mm was used (unless specified otherwise), as it presents the characteristic
length of IM1-24 (according to Equation 9.5). The model was implemented in
the environment of ABAQUS/Standard.

Monotonic Uni-axial Loading

The DP model monotonic uni-axial loading response is shown in Figure 9.12.
No experimental data for monotonic testing is currently available for IM1-24 for
comparative purposes (to experimentally determine the stiffness degradation be-
haviour for IM1-24 requires a complex testing apparatus and was not the scope
of this work). The monotonic loading behaviour shows the softening response
(plasticity) of IM1-24 and the stiffness degradation (damage). The typical exper-
imentally observed load response of IM1-24 has a very steep post-peak curve. The
numerical model cannot yield such a steep post-peak curve because the assumed
softening response is constructed from a linear function (see Table 9.1).

Full Cyclic Monotonic Uni-axial Loading

The full cyclic (tension and compression) monotonic uni-axial loading response
is shown in Figure 9.13. The load path resembles the hysteresis curve of the
simulation results in Figure 9.12, because energy is dissipated during the tensile
reloading (path B-C-D). Similar to Lee and Fenves examples [204], this exam-
ple shows that the present model can simulate quasi-brittle material behavior
subjected to cyclic loading for which the hysteresis curve in the tensile region is
negligible compared with the compressive counterpart. For both cases (tensile and
compression) the degradation of stiffness is simulated at each unloading/reloading
cycle as well as the softening behaviour.

Mesh Sensitivity

The sensitivity of the numerical solution to element size is examined, similarly to
Lee and Fenves [204], to check the ability of the characteristic length [208] to pro-
vide mesh objectivity. Three meshes (mesh A, B, and C) with the same specimen
dimensions (14.8 x 7.4 mm) but different element sizes are tested to examine the
sensitivity to mesh size, as illustrated in Figure 9.14. The characteristic length,
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Figure 9.12 – Numerical solution of cyclic uniaxial loading in tension.

Figure 9.13 – Numerical Solution for Full Cyclic Loading (Path: O-A-B-C-D-E)
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which is defined as the element size for each case, was defined accordingly in Fig-
ure 9.14; mesh A, 7.4 mm; mesh B, 3.7 mm; and mesh C, 1.65 mm). Figure 9.14
shows the load-displacement curves measured at the right end of each mesh. The
softening response of the finer mesh is indicative of a more brittle material. This
is because the ratio of the softening compared to the length of elastic unloading
zone is different in each mesh case. As a result, the global load-displacement re-
sponses cannot be identical, even though the dissipated energy for all three cases
is equal [204].

9.8 Structural Examples

The non-local DP model, which has been adapted for IM1-24 graphite, was im-
plemented using three specimen geometries. Although the majority of experi-
mental work undertaken in this project used the DT geometry (see Chapters 7
and 8), the computational examples presented here are 3PB and two CT speci-
mens. An attempt of modelling the DT geometry showed convergence difficulty
as the DT geometry is complex and requires a full three dimensional analysis with
defined contact (see Chapter 5). As such, the geometries presented here are two
dimensional and do not require complex loading configurations, i.e. boundary
conditions.

The computations of the standard test geometries were implemented in the envi-
ronment of ABAQUS/Standard. The models and the computations lead to the
estimation of the nucleation and evolution of fracture. The numerical results are
in agreement with the experiments provided by Hodgkins [4] and Fazluddin [16].
Of special interest are the regions of localized strains, in which the damage part is
active. The scalar damage variable in tension is used to compare crack patterns
for the numerical and experimental models. The examples assume linear elastic
quadratic full integration elements. The material properties used for each model
are presented in Table 9.1, which represent the DP properties of IM1-24.

9.8.1 CT Specimen

The first examples are two CT specimens tested by Fazluddin [16] and Hodgkins
[4] respectively. The two considered specimens, which were sized according to
ASTM E1820 and BS7448, have slightly different geometry configurations (shown
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Figure 9.14 – Load-displacement curves for different meshes

in Figure 9.15). For Hodgkins’ specimen configuration the width of the rear of
the specimen was reduced in order to allow the progression of crack growth to be
monitored in three dimensions using X- Ray tomography [4]. The material was
IM1-24 graphite for both specimens and the properties are tabulated in Table 9.1.
The numerical models consist of 1480 and 1320 four noded linear plane strain el-
ements for Fazluddin’s and Hodgkins specimen geometries respectively and only
represent the symmetrical half of the CT specimen. To avoid convergence issues,
DP elements are utilised in the region in which fracture is expected to occur,
the rest is considered as a linear elastic model (see Figure 9.15). Some mesh re-
finement was performed in the vicinity of the notch-tip. Boundary conditions are
applied with an analytically rigid pin with defined hard frictionless contact in dis-
placement control. The load-displacement response of the analyses are compared
to the experimental bounds in Figure 9.16. The corresponding active (damaged)
regions are shown in Figure 9.17 for Fazluddin’s specimen configuration.

The general behaviour is well captured by the simulation for both considered CT
specimens (Figure 9.16). The tensile damage localisation at peak load, which is
manifested by a reduction of the load accompanied by fracture (single dominant
crack), shows similarities to the observations shown in Chapter 7. A FPZ forms in
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which the degradation of the material occurs (Figure 9.17). The size of the FPZ
was found to be dependent on the pre-peak softening behaviour, which is defined
by the tensile softening curve (Figure 9.11). Thus, the size may not correspond
to experimental observation, but can provide a comparison tool between different
specimen configuration simulations. This will be discussed in the next section.

The experimental data from Hodgkins provided a load-unloading response, which
was simulated in Figure 9.16b. The non-local DP model is capable, to a certain
degree, of simulating this behaviour. The load-displacement response is, however,
not identical. This is because the model does not allow for element removal after
an element has failed (i.e. dt = 1, shown in a gray shade in Figure 9.17). Since
the stress-displacement behaviour has been defined with a failure stress of 1 MPa
due to numerical stability [23], some load carrying capability remains resulting
in an inaccurate load-unloading response when fracture has occurred.

9.8.2 3PB Specimen

Similarly to the CT specimen, Fazluddin [16] provided experimental data for
3PB specimens. The FE mesh utilised for the comparison is shown in Figure
9.18. The numerical model consists of 896 four noded linear plane strain ele-
ments and, like the CT specimen, only represent the symmetrical half of the
specimen. Some mesh refinement was performed in the vicinity of the notch-tip
to account for stress concentrations. Boundary conditions are applied with ana-
lytically rigid pins with defined hard frictionless contact in displacement control
as a three point bend configuration. To avoid convergence issues, DP elements
are utilised in the region in which fracture is expected to occur, the rest is consid-
ered as a linear elastic model (see Figure 9.18). The load-displacement response
of the analyses are compared to the experimental bounds in Figure 9.20. The
corresponding active (damaged) regions are shown in Figure 9.19 for Fazluddin’s
specimen configuration.

As with the CT specimen, the general behaviour is well captured by the analyses.
A notable difference is that the tensile damage localisation size exists between
the CT and 3PB simulation. The 3PB clearly shows relatively smaller tensile
damage localisation ahead of the notch at peak load, which is in agreement with
Chapter 8. It was reported that the FPZ is geometry and size dependent.

An additional point worth mentioning concerns the load-displacement response.
The 3PB geometry indicates a more brittle response compared to the CT geome-
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Figure 9.15 – FE mesh of the two DP simulated CT specimens. (a) according
Fazluddin’s CT specimen [16] with W = 50 mm , and (b) according Hodgkins’ CT
specimen [4]with W = 87 mm. Green elements indicate DP elements and white
indicates linear elastic elements.
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(a)

(b)

Figure 9.16 – CT Specimen load displacement curves. Comparison with experi-
mental data of (a) Fazluddin [16] and (b) Hodgkins [4].
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Figure 9.17 – The active (damaged) regions of Fazluddin’s CT specimen [16] for
the non-local model. Tensile damage variable range 0 ≤ dt ≤ 1. White squared
represent linear elastic elements.

Figure 9.18 – Fazluddin’s geometry and loading setup of the three point bending
simulation [16]. Green elements indicate DP elements and white indicates linear
elastic elements.
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Figure 9.19 – The active (damaged) regions of the Fazluddin’s 3PB specimen [16]
for the non-local model. Tensile damage variable range 0 ≤ dt ≤ 1. White represent
linear elastic elements.

Figure 9.20 – 3PB specimen load-displacement curves. Comparison with experi-
mental data of Fazluddin [16].

223



Univ
ers

ity
 of

 C
ap

e T
ow

n

Thorsten H. Becker

try, which is noticeable by the more severe post peak load drop (when comparing
Figure 9.16 and Figure 9.20). This observation agrees well with experimental
data. In Chapter 8 it was shown that the R-curve behaviour of 3PB specimens
shows a more brittle behaviour to that of CT specimens. It was argued that
the less brittle response of CT specimens is due to more energy being lost in
the FPZ. It was reported that the CT specimen has more pronounced “plastic”
deformations and as such a relatively larger FPZ. The computational less brittle
response of 3PB specimens shows a similar trend and hence can be attributed to
the softening (irreversible energy dissipation) response, i.e. the size of the tensile
damage localisation zone.

9.8.3 Discussion

The non-local DP model was shown to estimate fracture more accurately than the
commonly assumed EPFM method. The examples have shown that using the DP
model enables a proper definition of the failure mechanisms of IM1-24 graphite,
including the softening and degradation of the material, and most importantly,
since the DP model is a non-local approach, it is size and geometry independent.
From a practical point of view, based on the criteria defined in this work and
found in literature, it was possible to identify the constitutive parameters of the
DP model for graphite. This allowed the numerical modelling to analyse two
specimen geometries (CT and 3PB), where the cause for cracking was evaluated
and verified against observations and experimental data. The study also served
as a link between the real behaviour of polycrystalline graphite and its numerical
modelling. On this note, one could argue that the success of the DP model for
graphite lies in that both specimen geometries are highly constrained. Thus,
further modeling is necessitated to claim the success of the model.

The DP model presented was not the first attempt to model graphite fracture in
the context of continuum damage mechanics. Zou et al’s [87] presented a phe-
nomenological failure model, based on an interfacial delamination in composite
laminates problem, where a damage parameter is employed and the interfacial
constitutive law is expressed to take account of the effects of damage. Like with
the presented DP model, both the conventional stress based and fracture mechan-
ics based failure criteria are included in the failure model to construct a damage
surface. Damage initiates when the stress-based criterion is first satisfied. Zou et
al’s model however, is a cohesive crack model and as such is confined to a prede-
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fined crack path. A linear stress analysis is required to find out the location and
direction of the maximum principal stresses, which then allows the likely crack-
ing site and crack growth path be introduced into the FE mesh. The DP model
presented in this work is a non-local approach. The bulk material softens; the
degradation and fracture initiation occurs at the most damaged location. Hence,
the DP model does not rely on a predefined crack path. This is believed to be a
more realistic approach as damage, i.e. micro-cracking, can occur at a 1/3 of the
fracture load [17].

The DP model parameters, which define the model behaviour, describe the av-
erage experimentally obtained graphite behaviour. Based on a plasticity model,
the degradation and hence softening of the material is confined to the defined
yield criteria and flow rule. If non-exclusively monotonic loading is to be studied,
the numerical methods should be able to describe both the stiffness degradation
and the plastic deformations that graphite exhibit in experiments. As damage
develops, the yield surface shrinks in the stress space, leading to a softening
interfacial constitutive law. Fracture has occurred when the work done by the
tractions meets the fracture mechanics based criterion. The DP failure model can
be viewed as an extension or generalisation of the cohesive zone model proposed
by Zou et al. [87], in that it couples together the effects of stress/displacement
curves to derive a combined non-local stress and fracture mechanics based failure
criterion.

This being said, the experimental observations in Chapter 7 have shown that
micro-cracking appears to be in the direction of the maximum principal stress
and it is believed that failure occurs as a function of mode I failure [87]. The
difference between equi-biaxial and uniaxial behaviour is believed to be dependent
on the size and shape of the fracture process zone [209]. This can contribute to
the effect of stress state on fracture strength, which should be considered in terms
of strain energy release [209]. The biaxial failure behaviour defined by the model,
does not rely on the fundamental behaviour but rather on an average observed
criteria. Size effects have not been considered in the biaxial failure, which cloud
results in erroneous biaxial load simulations. At this point in time the biaxial
behaviour of graphite is not fully understood.

A drawback of the presented model was the risk of convergence difficulties which
might interrupt a simulation. Some sources of instability can include local yield-
ing, snap-through and localised material failure. Avoiding convergence difficulties
was achieved by defining the mesh, boundary conditions and loads so as to min-
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Figure 9.21 – Shrinkage of CSF graphite irradiated at 800oC to various irradiation
doses (from Ref [30])

(a) (b) (c) (d)

Figure 9.22 – Damage and fracture development in nuclear graphite components.
(a) undamaged virgin material, (b) intergranular and transgranular micro-cracks
form at high stress locations (damage), (c) macro-cracks start forming at weakened
(damaged) locations and (d) failure.
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imise potential numerical singularities. Additionally the convergence criteria was
changed, allowing for more computational steps between each iteration. The anal-
yses showed little mesh dependency, however elements with large aspect ratios
can have different behaviour (depending on the direction in which they crack)
[204].

It is worth mentioning that the adapted non-local DP model for quasi-brittle
materials was not compared to all loading conditions for graphite fracture. This
was not the scope of this project. The non-local DP model presented here is in-
tended to investigate the possibility of using existing quasi-brittle fracture models
for graphite failure. The two specimen configurations analysed showed excellent
agreement with experimental results. The author believes that the numerical
simulation of the failure of graphite moderator bricks can be carried out using
the presented non-local DP failure model. The failure model can characterise
crack propagation and can simulate the damage zone ahead of the fracture tip.

9.9 Understanding the Failure of Graphite Com-
ponents

Assessment of the risks of component failure is an important part of the safety
cases for nuclear power reactors. In the case of graphite moderated reactors this
assessment includes the risk of fracture of the graphite components in the modera-
tor, which must withstand externally applied stresses and internal stresses result-
ing from dimensional changes caused by neutron damage and thermal stresses,
especially on shutdown [15]. In the case of Magnox and Advanced Gas-cooled
Reactors (AGRs) operating in the United Kingdom, the effects of oxidation by
the carbon dioxide based coolant upon the properties of the graphite must also
be considered [15]. Examples have been published by Marsden [210] where the
deformations, as a result of radiation, of CSF graphite were shown (illustrated
in Figure 9.21). To understand the failure of graphite components in the nuclear
environment, the failure processes need to be recognised. To date, none of the
failure criteria have been able to satisfactorily describe a range of experimental
fracture results [86, 15].

Previous research, though limited in number, on fast neutron irradiation and ra-
diolytic oxidation has been undertaken [3, 211, 212, 16]. Radiation and oxidation
results in the overall degradation of the bulk material. This includes the reduction
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(a) Virgin material (b) Irradiated

Figure 9.23 – Illustration of the effect of global material degradation on the frac-
ture resistance. (a) virgin materials fracture resistance versus (b) the diminished
fracture resistance due to global damage accumulation. Both exhibit an identical
crack propagation, but the energy in-balance is accountable to the non-linear en-
ergy dissipation which is a function of the micro-cracking required for macro-crack
propagation.

in strength, Young’s modulus, dimensional change and porosity amongst others
[210]. It thus follows that irradiated graphite should have considerably different
properties, including fracture properties, compared to the virgin, un-irradiated
material. This being said, Fazluddin [16] showed that the KR-curve behaviour of
oxidised graphite has similar crack growth mechanisms, however, at a diminished
toughness. It thus seems coherent to suggest that the mechanisms of fracture
remain similar in irradiated material, i.e. the non-linear energy dissipation and
degradation during fracture have similar mechanisms. Since the testing of irra-
diated material is very costly, due to the safety precautions that have to be met,
testing was only performed on virgin material. It was believed that a valid failure
understanding could be formulated from the virgin material results.

Since the structural integrity of graphite components in the nuclear environment
is generally compromised due to cracking, fracture mechanics (which deals with
the study of the propagation of cracks in materials) has been used in an attempt
to asses the structural integrity of such components. This assumes that cracking
the graphite components can be treated as a singularity where the mechanisms
associated with cracking are a function thereof. In such a case, the fracture
mechanics approach would dictate that the component’s integrity is assessed using
the flaw size (the crack), the remote stress (and possible stress raisers such as key
ways or multiple large cracks) and the materials fracture parameters.
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The conventional fracture mechanics methodology assumes that the fracture char-
acteristic or parameter is an inherent material property. This, however, was shown
to be an erroneous assumption as the damage or degradation of the material in
the FPZ and crack wake is geometry and size dependent. As such, a 3PB config-
uration can behave significantly differently to that of a CT or DT configuration.
There is, however, an additional failure mechanism which needs to be considered.
For this, let us assume that a virgin graphite brick (undamaged) is just subjected
to a stress (i.e. loading stress): The brick, which is illustrated in Figure 9.22a, can
initially be assumed to be micro-crack free (but not free of material flaws). With
the increase of that stress, micro-cracks initiate from the internal flaws (such
as pores or filler particles) at high stress zones (Figure 9.22b). These stresses
don’t have to be significant as it has been reported that micro-cracking occurs
at approximately a third of the peak load. In addition, it was established that
the interaction of micro-cracks in the micro-scale influences the flaw in the mezo-
scale and in turn on the macro-scale. Therefore, fracture processes in graphite
are primarily dependent on the stability of these interfacial cracks. Hence, at
some critical point the micro-cracks coalesce to form one or several macro-cracks
(Figure 9.22c). Only at this point can the fracture mechanics methodology be
utilised. Upon further loading, the macro-crack propagates or becomes unstable
and the brick fails (Figure 9.22d).

With the understanding that the propagation of a macro-crack is a function of
the population of micro-cracking, it follows that a somewhat damaged component
(i.e. a global population of micro-cracks exist due to a global stress or possibly
irradiation damage) should fracture differently to a undamaged component. The
energy to drive a crack through damaged material would be considerably different
to that of virgin material, since the non-linear energy dissipation that is associ-
ated with crack propagation, i.e. the formation of micro-cracks in the FPZ, is
less. Thus, a damaged or irradiated material would be expected to behave in a
more brittle and linear fashion (as illustrated in the load-displacement diagram
in Figure 9.23). This is exactly what Fazluddin observed [16]. He showed that
the the loss of binder phase and the resultant increase in porosity due to oxida-
tion lowers the fracture energy as well as the bridging stress that is generated
within the bridging zone. The observed R-curve behaviour has more similarities
with that of a typical brittle material, categorised by a much steeper initial rise
followed by a constant toughness.

It follows that the history of the component plays an important role. Material
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that has been damaged will fracture differently to that of a virgin material. The
likelihood of macro-crack propagation, which propagates through the linking of
micro-cracks, is dependent on the statistical distribution and population density
of micro-flaws in the vicinity of the macro-crack tip, which in turn is dependent
on the “amount” of damage of the material. As such, the observed cracking
behaviour in the same material components may differ considerably.

There is an additional factor which needs to be considered. The size effect, which
is commonly observed in quasi-brittle materials, also plays an important role in
graphite fracture. According to Bazant [21], the brittleness of the component is
dependent on its size where a larger component behaves in a more brittle fashion.
The reason for this, as explained by Karihaloo [22], is that the ratio of the stored
elastic energy of the component versus the energy released by fracture governs
whether ductile or brittle fracture occurs (the reader is referred to Figure 9.5).
Hence, a large component would behave differently to a smaller specimen.

Fracture mechanics does not allow for the assessment of these intricate mech-
anisms of failure, since it assumes a constant material property and a discrete
approach to evaluate crack growth resistance. Thus, to solve the problem of sim-
ulating and predicting failure of graphite components would require a continuum-
based approach that accounts for the overall material degradation. Marsden [210]
has predicted the degradation and deformations of graphite bricks in AGRs using
FE analyses (however, these analysis have not been experimentally validated),
but has had limited success with predicting crack initiation and propagation. It
is believed by the author that a combined approach of the presented damaged
plasticity model and Marsden’s degradation prediction model could successfully
simulate the fracture and failure of medium grained polycrystalline graphite.

9.10 Summary

In summary, the analysis showed that graphite fracture is associated with sig-
nificant micro-cracking in the fracture process zone (FPZ) prior to and during
macro-cracking as well as crack bridging in the wake of the crack tip, which con-
tributes up to 50% of the irreversible energy dissipation. Micro-cracks tended
to nucleate at pores, causing deflection of the crack path. Rising R-curve be-
haviour was observed, which is attributed to the formation of the FPZ, while
crack bridging and distributed micro-cracks are responsible for the increase in
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fracture resistance. The R-curve analysis of the two materials has shown the typ-
ical quasi-brittle R-curve behaviour. Comparison of the R-curve data with other
data available in literature suggests a geometry dependent fracture behaviour,
where the non-linearity due to the FPZ and the wake effects result in variations
of the apparent fracture toughness. It was found that the reported FPZ size
varies significantly between various geometries showing a relationship between
the non-linear fracture behaviour and the FPZ and wake region size.

The experimental programme has thus shown that conventional fracture me-
chanics is not an appropriate measure of the crack growth mechanisms in nuclear
graphite. The facts concerning the size and geometry dependency of conventional
fracture mechanics and the question regarding the validity of a single crack ap-
proach have resulted in the introduction of a damage mechanics based failure
model. The model is the adaption of an existing non-local damage plasticity
model for concrete and other brittle materials which allows for the degradation
of the material and for so called “plasticity” and was shown to correlate well with
experimental data. The model is based upon the continuum-based approach. It
uses concepts of isotropic damaged elasticity in combination with isotropic tensile
and compressive plasticity to represent the inelastic behaviour. In this method
the failure is modeled in the FE model and consists of a combination of non-
associated multi-hardening plasticity and scalar (isotropic) damaged elasticity to
describe the irreversible damage that occurs during the fracturing process. This
requires the definition of a yield surface and a flow rule that allows the yield
function to soften/harden as the material is “plastically” loaded. The model is
available in the ABAQUS/Standard environment [23]. A static, strain rate inde-
pendent model was assumed.

Three specimen geometries were considered and modeled using IM1-24 graphite.
These included two CT specimen geometries, by Hodgkins et al. [4] and Fazluddin
[16] and a 3PB geometry by Fazluddin [16]. The examples have shown that using
the DP model enables the proper definition of the failure mechanisms associated
with IM1-24 graphite fracture. The model is able to simulate the softening and
degradation of the material and, most importantly, since the DP model is a non-
local approach, is size and geometry independent.
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Chapter 10

Conclusions and Recommendations

This project set out to contribute to the understanding of the mechanisms as-
sociated with the crack initiation and propagation of two medium grain nuclear
graphites, namely Nuclear Block Graphite 10 (NGB10) and Gilsocarbon (IM1-
24). The thesis developed on the results of earlier work undertaken by Hodgkins
[4], Fazluddin [16] and Ouagne [15] among others and is believed to have provided
an explanation of the mechanisms associated with damage development and the
modeling of graphite failure.

The work was split into four sections in which; the Double Torsion (DT) testing
methodology was critically evaluated and adapted to account for non-linearity,
a novel approach to calculate the J-Integral by Digital Image Correlation (DIC)
displacement field measurements was proposed, the observations and mechanisms
associated with graphite fracture and last, a non-local continuum-based damaged
plasticity model for graphite fracture was proposed. The project successfully
employed these techniques to fulfill the thesis objectives. The key conclusion
with some recommendations is summarised below:

• The evaluation of the DT technique, using an experimental, DIC and a
3D Finite Element (FE) analysis, has shown that the validity of the com-
mon assumption of crack length independence is dependent on the loading
configuration, the specimen geometry and material. Significant deflections
at the loading points and the deformation of the unbroken ligament were
measured using a 3D DIC system. The unaccounted deformations result in
a non-linear compliance relationship that causes the Stress Intensity Fac-
tor (SIF) to become crack length dependent. The corrections proposed by
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Chevalier and Ciccotti achieved a crack length independent configuration,
which enables reproducible fracture toughness and VK relationship data to
be obtained for various specimen geometries. However, it was found that
Chevaliers’ correction overestimates and Ciccotti underestimates the cal-
culated SIF by up to 10% in the geometries studied. Evans’ conventional
methodology, with a large deflection correction can obtain valid fracture
toughness and VK relationship data in some geometries. For example; un-
grooved DT specimens with dimensions resembling 3W : W : 0.08W . The
middle half of the specimen achieves an almost crack length independent
regime (within 2%), provided the crack tip remains within aoff < 1/8W of
the centreline for VK investigation.

The author believes that future developments should include efforts on the
standardisation of this test method. It would prove useful to establish re-
lationships between approximate material properties and specimen dimen-
sions.

• In addition to the DT geometry, a novel and simple methodology for ex-
tracting the J-integral from displacement fields obtained by DIC at different
loads was presented. The displacement vectors are transformed into a fi-
nite element domain through a MATLAB implemented routine (JMAN)
to obtain the J-integral as an area integral. The JMAN methodology was
verified using an ABAQUS model, with excellent agreement between the
standard ABAQUS and weight function calculated SIFs. JMAN was tested
on three different specimen geometries for elastic, elastic-plastic and quasi-
brittle materials. Excellent agreement with other fracture characterisation
techniques was achieved. The JMAN analysis has the advantage over stan-
dard methods in that precise location of the crack tip is not required. It is
also insensitive to inelastic strains close to the crack tip that are contained
within the chosen contour.

Future developments of JMAN are proposed which would provide the con-
tributions of mode I and mode II in the J-integral as well as the T-stress.
JMAN may also be modified to account for plasticity and inelastic fracture
processes in the FE domain, as well as residual stress effects for character-
isation of other materials.

• The DT technique and the JMAN methodology provided an excellent tool
and were successfully applied to nuclear graphite for the study of crack
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10. Conclusions and Recommendations

initiation and propagation, including slow crack growth characterisation.
Because of the way the DT is loaded, it allowed for the observation and
measurement of the Fracture Process Zone (FPZ) prior and during fracture
for the first time in graphite.

The observations show that prior to the initiation of the macro-crack the
application of load produces a non-linear load displacement curve in test
specimens. Electronic Speckle Pattern Interferometry (ESPI) suggest that
residual strains occur at isolated locations throughout the material with an
increasing number of strain localisations ahead of the starter notch. DIC
confirms that severe micro-structural damage occurs prior to macro-crack
initiation ahead of the notch tip. Following the initiation and growth of the
primary crack a FPZ exists ahead of the crack tip which contains a high
density of micro cracks. Some micro-cracking remains visible in the wake,
yet most close after the macro-crack propagates past. The propagation in
the FPZ is predominantly associated with crack bridging between micro-
cracking and porosity.

Extensive micro-cracking ahead of the macro-crack tip and wake effects
(such as crack bridging, crack branching and crack arresting) indicate the
aforementioned quasi-brittle behaviour. It was shown that grain structure
and porosity play an important role in the way graphite fractures. Cracks
tend to follow a path of least resistance and crack propagation was observed
to follow voids that were visible on the material surface. Micro-cracks form
in the crack direction plane and appear as localised strains which tend to
be coincident with porosity and grain boundaries.

The values of JR (the fracture resistance), Jel (the elastic contribution)
and Jpl (the plastic contribution) reach a plateau during crack propagation.
No significant difference was found for the elastic contribution in NBG10
(in the parallel and the perpendicular orientation) and IM1-24, suggesting
that this is a measure of the fracture resistance of the graphite material
itself and excludes the non-linear, so called “plasticity” effects. Similarly,
these “plastic” energies show the same plateau region indicating that the
FPZ remains constant once established. However, significant large scatter
in the Jpl values is noticeable. This behaviour is in agreement with the
ESPI and DIC observations of the FPZ, and plotting charts of JR and Jel

vs. Jpl shows convergence to a fracture resistance similar to the obtained
plateau value. The convergence confirms that crack propagation in graphite

235



Univ
ers

ity
 of

 C
ap

e T
ow

n

Thorsten H. Becker

is accompanied by significant non-linear effects.

The initial R-curve rises with the formation of the FPZ and then with con-
tinuing crack extension rises slowly. This is consistent to the development
of the FPZ and crack wake effects. Comparison of R-curve data shows
a geometry dependent fracture behaviour, where the non-linearity due to
the FPZ and the wake effects results in variations of the apparent fracture
toughness. It was found that the reported FPZ size varies significantly
between various geometries showing a relationship between the non-linear
fracture behaviour and the FPZ and wake region size. It was identified
that the observed and measured behaviour is very similar to that of other
quasi-brittle materials. In these a clear size effect on geometry has been es-
tablished and fracture cannot be categorised by conventional elastic plastic
fracture mechanics.

• Based on the fact that graphite fracture is size dependent, an alternate
failure model was proposed. The model is based upon a continuum-based
approach and uses concepts of isotropic damaged elasticity in combination
with isotropic tensile and compressive plasticity to represent the inelastic
behaviour of graphite. Failure is modeled in the FE model and consists
of a combination of non-associated multi-hardening plasticity and scalar
(isotropic) damaged elasticity to describe the irreversible damage that oc-
curs during the fracturing process. This requires the definition of a yield
surface and a flow rule that allows the yield function to soften/harden as the
material is “plastically” loaded. The model is available in the ABAQUS/Standard
environment [23]. A static, strain rate independent model was assumed.

Three specimen geometries were considered and modeled using IM1-24
graphite. These included two CT specimen geometries, by Hodgkins et
al. [4] and Fazluddin [16] and a 3PB geometry by Fazluddin [16]. The ex-
amples have shown that using the DP model enables the proper definition
of the failure mechanisms associated with IM1-24 graphite fracture. The
model is able to simulate the softening and degradation of the material and
most importantly, since the DP model is a non-local approach, is size and
geometry independent.

Future work would include further consideration of available quasi-brittle
failure models for graphite failure. These could include more complex
anisotropic models.
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Appendix A

The Double Torsion Technique

The Double Torsion (DT) specimen is generally used for the characterisation of
fracture toughness, slow crack growth determination and fatigue properties of
highly brittle materials. It has the unique ability to allow for stable controlled
crack propagation irrespective of how brittle the material is. It thus proves useful
in a number of application, including the fracture characterisation of nuclear
grade graphite. This being said, the DT technique has not yet been standardised
and there exists reported scatter of test data from different laboratories for the
same materials considered.

This review analyses the major topics which concern the DT technique. Attempts
to validate the technique are presented in Chapter 5 which uses an experimental
analysis using Perspex (PMMA), a full Finite Element (FE) model and Digital
Image Correlation (DIC) to measure out-of-plane deformations. The Experimen-
tal, FE and DIC investigations, presented in Chapter 5, have been submitted for
publication to the Journal of Experimental Techniques.

A.1 Overview of the DT Technique

The DT testing methodology has been around for several decades, but is still
relatively uncommon and unused as it has yet to be standardised. It was first
introduced by Outwater and Gerry [90], and Kies and Clark [213] in the late
1960’s and proved especially useful for fracture characterisation of highly brittle
materials where common testing procedures such as the Compact Tension (CT)
or Single Edge Notched Beam (SENB) may prove difficult. The DT technique
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Figure A.1 – The DT specimen layout, loading configuration and corresponding
dimensions: crack length a, notch length an, crack extension ∆a, moment arm wm

, specimen length L, specimen width W , specimen thickness d and applied load P
with displacement y at the load point in the y-direction (not shown).

has a unique and very attractive feature in that the Stress Intensity Factor (SIF),
as a first approximation, is independent of the crack length over the middle half
of the specimen. This allows for relatively long range over which a crack may be
propagated in a highly controlled stable manner at a constant driving force. With
this elegant feature it becomes clear that the DT technique is particularly useful
for fracture characterisation of very brittle materials such as ceramics, cements
and brittle polymers such as graphite.

The DT geometry also proves very useful in the investigation of slow crack growth
rate dependent systems for the generation of crack velocity versus SIF data (V K

data). Because the crack length does not enter into the equation of the SIF it pro-
vides a useful tool in facilitating testing situations which would be difficult with
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A. The Double Torsion Technique

the use of other techniques such as the evaluation of opaque and non-reflective
materials where crack length measurements could prove difficult. This feature
becomes especially desirable for high temperature and controlled environments
where access for crack length measurements are difficult to make. The technique
may also be used for fatigue investigations [89]. Due to the crack length indepen-
dence of the SIF and the large crack propagation range the technique also proves
useful to observe the direct effect of altered test parameters on crack velocity,
where the user can “read off” the immediately effect of that parameter during
testing [89].

The DT method provides many advantages and there are several good reviews
available for the DT technique from both analytical and experimental stand-
points [36, 32, 214]. Research has been done in the analytical, experimental and
some practical aspects. Some FE studies were also carried out by Trantina [33]
and Ciccotti et al [111, 102, 37, 103]. There is, as yet, no standardised DT test
method and several investigators have expressed concerns over some factors in-
volved. While the DT testing seems advantageous, a number of questions have
arisen concerning several assumptions about the analysis which might influence
the measured results. In recent years, several corrections have been proposed to
the original work of the DT technique.

A.1.1 Specimen Geometry and Loading Configuration

The DT specimen comprises of a rectangular thin plate loaded in four point
bending at one side. A diagram of the DT specimen is shown (Figure A.1), where
usually the specimen is supported by four ball bearings. The load is applied
so that each load point is subjected to exactly an equal force. The specimen
is considered as two separate halves, which when loaded by load P will rotate
through angle θ. The rotational elastic deformation or applied torque of each
half if sufficiently large, results in a crack propagating between the considered
halves. As mentioned earlier, the elegance of this method is that over a substantial
section of the specimen the SIF is independent of the crack length. Thus the only
dependence on the SIF is the driving force. Due to the nature of DT testing,
alignment of the specimen to the fixture and the load actuator is critical. Slight
misalignment results in “skewed” or non-symmetrical crack propagation which
may yield invalid test data. This is discussed later.

261



Univ
ers

ity
 of

 C
ap

e T
ow

n

Thorsten H. Becker

A.1.2 Analysis of the DT Loading Geometry

There are two methodologies to determine a SIF from a DT specimen, the first
derived from a theoretical compliance and referred to in this text as Evans’ “the-
oretical approach” [91], the later based on the experimental compliance and re-
ferred to as William and Evans’ “experimental approach” [92]. Essentially both
use similar assumptions and in rely on the same principle. To calculate of the
strain energy release rate G, the DT methodology makes use of Griffith energy
criterion for a perfectly elastic material by assuming a linear compliance relation-
ship C. This includes the following assumptions:

1. The specimen is considered as two separate independent beams. The prop-
agating crack separates the two beams.

2. The applied load results in a torsional elastic deformation of each beam.
The deformation of each half is assumed to be small.

3. The specimen is only subjected to torsional deformations and the unbroken
section is assumed ridged.

4. There is no interaction between the two halves at the crack surface.

5. Crack front or crack profile may be characterised by a straight line though
the specimen thickness.

6. The crack tip profile remains constant on crack extension.

7. Fracture is regarded as Mode I rupture.

8. Plane strain conditions are commonly assumed.

Theoretical Approach

Evans approach [91] is based on a theoretical calculated compliance relation-
ship. For a bar with polar moment of inertia IP and shear modulus µ subjected
to a torsional moment T results in an angle of twist θ. This relationship is given
as

θ =
y

Wm

=
Ta

Ipµ
(A.1)

where T may be expressed as
T =

P

2
Wm (A.2)
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It can be shown that for small deflections and for a bar where the width is much
greater than specimen thickness the second moment of area IP may be expressed
as [90]

IP =
Wd3

6
(A.3)

and hence combining Equations A.1, A.2 and A.3 we obtain an equation for the
compliance relationship based on the theoretical stiffness (noted as subscript A)
of a rectangular torsion bar as

CA(a) =
y

P
≈

�
3Wm

2

Wd3µ

�
a = BAa (A.4)

The compliance relationship relates the load and displacement at the load points
to the specimen crack length. A linear relationship exists between a load with its
corresponding displacement to a crack length.

The SIF for a DT specimen is determined through standard fracture mechan-
ics analysis of elastic strain energy release rate under the assumption of LEFM
(Mode I). The strain energy release rate for crack extension is related to the
specimen compliance by the Irwin expression [215]. If the crack tip shape is
assumed independent of crack length, then the crack extension area remains con-
stant (dA = d · da) where d is the specimen thickness.

GP =
1

2
P

2dC

dA
=

1

2d
P

2dC

da
(A.5)

Note, d will be replaced by dn for grooved specimens, where dn the thickness
without the groove depth.

By differentiating Equation A.4 with respect to a, and substituting into Equation
A.5 we obtain

GP (a) =
3P 2Wm

2

2Wd4µ
(A.6)

With the application of the linear elastic fracture mechanics relationship (LEFM)
[215] the fracture toughness KI (for mode I) is given as

KI =
√
E �G (A.7)

where E �, the Young’s modulus, is related to the shear modulus µ (where ν is the
Poisson’s ratio) by µ = E

�/2(1 + ν) and where E � = E/(1− ν2) for plane strain
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Figure A.2 – Schematic representation of the compliance relationship for the DT
test configuration. The solid line represents ideal linear behaviour with the dashed
line illustrating deviations from this behaviour that result from end influences [31].

and E � = E for plane stress. The expression for the SIF takes the form of

KI(P ) =

�
2µG

(1− ν)
= P

�
BAµ

d(1− ν)
= P

�
3Wm

2

Wd4(1− ν)
(A.8)

for plane strain and

KI(P ) =
�
2µG(1 + ν) = P

�
BAµ(1 + ν)

d
= P

�
3Wm

2(1 + ν)

Wd4
(A.9)

for plane stress conditions. Note, the SIF is a function of the applied load, the
specimen geometry and Poisson’s ratio only and is independent of crack length.

The validity of the model was tested experimentally by Williams and Evans [92]
performing a compliance calibration on one specimen and comparing the empirical
relationship with that of the analytical expression. They found that the data fits
the linear relationship C = BAa with some discrepancies. These are discussed
later.

Experimental Approach

Alternatively, Williams and Evans [92] amongst others [91, 31, 35] have found
a compliance relationship experimentally. They have shown that generally the
relationship between deflection and load varies linearly with the crack length as
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measured by the longest extension of the cracked profile

C(a) =
y

P
≈ BEa+DE (A.10)

where BE and DE (subscript E noting experimental derivation) are constants
which depend on the elastic properties of the specimen and the specimen’s di-
mensions, similar to the analytical approach. The linear relationship is illustrated
schematically below. The parameters BE and DE are found to be independent
of crack length. The exceptions to this are near the ends of the specimen. The
intercept DE is generally a non-zero constant [92].

Similar to the previous approach the strain energy release rate is found by sub-
stituting Equation A.10 into Equation A.5. And hence we obtain the fracture
toughness with the use of Equation A.7 for plane strain

KI(P ) =

�
2µG

(1− ν)
= P

�
BEµ

d(1− ν)
(A.11)

and for the plane stress assumption

KI(P ) =
�
2µG(1 + ν) = P

�
BEµ(1 + ν)

d
(A.12)

As before, the SIF given by the above equations is a function of the applied load,
the test specimen compliance and geometry and Poisson’s ratio but independent
of crack length. The latter characteristic is one of the most attractive features of
double-torsion testing.

Evans and Wiederhorn [216] showed that BE may be obtained analytically as

BE =
3w2

m

Wd3µ
= BA (A.13)

Note, the fracture toughness is independent of DE, the intercept of the experi-
mental compliance curve C.

A.1.3 DT Technique for Fracture Toughness Determina-
tion

Fracture toughness can be determined in DT testing simply by loading a test
specimen rapidly and recording the maximum load or plateau load Pc, during
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Figure A.3 – An illustration of temporal load variation obtained from a load
relaxation test in a double-torsion test specimen of 3-YSZ [32].

failure. The fracture toughness expression is obtained by substituting the failure
load in Equation A.8 for plane strain or Equation A.9 for plane stress respectively

KIc = Pc

�
3Wm

2

Wd4(1− ν)ψ(t,W )
(A.14)

KIc = Pc

�
3Wm

2(1 + ν)

Wd4ψ(t,W )
(A.15)

The factor ψ(t,W ) is a thickness correction factor which is discussed shortly. The
experimental error in measuring the values of variables included in the formula for
fracture toughness in DT is comparable to that of five other geometries (Chevron
Notched (CN), SENB, Double Cantilever Beam (DCB), Single Edge Notched
Tension (SENT) specimen and Three Point Bending (3BP)) [217].

A.1.4 Sub-Critical Crack Growth Studies

One of the most valuable characteristics of the DT technique is that crack growth
data may be determined without having to monitor the crack length on a con-
tinuous basis. The DT beam has three methodologies for determining V K data,
namely the load relaxation method, the constant rate of displacement method
and the constant load method. In general, for quasi-static slow crack growth on
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ceramic materials in a stress corroding medium is given by

v ≡ AK
n (A.16)

where A is a constant and n is the sub critical crack growth index. The measured
velocities are usually in the range of 10−3 to 10−8 mm/s, which are plotted on a
log log scale to fit a linear log-log relationship.

Load Relaxation Method

The load relaxation method is commonly used indirectly to obtain the sub-critical
crack propagation behaviour of brittle materials. According to this technique [91],
a DT test specimen is loaded to below the expected fracture load (0.9− 0.95Pc).
The cross head of the testing machine is then held at a fixed position and the
increase in compliance of the test specimen from sub-critical crack growth leads
to a relaxation of the load with time. A typical curve is shown in Figure A.3.
Once the load relaxation curve has been found experimentally, it may be used to
determine the corresponding V K curve.

Theoretical Approach

The theoretical approach to find the V K relationship is a continuation of the
SIF derivation and is thus based on the same assumptions.To find the apparent
crack velocity ȧ we differentiate Equation A.4 with respect to time t. At fixed
cross head y = constant and hence (dy/dt) = 0. This yields the flowing equation
for crack velocity (constant y denoted as subscript y)

da

dt y
(P, t) =

Wd3µ

3Wm
2

d

dt

�
1

P 2

�

y

(A.17)

This may be rewritten as

ȧy(P, t) = − d

dt

�
BA

P 2

�

y

(A.18)

The crack growth rate may be found directly from the rate of load relaxation at
a fixed displacement, simply from the slope of the load relaxation curve, if the
displacement and the specimen dimensions are known. It is essential that precise
material properties are known for the above approach.
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Experimental Approach

An alternate method, which is based on the experimental compliance relation-
ship, can also be manipulated to determine the crack growth rate. Similarly
to the above methodology, the following equation for crack velocity is found as
(constant y denoted as subscript y)

ȧy(P, t) = −(BEa+DE)

BEP

�
dP

dt

�

y

(A.19)

If the displacement remains constant and the tip of the crack remains in the crack
length independent SIF region then

y = P (BAa+DE) = Pi(BAai +DE) = Pf (BAaf +DE) (A.20)

Where, the subscripts i and f denote the initial and final loads and crack lengths.
The physical meaning of the above equation is that the increase in the compliance
of the test specimen due to increase in crack length is exactly compensated by
its temporal decrease in load. By setting the LHS of Equation A.19 equal to
zero and rearranging it with Equation A.20, an expression for the crack growth
velocity can be derived

ȧy(P, t) = −Pi,f

P 2

�
ai,f +

DE

BE

��
dP

dt

�

y

(A.21)

In some cases it may be assumed that D/B << ai,f and hence the above equation
reduces to

ȧy(P, t) = −Pi,fai,f

P 2

�
dP

dt

�

y

(A.22)

Even though Equation A.22 is popularly applied it is noted that in many cases
the assumption that ai,f is much larger than D/B is not necessarily true. This
is shown later.

In principle the entire V K curve can be obtained from a single load relaxation
experiment. However, this methodology works better at relatively higher crack
growth rates (> 10−4−10−7mm/s [35]) due to temperature fluctuations affecting
load measurements at very low velocities. This method is also susceptible to
spurious factors such as load train relaxation. It is for this reason that it has
been recommended to generate complementary portions of the V K curve by
combining the load relaxation technique with one of the two techniques discussed
below [214].
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Constant Rate of Displacement at Assumed Constant Load

The converse of the load relaxation technique at constant displacement for gen-
erating V K data employs a constant rate of displacement at assumed constant
load. In this technique, the cross head is moved at a constant rate and the load
value is allowed to reach a plateau where the increase in load from cross head
movement is balanced by relaxation of the test specimen load from crack growth.
If the plateau load value is given by Pc and is assumed to remain constant, then
dP/dt = 0 (constant load is denoted a subscript P ) and by differentiating Equa-
tion A.4 with respect to time t the crack velocity is found by

ȧP (y, t) =
1

PpBE

�
dy

dt

�

P

=
ẏP

PpBE

(A.23)

If the rate of change of deflection is known then it is possible to determine the
crack growth rate. The disadvantage of this technique is that only one data point
can be obtained per experimental run.

Wiederhorn [7] and later Quinn and co-workers [218, 219] successfully combined
the constant displacement rate technique with the load relaxation technique to
obtain slow crack growth information without having to make any crack length
measurements. In this method, the cross head is moved at a slow, constant rate
until the load decrease due to slow crack growth exactly offsets the load increase
due to cross head movement. The peak load Pc and the cross head displacement
rate can now be used to obtain the initial crack velocity ȧi according to Equation
A.23. The cross head is then arrested at the peak load and a load relaxation
experiment is subsequently carried out. The initial crack velocity ȧi from the
load relaxation experiment can be obtained by substituting P = Pi in Equation
A.21. Assuming that the initial velocity obtained by application from Equation
A.23 and Equation A.21 is the same, the following relationship is obtained

ȧi =
dy

dt

PiBE

= −
�
dPi

dt

�
BEai +DE

PBE

(A.24)

This relationship gives the expression of the compliance of the specimen at the
beginning of the load relaxation experiment as [7]

BEai +DE = −dy

dt

dPi

dt
(A.25)
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The initial compliance is related to the compliance at any other instant in the
load relaxation experiment according to Equation A.20. Substitution of Equation
A.24 in Equation A.25 therefore, allows the calculation of crack velocity according
to

ȧ(P, y, t) =

�
dy

dt

BE

��
Pi

dPi
dt

��
dP

dt

P 2

�
(A.26)

Since Equation A.26 does not involve any crack length term it is ideally suitable
for applications such as elevated temperature and/or controlled environment test-
ing.

Constant Load Technique

In one of the earliest application of the DT configuration the slow crack growth
was measured through the constant load method [220]. This method is very
simple; the average crack velocity corresponding to the SIF, which is calculated
from the applied constant load can be obtained by measuring the crack length
before and after the experiment and the elapsed time.

ȧP (a, t) =
da

dt
(A.27)

By measuring crack length extension da over a time period ∆t, an average crack
velocity may be determined. The main disadvantage of the constant load tech-
nique is that only one data point can be obtained per experimental run. Addition-
ally, relative crack length measurements are required. This technique, however,
is suitable for the calculation of very low crack velocities where load relaxation
measurements cannot be performed [35].

A.1.5 Implications and Considerations of the DT Method

The DT method seems simple, however, there are several important considera-
tions which need to be considered. Often the data acquired shows large scatter
and repeatability can be poor. Swanson [221] reported that for a given specimen
geometry the values of the stress corrosion index n are repeatable to a degree,
however there exist rather large differences in the mean values of n determined
for the same material in different laboratories. These differences cannot be at-
tributed to variations in material properties. There has been considerable recent
discussion in the literature regarding the consistency of DT data and the validity
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of the method. Various factors have been identified as possible sources of error.
The following section discusses these concerns and intends to informs the reader
about the assumptions the DT technique testing. Lets consider the assumptions
the DT method is based upon given in section A.1.2:

Effect of Crack length on SIF K (note 1)

The derivation of the DT methodology assumes a crack length independent SIF
(due to the linear compliance), however, this is not applicable over the entire
length and is only valid through the middle section of the specimen. This has
been discussed by various researchers [92, 31, 35, 33, 220, 222, 93, 90]. Trantina’s
[33] FE analysis showed that the SIF varies according to crack length to the
theoretical assumed constant data. Figure A.4 illustrates this and indicates sig-
nificant variation in the SIF near the ends of the specimen. The SIF remains
nearly constant (to within 5 percent) in the range of crack lengths ranging from
a : W > 0.55 and unbroken ligament lengths of (L− a) : W > 0.65. This implies
that the range of crack lengths for which the SIF is independent of the crack
length is a function of the length to width (L : W ) ratio of the test specimen.
For L/W = 3 ratios the middle 60 percent of the test specimen displays this
property (0.18 < a : L < 0.78). This conclusion agrees well with experimental
work done by Ebrahimi [93]. The specimen dimensions used by Trantina were of
ratios L : W = 2 and L : W = 3 and were un-grooved DT specimens.

Similarly, the edge effects of a crack length independent SIF were discussed by
Salem [34]. His experimental data is shown in Figure A.5. Table A.1 summarises
some of the crack length ranges over which the SIF was found to remain reason-
ably constant.

Table A.1 provides details of researchers assumed constant SIF for the middle
section of the specimen. Non-linearity in C may reasoned by the edge affects of the
specimen. Chevalier and co-workers [95], however, have reported a crack length
dependent SIF while studying the behaviour of zirconia and alumina. They have
attributed a minor crack length dependence to the deflections of the unbroken
ligament and proposed a correction for load relaxation tests which are a specimen
geometry specific (dimensions and loading configuration). Their methodology
is intended for tests using the load relaxation technique for V K investigations.
According to them, the corrected expression for SIF KI

Ch in the DT testing
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Figure A.4 – Trantina’s constant K curve as a function of crack length [33]

Figure A.5 – Salem’s [34] plot of SIF readings as a function of normalized crack
length in glass specimens tested at 2 mm/min in 45 percent RH air . For the plate,
L = 51mm, W = 23mm, d = 1.5mm. Open symbols are data of Pletka et al [35]
shown as reference [3] in the figure.

Length:Width (L : W ) a(lower limit) a(upper limit) Reference
1.5 0.4W L− 0.8W [222]
2.5 0.5W L− 1.0W [93]
2.6 0.33L 0.67L [92]
3.5 0.33L 0.83L [223]
3 1/3L 2/3L [36]
3.9 0.20L 0.7L [224]
4 W L−W [91]

Table A.1 – Summary of DT geometries utilised with corresponding assumed
constant SIF range.
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configuration can be given by

K
Ch

I
(P, a) = K

E

I

�
a

an

�m
k

(A.28)

Here, KE

I
is Evans’ derived SIF (where E denotes Evans’ model) for plane strain,

an is the notch length, m and k are constants for the test specimen geometry and
material considered. The crack length may be estimated by

a(P ) =
Pi,f (BEai,f+DE)

P
−DE

BE

(A.29)

The constant m is found by a series of constant load tests at various loads.
Constant k is found from load relaxation tests at fixed cross head displacement.
Chevalier found m = 6 and k = 32 for alumina and the loading configuration
used. It is worth mentioning that Chevalier’s correction is crack length dependent
and thus requires a crack length estimate, obtained by employing Equation A.29.
The SIF calculation for load relaxation tests becomes a function of load and crack
length. The correction results in a shift of the V K curve and an increase of the
stress corrosion index n. Chevalier and co-workers concluded in another paper
[110], that their correction generally gives an overestimation of the SIF related
to the exponent value.

Ciccotti and co-workers [111, 102, 37, 103] performed detailed three dimensional
FE stress analysis for ’large’ DT specimens (L170mm and W > 60mm) and con-
cluded that appreciable deviations occurred from the classical analytical solution
predictions of strain energy release rate. They provided correction factors to ac-
count for experimental variables such as crack shape, groove width and depth,
notch length and test specimen geometry and found deviations (up to 40%) in
the value of strain energy release rate from the analytical solution. Of all the
effects considered the effect of test specimen geometry on the calculated SIF was
found to be the most significant and complex. A discussion on this follows in the
next section.

Pure Torsional Analysis (note 2)

The ’Pure torsion’ analysis assumes small deflections (the analysis assumes that
y = θWm). Under this condition the specimen compliance can be determined
from expression C = y/P . When large deflections are reached however, this
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relationship holds with approximation only and has to be corrected. Figure A.6
shown the reduction in Wm due to the torsional deformation at the loading points.
Shown is one specimen half.

The issue of large deflections has been addressed by Hine et al [109] and later by
Leevers [18], and experimentally [121] addressed by researchers investigating the
behaviour and properties of polymers and polymer based composites. Leevers
proposed a (most recent) correction for large deflections. Their analysis yielded
the following expression for SIF, for the case of plane strain and plane stress
respectively. R and r are the radii of supporting and loading balls and θ is the
angle the torsional arm makes with the horizontal surface of the un-deformed
specimen

K
LDC

I
(P, θ) = Pc

�
3y(1 + ν)

Wd4ψ(t,W )
∗

��
Wm − (R + r + d)(sinθ + θcosθ)

θ

�

K
LDC

I
(P, θ) = Pc

�
3WLDC

m

2(1 + ν)

Wd4ψ(t,W )
(A.30)

K
LDC

I
(P, θ) = Pc

�
3y

Wd4(1− ν)ψ(t,W )

��
Wm − (R + r + d)(sinθ + θcosθ)

θ

�

K
LDC

I
(P, θ) = Pc

�
3WLDC

m

2

Wd4(1− ν)ψ(t,W )
(A.31)

The function ψ(d,W ) is a thickness correction factor which is discuss in the next
section.

Perfectly Rigid Crack Tip Front (note 3)

The assumption that the plate beyond the crack tip front is perfectly rigid imposes
a few implications. The plate has the same torsional shear stresses applied to
it as the independent beams. This results in a deformation of the assumed un-
cracked plate. Fuller’s analysis requires that this plate remains perfectly rigid and
that the remaining ligament length (L − a) is long. The above assumption was
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addressed by various researchers, Ciccotti [111, 102, 37, 103], Chevalier [95] and
Leevers[172, 101], but no generally accepted correction as been found. However,
Fuller [31] states that the elastic deformation of the un-cracked portion of the DT
specimen only becomes problematic when the boundaries and contact stresses
affect the crack tip process zone.

Region of Overlap and Thickness Correction (note 4)

Specimen thickness plays an important role when it comes to the DT technique as
there exists a region of interaction between the two sides of the cracked specimen
seen in the diagram A.7. This is especially the case for thicker specimens, . It has
been shown by Fuller [31] the two separate beams inter penetrate each other and
the contact stresses which occur are ignored in the analysis. For thin specimens
this is a good approximation [36] however, the interaction stresses for thicker
specimens can generally not be disregarded as these affect the SIF.

Fuller has concluded, using polycrystalline alumina, that values for KIc are un-
derestimated and that this is explained by the specimens thickness ratio of 0.25,
whereas he had good agreement with other methods for a thickness ratio of 0.166
[216]. Fuller’s analysis yielded a correction factor. The correction factor has been
found and experimental tests have confirmed that ψ(t,W ) may be expressed with
an accuracy of 0.1 percent as

ψ(t,W ) = 1− 0.6302τ1.20τe
π
τ (A.32)

where
τ =

2d

W
(A.33)

It is recommended that the use of thin specimens of thickness ratio W : 0.1d−W :

0.83d by Evans [91] and Tait [36] amongst others. Many DT investigations though
have been conducted on specimens between a quarter or half the minimum thick-
ness and still yielded comparable data to CT specimens and DCB. Other thick-
ness correction criterion’s have been proposed [89] and [225]. Fuller’s correction
is most widely used by researchers. The thickness correction is included into the
derivation and will change Equation A.8 for plain strain and Equation A.9 for
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Figure A.6 – Illustration of the reduction in Wm due to large load point (P )
deflections (∆y). Also shown is the crack surface interaction points which results
in a shift of centre of rotation.

Figure A.7 – Showing the region of interaction of the two sides of cracked speci-
mens (from Ref [36])

Figure A.8 – A schematic of the cross section of a crack profile in a DT specimen
showing the curved crack front [9]. The crack opening is at the tensile surface of
the specimen, where the compressive side remains closed.

276



Univ
ers

ity
 of

 C
ap

e T
ow

n

A. The Double Torsion Technique

plane stress to respectively.

KI(P ) = P

�
3Wm

2

Wd4(1− ν)ψ(t,W )
(A.34)

KI(P ) = P

�
3Wm

2(1 + ν)

Wd4ψ(t,W )
(A.35)

Crack Tip Front Inclination (note 5 and 6)

The theoretical analysis assumes a straight crack profile front, perpendicular to
the tensile surface. However, practical observation shows that the profile is curved
as shown in Figure A.8. It should be noted that the term crack length a refers to
the crack extension on the tensile surface of the DT specimen and refers to the
longest part of the crack from the loading points.

Considering that the crack opening occurs at the tensile side of the specimen and
that the compressive side remains closed, it follows that the crack grow faster
on the tensile side of the specimen and the compressive side only follows once
sufficient crack opening has occurred. It is also assumed that change in crack
surface area with the increase in crack length is constant throughout the length
of the specimen. It follows that dA/da = constant. This has been confirmed
by Evans et al [91] [92], Fuller [31], Trantina [33] and Vikar et al [105], amongst
others. The difference between the lower and upper crack extension of the DT
specimen have been found empirically to be fixed and equal to five times the
thickness d in the plane of the crack for glass and alumina [91]. Vikar and
Gordon [105] have shown that the shape of the crack profile is dependent on the
characteristics of sub-critical crack growth in any given material and environment.

Successive crack front positions as shown in Figure A.8. Notice that the crack
velocity ȧ is not the true crack velocity as it is not orthogonal to the crack front.
The true crack velocity V varies along the crack front, the highest being at the
tensile surface. Evans proposed an averaging factor to the crack velocity [91]

φ =
d√

∆a2 + d2
(A.36)

This correction simply assumes a straight crack front which is now at an acute
angle. Hence the crack velocity in the plane of the specimen’s tensile surface is
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the fraction as shown in Equation A.36. The correction factor is multiplied by
the former crack velocity.

Vikar and Gordon [105] have shown that the curvature of the crack front means
that the true velocity of any crack element dx varies along the crack front implying
that the local SIF also varies along the crack front. Since V is related to KI in the
form of V = AKI

n it implies that the SIF is also a function of the position along
the crack front. Thus Equation A.36 becomes questionable. This problem was
addressed by Pollet and Burns [106] who derived a better averaging process for the
crack velocity. They assume that over a range of crack velocities encompassing
those experienced by crack elements dx along the crack front, the V G relation
may be described by

V = V0(G−G0)
m (A.37)

where V0, G0 and m are constants. The average value of G, Gav, is related to the
apparent crack velocity

ȧ =
V 0

φ
(Gav −G0)

m (A.38)

where φ is given by

φ =

�
1

d

�
d

0

sinα(x)
1
mdx

�m

(A.39)

where α is the inclination of the fracture front relative to the specimen surface
as a function of depth x along the thickness of the specimen and m has the same
value as the stress-corrosion index n determined from conventional V K tests.
They observed that the crack profiles and consequently φ was almost independent
of ȧ in PMMA. Consequently, providing DT data gives correct value for the stress
corrosion index

V (G) = φȧGav (A.40)

The expression for the crack velocity correction reduces to the correction proposed
by Evans if the crack front is approximated as a straight line with α remaining
constant. The value of φ can be obtained from experimental measurements of
the crack profile. Pollet and Burns also showed that φ does not vary significantly
with n > 4. Thus φ can be accurately obtained even if n is not known precisely.

Leevers uses single crack shape parameter S to characterise the crack front. This
shape factor can be predicted with accuracy adequate for general purposes from
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specimen geometry only

S = 0.35Q�
coth

�
(L− a)

Q�dn

�
(A.41)

where

Q
� = 2

�
d

dn

�2 �
ZW

π(1 + ν)d

�
(A.42)

and

Z =
1

3
− 0.24

�
d

W

�
+ 0.13

�
d

W

�2

(A.43)

The curved crack shape may be theoretically derived with the hyperbolic shape
function (with co-ordinate system x-axis and y-axis)

y =
dnS

x
+K0 (A.44)

G
L

I
against V data should be corrected by a factor derived from a measurement of

crack front shape in order to achieve an adequate approximation to the underlying
material property. This is particularly important for the rate-depended materials
[226]. The strain energy release rate is found by solving for the change in area
dA. This reduces to the term (GL

I
is the corrected strain energy release rate)

G
L

I
(a) = G

�
a

Sdn + a

�
(A.45)

Similarly to Leevers model, Stadler and Kausch [108] have concluded that for
alumina the crack front profile is independent of crack velocity but strongly on
specimen thickness. Their factor M compromises the SIF, Poisson’s ratio, crack
opening displacement and shear modulus to predict crack front profile.

M =
ζG

KI(1− v)1/2
(A.46)

where ζ is the local deformation parameter, which must be distinguished from a
crack opening displacement (COD) in that it is the sum of the local plastic strain
(COD) and the surrounding elastic strain. The equation of the crack profile is
stated as: (with co-ordinate system x-axis and y-axis)

yx = M
�
F ∗ f

�
dy

dx

�
(A.47)
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where M � is the derivative of M and F = (2µWd3)/dn.

Crack Opening Mode (note 7)

The DT test is not seen as pure mode I loading but rather a mixed mode I-III
loading because of a minor existence of mode III SIF (KIII) at the crack tip [227].
A number of investigators [91] [216]have shown that KIII is extremely small in
comparison with KI in brittle materials. It is thus concluded that DT may be
regarded as KI .

Plane Strain or Plane Stress (note 8)

The appropriate choice between the two conditions is difficult to specify since
the crack profile is curved or three dimensional. One assumption involves the
choice of state of plane strain or stress to describe the SIF according to Equation
A.14 for plane strain or Equation A.15 for plane stress. While earlier researchers
favoured the plane strain expression for fracture toughness calculation [31] [36]
recent calculations are based on the plane stress expression. Atkinson [59] reports
that if the specimen thickness d is small compared to the non-linear process zone
then the plane strain constraints are also small and plane strain stress analysis
in applicable. The minimum thickness criterion d ≥ 2.5(KIc/σy)2 which is used
for ductile materials is used to distinguish between plain strain and plain stress.
The justification for the former is that plane strain fracture toughness is suitable
for brittle materials [33].

A.1.6 Specimen Geometry Considerations

There is a large variation and debates about geometry aspects. These sections
will discuss various geometry factors and consideration of DT specimen.

Length, Width and Thickness ratios (L : W : d)

There are no standardised dimensions to date for DT specimens. Tait et al pub-
lished a paper [36] that reviewed DT specimens with the respective dimensions
used by various researchers. His work recommends the following specimen pro-
portions (Table A.2).
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The FE work done by Trantina [33] uses a thickness of 0.1W . Ciccotti’s et al FE
research [111, 102, 37, 103] used 0.117W thickness. They also reported in their
analysis, where large specimens were used, that they found large discrepancies
between the theoretical analysis and the FE analysis. Madjoubi et al [110] suggest
that Evans model can be used uncorrected for specimen lengths more than 3W

and a thickness of 0.075W .

Grooved Specimens

DT specimen designs often included a groove along the length of the test spec-
imen in order to guide the growth of the crack. Tests have been conducted on
single or double grooved specimens. It has been shown that careful alignment of
the test specimen and fixture eliminates the need of the machined groove [36].
Additionally, the presence of a groove leads to effects that are still not fully
characterized and it also requires a modified analysis. Side grooves may cause
significant stress concentrations and propagating cracks have been reported to de-
viate toward sharp edges caused by side grooves. Thus, more recently un-grooved
specimens are preferred as it eliminates uncertainties. With careful alignment it
becomes possible to grow straight crack.

Figure A.9 shows the effect of grooves on the SIF. This reflects work done by
Ciccotti [102] in his FE analysis. His conclusion is that side groves, their depth
and width greatly affects the strain energy release rate. Noticeable for no grooves
are slight deviations from the analytical solution to the FE solution. The middle
region of the specimen though for un-grooved specimens does not vary signifi-
cantly. This may be explained by the slight deviations from the constant SIF,
which was discussed earlier.

Starter Notch an

All DT specimens have a starter notch to facilitate crack initiation. A starter
notch of length an is often recommended with a length such that any crack that
initiates from the notch is in the constant SIF region. The effects of the length
of the starter notches have been investigated by Ciccotti [102]. His results are
summarised in the Figure A.10. Note that the graph does not only show the
effects of the starter notch, but the deviations of the correction factor may also
be due to the slight variations in the SIF. The only deviation between pre-notched
and straight specimens is near the start of the specimen.
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Figure A.9 – (b) Effect of groove depth on K (c) Effect of groove width on K.
The graph shows the correction factor required to for K (from Ciccotti [37]).

Figure A.10 – The effect a starter notch [37]

Length L Width W thickness d Material Reference
3W W 0.083W PMMA [35]
3W W 0.120− 0.10W Polymer [91]
2W W 0.067W Rock [8]

Table A.2 – Recommended specimen ratios by Tait et al [36]
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If un-grooved specimens are used then alignment is critical and crack initiation
needs to be precisely along the centre of the specimen. Any misalignment from
the centre will cause the crack to deviate from its centre path and give invalid
results. Salem reports valid KIc results for a crack initiation within 0.1 percent
deviation off the centre line. A notch helps to form a crack at the centre of the
specimen and provides a high stress concentration.

Pre-Cracking of Specimens

A number of investigators have commented on the importance of specimen pre-
cracking and notching on fracture mechanics parameters. Pletka et al [35] argued
that the absence of pre-cracking resulted in erroneously higher SIFs. Atkinson and
Meredith [228] also asserted that specimen pre-cracking was essential to obtain
a natural starting fracture from which a macro crack could extend during a test.
The work of Rijken [229], however, suggested otherwise. In a test conducted
on Travis Peak specimens, Rijken found no systematic relationship between pre-
crack length and sub-critical fracture index or SIF for notched, un-notched and
pre-cracked samples.

Generally specimens are pre-cracked for two reasons. Firstly; to have a sharp
crack front identical to a real crack. Secondly; the DT technique requires a fully
developed crack front. This can only be achieved by pre-cracking the specimens
before commencing in any further testing.

Specimen Symmetry and Crack Propagation

Symmetry is crucial for the DT. The specimen needs to be aligned perfectly sym-
metrically about the crack propagation axis. In an ideal situation, the crack will
propagate down the centreline of the specimen. Any misalignment can cause
’skewed’ crack propagation as shown in Figure A.11. If the crack deviates signifi-
cantly, as shown in Figure A.11b then the test data becomes invalid as the results
will vary substantially to those of a straight crack, Figure A.11a. There are no
significantly useful analysis or corrections available for variation of test data due
to misalignment.

Correct alignment is always crucial, but not always achievable. Misalignment of
the specimen with respect to the actuator and the fixture may result in inaccu-
rate data. The effectiveness and alignment of the testing fixture will determine
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Figure A.11 – DT specimens showing (a) straight crack propagation and (b)
skewed crack propagation, respectively.

the success of the DT testing. The fixture should allow for simple specimen fit-
ting, alignment and the observation the specimen’s crack. The fixture should
be designed is such way that applied load is split equally to both halves of the
specimen.

FE Analysis

The first comprehensive FE stress analysis of the DT geometry was performed
by Trantina [33]. In the analysis Trantina used un-grooved specimens and the
objectives were to determine crack front configurations, compare analytical SIF
values to FE SIF values and to determine the variation of the SIF with crack
length. The analysis concluded that most assumptions inherent in the derivation
of the analytical expression are reasonable. The SIF calculation from the ana-
lytical analysis was shown to be nearly equal to the value obtained from the FE
stress analysis. It was shown that the SIF remains nearly constant (to within five
percent) in the range of crack lengths ranging from a : W > 0.55 and unbroken
ligament lengths of (L − a) : W > 0.65. This implies that the range of crack
lengths for which the SIF is independent of the crack length is a function of the
length to width L : W ratio of the test specimen. For L : W = 3 ratios the mid-
dle 60 percent of the test specimen displays this property (0.18 < a : L < 0.78).
Their conclusion agrees well with experimental work done by Tait et al [36].

More recently, Ciccotti and co-workers [111, 102, 37, 103] performed detailed
three-dimensional FE stress analysis for ’large’ double-torsion test specimens (L >

170mm and W > 60mm) and concluded that appreciable deviations occurred
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from the classical analytical solution predictions of strain energy release rate.
They provided correction factors to account for experimental variables such as
crack shape, groove width and depth, notch length and test specimen geometry
and found deviations (up to 30 percent) in the value of strain energy release
rate from the analytical solution. Of all the different variables considered, the
factor of test specimen geometry on the calculated SIF was found to be the most
significant and complex.

Ciccotti provided two correction factors ϕ(a) and ξ(a) for calculation of the SIFs
and for V K data. The correction factors are dependent on groove depth, groove
width thickness, notch length and crack front inclination. Ciccotti analysed four
different specimen sizes for width and length. Variations for the specimen thick-
ness were not considered in his analysis. Both correction factors are function of
crack lengths and thus deem the necessity of crack length measurements (Super-
script E stands for Evans’ model). Note that Ciccotti’s corrections are functions
of the crack length.

C
Ci(a) = ϕ(a)BAa (A.48)

K
Ci

I
(P, a) =

�
ϕ(a)KE

I
(P ) (A.49)

V
Ci(P, t, a)y = −ϑ

ξ(ai,f )

ϕ(a)

ai,fPi,f

P 2

�
dP

dt

�

y

(A.50)

where the crack length is estimated by

a(P ) = C
−1

�
C(ai,f )Pi,f

P

�
(A.51)

The correction factors were derived from this analysis for five different crack
lengths, covering a large interval. The variation curves of these coefficients with
crack length can be obtained by a 3rd order polynomial fitted to the five data
points.

It is important to underline that the direct use of the recorded values is condi-
tioned by the type of dimensions ratios (L : W : d) of the samples used by the
Ciccotti and co-workers. In the case where the sample geometry is different, it is
possible to do linear interpolations between the values of the different geometries
proposed. Examples were published by Ciccotti [102].
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Figure A.12 – The corrective coefficients of the correction factors ϕ(a) and ξ(a)
for specimens with length L = 17cm and width W = 6cm. The different curves
represent all combinations of the other geometric parameters [37].

A.2 Summary

This Appendix presented a critical review of the DT technique. Discussed was the
derivation of the technique for the measurement of the SIF and slow crack growth
data. The author believes that the DT technique is a very powerful technique for
the fracture investigations of highly brittle material. The technique offers a crack
length independent SIF, which enables the ability of controlled crack propagation
at constant driving force. In addition, Champomier [230] compared the DT to
Double Cantilever Beam (DCB) favourably and states that reproducibility is
excellent. Tait et al [231] also gives a good review of the DT test method compared
to other fracture toughness test techniques for brittle materials. They conclude
that the DT has good precision and gives reasonable values of KIc. Results for
tests for a verity of materials show that the DT technique is generally acceptable
[36].

This being said an evaluation of the DT technique, presented in Chapter 5, has
shown a minimal but clear dependence of SIF on crack length for all specimen
configurations, especially for the thicker 2.7W : W : 0.11W geometry. This
can result in scatter of fracture toughness data and non-reproducibility of VK
relationship data. These discrepancies are believed to be linked to marked non-
linearity in the assumed linear compliance relationship, which has been linked
to the large deflections at the load points and the out-of-plane deformations of
the assumed ridged unbroken ligament. Since SIF is a function of the change
in compliance, small deviations to the assumed linear compliance may results in
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significant error in the SIF. If a linear compliance is achieved, by either correcting
for these errors, or by an optimal loading and specimen geometry. The validity of
the crack length independent DT technique thus depends on the loading config-
uration, the specimen geometry and material. The reader is referred to Chapter
5 for details on the investigation.
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Appendix B

Design and Commission of the

Double Torsion Testing Fixture

This project included the design and commission of a Double Torsion (DT) fixture
which has been used for the evaluation of the DT technique and the graphite
experimental work. Presented below is the design and commission report of this
fixture.

B.1 Introduction

This appendix deals with a design and commission report of the design of a DT
testing fixture. The DT technique, presented and evaluated in Chapter 5, was
utilised to contribute to the understanding of the fracture mechanisms and char-
acteristics of nuclear graphite. The aim of this appendix is to construct and
commission a fixture that is simple, effective and favours repetitive testing. It is
intended to help the user with the testing, the alignment of the specimen and mea-
surements/observation of the propagating crack. The objectives are summarised
below:

• Introduce the DT method,

• clarify the issues of correct alignment,

• review previous fixtures that have been used,

• design and construct the fixture (Follow the design process of conceptual
design through to design and commission) and
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Figure B.1 – Simple layout with load actuator applying load to the specimen used
by Zhu et al [38].

• summarise the achievements of this design report.

B.1.1 Design and Commission Procedure

This report follows the standard design procedure; discussing previously used de-
signs, listing their advantages and disadvantages. First, the reader is introduced
to several conceptual ideas from which the final design concept is drawn. Advan-
tages and disadvantages are discussed. This leads to the detailed design where
all aspects of the design are given (detailed drawings are attached in Appendix
D). The designed fixture is then manufactured and tested. Last, conclusions are
drawn on the validity of testing fixture. Some recommendations were made.

B.2 Background Information on the DT technique

The Double Torsion Beam technique is used for the characterisation of fracture
toughness, slow crack growth determination and fatigue properties of highly brit-
tle materials. This brief review analyses the major topics which revolve around
the DT technique and summarises the technique and its testing procedure. Ad-
ditionally the importance of alignment is discussed. A critical evaluation of the
technique is provided in Chapter 5.

The DT methodology has been around for several decades, but remains relatively
uncommon. It was first introduced by Outwater and Gerry [90], and Kies and
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Clark [213] in the 1960’s. The DT technique has a unique and very attractive
feature that the Stress Intensity Factor (SIF), as a first approximation, is in-
dependent of the specimen’s crack length over a central area of the specimen.
Because the crack length does not enter into the equation of the SIF, it provides
a useful tool in facilitating testing of opaque and non-reflective materials where
crack length measurements could be difficult to make. The technique also facil-
itates for the investigation of slow crack growth rate investigations (VK) data.
In addition, it may be used for fatigue investigations. Due to the independence
to crack length and a large crack propagation range, the effects of alterations to
test parameters can be “read off” immediately during the test.

Several good reviews available for the DT technique from both analytical and ex-
perimental standpoints. To this day though, there is no standardised test method
and several investigators have expressed concerns over some factors involved with
this fracture mechanics evaluation method. While DT testing seems advanta-
geous, a number of questions have arisen concerning several assumptions which
were made for the analysis which might influence the measured results.

B.2.1 Basic Layout of the DT Beam testing fixtures

The basic layout of any DT fixture, as shown in Figure B.1, is that the specimen
is fixed to a fixture where the load is applied externally through a load cell.
Due to the nature of the DT technique, alignment of the specimen to the fixture
and the load actuator is critical. Slight misalignment results in non-symmetrical
crack propagation which in turn can give void test results. Correct alignment
thus becomes essential for valid and repeatable data (as discussed in Chapter 5).

The Specimen Layout

The specimen configuration essentially comprises of a rectangular thin beam sup-
ported in a four point bend configuration at one end where the crack propagates
through the specimen’s length. A schematic diagram of the DT specimen is shown
in Figure 5.2 where: wm the applied moment arm with applied load P . The spec-
imen has dimensions: length L, width W and thickness d. Grooves, aligned along
the specimen length, are sometimes used to constrain the crack path. The SIF
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Figure B.2 – x-axis misalignment between the actuator, the specimen and the
fixture (shown with exaggeration).

Figure B.3 – y-axis misalignment between the actuator, the specimen and the
fixture (shown with exaggeration).

Figure B.4 – Angular misalignment between the actuator, the specimen and the
fixture.
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may be evaluated using

KI = P

�
3Wm

2

Wd4(1− ν)ψ(t,W )
(B.1)

where v is the Poisson’s ratio and ψ(t,W ) is a thickness correction. It is worth
mentioning that no dependence of crack length on the SIF exists. This is what
make the DT configuration favourable for the testing of highly brittle materials
such as graphite.

In an ideal situation, the crack propagates down the centreline of the specimen.
This, however, is usually not the case and often the crack deviates from the
centreline. If crack propagation is such that the crack significantly deviates from
the centreline, then the test data can be dubious.

B.2.2 Misalignment Possibilities

This section discusses the possible misalignment and assesses whether these are
critical (i.e. if these effect symmetrical propagation). Its aim is to find the crucial
aspects of the DT fixture to minimise the chance of misalignment and increase
repeatability of experimental results.

The space, in which the DT is placed, can be considered to have Cartesian x y z

coordinates. The z-axis being the height or along the thickness of the specimen,
the x-axis along the width of the specimen and the y-axis along the length of the
specimen (Figure 5.2). Hence, there are three identifiable reasons for misalign-
ment which are categorised into x-axis misalignment, z-axis misalignment and
angular misalignment:

1. “x-axis” misalignment

This misalignment is between the actuator and the fixture. The centreline
of the actuator ball bearings are not coincident with the supports of the DT
fixture and the specimen is not centred correctly with the the fixture (Figure
B.2). The consequence of such misalignment is that the applied torsional
load is not equal and hence results in no-symmetrical crack propagation.
This misalignment is seen as a critical one.

2. “y-axis” misalignment
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(a) (b) (c)

(d) (e) (f)

Figure B.5 – (a) to (c) Misalignment due to a shift of the load actuator and (d)
to (f) Misalignment due to a shift of the specimen.

Perfect Scenario

Align. 1 2 3 4 5 6

a1 a a− (wm − x�)/2 a a a− x a a

a2 a a+ (wm − x�)/2 a a a+ x a a

Wm1 wm wm − x� 0 wmcos(β) wm − x� 0 wm + Smcos(β)

Wm2 wm wm + x� 0 wmcos(β) wm + x� 0 wm − Smcos(β)

y 0 0 y’ ±wmsin(β) 0 0 Smsin(β)

α 0° 0 ±α β 0 0 β

ideal critical not critical critical not critical

critical critical

Table B.1 – Quantification of misalignment
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This misalignment is between the actuator and the fixture. The centres of
the actuator ball bearings are not coincident with the supports of the DT
fixture (Figure B.2). This results in an additional bending moment along
the specimen length (y direction). The alignment of the specimen is not
crucial for small errors.

3. “Angular” misalignment

This misalignment between the actuator, the fixture and the specimen not
being aligned properly in a co-linear sense. The components are not parallel
to each other so that the specimen’s and fixture’s centreline are not paral-
lel and the actuator is not perpendicular to the specimen and the fixture
(Figure B.4). This effects are similar to the "x-axis" misalignment. The
applied torsional load may not be balanced. This misalignment is seen as
a critical one.

Fixture Evaluation Methodology

The above section established the overall relation of misalignment between the
fixture, the specimen and the load actuator. The purpose of this exercise is to
quantify misalignment to formulate an evaluation for various fixture designs. It
is assumed that the specimen surface is always parallel to the load points as this
type of misalignment was not considered.

Figures B.5 show the specimen with the considered misalignment scenarios where
Table B.1 attempts to quantify the misalignment. Its purpose is the quantifica-
tion of possible misalignment.. The dot (⊗) indicates the loading points on the
specimen.

B.2.3 Previously used Testing Fixtures

This section provides some of the previously, in literature, used DT fixtures.
The aim is to identify and evaluate these concepts using the proposed evaluation
provided in the previous section.

Example One

An example of a DT fixture design for a loading configuration is shown below in
Figure B.6. The design shows two axes of rotation so that the load applied to the
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Figure B.6 – DT fixture as shown by Shyam et al [32]

Scenario
1 2 3 4 5 6

a1 a a a a− x a a

a2 a a a a+ x a a

Wm1 np 0 np wm − x� 0 wm + Smcos(β)
Wm2 np 0 np wm + x� 0 wm − Smcos(β)
y 0 np np 0 0 Smsin(β)
α 0 np np 0 0 β

Table B.2 – Listing misalignment possibilities of example one. (np - not possible)

296



Univ
ers

ity
 of

 C
ap

e T
ow

n

B. Design and Commission of the Double Torsion Testing Fixture

specimen is transmitted through a lever arm.. The advantage of this design is
the loading configuration. The design entails a lever arm and the two axes (Axis
1 and Axis 2 in Figure B.6) of rotation by which the lever arm is supported. The
load is applied through the lever arm to the specimen so that the loading points
(if accurately manufactured) are always aligned to the support ball bearings.
As such, little care has to be taken on the alignment of the testing fixture to
the load actuator. In Addition, the two axes design ensures even loading, as
slight misalignment of the lever arm is corrected through the two axis of rotation.
This allows for easier straight crack propagation and repeatability of tests as
summarised in Table B.2.

Example Two

Another example of a DT fixture is shown in Figure B.7 where the specimen
is mounted in a movable platform. This has the advantage that the specimen’s
position may be adjusted perfectly to load cell. In Addition, the setup allows for
different specimen sizes as the supporting ball bearings can be adjusted. However,
the specimen is loaded via a single load point with a large radius. The advantage
of this seems to be that alignment is enforced with the starter notch; the specimen
centreline and the centreline of the load point. Because the actuator consists of
one large radius, misalignment caused by rotation of the actuator are insignificant.
Table B.3 list the possible misalignment possibilities. A concern of this layout is
that the effects of only having one upper loading point are unknown.

Example Three

An additional example of a simple DT fixture is shown in Figure B.8. The load
actuator and specimen are supported. This allows for simple specimen align-
ment, thus facilitating for repeatability of test data. Table B.4 lists the possible
misalignment potential. It is noted that this setup has little misalignment possi-
bilities and thus is very favourable. The actuator is supported and the specimen
has guidelines for proper alignment. Table B.4 list the possible misalignment
possibilities
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Figure B.7 – Double-torsion test arrangement by Albuquerqu et al [39].

Scenario
1 2 3 4 5 6

a1 a− (wm − x�)/2 a a a a a

a2 a+ (wm − x�)/2 a a a a a

Wm1 wm − x� 0 np np 0 np
Wm2 wm + x� 0 np np 0 np
y 0 y’ np 0 0 np
α 0 ±α np 0 0 np

Table B.3 – Listing misalignment possibilities of example two. (np - not possible)
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B.3 Design Specifications

The aim of the DT fixture is to hold the DT specimen during testing. It is
essential that that the loading is evenly distributed and the fixture should favour
repeatable testing conditions. The load is applied externally by a separate testing
machine. The following list the “essential” and “desirable” requirements of the DT
fixture:

Essential

• The fixture’s purpose is for DT testing of specimen dimension 150 x 50 x 4
mm.

• Requires fitting onto the testing platform of the external testing machine
at the University of Cape Town and the University of Manchester.

• Ensures proper alignment of the specimen to the load actuator and itself.

• Requires Specimen alignment to be simple.

• Facilitates for repeatability of tests.

• The design should be simple, inexpensive and easy to manufacture.

Desirable

• Allow for various specimen sizes.

• Allow for additional test environments to be added to the fixture. i.e.
furnace, etc.

B.4 Fixture Design

Based on the literature review presented above, a DT fixture was designed and
build as shown in Figure B.9. The most important purpose of the DT fixture is
to hold and align the specimen correctly. As such, the fixture design is split into
the following sections:

• Load actuator layout. This part applies the load to the specimen.
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Figure B.8 – DT fixture with a simple layout with load actuator applying load
to the specimen. The load actuator is guided by the base to ensure alignment (by
Salem [34]).

Scenario
1 2 3 4 5 6

a1 a a a a a a

a2 a a a a a a

Wm1 np 0 np limited 0 np
Wm2 np 0 np limited 0 np
y 0 y’ np 0 0 np
α 0 ±α np 0 0 np

Table B.4 – Listing misalignment possibilities of example three. (np - not possible)
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B. Design and Commission of the Double Torsion Testing Fixture

• The specimen support. The DT specimen has to be supported in a DT
manner.

• The specimen alignment. This aligns the specimen to the load actuator and
the base fixture.

• A base which holds all the components.

Of these, the following sections require conceptual ideas:

• The load actuator alignment.

• The specimen alignment.

It is assumed that the specimen is supported are ball bearings which positioned
symmetrically around the specimens centreline. The supports are also located in
such way that the specimen crack opening appears towards the top so that the
crack may be easily observed.

B.4.1 Load Actuator Alignment

The load actuators function is to apply a load to the specimen. This may be
done directly or indirectly (through a lever arm). One of the requirements is to
insure proper alignment to the fixture and the specimen. For this, the design of
Example One is chosen. A lever arm is used to guide the load actuator. The
advantage of this concept is that the load actuator, in theory, is always aligned
with the specimen. The load is applied directly in line with the load point to
ensure a one to one load ratio. To ensure even loading a two axes setup is used.
One disadvantage is that the loading point’s arc and the position along the length
of the specimen can vary, however, is said not to be crucial (the reader is referred
to Table B.1. In addition, frictional effects are believed insignificant. Please refer
to Appendix D for detailed drawings.

B.4.2 Specimen Alignment

To locate and align the specimen to the fixture four locating skews are used.
The locating screws, which are fitted to the specimen supports, have the ability
to adjust the specimen’s position whilst allowing for variation in the specimen’s
width and allows the specimen to be aligned correctly. Please refer to Appendix
D for detailed drawings.
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Figure B.9 – Layout of the designed and built DT fixture.

B.4.3 Base Plate

The function of the base is to hold the rest of the fixture’s parts. The base has
a unique feature which allows for once off adjustment of the fixtures parts for
correct alignment. The main feature of the base plate are the side grooves where
the lever arm and specimen supports are fitted. This enables for perfect, once
off, positioning to ensure symmetry. As such it is believed that the base allows
for easy alignment and repeatability of experimental conditions. Please refer to
Appendix D for detailed drawings.

B.5 Evaluation and Commission of the Design

The evaluation and commission of the build DT fixture was undertaken exper-
imentally. The test results were compared to a previous fixture. This included
fracture toughness values and load relaxation curves. Since the DT methodology
has no standardised test procedure the data results obtained in this evaluation
may be questionable. This, however, was not in the scope of this design report. It
was assumed that if comparable results were obtained that the fixture purpose’s
is adequate. For the commission of the DT fixture included five tests., which
included three fracture toughness tests and two load relaxation tests.
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B. Design and Commission of the Double Torsion Testing Fixture

B.5.1 Crack Propagation

The alignment of the specimen is critical to achieve straight crack propagation.
Of the five test conducted, all tests achieved symmetrical crack propagation. The
specimens are illustrated in Figure B.10. Table B.5 summarises the misalignment
possibilities of the DT fixture. Correct alignment was easily achieved.

Fracture toughness test Three fracture toughness tests were conducted. The
results obtained compare well to those obtained from previous fixture tests. It
is worth mentioning that no corrections were used (the DT corrections are dis-
cussed Chapter 5). It may be concluded that the new fixture gives valid fracture
toughness data.

Load Relaxation test Two Load relaxation tests were conducted. The results
obtained compare well to those obtained from previous fixture tests. Similarly,
no corrections were used (the DT corrections are discussed Chapter 5). It may
be concluded that the new fixture obtains valid VK data.

B.6 Summary

The design and the commission of the fixture met all design specifications and
hence it may be concluded that all design requirements were met. The exper-
imental analysis yielded repeatable and comparable data with a previous DT
fixture. The fixture design enables the generation of fracture toughness and VK
data. As such the fixture is seen fit for further graphite testing. Recommenda-
tions include an improvement on the specimen support and locating screws. A
movable platform would enable better control of the specimens alignment.
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Figure B.10 – The five specimens tested. KIc abbreviates fracture toughness test
and V K abbreviates slow crack growth analysis tests. All crack propagations were
almost symmetrical.

Scenario
1 2 3 4 5 6

a1 a a a a a a

a2 a a a a a a

Wm1 np 0 np limited 0 np
Wm2 np 0 np limited 0 np
y 0 np np 0 0 np
α 0 np np 0 0 np

Table B.5 – The misalignment possibilities of the designed fixture.
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Appendix C

Finite Element Formulation of the

JMAN Methodology

This appendix gives the mathematical Finite Element (FE) formulation of the
JMAN methodology introduced in Chapter 6. The methodology was implemented
using MATLAB ® code routine called JMAN. The input for JMAN is the loca-
tion of points, their displacements as a function of load and the elastic material
properties of Young’s modulus and Poisson’s ratio. The displacement data were
obtained by Digital Image Correlation (DIC) analysis of observations during sim-
ple mechanical tests. The J-integral can be calculated by selecting any contour
around a region that contains the crack tip, Theoretically, the J-integral should
be path independent for any contour surrounding a singularity, and this can be
exploited to verify the obtained J-integral.

The reader unfamiliar with the FE approach is referred to Uebner and Zienkiewicz
[232, 233]. The derivation below assumes some basic knowledge of the FE method-
ology.

C.1 Elastic FE Method

The methodology assumes that displacements at certain points of a cracked
body are known. This displacements were obtained from DIC. Assuming a
2D quadratic, iso-parametric four, eight or nine-node element, the displacement
points can then be considered as nodes forming an element. The locations of
these points in the global coordinates x1 and x2 are denoted by the appropriate
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Figure C.1 – Quadratic element

order of elements pairs of x1(i) and x2(i), i = 1...number of element nodes. To
calculate the J-integral from the known displacement field, stress and strains at
each integration point need to be calculated first. Therefore, a brief review of the
elastic FE method is given first.

For the classic stress based linear elastic approach, the FE domain is split into
small elements, which in turn are approximate the strain distribution using con-
tinuous and smooth shape functions N . These shape functions, depending on the
element order, are either linear, bi-linear or quadratic. Referring to Figure C.1,
the shape functions for the eight node quadratic element in local coordinates, η1
and η2, are given by:

Element Node Shape function:
1 N1 = −1

4(1− η1)(1− η2)(1 + η1 + η2)

2 N2 = −1
4(1 + η1)(1− η2)(1− η1 + η2)

3 N3 = −1
4(1 + η1)(1 + η2)(1− η1 − η2)

4 N4 = −1
4(1− η1)(1 + η2)(1 + η1 − η2)

5 N5 = −1
4(1− η21)(1− η2)

6 N5 = −1
4(1 + η1)(1− η22)

7 N5 = −1
4(1− η21)(1 + η2)

8 N5 = −1
4(1− η1)(1− η22)

It is worth mentioning that the JMAN methodology assumed four, eight or nine
noded elements. An evaluation of the element order is given in Chapter 6. For
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C. Finite Element Formulation of the JMAN Methodology

the completeness of this chapter the formulation of JMAN is given as the number
of Gauss Points (GP), which is dependent on the element order.

Still assuming a eight noded element, the location (η1, η2) and weight functions
(wp) of the integration points in the eight node quadratic element are given as:

Integration point η1 η2 wp

1 −
�

3
5 −

�
3
5

25
81

2 0 −
�

3
5

40
81

3
�

3
5 −

�
3
5

25
81

4 −
�

3
5 0 40

81

5 0 0 64
81

6 0 0 40
81

7 −
�

3
5

�
3
5

25
81

8 0
�

3
5

40
81

9
�

3
5

�
3
5

25
81

The shape functions are hard coded into the JMAN methodology for each element
type (i.e linear or quadratic). The next step is to determine the strain and
stress in each GP. This is done using the Jacobian matrix, JP , which is defined
by differentiating the shape functions with respect to the local coordinates and
calculating the value of the resulting function at the local coordinate of that GP:

JP =

�
∂N1
∂η1

x1(1) + ...+ ∂N8
∂η1

x1(GP ) ∂N1
∂η1

x2(1) + ...+ ∂N8
∂η1

x2(GP )
∂N1
∂η2

x1(1) + ...+ ∂N8
∂η2

x1(GP ) ∂N1
∂η2

x2(1) + ...+ ∂N8
∂η2

x2(GP )

�

P

(C.1)

x1(i) and x2(i) are the location of the nodes forming the said element in global
coordinates. The local coordinates re mapped to the global coordinates with:

�
∂Ni
∂x1
∂Ni
∂x2

�

P

= [JP ]
−1

�
∂Ni
∂η1

∂Ni
∂η2

�

P

(C.2)

and B calculates the strains from the global displacements:

BP =





∂N1
∂x1

0 ...
∂NGP
∂x1

0

0 ∂N1
∂x2

... 0 ∂NGP
∂x2

∂N1
∂x1

∂N1
∂x2

...
∂NGP
∂x1

∂NGP
∂x2





P

(C.3)
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knowing the displacements at the nodes in global coordinates, u1(i) and u2(i),
the strains at each integration point are given by:




ε11

ε22

ε12



 = BP

u1(1)

u2(1)
...

u1(GP )

u2(GP )

(C.4)

so that

εij,P =

�
ε11 ε12

ε12 ε22

�

P

(C.5)

The linear elastic equivalent stress is determined from Hooke’s law using




σ11

σ22

σ12



 =
E

1− v2




1 v 0

v 1 0

0 0 1−v

2








ε11

ε22

ε12



 (C.6)

so that

σij,P =

�
σ11 σ12

σ12 σ22

�

P

(C.7)

The elastic energy can then be determined using

WP =
E

2(1− v2)




ε11

ε22

2ε12





T 


1 v 0

v 1 0

0 0 1−v

2








ε11

ε22

2ε12



 (C.8)

C.2 J-integral Calculation

There are methods to calculate the J-integral, the crudest of which is to directly
evaluate Rice’s line integral [57]. Calculation of the line integrals is not accurate
and is mathematically complex, and thus Li et al. [116] introduced an equivalent
expression in terms of a volume integral using the divergence theorem. According
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C. Finite Element Formulation of the JMAN Methodology

to Li a function Q is required which assumes, if the area surrounded by two
contours encompassing the crack tip C1, C2, C3 and C4 is divided by a number
of elements (Figure C.2), to be:

Q =






1 on C1

c on C3and C4

0 on C2

(C.9)

where c is a number making the Q function sufficiently smooth. Q was assumed
to be a linear function over the considered elements, ranging from 1 to 0 according
to Equation C.9. Hence, the differentiation of Q at any GP with respect to the
global coordinate is (assuming crack propagation is in the x1 direction:

∂qP

∂x1
=

�
∂N1
dx1

...
∂NGP
dx1

�




Q1

...
QGP



 (C.10)

Similarly, the differentiation of the displacement is

∂ui,P

∂x1
=

�
∂N1
dx1

...
∂NGP
dx1

�




ui(1)
...

ui(GP )



 (C.11)

where Qi is the value of the function Q at each GP. Finally, J-integral at each
integration point is:

JGP =

�
σij,P

∂ui,P

∂x1
−Wpδ1j

�
det (JP )

∂qP

∂xj

(C.12)

where δ is the Kronecker delta. The J-integral of an element is calculated by
numerical integration of its value at each GP:

JEl =
GP�

P=1

JGPwp (C.13)

By summing the J-integrals of all the elements forming the ring around the crack
tip, the J-integral associated with the crack is calculated. It should be noted that
the crack is considered to be lying in the direction in this formulation.
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Figure C.2 – Area equivalent J-integral showing a ring of elements surrounding
the crack tip.
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Appendix D

Drawings
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