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CHAPTER 2. REnEW OF LI TERATURE 
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+ 
, 

Shear contact GompO~enl 

Figure 2.2: Schematic of linear spring and dashpot for"" law within the ""ft-contact model, McBride 
et >Il l15J 

ha,1) different physical properties. Hem "spheres" denote steel balls as well as rocks. As the mill shell 
rotates c!ll.lsing !.be ball charge to cascade and cataract, each sphere collides with numerous other 
spherll5 ru; well as the :m::bmguiar plate;s c(Hlstituting the mill shell. All of these oollllii(}n" "ffeet the 
trajectory of ead, sphere and have to be 8('AXI\lnted for when mooelling the entire system. First, the 
npl nnbalancf'd force on each sphere is determined by summing up the individual contact forces . From 
the unbalanced force, the acreleratiol), wlocity and displacement of each sphere are c",nputed. Then, 
in the selected 1'1t duratiOI) of tim~ thp walls Ill"<' movro as per the angular v~locity "f tb<' mill shell 
and the spb<'res are moved as per the computed velocitie". As a result, new contacts nre gener!l.ted 
and some of the Pf""iouily exi><ting cOlltads are broken_ Thi~ il)f(}rmatiol) is u pdate-d and ><tmed in a, 

ool)tact--li,t, which is referred to when the eycle of calculations is repeated for the next ~tep in time. 
The rdativ~ pc:citions of thp balls and the walls arc also computed and stored in order to facilitate 
contact dctft,"tion. 

The initial 2D model of Mi><hr& and Rajamani pro~idcd some in"ight" i"to general charge m(}tion but 
was still far too simplified t(} predict the t'Omplex movement~ and foro.,'l3 within i"dustrial mills. 8veu 
with the exten,ion to superquadric partiel"" by Cl~ary 116] and using a particle s.i:.<e distributiOfl, 
the 2D mod~l~ ~ fundament.ally different with regard" to particle packing, perm!a.ti(}n of "malier 
pMticles through the charge and energy distribution wbt'fl c(}mpart'd to expected re;suit" fwm real 
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CHAPTER 2, REVIEW OF LITERATURE 

Figure 2.3: Definitions of the regions of the mill charge according to Powell [I J 

The novel experimental approach taken by Powell employed a X-ray machine Ufled io cardiac diag­
nostic" and fl{'mi-im"aflive "urgery, He not"" that the parlkular advantage of the equipment was its 
ability to film in two plan"", "imultanoouily at rat"" of up to fifty frame per 'ocond. This provides 
the minimum amount of data for a 3D photogrammetric reconstruction of pointe common to both 
image flCfJn""" A Pernpex mill (01!1ll mm and length 97 mm) fitted with lifter" ranging from 1,8 to 
10 mm and charged with 6 mm plaqtic beru:h WM used to im·""tigate charge motion, The particles 
to be traeked were steel, lead and glass balls of varying sizes, The relatively higher density of the 
tracked particles rroduced suitable contrast images - tracked particles showed np all dark circular 
"potR while the bulk charge and mill shell appeared as light regions in the image. Unfortunately, a 
3D reconstruction was neWt achieved by the authors and a 20 tlnalysis b""ed On front "iew image> 
Wa.'l oonducted instead. The projection errors associated with X-ray images and the limited 3mount 
of dllta precluded a "tatiRticai anaJyRiR of the data. A wide range of tren,h were orn.erved induding 
fl{'greglLlion effech, charge slippage, average a<xelerations as a fundion of speed (% critical), impact 
force and energy estimates and work done per cir<:uialioo by the tracked particle. The net work done 
per circulation wI!." computed 8.IJ the Rum of the lVOl"k aver each 0.(12" time interval between ffiming 
fram""" By "",",umiug a con"tant acceleration between frames the worit: done between the (tl _ 1)lh 
and (n)lh frame was computed as' 

[(d"- d" ') 1 IF ork~ = mass""" 0.2 - g dn 

where I/." ifl the diHplacernent between the (n_l)th and (11)'4 pooition and g is gra,itationalaccelel'­
alion. 

Powell'" work laid the foundation for this thesis. The accurate 3D coordinates of the trackoo. partide's 
position as a function 01 time could provide useful data for eJ<perim~ntally validating OEM, The 
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CHAPTER 2_ REVIEW OF LITERATUR~~' 16 

Fi&ure 2.4: Basic geometry of dt!l.rge used in the torque-ann implementation of power draw. A similar 
shape '1',1'18 cmploy"" by HoS?; & Fuerslenau l301 am adupk<i b)' Harris e~ all29j in rimpnnining power 
draw 

Tn genera.!, thp radial nrm tu th~ CoM uf the shaded area is givpn by 

II-CoM (2.14) 

where Pi ie ~M dpll1lity of volume element Vi, which can yary "-Ctosg thp mar&, body. 

Hpplacing Pi with the awrn&e bulk charge density PB allows RcoM to bp calculated as th~ goomL'tric 
""ntwid: 

l/-coM 3[0 sin (O) cos (tI); 
(2.15) 

1/ = Hoos-1Cn;;;2B
')} (2.16) 

where B i8 thp length of th~ repose slope which <:au be calcula\ed once the toe and "honlder positions 
arp known. 

hnplicit to equation (2_15) is tha.!. the length of ,h~ repose o;.lopt' is less th>lll the mill diameter, whkh 
is !lot true fur high milT 8poori8 with appreciable catar:!.Cting. The geometric cenl,wid corrooponding 
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to an IIggrellli"" c"n/igural ion is il lust rated on flgUn: (2_5) ...-ilI, t he unshadPd area n:prelleJlt inp; the 
clllu gc budy. Il) denllti"g the shaOOd nnd unoJu",\ed ~l!S M AI "' td A, ""~h'd), the rl'Kliai ann 
tu the OJ).-I i~ gi~"" I>y 

A, n'~ '["n"J 
A, "II' - A) 

h ~ U " 
" R,~m 

IN hi v'!.Rh h' 

(?17i 

(218) 

(2. 19) 

(2.20) 

(2.2l) 

Figure Vi GI'OUII't.ic """uaid of lho;; 1Il",phfi~'d dUH~ shap<! for appreciahlc <:1WIf3l:1U1g, J\B un­
~ded I'I.'PIJII n1're5CnW cbarge body 

Uo!],1 (1962) 
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Table 2.1: k ..lHF"' .. ""nt mill et at 

was et Irr""""'T\1c o]per'atiomflJ con-
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CHAPTER 2. REVIEW OF LlTERA.TURE 

convolved with a Gaussian resulting in the blurring of the ellipse (the black region). The two 
black dashed Hnes denote the (IIl% confidence mterval. The aIgument against the geometric 
distance being the maximum likelihood estimator is llIaole clp.ar in this figure. Notice along 
the high curvature region, the two white points, denoted by the '+', are equi-distant from the 
~Mlploo curve and have distinL"tly different prohobilities of heill! from the miginal curve while 
the two ",hite points al<mg the iov;' curvature region, denoted by the '*', are also equi-distant 
from the sampled CUm:: and have npproximately equal probabilitie;, Thus by minimising the 
sum of the geometric distnnces the weighting is grcatCl" for poinm out5ide the sampled pllipse 
than inside, especially along tile high mrvature regWns. IIfathcmatically, if the digital model 
of the the ellipse is chosen to be the implicit CUrve F (a; xl = 0 and the nmmalised noise pdf 
is G (x p) then the probability thnt point p is from the originnl digital curve is equivalent to 
the convolution 

P(pIF) = j j[oF(a;X)]G (X - P)dA (V'>6) 

",here Ii is the Krone&"l. d~Jta and x is the digitally samp\oo data. 

Low c.unralur& region 

low c~rvolur. '",,"," 

Figure 2.9: Image of digital ellipse corrupt":! by gaus~ian noise. Each pixel represm~s a probability 
of being from the original digital cun-e (Fitz,.;ibbons [65]) 

We nOW diB<:uss a selection of conlltraint.\l coop\ed wi~h the distance metric. described. Using the 
mathematical "tructure described abm,e, ~he probl€ffi of CO<lic fit1;ing is reduced to the formulation and 
~ubsequent minimisation oftbe distance metric subjL'Ct to certain constraints, These constraint forms 
are ernentiaily what distinguishes t he ,-arious conic fitting formulatioJlIl. For the sake of uniformity 
"" reprCSffit a general COllie by an implicit oocond order polynomial 

F(a. x) = (lJ.2 + Iuy + ry2 + d,r + ('y + f = 0 (2N) 
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CHAPTER 2. REVIEW OF UTERATURE 35 

where a --0 [a bed e fr >lnd x = (-c, y)T, F(a, Xi) is called the algebraic distance of a point X; to 
the conic F(a, xl = 0, In matrix form: 

F(a,x) = Da (2.58) 

r xi ~'IYI "f " " J 

d .tz1/2 ~ ,'2 y, 
wi~h D >l,,,.ia =[a b , d , f f, 

, " " :t'HlJn ,~ '" '" J 

Th(' ~t>llldard method, oonl('times nof,'rred to as the lin('ar algorithm, minimises the algebraic distance 

" 
LF(a, x;}' IIDal2 
i~1 

suhject ro the COIIStrairrt IIal1 2 = 1. The solution scheme is 8traight fon"ard >lnd explicitly outlined in 
Golub &; van wan I71J. Their solution scheme employs Lagr>u'ge multipliers to analytically minimioo 
the constrained objed:i"" func~ion (the >I~braic distance) to form >In eigenvector problem which is 
.oked in the usual 'my. According to Fitzgibbons 172J the linear algorithm fares poorly 011. mauy 
l"I!al data. sets due to its inherent statistical hias, especially when the linages curve and are partially 
occluded. Similar oil>ervations on occluded and noisy images were made in this thesis, the result. 
of which are ,o;iven in tables (5.2 and 5.3) and ligures (5.1 and 5.2) respecti"'ly. The "lgorithm is 
however the [""test and easiest to implement. It is interesting to uok that moot authors of new conic 
fitting routines choose to COIllp"'" their results with tJ,e linear algorithm. 

Kauatani's [701 approach imprQ\'ffl on the linear algorithm by ~-alculating the statistical hi"" descrihed 
in figure (2.9) and subtrll('ting it from the ,",-",ulting minimisation. The solution requires an iterative 
procedll/"e bocause a priori knowledge of the true minimum and Gausiau mise level is needed to achi"ve 
the desired correction. The scheme suggested by Kanatani [70J was to iterate until the cOITection fOl' 
the noise level converges to zerO 01' some acceptable limit, K""at""i [70J referred to this correction 
me~ric a" the ""t.a!istical dis lance'. Th<.' itera!ivlJ ""-luir~ment makes the algorithm complltationally 
""p"llSive while the tenoor formulation complicate" implementation. Despile the rigorous formulation 
and a seemingly sound biM correction, th~ algorithm ooes not perform adequately fOl' the X-ray 
image data. One possible reason millht be attributed to the noise in the X-ray data not beinll simply 
GaUSllian in nature. Kanatani's statistical bias oorreciion fared poorly under bip;hly occluded data 
>u,d failed completdy "oI-ith noisy data, Tlo_ result8 are d"moo"lraled in tabl", (5.2 and _~.3) and 
1iguf'<JS (5 .1 and 5.2). 

The work by B()()kst~in 166) is widely regarded as the """nina! work (,U "--"lic fittinll with cou"traints. 
His aim was 10 reduce the statistical bia,.<; introduced by the linear forum lation by impooing a eoootraint 
on ~he ~"OOic par"metet~, He minimised the algebraic di,tanee "ubj,'Ct to a quadratic oonstraint 



Univ
ers

ity
 of

  C
ap

e T
ow

n

2. 

p to 

a+c=l 

x 

o 

are aa;aplGea 



Univ
ers

ity
 of

  C
ap

e T
ow

n

2. 

as to 
0 0 2 o 0 0 
0 -1 0 0 0 0 

= 1, 
2 0 0 0 0 0 
0 0 0 0 0 0 
0 0 0 0 0 0 
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papers included in the literature survey do not cover all ____ ,._._ iILve!.tigated. for more 
techniqU4lS used. 
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CHAPTER 3. I!;XPI!;R1MI!;NTAL DR9mN 43 

2, The llllllumurn angle of the beam subt~nded by the intmsifying screen, figure (3.4) 

3, The ""Paration distance between Lhe X-ray source and intensifying screen (o.Iso known as the 
Focal Film DisLanC<) or FFD) 

The mill, tumbling media and driv-e rig muRl also satisfy the following criteria: 

1. There mUlll he a digitally discemable contrtlSt between the Lracked particle and Lhe re:;l of Lhe 
dllll"g<' including the mill 

2. Both the media and ~hell have lo be sufficiently strong to withstand typical particle interad:ions 
within a mill run at SpeedR of 00 - 120% of critical 

3. The media have to depict realistic particle beha"iour 

4, The mill :;hell and media must have a jel<', cumulative mailS abwrption coeffici~nL :;uch LhaL an 
aluminium·fillered beam will pass through the mill and still be sulhcienlly Slrong to expoSl' Lhe 
X-ray film 

5. The motor and support rig have lo li e ouklide the path of the intersecting he",,,", due to their 
relatiwly high cumulative maSS abwrplio1l ooefficients. 

(i. The support and drive meci:mnism haw to ):,., portahle to optimise the time spent on the BAE, 

The su-ucture used in this chapter is as follow~: Section (3.2) deal' with the penetrative properties 
of the X-ray beam and its influence on the selection of the bulk charge and material properties of 
the mill n'e npJot ooction, s""lion (3 ,3), describe!l Lhe de>ign of t.he RUpport rig and drive train, 
Seetion (3.4) addresseB the geometric constraints of the angiographic equipment. These constraints 
lITe u~e<J Lo formulate a ,et of plITar"etric equations for optimiRing the sel""tion of mill dimenSIOns. 

:~.2 ':\laterial seleel,ion based on the penetrative pl'opPI'I,ies of thp x­
ray bpam 

11,e penetrative jJ!:opertjes of X-rays are Wf'il d""cribed by tIJl exponClltial decay funClion: 

I~ _Iocxp [- (~)mP",xl (3.2) 

wher~ 
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rr '" lifter bar height 

The lifter parametenl used in the Skega rormula are illmtrated in figure (3.2). 

• 

~-

r 
I 
1 

Width (\\) 

1 
I 
1 

Figure 3.2; Schematic ()f liftp-l" geometry used in Skcg& fannula 

The general design principles described abow are used in the current "'Ork and may be summari""" 
~. 

I, Aspect ratio (length - to - diameter ratio) mUHt be in the range O.~ :::: f1 :::: 2 

2. The ball diameter - to - mill diameter rati() must be ill the range 0.0125:::: ~ :::: 0.0286 

3. Lifter prome selectIon will be constrained by equation (3.1) 

Coupled with th""" design criteria are the constraints imposed by the biplanar angiographic L'quipmcnt 
(BAE) - An effect that dominates the mill and rig design. In order to guarant~ that the entire mill 
volume is captured by the X-ray imaging system it is imperati..., that the mill and rig conform to the 
X-ray beam characteristic!<. Thlli include< both the penetrative propertie< and geometry of the beam. 
The beam characteristics that inftupnce the de.ign are: 

l. The maximum energy (intensity) of the X_ray beam produced at the X-ray tube; see Ap­
[If'ndix (C) for detail. 
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X-rays are produced within a contained unit, UlllIkOO with the letters A. in figure (3.1), pas" through 
the patient (in OUr c"-",, the Perspel< mill) resulting in scintillations of varying contr""t on the input 
screen of the image intem;ifier, denoted by the letters B in figure (3.1). The llCintillations are then 
recorded by a. high "peed digital camera., positioned directly behind the image intensifier, which 
is eventually sampled at effec.tive rates of 12, 2.\ 50 (lI" 75 frames p<'r second depending on the 
requirements of the caxdiologist. The sampled imagel' are aloo relaJ'ed to an on-line television screen, 
indicated by the letter C in figure (3.1), providing a quid< in-situ diagnoei. of the beart valves. The 
usual procedure following the angiographic assesmJent is to download the relevent X_tay image scenes 
to a peroonal computer for further di8.J!:llOstic., including writing the data. to compact di5C. 

The biplanar mode of the angiographic unit i" u...,d to obtain t".-o, orthogonal >IIId nearly simultaneous, 
im.agefl of the heart (denoted by the two p<!rpendicuJar image intensifiers) 1. The images resulting from 
biplilJJ.ar filming satisfies the minimum conditions for reconstructing 3D positions of cOr\'e"ponding 
points. Tbe asynchronicity of the Mlllpling hetw""n the two planes produce images tbat are rut"ted 
in space and time, thu. precluding a natural frame by frame comparioon. The correction of the phase 
lag h(>tween the X_ray images is a post-proc,,",sing stage and tberefore not dealt with in thi" chapter. 
The reader is referred to chapter (7) for a treatment of ph",*, lag, while details pertaining to the 
[unction, of the BA~ is addressed in Appendix (e). 

Thi" chapter deals with the 'higu of the mill and "upport rig ,hown in figure (3.1). The primary 
objective of the design is to immerse the maximum possible volume (bigge't mill possible) within 
the conical, intersecting X-raJ' beams while ensuring that the radiation captured by the intensifying 
>lCre~n conta.ins all pertinent information regarding the tracked paxliclffi. 

Due to the coUlplex nature of tumbling mills, various design criteria exist for the numerous oper­
"tional conditions used aronnd the world. For example, !\.Uiltin et al [80] point out that typical 
=i-autogenous grinding or SAG mills have length-ta-diameter ratios of I},,~ whereas a ratio of 2 i" 
more appropriate for autogenOUil grinding (AG) mills. Bond [38J obtained an empirical rela.tion"hip 
fur calculating the ball diameter bruwd on a ,;eIectiOll or factors conpled with exten,ive plant expe­
rience. Typically, ball diameters of lOOmm can be nsed in mills with diameters ranging from 3.5m 
to ~.~m where"" balls with diameters of 125 mID gp into mills having diameters from 4.~ m to 10m. 
Another important requirement of comminution is to optimise the cascwing/cataracting effect for 
ball on roclt intera.clion. To achieve this, the correct balance between mill speed and lifter geometry 
mu"t be determined. A useful rela.tion~hip for achieving this balance is the formula. by .\Iuller & 
Brough [81J, given by 

1l = (1 N)lI' 
'00 

(3.1) 

N = percentage or critical speed 

TV = width of the lifter 
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Chapter 3 

Experimental Design 

a.1 Tntroduction 

The pqllipmrnt used to track the ~D m()tioll of partides deep within the hulk dmrg~ ()f a tumbling 
mill is thp biplanar angiographic L'qUipmrnt (BAEJ. The BAE j, a Hll,lk"l rnab'11Obtk tuol used to 
a:;sess the mllciition of hea.!:t r,uvu< after a mntr&<t mf'<lium (~>;ClI];-upa'lllc dye) h,., beE1-, injedoo 
into the patient's hear! ,'alvw. Cunsequently, the irJlagc produ~oo has the heart ,<lives clearly Jlu!.rkeu 
liS black tulx-" with a li:;7,tcr grey for the "UHOUllllillg portioIl" of the heart. In !lur",,,[ aug; <>gTajJi'ic 
",ode a P"""'JIl would be l,ving 011 th" bed where the expt'riu"'ntal rig i" pusitioned. figure (3.1). 

,\liil 

Figure 3 .1: Angi(IiiOOpe in fun,. interlinked pO,;i\ion 



Univ
ers

ity
 of

  C
ap

e T
ow

n

CHAPTER 3. EXPEJW.IENT.·1L DESIGN 

Pm 
\ 

initial imensity of the X~n\y bewn 
= residual beam intensity 

cumulative m&;s absorption coefIicient for absorber m 

= loose bulk density of the absorbet 
average length of the absorbet 

44 

The material used in the manufacture of t he experimental mill had to satisfy Ihe following criteria, 

1. The bulk of the charge should be transparent to X-rays 

2. The mil! filiel! .mould be transparent to X-rays 

Im1JStigations indicate that 3/Xl mm thkk material with a density less than 1.~ K. Cm 3 results in. a 
residual beam that if; sufficiently intene.e to produce the reqnired X-ray images. Per"pex WI\." found to 
best satisfy this criterion; fl('tl Appendix (C) for detail". However, the dimensions of the mill had to be 
further reduced to M.Usfy the beam goometry. The central projection, 1\." referred to by Klein [61 J iH 
cnaracterif;tic of X_ray beam generation. The beam appears to dh'<!l"ge from a central point (the focal 
spot) in a cone-like fa.shion, figure (3.4). Accordingly the mill had to be optimised HUch that. it lief; 
completely within the intersecting X-ray cones iIlnstrated in figure (3.8). Based on these COI1Htraints, 
a Perspex mlll (density p = 1.2 g. cm-') with a diameter and length of 142mm was COllstrua;ed. The 
bulk of the balls used were G.l rum diameter plastic beads (trMEparent to X-rays) while the tradred. 
particle was a typical plastic bead with a thin ooating of silver paint. The standard deviation of the 
ball diameter was determined from a random Hample of 301l balls and shov .. n to be 1l.3 mm. 

3.3 Design of support. rig and drive train 

The high demand of the BAE for its usual angiographic application afforded limited ""ce.;s to the 
equipment. The support rig was therefore purpose designed to be portable while still main.taining 
adllquate rigidity inorder to reduce vibrations. The CO<lslitucnt parts of tbe rig were made of ann­
minium and held together hy ocrews and bollS in order to facilitate allip;nment of the steel shafts and 
drive wheels. The design of the rig and drive train had to satisfy the following conditi(HI": 

1. the orthogonal X-ray berons had to pass thmugh uninhibited to the scintillating screens 

'). the height of the rit should be choe.en HUch that the mill i" concentric with (HIe ufthe "-Cintillating 
ocreens and the mill itself is completely immersed in the in.tersecting X-ray hBIIJIIs 

The drive ruechani,m also satisfied the above-mentioned criteria. A variable speed motor with a 
calibrated speed rontroller, denoted by the letter D in figure (3.1), was connected direct ly to one of 
the drive Hhafts . The lllOto<" was carefully matched with the power requirementH of the mlll, ensuring 
that all speeds appropriate to the milling experiments were eab"y to set and maintain for the duration 
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CHAPTER,'I. EXPERiMENTAL DESIGN 

[)r each experimental run. The sp€<ld of the mill was also measured lliing a hand - lleld lad.omel",. 
The speed measurements were taken before and after earl! experiment&! rlln, at 5 second inl.en'als for 
a duration of 1 minute, ann the averages eomp""ed to ensure lhal lhe mill speed wl\8 aeeording to 
lhe setting on the spee.-! controller. 

3.4 fyIill dimensiOTls based on t.he geometric eon::ltraint.::l of the X-ray 
heatn 

The dimensions oCthe hrspex mill are n('termined by the X-ray beum geom('try (primary oon~l.r";nl.) 
and the !\Spec! ratio (llOConnary C[}Ilstraint). In t.his section we formulate a parametric model [ur 
selecting the ~tirnal mill dimensions. TIle aim or t he [)ptimisation process is to determine the 
marimum mill size th",t can be oomplelely innnellioo wil.hin the intersecting X-ray heams. The 
maximum mill ~ize will not nece=ily imply lD.>Oximum ,'oIum.e, nonetheless the maximum VDlume 
will also be in.-esligated ""' a p"""ible LTiter;on. The model is bast'd OIl three confi)';Urations of the 
X-ray healIl, figure (3.3). Bach arww shown in figure (:l.~) indicates the poosible direction of the 
X-ray beaIll. 

) 

5~il 

Figure 3.3: CAD model o[ experimental rig illustrating the ~ fihning orientatioos 

All other oonfigurati[)!l<; (orientati[)!l<; [)f the beam) are wnsidered to be either non-optimal or eqLll",­
alent and are therefore not diocll6Soo any fnrther. An X-ray experilll€nt employing the BAE will use 
any two oCthe three configurations shffilm. The following criteri", are used in deseribing the goometry: 
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I. The m=imum diamAI~r of th~ f'cin(illatiOll ""reen tlvailable for imaging; denoted as S in fig­
ure (3.4) 

2. The maximum Focal Film mWillC~ (FFD) that can be aclrieved in biplmmr mode 

3. The minimum dis~anC!' aclripvable betwem the experimental mill nnd the scintillation screens 
in hiplanar mod~; denoted as d in figure (3.4) 

4. The flexibilty of the C-tJ.rms in bipl.a.nar mode 

Ix-;]~ 
~; 

9 

Focal Spol 

FFD 

.1.·· .-

• L 
, , 
• 

--. 
~ 
~ 

• ~ 
en 
M 

" " .-Q .-• ~ 

" E 
" -

-'1'-
d 

, 
• 

Figure 3.4: Illuslrati(m of parameters u,;ed in optimising ~h~ mill design according t(} ~h~ g<'om~tric 
ronstraints of the BAE (front view filming) 

The scinlillation ;creen ha" a diameter of23 CII), fro:o:n which a "'a>:jmlUn of 18.7 cm is available during 
thp image capture process_ Tll~ reduced imaging ar~ ... i" due (0 the automated collimtlto1'8 tlmt reduce 
SCalter by 'chopping' thp X_ray b<>am. The reduced dimensions are caleulated with the &i.d of scaling 
markers introduced by Sil'llletl" technicium; - ES><€D.tiillly t"'o points ar~ marked on til<' in(~nAifying 
""reen and the dis~ance between them measured. ThP ~f'Chnician" tah ""veral measnrement.s and an 
average value is then compu\ed. Figur~ (3_5) Ie an X-rtly image of tIle intensifying screen showing 
the scaling markers (iii lw() small, dark "poul. In imuge space the dislanc~ h~Lw""n lhes<> p(}ini" i8 
computed a:l 164.3 pixels (image sptltial coordinate) wherea" th~ physical diAtance a" m~asured by 
(h~ SifmlenA teclmician is 6.0 cm. Combining Lhis with lhe known image reoolution (512 X 512 pixels), 
a simple proportionality Cun be compu~ed for the phY"ieul distance spunned by 512 pixels: 
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s < 612 x 6.0 = 18.7r-m 
164.3 

where S is the diameter of the intenJifying scr.,cn used in thp X-ray inmging proc=. 

Figu..., 3.5: Scaling mar~ers for calibrating thp imensifying screen and image oooroinale, 

47 

The IllaJO:imum foca.l Iilm rlistanC<J for the BAE is 100 cm. Ho"""wl", in biplanM Houde the limit..:! 
m""oeuvrability restricts this tu approximately % em. This value is obtained froIll ""wral investiga­
tions with the RAE. Another important constraint is the ability to get the mi11 as dose as possible 
tu the scintUiation ocreI'n. Figure (3.4) sDows this OOIl:5traint (d\ for the X-ray b,,,,,,, passing thruugh 
th~ fronl €nd of the mill. This distance can Vll1"}' depending on the filming orientation used in th~ 
experiment, figure (3.3). The spacing ootween the int€nsi.fying 'jCrecn anrl the mill shdl is denoted by 
dF , ds and dB and illustrated in ligurp (3.6). The additional 7 cm shown in the figure u<-""ouut" for 
the I) cm protocth" cap on the i~ensifying scrflCll and thp 1 ern mandat.ory space bcl""en the ocr""n 
Ctlp anrl ohject being X-rayed (If tbe spacing is less than 1 cm the RAE automatic-ally notir",s you 
and prevents any further use Hntil it is rectified). The fintll ~pacing used in th€ uptimisation is lilliE 

giyen by (dlod2 and d3)."", figure (3.6) and table (3.1), wherp 

ds + 7 (3.4) 
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Side View ofExperimellhli Rig 

Figure 3.G: IIlustralion of dhtance bciween mill ,hell and inle:nsi[ling screen 

The con"traint parameters are summarised in tahle (:l.l). 

Description of COllstraint parameter;; 

ocr"",n to shell spacing for front bea", (dd 
>;cr",,,, to shell spa,dng[or side beam (d.) 
screen to shell spacing for bottom beam (del) 

c"'JStmint values ( em) 

IS,; 

1,',,4() 

17,~~ 

9.W 

Table 3,l: Con,traint parameters of the BAB used to formulate parametric equatiOl," 

U >iug the;e constrainls, the folle' ... ing parametric "'Iu3tiom were develop€(! [01" a gh."n mill diameter( D): 
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D < (-;)D+(F-dl ) ifL?:D (3.5) 

L < (-~)D+8('-~) ifL > D (3.6) 

L < (-~)D+8('- ~) ilL " D (3.7) 

d, aF+' (3.8) ., ds +7 (3.9) 

d, dB +7 (3.10) 

L < Dco. (IJ) ;[ (j < L < L""", < D < D""" {:-I. II) 

" '['I ian 2F (3.t.!) 

Dm .. 
SIF d;) 

i = 2, 3 (3_13) 
F cos (0) + 1;1 + sin (II)] 

L~ D""""co,(fI) (3.14) 

0.5 :'S t- :'S 2.0 (3.15) 

where D = diametcr of mill, L = m.ill leugth for the given diameter, (dl' 'h "r dlj depend on the 
beam orientation and the "th..., \enI!S are defined in table (3.1) and shown in figlll"Olfl (304 and 3_7) 

F.quation (3_5) nprrnrnt. thc front be""" cCIlfiguration and is derived using the geometry of fig­
ure (3.4). Equations (3.6 and 3.7) repre>lel:lt the "ide and bottOOl beam configurations resp<.'divdy 
and are deri "ed usiug ~he vertical beam geomLiry illu,tratcd in figure (3.8). Con,traint cquation (3.11) 
il< derived for the bottom and side bcrun gL'{)JlIctry when (L < D) and based on figure (3_7); The gen­
eral """" of r < D is illu,tratcd ~ the small circle while the larger circle indicates the configuration 
for the lllaximum allowed diameter. 

Plow of the llneari.ed parametric equation; arc cmployuJ to facilitate the en.uing di:;cu""ion. Thc 
plow .how the vaciation of mill length (L) and "aI,unc (\1) as a function of mlll diameter (D). The 
rollowing cla:<:lification are u:;eel for the throe X-ray beam configurations: 

• Front beam configuration will be rcflTm:l to as Case I 

• Side beam coofiguration will be called C""" 2 

• Bolcom beam conflguration will be denoted as Case 3 
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" s 

j 
~ , 

f'igure 3.7: Geonwtry uH<'<i in com!)llOing ,he mill dimen"ions wh('r1 T. < n 

IntmsifYing Screen I 
7' 

" , --- Mill 

ocal Spot ~' -<"--

Figure 3.8: 'vlill jmmersed jll inter"l.'ctillg X-my beam" 
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In addition throo combinatioo.s of th_ GIllieS. cou""ponding to the three possible coilligurations for 
bjplanar filming, will be discussed: 

I. Combination I implie8 C!IOO8 1 and 2 

2. Combinati(I! 2 implies Case. I and 3 

3. Combinati(I!:I implies COO"" 2 and 3 

3.4.1 Combination 1: Front and Side beaII1 filming with the BAE 

:~." ~= 
, -1 ".'/ - __ 

I ," II j ., ,/~. , 

] "/ , 
• " ! , 

~".Q ,'"f 

" " ~. 

• 
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, " .' 
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• 

/ v;~"O/­

L,-",-•• --,--• .--c-c,." ,,>/" 

C'~ "'"' "" ..... ,".' .... , 
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" , •• , ,'-' 

'-~ • '-"" , ,H • 
• 10.7 • j 12.< 

, 
! .' # 12.5 • 

1,.. / 
\ 
\ 

'" • I ,,, ,,. 12.ft ,,. 
" 13.' ,,. 

... - .... ""'-,-1 
Figure 3.\1: PUnl.metric constraint! for Combination I 

The parametric constraints fOT Combination 1 is described by equatioru; (:l.5, 3.6 ""d 3.11) with tJ 
replaced by d2 where necessary. These <Jqllatiolls are plotted in figu:re (3.9). The bOlVlm plot ill the 
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figure is simply ,. ~oom in on regions tlmt are not dearly di8tinguishiLble in the plot above it. The 
diSNlSSion will thus 8hift from one to the other if noce,;sary. 

The l()wer bound for the diameter is at point A. As the diameter is increa:;ed, the mill length (L) 
deoc.reases along the side beam eon8traint, equati()ll (3.6), until it inter,.;c,t!< the L = D line at point 
B, ""'" ))()tt()m plot in figure (~.9). Beyond this point (L < D) equation (3.6) is no l()nger valid. 
The mnstraint i" then taken up by equation (3.11) fm P()ints OOyOlld p()int C. FUrther increa.-;e,; in 
diameter now produce.; a couesponding increase in length according to equati()n (3.11). Thi" persists 
up to point D at which the constraint shifts t() equation (3.5). Continuing to increwe the diameter 
beyond point D now re!Jult8 in a sharp decrease In length according t() equati()n (3.5). The drop 
in length is maintained up to point E, which is the upper bolUld (.() the diameter for L < D. In 
summary, the path that satisfies the parametric constraints ,imultanoously is ABeD£. 

Fnr the path disGUSSOO (AlleDE) the appropriate diameter and length can be ohta.ined!l.lld the mill 
volume clliculated. The internal volume of the mill is given by: 

(3.16) 

A pl()t ()[ the vari"tion ()f mill V<>lUlllil with diameter dearly indicates the maximum volume for 
Combination 1, figure (3.Wl. Note that only the relevent regi()ns of the plot i, shO'l'm for reasonS of 
darity. The maximum volume is obtained at point D (8ame point in figure (3.ll)) with D = 13.10 ~m 
and L ,- 13.!14 em. 

,= 
HW • 

"00 
1 lew , , 
, 1600 

1550 

,= 
,,~ 

" 12.5 ... ",-",{.~) 
Figure 3.10: Combinati()n 1: Variati()n of mill volume with diameter 
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3.4.2 Combination 2: Front and Bottom bCaTIl filming with the BAE 
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The parametri,ation f ..... Combination 2 i, achiINed with equation' (:I.5, :1.7 and 3.11) with d = d, 
where appropriate. The intersection of L = 2D and equation (:1 7) i. denoted as point A in figure (3.11) 
and marks the lower boWld On the dianwter. The length is observed to increase along the bottom 
beam constraint, equation (3.7), up to the intersection with equation (3.5) at point B. It then hegin. 
to drop sharply along equation (3.5) until the L = D line is reached at point C. Equation (:l.ll) i. 
then invoked for diameters beyond point D. The length nOw increases with increase in diameter, from 
D to E, !!.Coording toO equation (3.11). FUrther increMes in diameter causes a drop in length along 
equation (3.5) [lllti/ it interi/ect. the lower bound of the aspect ratio constraint at point F. Again 
we c-an gather the volu""'" along the path (ABCDEF) and plot this against diameter to obtain the 
maximum volume dimension" figure (3.12). The m!U<imum volume. denoted by the peak in the graph 
at point. B, oorresJ>Ollds to D = 12.8.5 em and L = 14.29 em. 

I 
'i 18%-• ! 
~ l fU) 

1 

13.5 

]7igur~ 3.12: Combination 2' Variation of mill ,'olum" with diameter 
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3A.:~ Combination 3: Side and Bottom beam filming with the BAE 

I , 

, " 
16 ' , 

'- , . 
_=::o..~ _______________ . ____ < ____ _ 

' ........ ---. / ' 
14. A' ...... ..: .... ....r: ' >- .-... ' "0---:--":: 

-'Fe.;.. ..... • ' , -
, . '""-- .' 

1:> ' ~ ,,' c 

I"! 
" 

"I 

, 

" ~ 
¢ ,'~ . ' . 

"/' " , 
, , 
• o 

, , 
, ! 

• o 

'. '-

4' 
c " 

--' -~-~"" 14 f 'S eo 

,,., 

" o " ",</ , . 
;/ " 

, " 
. --~./~ 

, 
, 

/0 

, , 
• o 

, 
" 

"" ' C--C:---"C-.LC---,"oc--" c< ,C 12 12.~ 13 13.5 14 14.5 15 

Figure 3.13, Paro.metric con"trllints for Comhination 3 

The I'iIrametTic deiCript\OIl for Comhination 3 if; detenuillw by equations (3,C" 3,7 and 3,11) with 
d = d2 for ,;ide h""", filming 11m] d = d.l for bottom beam filming. Since the >ide beam constraint 
is below the bottom beam constraint in figure (3.13), the lower bound to the diameter (denocw by 
point A) is obtained at the int=octiCOl of the T, .= 2D aspect ratio coru;traint und equation (3.G). 
The length deere"",," gradually from A to B according to equation (3.6) where it i, abrnptly shifted 
to the p>J.th of (J. = D C'Ofl 1/) from point C onwards. It continues to increase steadily along this line 
until the npper bonnd of the diameter foc L < D is reached at point D, which is also the point of 
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Figure 3.14: C()mbinati()n 3: V1!.riali()n of mill volume with diameter 

maximum volume, figure (3.14), The corresponding mill dimensions at this poirt are D = 13.85 em 
and L = 13.78 em. 

C.A)mbinati()n 3 "'"!II' uooo.l in tbe Cllrrem work du~ to th~ front vi~w olr;truclion caused by (he dri,-e 
lrain (motor and mounting platl'). 

3.4.4 Special cases of parametl"isation scheme 

The only tPnIl that <:an be aoljusted in the parametric equations is tM distanCll betw,,"n the mill and 
intensifying St..~ (dl , dl and d3)_ As noted in figure (3_6), this distance waS defined as: 

rl.s '" 7 (3,17) 

wbere dp, ds and de lIl'e oonstmints imposed by the support rig for tb~ mill and the rest of tb~ d; 
(i =, L 2, 3) is ao,oociatoo with a, fixpd prot..c1.ive layer between the aliua,l in\.ensifying SCreen and th~ 
outsiue, The foll()""ing effPCts arc observed by changing d; by an amount X ; X E R I : 

• Case 1 L1lrve shifts vertically by z , opposite to the effect of x (i.e. jf d; ------'0 do + x, curve shifts 
vertically duwllwards, and if rI; ------> d; - x, curve shifts vurtically upw=:l_) 
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• Ca"" 2 and 3 L"Urve8 shift vertic.:>oJly by :if, oppooile to the effect of x 

• D"",. LilangeB by ~ ~ fl.}' oppO!;ite to th~ efl"ed of X f"e"", +~ H.I" 

• L"..,~ changes by If" ~ {" . 'I ] COS (), owooil.e ,0 ihe effect of x c"" +,( 1 . m 

The optimal effect in t.enllB "f rn~~irn"m volume would be to reduce' 

I. d, by dF 

2. J'l by ds 

3. d.1 by dB 

which would resuli in: 

• Case 1 L11rvc ~hjftillg venically upwardB by dF" 

• Ca"" 2 and 3 L"UrYes shIfting vertically upwlI.rds by ~ and 51.6 respectively 

• Dm= increasing by Pcufl.IS;(H ":n~J for ClL<;/' 2 and Sdft for Ca:.e ~ I' ood+ii (1-»'. fl.) 

The dfect of reducing ,he di (Hrm8 is equivalent to setting (dF = ds · dB = 0). ThiB describ ... an 
ideal geometric coo.H.gurnlion foc the tumbling mill system where the iniluenCOl of the rupport rig 
>1.11<1 drive sysLem iB negligible (This is equivulrn.t to filming II mill without the support rig and drive 
SYSlem). Table (3.2) shows a summary r:i the optimal dimensions for both the ideal and acLual 
geometry used. 

Table 3.2: Optimi""d mill ,l\men8ions for (he various beam combinatiOD.>l 
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:L'i Discussion of results 

'The follo .... ing ohsen'lLtions are derived from table (3.2); 

I. CombiDatiOll 3 produces the Jargffit volume mill for the actual geometry uS/o'd. 

2. Combination 3 obtains the largest diameter mill. 

3. The longelJt length mill is achiverl with combinati!lll 2. 

4. All combination" result in essentially "'!uare millH. 

58 

From th_ oheen'aLions, it is dearly apparent that Combination 3 is the optimal mill configurntion. 
The dOf;est manufactured Perspex tubeta combination 3 is Olle with 1l.l' imler diamrter (ID) = 14.2 em 
and outer diameter (00) = 14.8 em. The effect of using a. tube with an inner diameter of 14.2 em i~ 
illlllitrated in figure (3.15): The tracked par~icle is moving along the inner wall o[ the mill with the 
shaded region indicating that portion of the particle that ifi not capture<! by tlw BAE. The illU:ltrutioll 
(not drawn to scale) assumes that the mill and intensifying screen are perfe('1;ly concentric. In such 
instances the centering accuracy ofthe trdCked particle if; compromised. HOW('VlJr, the occlusion effoct 
ran h<J minilni;;ed by =ing side and bottom beam filming (combination 3), figllrlJ (3_16). In this 
case the hall only suffers from partial ocdusion when moving through the shaded region all shown in 
figure (3.16) (not drawn to ocale)_ The problem of determining the centroid or an occluded objtlCl in 
the X-ray imagt' if; dealt with in ~.hapter (5). 

T."," o· ,.",.o;d _." .... -._u 
... """" •• to.", -

~ .• . " 
I 

Figure 3.15: lllustration of that portion of the tracked ball chopped out of X_ray image (shaded 
portion) when moving along the inner mill periphery: front view filming (not drawn to oca/e) 
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F'igure 3 16: IIluStr"tion of the portiOll of the ,uill thopped out of X_ray image (~he.doo porti"n) when 
))1O,io& alor'g lhe inner mill ~phery: sid~ RJld hotwJH ,icw filming 

,'l.R Mill Ceometry 

The bwlic !('()ml't ry w;ed in I t.is IheHis satisliCli II tiquo"" ,nill TI,i~ nlutpe is a "orillt~)n OIl the: paucak~ 
mill ~ t.;.. P_ell II J RJ"-\ the dimension,;; ..... e go ... , ... "d pre-dorninandy by lhil X-rll) ChrDctm liC!<. 
II> lIIM!hoo Ihe low",,1 m;;&j ~ibk {Qr t h_ dimen~on5 i~ dffiired in ord...,. IQ e".ur~ lhal Ih~ mill 
and chouge are r ... li"lically prQPOl1i~ Tlo.e mRjO< OOlllribulioo 10 Ih~ mill " ...... y..,.-\ by P(lWeJl[IJ 
~re the fiN1&"" Th" flange. are roou(Wj by half III I hidu,.,,,. (from 12 mill tQ (; III til) ali" 100 mm ill 

di,unc\". (frol" :J()()",m lo 200mmJ. TI, e mill!.d '"" '''''" •. on l yP<'. Thi~ moolliCtlllon effectively 
hn.h,,! tl,~ thicknl'f<!O of the bolt .. on-Hd \111M hy P"wcll [I]. These changes ,eduoo lhe mill ml\1jlj by 
2.03k~ (from 2.72 kg to O.G7kg). The lII.!''UntU6e uft hc reducOO mMS i~; 

I, The d""-s,,·(u-mHi , .. lio is m"d(, ~ ~i.\tlCi loollgb a milo that I~ comparable to mdU8-
tri,,1 milling i!o ;mpr>octicAl ijiuce lhis Wll\Jld tl",uJr" incr~ased dl"rg<l <ltols! !,)' and beDce ~ ... atly 
r«IuciTl& X·ray penetrnti,'O! dtflth 

2. The torque HucIUllt.iOR!! are ",'alil'ely grt'4ter and Ilt=iore ea;,;1'T to mt"l8ure. UnCortlUlIli ely, 
a l I etu pt~ 10 me>l!>ure Ihe Iort)IJe ...... e u"~lIccessfu l dlle 10 the relati.·ely 8",all toUl • .-I the cbacg~ 
- r.....,,,,,ially, the: po-.r ..... dm ..... h)' lhe dlluge (1_ Ihan I W"II) ti "'" 6Bl;i ly dl!;lCermlble amidst 
tl ... "" ..... '.11 noise of the sy.I<-'tlI. 

Figl,r" (3.1 7) illll!ltratcs a staggt'ff<i CAD mode! of the mill. The fhmgco are gltJt:d onto the mill 
.bdl funning we . ingle unil . The lift er b:;r. >U8 lh~n attached to th" .h"n vi" pl".tlc :iCrL'WS ('lCrew~ 
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not Rhown in figurp) and finally, afWr thE' pla>;tic hl>adH arp put into the mm, the lid is scre>l'ed On, 
The RCfeW on lid iR ""''''lntiai to the design bQcaUfie of the limited time framo allocated for conducting 
""p"riments - When chauging lifter cunfiguration th~ lid is ~asily unscre",~>d. 

/, 

I' !,' I . 

11 
'\ 

• 

f 
,,1:~":"1! f 

'~t1 
I\.. 

Figurc ~.17: St>1K'iCrc-d CAD model of mill showing the a"embl), proc_ 

The g<.>neric Rhape of the llfter bar is illustrated in figure (3.2). The full rang~ of lifter profiles used 
are described ill table (3.3). 

Number Heitht (H) Width (W) J.ift~r angle Length (L) 
in (mm) in (mm) in (dL'!:) in (mm) , , 

" " ", , , 9 45 142 
3 , 9 !Xl 1-12 
4 9 9 ,. 

'" 5 9 9 w"'" '" 
Table 3.3, Rallge of lifter profiles lllilnufoctured for the Perspex mill 

The curved angular face indicated in table (3.3) is illustrated in fignre (3.l8), The L1JTVOO face is 
intendfl(\ to simulate a Worll mit'<". 
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-J IT 1 

Figure 3,18: lIluatratirm nf the lifter pr<>llie used to aimulate a w<>rn lifter 

3.7 Summary 

The mill dimel1sion opt imisation scheme w,," designed to AAtisfy the X-ray beaID characl,eristic" and 
aspoct ratio ~m"'lrainta. The fmal dimensioDa ill a compromise bdween the predictions of the optimi_ 
satinn scheme and the availability of material. The choke of materials used were also innUfficOO by 
the portability of the experimental rig which is th~ main reasoll for choosing alluminium "earns f<>r 
the support rig. The optimisation i8 probl~m specific alld therefore "'ot suited tn all geometric con­
nl':uratio"", The equations formulattld a>;SUIIl" collin~arity betwe;>n the mill ax(>l and the aciruillatinp; 

acr""llS. 
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ChapLer 4 

hllage Processing 

'1.1 Inlrorluetion 

In lncd ca:;<." of Chl&Hange pbo\ogrammetry, artificial tarp;cts are imaged ,md used as either con\rol 
or objoct points. These targets can be crom;ffi, cirdcs, or ~phcre" which can be extracted from au 
image. For control Ix';n!, i~~ (pt",vi(}l1sly) SUIVI'yed coordinate:; nonnally refer to t.he centroid of (hese 
targets_ The present ","(Irk usps Rtp)'l ball bearings OD a Perspex frame, figure (4.1). 

Figur~ 4.1: Control fnune used \0 paramH(tise X_ray spa~p 

Sphere; have the property of beocoming ellipses under "' projective transfomm\ioll, seclion (7.3), and 
thllil circular features (cirrI!>; and ellipses) can be identified by tI,e;r elliplkal shape on all image. In 
X-ray photogrammetry highly attelluating targets, likp. hfill bearing><, provide" high contra.>t with the 
background, which eases tbe detectiou task and improves the centering pTI-"Cision. The disadvantage 
of spherical targets i;; that the c<'ntre of the "phcrc call1,,,t J:,., directly surveyed. In addition, th~ 
centering, in inH!'ge space, is subject to thc err<>," of digiti"~tion, penumbra and yibrn\ion, chaptcr (7). 
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The first st&ge of image pr<><;essing is the location or dct£ction of the targets, which is de~ribM in this 
chapter_ The input is a digital X-r&y image and the ontput i~ a Ii~t of target p<»itions and geometric 
fratures (area, pcrimeter, eccentricity, pixel coordinate;). The final stage, chapter (5), is the arcnrate 
determinatiolJ of the target's position (target c£nt<ring), using these geo!l\et ric fell.tUIes. 

There are many different methodcl of appro"ilOately locating targets. Many lIlCas~mCIlt SystCIIlcl 
Or onct'-off measUIemrnt project" use interactive pointing of a graphir~ CUrool" "ith the mou"" or 
keyl:>oa<d, sucil &S is done by Ad&Dls [7G]' Heipke et al [77] and Godding [78]. Thicl method is simple 
to implement and very reliahle <:specially in diffic.nlt ca.,,,", but it d"", haye the uisad,-antage of 
requiring the assistance of an operator . 

Moot semi- or fully-automated photogrammetric systcrns use grey level tlmmwlding to locate the 
positions a.nu perimeter of high contra.5ting control targets. Beyer et al[82j, RI-Tlakim [83j, Ruther 
& Parkyn [84], Van dm Hellvcl [85] and Van dcr Vlugl &; Ruther [MJ all use some form of grey level 
thrc:o;h"lding for locating bright targets. "1""t implenlentations use global thr""holding, some use loclll 
thr,,"holding (Fl-Hakim [83]) and still othm utilise multiple thresh"lding (Van dtn Hrnvcl [85]). 

Com'olution with difff'rent types of filters ran aloo be ntilised for locating tMget areaS but &:)me idea 
of the geometry of the target is required in thicl ""Me. Con.-oiutiofl, or more correctly oorrcllation with 
an edge enhancement filter [87J and sUWequent tlJIesholding i8 ofl.£ll successfully u~ed for locating 
distinct target ecig["8. The ca;w of low oontrasting objects provides the moot complex Cll.>C of any 
feature extraction pr[)(,e:lS and is best solved by first IocaJising the region of inter""t before any 
feature extraction and centrring can be COIlductoo. The current work employ~ Dynamic Template 
Matching or DTM (section 1.1) to provisionally locate the low contrasting object. 

Both thresholding and ~dge detection tcdmiqu"" were inver;tig&ted in this work. Two thresholding 
tedmiqueri, Il. modified edge detection method, and template matching were devdopoo and codtld. 
n,e.e feature extraction procCAACS were incorporattld into &utomatcd image pror=ing Illgorithms 
and are described in sertiOCls (1.2, <1.3 and 4.4) re;ptlClh-dy_ It should be noted tbat tbe original 
experiments involved stool bllli beMinglj, Il. glass bead, a lead b.all and a plm;tic bead with a lead rod 
inserted through it, Goyender ct al [88J_ These were scl.a:ted to be OOIlsi,tent with the initial work 
of Powdl [22J. In addition they help p:.<plore the range of the feature ""'\radion routines investigated 
in this work The final tracer used to map the motion of a typical bulk rharge pu.rticle was a ph.tic 
bead, randomly selected from the bulk charge, and giyen Il. surfare layer of silver laqner, Govffider et 
&1 [89J. 

4.1.1 Pre-filtering 

The following diocussioll &;sum"" th&t the noiSll in th~ im~e is a direct cons"'luence of extraneons 
objects in the actual scene being imaged. Implidt to tillS ",""sumption is th&t i,he image plane icl flat_ 
A model of the intelll;ifying ;;creen sh&pe and iilS iniluellre on the resultant image i~ uiscussed in i,he 
section on future work, SE'<:tion (10.4). 

The goal of digital X-ray pOOtograrnmetry i~ to obtain objects fr<KIl Sl;crro image> ill all attempt 
to understand the SCffie being viewed. A fundamffital reqnirement of this goal is to find obj('Ct 



Univ
ers

ity
 of

  C
ap

e T
ow

n

CHAPTER 4. L\f,WE PROCESSING 64 

boundaries. Sharp contrast in images generally corresponds to object boundaries Or phenomena. such 
as shadow. It is, thmcfore, the goal of the carly vision process in digital pho togrammclry to identify 
these boundaries. To rcmo\'e noi~, whidl generally shows up as high contrast areas, a sm(}othing 
filter is utilised. 

There are numm"Ous smoothing methods tha.! can be employed on digital images. The main consid­
eration when dloooing a smoothing operator, !I·Ian- I,;; Hildreth [53J, is to ensure that it is localised in 
the frequency and spatial domain; where localised implies to reduce the range of scales. In addition 
it should not generate ~purioos detail when smoothing from finer to coarser :;cales. It is weU krwwn 
that the one (}perator that optimally come~ cl05e to satisfying these conditions is the Gaussian oper­
ator. Gaussian smoothing has been sUCCfflsfully COlnbined with gradient operators for edge detection 
purposes. The smoothed images, I (x, !/. 0"), are generated by com'olving the original image, lo(x , y) 
with a Gau.s:;ian kemal of variance 0", 

(4.1 ) 

where 

(4.2) 

and,*, repre>Jents the convolution integral. Th" varian~e is proportional to the width (standard 
deviation) of the filter and COllseqllently detennines the amount of smoothillg (dislocalisatjon). The 
Gaussian, while beint popular, has some limitations. Firstly, it dislorulises a"d blurs edges as greater 
amount" of smoothing are performed. Secondly, the Gaussian does uot consider homogeueity or 
isotropy when smoothillg and this sometimes causcs spcctra.lly diffcrent regions to be inappropriately 
ffiI'.rged. ThUll a variance greater than One pixel is undesirable f", a.ceurate target ceutering to pixel or 
subpixel accuracy. Unfortunately, Gaussillll smoothing, eVell with 0" = 1, docs not remove the ve,nical 
bands (caused by lifter bars) observed in the X-ray images, or the intensity variation from frame to 
frame. The top, left image in figure (4.2) show,; the vertical bands formed by ~he lifter bars. The 
effects of the noise results in a multimodal intensity image with large v"driations in the background, 
which complicates feature extrs.ction. Investigations revealed that the intensity Huctuations across the 
X-ray image scene are fundamental to the angiographic ""lnipment and could not be removed apriori_ 
The liftcr bars are also iut"b'l"a1 to the study of charge m(}tion and had to be incorporated iuto the 
experimeutal setup despite the negative impact on the image processing. A smoothing technique is 
proposed as a pre-filter to all subsequent fe.a.ture extraction discussions. 

By subtracting column-wise the vertical average from each pixel, a smoothing effect, top right image 
in figure (4.2), was acltieved. The Slnoothillg calculation is gi.-en in Equation (4.3). 

(4.3) 
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where i is fixed during the 8ummation, implying a column-wise suwmation, and 

lo( Xi, Yj) is the ith pixe] in rOW j of the originlll intensity image, 

I (.1.';. YJ) is the ith pixel in row j of thE' intens ity flattened image, aud 

r is t he nlllll,*r of rows in the image 

,~ 

i "" 
"~ • 
" '"" '-~ 

• 
• • 

• 

• 

• ~,. -:.~, "-_.-- ~ ", .,,, ." .. ,,~-. 

Figur€ ,1.2: Int",~-;ity ftatt",ung rullDrithm appliod t.o a typical X-ray imagE' 

The intensity flatletJing algorithm eif€CtiVl'ly normalises the mean col~mn-wise intensity to .ero, fig­
ure (4.2). Th~ vertical hands h",VI' he!>!, blended into the higher int€llBity vaiup., ","ulting in " uniform 
hackground. This f'ifoctive\y reducoo the nmnber of distinct (dOOlinant) mod .. thus facilitating the 
dE'lf'Ction ofgl<>ba] thresholds alld edges, Ogure (4.3). 
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figure 4.3: Hiotogram plot of typical X-ray image before and after inten"it)" flattening algorithm 

4. 2 Thresholding Techniques 

Con~lder a grey-level hiotogram corrt'ponding to an image. j (.1:, y), COIllJ.>O!<ed of light object" and a 
dark t>nckgrOlIlld in such a way that objed: and background pixehl h!we grey levels grouped into two 
dominant modes. Oue obvious way to extrllCt the obje(:ts from tile hadgrouud i, to find a threshold 
T thai separate>< these mode><, Then any point, (:1\ V), [or "'hid, j (Y, y) > '1' is ca!led an object 
point; otherwise, the point is called a background poim. 

~lath<:!natlcaUy, thrllil,oldiug may be viewed a~ all operation Ihat imviYe>< le,t, against a function T 
of the [orm 

'[' = 'l'[Y. II, 1'( y. y). j (T, 11)[ (4.4) 

where j (.r, 11) iR the grey le,..,l of point (J", 11), and p(.r. y) denotes some local property of this point; 
in the X-ray image case, the average grey level of a neighbourhood centered on (.t, p). A thr""holded 
image y (x. y) is defined !I:l: 

ifj(x.y) > '[' } 
ifj(.r.y) 0;; T 

(4.S) 

Thus pil<cl, labelk-d I (or any othl')" ruJmmient intensity level) eorrrnpomj to objects, whereas pixels 
!abl~loo 0 correspond to the background. The problem, of coume, i, where to place the thref'hold, One 
approach is to 'pocify the number and locaTion of the thrOlhold by trial and error. This method is 
"nti,factory if the number or dilfclllll1. image' to be proceHsed is small. In situations where automatic 
setting of the thref'hold (as in the X-ray image scenes) is required, the problem becomes one of 
rllara~1.erising a given histogram in Wme invariant manner. Thi" problem, ,md propooed wlution", 
are now discussed. 
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4.2.1 Percentage Threshold met hod 

T he percenlage threshold method may be broadly daO<l<itied as an adaplation of the p-lilc method, 
187J. AR all example, if f is '" picture of a print.cd p",&e, we may know that the charaders should 
DCcnpy a certain fradion 0 of the space on the page. Kllowing thi~, we should threshold at Umt value 
T Rllcit tbat just frm;tio to 0 of the picture points ha,.", grey ,.,.l""s 2: T; thi> fr""tion i> called the 
(1· II)-tile of the grey level histogra.m. 'I"hil< p-lile method is rarely applicable in pmctiCOJ, "itoce the 
area occnpied by the object" of ill"ere"" are hard ly ever known in adV"Mlce. IIowevct· analy"i" of the 
X-ray data rcvcaled that all imag"", in the data"et depict"" muilar, if not ideTltical, ~hl<l"aderi"lie" 
as '·e~ar<h< the objects of interest tbat are distinct. Such distinction i" ubually achiewd with steel 
0'· lead ball. which formed pa.rt of the initial im.",stigatimts. The following key tIS1'llffipliollR describe 
these common properties. 

1. The tracked ball bearin~" appear in all X-ray images. This impli"", tbat the awnber of pixel> 
occupied by tbe tmd,ed ball bearin~" will be II.., Same in all imagllli. 

2. The grey level" C>C<-l1pied by the trackPd ball. a'·e the ""me in all IIllilg<J". Implicit 10 thi~ 
as~umptiOll iR that the X-my beam intensity i" con:;tallt for a given experimental run. 

3. A rea:;onably accurate estimate of the pth·tiI" call be obtained frOIll a tria] and error proclffl. 

P'·ocedol"c fo,· implementlll!,: percentaf':e t.hre~b()ld tllcbniquc 

1. Crop ima~'ll< to remove the noiby ('!1ds. This L> typieally 5U pixel" from Ihe lop and bottom, left 
and right of lhe image. 

2. Apply inten,ity Rattening algot"ilhm lo cropped imag"",. 

3. E~timate percentage of piXl'Js occupied by tracked particl"",. This can be done by applying 
Rimple thresholds 10 randomly ;;elected imagtt< in the illl~ Rcelle. 

4. E.,tablish a ra<lte:r reordered hL>IO!';ram of intensity irna~.,. '1").., numbe:r of bin, correspOl1d \0 
Ihe number of grey-value><. 

5. Compule cumulative .,um of hiRlogram bill~ fmm lowe,;t to higl..,,;t bin. 

6. Find maximum cumulative Rum < ""Iimated arp" occupied by tt"ac:ked partides. MatbematiceJl y 

""ated: 

(4.6) , , 
(5d""", < P X C X H (4.7) 

wbere 
Si i" the i,h cumulative "um ofthe r""let· ,·",xdered hi~t"l':ram. 
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Bi is the ;'h bin in the histogram, 
p i~ the estimated percentage of pixels occupied by the tracked particles, 
C & /I f<I"€ th~ llumb<lr uf cuiumns aud rOws in the image re>pectively. 
The index d (S;)mox corresponds to the ;'h grey-level bin, witb intensity 1"lord,. 

7. Segment images aocording to tbe following thresholding crilerion: 

OR 

(4.8) 

All pixels (objoct pixels) with intensity values less than 0< equal to T'hr",~ are set toone; the resl are 
001 to ~ero. Figure (4.4) illu,trat"" the outcome of this procedure applied to a typkal X-ray image of 
the experimemal tumbling mill. The original imag~ i" .hown in figure (4.1); the dark, cir<"Ular ar",,-" 
are the tracked p<U"ticl"" . 

• , 
" o 

Figure 4.-1: Segmentation uHing the percmtage method 

4.2.2 Optimal thres holding 

An image cOlltainiug IIIJ object on a contr",,;ting background ha.." an es:<entialJy bimodal grey-level 
histogram, figure (4.5). The two dominant pe~ks cOI"J"eSpond to the relati,,,,ly large number" of poill\~ 
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inside and outsl<lc the obi"'-!, The dip ben'""" too two p<'w - the valley - wrrc;ponds to the 
relatively few point5 aIOlmd rlw edge of the obja:t. If the im""", or region of the inulge containing 
the object is noisy and nut llU"ge. the hiswgTtl.m itself will be noi5y. Unl<>J8 thp dip is uncommonly 
sharp, the noise will make the edge location OOO~lIre, or at lea'll: nnreliab1~ from one ima.ge to the 
next. The following histogram plot of an object in a typk-al X-ray imag~ illlli3trat ... the overlapping 
modes (ooo~um:l edge). The image has been pr..-filteroo with th~ intensity fla.ttrning algorithm. 

, 

Figure 4.5: Modal nature of object in X-ray image 

The dislorljona can 00 overcome to oome extent by smoothlng the hiSI,ogram, Wling a Gaussian filler 
of "arianr~ equal '0 one pixel. The mmlt is a di"tin~tly bimodal ima.ge, figlIr~ (-I.6) - u desirable 
oondition for Sl')l;menting an image. 

, 
" 

-

'.-~~ 

, , 
• 

• 

Figure 4.6: Histogram plot of a Gau>IIlian filtered objrrt in a X-ray image 

It i5 clear from the histogrnm plot of the Gaussian filte:roo object, figure (4.6), that the threshold 
region lia somewhere in th~ valley. Thr"sll()lding in thi , region is relatively insellsitivH to the exact 
dloice of the thr ... hold ll'vci, ,ince the grey len's at a valley bottom are rdatiydy uupopulated 
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intllitivp]y a purely bimodal histogram has the Corrl'Ct threshold, in terII1'l of minimal error, at the 
bonom of thp vallpy, hetwr<'.Il the two mod"". In ,o;eneral, Lhp corrf'Ct, and hp.Ilce optimal, threshold 
is not always distinguished simply by the lowelt point in a ,.,.lIey. The complete solution to "ncb an 
optimisation problem i" generally the roots to a quadratic, Appendix (AA). Till" implies that the 
optimal solution C1U! require two thresholds. Special knowledge of the problem is generally required 
to physically interpret the oolutions before choosing the corrLd threshold. Depending on the problPID 
requirmncnts, it might bp BUfficicnt to uSC either of the solutions. 

\VP now cOIl.'3idf'l" thp histol',Tam plot of the L'!ltirc X-ray ima,o;e, aft",. imensity flat tPJling and GaullSian 
ffilRring, to illuslraLe the probll'IIl specific critm,ia nLmed to f<>eilitaLe an optimal thrpMtolding procellS, 
figure (4.7). 

,,' ~: 

:i 
" 

t ~ ~ 

a 
" ~ " • C • 

Figme ·1.7: Locali,oo threshold r""ion ba.,oo on the initial ?;lIes, 

Although the dominant mode corresponding tothe background, is clearly distinguishable, other minor, 
awl ilOIllewhat obscured modes, are still visible. Thus an obvious choice fI/l to the desired edge that 
separates objects from background i" not possible. 

11 is knowll that the pt'numbra effect [001 althoogh !'IJsentially symmetric, cr,'ates an artificial, 'halo­
like' edge around the 'true' edgP, figurp (4.8). In particular thp intensity gra.ciiPJlt betwr<'n the shadowy 
region and the object arc steeper than that formed between the penumbra region and the background. 
The steeper gradient across the 'true' fdge implies a greater probability of correctly da. .. sifyillg pixels 
M either objects or bad<ground along this re,o;ion. In terms of error probabilities, there is a lov.·pr 
probability of (prroll€Ou"ly) dassifyiIl,o; ObjL'<-t point>; as backgroolld points and vice vers" along thp 
'true' edge. 
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Figure ,1.8: lllustralion of penumbra e!T'd around obj",,1;s in X,ffiy image 

In such ca.se8 tlJl optimal threshold, in terms of minimum error, is required. In particl1lar, the existence 
of an absolute minimum error probabili1y implies thllt a single threshold solutiuu wuuld be sufficient, 
App€Udix (AA). 

(4..9) 

where T is t.he optima! threshold, "1 and ''"'' are the mean ,·alm,,; of the two brightne.s le, ..,ls, crl and 
rr~ are the standard deviations about thc means, and P1 and P2 are the apnorz pruha,bi]iti.., (mixing 
paramCLL1"S) of the two levels. 

For completeness the qulldrntic solution is alsu inva;tigatL'<l, Appendix ("-4.). Basocl OIl the above 
discussion, the two optimal oolu tioWl should currespond to the 'true' edge, aud the 'sdt' edge fonned 
by the penumbra region and hackground. 

The uptimal thresholding ruutinc is dL"Signed tu minimise the error prubllbility density of int.crprL"l.ing 
an object pixel as background a"d vice vcrsa, Appendix (AA). Both ca8es can be solved only by 
iterative numerical methods, and thus require an initial gucss to eit hcr the t hreshold or prubability 
d~nsity parameters. 

4. .2.2.1 Optimal thr""holrtin~ algorithm for a "in" le ~olllt ion 

The "ingie threshold ooIution i8 a spocial Calle of the general quadratic formulation. The solution 
ubtaiuoo is for the absulutc minimum error probability, whcre the prior probabilities are assumed 
equal, (P, = P2). The optimal threshold solut ion therefore reduce" to: 

'I" = I' , + 1'2 
Z 

(4.10) 
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In gp.lleral tllf' Aingl~ AOlution i, not ,uitf'd to ~dge ~nhan~ement, but rather to proce'S€S that sub­
"""'l.ue.ntly g<'.Ilf'l"ate bin"')' imag<'s for th~ rakulatiOll of cerlain goometric propflfties, like in X-ray 
photogramrnetry. Due to the formulation of the ;.oIution, the provisional value (the first gueoo) iA a 
grey!L·ve!. The initial guess i, specific to the nature of the X-ray data and for thiA relW)n not Auited 
lo all intensity images in p;cncral. Two, equally ac(."urate, guessinp; techniques were u,."i in t.he present 
work. Thp first method looks a.t histogram plot.s of i",lated objeLts, fip;ure (4.5), in the X-ray ima.p;es. 
The mean of all valleys (grey Je..-els between the two peaks) are then computed as the initial gues, 
to the thre;,}",lding pro<.:€~s. This approadJ i" very similar to that adopted by Chow & K1IlIeko [57], 
although the oomputational demands are les><. The seoond, and mOre elegant guessinp; process is to 
use the ",ean intensity of the image oomers. The a,-erage of the OOmerS hils tWO adVlUltages: 

I. The intensity of the COmer" are very similar to the intensity of the objects of interebt. 

2. lmagp cropping, as in th~ percentage method, = cmxlap into the path traver8l'd by the objret" 
"No cropplnp; is required for optimal thresholdinp;. 

The implemenl "-tion of lhe opllmal thresholding routine for a siegle solution i> now outlined. 

I. Establish the mean inten"';ty fO!" eam of the four corners in the image. The sides of the OOrnerS 
are defined liS: 

unglh 

JJrt"4fith .. 

R 
ICO 
C 

ICO 

when> R and C are the numh<>.r of rows and ""lumns in tllf' image. 

(1.11) 

(4.12) 

The ciJ.cicll of JOO enAnres lhal the corner compris~s more low inlcnsitie, than high. Compute 
lhe m~an of th~ four valu"" obtained. 

T 11="00 = mnm(conwrs) (4.13) 

U sing 1~"" ... " a8 the initial guess effectively lorall"C' thp lhre"hold region to th~ vallpy containing 
lh~ gll~'",..j value. figul"f' (4.7). 

2. Using the guLossed threshold, a new value satisfying the optimal threshold criteria for II single 
wlution, «:juatlOil (4.10), is computed. 

3. If the n~w \"..Jue is id~ntical to the guessed thre;illold the process terminates - if not step two is 
rocalmlated using the new threshold. Since the nev.-- value is clearly a better estimlltion lhan 
the initial guess, an iterlltive pro~~"" wlll alwayA converge to a ,;ojnlion, if it ex.ists. 

4. Finally, th~ nev.-- lhr~filiold value is compared (0 the aetnal inlrnsities in thp X-ray image and 
the dose;;!; ,'..Jue is taken as the final threshold. 
This value is then used to produce the "",,.,,;sary oogmp.lllatlon. figure (4.9) 

5 The background i, now c.roppro lo indndp only th~ object;; of intere;;!;, figure (4.10). 
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Figure 4.9: S<.>glnentation nsing Optimal Thn~holding Algorithm 

Figure 4.10: Cropped image after optimal thre:Jholding 

4.2.2.2 UiH"llHsion 

The nUljur ucivantag<J of the Ringle threshold "Ollltion is the rwucerlllLlllloor of iterations. The qwddy 
converging sulution « 10 itNatiolllJj allows the pnleCffi to be appliwtu aU X-ray image;;, erumring 
that the optimal result i" always oobined separately for each image. 
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4.3 Edge Tracking 

4,3.1 Motivation 

The pn'Processing stages enoounteroo in the prellent work involYIl au averaging technique followf'Ci by 
Gaussian smoothing. The effectS of such filtering techniques tend to blurT detail in an image. Tb""" 
t~'Chniqu~'S may be broadly classified as integration proce88es. It is therefore natuml to expect that 
differeHliatioll will have Ihe oPJXl"ite effect and thus sharppn a gi ven image, or at lea,t c3Jl<:d out the 
blurring effens_ 

~.3.2 Definition: 

An edge is the boundary between two regions with relatively distinct grey-level properties. In gen­
fral these regions must be sufficiently homogeneous 00 that the transition betwe"" the tM) regiorul 
can be ","tablished on the basis of grey-level discontinuitifS alone. Thf bMi<: idea llm€rlying moot 
e<lge-ddf'Ction t~'Chniqu"" is the computation of a lo<:al derivative operator. 'Ibe following diagrams 
illustrate this concept. 

Fib'llre 4. 11: Grey strip with horizontal ocan line 

Figure (4.12) shows the intensity proftk> along the horizontal ocan line of fi.o;ure (4.11). The edge 
{transition from light to gr~'Yl is modelled as smooth rather than an abrupt change of intensity_ This 
i." imlicativf of the blurring effe(:t at edges in di.o:ital images - a Jlrst, indication of thf uncertainty in 
locating true e<lges. Figure (4.13) show" that thf first derl",tive of the grey level profile is negative at 
the leading edgf, positi\ff at Ihe trailing edge and zero in areas of constant grey leyel. It is clear fwm 
this that a fluctuating grey level (a varying intensity pruIllP) would make these edg""l less distinct, 
and hlllcc more difficult to find. The oocond dfri"'tive, ftgurf (4. H ), i. ncgativf for that part of the 
tramritioo associated. .. dlh the light side of the edge, positive for tha.!: part of the transition as.ociated 
,,~th the dark oicif of the ""'ge, and zero in area.; of conotant grey level. Accordingly, the magnitude 
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ofth. ~T"l deTivutive "an b~ U"M lu delecT an edl(e in an ima.ge, and the ' ign of the ,"'Cond deTi,a,ive 
indicme" whidl , ide of Ihe edl(e a raT\icular edp;e pixrl lies. It ,hrlIlld also he noted lhu, the ""cond 
derivalive hal; a ~ef() rrooeing at the midpoint of a t ransition in a 6'Yey lewL The ""'<.·,,nd drTi,-"II\-e b 

the Laplar'ian. 
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FiguTe 4.13, Derivative of illlen,iLy pmi;le wong "can line 
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figure 4.14: Laplacian of inlensi~y profile along «Can line 

4,3.3 Implementation of edge detection 

The general [orm of implementing edge detection i8 10 find lhe appropriate derivative operator, 
fu"""ltially a malrix of dimemion lefil>l lhan the image dimem'ion, and apply it iICrO>;s the illlilge in 
a particular manner. The moo~ efficient way of applying lhj8 operatOT On the unage is to convolve 
the image with it. Conv()lution utili_ the powerful Fourier Transform to perform the opemlioll, 
Appendix (A. l.1 ). The actual implementation employs the Fast fburier Transfonn. Fourier analysis 
is well documented, and fm lhi~ reasr>n will be _umer! in the foll()wing discuooion. As djllCUosed 
previously, the operator that \'CI"y closely r=bl"" the optimal fll~er is the Iir8t derivative of the 
Gaussian. 

The Canny melh,,Q l52] diffe", fmm mo~t other edge detection methods in that il u""'" two different 
thresholds (to detect strong and weak edges), and includes the weak <'Uges in the outpu~ image only 
if they are connected w slrong edg~. This method is therefOTe Ie.,. likely than others to be ''fooled'' 
by nobe, and moce likely 10 detect true weak edgffl. The Canny operalor uses the Ganssian for 
smoothing and the first derivative of the Ga~i,," !IS the edge detecl()r. 

\\fhenever a grey-level intensity chante oc<."Urs, there will be a corresp()nding peak in the fU"l<t direc­
tional dcrivatiw~ of intensity. III fact, we may dcline intensity change in tills way, SO that the task of 
detecting lhese changes can be reduced 10 finding the maxima of ~II€ fir8~ direciional derivative of ~he 
!';fey-l"''''l inte[WJity. Thus, we seek the maxima;n 

fix, 1/) = D'[G{r) * I{x,y)] (4.14) 

where I(J:,!!) is the image, '.' is the mnvolution ()perat()r, and G(r) ;8 the GaUtilsian operat.or. 
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By the derivative rule for convolution, 

fix, y) = IYG d(:;:;. y) (4.15) 

We Ctl.Il write the operator riG as G', so that in direction r 

(4.l6) 

where (J is the shaping parameters of the Gaussian fundion (standard deviatiun), and r is the polar 
coordinate equh'fllent for the cartesian ("" y) ooordinatffi. 

We now briefly illustrate the Cunny p<"oce:<" fur an kie.u step edge. 'lhe reader is referred to 191) 
and [52) for " more detailed desniptiun uf the process. and variations thereof. The first step begins 
..,ith GaussiM slrloothing of the image to reduce the umount of noi:;e in the image. TIle next stuge. 
step two, involves the oomputation of the first derivative of the smuuthe<.l signal . W h",-e the ;[. a.nd y 
deri''(\th.., ~ompon"nts, dJ" and dy, are determined. for each edge point. "lagnitude and orientation 
images a~ cOlnputed in the third step using the following criteria: 

(Magtlilude), 

( OrientailOn)i 

I 

, 
• 

Figure 4.15: ltoo1l1ts of the first derh-ati,.., magnitude in the spatial domain 

(4.17) 

(4.18) 
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The axes of a. digital system a.re definoo with the rOw,; as the y-axis, tbe columns as the "-axis and the 
origin at the lop left corner of the ilCreen. The orientalions are computed in this coordinate system 
SO that the angle is me!\lJuced from the y-axis to the dark-Io-height edge transition [91]' 

The magnitude image is the first estimate of the edge map, figure (1.15). A local 3 x 3 operator is 
used to determine whether the central pixel is a non-maximal point by examining the magnitudes of 
the points paraUelto the edge diroction. IT the central pixel magnitude i" smaller than the examined 
poilm, then it i" ""moved. Figure (4.16) illu~trates the r~ult of non-maximal suppr .... ion . 

• ,""'fly"'-

. c 

• " " 

Figure 4.16: Edge aIte< non-maximal suppression 

Once the non-maximal points have beell removed, edge lracking is perfocmed to give the final robust 
edges. At this stage, to avoid edge slreaking, Canny prop<.6es the use of hysteresis. Hyteresis is a 
retardation of an eff~'Ct from a high value to a lower value, such as ,;lowing dov."ll of an objecl due 
to frictiou. In hysleresi ... based edge traeking the procetiS begins from a pixel with a high magnilude 
value and attaches points to the edge, M long as they do nol fall below a lower threshold value. 
It is necessary 10 set this high ,IUd low threshold. bt.fure tracking begins. The low thra;hold is set 
above the probable noise le\"l~ by use of a cumulative histogram ou the magnitude image aud a preset 
thr~hold percentage, say 211%. - This is the low hysteresis ,·alue. The high hystere5is is normatly 
set as a factor of the low thre>;hold, sa.y twice the Ihreshold. Figure (4.17) illustrates the resull of 
hysteresis edge tracking. 
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; , , 

4.3 . .5 Edge Detection of X-ray Images 

Thp Canny pro"",," discussed in the prcvious """-iion was applied to the X-ray im~. in a fully 
automated program. A set of X-ray image>! are rcad-in "" raw data. Th~ images are th.m .,dg,J 
oolocte<! accordint lo the procedure discu&led al:>o,'p. A S<!paration proceb.,., that distinguishes objects 
from noioo iA then applied to thp image.. 

4.3.5.1 Ca nny ed ge detect ion and X- ray images 

After applying the int""sity flattening wllti"" the Canny algorithm is appliP<J to the aW-l"agro imag"", 
The conyolution integral is applied from two different points. The first operatiOll is from the top left 
pixel. The original image is then rotated throu&h Igj) dcgr= and ronmlycd in the SillIlC manncr, This 
is equivalent to cot,,·oIving frolll the bot tom right pim. The .,dg","detecl~d image i. then rotated hack 
through 11>0 dcgrocs and added to thp fir.;t edge-det""ted image. The two-fold convolution prOCeffi 
eru;ure>! that nO ""ymmetry is introduced due to diredjonal bias. Figures (4,19, 4.20 and 4.21) 
illustrale the s.Lag~A to symmdric edge dctcctioo of a theoretical circular arca, figure (4.18). 
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Figure 4.1S, Theoretical ~in.lllar area 

Figure 4.19: Left conyolutioo using the Canny edge dekdor 
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Figure ·1.22: Canny edge detection On X-my image 

Any noise still preoont along the borders of the image, see figure (4.22)' is then fIltered out using a 
simple masking technique. The r(l'>ulting binary i'nage is nOw t"Ompoor-d of all the edges and SOme 
noisy artefacts within the images, figure (4.23) At this point it is oooerw-d tha.t the edges belonging 
to the obj(·~"I.:l of interest rr~mble nearly clWlJli circles, which am visually liiscf'rnable from the "ther 
detected objects. 

Figure 4.23: I\lasking of cOrners ill edge df"teded image 

The edge detected pixels are now dilated with a symrnetrir three-by-tbree structuring element (oues 
along the diagonals and ,erOO ebewbere). figure (4.2·1). The strncturing element i" convolved with the 
edge-detected image matrix using the two-lUld PJ"O(."<J:'JS d(l'>cribed above for the Canny co]lvolution. 
The dilatiou proC($ symmetrically pads the edge pixels. Thi;; effectively closes all the objects of 
iutel"Cst without inlrodudng any directional biflli. TIl(' closed obje<."ls are thcn identificd ail distinct 
objects using an eight-oonnected ueighbourhood search algorithm: A description of connectedness 
is g),."n in Appmlllix (A.2). Each object of ;uterE.;t is then said to ha,·e two separate background 
element" (the part inside the doaed loop and the part outside). These distinct background~ "'"" 
]abelkd tt>ing a four-c"OJlIlCctetl neighbourhood """"d, algorithm. The fO\!r-l"onnectcdncs.. ensures 
that the 1"\10-0 backgwund regions remain distinct [rom each other. 
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Figure 4.24, Pixel dilati()!l ueing a 3-hy-3 structuring elemellt 

Th=after only the wmpletely dosed (}hjectl! satisfyin,.; these criteria are RUed with white u.ing a 
flood-fill algorithm, Rgure (4.25). The flood-fill cperalion is IIpplied only to the 'hoi ... ' (background 
pixels within the cltl'lt'd foregmund), The filled ;>ixels are also indexed. The neighoourh(}(}d search 
tlnd Rood-HII algurithm~ are well publi"hed in the literature ([S7, 921). AU hole. are subsequently 
mapped to two, a" distinct to the numbers 1 aud 0 referred to previou.ly, tlnd SlIVed liS a new image. 
The illlllge consists of ~erOs (the background), un~ (the dilated edge pixels) lind twOO (the Rood Riled 
holes). 

Figure 4,25: Filling of cumplet"'-y dooed objec\8 

Subtracting the filled binary image from the llEW image ensm ... that only the tr".,ked balls remain, 
The resulting image is a binary image containing the tracked particles, figure (4.26). 
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Figure 4.26: Subtraction process - only the troc.ked objects :remain 

The filled objects are labeUed Illiing an eight-conneetoo region grcn.-ing algorithm. The indexing 
numbers the object pixels from left to right and top to bottom, beginning -.,-ith the number one for 
object one and 00 on. The labelled image thllli Il.ppears with tonal variation, figure (4.27). 

Figure 4.27: Eight--conllected region growing Illgorithm 

PrO>';8ional centroids, eccentricities, are"" and pixel coordinates are computed. At this point the 
labelloo. rrnag"" lire ready for the target centering process. 

4.4 Dynamic Template l'.fatching (DTM) 

4.4.1 Introduction 

The tracked particle< desl"ribed in the preceding seclions of this chapti!l" have aU been of higher 
de1lsities than the bulk of the baU charge. These particles, though different from the bulk charge 
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(plastic bead:;), are still valid ill the cnnU)xt of c"nuninutioo. "-'l they reprooent the grinding ball 
marge .~ steel balls) within the rock charge ri typical industrial mills. It is, however, dooirahle lo track 
a typical bulk charge particle to account fur any differcnc-e8 in moti"" due t" particle UllIlsity. 

To this end a typi"al pla,ti" bead coated with a thin layer a. silver palnt wa:; tracked . A resultant 
X-ray image of the ~ilvcr painted bead is shown in Figure (4.28); the above-mmti()ned bead is only 
vaguely discernahie against the background charge. T he tracked particle p.-m-ided B. new prohlcm as 
far as the exioting feature t?ctradion routines were concerned. All of the rootines ,!i>=ihcd tlms far 
could not meaningfully and conoi"icntly dislinguish between the X-ray image of the tr,.,xed plastic 
bead aJ"Jd the bad,ground. 

silver p:~~::;, 
/plastil; 

steel ball bearings 
fixed to inside of lifters 

• 
'glass bead 

Figure 4.28: Typi"al X-ray image of silver JXlinted bead aIter inU)nsily Oaj,j,ening 

4.~.2 Tm"ge pr(ll"e!;~'ng requirement~ 

The accurate verlkation of j)~\f place stringent demands OIl the processing requiremenW. In addition 
to an(.omat,icaily locating the particle, the Cfntering accuracy mnst he equal to, if not beUer than, lhe 
aeeur!l.<"ies achieved previr>usly when tracking a st.eel hall hearing. The requirements of the feature 
ex\J"actir>n algr>rithm are, 

I. Guarantee object loclllisatiw to within a -to X -ill pixel window 

2. COilsistentiy reso<ve m,Iitiple malrning ca""" into a single ~orrec(. m'H.d, 

3. Be highly robust to nr>""e 

4. Adequately distinguish between ()bject pixels and noise, and not withstanding 
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5. Return a meaningful (and accurate) centroid under all noise and occlusion conditions 

6. Be computational efficient 

In order to achieve localisation to within a 4(1 x 4(1 Pc.e1 window, somA form of cross correlation, 
Appendix (A. I.:;?), or template matching is required. HowP'"llr, feature matching is further complicatfld 
if the image" beiug searched. are sufficiently diffAteIlt such that a single correlation filtp;r will not suffice. 
The.;c conditions OCCUr in the X_ray image of the trackocl bead. The relativcly low X-ray attpnuation 
of the bead result~ iu noisy images - the ptojccted shape and int.ensity of the bead changes from onp 
image t.o th~ next. HO""ll''I'r, the differen= are not approciable between snccessive imagai. This 
implies that a correlation illtcr (" suh-im"l!;e WIItaining the tracked bead) extracted from image N 
most d0il81y models a similar sllb-image from image N I I. Addit.ioually, the matching i. only vd.iid 
for binary ooge imag~$ (and suh-imagai). TIli, is due to the close similarities between object and 
l:mckground imensitips. The choice of binru-y image m"tching reduced the problem to shape mat.ching 
which is less complic"too if the general geometric prop€rties a'" known (thp shaf>" of the tracked bead 
remains essentially elliptical). 

4.4.3 DTM implemeTltatioTl 

DTM is used to keep track of th~ marked pan.iclp's posit ionlllld projected sh"pe "" it mm .. es through 
different regi(J[ls of the charge that hav" varying light int"nsitips and slUTO • .mding contrasts. Using 
the lsi image, FI(x. 11), of a given X-ray image scene," provisional cmtroid loc"tion is obtained 
manually (using the mo"",, input). The"" coordinates form the centre of the first correl"tiou filter, 
\l"d~\ V). The correlation filter is a 40x 40 binary su\:>-image obtainoo from the edge image of FI (:r, y) 
which wp dpJlote"", Fl:(:r. 11); "!cliou (1.1..1.) de""rlbe" the generatioll ofthe ooge image. The central 
part of the correlation between lV,(x . y) ""d F2

E ( ... y) contains the provisional centroid to 1V,(r. y). 
The ccniral part of the correl"ti(Jn is simply that part of the correlation result that is the SIIJIle size 
as Ff(x. y) when the twO images are viewed cOllcentrically. A 4(1 x 40 sub-image centered on the 
provisional Cffitroid is then cropped out from FE (z. y) to form '11"("', y) . In g<'neral, cmrelaTion filt.er 
lI"N(X. 11) is ohtainoo from the croos correlation bciw","n Wv _dz, y) and Fl'i(x, 11). This proC€88 is 
fully antomated and only requires the IT\{)u"e input for the first image. 

To illustrat.e this proce"", the "">llysis of two "uc"Ce!<5ive images are presentoo. The (IV)t" image, 
denoted as F.~·(r, y), is e~ detected, resulting in F{:;(l". y), figure (4.29) . The correlation bet"e€I1 
Ffj(l" 11) and IVN_dx, 11) produces a maxima corresponding to a h~t mat.ch (dark spot) a" illnstrat.OO 
in figure (4.30); IV.. ,( z, y) is shown in figure (1.3 1a). The coordinates of the dark spot in figure (1.30) 
denot.,s the provisional centroid to It:V(l·, 11), figure (·1.3Ib). 
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"C' ' ~nM"n~.IIY 'Ma~R"IIiOn -

'" --_ ._----_ .. _._-----. ---- , 
,« .1 Iraekod , ,". - ~"'.'. j • &!go [)o"""icfl R.gion r- . 

~,-~ -: ----_._---_ .. _._------------
~ ,,,. 

"""' -

Nth imn,o;r illt~r oog<' detrcti[)ll 

Dyn;o",",~"y M .. hd R. ",on 

' " m;o .... ~ = b .. t m~toh 

,-

'" 

" 1 
·,L ~~-c:c-~--:c-~ ,.~ • __ ~: ~, ~ • • ,. B 

Figure 1.30: Condmi[)ll nmkh on Ktll image u"i"g the (N 1)lh ('Grl' elat;rm filter 
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(a) 1X"1 )th c<Jn'<l~tion filter ""lUltlag­
(rom the c()nel~ti.on match bet"""", 
{N-2)t1t 1iJ\O~ .... d (N_I) ocWo im~ 

(b) Nth COlTclatio.o filter "",.Jti_g 
from tit. coer""tioa IWit.ch k("""", 

(:-1_ I)\h fil\O~ and Nth OOgo imago 

Figure 4.31: Successi,'e cocrelalion filters used in template matching 

4.4.4 Generating the edge image 

88 

The edge det...,tion sch",ne lJ.'300 is (,he Ca.nny ml1hod, .celion (4.3 .5.1). For a given X_ray image scene 
(a compressed set of Dicow compliant images generaled from a single X-ray ramera) there exi.ts a 
set of parameters that gmern the GllUssmn filt..,. design. Th~se parameters should b~ modelled for 
both X-ray ImaS" planes within the given scene. The mod~lling entails finding tilt, upper and 10'll;eI" 
intensity v"lues to the edge pads of the uacked object. The width of the Gaussian fi lter is taken to 
be one piul for all images. 

Th"", schemes for generating the n'CJuired threshold input~ to the Canny ~dge detec;tor were investi­
gat...:!. The hasic idea was t o fornlulate a discrete upper and lower threshold map for the X-ray image 
space. A oot of imageo from ~ given srene was "",leri . ...:! sum that the tracked particle spanned most 
of the X_ray image spa.<'e for tb~t set. Each unage was then processed according to the following 
schemes' 

SellCrnc J , A sub-image containing the tracked particle was wanually ~loct...:! from each of the 
imag'" within the chosen set. The sub-images were then processed using the optimal thresholding 
algorithm described in section (4 .2.2). The implementation of the algorithm produced only partial 
"uceffi8 because the tr""ked object was not sufficiently distinct from the background wben its position 
was along the edges of tbtl X-ray image. 

ScI"m,p. 2; Thi" involvl'tl the analY"'" of scan lin", across the sub-illlllg"S. The intensity profile along 
the scan lin", facililated the seloction of the appropriate intensity values for input into the Canny 
edge detec:tion algorithm. figures (4.32 and 4.33) illustrate the scan lines and their rorre"ponding 
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int.emity pwfilf'S rp-"f'f"'tivp1y. The int~nsity pwfile along the ''''Ill Ii,..., is mmpnwd ,,,ing a lowpa"" 
interpolation "hemp described in sed.ioo (7.7). Th~ UppeI antllo" .. r thre,hold \",1",," aTP PSlima1;ed 
~imally from cadl M:anline and an avcrage eomputerl for borh. The thrcw.old map rcmlting from thi, 
analy,i, ,ho",<,d vc'y little va,iation within a UK) pLxd radi '" from any given point, More importantly, 
the t'tIge ddedion was ,elatiycly in"cn&tiyc to the", ,,,btlc diffprcnec" 

l'igur~ 4.32 Scan Ii,,,"" u><c'<i i" ochcmc ~ 

" ,., "" .., 
Pi,els a~ SCM I"" " " '" '" PI,el. ~~ oeM 10le 

'------, i scanlne4 ~ J 
":~/, /dVj 1-0 VVJ ~ 
11-" \ 
o 

,< 
,,,~, . ., ., 

Pixels ak>n\l SCM 10le 

Sch~rne 3: Based on the limitatimlS of ""hellle, 1 a'od 2, a morc l'<C'<momi~almelhod was tl~velopetl 
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........ .,. . . . .. ·1 

, 
- ,'-'-','- - '-'-' .. ' .. '-,.' .. --

Figure 4.34: X-ray image of tumbling Perspex mill showiug the 9 zones 

to d~t~.rmin~ the parameters governing the Gaussian filter design. Fbr the imagf'8 b~longlng to a 
glV<'Il X-ray plane, 9 r""dom sets comprising approximately 30 imag~"S p~r oct were ",,1f'Ct~d. The 
9 ""ts were mOlSCn according to t.he 9 ZOne" of an image in wmph the tracked partid~ could reside, 
F'igur~ (4.31). The choice of 9 mnes approximatciy agrees with the 100 pixel radiuH in which tllf' 
threshold parameters show litde variation. Scheme 2 wus applied to each of the 9 zon ... and a single 
""t of paramele~ comput,"" for ~ach ~one. 

Using the coordinates of the provisional centroid, (XN. 1N), a dynamic masking tf'Chnique was im­
plement ..... - all poOPls lying compldcl.y above Or below the bounds of tllf' subimage are RPt to ~ero. 
This simpjp m""king structure can lead to problems when the trdtxed particl~ is along the top and 
bottom ~Ugcs of the image. In such cases the mouse input is irrvoked to inform the musking bounds. 
This was dcocmcd to he more economical than setting a generic mask that occassionally masks ont 
the pixels of the tracked particle. The dynamically masked zOnes a.re illl1Strat.ed in Figum' (4.29 and 
4.30). 

After the provisi<Ylal centroid:; have been accumulated for the entire scene, the images are quickly 
scanned to ensure that the c~!Itroid" are thOO<' of the tracl;:~d particl~. If an error is found it if! corrected 
manually ~ locating the apprmcimate centroid. The provisional certroids then form the basis for a 
more rigorous target centering !l.lgorithm. The centering algoritlun is adapted after the conic fitting 
routine by F'it~gibbonB [65)- The details of the conic fitting routine and it" implementation in the 
current work ,a presented in =ion (5.3). 

4.4.4.1 Dealing with mult iple matches 

Despite the dynamic ma.'lking whkh restricts the template matching to a narrow "eareh Rpace, multiple 
ma\ch€fl do occ,""siOllally occur. A multiple match simply implies that mUltiple maxima atf' found; 
maxima show up as bright spot" in the centml part of the correlation image, figure (1.30). A simple 
distance metric is used to exclude extraneou8 matches 
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, 
" 
if 

IDN - C,\'_l l > di,,-tance metric 

IDb·- CN_1 1 < distance mctri~ 

il'\note matima 

maxirna is ,,<lid 

91 

(4.19) 
(4.20) 

whcl'e D N is (he coor<:i inates of t he maxima from the ",.-th imuge lind G'N_l the provisional centroid, 
of the (N _ l)th illlllgc. The distance metric is =dated with the mean ,Ii"tance covered by the 
particle bcn'Ccn 1,,'0 sllc<L"siv~ images. Using this lllethod to terno,'e. Hxtr"l""llS matd",,, can lead 
to 110 ,<llid matches being ftlU!KL In such cases the user is alerted and the error correctcd rnarmally 
by ItlCuting the uppl'lorilIIate <:cntroid lISing the mouse input. 

1.5 Summary 

In this chuptel' II descript ion of t he v,.,.iou~ techniqu es uood to idrntify the objects of interest in 
the X.ray imag .... of the tumbling l'('csp<'.x mill arB presented. The percentage thr"",hoJd rncthod 
and the optimal thre"holding technique " "re. computationally mocc cflicicnt thau thc edge ddeetion 
algorithms. The thresholcling tedmiquffi workrfl wdl for distind target" like stcel, glass >Iud leud 
balls, but failed to retun] meaniugful tCblllts ..,ith the silver paiute<! plastic bead. The edge detection 
implementutions wol'ked eqtrulJy well ftlr the di,tiuct data, bu t required the pixels of interest w be 
lorulised fot the silver painted bead _ The tta.<:Jdng of the paln l,ed bead was achieved by firs( localising 
it "'ith the dynamic ternplate matching and then edg-e detocting. The template matching followed by 
the tworfold Canny implementatitln proved to be the moot robust algorithm, returning meaningful 
and accurate edge data for all tracked particles. All algorith= were programmed and included a:l 

optiOlos in the ant(KIlated image a"alyses of the. X-rdy image. scelll'" , A compariOOll of the accurucie>; 
achieved by the various fcuture ex\l'uct i()[] l'tluti"et' is defel'ted ttl the n~t cilapter due to the infiuence 
of the t lltb'"Ct cellt cring "",'Urithm. 
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TargeL c:enLeri ng 

5 .1 Introduction 

In dose range photogrammetric applications, circular targets are generally favoured for lISe as control 
points, hen"" the precise lucation becomes a centerilll': problem. However, in X-ray stereo photogram­
metry, it has become common pratti"" to use sttd ball bearin,o;s. Ball bearings are preferred in X-ray 
imaging bocauoo they pcoduce elliptical projections from any filming angle. These elliptical projec­
tions have the advantage of prodncing cunsistent images, but can oomplicate the target oontering 
process. Various techniques have be<m in,"..,tigated and programmed ""' options in the m~asureroent 
system. Th,,"~ tochniques may be braadly placed into twu categories. The fin;t category deals with 
distinct data (the steel ball bearin,o;s), where distinct implies that the pixels of inter""t CII.Il be located 
ta the nearest pixel. The second category deals with data that is less distinct (particles with similar 
density to the background ball d,ary). In snd, cases, if ... -e are to guarantee that all the imaged edge 
data of the object of interest is to be reoovereJ in the edge detection process, then we will in general 
always r""OVer naisy data as well. T he reason far this is simply that t he edge pixels of interest and the 
surrounding n<.Moo are '"ery similar in inttnsity. Accordingly, the dl.OIS~n centering algorithm must be 
highly robust to noise and provide useful results even under occlusion conditions. These techniqm .. 
are formulated, diseussed am] analyseU in this chapter. 

Section two deals with the C8f1t~ring of distinct data nsing the grey values as weights, section thr~ 
describffi the nse of cunie fitting with particular reference to ellipse sp"cificity in light of ""y scatl~red 
data, and the rest of the chapter focusses 00. v""ious test,s of these algorithms. 

5.2 Weighted Centre of gravity (\\lCG) 

The weighted centre of gravity tedmique using the grey value as a weigl,t is a common area based 
cent",ing routine (see for example 'ninder [93J, Wong & 110 [94J, Gustafson & H"ndl~y [95 J or n uther 
& Parkyn [84]). T his teclmique and a similaor une uhlng the square of the gr"y valU€ as weight are 
COI'erect in this section and have been programmed as options in t.he measurement system. 
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5.2.1 \VCG with grey value a~ weight 

This routirtf' (a.nd the grey value 1iqUarM on~) is formulat('(i for" whiu. targ<.'T on a bla& bar-J<.ground, 
however if the reverse "itua.tion exi.ts then the grey value. should he inverted for the pquations to 
hold The following f.'quations are dPriwri using m(llIl('nts 

(5.1) 

(5.2) 

in which (x. ~) is the spa.tial coordintl.tes of t he p4xel having a grey value of g lind (xu. iJ'J) is the 
centroid of the region under COlIsideration. 

5.2.2 \VCG wiLh grey ValLW H!jLlilr,,,1 as weighl 

The equations [or the L-entre of gravity ""ing the grey >"olue squared as weight are: 

(5 .3) 

(5.4) 

Using the grey ,'(tlue squared as ~eight, as opporo:.! to grey valuc, redu""s the effe(.1 caused by 
homogt,n,,,,us intensiiy distributionB. HOWCVCl it is ,,)80 ",ore SCIlsitive to noisy pixel grey values. 

For both method", imprm·emf'nt.'l in accuracy can he obtain"" by only including those pi"",ls with 
grey values greater than the backgroutll\ level as oheer\"ations. 

5.3 Ellipse fittiTlg to very scattered data 

The diocu8Sions 00 target centering thus lar have • .ll ""sum"" that the turgets arc well defined. 
Implidt to this tlSSumption i, that all the delected pixel data are accuraTe to within one pixel from 
the computed centroid. In other word., the edge pixels of the detK-;ed objed ""''' as their nearest 
neighbour pixcb the true edges of the object of intpIeSt.. Howe,."r, in many sim"tions the quality of 
the d~ta. i" oompromised Hither by inheriwntl.r poor experimental data, or by contrived oonditions 
that supersede data quality. The latter sittlatiOli i. HJloounlered in the present work ~here: 
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(t helle circles are not shown in figure 5_5). Then all pixels lying completely within the smaller circle or 
completely outside the larger circle are considered as extraneous pixels, All remaining pixe1J, denoted 
by the '*' in figure (5.5), axe then uflBd a, input data to the ellip!le fitting algorithm, stage 2, \,. 
eliipee fit. A geometric error of fit is then computed for the ellip!le. The error of fit is simihLr to the 
distance metric u,ed for the circle - all pixel, outside a perpendicular distance of 1.6 pixeL.. from the 
ellipse are con,idered as noille; the remaining pixels (denoted by the '0' in figure (5.5) are coru;idered 
!:Ill true edge pixels. A final ellip"" (stage 3, 2'" eliip!le fit) is then fitted to the 'true' edge datil. 

It is dear from Iij,<ure (5,5) that the simple dist>mce metrics effedively isolate the true edge pixels 
from the noise, Of the 56 pixels used in the final e1liplle fit, only One may be classified as noi"", This 
translated to a 1.8% error which is reasonably good. All f"rther U"" of the Fit-<gibbons algorithm, in 
particular its implementation in the rhapter (5), indud"" the additional metries. 

5.4 Testing with Ideal Targets 

An ideal target is (HIe in which the area within the ellipse has a grey value of 255 (saturation) and 
the area outside hOll a I\lliY value equal to the background leyel. iIowever in a discrete splice, such 
as pixel space, the ellipticlll area is only lin IIpproximation to the ideal elliplle. A simple routine 
was developed for generating a circular area that very closely approximates the theoretical solution, 
figure (5.6), In terms of geometric properties, the area and eccentricity of the generated circle are 
exactly that obtained for all ideal circle. 

Figure 5.6: Generated circular area with theoretical drcle superimposed 

5.4.1 Fall-Off Functions and Random Generation of Ideal Targets 

The effects of noise present ill moot digital images <"all be reasOClably modelled by mathematical 
IIpproximations. In particular fall-off functions !ll()del target blnrring caused by de-focnsing, over-
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illumination and electronic. effecl.8. There are '" nnmb<!T of methc .. :b which could be employed to 
generate and apply these Fall-()ff funrtions. For the ""rics of test8 conduded in the pre5Crtt work, the 
tarb",t faU-off" were obtainoo by convoluting the image containing the circle ",ith a two-dimt'llsiOllal 
(7 X 7) discrete normal di,tribution willi" of 1 pixel. This is similar to blnrring generated by 
Trindc:r [93]' with the following variatiun: E·>!ci, circular area W{Ilj generated in a different position, 
within a ""parllte (512 x 512) image, aud individually convolved with a nmma! di,tribution. The 
nonna! distributions were generated independently for each image. This ensnred that the blurring 
was purely random, and different for each cirde. The resulting images were then combined into 
a single image, figures (5.7 and 5.9). A clO8€!" look at one of these synthetically generated target.s 
with simulated noise, figure (5.8), reveals a 'halo' like edge whidl is ~baracteristic of the penumbra 
effect encountered in X-ray imagin/';. This ensures that the tests bear some resemblance to the actual 
probl= for which these centering routines were fonnulated. 

" • • • • " 
," 

" • • • • 
" 
" • • • • " 
'" 

" • • • • 
'" 

" - '" --", --- "' 
Figure 5.7' Rlurrcd targets due to dired falloff: Equal diameters - 15 pixels 

" 

, 
" 

"' -
" " " " ,. 

Figure 5.8: A closer look at one of the hlurroo tarb",t": diumeter = 15 pixels 
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• • • • • '. ,. - • • • • 
• 
• • • • • • 
• 
• • • • • - • • ,. • .. .. .. .. .. .. 

Figure 5.9, Rlurred targets due to direct falloff: 4 diameters = (6,15,1ll,12) pixel. 

5.4.2 Centering re~ult s 

The tar._,E!. eentering methods were tested for all of the feature Mtraetion techniques. Two target 
images, one with targets of eqlllll diameter and one with fOllr different diameters, were used in the 
tests. The varying diameter target. investigate the effects of sellle within an image. 

The first 'let of remits with equal diameter rirdes are presented in table (5A). Thble (5.5) ha" 4 
different diameters (6, HI, 12 and 15 pixeJ.). 

The methods are numbered as follows: 

I. Center of gravity ",ith unifonn weight (UCG) 

2. Weighted center of gravity {WCG} 

3. Weighted center of gravity with grey ",.lue squared as weight {WCGSQ} 

4. Ellipse specific oonic fitting (ESCF) 

The RMS /:"x and 1'ly are the root me"" are!! of the diff"",nceJ bet",""'€n calculated and kno"'Tl 

wordinat"" of the ,,;rde centres. {L\.x}2 + (1'ly)2 is the re!llll\an\ R...\1S deviatiQfl for Ax and /:" y . 
The max /:"x IW.d /:"y are the maximum differenc,," for each method. It should be noted that the 
percentage and optimal threshold methods produce areas (not edges) which are inappropriate for the 
ESCF centering method a.nd are therefore not included in tables {5A and 5.5}. 

The results show that the Olle-fold Canny method is the lea.~t aceurate for all centering routines. This 
may be attributed to the dirediOllal bias intrudlleed in the eonvolutioll. The two-fold Canny method, 
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although less accurate than the thresholding routinet3, produce improved centering when compared to 
the one-fold method. This shows that the diroctional bialJ introduced in the convolution i~ ",""rcome 
with a globally symrnetrk procedure. 

The two thresholding routines, quite surprisingly, outperformed the edge detection. In particular, the 
percentage method produced the m""t a.ccu:rate results . The aa:ura<::y of the pen:entage method i~ 
greatly influenced hy the percentage input ,"alue. In real data, like the X-ray images, the percentage 
occupied hy objoct pixels can ouly be approxirnatdy calculated, hut with ideal targets, this percentage 
is known exactly. The percentage method is well suited to image" with dearly defined objects, bnt 
Cllfl become leSll accurate when the image is noisy. 

As regards target ""ntering, the ellipse specific conic fitting produced the moot accurate r",mlts. The 
algorithm proves to be more accurate than other centering techniques with 'good' data and OCIually 
important, it returns meaningful remits when the nm,*, levels are high. 

Method I HMS.:l.r I RMS .:ly I . .j(.:lJ), + (.:lJ/)~ I max .:lx I max .:l!J 
~ . Percentage Method (% 4.5) , n.2685 0.2075 0.3393 0.4345 -0.4300 , n.1681 0.1342 0.2 151 0.4438 0.25(17 

J 0.1432 0.1022 0.1759 0.3591 0.2199 
. . . .. 

Optimal Thr ... holding Method , 0.23'],5 0.2292 0.3262 0.5270 0.4716 , 0.1748 0.1590 0.2363 0.3629 -0.2765 
3 0.1651 0.1303 0.2103 0.2750 -0.2904 

One-Fold Canny Convolution; Ie 1 pixel), pper, Lower 0.1.0.13 , n.4958 0.5675 0.7536 0.6768 0.8352 , 0.3415 0.4 187 0.5403 0.74% 0.6179 
3 0.2410 0.3 161 0.3975 0.4973 0.46114 
4 0.1799 0.1635 0.2431 1.1327 1.2464 

Two-Fold Canny Convolution, (<7 1 pixel), [Upper, Lower[ 0.1,0.181 , 0.3759 0.4551 0.5903 -0.8459 -0.9162 
2 0.2873 0.3547 0.4564 -0.6987 -0.6561 
3 0.2279 0.28 18 0.3624 -0.5835 -0.5304 
4 0.1620 0.1509 0.2214 \.268g 1.2362 

Table 5.4: Centering resultH using ideal targets with "arne diameter, unitll : pixels 



Univ
ers

ity
 of

  C
ap

e T
ow

n

CHAPTER 5. TARGET CENTERING 

Method RMS "'"' 

, 
3 

0,3064 
O,Zoot 

0,3629 
03408 

0.4749 
0.4287 

.0.7075 
·0.5903 

·0.8765 
0,8377 

Table 5,5: C-entering re<ilults using ideal targets with fuur diameters, unit8: pixels 

5.5 Testing wit.h Real Tdrget.s 

Ill6 

A tectonique for testing the relative accuracy ()f the ionaging and centering algorithms wit h real targHs 
is di8c\I&loo in this 8l'Ction. The method involves transfmming the image data of c()ntml points to 3D 
real ~pace coordinates, The residuals from comparing calculated to measured 3D coordinates then 
form the basis for the analysis. The oontrol frame used in thi8 analysi8 comprised 21 points, listoo 
ill table (5.6) and illustrated in figure (5.10), The c()ntml points are mea.<;urOO nsing a CO<Jrdinale 
measuring machine (CM1f), the functi()n~ and accuracy of whicll are discribed in Appendix (B.5). 
The frame in qUffition is the original frarne COIlstructOO fOf Cl'Ilihrating X·ray space and is used t() 
illustrate the relative a.ccnra.cy of the variOU8 imaging and centering processes. The control frame 
used in the 3D roc()nstruction ()f the final experimental data, and required [or the de..ircd accuracy 
reported in table (6.2). contained an e/foctive 110 points and is giyen in table (BI). 
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Table 5.6, 3D coordinates of the 21 control points used to asseS" the variou" image pru"""sing and 
centering algorithms 

Figure 5.10: Control frame used to as"""", the ",.,.iou, imaW' proc"",sing and ~entering algorithm". The 
orienlation of thf I>X€" are "hawn in lohe ligure with ball pooition nlllllher 1 denoting thf origin. 

The real targets are made up "f Jmm ball hea.rings pltlitionoo ()(l a rigid frame such that they 
are dearly vi"ible from orlhogonal perb"jJeclive>;. The fram~ is immeraffi ill thf in1.erRecting X-ray 
ooams, and the rooulting digital hnages provide the data [or testing the target centering routines for 
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each of the feature extraction methods. Real targeUi do not have a priori target centers in image 
space, however the spatial coordinatco are known, Appendix (D,5). The testing therefore involves 
calcnlating the image target centers and then transforming them to real space. The RMS values 
of r",iduals betwepn measured and calculated spatial target centers form the basis for the lInalysis. 
Lih the ideal target tests, the RMS ""j.ues are computed fur each of the three ~art{>Sian coordinat~>s, 
The standard DLT equations were llI'lM to transform image data bark to real space coordinates, 
T he resulting eITors produced from the residual analysis includes the transformation errors, however, 
given the srune image. it is expected that these erro" are equivalent. [t should be noted that the 
magnitudes of the residual analysis do not quantify the error I18sociated with unkuown points and 
are therefore not a true ruHectioo of the error. HOWL"",r, this was no< the intention of this eJ<.".cise. 
The relative =racy of the ,-arioos techniques is wOO,ts important at this stage. T he error associated 
with unknown points is deferred to chaptL'T (6). 

5.;:;.1 Centering results 

, , 0.5<Xl3 
0.19~8 

0.3363 
0.3351 

0.3079 
0.3088 

0 .6769 
0.6765 

0.96i!7 

0.9%9 
O.9!)6R 

0.5754 

0.5607 
0.55-17 

Table 5.7: Centering fu.'Suits for Real Targets, units : millimetexs 

05942 
0.5940 

The RMS 6x, 6y and 6z are the rOO< mean squares of the difftJrL'Ilces b..'tweL'U calculatL-d and kuown 
coordinates of the spatial target centre coordinates. Rp.,tdtanl is the resultant vector RillS deviation 
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for L'l.x, L'l.y and L'l.z. Thp max L'l.;:;, L'l.y and L'l.z are tl., IIlliXImum uifrerences for earn centering 
method. 

Figure 5.1L Fea.lure extr""Uon ba:;ed On the fuur pl"()(~ing tedllliquell 

From table (5.7), the ESCF routine dcarly out-performs the =(iillly c'quivaknt results of the 
center-of-gra.,·ity based te<:'hniques . It i8 aloo evident thal mum of the resullant centering error is due 
w the .T-coordina.te. Comparing this to the original CMM coordinates, Le. before rotating the CMM 
data. into lh~ CO<JCdinate system of the X-ray beam, thp error corresponds to the depth mp<lSlrrempnt 
(Z-diroction) of the CMM. F'igur~ (5.11) ill"SIl"dlL><; the resultant images of the fcature extraction 
algorithms. 

Th~ Pprccntage and Optimal Thrffiholding Mc'tOOcis do not remove extranc'Oll3 objccll; during the 
processing, white "~'Ctions in figure (5.11). This can potentially complicatc target ccntcring, csp<.'Cially 
when thc ll{)isc is in the rc'gioll of the targets, lillU more importanlly in the path of the tracked 
particles. This problffi1 is adequalely dealt with in the Cam,y convolution routines. 

'rhe wdghted rouUnes (WCG and WCGSQ) were not appreciably dillPIenl from the uniform centering 
method (UCG). Tllli m",y be attributoo to the relatively homogenoous intensity distribution within 
the targets. 
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o. 

0] UCG 

0.0 , 
;; 0.5 

e , 
~ OJ,f 
• 0 
0 

~ a,3 
ESCF 

0 

0.' 

• 

Figure 5.12 Mean resultant error of various target centering algorithms applied to real data 

5.B Condu:;ion 

The testing of the centering algorithfllll for each of the featU1e extraction routines were conduded 
using synthetic and real data. The center of gravity b!\lled tochniques are essentially equivalent, with 
the WCGS routine producing subpj"el improvements on the wce and UCG algorithms. The ESCF 
tedmique". 00. average, twice fill accurate fill the other centering routines with an rn'eTall improvement 
of one pixel when tested agaillilt real dlll;a. 

The relative rubustne,., of the centering algorithms un the X-ray data weIe """eflOOd by cOlIlhining the 
resultant residuals of the feature extruL"tion routines in an average sense. Figure (5.12) illustrates a 
histogram plot of the combination for each of the centering routines. The ESCF centering. tbough 
not diroctly applicahle to area based, feature extraction rootines, prodUCeR the beRt; L"e1ltering result". 

The following discussioo. summarbes the findings pertaining to the fcatU1e extraction routines 

I. The area hased, percentage thrffihold method is very accurate with a priori knowledge of the 
percentage occupancy in ilIll4':c space. Unfortunately, such infDrnll!.tion is not readily available 
with real data, and e"I-en with good e:<timates, the results can be spurious due to noisy pixels of 
similar inten>ities occupying equivalent areas, The technique can be succeflSfully implemented 
with distincl targew and relatively low not .. levels, though such condition" are usually a&lociated 
with trivial problems. 
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2. Ophmal th'~lOkling providtt! an ~ffl.::l~nt OleonB " ili'>t.iogu ishing II m .... llir\g£ullhreshold ... bt-n 
II~ c:boic~ i" not obvious. Tile final th re.huld i.s bJ"'",,-.:r (JOlly M good '" the Initial B!tin,tII;e. The 
bi modlOlnlltur~ dlhe probability di~trt hullon that underllffll the tech,Iique, jilUitl! il.!o "ppllCllti on 
to rlli.-ly dlbtinct objects. Th ,,-pplicilbili ty to X my imllge.; depicting thtl typi<;1:I.i ptl1un,b,a eff<.'Ct 
b"IJ ~(., <iemorn;irateci, making thtl !}ptiml'li t hrellhokHllg algorithm thij p'er.!I1"~d lU re.Jlooiding 
tedlll lque. 

3, The ,wo-fold CWUly im p/en,pntlUion prod uced improvements 01., the Sl.\Inderd {",Ill, thllNby 

~ffin"in& lhe ,-alidi~y fir sylOwe!';" !if'f.cec!UNS. T ile IDlpro..-.,.""nl i. ro",pu tIUK:ouaiJy twice as 
txpeDlfiw, and {',an therefo ... only I.oe Justified III probl .. os der" ... nding ~,,~ ,mPJ'lM'ment. 
Such pins in occuracy are " "portal ,\ w the X_r .. y L....-i<iog experiments, u.....Ugll tl te IUldilionaJ 
«rInputatiolllll time is ~n i ...... r d.1L! ' .... )1101 b<' ignw-ed .. ben d ealing Ir"J, la1'1~ al " ounlll .... dat ... 

ll-v;ed 00 the .. boo,,, finding> , the f~a tu'~ CltU",,·t1 .... ., J:\IId '<Ibooquelll N'nleri04 algor .tbm seiocl<'li fl>r 
Ih, pl"Xl'!j/lirog of the X-ray imagl'!O >\", tl ~l ~·fo kl Gl\lmy me(hod ancI th~ ellilM ~pe<:itic conic til ling 
n1g~ rlthm re~po::.1i"',ly. nle a(>;uno.o:ie!' IIdlleverl for tl ... control oint .. are b""w oro the .tfu"J .. rd, 11 
par"ml't~r. implemenlllUoll of the di l't'<'l ti n,'''' !OOlb1'orllllltion. A furth~r impt"O\'o;:Im,1l1 ttl IOC~"\Irl\Cy 
hruotd otJ full OLT formwation i8 gh--eu tn the n.:IX! cllapter. 
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Chapter 6 

X-ray PhotograIIllllctry 

Most of photogrammetry can be balled on a pair of equalio"" known variously as the perspective 
equations, the im!Wllg equations, the projocLive equatioWi or the collillearity equations. The =terior 
orientation problem, as used in phologrammetty, is well described by the co/linearity equations, 
equation. (6.1 and 6.2). Th€Be equations relate the two-dimensional coordinates ~ and I of image 
points to the lhroo dimensional CQorciinat"" e, 'I and,.. of points in ohjer, "pa.oe, figure (6.1). or 
the various formulatiof18 of the analytical orientation proolem, the Direct Linear Transformation, or 
DLT ([60], 159J), was found to best fit the requirement. of the DAE. The projective lra.usfonnation 
as referred to by Mams jOOJ, Wl!.S derived using the geometry of the X-ray beam and is used in the 
present work. Unlike the traditional boodle adjustment solution [58)' tllls method does not require 
a calibrated camera, or fudicial markings on the scintillating screen, and cao be solved without 
supplying initial a,pproximations for the (ransformation parameters. 

In section (6.1) we develop the projedive In.nsforma.tion equa.tions using homogeneollS coordinates. 
The link to X-ray geometry is then used to develop a linear least squares oolution for mapping X-ray 
im!W' coordina.tc:s to object space. Section (6.2) deala with the conventional dO'lcription of colline!!.rit,y 
encountered in photogrammetry. This section alIOVt'S the neader to explore an alternate ooIntion 
ocheme if n .. >ffied, but more importantly it introduces some of the ma.thematkal detail that facilitak 
the dtscriptions in subsequent sections. The conventional description uses nine linearly independent 
parameters to geometrically descrihe the image capturing mechanism. The link between the linearly 
dep"ndmlt DLT parameter.; and the line",ly independent camera. parameters are illucida.tcd here. A 
grometrk interpneta.tion of the X-my ima,ging in terms of conventional cameras is also desc:ribed. 

The ma.thema.tical descriptioos developed in section (6.2) facilitate the incorporation of optical errOr\l 
(lens distortion efl"ecto) and random deviations into the DLT model which is the [OCIlS of soction (6.3). 
A technique for modelling the variances of image and object space coordinates is illustrated in sec­
tion (6.4). 

Section (6.5), discusses the merits of the techniques developed in this thesis by comp",ing them W 
the standard solution schemes. In partkular (he proposed variance model is !lSl<essed according to 
accur&''Y and stability. 
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CHAPTER 6. X-RAY PJIUTOGRAMMETRY 

6.1 Projective t.rarisfOl"lllations in X-ray phutogratrlllletry 

The projective trarulfonllation is givrn by: 

Xi + "'-Xi 

7i+"'-,; 

, 

o 

v",;; + b",11; + VIST; + b14 
0"1';; + b32 '/; .... hFi + 1 

b-"<;i + />n11; + b-,.,T; + ir}, 

~'';i + 1>:<2'/; + b"Ti + 1 

-" 

E 

[-

Fi)';11[" ~.l: Homogenew" cc>-ordinak1l in two dimCtl"ionai space 

11 :1 

(6.1 ) 

(6.2) 

where Xi' 7. are the image COordinllte!l t>f point i, "'-Xi, "'-~I, are the systematic errors of the image 
roominates of point i (cau;;ed by lens distonior1, et~.), (i, 'Ii' T; are the objoct sp"ce coordiTIlltes 
cI point i and the ~i terms are the llllknowtl transformation parllmeters from which the elernents 
d interior and e:derior orientation cM be calculated. Thi3 linearly dependent equation :;et involv"" 
deven tranHf'ormation pllIaIIleters instead "f nine linearly independent camera parameter3. An ap­
proximation lies in ignoritlg the linear depetldellCe between parameters. H",,'enr, the DLT solution 
do,," have some advantages in that it con.-erge" quickly evt>n for pooc provisi(J!lai value" and it apprar3 
to converge in spite ,,[ the high oonelation", whldl would a1Tf'Ct a bundle adjustment wlution. Karara 
& !\ We!-!bL< l59J point out "the linear comp"nen\.:; of lens distortiotl atld IlIm d~iormation are taken 
into at>::ount by the de.-en traw;["rmatiotl ooetlidetlts", This is particularly meful for ill! app"ratw; 
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case 

A= 

=[ 

r 
squares is 

-1 

can in a cornDl1t program 

1. 

2. 
space COIOc(lln.a"tI[lS 

terms. 

3. new 
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4. ,which 

[u, =[x- y-

+ + +1 
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o 000 

squares is 

000 0 

000 0 

-1 

+ 

+ 

+ 

+ 

equa-



Univ
ers

ity
 of

  C
ap

e T
ow

n
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is as 

0 0 0 0 

0 0 

= 

0 0 0 

0 0 

m cameras. In m=2. 

The calibra"tion addliticmal lens rI;Q1rnri,inn 

terms. The normal eqlllations the caliibrl:l.ti()ll is obtainE~ as tolJlows: 

1 1 
R + + + + 

1 1 
= + + + + R 

where 

R= + + +1 

In matrix two a 

~[:] 
1 [: 

y z 1 0 0 0 0 -xX -xZ 
= v 

0 0 0 X Z 1 

+ :] + 
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6. 131 

o 0 0 0 

[ 
[0 0 0 0 

a (L11, 

as 

(L) = 
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6. 

+ + + (x) 

+ + + 

o o o o 
o 0 

o o o 
o 0 

n is 

+ --UJ...IU + -'UJ...I + + 

+ + + + 

were constant in 

11 11 

- + (x) 
i=l j=1 

11 11 

+ 
i=l j=1 
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6. 

<UL'UlUJ,U errors 
as: 

ex -

where we assume to 

y-

+ 

+ 

are constants 

8 

+ 

+ 

+ 

+ 

a 

=0 

+ 

+ 

and 

+ 

+ 

can 

1 
+ 

1 
+ 

eXl)aIlLSlOn to 

+ 

+ 
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6. 
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6. 

errors 

x-

y-

+ 

=17 + 

are 

errors exl)re~3S 

+ 

to 

[x­

+ 

as: 

+ 

.....,u'u .... " .... to error 

+ + 

+ + 
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i-h .. ""o,h the center of the scintillation screen 
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6. 

a= 

[
Xi - 1 [ 
Yi ~ 1 

Xi- + 

+ 

camera 

X-

Y 

eqtlations are identical t.o _" •. _. ___ _ and except f.or the difference in n.otati.on 
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6. 

mn cos !.pcos I'\, 

ml2 w !.pCOSI'\, + cosw I'\, 

mI3 - cosw sin !.pcos I'\, + WCOSI'\, 

m21 - cos !.p sin I'\, 

m22 sin!.p I'\, + cos w cos I'\, 

m23 cos w sin !.p sin I'\, + w cos I'\, 

m3l !.p 

m32 - sinw cos !.p 

m33 cos w cos !.p 

Xi, Yi are i, are in 

centre to in 
is 

A=[ ] 
are space co()ra:mates interest I, 

are space "'",',""'1',0:>("'1'",0:> centre. 

uuo.o','L5 process 
space vector 
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or 

M= 

[ 

mll m12 

M = m21 m22 

m31 m32 

121 
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6. 

two rows are Id4~nt;1Cl'1l in terms. 

z 

x 

'IOV"AA""~""v view a COlilvEmtl011ai camera "'""'''''b',A''O ",,,,>t-'::>1rn 
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we 

X 

"f 

C -matrix is +n .......... ~.rI 

some re(j~riJmgmg 

(b13 -

-1 

L = [ ] 

=x-

are: 

r+ 
r+ 

r+ 
r+ 

new 
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72 1 0 0 0 0 
73 1 0 0 0 0 
75 1 0 0 0 0 
76 1 0 0 0 0 -X67 6 

78 1 0 0 0 0 
79 1 0 0 0 0 -X97 9 

7111 711 1 0 0 0 0 -Xn 7 U 

7112 712 1 0 0 0 0 -X127 12 

0 0 0 0 72 1 
0 0 0 0 73 1 -/37 3 

0 0 0 0 75 1 -/57 5 

0 0 0 0 76 1 
0 0 0 0 718 78 1 -/87 8 

0 0 0 0 e9 79 1 -/97 9 

0 0 0 0 7n 1 
0 0 0 0 712 1 

L - /8 /9 /n 

1. more 

2. more 

A and B is used to coincide with the 
of the BAE 
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one 
new 

X 

f 

X 

f 

X 

+ 
+ 

= 

is 

+ a137 + a14 

+ a237 + a24 

a31'; + a32r] + a337 + a34 

+ 
+ 

B= 

+ 
+ 

is 

tenns 

constant. 

, we 

tenns on a34 

in 
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two uuu"""",vuc;w. 

1 

= + a1217 + +a147 

- + a2217 + +a247 

+ a3217 + +a347 

common 

[;:]~A[n 

"' ......... """r>n to mtlcodlllClIlg hC)ID()ge-

now 

+ a437 + a44 
+ a337 + a34 

VH'll,a~<,,, X, 1 say hOJmO'geJl1e()Us UJ'lIH.Ull ... ~t'" e, r/, we 

X= 1= 
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If we now .... + .. ".<"111'·., nonlOjZ;en,eOllS 

T' 

d = a41 + 
T 

equa-

+a14 

+a44 

+a24 

+a44 

+a34 

+a44 

>0 

+ 
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y' 

, 
z 

X= 
T 

y' 

z' 

case 

alX+ 

a4 X + 

a2X+ 

a4X + 

a3 X + 

a4X + 

it is very 

( 
y= 

T 
z= -

T 

al1X + + a13Z + a14 

a41X + a42Y + a43Z + a44 

a21 X + + a23Z + a24 

a41 X + a42Y + a43Z + a44 

a31X + + a33Z + a34 

a41 X + a42Y + a43 z + a44 

, '1/', z', 

T, 
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6.4 Modelling t.he variances t.o t.he observat.ions 

In moot photogrammetric applications, the variances to image coordinates is obtained by repeating 
the digitisation PCOCe8ll. Similarly the variancee to the objec1; space c()()rdinates r:i the r»ntrol frame 
are computed from repeated meaS1JI>'.ment. Implicit to these practices is that only static objects CM 
have physically meaningful (measnred) variancetl. Tbe approach taken in se.:tion (6.3) was based 
on the assumptioo that \he variance of new points in image and object space cannot be determined 
without direct measurement, and more so if the new objects are moving. This aBsnmption is largely 
responsible for the li:nearly dependent formulation u",d in determining the variances in the recOll­
struction ph""" of the DLT solntion. Such systems are typically UIlstable and very oft.e:n l~ad to 

quickly diverging ""lntions. The"" problems CM be t~mpered with robu,t solv= like the Levenb~'fg­
Marquardt method i63, 96] or Singular Value Decomposition [96] . IIowevL'f, such schemes do not 
mldress the problem directly and in many cases the solution obt !!.ined is still not much better than 
the 11 pararmter DLT solution. 

In this sectioo we describe a technique for modelling the varian.:;.,s <:1 new image and object space 
coordinates. The aim is to drcnmvent the variance calculation in section (6.3.1.2) with a physical _I. 
There >lIe a number of tecllniques that can be used to estimate the variance at a point given the vari_ 
anCeS of nearby saruple points. Some of the COllllll()ll tet:"hniques are natural neighbour interpolation 
(N!\'I), polynomial interpolation, spline interpolation and interpolation within Delaunay simpl~.xes 
(IDS). An implementation of IDS and !\'NI L'IIIploying Voronoi eel" are given here. Both methods 
employ a o.'Cighted average tedw.ique for computing the variance of a new point from nearby sampled 
d>u. 

6.1.1 Triangulation 

Triangulation involves creating from ttt., input sam pie points a set of triangularly bounded facets that 
do not overlap. Of the many triangulation algorithms av!!.\lable, the more popular ones are the radial 
sweep method and Watson's algorithm which implement Delaunay triangulation. 

DeJaunay triangulation (tessellalion in n-dimensional space) produces a set of triangles (simplexes 
in n-dimensional spe.ce) such that none of t he sample points are r»ntained in any of the triangles 
circwncir"Cles (t~'trahedron s circumsphL'fes in 3D) . Figure (6.4) i11ustno.t~s th~ triangulation by the 
thick lines with the circles indicating the sampled data (X-ray image coordinates of the control 
points). Delaunay trian)';lliation is goometrically related to the Voronoi te,,,,,iation (also known a!l 

Direchle1; or ThcisWll t",sclation. ). Thc"" t~ss~lations split thc plane (f()nrwd by the =ple poin!.) 
into a number of polygOllal regions called tilee. Each tile bas ,me sample point (node) in its interior 
called a genera.ting point. }'igure (6.4) ilI\I!ltrates the Voronoi tiles as thin lined polygons. All other 
points inside tilt, polygonal tile are closer to the tile', gCl..wraJ:ing point than any other generating 
point. In other words, each Voronoi cell defines a locus of points that are closcr to its geuerating 
point thM any otht,r node. The Delaunay triMgnlat ion is created by coonecting all generating points 
that share a common tile edge. Thus formed, tbe triangle edges (sides) are perpendicular bisectors 
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of' the tile edges ("ideR). The verti= to the Voronoi til"" are the cirmmccnten; t[) the Delaunay 
lriangles. 

mK-_ 

I 
,. ,. ,m _ _ ,. _ _ _ ,,' ,., 

Figure 6.4: TeSilelation of X-ray image mordinales: Dp11l.lmay triangle~ (thick lines) with circlr::l at 
the verlice" and Voron(tt tile" (thin lin .... ) 

Ia the abm'e deocription we COllliiderro t.wo-dimensi[)nal Euclidean space R2 . The theory, however, is 
applicable in a general k - dimL'llsiOllai franlL'wmk. In this muiticiimensiOllal framewo<k ,he Delaunay 
tesselati[)n is a set ,If simpleJ<es sud, that no data points are contained in any Rimplex'R cirrUm"p/1eIe. 
In thrre-dimensiOllal space a simplex is a l.€trahedron. Figure (~.5) illURtrales the ~D Delaunay 
tessdati[)n f[)r the measured control poinl data. 

Fil!,llre 6.5: 3D Delaunay lesselation of Lhe measured control points 
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6.4.2 Natural Neighbour Interpolation employing Voronoi cells and ~iIl1l'lcx IIl­

tegration 

The naturalll€ighbours of any sample point (node) are those in the neighbouring Voronoi polygons, or 
equivalently, th<Ye to whkh the node is ronnectoo by t he sidL'S of the Deb.unay triangles. For p.xample 
in figure (6.6) all the nodes are indicated by the circles. In parti~llla.r the natural neighboill8 of node 
1 (denotoo by the numb ... 1) arc p, q, r, s, t and u. It is also important to note that the natural 
neighbours are a functiOCl ofposition and can V1\J"y dcPL~lding On the d€nsity of the surrounding nO!ks . 

Figure 6.6: Illustrating the natural npjghbours to a giVl'.n node with Voronoi cells and Dela.unay 
triangles 

Using the above de[l('ription we can fOl"IIlulate a. technique for detp1mining the properties of a ne'll' 
sample point - not from the original sample - using ihe information L"<lnlaincd at its natural neighbours. 

Let X be the new sample point (illustrated by the diamond shape) introducoo ilIo the Voronoi 
diagram of the control frame image coordinatcs, figure (6.7). The fi:.ure shown is ~ zoomed-in image 
of 14 control points (denoted by lhe cirdoo) with Voronoi polygons drawn in (shown as thin lined 
polygons). The inclusion of point X ","uits in a 1000aiiooci retltrll{'turing oith" Voronno' "ells. However, 
the only cells impaeted by this r<-'Struc~uring are the celis ooll~aining: 

• t he natural neighbours of ~he new poinl; poinls C 2, 4,,, and (i in figurf (6.7), MId 

• t he nL,,\\, point (this cell also coolains poin~ 3) 

The introduction of the nL'W point X and c:re~lion of a nfw cell (denoted by ihe thick lined polygon) 
is "onfined lor-ally to six ""lis. It should be noted that once the Voronoi digram is redrawn to include 
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the new point, the ihin lines forming ihe six secondary polygons within the new polnon do not exist, 
but are used to facilitate the calcnl"'iioo of ihe weighting factors used in the interpolation. 

o 
! -

- " , , i , 

- -1-
I 0 ' 

'" 0 I b o 
, -

Figure 6.7: Illustrating the prindple of naiur",l IIeig!:tbour interpolation for X-ray image coordinate, 

The variance at X is then calcula.ted as: 

".(x) - L <)\,(x)".; 

<)\,(x) "4, .=1.2. .. " G (G.127) A, 
A, LA, 

where '" is the ,<lriance at node i, A; is the ru"ea of the secondary polygon formed in the cpJ} cont.aining 
node. and the 1';(x) are the natural neighbour coordinates (W<.'ights M'lO<:iated with each node). 

In general ihe encl03ing polygon of some new point X(x) can m~ap with" VoroIl()i eells resulting 
in an int.erpolatl'd variance of 

, 
(1(x) = L w;(x)rr; (6.128) 

Using this defini\i[)II. the follmving properties are self evidml: 

" 
L ¢'(x) 1 (5.11~) 
, , 

O:'S </>;(x ) < 1 (5.130) 
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Kow if X were to coincide with, say nod..> 3 for instance, then it is readily seen that 

,P3(x} == 1 and 

0, (6.131) 

Therefore the naturul neighbour coordinates satisfy the Krondru.-ddta property 

(6.132) 

The <lIeas forming the weighting factors <lIe computed using the 2D simpl~.x integration method and 
gIVen as: 

1 " 
A = "2 L (X~ !Ii ' l - XH 1Jli ) ,-, 

where (Xi . Yi) are the cO(}fdinatcs to vertex, ,,[ an m sided polygon. 

(6.133) 

The e:dension to 3D is completely analogous to 2D with the areas replaced by volumes. The poln,'Onal 
volumes are computed in a tWQ stage process: First the surfaces bounding the Yorono; VolUIilL'S ar~ 
split into triangular [accts U8ing the Qhull routines from the Geometry Cpnter, University of Minnesota 
(http)jwww.geom.umn.ooujsoftwllre). Figure (6.8) illustrates th~ voronoi cell of control point No. 
2 after the fac~ting proccss. 
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"-

'.1 _ 

.. 

0 -

o 

Figure 6.R: ~D Voronoi cell for control. point numbc ... 2 used in X-my "ptl.CC paramctrisation 
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The volumes are then C>llculated using 30 simplex integration between ea.ch triangle and the gener­
.ting point. 

1 " " " 1 I " on "2 "6 det 1 " y, " 
(6.134) 

1 " " " , 
v ~> (6.135) 

;-, 

where Vi is the volume of the i,h simplex and II is the number of simplexes constituting the VorollOi 
volmne. 

6.1.3 Interpolation using Delaunay lessellation and simplex integration 

Let X be the new sample point introduced into the Delaunay tessellation diagram, figure (6.9), split­
ting the enclosing Delaunay simplex into three secondary triangles (A j , A2 and Ag) in 2D and four 
BeCllllary telrahedrons (fonned belween each of the four faces of the primary tetrahedrons and point 
X) in 3D. U"ing the known variances at the nodes of the enclOl<ing simplex we can apply an interpo­
lation sdJeme based on the natural neighbours. The v""iance at sample point X is then computed as, 

2D interpolation u.ing Delall,ay triMlgulation 3D interpolation nsmg Delannay tessellation 
O"(x) = L.;J-P; (xjCT; i,j 1,2.3,4 (i'!'=J) 

1>, (xl = %- dJ,(x)=~ 

iVr-J:Vj 

where ij form a permuted cyclic pair, O"j is the variance at node j, the Ai are the ""etlS of t he 
secondary triangles, the V; are the volumes of the oocondary simplexes and dJi (x) is the weight ass0-

ciated with node j. Again if X were to coincide wilh, "ay node 3 for instance, then it i~ readily seen 
that 

I 

0, (6136) 

Therefore the coordinates of the con!l€cting nodes S<l.ti~fy the Kroneka-delta properly 
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:J 
• , , , I ~ 
N , 

; , 

'" - '" 

Fil';ure B.9: Delaunay tessellation 

6.!l.1 Discussion on interpulation schemes 

, 

, 
x., , 

-r---_ 
, 
, 
, 

,( 

Despite the simihriti..,; DeI"",uay sci,eme:s are often preferred over itA dual stmrtures the Voronoi 
""US >IS Voronoi cells tend to he \mt>ounded along the periphery of the data set while Dehmnay 
struCTUres always produce simplexes. However in the context ofphotogr=etry, a well parameterised 
object space will ensure that the interpolation ocrurn well within the boundaries of the control space 
t im" ab,-iating the need of having to deal with unbounded Vorotloi celis. Tn the po:esent work the 
tracked P'"'ticle does occasionally venture into tI," unbounded Varona; cells of lhe X-ray images. 
Depending OIl the position of the trmxoo p<I1"tlde, two poosible RCena,-ios could ari"" as illustrated 
in figure (6.10) (1'he thick lines i"diC<lte the Se<XIudary Voronoi rell). Figure (6.Hla) produces a 
IX>1lnded "lCondary cell whi~h iA interpolat.ed in the usual manner, while figure (6.10b) fails due to 
the llnbounded oomndary Voronoi reiL In t.he latter r<lSe the varian"" for the new poin t is simply the 
average or the nearest neighbour Vari"llCtlS. 
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\ / 
-' , / , , --" -• " - ":./ " • , 

0 

0 

/-< r-· 
---: (-i 

r--.. c 

0 ( • , , • 

( .. ) bonded oecondary cell (b) unbounded ><!CondllrY cell 

Figure 6 10: Tracked particles positiOll introduced into all uTlbounded VOTOllOi ceJl 

6.5 Evaluation of varian('p morlp1 

The variance model was tested against 1he standard implemelltations of the full OLT solution, BOO­

lion (6.3), and the ereveT' parameter DLT solution according to the following criteria' 

I. Accuracy 

2. Stability 

Tbe data nsed to evlllua:e tbe variance model comprise image and object space ooordinah .. of a 
cOlltrol frame. Figures (6.11 and 6.12) illustrates a typical X_ray imag€>1 of the control fra.me. A 
total of 99 control point ; (frame oompriood lIO poinm) were simultaneously diBL-ema.ble in both 
orthogonal planes. The 3D coordinates of entire control frllIIle, with standll<d deviations, are given in 
Appelldix (B.5). The image coordinates of the test data were determined nsing the dynamic template 
matchillg scheme coupled with the t....::>-fold ClLIIIly convolution for the provisional edge data, and the 
ellipse spocific conic fitting routine (ESCF) with the additionlll metrirn for the finlll c"ntering (soo 
sedions (4.4 and 5.3.3) fm details of the image processing and target centering respectively). The 3D 
object coordina.tes of the ,"onlroi fram e were obtained with a coordinate measuring mar,hine (C/'IM), 
the details of ",·hich are described in Appendix (E.5). 
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• • • • • • • • • • • • • • • • • • • • • • 

• • • • • • • , • • • • • • • • • • • • • 

• • • • • • • • • • • • • . ' • • • • • • • .. 
• • • • • • • • • .- • • • • • • .. • • • • 

• • • • • • • • • • • • • • • • • • .. • • • 
• • • • • • • • • • • • • • • • • • • • 
• • • • • • • • • • • • • • • • • • • • • • • 

(al Ph",o A (bl Pll!.llo B 

Figure6_1J: X-ray images of oontTOl tame usod 10 evaluate ,,,riance model 

Figure 6.12: Control frame in the funy inter-linked position 

6.5.1 Accuracy 

The standard method fore,·aluating accuracy iq toe;timate the errors of calibration and reconstruction 
using the image and ohje(:t space coordinates of a control frame. The acx:uracy of the calibratiun 
process for carnera planes A and n of the X-ray syftem was obtain€<! aq follo",-&: 
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E~, 
!;;,. LIX, + L~Y; + kZ; + L4 :l;+ X;-

L9X, + LlOY; + LnZ, + 1 
(6,lJ8) 

Ey, 'If, +!;;,.y, _ hJi + L"Y; + hZ, + L8 
4X, +LIOY; + LItZ, + 1 

(tj,i;{9) 

1 " 

'" ~ L f[ (6.1·ln) , 
, " 

'. ~Ly7i (6_141) , 
" 

E,_ ~'LJf2 +E2 (6_142) " ~,y, , 

Th" ff>construd;ion error is the de'~IItion of the rocollstruded coordina.te-; of the aIltrol fram" from 
the measured 

(6,143) 

J " 
'X -'£ff. ((j,144) n x, , 

, " 
" ;'L fef, (6.145) , 

J " .-
!':z ;; 'L yE}, , (6_146) 

J " 
'R -'L,),,2,+,,2 +,,2 " x, Y, Z, , (6.147) 

whl\!"~ (XR" YR" ZR,) are th~ recoru;tructed coordinate; for the i,h control point. The errors of calibra· 
tioll and reoonstructioo Me pre.ented in table (6.2) for the various solution .chemes inveSligatoo. f AC 

and "BC are the calibration errorll in planetl A and B respoctiveiy and fR is the overall reconstruction 
~. 

According to Hlltr", 1791, the transformatioll matrix product'd in the DLT formulation is knowll to 
violate the orthogonality requirement, making it purlurbatiye!y unsta.ble. An iterative solution scheme 
is thus likely to fail if the "parch dire<-'tion i" incorrect" pvpn "lightly. A con"flQuence of this condition 
is alw to bring th" transformation matrix close ill singulM. The latter ronditioll i" known to be 
alleviated with hlngular value decomposition 1961 of the tranilformatioll matrix, while the optimal 
>earch direction is be!<t determinf<.! by 'hp Lew'flberg-Ma.rqllardt 163. 96] algorithm. Accordingly, 
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the numerical sol""r" u:;ed are the linear least squares (LSQ), Lt'Venberg-Marquard, (l,€Ver.Mllr) und 
singular value ciecompo!<itiol] (S\'O). Implementations for ,ltese routines = W€ll documentoo, with 
the CUrI"€nl use being credited to the matrix manipulation software OCTAVE. 

To iocorporate th€ in1.€rpolation sch€nleJ into th€ recon"trudion errOr CIIlcullltion, 18 control point" 
were rl!osen from ,he 9 wne<J described in soction (4.4.4) und created <\:j unkno~i"n point", E_ntially 
two points pe;r 7.one (Olle from earl! X-ray image plane) Was selected for the error analY8is. The 
~alibration error cakulation incorporated all but the 19 control poinw while the recontm~tion error 
"n" b"""d entirely On t he 18 omitted L'Ontrol pOints, The results, indicated t,- Ee R inlable (6.2), show 
\-e!"}' little differences beh..,.,n the ".mow c<mbin1l.tions of interpolation .cheme; indicating that the 
VONnoi and/or Delllunay L'OmbilJation" are """",,tially equivalent. The improvement On the "tandard 
11 paramet€r solution and the stundard lmplem€ntation of th€ full m:r solution is apparent. Th€ 
added effor( of incorporating physically wlid variances into tb€ photogrHJnmetric model is thel"€fore 
jU8l1fied. 

, 

Weighting ","l!em~ 

20 & 30 Oehl.unay tes:;elllltiOll 

2D& 30 NNI 

20 O€launay toooollation ,!t, :'10 N.'II 

20 NNI &. 3D Delaunay tessellation 

Full DLT: stand1lJ"d implementation 

I 11 I Eel! 

0.07 0.11 0.111 n.16 1),2·1 o.n 

0.08 0.11 1111 11.17 0.24 0.22 , 

0.07 IUO 

0.06 0,10 
1

1110 

OWl 
, 

U.16 0.24 

0.15 0.24 

Solution diver s 

0.22 

0.22 

Full OLT: >rtandard implementtlotion 0.13 0,18 0.18 0.29 11.41 0.32 

Full OLT: standanl implementtlotion 0.15 O.W 0.20 0 .. '11 0.3g 0.33 

I iteration:; I ool""r 

" 
! LSQ 

LSQ 

I,sq 

L<;Q 

LSQ 

Lev-:\Ial 

3 svn 
! 

i Standard 11 parameter OLT solution 0.17 0.20 0.19 0.92 1.15 085 LSQ I 

Table 6.2: IlecorntmdiOll error for 18 oontroi point"; Calibration error b"'loo on remaining control 
points. 

KNI._ .'Iatura! Neighbour lnt€rpolation 

6.5.2 Stability 

The building blocks of the variunce model !!J"e the control point". Therefore the greater the ooncentra­
hou of point" per unit ,'Olume, the mOle relillble the interpolated variance within the given volume. 
An obvioU8 toot of stability will therefore be to reduce the uumber of control points und investigate 
the effed on the reconstnlLtic., of the omitted points. The "t€p:; unden""",n to ~""68 8tability are as 
follow:;: 
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1. step 1: Remove 18 points from within the control space vol ume and tre .. ! them as unknowns 

2. step 2: Remove 36 more points (i.e. the 18 points from step 1 and 18 more points) and trea.t 
them as unknowns 

3. step 3, 1, . Continue the above process until the solut ion di\"l.'rg<.'S or all points are u~ up 

The unknoWlls are then solved for in earn. step and the errors of calibration and reconstructiO<l 
computed. Bmsed on the results of the accuracy test in .... ction (6 .. ~.1), only the (20 NNI & 30 
Delannay tessellation) combina.tion i. included from the interpolation combinations in the stability 
te.t. The method. used to evaluate stability are: 

1. metfwd 1: 20 NN1 &.: 3D Delaunay tcsscll .. tion (LSQ) 

2. method 2: Full OLT: sto.ndard implementation (LSQ) 

3. method 3: Full DLT: standard implementation (Lev-Mar) 

4. method 4: !:'ul! DLT: standard implementation (SYO) 

5. method 5: Standlltd 11 parameter DLT solution (LSQ) 

Figure (6.13) illusll"a,es the overall recoustrudiO<J error k R) after removing conoecuti\-eiy, 18, 36, 54 
and 72 points. The full DLT with the LSQ solntion scheme (melhod 2) diverges at the zeroth iteration 
&lld is thus not included in the figure. The number of iterations to rearh convergence is illustrated in 
table (6.3) .. I each step of the removal • . The removal of the conlrol points was conducted such that 
at each step, all 9 zones of the X-r .. y image contained at least 1 point. 

, 

,., 

••••••••••••• ""-.T l>O 

,oeT._..,, __ ."'" .' 

____ ~ "'..... .11······...-

..... / ,---- """... ..­,-_,-"'''." . . 

,~ 40 50 60 
, .. ,""'"' '" "",L. "."""'" 

. . 
• 

Figure 6.13; Sta.bility test of the DLT algoritluns 
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CHAPTER 6. X-RAY PlIOTOGR.UfUEl'RY '" 
I- II 

Number of poim_< reo.novl'd 

181361511 n 
mflthod 1 " " 

, , 
method 2 Solution diverge:; 
method 3 " 7 1:, " method 4 3 , 17 35 
ml'Lhod 5 " L~ " 

, 
Table 6.3: Numb/',· of il.er!\.l.ion" iakEm by 1..1\1' variou" lllI'thodil at each .tep of the removals 

Aft",· 54 point ...... "'.~ "~movoo, only lhl' "landatd DLT och~"", (method 5) produrf'd an ovcrall error 
gr~al~r I..han lmm. The full DL'l" m<>lhod ptodueed "imila. error" for both thl' Lev-.\lar (method 3) 
and SVD (method 4) AOlution 8<:1>"""'8. Beyond I..he rl'mova.1 of 54 point", only the full DLT method 
employing thl' varialX"R mod,,1 (ml'thod I) produced an ""nali error 1= than I mm. Method I abo 
prodllCed I..he smallest ovcrnll ClT01" frr all removals up 72 points. It i" therefore condudoo that method 
I ie more "table than the othn DLT vnriations for the X-my unages o[the control point". Tabl~ (6 .3) 
aifl() Rhow" method 1 to be computationally, moot dlicient. 

6.6 Conc.lm1ion 

The development dth~ DLT .oI.ution wa" "r-portoo in I..hi" cl:tapier, Thefull DLT so/ution was shown to 
be an improv=enl on the fl[andard 11 paramdn formulation provided that the appropriate "olver was 
u:;cd. Tn this regard, thl' Lev<JllOOrg-\.Jarquard wlution ",herne [r,1, %] proved to be mor~ robu"t than 
th~ "tand>lrd i~a:;l RqU",",," and (he "ingular vaIlIf' d(r.<Dlposition [%] wlvers. Fu.rlh~t improyemenl.. in 
acL"Ilnl.cy and "labilil,y ..... a" Rhown when a physical model. of the vari>UlctOJ W1ll< =ployoo. Unlike lhe 
"tandard implementation of the full DLT .oI.ution, the varian"" model i",plemenlalion did not rf'<)uIrl' 
a oophisticatro solver to cOillpeIlS1l.t.c for tl,e non-orthogonality or Lhe l1'>u,"formatioo. matrix, known 
to afRirt the DLT method, Hutze [79J. In fad, (he varian", model ronvngl'd with 7.crO iterations, 
even with the standuro.least square>! w lvet. The other Rl)lvl"" r.,quired more iteratioo.s with increascci 
)Xlinl 1'emCW!lJR. 
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Chapter 7 

Errors encountered • the 13AE III 

7.1 Introduction 

The error. encounterf'd in digital X-ray photogrammetl'y can be divided into two categories: Distor­
tiOTlS of X-ray image arising from systf'Ulatic errOl"li and distortions of reconstruction. The systematic 
errOn; are normally due to unllatnffl8 of the image intrn!lifier ~cr,*", and oon-synchroni;;oo X-ray ClIUl­
"",as which should be correMf'd prior to the 3D recomtructioD phase. The iattf'!' is per\inent to moving 
object~ while the former may be tr'*l.ted by addressing im consequences which usually manifests itool£ 
in recon~Lrll<'tion distortiol1lj. The assumption is therefore that image unfiatne1J3 i~ not an explicit 
issue, although a wcll chara.cterised reconsLrudion phase doe. acc(>unt ror it, if only partially. The 
reconslruction ","curacy of digitised data is affected by a number of factm" induding digitisatioll er­
rors, lens distmiion, penumbra clIeds cuu;;ed by finite sized focal spot. and vibrations in the imaging 
"}'Stem. However, mlmy X-ray photDgnunmetri"b still igno,"" the"" error. lIrguing that the r""l.uired 
accuracielj at"F achien'<i with fil"St o,·Mr approximalion~. Adams ([60]), for example, implemented 
"standard O];r ""Iution, ignoring all of the above-mentioned errors, in his application of 3D X_ray 
imaging ofbrain tumor>; lind "till obtained a recoru;truc"tion ~tandard error of 0.4 mm. Another rnll80n 
for using approximate photograT!lTnf'tric d=riptions is probably due to the diflimlty ""sDciated with 
finding a phy~ically representative f'1"ror model and an f'fIicient numf'1"ical 'lCheme for solving it. Thi. 
is particularly true for X-ray imaging. The level of detail iocluded in the cho8(.'O photogrammf'tric 
mDdel ultimately depends on the objed;ives of the inve!ltigator. An implicit Dbjective of this th"",i. 
wlIS to provide high accuracy trajectory data of the tumbling mill for the purpooo of OEM validation. 
For thi~ reason an Indu~ion of error model. into thF exI~ling mapping equations wa. eIlS('Otial. 

In tenns af the OLT method the rttOnstruction error is formulated as highFr order optical distortion;; 
and decentering, the detaib of w·hich are given in section (6.3). The remnstrudiDn error formulation 
depend. Dn a mathematically ronsi~tent alld robust variance model which is described in section (6.4). 
The variallce model must however be based on physically mea.'3ill"ahle df'Viations in thF image and 
objf'd coordinatffi in order for the varianpe model to be ."lllid. The reconstruction errors addressed 
in this thet3i. are the effect" of penumbra (sedioll 7.2), distortion" arising from X-ray projection 
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systems (section 7.3) ami oscillations in th~ image capture mechanism (section 7.4), an of which can 
be resolved with a robust delr-1"iption of the \.,."ian"", 

Another SOillec of error in the BAE is the nun-synclmmiocd cameras. wmmonly n,ferrerl to as phase 
lag. Ph""" hg between the X-ray cameras 1lCCIIl" to be built into the BAE, hw,ever nO im-estigators 
to date have attcmptoo to quantify ih effect un the 3D rccoo."trudiun accurocy of mO"ing objl"Cts, 
The beto,.,; affecting phruc bg = are: 

1. the velocities of the maving ubject". 

2. the frequency 01 the image caplure nlC("hanlsn, (muttpr spe~d and/or sampling "'te~), and 

3. the initial lag time between the two ~ameta8. 

Pha", lag in gffile:ral i; poorly dealt with in the photogrammetrk literature wilh the exception of 
Y~adon &. King 197J and Pourcclot ct al 198J. Mo~t improvements in X-ray photogram'netry 0\""-1" the 
pa;t, decade have been toward" self-calib'ati(}n syslems 1621 b""ause they lntroduce, minimal variatiOl' 
to the existing surgical procedures and aTe therdoI"!', prefe.rred by lh~ clinician. Unfortunately, none 
t:L them acoount for the error~ lntroduced by pha", lag eve.ll when ,tud}ing motion anumolies of 
the he1lrt. A quantilath'e analysis of the phase lag bet"""", the two X-ray ~ameras of the ME i8 
presented in section (7.7), 

Too np,xt thre~ saiiollll attempt to quantify errur8 lhat are ~ollectively addre,,",d by vuriauce model. 
Their purpose, i;; the.ICfore tu uddr~ the physical slgnlfican"" r:f rhe varian"", model described in 
the pre\~on~ clmptcr. The la,i ;occtiun, soxtion (7.7), descrlbe; a och~me for minimising the error 
introduced by phase lag. 
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7.2 Focal sputs aTld the peTlullIbra effect 

Figure 1.1: Penumbra effect due to a finite sized focal spot 

The eJlertke si~e of the foral spot used in medical X-ray work h"" a practical limit according to 
Moffit [!19]. The limited,;Ue focal spot results in a pc1lumbra effect throughout the X-ray image [00]. 
A pl.'llllmbra effect tend>; to spread out the edge gradient and result" in a soft image on the film. 
Consncr the cr= sectional view of the focal. spot as it is bomban::led by X-ray", figure (1.1). The 
edge of the object at point P is composed of radio opaque materiaL Only X_rays that PMS through 
the high absorbing material are oonsideJOOi the houmlarie.ll of whkh are indicated by lines ,110 and 
NB. The area encloood by triangle pon illustrates the penumbra or area of partial. non-uniform 
radiation (partial shadow). The arp", to the right of the penumbra is the area. of minimum radiation 
(full shadow). It is clear from the diagram that if the radbtioct emanated from a point-source, there 
would he no penumbra effect. The follOWing discussion include" the derivation of the magnitude of 
the pcllllmbra distance (distance F), and its effect OIl quantitative and qualitative anl'llysis of the 
X-ray system. 

The notatioo associated with figure (7.1) is"" follows: 
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X is the horb.onta.! projection of focal "POt or pjfoctiVl' length of focal ,pot 
Y is the Vl'nic-M projoctiOll of focal Spol 
() is the angle hptv.'ren plumhline and focal spot 

V is the distance from top offoca.! spot to ohject plane (ohject distance) 
E is the distance from plumhline to point under consideration 

(thp plumb line is the vertic-Alline through the bottom of the focal spot) 

F is the p""umbra distallce 
S is the di:;lance lx->t~n im~ and object plalle. 

(S + V is comm()nly kn()wn tIS thf image distanc-e) 

Comidering "irnilar triangles ,"'BR and NPU, 

this implie. 

therefore 

r 

• 
Similarly in triangle!l MOQ Md M PV, 

which implie; 

and rPJlrranging, we ha"" 

Nil NU 

BR UP 

D-Y+S D-Y 
r E 

(V Y+S)E 
D Y 

[~_.X cot(e) + S]E 
D Xc<),(~) 

MQ 
QO 

J!V 
VP 

D+S D 
lr E X 

II' = (D + S)(E - Xl 
D 

L~3 

(7.1 ) 

(7.2) 

(7.3) 

(7.4) 

(7.5) 

(T.6) 

(7.7) 
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Using these rdations, we see that the penumbra distance F is simply 

F=T-II'-X (7.R) 

Substituting and simplifying results in equation (7.8) yields: 

SX SI<;X mt(O) 
F~D+ D2 DXcot(O) (1.9) 

The conditions arising from this relationship is: 

I. The penumbra distance increases as E inerea""s positively (i.e. to the right of the plumb/ine) 

2. The penumbo-a distance decrea.8ell as FJ increases negatively (i.e. to the Idt of the plumbline) 

3. The penumbra distanre is zero when, 

E = -(Dhm(O) - X) (7.10) 

4. The pem.~;a distance d=a""s as the focal spot oc>ereases, the object-fIlm di,tan"" (S) de­
crease.', and the object distance (D) increases. 

To illu.,trate the dfed of the penumbra ,,-e cousider a typical CMe scenario when employing the use of 
the BAE: The focal spot used with the BAE is a square target of dimensions O.4mm, oriente<! at an 
angle of 8 degrees to the plumbline. l\.'ing the diagonal aeros., the target as the cross sectional vie-.... , 
the focal spot is ,,<,proximately 0.(; mm. The maximum value of E cncO\lJltcroo in the experiments 
is: E,"," = 71.079mm. This corre'"ponds to the radiUS of the mill plus half the effective length of the 
focal spot. Geometrically, we are looking at a 8IIlall particle along the perimeter of the mill, with the 
assumption that the mill centre and midpoint of the effectiye focal length lie along the mill axis. The 
minimum object distance is D = (;34.4II1Ill and object-film distance is S = 173.6mm. 

Substituting these values into equation (1.9), we have: 

F (1T.l.6)(O.019) ~d, 
634.4 + \' 

O.04mm 

(1.11) 

(1.12) 

The €rrOI caused by the finite si7,ed focal srot is consistent with the deviations required to moo€! 
higher order optical dilltortions and decentering, see section (6.4) for details on the ,ariance modeL 
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7.3 Projection of a sphere onto the film plane using analytical X-rays 

RLgIlt Foe.! Spot 

Ceo .... of Hll;ps. 

, 
.1 , .. ~ 
k- ,'. -_', . , 
\c. Cmtrc ofEllip>c 

--.,~ . • • 

Figure 7.2: S(.ereo radiography of a sphere 

A stp.TeO&:opic vip.w of " radio opaqllP. sphp.re with centre C produc,," an interesting gp.ometrical 
condition. Wh~n viewed in cross secti[)!l, the situati[)n illu,tmted in figure (7.2) is obslTved, The 
j"mges aTe (hose of ellipses centered on ER ""d EL _ In partic:ulaT, if \he spher~ is replaCL-d by,,,, 
ellipsoid centered 01, E (he iIllages produced are exacUy t1m\ obtai!JL-d [or the sphere, Ilowever. 
(he cenfTe of (he sphere atld the ellipwid, iu real space, are clearly different. This implies \h&( a 
(ransform&\ioo [rern ~he cenlres 01 the elliptical images (0 real space will find lhe centre of lhe space 
~Jlip", and not tire CPJltrp. of tire sphere. This ho"",,,,,,,, nood not be " COClCP.!"ll, provided that the 
difference between thp. image centres of the sphere a.od thp. pllipse is not borge, in rela.tion t[) [)ther 
errors th"t calUJ[)t be overcome. To tM."", PJllli; we determinp. thp. deviati[)n ~I bdlVL'CIl the projecti[)!J 
of the ~ph= ,,00 the dlip,.,. For simplicity, we indu<l" [)lily [)He focal spot, figure (7.3). 
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Focal Spot 

\ 
\ , 

~ X ~ - '" ---<1 
f1 '" " 

Figure 7.3: Centre of ellipse relath·e to Cf'ntre of sphere 

From figure (7.3), it follow s that 

Xl = dlall(O - <,» 

X2 dlall(O) 

X., ._ d tau(O+ .p) 

and half the length of major axis of too elliptical image is giv~n by 

Rearranging and simplifying, 

(Xa - X~) + (X2 - Xd , 

>5, 

(7.13) 

(7.14) 

(7.15) 

(7.16) 

(7.17) 
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FFD 
fl.", = -,- [lan{O - 'P) + tan(/! -+- 9) - 2t=(/!)] (7.18) 

l1aaerl nn th~ p<ln'-"M'tric nflS("xip(iotla in rhaplPX (3), the c(}t,ni\'i(}!, \.hal wnll~i makP fl.:r a maximum 
is illustrated in figure (7.4). Nn\,e that hy comparing figure (7.~) with flgurn (7.4)' i\, i, rffiar that 

R",j """P""" . 
.... rte"0t'imm) 

(1-(/ 

2 

, 
'*'"i ~ '. . 
-i"'t- --I 

~ : Q 

+.: 1J _--+~ d . , 

Figure 7.4: PooitiOCl of radio-opaque object that Illaximises the projection error (fl.",,) 

0.16) -+- tan{5.29 + 0.16) - 2 tan{5.29) I 
6.9 X 11)-1 nun 

(7.19) 

(7.20) 

(7.21) 

Thp pn}jedinn ~rmr iH clpa.:rly negligihlp whPn co,nparpn tn lhp errors dllA In pmumhra and vihra\.i(}n. 

We will thcrcfore ignore the cffcct~ earned by projection on the final ~ntcring aa:urnc'Y()ftlie projected 
(}hjocls. 
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7.4 Errors due to oscillations ill BAE filming system 

Ermr8 due to higher order optical distortiollS can be caused by perturbations in the imaging 'o/8tem_ 
Variations of thi8 nature lead to decentering errorn that ultimately affed the roconstruction acmracy 
or unknown object. POintR_ The BAE Rystem is a complex of mechanicel and electr(}nic equipment and 
as Rurh is Ru~eptible to vibrations. The vibrations appear t(} be random and vary from one scene to 
the next. 

The control frame is fIlmed for 16.7 '~'<:Olld, yielding 835 ,tatic X-ray images of the control poinU<. 
Each image is &ualysed separately, ","lilting in 835 centroid, for each control points projected shape. 
A mean centroid is then computed followed by a re>idual err", analysis. 

For a X-ray image 8cene comprising 835 imagt'fl, the mean centroid for any given p(}int is: 

(7.22) 

where;t, Ii are mean centroid coordinates for a given point a.nd Xi . Yi arc the centmid rourdinates of 
me given point in the ith image. 

The 8tandard deviation for the given point iR then compU1Oi'd as : 

835 1 

(7.24) 

where k~. "~l is the standard deviation of the residuals [(x" - x,) . (y", - Vo) I and " R is the resultant 
~. 

To iUURtrate the error, the centroid of an arbitrary control point (the projected shape of the wntr(}i 
point) is tracked through an entire dicom scene (comprising 835 frames) in bipianar mode. The 
analysis is presented in twt> graphical f(}nll" (figure> 7.6 and 7.7). The upper plot shows the variation 
m a oontmi P(}int" celltr(}id (x and y pj",el coordinates) through a dioom image "Cme while the lower 
plot repr_nts the Rtandard deviation of the control point.s centroid as the radiUR of a circle ceutered 
on the mean Nntroid. Table (T.l) show" tbe resulta of the calculations. 
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Thp ",""ul\H M[)Wn in table (7.1) is a typical illustrati[)n of the (;(lutrol frame tint" obtained in this 
th~""k The point bein,.; COllSiderod in this partic-ular crumple is randomly seleded "ud shown in 
figure (7.5). 

• • • • • • • • • • • • • • • • • ,-, • 
"."'~ "' • • • • • • • • ~ . • • • • • • 

.\ • 
• • • • • • • • • • • • • • • • • • • • • 

'~'" cho..., """" • • • • • • • • • • • • • • • • • • • • • • 
• • • • • • • • • • • • • • • • • • • • 

• • • • • • • • • • • • • • • 
• • • • • • • • • • • • • • • 

• • • 
• • • • • • • .' • • • • • • • • • • • • 

(.j Plane A 

Fi&we 7,5: R"'J<lornly seloctoo point used to illustrate A\>llldard dpviati[)ll in cpntroid due t[) vibratioIlH 
in the BAE 

error plane A: (pixel units) plane A: (mm) pJan~ Il; (pixelllnits) plane B: (~l 
y; 15.73 ,00 16,87 6.07 ,. 1662 598 lr.,5(j 5.96 

'. 0.01 0,01 0.05 0"' 

~ -t-
11.(1~ (J.02 0.05 0.0"2 
I J.l J ~ 0.03 0.07 0.03 

Em",,' IUB (JJ19 0.20 0.07 

l'"ble 7.1: Standnrd dc'Vi>J.!iOIJ for the =Jtroid of a control pointS projectOO shape tlll'ough a dkom 
;;celle 
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10.7> -

" 

1 "" 
o. 

'" 
--, ".,. "'" 

i ""'90 tu1"Ibo< 

Typic,1 <=1'00 do<o <:.I 00",'<:.1 tame- pi .... A 

, , 

". 

, 
"Y. 0 ~;., 0 ,;'1-.----,;" 

Hill 

o. '''' 

FigLJr~ 7.6: Variation of cpntroid about til<> mean for thp projectoo shape or ,he conlrol poinl plane 
A 
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T)'pC. 1 ""n"OId ""'" 01 oontrol frome: pWle B 

;m_,.urt", r 

Typic.1 , _ Old ct.t. 01 OOIltoi ~.mo; F" "" B , • 
0 0 • 

"" 
o ° 0 0 

• :'(.j;-:!;/ 0 " .• ~ ~ 0 , 
00 ~ 1:00 Jtg;;oo 0 

". ° 0

8 ~":-> flo" . (0fjJ," 
j '" 

00 0 0 <1'00 , 
00 <I! <>0 , 

~_ 0 

" 0°'""'0°", , 0" 0" 

•• , • , , "" , .. 
•• 

, j 
~., . • " ... ".? " .. . M '" •• " n·" '" pi'.~ 

Figure 7.7: Variation of <Jentroid about the mean for the projected shap" of the control point: plane 
B 

7.5 Conclusions on errors due to pellllmhra and I.L-\ E vibrations 

By treating the errOlS of penumbra, section (7.2), and BAE vibrations, section (7.4), as perturbations 
in the imaging system th"t result in t""~t decentering, a btlliis for" vaTi'lw." model can be established 
with these erron;. The control frame is designed such that the projected shapes of the ball bearings 
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span (discretely) :m<lst of the X-ray image. The €rrO< due to BAE vibrations can be obtainPd according 
to section (7.4) [0< each of the control points. The errOr due to p<lnumbra can aho bf e,timate.j 
according 10 section (7.2) for each of the control poilJt ~. Thus for a giv€n control point with known 
spatial cootdinatoo (X, Y, Z), r€lative to th€ focal spot, the combinoo error of penumbra and vibration 
can be €Stimatffi as 

(7.25) 

where ilR is the combinoo purtabatioo error in locating the centroid of the control poi.nts projection 
in the image plane, Cll. is the errOr due to vibration and F is tllil error caus€d by penumbra. The 
purtabation error in centering the projectioos of the cOfltrol points is ilIustratoo in table (7.2). The 
calculation of the maxilUlm values (oR"" and F""",,) are described in sections (7.4 and 7.2). The RMS 
>'fro< valu,," ar€ computed a, follow~; 

,~, 

" 
(7.L6) 

(7.27) 

where i refers to the i th control point's projection and n is the number of control points that are 
proje(:teci onto too imag€ plane and simultanoously disC€rnable in both planes. In most expfriments 
,, = 100, though this can vary dt'pe:Ilding 011 the positiolling of the frame . 

Vibration Error 
cm"" (nun) c R}.{ S (nun) 

(l.(l9 11.1 )', 

Penmnbra error 
Fm "" (mm) FW-fs (nlm 

O.H4 O.H2 

Combin,'d ertor 
t..RRMS t..R"",.~ (nun) 

H.H7 (l.13 

Table 7.2: Centering errOr for image coordinates of control point 

7.6 Overall expeded en·or or the X-ray V1S10li system 

A reasonable estimate of the overall reoonstruction errOr can be obtained by combining the physical 
error~ of the imaging ~y~t<.m and fha! of the oontrol framf. Thf former wa~ rlisculllled in the previou~ 
section, whilf the ""tual measured deviations of the cOlltroi frame W<I1l dftermined by calculating 
thf ' tandard deviation from rep€ated measurements of the cOlltrol points. The mean control p<xnt 



Univ
ers

ity
 of

  C
ap

e T
ow

n

CHAPTER 7. ERRORB E!\'COUNTERED iN THE BAE 163 

coordina.tes and the a"""dated deviations are given in table {Bll. The resultant deviation of these 
mea.<;ured value!! was calculated as: 

/ •. ,2 • ~ (' £RO ylt!x+ll')y+ t Jz 

JO.U3<i2 + 0.1)382 + O.lW 

= 0.00 min 

[(l'.\x, {l')y, {T)zl = "serage of I,he oonirol point standard d~'Viations given in table (HI) 

cRG = tlvtrrage resultant error of the oontrol points 

The maximum average resultant error of the control'point" can he deterrrllned by: 

where 

coo' V(CX...,.)2 I (c';""'/' I (c:z")" 

JO.1322 + 0.12262 + 0.0892 

0.20 mill 

(7.28) 

(7.29) 

[<r=, t·y"~, £z"~l Ihe ma.xnnulll sl.andard de\-iutiou of the co"irol points lTJ each of lhe three 
cart-esian directions. 

The PJi:[)I'Cted, overall reconSl;ruction ~rror, based on I.he phys;"alIy quantified errOi13 should I.hen be: 

E tJ.RR.1!s I £RO 

0.07 I 0.06 

O.131UUl 

with ihe expoctoo, llHl.xiulllll overall ree<msl-ruciion error given by, 

0.13 I (1.20 

0.331111ll 

(7.3IJ) 

(7.31) 

(7.32) 

(7.33) 



Univ
ers

ity
 of

  C
ap

e T
ow

n

7. 

to an on 
ments. 

4. 
..UJ ....... Ul'V is anloIlgslt 



Univ
ers

ity
 of

  C
ap

e T
ow

n

7. 

in 

x 

y 

+ + i = 1,2,3,4 

z 

i = 1,2,3,4 

squares "'''~UH''''.''' Yo, is 

r 



Univ
ers

ity
 of

  C
ap

e T
ow

n

7. 

appear in is 



Univ
ers

ity
 of

  C
ap

e T
ow

n

7. 

int""",laIian will1 (N = 2) and (L = 4) 
'''r--~---~-~--~---r------'--r---''''''''-''-~----' 

, .. 

'72 
J!l 

·i 1 
174 0 

". 
'711 

''''. 

'2 

o· . 

0 

so 

o 

0 

, .. 

point 1. 

• 0 • 
o 

0 

. 0 0 . 0 . 
,so ... ,.. ... ... ... ... 

pixels 

interpolation fi~"r with N = 2; L = 4 

was Lt1.1LII.l!(~~t:u 

as: 

tracer 

tracer. 

as follows: 



Univ
ers

ity
 of

  C
ap

e T
ow

n

7. 

n is scene. 

a minimisation is in 

x 
22r----.r----.-----r-----.----.-----r----.r---~----_.----~ 

2.15 
.S;; 

Q) 
(.) 

2.1 c: 
n1 -(/) 
'5 

2 

1.95 

error was shown to 
•• ~,&.5 •• ~~in to 

0.1 0.2 

RMS 
0.3 0.4 0.5 0.6 0.7 0.8 0.9 

offset between successive frames 

versus tracer 

some accurate measurement 
common events in K"'JI11'"' ........ "'U 



Univ
ers

ity
 of

  C
ap

e T
ow

n

7. 

s. 
was on every 10 s. 
was to syn,chroni:se a]ppr1oxiJma1teiy 
to reconstruct 

1. mill tracer the corrected 
Or1l?;m;al data. 

an sets. 

t;xtr3Jct d]iam,eteJrs around 

2. 

3. 

4. SbitiE!ti(:ally compare measured and calculated dianletlers. 

measured diameter is prl~se:ntl:~d 

;"'i''''n'''' 7.11: sec:tional view out 

169 

to 



Univ
ers

ity
 of

  C
ap

e T
ow

n

7. 

ts= mm 



Univ
ers

ity
 of

  C
ap

e T
ow

n

7. 

137.0 138.4 

t---------t--------"1 Measured 

137.7 

The accuracy achieved in the current work is limited 
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multipk partjclrn. Th~ dur >!.tion ov~r which the marked particle is trad;:ed must be sufliciffit to allow 
the particle to pllli~ through all regioo~ of th~ charge and th.,...,by provide a repr_ntaiion of the bulk 
charge behaviour. 

8.1.1 Rin algorithms 

To provide a statistically meaningful meM, of comparison between the e>q)eriment and simulation, 
a probability di8tribution function of particle position, "'" any mewufoo variable, within the mill is 
gener>!.too using a recursiv~ binning algorithm as described by Govender et al [l07]. 

The cross section of the mill is uniformly dividfl(j into a fine grid (50 x 50 cells) wher~ each cell rep­
resents a bin. All data point.ll within Ihe individual bins are groupe<! together. The normalised count 
of experimental points falling within each bin represent~ the probability function of particl~ position 
within the mill. The bin algorithm allows the frequL'Ilcy of any measur;,d variable to be expn"SSed as 
a fUnction of positioo ... ithin the mill. The velocity and acceleration of th~ trad;:ed pilrticle is deter­
mined from the exp~rimental trajectory data using a second ord~r Lagrang~ interpolation polynomial, 
finik differencing scheme according to Chapr>!. & Canale [109]. The same finite differencing scheme is 
used to det~rmin~ th~ velocities and accelerations of the tracked particle from th~ir simulat~d valnes 
in Ihe OEM simulation. The read~r is ref~ITed to Jeffr~ys & J~ffreY" [110] for a mor~ detailed account 
of int .... poIation schemes. 

Bin plots of a selected variable in both experiment and OEM simulations can be subtracted from 
one another to give an indication of the relative error; a bin difference matrix containing 2ero values 
would indicate a perfed match. 

B.1.2 Lucating key features of the bulk charge 

The identification of unique featur~s of Ih~ charge allows dir~cl comparisons to be made between the 
experimental and OEM data. Two sud! features are the CoG and the equilibrium surface, Powell &.: 
Nurick [19] >lnd .lI.IcBride e\ all i S]. Powcll defined the CoG M the point about which all th~ charge in 
the mill circulatell and the equilibrium surface all the surface dividing the ascending, en m<lSse charge 
from the desclllding charge. The prr>C€O<" of identifying the CoG and the ~"Quilibrium surface was 
via vi"ual inspection of photographs of Ihe mill, figure (B.I), and X-ray (rajoct()!"y plots of a single 
tracked particle, and therefore introduced "P""ator bias. Cleary et al[108j used the concept of the 
Ole (t~r!lled the vortex centre or centre of recirculation) and the positions of the shoulder and toe 
of the charge to compare the charge motion in a scale mill with OEM simulatioIlll. The position of 
the Co(: (detemlined via visual inspection of streak images) was shown to provide th~ most sensitive 
measure of the acL"llracy of their OEM simul&tion. 
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Figure 8.1: Phot[)graph man experiment&! mill ~hawingthe cae alld the "luilibrium ~urface, McBride 
et al {Io] 

The following section provi<.!ee ri,o:urouR oonnitioM for the CoC and equilibrium Rurface u";ng haJJic 
coooervation principieg, allowing their poei\lonR to he evaluated objoclivelyusingautomated numerical 
technique!', 

The principle of con""r\"ation of maSfl now within a clO!led AyRlem iR ufled to ioontify th~ CoG and 
t:quilihrlum surf~. ConRider the CI08fl ee<:tion of th~ mill shown in ngure (8.2) with the tracked 
particle's tra.joctOl"y data ~uperimposed . The cross ~ction of the mill is Roctioned uRing hori"onlal, 
vertical and radial planw, termed the control Rurfacef', whoee normalR lie in the plane of the cr""R 
section. The data in 3D iR projected onto a vertical crme ,*",tion to produC<J 2D planar data for 
lhis a.nalyeiR, ~Jnd effecte due to the interaction o[ the particle!! with the front and back ende of the 
mill and othp;r possiblp longitudinal poeition dppfmdpnt effecte are not quantified in this work. The 
number of particle trajectorie!' Cl"Oflsing each control AuIiace, the locallOfl of the internoclion poinl 
(defined aI' the jXlint where a partic l~'R trajedory pa.th inttlTf'<)Ct,o the control AUrface) and t he relative 
Aer"'" of the cro~einB s are recorded [or the duralion of the allalyeie. The relative oon"" of the (70811injl; 
is definoo as [[)llowR' 

fi,q,, (,j . 71) 
n, AS 

(H ,1) 

(H.2) 

where ,I is the particle tr"jcctary .-cL1or, II the Il«mlIl wct[)r t[) the control surface, liz a .a1or -dpl1ning the millA 1lXis of rotation, alld AB a. vectar orthogonal to ii in the XY plane, figure (8.2). 
The definition of t he nonnal vector to th~ control '1lrface '1 iA okppndpnt on whPiher the m,,"" fiux 
count iR performed from A to B or from B to A 

The cumu]"tive count of particles crmeinB tile oontrul rurfucc (representing the mass flux 1> .. l[)ng the 
control eurface) iA performed for each conlrol AUJiac:e from bolh A to B and from B to A. The point 
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of maximum mass flux along a control surface, termed the mass fiux equilibrium point Or the balance 
point, occurs at the intersection of the mass fiux count performed from A to jj and from B to A. The 
point represents the positiOCl along a control suria.ce where the amount of clJarge mo'~IlI': in a positive 
8eIISe relative to the control surface is in eqnilibrinm with the amount of char!,:e movin!': in a negative 
sense, i.e. where 

(8.3) 

and I is the dist"",,,,, along the control surface. 

The surface formed by linkiug succe!live IDaBll flux equilibrium points ,,~thin a, family of control surfaces 
is termed the mass flu;>: equilibrium surface. The position and physical intcrprLiation of the mass 
flu;>: equilibrium surface is goyerned by the orientation of the control surfaces we.- which the mass 
flu;>: summation was p€rlormed and is apparent when the equilibrium surfaces are supe.-imposed on 
selected velocity COmPOll€Ilt bin plots, as shown in figure (8.3). The equilibrium surface generated by 
S€<:tioning the mill with a family of coutrol surfaces whose uormals axe paraUel to the yedical Y a)[is is 
termed the yertica\ mass flux equilibriLun surface The ,-ertical mass flu;>: equilibrium rurface separates 
the ascending, Le. travelling in the positive Y directiou, en masse charge f'rom the descending charge. 
The horhwntal mass flu;>: equilibrium surface, formed by sectioning the mill using a family of control 
surfacf':S whose normals are parall~j to the horizontal X axis, separates the en ma.,se charge moving 
in a positive sense in the X direction from that moving in a negative senoo. The radial mass flux 
<Xjuilibrium surface is formed by seetioning the mill using a family of control surfaces passing th:rough 
the Centre of the mill's CfO!<ll redion and whose normals are orthogonal to the mill's axis of rotation. 
The radial equilibrium surface separates en masse charge p06llessing a positiye radial velocity from 
that pOBllessing a, negative radial velocity. 

As a dir",--t consequenc~ of the principle of mass conservation, the mass flux along any control surface 
passing through the Cac Yi·ill be maximum and independent of the control surface's orientation. This 
allow.; the OlC to be idmtified as follows, figure (8.4): the mass flux equilibrium point (the point of 
ma)[imuTTl mass flux along a single control surface within th., family) on th., control surf~e with the 
greatest JlIlLXimum mass flux is identified and rppresffits the CoC for that specific equilibrium surface. 

It is possiblp for multiple CDCs to be identifioo using the aforem~~ltionoo proc"llS. These lUultipl., 
maxima bound the region in whiclJ the instantaneous COC mOves as a natural consequence of fluctua­
tioru; in the motion of th., tumbling charge, figure (8.5). The coe along the respective control surfa~.., 
is assumed to be that of the position of the mean of the multiple maxima. The pro:><:Wure described 
to determine the CoC was then applied to all thrre families of control surfaces (horizontal, vertical 
and radial) and their OlCs are calculated. The averaged position of the CoC, used to compare the 
experimental and simulated data, is defined as the centroid of the triangle whose vertices are the 
CaCs of the three different equilibrium surfaces. 

An alternate approach to detennin~ the position of the CDC would be to calculate the intersection of 
t.he IIl3BS flow ~"quilibrium surfaces generated from the thr"",, familif':S of control surfaces. 



Univ
ers

ity
 of

  C
ap

e T
ow

n, I 

1 , . 
L,-. 

, 
,- L~-

rc. ..... "'" -- ,.... 
~_ """''' '" e 
-.0"'" _ ...... ..-. 

• • --. 
-r B 

, 
/ 

/ 

, , 
/ 

, , 

/ 

/ 

I" .............. · ...... "', 
~"'"" II '" A 
~"'*cem::l __ 

~'II& 
, , 

Family of horizontal control 
liurlacn and the resulting mas\; 

fluK equilibrium surface 

om" "'" , 

\ 
, 
I , , 
, , 
I , , 
I 

AtuB 

• "''"' __ "",., oIpoorOioIo 
r~.k<y .. , .......... <t._ -

Man nux count along performed along control !Ourtace number 86 -., 
" 



Univ
ers

ity
 of

  C
ap

e T
ow

n

CHAPTER 8. Y.4.LlDATION TOOLS FOR VERiFICATION OF DEM 

,. 

+ , 
•• 

1 

Magnitu~e of Y -'Cool,po""nt 0/ 
'~I<><i[y 

., 
Magnitude 0/ ra<J;al velocity 

Figur€ 83: Physical int€rpr€tation of the mass flux "1uilibrium 8UrfacOO, McBrid€ et al [151 

PoW€ll and Nuricl:'" [19] original definition of the "1ui1ihrium surf!I.Ce !IS the RUrf!I.CB Reparating the 
asc€roding €n IlllI8."" ~ha.rge from the descending charge, as shown in figure (8.1), is the combination 
of the horizoHtal "1uilihrium surfa.c€ below the COC and the vertical equilibrium suria"" above the 
C.oC. 

Previous a.ttempts to locate the ('.0(' a.nd th€ e'IUilihrium .urfaces u.ing numerical tochniques by 
identifying the partic1€ trajectory turning pointR (the pointR wheN) the hori~ontal or venical compo­
nent of velocity of a par~icl€ ch6JlgtlS Rign) and fitting either an ellifJ'l'l or aleaRt "'Iuaree cubic .p/ine, 
GO\-ender et al [1071, to th€ data haV€ "€V€ral diRadvantag<l" when compared to the JIllI88 flux m€thod 
presented. The trajectory pIIth of " particle within the bulk of the charge iR not "",ooth. Devia.­
tions from a Rmoothed tra.jectory path occur due to the nUIIlerous particle inwractions within the 
charge. Thooe d,,\'i"tion" c"u.e significant scatter in the particle turning point data and necessitated 
the development of techniques requiring operawr inpUt to id€nti£y the actual turning points, thereby 
introducing some level of pot€Htial lI1I€r hias. Spurious turning pointR are dealt with naturally URing 
the maaR flux balance method as deviation, from the smOOtlleU trajecoory path are cancelled upon 
int'-'!7ation. Inherent errOr estimate:<, based On parameters sum as the mass flux acrOilS any control 
surfllCe passing through tll€ C.oC OOing a maximum and indep'mdent of the orientation of the control 
Rurface and the net m!1S8 flux acrOSS an equilibrium surface OOing zero, add 00 the robustness of the 
method. 
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,_0 ____ ~ 

Figure 8.4: Relating the points of maximum m<J.5S liux ak.,g each equilibrium surface \0 th~ pooition 
of the cae, McBride "t aI [15] 

! 

-\ 
.of v 

i '~':; ,., Region bounding the 

«f ~ ) ":'~::.V __ in_~:a_nt.'.c.,w . . '. CoG .. ~.~-~"~~~~~ .. ~. ~.~~~~~~~ 
Expanded view showing the regirm in 

which I hp. instanla ~cous p-,siti[)ll of the Particle traJoctory dal~ 

CoC is hoLJrx]cd 

Figure 8.5: DEM tra.joct(}ry da.ta showing the region in which the iustauta""olls CoC m(}Vffi, IvkBrirl~ 
et al [15) 
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Fraction of nitieal damping in the Tlorm".i dir~ction Cn ( ) 

fraction of critical damping in tJ ... ,J"'ar direction C, ( ) 
NO<"IIW.l contact spring stiffness N.m 
Shear coutoct spring .tifIne"" N.m 

('...oefficient of fricljon ( 
Maximum penniooible time-step duration (s) 

0.2 
01 

I X H 

1" 
0.23 

1 x 10 

180 

T&bk S.l: P""aIIlet~r" used in the DEM simulations. The particles and the mill boundaries wer~ 
as.;UIIl~-d to have the same prop€rti<.'S 
:'fot~.,,, ·Th~ coefficient of TCSititul ion is related to lhe fraclion of critical damping via an expression 
described by Mishra[28[; "I.he aetualtime-step duraliou could be below this value to satisfy stability 
criteria, Itasca [1121 

8.2 [)~;\tl simulations 

8.2.1 DE:\1 model 

The DEM simulations of the experimental mill were pcrfornt~-d u"ing both the 2D and 3D software 
pacl<l>ge particle flow code (PFC) frOIIl Itasca.. Contoct bdwcen particles is modelled using the "oft 
contact approach, whereby cont"ding objects are a11mved to ovt. ... lap. The contact for"" law, ust:d to 
relate Ibe overlap between OOIltlloCting particles to a contact fo.-ct:, is th~ standard linear "pl"ing and 
d""hpot modd. An overview of the D~;M and the contact modelu8oe<i in the PFC code is described 
in ""ction (2.1). 

The selection of the input paramcters for the DEM simulation can haw a significant influence on the 
behaviour of the simulation (Cleary ct al[IOS]; Dong & Moys [23])_ T he expe<"imenlal measurement 
of these input parameter!l (in particular, the coefficient of normal and tangential r1J8titulion, and 
th~ codlicient of friction) ne.eds lo be performed und"" conditions lhat reproduce lhose found in lhe 
experimeu.lal sy"lem. as they may be dependent on the relative contact velocity, Loren' et al [1111_ 
Au experilll~ntal device to meaouTC the particle inleraction properties and the coefficient of friction 
under conditions similar to those experienced in the experimenlal mill has boon constructed as pan 
of a master" pl"ogram I.hat ran conculTently with this project. Unfortunately I.he me""urement of the 
OEM properti ... for tb~ plastic bc&ds used in this work W>I8 not completOO within the tirn~ frame of this 
thesis. Parlicl~ interaclion properties from similar tests were u:;OO as estimates, L"",Il7. d, al [111], 
and a series of 20 D8M simulation" p • .'rionned to adjust their valu ... to acCOllllt for the opocific 
conditions found in the experimental mill, Govender et al [107[. The interadion propertirn were 
adjusted within a r~a1istic rang<: to find the be!lt agreement between the simulated and experimenlal 
position of the CoC_ Bin difference plots of particle position, velocily and acceleration were also used 
lo lISSegg the agreemenl. between the experimental and sirrmla.ted "ystems. The parruneter" u"ed in 
the 08M simulations are listed in table (8_1). Di=epancies bet~n the experimental beads and the 
numerical rL'{Jl"eFoCntation lheTOOf as perfect spheres or disks arioo as the plastic beads are not p€rfectJy 
spherical and contain a hole through their centre, see chapter (3) for a quantification ofthe sphericity. 

The "imulations conducted by McBride (co-worker) rL"prese:uts the mill shcll as it cylindrical geometric 
primitive in the 3D DEM simuia.tion and as a _ies of line segments in tile 2D simulation. In th~ 20 
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DE),,\ ";,"U lation ten equ",l ioogth line segments are used to approximate the 8hell between ~on'*loC1Jtive 
lifters, Di.&:repancie>< between the experimental mill shell and the DE)"j repre..ent",tion therefore exi"t 
and contribute to differe:uC<)e;n the r:.<p<>rimental and "imlll",r.ed rlat",. 

The DE:'.] simulation ""'" broken into two sta.ge:<; IltUIlely, S('t\lcmcnt and analysis. The paxtide", 
were generated within the mill and allowed to fl('(Ue under gra'~ty during the settlement stage. A 
rcpreACntative sample of the pla .. <;(k bead, wat f'Oll!<Gilute the bulk rnarge diameters were measured 
a.nd the standard deviation thereof is includc'Ci in the numerkal modeL An eHtimate for the lllnnber of 
particles to be generated wa::; obtainL'Ci by amumiug an 8~ % mill filling by volUlIlC and a void ratio of 

0.3. By overfilling the mill, suhllocjuent analyses can be performed without needin!!, to re!!,enerate the 
pilrticle "y"tem. The "random" fillin!!, of an arbitrary region in spilce with particles conforming to a 
"i7.e diAtribution i6 an area of immen"" importtUl"" for Ghe deveiopmenG of DEM tUld the ""minal work 
of Fcng et al lll~j, and more IX.'<:entiy Hmg et aI IIUl <.!eflO"rve mention in thi" regard. The initial 
particle pooitiow; within the simul",ted mill we;re obtain('(\ u"ing the rand<IIl genera\ion of partide 
position", "ubject to the <Titeria that gCllerated p",rtir1eA "<luld not overlap. The initial radii of the 
generated partide-s we;re reduced by a fartor of 3O':!Ii to expediGe this proceAA. The partides' radii were 
r",tared to t.heir initial vall"", on"" all particles had bam regenerated. The proc""" d expanding the 
particle radii ran rause conniderable overlap to ocrHr between partid"", resulting in excessiw contact 
[ore"", and in turn exccss.i", particle velocities. The particles' velocities were thercl"ore SL't to zero 
L'Very 100 time-steps during the first quarter of the settlement ph""", 

A hariwntalline is drawn a('I"O&'; the mill to give the desired volumeerir filling. All pa.rtid"" protruding 
above this line arc removed at the bL-glnning of lhe analysis phase. The mill was then rotated at full 
"peed for two revolulion:; and the power dr",w was monitored to a"",eo;" the bYbtem "Gate. It waB found 
thaG approximately oo.e miTT revolution ,,<IIi required to otabiliJ;e we power draw, indicating that a 
b\eady "tate had been achi""'ed, The trajectory hi"Gme!< of ten rtvldomly "elected particle!< within 
the bulk chtl.1"8e were then llloni(.Ored for a "pe<;ified number of revolution:; (15 reyelutionb in the 3D 
simulation and 4-5 in the 2D). 

8.2.2 Compari~on of DEl'vr al1d exper imental d"ta 

'lbe trajectories of the monitored particles in the cxpcrimcntal and simulated systems are ~npcrim­
pooed upon one another in fib'llre (8.6). The pooition of the toc, the region ,,·here the outcn"""t layer 
of cataracting or cas~t>din!!, particie" impa~"t the mill liner or other partides, prior to being drawn into 
the hulk of the dlarge, i" exaggerated in the 2D "imultltion ("OO figure (8.1) for '" schematic detillition 
of terminology). 'l'hi" e:wggeration ib due to the void ratio of '" 2D bYb-tem of dbb being gre",ter 
than a similar 3D system of spheres, Le. the packing effidency is vealer in a 3D fltrnctnre than in 
a 2D one. This limitation of 2D systems was also noic'Ci by Cleary et al [108j when comparing 2D 
OEM "imulation" with experimental milT trajectory data, The \XlI<ition of the :;boulder of the dmrgc, 
the region were particles leave the liner and enter into projectile motion or caocade down the surface 
of the marge, is ex..gger"'ted in both 2D and 3D DE),,1 "imul",tion". The :simulated \rajertory path" 
erom the experimental ones in this rc'gion, indicating that the motion is not identical. The rearon 
for (hi:; diJ;~"'epan~"y iJ; not yerified at pt"e..ent, but it i" most likely due to the estiumtL-d coefficient of 
friction being incorrect, tllld 1~9ing only onr coefficirnt of frid ion "" oppoood to diffurent static and 



Univ
ers

ity
 of

  C
ap

e T
ow

n

CHAPTER 8. YJl.UDATlON TOOLS FOR VERlFIGATlON OF DEAf '" 
kinetic coefficient" of mction, which Wall i<l€ntified by Powell [115J as being critical in obtaining the 
corroct particle trajectory a~ it is proj~'Cted off a lifter bill. 

Figure 8.6: CompariflOn of the DEM and experi,mmtal trajectory dab., McBride et al !15J 

Experimental data appears to be lacking io certain regions, most notably in the region bounded 
by the c>!taracting and calJ{'ading trajectory paths. If no exp<lrimemal dat .. occurs within a COlrtain 
regiOll it boo:)!llffl' rather subjective as to whether the expl'l"imental slImpling duration Wrul insufficient 
to capture behaviour in this region or if instead it is highly improbl\ble that 1\ particle will ever 
enter the region. Only >!dditional experiments will resolve thi" is"ue. One major eomponerlt of the 
charge motioo that obviou"ly carmot be simulated in 20 DEM is the longitudinal particle drift in th€ 
!rtill. Figure (8.7) sllOw" the trajectory path of a single tracked particle in both the experimental and 
simulated mills. Th~ effect of the longitudinal charge motion becomes "ignificant when flow through 
the mill, classification by a grate, and end effects are 10 be considered. The amount of longit ndinal drift 
i" significant in both the experimental mill and OEM simulation (note, the duration Over which the 
experimental data was sampled is longer than \lIe OEM simulation period and thus more longitudinal 
drift is present in the experimental "}'Stem). No attempt to quantify the longitudinal drift is made in 
the current work. 
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Experimental system OEM simulation 

Figure 8.7: Comparison d the DEM and experimental trajCL-tury data along the length of the mill 

ThA p.xperimcntal and 8imLIiaJIrl bin plot8 o[ thp X, Y and rMlial com]Xlllf'<lW of '"€locity for t~st 1 
(mill 8P""'<i o[ 61rpm) arA shown in figur€ (1'1.8) with the ma>18 fiUlL equilibo.'ium sur[lICffi :roperimposlrl. 
The smoothness of the bin plot~ foc the simulated data relative to the experimental data highlighw 
the need to pcrfonn additional cxp""iment~_ The upper bound of the Y and radial componcnt~ of 
velocity in the experimental and simlllated systcm~ arc in good "I':recmcnt. The upper bound of 
the X-cmnponent of velocity in the experimental data i~ approximately twice that of the 1<imulated 
sy,terru;. Clo"", analysis revealed that this """ probably due to linking particle trajectory data 
from s"P""ate experimental runs ur due tu missing ""Pt:rimental dab. The at:..olute velocity uf the 
particles in CW-tact with th€ llner within the bulk of the charge OOt1-'esponds exac'tly, as "J<p;;:::k'<l, with 
the rO'atim-al velocity of the mill (0.46 m/~). It is reeomended that future work in lhis area should 
be to objertively clefinp oth€r key regi()rt3 of the charge, sueh all the shoulder and toe, using the bi)) 
plots, tll/Jreby pro"iding physically corl1Jct definitim-s that limit j)(I6-Sibl~ USl'I biasing. 
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X~X"'I)("'""I nr voj,,; ly Y _""",,,,,,,,,,t 0( v.''''>/y R"hl cvmpo,-",n! 01 VOOCI:Y 
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Figure 8.8: Experimental and DEM bin plots of select.,,] co'"ponents of particl~ velocity with th~ 

mass flow "GuiHhrium "una"", "uperimpoood 

The hin differ"""" plots of normalised frequency (i.e. the normalised probability distribution plot. of 
parlide pooitIon) and absolute velocity ""tween the experimental and simulated mill system for the 
first test series (mill speed of 61rpm) are shown in figure (8.9); the scale indicates the percentage error 
""tween expenmental and simulated data set" with a zero btn ,'alue ""ing a perfecT rorrelatlon. The 
norm>ilised probability distribution plots of ptlIliel~ position were calculat.ed by dividing the value 
in eaell cell of the bin plot of particle position by the cumulath'e bin count and then oormalis;ng to 
unity. The <'ITOr E is cakulated for each cell in the bin plot as follow.: 

(8.4) 

where I 'E is the bin value of the me"S11rL'<i par~meter in the experim~."tal system and YPEM the 
bin value of the ptlIamet~r in the siI!lulat~d ~'Y.tem. The error is undefined in Ngions where the 
experimental data is not present, and by definition is set to ""'ro in these re-gions. 
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Frequency Absolule magnjtudc of velocity 
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Figure 8.9: Bin dllIerent-e plut~ (expre88ed as % differen",,) o[ frequency and aboolute magniLude of 
velurlty bet"...,n Ihe experimemal and ~imula~ed ~ysLems 

The pooition of the cue can be used to rnmpare experimental and simulated data. The pmition 
of the CoC would be im-ari>mt under "Lable equilibrium oonditions, but the IOC/ltion of the charge 
in a mlJl Ouduale!l wiLh time ami a detailed invI'><tigation "howed that the COC move. within a 
bounded regiun between suwessive mill revoluLions, "" "hown for the >.imulated 3D tmjectory data in 
figure (S.IO) (the analy~i~ duratiun uf 15 revulutioos wllS divided inlo 5 ""b-sds or thr~ revolutions 
and the cue ralcular,ed for each sub--se~), This mntinn ran be at.tributed Lo the smging and 8lumping 
of the charge, a phenomena observed in large ocale mills (Vermeulen et allll6]) and OEM 8imulat.ion8 
of an experimenlul tumbling mill, Agrawala et. al [Hl4 J. The CoC is th~fnre the rentroid of the re)\ion 
of mtlJ(iHOlm HI"",S Oux Lhat bounds the imlluntanool1ll CoCo The position of the centre of mass of 
the charge also moves in a similar manner to the CoC ~au~ing Ou~tua.Li(Jl1s in Lhe power dra",n by 
the mill, a" evident in the simulated system. The t.ime averaged positinn nf lhe CoC, summariRed 
in table (8.2), provide. a unique mean" to rharacterise the rharge, pravided t.hat the dmat' on of the 
experimenL is suilldenl. A8 the mill speed incrtuse:s from te"t 1 to te"t 2, the cue moves up"...ro.s 
luward~ the shoulder and uutward" toward" L.he mill shell, 

The 2D 8imuiaLions appear Lo gh-e ooLter ~urrela.Liun Lo the experimental daLa Lhan the 3~. but this 
is misleading. The exaggerat.ed positinn of the toe in the 2D simulation drn .. ;s (he pooit.ion 01 Lhe 
COC tuwards the toe and in tum toward" the position d the experimental COC, thus improving the 
simulated reol1lt.8. This eT1lpha8i~~ the foct LhaL the validaLiun uf OEM need8 tu be perlormed using a 
range of different comparative techniques. The simulated result.8 differ by no mm" than approximately 
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COC test 1 COC test 2 
Speed 61.34 rpm Speed 70.88 r m 

Position (mm) Deviation (mm) Position (mm) Devia.tion (mm) 
X " X '" 2DDEM 3 
Y =-30 Y = -27 
X -- 29 X '" 3D DEM HI 
Y = _22 Y - -n 
X " X " 8xperimental 
Y - -32 Y - -28 

Tahir 8.2: Exprrinl€ntal and simulated position of the a:,c 

one and a half timet; the mean partide diameter from the experimental CoCo 

'~ 
'\ 

V",I",," ~ too ..-"'.~ =...., '" 
,",;ling or L .. ,""'"" 

J 

r""""", .. ""'_,., """, ....... " "'". 
_ " ... "";., GoC 

, 

fj 

Figure 8.10: Variati()(\ in the positi()(\ of the COC and a compMison of simulated and experimental 
equilibrium surfaces (mill sp€€d of 61 rpm) 

8.3 Conclusion 

The validation techniques preflentffi chara.cteriS<? the mass b<?ha.viour of the charge based on observa­
tiollS of" limited number of particles. They are robust and noise free due to the inherent insensit.ivity 
to minor fluctuations in charge motion (i.e. spurious turning points) and the noise suppressing nature 
of the integration of experimental d"ta_ These methods haw scope beyond e>qJerimental tumbling 
mills and can be US<"<i to characterise the motion of many closed systems. 
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ChapLer 9 

Analysis of trajectory data 

9.1 Introduction 

The objocth'e of this chapter was to invwtigate the kinemalicll or the (racked partiele for the range 
,,{ experimeIlt" e'JIlducteU. The analy"i" is based 00 the 3D positi(}nal datu of the tracked particles. 
ElICh configuration (mill "peed, marge fi lling ""d lifter profile) WU" filmed ill 6 set, with 1\ mand1ltmy 
30 oocond interval between set51. Each ret w35 filmed at 50 frames per reoond 10< 16.7 fIOCOud8, 
resulting in 100.2 seconds of trnjeM,ory data for each OOIlr.guration. A~" COl:l$equence or cocrect;ng 
far the phase lag between the X-ray crrmeras, the effective filmiug rate was increa&ed by a factor of 2 
using the ]owpass interpo]1Ition filter lHflJ described in section (7.7). The final image duta are then 
effectively 0.01 _""ds apart. The conventiollS used to describe a configuration j" 

H : height of the lifter 

\V: "idth of the lifter 

A t leading lifter face angle 

S , sp..oo of mill (% of critical) 

1'hoo H5-\V9-A 45-S90 refers to a mill roll a t 00'70 of criticul ,peed alld with lifte"" that are 5Illm 
high, \Jmm wide and with a 45" f""" angle. 

9 .1.1 Heuristic assessment of the filming dura t ion 

ThE X-ray €XpBIiment.- are baood on the a~umptiOll that a 8illgle par"icle' ~ traje<ciory can 00 u"oo to 
repte:<eIlt the entire charge motion provided the filming dIlration is "ufficient. The qIlBstion of suffi­
cien"Y is r urt};"r complicated by logi,tiC>ll issue, ,uch II, li mited acce" 10 the "ngiographic equipment 

lThe BAE cuts oft" aft", 16_7 . olllli:aing """j tal< ... ~pp".",;ru~\"lJ 30. \0 ' \"'-\"P_ 
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CHAPTER 9_ ANALYSIS OF TRAJECTORY DATA 

and storage constraints. These factors noccessitll.l,oo a heuristic assessme.-.t of the filming duration {Dr 

ead:t configuration in order to ensure aprion validity of the experimental data, 

The assessment of the filming duratioo was c(>nductoo by McBride et al1117j, The milling dimensions 
was that of the Perspex mill charged wilh 4596 balls and run at 70% of critical speed. Ten lifters, 
9 mm high and wide, wilh a face angle of 60" was usOO_ The procedure was as full",,'s: 

L Track all particles in the mill for lwo revolulions to e8tablish a hase case. 

2, Bin the positions of the hase case data. 

3, Track five particles for 38 seconds at the sampling rate of the angiographic equipment (SO frames 
per socooo), There represent the OEM experimental mill. 

4, Bin lhe positions of lhe five paxticles. 

5, Combine the bin data of the five particles and compute the pera:mtage of hase case hins occupied 
by each combination, see figure (9.3) and table (9.1) fDr details of combinations. 

The combinations used are illustrated in figure (9.1) and lisled in table (9.1). In terms of statistical 
agreement, one standard deyiatioll (GS"), of the base C>lSe bins occupied) rEQuires 45 s of filming. The 
storage comtraints of the angiographic equipment allow HlO.2 s of filming hefore the data must be 
downloaded_ 

- - " .. -, 
-I~ -,' , , 
- I 

, -
• .-

Figure 9.1, Combinations of traje(:tory plots of the five particles. Comhinations and lhe effective 
sampling time is listed in table (9.1). 
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Figure 9.2: Side vi""" of trajectory piot" of the five particles demonstrating longitudinal drift. 

particle crrnhin&tions errnhine:l samplin lime % of ha>e case hins occupied , 3" 60 

, ,\, ! " '" 
I, :2 &: 3 "4 85 

1,2,3&4 '5' 8S 

1,2,3,4&.~ "0 89 

Table 91: The effoct on tlle percentage ofbl\Be ewe bin8 occupied by increasing the elfoctive sampling 
lime. The sampling lime is effectively increased hy combining hin data of identical particles. 

, 
! , , , , 
! , 
, 

"! , 
" • , 

" 
-.-- ,~-

Figure 9.3: Heuri"tic a:;ses:;ment of lihning duration. The percentage 01 bl\Be case bin" oceupied by 
the sampled OEM data plotted for a range of sample timea. The ooIid line through the data follows 
an exponentia] trend. 
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CIfAPTFR 9. ANALYSIS OF TRAJECTORY DA'J:4. Hj{) 

Fil1ding~ 

L The maximum allowed mming lime is greater than ODC standard deviation IUld is therefore 
chOAAn AA tJ", fihning time for each experimental oonfiguration. 

2. The perCf'ntage of baRe bins oecupied in HXl.28 is 83%, which is 8tatistiraliy acCf'p\abie. 

3. Longitudinal drift of the DEM experimental mill is apparent, figure (9,2). 

9.1.2 Key zones in a circulation 

In order to facilitate the analysis that ensues, the circulation of the \ra.cked particle is dh-ided into a 
number of lHstind wnes a<::cording to Po",ell Ill, figuTf' (9.4). 

L The ci .. mlar path in the en ma. •.• e region, where the ball i~ lifted up by the rotary motion ofthe 
mill _ from A to B. This ZOllC is llRCd to raJculaJe the slip bel ween layers of charge, llCCtion (9.5). 

2_ The shuulder zone - D to C - ",here the ball falls away from the cirL1llar path, passes through 
the maximlUn height S, and then begins to fall down towards the toe region. 

3. Ca>iCadingJcataracting zone - from C to T - where the ball tumbles down the other descending 
balls (cascading) or falls freely (cataracting), until it impacts in the toe region. 

4. The toe region - T to A _ where the ball impact8 00 the charge and is drawn into the rotary 
motion of the mill. This is an active region of the charge, IUld where the interactive forces are 
greaLl'st. 

Figure 9.4: A typical circulation path followed by the ball, showing the various distinct wne; 
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CHAPTER 9. ANALYSIS OF TR.,lJECIORY D,1T,l 191 

The tIllalysi" of the recomtructed tmjedory data is conducted under the following categories: 

I. Approximations ofvelority and a.c<"eleration from positional data. 

2. An invesllgaLion into useful ~orlllllinutiun ba""d 011 the average, ~wnulative power draw 

3. Toe and shoulder estimates 

4. Slip within the dltl<ge 

5. Charge ~urging phenomenun 

6. A heuristic p<m'er model ba,ro on COC and CoM trends 

9.2 Approximations ofvclocity and acceleration from positional data 

The experimental dai" m"y be viewtrl till " fund-ion f(xl with a known "d of di><erete poinh 
"" j, X~ • ... , X N • h='ever, we do nat have an analyiic expression fOl" J( X 1 that let,s us ~alculate its value at 
an arbitrary point or determine i!os derivative<;. If the calculatiOCl" are confined to x. x', x' Eo i""b XNJ, 

the typical "Pproa.ch would he to use piecewioo interpolation, where the prim"" denote differentiation. 

The moot "idely used inLerpolaLion 8('heme i" Lagrange interpolation polynomial" IHOJ. Additionally, 
if the point" are evenly spaced in lime, Lbe finite dilferenre method can he employed for the differen­
Lialion. Another u"eful technique fOl" determining the instantaneous velocity at the midpoint between 
positions ,,"; and X'-I- 1 is the weighted average method used by Parker et al [44] Thi, ta;)1Tlique is 
commonly used in PEPT experiment" for slow to medium rotationnl ,peed~, ~ee for example Cox et 
all4.5]. The formulation described by Parker is said to gl'-" good approximation" fur the velocity. 

The L"b'Hillge inLerpolation polynomial waS used io ~ompare DEM and experimental kinematic" in 
case" were the DE'" Lime S[.ep vaxied. D<sentially, if ihe u_ defined time step in PFC is not 8lI1ai1 
enough io ensure sLahiliLy at a parLkular iteration, the code automatically halves it. It should be 
nOled that even though the DE:;'I cod~ calcubtes the velocity and acceleraiion directly from the 
contact, they are recalculated from the positiOllal imonnatiOll in order to kup Lhe analysis equivalenL 
to that of the experimental dn.t;a. This step is """",,,tial for meaningful rompari""n of DEM and 
experimental data. 

This section deocrib"" the finite differenc. and LtIllgrange interpolation polynomial melhod" "" pos­
sible schemes to be used on the p",itional datu. ariliing from ihe X_ray experimenls. The weighted 
average method is also presented for illu,lraiion purpoo~ ... 
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CHAPTER 9_ ANALYSIS OF TRA.I1;CTORY OAT4- '" 
9.2.1 Finit." Dilf"r"IH'" :\1ethod 

A key step in the finite diffeTence method is to replace the continuous derivatives with appropriate 
apprrucimatiolL'l in terms of the dep.mdrnt ""riable evaluated at different points in the region of 
inte .... .,,\. The ba.sis for doing this is related to the Taylor Senes expan8ion for a function in the 
vicinity of some discrete point, r,. If the domain of interest i8 broken into evenly spaced increments, 
ehm 

Ii '= lQ+i61 

t, lQ±ih where h '= 16tl 
(9 _ I ) 

(9_2) 

In the ca .. of the tradi:ed particle, IQ denotes the starting time of the lilming, t, i8 the time of the i'n 
frame and 6t = 0.01" is the COlL'ltant time increment between frames. 

For the depevdellt variable, .r(t), the discrete repcc'Sentation hc'Comc:s 

x(t;)=x, 

where :r (t,) is the position of the particle in the itn frame. 

The Taylor Series expansion of Xi H and Xi_] yields 

(9.4) 

where the primes denote differentiation. 

These two equations are used to derive many of the commOn derivative apprrutimatioll8 for linear 
SY8telll8. The first derh·ative apprmdmatiOll8 (the ,-elocity) are: 

(9.6) 
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n~"kw;)nl DiH'erence Approximation 

I Xi - '"'_I + 0(1,) 
J'i = h 

Central Dilferpnce Approximation 

By subtra.cting "tlua, iun W5) r,.unt t'<lual ion (9.4), we gel 

2:":'1/:; 
X; 11 - J'i_1 = 2J,h + --,- - ... 

3. 
(9,S) 

(9_9) 

By comparing Lhe lhree difference approximatioDs, equatioDs (9,6, 9.7 a.nd 9.9), it is cl~ar that the 
''''ntrai difference a.pproximation is more accurate, ,,~th truncalion err,,"' on the ()l"d".. nf "-~ (denotffi 
as 0 (Ii')) while toc forward Md backward difference approximaliOl:ls hav~ lruncali()!l errors on thp 
order of II (denutoo as O(h)). 

The central differenl"e approximation of the .e("Ond derivative (thp acceleration) is ct!kulated by adding 
equations (9.5) and (9 ,1): 

,,=X; 1 - 2 J';+X;ll 0(1') 
x, h~ + I (9_10) 

These approximatiulls are the most cummonly used representatiun. of the Orol and """,mtd derivative. 
Investigations shO'>, that using appr<»ornatil!fjs wilh higher Ul"der trunca.(ion ~rl'Ol'. do not improvp 
the smoothness of the data. These deriva.tives tend to be larg<.>, particularly near .hMp gradient. like 
the toc region of the mill. 

9.2.2 Polynomial interpolation 

Another m~th.()d for generating di""Iele derivatives is the Laugrange inlerpolation polynomial [110] 
Here we ","Slime that the solution to the diS('I'f't~ partirlp trajeMory dala ">In be apprrn<imatcci by a 
polynomial, and that thp vallES at these points are exact We thus differendaLe lhe polynomial lo 
obtain expressions for various derivatives_ 

Asrurn~ that J'(t} = at' + IJI I c: 
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f it IS exaot here 
x{tj 

! 

L"C,- ----o, ---"",,C---- t 

Figure 9.5· Illustration of polynomial fit to discrde data 

In order to solve fUl" the coefficients a. /1 and ~, we apply polynomials to the three points illustrated 
in figure (9.5). Note that the time spacing between points need not be equal. 

~. ; 

aif_l +Iit,_ , + ~ 

"if +bt; + c , 
ati+l + IItH I + ~ 

After oolving fur ft , b and " , we obtain 

Oifferentiating equation (9.14) yields 

[ 
21 t"l - I , I [2t - td l - t; I I 

Xi_II I I + xi l II + t;_ , til / ;_ 1 tHI t; /;_1 I i . f;+d 

XHI [ 
21-·1,1-· 1, I 

(t H I Ii d (tit! t ;) 

(9.11) 

(9.12) 

(9.13) 

(9. 14) 

(9 1"» 
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" Iv. 2"'·.1 
IHd] + [(I,. 

2Xi , 
I,) (Ii-! /;-!l (t; I + , 'i+1 ) 

2-'i+1 

1.1 I (9.16) 
I iii " , il (till 

If thnlle derivative.; are evaluatl'<.! at time ti and the time step is uniform, equation. (9.IS and 9.16) 
reduce to equatioru; (9.9 and 9.10) re~pectively with errors on the order of h~. 

!l.2.:3 "\Veighted average method 

The instaIltanoous velocity of the tracked particle at the midpoint of the ill, and (i + 1 )t" positions, 

denoted, v'.<+" is: 

(9.17) 

wheJ"e Vj is the velocity at the j'" position and b, is the weighting factor associated with the vi · The 
\'elocities, l'i, are usually approximated using the Forward d1fference IlCheme, equat10n (9.6). 

X .1 

Figure 9.6: Illustration of points used in ffitimat1ng the l!)IJtantanll(lll.'j veloc1ty at the midpoint of the 
it" and (i + l)th positions. 

The ... "';ghted. averay scheme mal. by Parker et al [44J i. ba"€d on this formulation and 1s given "": 

Vi.;, I (
X;., J - Xi) + 
tHI t. 

(9.18) 
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CHAPTER q. ANALYSTS OF TRAJECTORY DATA 100 

In light of the discussion on difference approximations, i\ is apparent that the central difference 
approximation, equatiOll (9.9)' would be a better make for calculating the l'j terms. lIenee, a more 
accurate and robust estimate of the instan(aneous velocity at the IItidpoint of the ith and (i + l)th 

positiom is: 

where the "j terms are now estimated using equation (9.9). 

The symmetric distribution of the ,') terms in &ltimating Vi,i+ I, figure (9.6), euforccs the robustnCSll 

of equation (9.19). T he instantaneous acceleration at the midpoint ofthe i'~ and (I + i)'h positions 
can be determined in a similar man!lCr and is calculated. as: 

(9.20) 

where aj is the central. difference approxima.l.ion of the acceleration, equation (9.10), and the bJ are 
the associated weights. 

The weighting ocheme used in lm'€8tigatmg the WACD in the present work is: 

(D.21) 

".wl 

"; i,l - 1)( +3)( +3)( . + I[ (J·;_2 -2.r;_I+J·;) (J';+1-2J';+T;_1 ) (X;H-2.t;ll+T, ) 
8 (L>.t)2 (.6t)2 (L>.t)J 

(9.22) 
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9.2.4 COIllparison of interpolation schemes 

The various inW1J>Olation 8Che1IJe:l were compared in order to establish the method 1Host suited for 
the experimental (rajel:Wly data. The comparisons are based 00 expected OutCOIllef' CrOIll the (racked 
particles kinematics. AJ(hough the part ide trajedory lIIay be classified as non-liuear, there are regions 
of predictable motion like the oucermoollayer of lhe nl masse region, region A to B in figure (9.4), 
and the cataraMing woo, region C t() T in figure (9A). if wp assume negligible vibration and a 
constant uJill speed, it is expe<:tOO that the angular vpjocity of particips, "'p, lllO\iug contiguous to 
thp uJili shell in the en nll1. •• ' " regi(}u will be equal to that of the mill'. Ilngular velocity, w"'. The 
aCCf'leratiDn along this layer (thp centripetal accelp;rati(}n) is also cxpcded to be dire(:ted radiilly 
inwards with a magnitude of mw;"R, where m ill the mass of the trad<:cd particle und R the mill 
radius. The catam(:ting wne should proou"" partide !l.<:eeleratiOlls, iI"", of 9.81 111.S _2 if there are no 
mid alr collillions between the panicles wIllie ,he T-~"()1Hp()ne~ of "elocity, t'~ , sh()uld be constant in 
this rune. 

The comparioon was done for the mill run at 70% of critical speed with 12 rCL'tllngWar lifters of height 
7 UU11 Ilnd width 91I1111. This coIlfi.6'Uration was sclcded because (he en masse layer "long the lIIi1l shell 
and the rutarading ~one Me distind The uniform tiTl"<l step introduced by the X ray filnling result 
ill the rentral differenoo approximations being equivlllem to the Laugrange interpola.tion polynolllial 
method and whid1 are thus not presented explicitly in the ~"()lIIparisOl\S. Table (9.2) presents thp 
compMisons as the average "",lue -+ sta.ndard deviati()ll. The OOluparisons are ilh,strated in figures (9. 7 
- 9.10). 
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WACO WAFD LIP f; I) ExpcctedjMeusured 

outermost layer of en ma..<se wne 
w ±O(w) rad.s - 8.05 ± 0.22 8.03 ± 0.21 8.07 ± 0.27 8.15 O. 2G 8.29 ± 0-01 (Measured) 

I:I±J(.lIl) (oj 0.12 0.02 0.14 ± 0.03 0.5 ± 0.2 U.5 ± n.:.! o (E:>:;peded) 

I catarading mne 
(I., •• 6 (ac"') m, 500 ± 38 500 ± 35 9.67 ± 1.66 9.61 + 1.72 9.81 (E:x;pccled) 

±6("~J m.~ ± 0.015 ± 0.016 - 0.Q15 ± U.UI6 o (E:>:;peck-d) 

Table 9.2: Comparison of the varioLlS techniques used to estimate particle "elocity a.nd a.ccc\(!I"ation 
from positional data. The techniqu,," are compared to eJqlected "" mM.'" kinematics along the mill 
periphery, and to theorL'tical fre(.~Hight accclerati(}!] and ",-component velocity of the cataracting 
particle. 

WACD: wcighwd aV(!l"age cemral diff~rcnce 

\YAFD: weighted ,,,"erage forward difference (Parker et a1.) 

LIP: Langrangc interpolatioll polynomial 

FO, forward difference 

Expecled: expected values assuming C(}l!stant mill sp""d and negligible vibration 

~II: average angu lar deviation between the radial direction and the direction ofthe a.cceleratioo 
vector for trajectories along the outennost layer of the en rrnlS", ZOIlC 

6 (.,~): uncertainty in the average ",-component of velocity (,,~) in the cataracting ~one 

a.x.t: average freefall acceleration in the cataracting zone 

w~: average angular velocity for outermost trajeLiorics in ell ma .•.• c zone 

9.2.1..1 WACD and WAFD 

The weighted average mdhod produces very smooth velocity vocloro at the interpolated midpoint8 
(figurts 9.7a and 9.9aJ. This conclusion is reinforced hy the relatively low standard deviation of the 
x-components of velocity in the free fall mne. Roth schemes produced unphysical trajaiory profiles 
in magnitude and direction (figures !l.Th and 9.%). Interestingly, the acceleration direction produced 
by the weighted mdhods along the mil l periphery in the ell ma.'S" region showed very 8light angnlar 
deviations, t.fI, from the theorerically expected radial direction. There are no noticeable differences 
in average angular deviation between the averaging used by Parker et al. and that suggested in this 
work. 
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O.2A.2 LIP ,,,,,I FD 

The Langrang>e interpolation polynomial ocheme and the forwan:! differ€oce approximation produced 
reali8tk ,·elocity and occeleration profiles as shown in figunl!; (9.8 and 9.10). The deviation~ in the 
angular velority are ill statistical >JgI"eement with the measured values for the mill The caklllated 
lK'celeratioll in the r""t""arting moe is also statistically consistent with tbe knov.'n ,,,100 of f=-fall. 
The law standard deviation of horiwntal velocity in the catarading t,one i~ acceptable in comparioon 
w the other errors. 

9.2.4.3 Conclusiou 

Despite the errors the LIP "ud FD methods pwdu~-e an!',ular velocitie~ and free-fall armer""tions 
that agree with the rne",,,,red and expected ,111ues respectively within the un~erta.illtics while the 
WACD and WAFD meth(}ds do not. '<one of the method8 provide ~ta.tis(.i<,ally a''''''ptable cenuipetal 
acceleration diredions. even though the weighted averaging methods ""me do,e. 

The w{'ighted averaging scheme was not used in the final analysis bocause of the unrealistk acceleration 
profile produred. The UP method Wll.5 statistically the moot accurate with regard to kjnematk 
predictions. All techniques perfurmoo puorly in the impact wne. The LIP method was used in the 
final analyses of the dat e.. Plots of the vei(}city vawr~, 8upedmpoood onto the p>I>"tide po,,;tion~, are 
~lj(}wn in Be(;tion (9.4). 
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•• 
• > , • • 

(a) Ycbcity 

(t) Acw" .... t.,n 

Fig",",' 9 .7 ; Weighw-d average IDL>thod using the central differenc1l scheme 
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(b) A=l",at;o. 

Figure 9.8: 2fld order. Lan.b"ange inlerp(}lalion polynomial method 
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(a) V.k.dly 

Figure 9.9: Wcighted average method using the focward difference scheme (weighting according to 
Parker et ill [441) 
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(b) A=leratiolo 

F"iBllre 9 .1 0, 1" moor , forward difference approximation 
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9.:i Circulation trends 

The circ:ulatioll of a panicle is an important quantity in comminution due to its intimate relatioIl8hip 
with SAG modelling. In particular t.he current SAG models aHfinme that. the energy associatt'd with 
the parti<:le is imparted (}nC<J per mill revolnti(}n to the rharge hody ""d mill. This lI.SSumption has 
not bet>n measured experimentally. The nwnber of timl'S a part ide cil"("ulates as it passes down the 
length of the mill is key t() de\ermining the liJ.:el.ihood of it being W(}ken to t.he required discharge size. 
Such information is tradi\i(}nally diflkult, if not impoomble, to measure due tr> the harsh c(mdi(j(}ns 
in industrial mills. Parameters like the circulation rate are u"ually <klined tr> make the mathematkal 
manipulation of the models tractable, which is probably why the value (}f one is p(}pular. The 
traject(}ry data of the tracked particle is well suited to inn'Stigated circulation t.rends. In fact, this is 
preferred due t() the relatively short filmillg time afforded to the parlicle tracking cxpl>riments. These 
trends are now described. 

9. 3.1 Long itu dinal motion 

A typical industrial mill is charocteriS€d by a pressure gradle.lt that occurs pri=ily due to parlicl"" 
flowing through the mill. The gradient is sustained by the cOlltilluous 'feed.illg' of rocks at the inlet 
and preferential removal of the smaller particles at the opposite end. The rate at which the particles 
are discharged is a complicated balance with the grilldillg requlrem<'llts, and ultimately dfSCribes the 
reside.lce time, defined to be the time takell for a particle to pass through the milL Po.- e.xample, high 
spood mills produce the requlrro outgoillg sizes relatively faster, due to the increased impact breakage, 
leadillg to a higher throughput, coarser grind and oonsequently a shorter resid€!ICe time, while slow 
spood mills tend to favour ahrasiOIl and attritiOIl, leading to a filler grind, rrouced throughput, and 
ultimately a 10llger residence time for the outgoing partides_ lI.Ic.lt mature grillding models illdirectly 
incorporate residence time into thdr structure via the discharge rate. However, the dfSCription is still 
empirical, requiring further study to hring it into tbe realm of fimdamemals. 

A key ingredient to the under"tanding, and ultimately predicting, the discharge rate is illtimately 
related t(} the 10000000itudinal moti(}n of the partid€". Unfortlmatciy, the batch nature of the cnrr""t 
p.xperimental work prevents t.he flow gradient from being formed. It was t.herefore decidtrl to look for 
Ilatural flow patterns, typified by changes in the traclred particle's a.x.ial motioll_ 

Movement along the mill length was clearly obsen-ed when looking at the particle's trajectory from 
the side of the mill, figures (9.ll, 9.12, 9.13, 9.14, 9.15, 9.16 and 9.17)_ A possible reason for such 
ll)(}tion may be attrihuted t.o the end-wind(}w effel."t, which t.ends to set. np a fl(}w away from the 
window. The lack of a statistical basis for this collclusion, Ilecessitated that the analysis be confined 
to a relath·ely short('\" a.x.ial regime. 1'0 this end, the lon.o;itudinal displacement per circulatioll was 
investi,o;ated. Figure (9.18) illustrates the average axial displacement per circulation with mill speed, 
with the actual values displa}-ed in table (9.3). 
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Table 9.3: Average axi,,) displacement per cim.liation for ead:t experimental configuration inYebiillatoo 
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Figu...., 9.11: Longitudinal motion o[parUcle; H~Wll-A4&-S511 
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•• 

" , 

Fi~e 9.12, Longitudinal motion ofpartid~: 1I7-W9-At5-S90 

i , ' 
• 

-" 
-0 

o 

Figure 9.13: Longitudiual motiOil of particle: HT-\Y9-A90 STO 



Univ
ers

ity
 of

  C
ap

e T
ow

n

CII.1PTER 9. ANALYSIS OF TRAJHerORY DATA 207 

Figure 9.14: Longitudinal motion ofpartic!e; 1T7"W9-AOO·S9IJ 

Figtrnl 9.15: Lonpjtudillill motion of pnrticlc: n9-W9-i\60-S55 
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Figure 9.16: LongitLKIinal motiOll ofpartkle: I19-W9-A60-S63 

Fi)!;llre 9.17: Longitudinal motion of pllrlicle: H9-\V9-AcUIVed-S711 
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I'igure 9.18: Average axi,,1 displaeement per drculation with mill speed. 

The fullowing observations were made: 

1. Longitudinal motion is dearly evidl'llt, even in the absence of the flow gradient 

2, Axial displacement decreases wilh speed up I,() 7(f',f, of criU"al speed 

3, The aggr"""iYe lifter" produce diotinctly smaller axial di,placement, per ~irculalioo thM! their 
less aggressive counlerparts. 

Comments 

rhe duration of the filming prevented a rigorous and statistical assessment of longitudinal motion, 
rhe dlOice of investigating th~ average longitudinal displacement per drculation was deemed the 

only Sffi"ibie approach to diOiC€llling ,lati,lically IIleaningful trends. This being said, it is interesting 
to observe the aggressive lifters produ,,,, conser,-a\ive longitudinal displaoolllenl wilh the opposile 
being true for their less aggressive <,ounlerparls. A possible explanation muld be due lo the near 
oon(,rifuging trajedory ps.th follmred by the partide at the H7-W!J.-AOO-S90 millinp; configuration. 
The motion bocometl more predidable, almost circular, with a reduced probability of being knod,ed 
off the ""-.ial ilice aronnd whidl it circulates, Hlis observaliOll is reafflrmed by the dreulation rale 
described in the next """tion, The sharp leading face of the ,1,,0 lifter at the "arne speed produces 
trajt<.-tory paths that are "igniticantiy shorler (han those uf the aggressive liflers, and ~onsequenily 
(he probability of being knod'ed of the axial s1ire path is increased, 
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9.3.2 Circulat ion rates 

On the subject of a particle's behaviour per circulation, a usd"ul qUlUltity is the circulation rate, definc"<i 
lIS the a,,,rage number of circulation per revolution of the mill. It is known that most grinding models 
take this value to be one, implying that the particles impart energy OOCe per revolution of the mill, 
ir=pectiw of the mill speed. A ph.>t l>f the circulation rate against mill speed is gi,."n in figure (9.19). 
1'he trend is distincly linear with a rate of approximatpjy 1.1 at 511% of critical speed, druppingly 
linearly to a value or 1 at an extrll{lQlated 116% of criti~otl speed. 

COIllInents 

1.6i 

!j17 , 
~a 

'!!: 1.~ 

• ~ 1 4-

5 1.S' , 
Z 1. , 
, 
1l 1.1 , 
z 

o 

70 80 0') I·X 
mill .... w r •• of critical) 

Figure 9.19: Variation of circulation rate with mill speed 

i 

At a speed cunducivc to cataracting, a particle is projected intl> freefalL following the path of the 
dashd line in figure (9.20). 1'his path is clearly shorler lhan the path alOl:lg the shell frum A lUld B. In 
addition the tangential speed or th~ shell is \m,."," than that of the fmefallin,o; particle betwoon A and 
B. The"". di!fprences culminate in the particle cirL"Ulatinp; faster than that of the mill and consequently 
the drculation rate of the particle is greater than one. Circulation rates of one Can only be achieved 
when the particle is completely centrifuging. These l>bsen-ations are pertinent tl> current mill models 
that assume a circulation rate of one irrespoctiv~ of mill speed. 
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Figure g,2(j: [,alh folluwed by pa.:rticl~ aitPI being projected into frecfilll 

9.4 Toe and shoulder estimates 

The ciltlracteri"ation of ~-harge mutkm in t,umbling millR is seldum dune without induding the notion of 
a toe and ,houlder. This iR usuelly quali I.a(.\ve in naJure and very depend<>nt on the p<'Ispective of the 
re:<eareher, many uf wh"m have empl"yed the ooncept, l" ffICilii a\.l' the dplinition of an angle of rcpose 
• Ihe line j"inlng the \.Oe and shouldHr of thp dlarge, Ro!f" Vonglurkiet IllS]' Yashima ct at [119]' 
Liddpll & Moys 137], Fucrstenau ct al [39[. Powell [1[, and more recently P"well & \1eBride 1461. n"te 
that these "eye-balled" shoulder idcntificatiolll< socm rea>onable at l"w mill speeds, bUl aR lhp speed 
is increased above 8ifX; of the critieal "pred, the defilJiti"n bec(>Ole5 meaninglelJS. Thp local.lon of I:he 
toe ,ullers fr"m ftimHar sh"rteum.in@3, ~eoming unclear, and author-deppndent, when there is direct 
impacting uf ma\.l'Ila! on the shpll uf the milL 

With the advent of DE~'I, acL'llracy and exactnL.,,' uf charge oc"Ieript,,,,s have berome importanl I.< .. <.>IR 
for the purpo"e <.rf validating the numericel model>. Clearyel el [1081 and PC)WPll & 'vlcBrld<> 146J 
deserve mcnlion in this regard fur their imprwed deJinit,l""R "f the toe and shoulder region of the 
mill , These definillonR are pre.spntoo in fi)!;llre (9,21) using trajedcury dab from an experimental rnn 
depkl.lug cipa,r cascading and cataracting: H7-W9-A90-S70. 

Cleary"' allI08J 11Sf<i 'he CDncppi, of a shoulder and too in mder to compare DEM si.mulatiulll< to 
plwtographs uf a scale model SAG mill tllken by Ward [1201. The definition of the shoulder and 
toe angle. proposed by Ward [1201 aI€ measured (':!)lml.PI-docl<wise from the :I u'eloc.k location. The 
shoulder is defined by I,he 1l.Il.gle associated "\lit h the high'llt point reached by the "l>Irge in the shuu!der 
region of the mill while the toe i, given by the angle tu the higheRt, poinl reamed by the charge in the 
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toe region of the mill. The authors note that both ddinitions arc straight forward at low mill speeds 
"'ith the shoulder location becoming quite arbitrary at speeds> 95')f of critical specd. lu order to 
aceomoda.te \hese difficulties the angles where bounded by an upper a1)d lower limit. 

Shoulder 

• The lowcr limit of the shoulder angle is chooe:tl to be the point where the trajectories of the 
particles ncar the lifters begin to diverge from the mill shell. 

• The upper limit. of the shoulder angle is choo;en to be the point at which the trajectoriffl of the 
particles deemed to be in the bulk of the charge (as opp08Cd to being in the eataracting stream) 
ha,·e reached their highest point. This is identified by the horizontal streaks in the image. 

'foe 

• The lower limit <I the toe angle, provided the mill speed is oufIicicutly h.tgh, is that point of the 
p-ataraC'ting m,ream which has the highest eonccutration of cataracting particles above it. 

• The upper limit of the toe position is identified by determining the point at which the curve of 
the free surface of the charge intersects lhe mill liner. 

The definition of the toe and shoulder proposed by POll>'ell At. McBride [46] refine the ideas of Po" .. "JI 
At. Nuric;k [19J and is based on the analytically derived equilibrinm surface obtained by McBride et 
a1[15J. They argue that althongh the toe and shouloo concepts are useful in characterising the charge 
in the mill, they are poorly defined and don't allow for an objective charge description. 

A=d.ing 10 Pow"ll &; McBride [46J the shoulder region is defined using the concepts of a head (!.1)d a 
departure shoulder of the charge, figure (9.21). The departure shoulder is defined"" the uppcnnost 
point at which the ch&rge departs from Ihe shell of the mill. The media may still travel along the 
surface of a lifter bar, and may still be travelling in an upwards direcliou, prior to L~ltering cascading 
motion or frcc flight. The head is defined as the apex pooition obtained by the charge, so it is the 
highelJt vertirnl pCOJition that the charge attains. 

The toe region of the charge is defined using the ",,,,cepts of Iill impact toe Iilld a bulk toe, figure (9.21). 
The bnlk toe is l(1("ated by the point where the horiwnlal extension of the horizontal equilibrinm 
surface from the inflection point (defined as the point at which the hori • .outal equilibrium surface 
moVUi in Iill upwards dired>on towards the impact toe) intersecls the shell. The impad toe is where 
the cataracting charge impacts the shell in the toe region wh".n the speed is sufficiently high. This is 
given by the point where the horizomal equilibrium surface intersects the shell of the mill .in the toe 
regIOn. 
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Figure 9.21: Experimental data of X-ray mill u;;ed to illustrate .moulder and toe estimate8 arcording 
\0 PoY.'<'ll & McBride [46J and Cle",.y et al [HJ8]: H7-W9-A90-S70. The radial\i""" are intended to 
f"rllittl.te the e"timtttion of the toe and shoolder angle, by the reader. 

red arrOW", Cleary et aL 

hlue arrows: Powell &. McBride 

9.4.1 Di~cll~~iun 

The Powell &. McBride definitions allow the departure shoulder and impact toe to b e numerically 
obtained by counting the contact events along the shell of the mill, where a contact event is defined 
to occur when the particle'" tra.jectory enter" within a specified distance from the shell (usually On e 
hall ,adim). The author" ruggmt ",-,arching along hi8togram ploW (radial or conventional) of the 
contact e."nts against angular position, see figure (9.22) for an implementation of the conventional 
hi"togram plot i:>cJ.se<l on the charge profile shown in figure (9.21). The angle corresponding to the 
first zero count locut"" the departure shoulder while the impact toe po8ition i, loc:ated by the next 
non-2ero count. 'rhe head of the should"" region is simply the highest point reuched by the cil1l.rge 
while the bulk toe can be located by the upward turning point of the hori~ontaJ "'luilibrium 8urfa~-e_ 



Univ
ers

ity
 of

  C
ap

e T
ow

n

GII.1PTER 9_ .1NAIXSIS OF TRA./ECTORY DATA 214 

Figure 9.22, Histogram plut of conLacL eveni.s wiLh shell in order to determine departure shoulder 
and bulk tue: H7_W9_A911_S70 

Thf' shoulder and impact toe can be numerically obtained ac~<lrding to the md;hodology ;"Uggcsted 
by the authOl"'. The bulk toe location is not easily implemented in a numerical :;ense due to the noisy 
path followed by the horiv.onlal equilibrium surface IL does however follow the trend of a third order 
polynomial fur ail chaxge shapm invffitigaled. in this thffiiB. It is thf'refOl"e suggesLed lhal a third 
ordf'r polynomial be fitted to the data in tile least :;quarcs sense and the lower inflection point used 
t() ddermine the vertical position of the horizontal line thal locaLes the bulk toe. APPL>fl.dix (A.6) 
describa. the fiUing of polynomials in the lea8t squares ",moo_ 

The Cleary d al. defiuiti()n of the shuulder i" not easily implemented in '" numeri""l SL>fl."" due 
to n()n-specific deto:::ripli()ns like" Im;eclories of partides nmr Ikr. lifters The exclusion 
of the catarocting stream al"" complicates the locati()n of the shoulder for charge profi]", that are 
d()minated by cataracting. In order t() inc()rporate Lheir definition int() a nUlncri~.al routine, the 
following assumption w2.'3 made; 

• The lower limit of the "hould".. angle i" chosen to hf' the point wheIf' the Lrajf'CLorie<J ()f the 
particles located. approximately Q"e bfter he'ght away from tke shell begin to diVCl"ge from the 
mill shell. Note that "Ilear Ihe liflers" was r<>pIaeed by ~ Olle lifter height aW(l1i from th~ "hdl" 
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0.1.2 Tu" <tnd ~huuld"r ,, ~timat,,~ fur th" experimental data 

The toe and ,houlder ~'8timate:l de>eribcd hy Cleal'Y et ill. and Powell &; ),-IcBride were numerically 
implemented in this the:lill ba8ed on the numerical ""hem." stlgg."teci hy the ",uthon; and the mod­
ifications described above. The third order polynomial used to numerically implement the bulk toe 
estimation i, indicated by the blue, d""hed line> in figures (9.23 - 9.26). The inflection point is denored 
by the big, red point. T",ble (9.4) shows the angular positi()ll8 of the toe and shoulde<" relative to the 
mill center. Due to diITerences in definition, the 8houlder region described by Powell &; "·l~Hride l" OIl 
averap;e higher than that of Clea.ry et a1, however, the movPlIlent of the shoulder with changes in mill 
confi)';llration seeIru; to follow simiJax trends for both definitions. The toe region depids negligible 
differPJlces for the millinp; rJJIlfip;urations invffitip;ated. 

F indings 

When the mill is opcI"ated ",t a luw spooi with a coIlllcrvativc lifter profile, figurtlS (9 .23a and 9.25",), 
no c",wacting OCCIll"ll and the two toe region, Me approximately co<ncident Comparing this w figure 
(9.23b) indicates that even a. dramatic upward sbift ill the shoulder region dlle to a rel"'th-ely big 
chanp;e in mill "peed (frmn ,~I';% to 90% of critic .. l slJ""f'd) and maint.a.in.ing a >illnilar lifter profile 
ram;", a nep;ligible change in the toe po!iition. A more aggresffive lifter profile even at a moderate 
mill sp""" (10% of critiml spood) dil",tes the shoulde r region and moves the upper limit or the toe 
re latively higher due to the lnduc'ld catara.cting of (he charge wbile the lower limit remal"" rdativdy 
unchanged, fig-nre (!f.24a). Similar charge behaviour is observffi with a slightly Ie;,; ap;gressive lifter 
profile, figure (9.2.%). Keeping the aggre;sive lifter prrnle and increasinp; the spood to 90% of critical 
brings the mo"! drarnn.tic manws in the shoulder and upper limit of the toe, ll.Ild still no appreciable 
changes in the lower limit, figure (9.24b). 

COllclu~ioll 

1. A cons""·,,th·e lifter profile h>lll a grC>lter influence ()ll cha.-ge shape than high mill spoods, 
figure (9.23). 

2. A~'Te'hlVe lifter profil"" ",em to induce catamclinp; effects ev~n if the ,peed if; maintained at a 
moderate lew!. figures (9.24a and 9.25b) . 

3. Aggre'hlve lifters combined with moderMe or high mill ,peeds cau,e di"tinct catarading effects. 
The cataracting stream is maintained ewn when the lifter begins to wear", figur. (9.25b) -_. 

' • .. ·o:rn liner profile i, oimulated by u'ing n curved .urf""" to the lcad~ lifter h.oe 
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I MiTl C(}nfigurati~n shouldt'<o (e) loe (co) 'ho"lde" ("i lOe (,,) 

Cleary"" al 1'0wPli N. "kBride 
SO SL TO TL head dL'Pt . ,houlder impact toe bulk toe 

~ 

W,-W9-A45-S50 " " 210 "0 35 " 'W 210 

H7-W~-M5-S90 55 55 no 222 " M 2111 n, 
... _. 

~ ~ 

H7-\V~J- A~)O-S70 "' 33 ho9' 'OJ 77 W 199 "3 

H7-W9-A91l-S91) " " 178 n, 90 "' 1.78 n' . ~ ~ 

-
HO-\VO-A60-S55 11 7 '" "5 .. 5 22"> 22;, 

,,_. 

~ . 
~?-~\"9-Acmnrl-S71l n ~6 'H "8 68 W '" '" 

n9- W9 AW S6:1 :10 " ~25 2'25 " 35 ''5 m 
Table 9.4: A"g"la" po"ition of ioe and ,houlder uoing anal}"li~ mcthoo" ba:;ed On the delinition" hy 
Cleary et al !1II~J and Powdl & I\lcDride [46J 

SlJ: shoulder upp~r limit 

Sl.: "1 ~)Lllrier lower limi' 

TU: toe upper limit 

TL: toe lowHI' limit 
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Figur" 9.23: t.oe a.nd shoulder estimates 
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Figure 9.24: toe and ~houlder estimlltes 
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Figure 9.26: toe and shoulder e:<timate8 

9.5 Slip within cha.rge 

A significant illIIounl of breakage in tumbling mills is due to abrasion, where fine fragments break 
loooe from the particle 8urfa.ce du~ to .h~ar forc~ intpraclion8. ThP.fle p&liclf'fJ con8tiiute the flnes in 
a typical mill charge. The production of flneB i. CILU"ed by combination8 of: 

1. Slip bf>iWffln layel1J of chargp dup to "~locity gradi~nt8 acl()fIJ h,y~r". 

2. The pffed:ive pressure of the charge acting on the particle. 

V~locity gradien\.1l across circulation laycn; are typically used to demonstrate slip within too charg~. 
Powell [1] noted that balls in the w ",,,,,u region and travelling upwards, driven by the mill shell 
and the balls surrounding them, &e not neces"arily moving with the Same Mgular velocity !I:l the 
mill. The relative difference betwren too angular velocity of th~ mill and too ball was wed to indicate 
th~ dpgroo of 8Jip taking place. Vermeulen & Howat [111] ..!so 8howoo that thp angular v~locity of 
the concentric layer" decrease:< as the CoC is approached, becoming z€TO at the CoCo Morrell [42] 
u:;ed laboratory experim~nt" to derivp an p"'prf'fJ"ion for the variaUon of a particles rotational rate 
with radial position. This gave an effective measure of slip within the clulrge as a function of radial 
pooition, which he used in his power model. 

The nature of the X_ray data prevent~d a dirflCt analj'lJi" of chargp pr_ure and i\.1l influence on ,lip. 
How~\''''', lhp velocity gradient" aero,", ball layers is a natural consequence of the velocity fi~ld. cal­
culated in ""dion (9.2). The slip region is defined to include all trajoctocie>< within angular positions 
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fwm A to B, figure (9.4) P""ition A corresponds to the first point at which thp partidp becomes 
completely keyed-in to the ell-m&Be motion after passing through the toe region. Point H ~orr,," 
sJl0nded to the departure should<Jr described by Po"",JII.r l\kHride 116J. The shoulder positions are 
gh·en iu table (9.4). T hp procedUl"€ used to ~Akulatp thp velocity gradients ill as follows: 

1. At each rudial position withiu the tn·ma_Se region compute the ayera$<' tang"ntial velodty of 
the particle: see Appendix (A.7) for detajJs on cakulating the ta.ngpntial vPiocity 

2. Normalise thp tangential velocity 

3. Normalise the radial positiou" of the particJe by dh·idiug it by thp mill radius 

4. "csing the technique outline(] in section (8.1.2), identify the radius to the CoG, ncoC, and di ,·ide 
the tangential velocity data iuto two sets, 

(a) vciocitirn at ra.dia.l positions> R:..<£. 
(b) veloc,ties >It raJia! positions < R;::oC 

5. J.:si.ng the values in 4(a), fit a least square. straight line to the nornmlis<-'<i tangential velocities 
."t'l"SUS normalisl'<i radial positions. The slope uf the straight line gives a measure of the degree 
of slip 

The data, with least sqnarrn fit superimposed, is shown in fi)';lll"e, (9.27 - 9.30). The dashed ("- -") 
vertical line dencH .. the radial position of the C-DC. The graphs are croPIX'<i in favour of the least 
""lnar"" fit thereby omitting thDSC high velocities in the turbulent region of the CAlC. The lack of 
disceroable trend:< in l!.!ld around the cue region rcinforcc .. the choice to exclude this n>giou. 
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Figure 9.27: Quu.utificati()n of th~ degree ()f "li» between dla.rge laye,", in the ~"-,,,a~'"e regi()1l 
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Fig1!r~ g,;-\(); Quantification of the degr ... of slip between charge layers in (he en mll-.'" re!';i()ll 

9.5.1 Obser .... "tions on slip in tl-", C"-"UJ~~C "one 

1. The tangential velocities in the ~n-masse zone follow a linear trend, similar to Lhat reported by 
Morrell [42J. 

2. All laYfn of tbe charge, irrespective d tbe speed and li[ler configuration, slip relative to the 
mill- There is no perfectly lreyed-in motiOll, ~ven [or the Olltermost layer of the charge3 

3. Degree o[ slip increases linearly with mill 'J"'ed, figure (931) _ 

(a) Aggressive lifters produce greater slip of llle trad(ed particle tlmllless aggre,sive lift"", 

(b) Speed h"" the domin".llt effect un the degree o[ slip 

'Perfecl kying-ill of tne Iml OU ..... loY''"'', "" o"",,<vc-d oy y,.-m.lllcl! k !iowat llOj. i . ",arc ~ funct"'" "I Ihe 2D 
'ypc p"".kl"ll that i. "'lIOCin ed wit.h monc>-si7-eci ro.},. 
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" 
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Figure 9 .31, Variation of velocity gradient <l<;r008 charge layers with mill speed (% critical) 

9.6 Charge surging 

'" 

In this section the concept of the IIJ:l.gle of rep""", i8 employed in de!lcribing the charge surging phe­
nono",enon ob!Ierved in most indl1"trial mills, the key indicator of which is the coootanl, flnctuation of 
t.he measured power draw. The dynamic angle of repose provides the natural slope path along whid! 
the charge body undergoes o8cillation. Section (9.6.1) briefly d""cribes the definition employed in 
calculating the angle of repose while the next soction dea.lis with the propooed mechanism of snrging 
within the charge. 

9 .0.1 Angle uf rCjJose 

The angle of repose iI; a comn!(}n feature in comminution literature, especially when describing the 
torque exerted by the charge, and conr;equently t he power drawn. The concept reerr!8 to have evolved 
becaUS€ of the difficulty associated with meaBnring Or calculating the angular jXl6ition of the cente< of 
gravity of the charge. Of the various definitions propoood in the literature, Rolf &: \ 'ongluekiet [118]' 
Yashima et all1l91 and the proponeul.s of the torque-arm principle [33, 36, 39, 29, 37, 42, 34]' the 
ffiO/lt user-independent definition is that propoood by Powell &; McBride 1461: 
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"The tangent to the equilibrium surface at the CoC is P"lPcndicular to the radial line 
passing through the CoCo Thffi condition ill uniquely defined becm.l8e the equilibriwn 
surfaL'e has a different cUl"V>lture to tbe mill sh~ll, SO only one point on the "urface can 
have a tungen\ perpoodicular to a ratlialline.'· 

227 

Closer il.l8ped;ion of the geometric implications of the P"""U &. McBride definition reveal that the 
angle of repose is simply the angular position of the CoC, figure (9.32); which is probably what 
motivated the definition. 

! 
I 
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i ~/A, , , 

/CoG , : , 
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! 
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! 

' U i / 

\ , , 

Figlll~ 9.32: Angle of repose defined by Powell &. McBride 1461 

9.6.2 A Hllrging lllcch"ni,lll 

The surging medlani5lll is analogous to a. block of ruass M placed on tlJI inclined plane that o.cillates 
accocding to the rotation of the mill, figure (9.33). The block represents the charge body tlJId the 
slope characterise'l the angle of rep<:JOO of the charge. 
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as 

= 9 [sin8(t) cos 

case zero ac(~el~era;tl mean repose, 

= arctan 

tan 

v"' ..... a.~.vu is as 

J 
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Mean angle of repose (0) 
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in response to the 
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a mass m, is 

l. per COITeElpondmg power: 

2. power, 
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81.1 

35.3 

72.7 

61.9 

9.5: 

1. surge am.plitucle ral>idJly with mill up to turthl~r in-
creases in an infll11enl::e 

2. more a.lZ:.lO'eI3si,re the lifter pr()tHe, the grElatErr surge ampli1tude. 

3. on the surge am.plitudle increases increase in 

0.00 o 

power surge am.plltudle to is 
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9.7 Heuristic powel' modelling 

The simple torque-arm principle, which is the basis for many power equations 129, 30, 38, 37, 40, 
42,21]. is employed in fmmu]".ting a heuristic power model. Tbe model is based OIl the true CoM 
oomdinates whkh are shown to be linearly correlalL>d witb that of the o,C. The heuristics pertain to 
the b€St fit curves that model these correlations. An analysis of tbe error, including the error of fit, 
is then mndncted on the model. Finally, the resultant PO"'" curve is compared to published power 
models. discnssed in the literature review, section (2.2), of this thesis. 

The objective of this soclion is to fmmulate a power €ql!ation that can predict power draw. giveJl 
the mill speed, mass of the dlarge and the posit"") of tbe CoG Based on the simplified collditions 
of the mill, the resultant heuristic curves are not generally applicable to real charge, comprising 
slurry, balls and a. si?A: distribution of rr>rh. However, tbe mrre/ation of the O,C with the CoM in 
order w calculate the torque-arm power draw, and balled on physically quantifiable parameters. is 
a. gellerally valid modelling methodology. The model structure therefme delfilnStTatCS, in principle. 
what is nooded to fmmulate a generally valid power equation. 

The unique data resulting from the X-ray experi1llents permits the quantification of fundamental 
quantities underlyiIlg l!lOSt published power models and therefore facilitated a critical analysis of 
them. It should be noted that the angles used 10 characterise the CoC and CoM are mel!Sured 
counter-clockwise from the pOllitive x-axis for a mill moving in the same directkln. 

The following empirical relatklDllhips form the baIlis to the model: 

1. The variation of radial distance to the Co),1 and COC with mill speed, figure (9.38). 

2. The angular lot>ltion of the CAlM and CoC against mill speed. figure (9.39). 

3. The polar coordinates to the CoC and C..()),1 plotted against each other for the same range of 
speeds, figures (9.40 and 9.41) 

Table (9.6) presents the polar coordinates of the COC alJd CoM for the seven configuratious investi­
gated. 
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I.() 

T-"blc 9.6: COC and Co:\] =dinates resulting from the trajf'Ctory of th~ tracked pu.rticle foc chargc 
moving counter-clockwise 

The Ole m()ve. radially ()utward from tl'" Ct,nh,.- "f th~ mill with incm~oru in mill speed. For all 
",ill sJ>ffi<ls, the more Il&ressi,e profile shift;; thp C",C furthn awuy from the mill centcr than the less 
u.ggressive profiles. The (,,,,,,\ m"vcs radially inwards to"'ar<ia the ccntcr ()f the ",ill with increa.>es in 
mm speed . For the ,)()% and 70% of criticalspeM, th~ m"l"f' aggJ"cs><ive profile shifts the C()M further 
aMly from the mill CPJlter than the less aggre;;;;ive pr()files. At !107c ()f critic...! >peed the opposite effect 
i;; ob""rvoo. The angular pooition of the CoG and Co:\ ] displays a lint"" trpnd with mill ap~f'(1. Thp 
angular and radial pooiti()n of the CoM varies linea!.'ly with that of the C.{lC, 

,. 
-~ 

0 

[ 0 0 

30"' , 
" 
'd 
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9 0,=: 
• 0 """""'""'0 ..... _ , 

_""",""uo, _""' ..... " " " '" -CoC." ,~, """'_~~,~ 

o "'" ;""~ """""00 

"'l, -~ " ro " " " '" pilfe""I",.!" [~ oril ..... 1 "I""'" 

Fi,o:urp g.;l8: Varia.li"n "f rudial distance to OlM and O,C with ",ill speed 
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-~ S 00..:" • ....,.,·, ... ,,_ 

::t _0,," • ..,.,..· _",",~",,, 
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~ i O Co" "" •. _ .. ..., 

~ • /, m ~ 

percentage 01 cnlo:;al speed 

Figure 9.39: Variation of angular position of CoM and CoG vdth mill speed 

"" '" '" an&~ ~lI00"'~f c~ (0) "" '" 

Figure 9.40; Rela.ting the angular po.ition of the CoM with ,hat of the OlC 
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I 

~~ , 
,."" '.0('9 0." 0041 0.'" '.0" ra-::J", position of CoG i 01\ 

Figure 9.41: Relating the radi,,1 p<:><iti(}n "f the CoM with that "f the cae 

9.7.1 Summary of fi ndings 

Fur a montHi..,d charge with a 4tYIo filling: 

1. Radial pOISition of the CoC increase with in llIl increase in mill "peed. 

2. fu.dial pooition .. the CoM decreaoos with an increase in mill Rpeed . 

. 1. Hadial position of the C"C increases with an increal'e in the aggreooiwne88 of lifter profile i.e. 
the mare aggressive the profile, the greater the radial pooition "r the CoC at a given speed. 

4. Far speed" < !lO% of critip-al, t he radial po:Jition of the C"M increWe8 with an increase in the 
aggressiveness of lifter profile i.e. the m"re aggressive \he profile, the greater the radial position 
of the CoM at a given speed. 

5. At 9()')f of critical the radial pooition of the C"M dr"ps off sharply, tending towards centrifuging. 
The mOre aggt"e><8ive lifter pwfile pull. the Co;\1 closer to the mill center than the I""" aggressive 
"ne. 

6. Angular position of the Co-C and CoM varies linpmy with mill "I'eed. 

7. Angular p<:t<ition "r the Coyl in('fe"",," linearly with that uf the COC. 

8. Radius of the Co?;l decre3MIJ linearly with that of the CoG. 

Based on theoo findingIJ, an expreso;iun [or the 1"-""'" drawn by the chtlr&", as a [unction of mill speed, 
wa:; derived. 

The procedure used to obtain the power p-xpression is as follows; 
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1. 

are 

2. 

+ + 

3. squares to 

+ 

are constants a 

4. s= to IT"'T ...... '"T''' 

5. to 

6. 

""." .. ",,,, in 

g= 

7. power rh:~.l'll'P is COlnOl11ted as: 

w is in 
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equlation, in exJ:lanc:1ed 

p= + + + + 

variation power is illtlstrated in 

0.2 

0.1 

hetIriEltic power !1!U'LlIt::1, eqlIatton a range 

correct apl)rol'tch to assessing sta-tist:ical vaJidi1~y 
predicted power to measured 

1. error 

2. error ass:oci,atEld 

pre<iictions incc)rp1ora1te a conlbil1lati()n 
seven corlfigur~tticms, is det;errnined, 

cla!l:sifiE~ as an mh,ereJlt sjrstemat;ic 
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to compare 

errors, 
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error pr()p~tga,tlon 

COlTP.I':tflln. however for tUInbling the 
is inherent 
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error in the an~~l~ll" v~~lo(:ity is l'liTllnlv the mean the sta.nd:ard de',ia1~i011S 
is cOlnp1uted as: 

= 

= 

eX]Jerlnumt:aJ run, at 10 sec~:md intervals 

mass the charge is pr()pa,ga1~ed as: 

M = 

= 

!J.M 

prurtic:les of mean mass 
na.r1~idf~, A saIIlple of 100 na.rtidP'R were 

The pr()p"Lg8,tlOn these errors 
the pr~3dilct;i()ns oVElrla,D with curve 

is shown in 
speeds beitwel~n 48 

241 

pf()pa,ga1;ed error 
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statistical agreement for the entire range of speeds investigated. The overlap of the calculated error 
bars (blue bars) with that of the predicted error ban (black bar") also confirm" that the modelled 
power (hillel curve) ugrees with the calcullite<.l values (red circles) within the uncertainties, for the 
range of configurations inV€!<tigate<.l. To summarise: 

1. The CoC hased trend" agree with the CoM trend" within the uncertainties 

2. The COC d~ved, predicted power agrees oiatistically with that af the CoM predicted power 

3. The CoG derived, power curve agrees "'ith the calmlated po,,'er within the uncertainties., for all 
configurations investigated. 

4. The calculuood power for the twa different lifter configurations at 711-70 of critical speed llg.-ee 
vdth each other within the uncer1:ainties 

5. The calculated power for the two different lifter configurations at 90% of critical 5peed do not 
agree with earn. other within the nncertainties. 

6. The lifter effect has an appreciable effect on the power draw at tile very high speeds 
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[: • .0 , 
o 

U 

0 '" 

ic4 " . :; I 
rn , " , , 

J 

o rocao",'>d 

•• ·Ie ... ~ .. "" Ii" rn."""'''''' o prodict'>d 
- 1Coot"'lU""' /1: ., PI_ 

"'" ""', 

o 

" ,. "" ," "" 0 0 
percentage of critical speed 

"0 

Figure 943: Error etltimates of predicted anguiar position af the CoM plotted lIS error bars. 
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'I 
0.006 

" , 

oJ~-~ 
M '. ~ .J ,. " ~ ,. ," 

percentage of critical speed 

FiguTC 9..11: Error estimates of predidL'<i radial position of the CoM plotted !III error oorn_ 

g c. 
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pe-ccrtage of critical speed 

Fignre 9.45: Po .. ..., ",rves ba<ed on the CoM (red eutve) >lld COC (hlaek ",n~). The error har" 
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Deirinit;ion 2 two JUfltcttlOns o is dejlnf:tt 

f(x) 0 = + 

where'" is the cOInp.Lex COr.ljuI01,;ate. 
that the functicln 
rela,ted to 

correhlti(]ln bletween these two 

n) -m,y-
x y 

over the 

The cOfl:elalbion tunctl()ll alttlO~;h simple in nature, 1"I .. ,."",I" .. ,·1r that in eqllat:lon 
roamgl~inthewmpli'tudle w(x, y). A method freQ1uently to 

overcome UHJl1~IJLU'y is to as 

where m 0,1,2,. 0,1,2, . . . , N - 1, w is the average mask 
value is cmnputEd y) is average value y) in the 

with y), summations are taken over the common to f 
to range -1 to 1, in 



Univ
ers

ity
 of

  C
ap

e T
ow

n

1. 

1 2 3 

4 5 

6 7 8 

2. 



Univ
ers

ity
 of

  C
ap

e T
ow

n

In sense area a ... ,,"""',"' ..... is sum 



Univ
ers

ity
 of

  C
ap

e T
ow

n

+ 

'IJ"''''''''''OU case, is 

--==e:xp +--,:::::=exp 

means, 

+ = 1 

If parruneteJ13 are 

a is 



Univ
ers

ity
 of

  C
ap

e T
ow

n
a qua,drat;ic e(lUa1Gion 

where 

In 

if PI = 

value 

A 

B 

C 

error is 

+ 

PI 

+ 

Soillticm may 

T= + 
ILl - IL2 

is 

T= 

case is to 

is 

j-<>Ir ........ logari1;hIIls of we obt.am 

In 

average means. 

about the 



Univ
ers

ity
 of

  C
ap

e T
ow

n

f 

centre or r--.----.... -

is transfornled to 

Vo 

Uo 

Uo 

in 

- Vo 

+vo 

is 



Univ
ers

ity
 of

  C
ap

e T
ow

n

282 

the minor axes the are 

k= + 

where ne~~atjion is p~ssed tJtlrclugh the square root. The oril~n:al conic is now the 

1 

the priIlcipJe are at ± ± 

errors in y are incLepenlderlt U'Ul~lll!d.l 

aeelTee n to the 
constant vaI'iarlce. 

+ + ... + Pnx + Pn+ 1 

In matrix form 

=B 

where A is the matrix the Pi 
Xi B is the vector Yi. The nUlme:ric:al p:roplert;les 

scalmg. For indepEmdent nor:mal 
X terms with x: 

X ---I> X = 

where J.,t is the mean Xi terms 6 the statldrurd d,evil'ttiC)ll the Xi, 

The toillowing outline the procedure imJ:)ienlen1;ing the squares solu ti,on. 
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, Xi , 1 ], n = ....... ,""u •.• , 

2. an upper "' .. """"JA ...... =1. 

3. in squares sense 

-1 
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are constant 
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r= 

N = max 
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,\PPENDlX H. CONTRDL FRAMES AND CALIBRATION 

I. A minimnm of six control points must be usOO.. 

2. The COTltroi points must "ot all lie on the same axial plane. 

3. The control potTlts mwt 8pan the entire control voinme evenly and sufficiently. 

Six coTltrol poi"ts guarantees that solution matrice<J are not under-determined but is ge"erally insuf­
ficient for a dynamic system like a tumbling mill. To en~U1"e a well conditioned IlOiUtiOTI matrix it 
is generally acceptable to Ufle an over-determined ~ystem. This implies having more control points 
than the Tlumber of unknown mOOel parameters. Of equal importance is the poJitioning of the con­
trol points in the cootrol volume. The governing principle is simply that the equatiOll~ will prOOuce 
mooningful convergence for points Tlear tbe control poi"t". 

B.3 The Reflex Metrograph 

The renex metrograph helongs to a class of photogrillIllIletric measuring instruments that use the 
pcinclpal of mirror reflection, illustrated i" figure (B.l). 

\ ' 

\ 
R 

'" 
! 

1 

I 

The object on the right i~ reflocted in a semi-silvered mirwr. An "bj"et point P creates an image 
of itself at R, wbere PR is normal to the mi"."r and P and R are equidistant from it. The virtual 
im""e is thus SeCn to cOTltain all the three dimensional properties of the original object. An observer 
looking at R vdU be ohle alfjO t" see ttrrough the mirror w a measuriTlg mark M and, when M is 
in coincidence with R, there will be no visual paraJlax. The observer can thus move M abont the 
im""e, talciTlg m€a.'UT€m€nts "" r"'J";",,,1, and the ohjeet ~ not, therA tn nbst.ruct. t.he mo"mnPJlt nf M. 
T1le "bject itself must be stationary during the mtaSllrement ar>d the size of the object is rffitricted 
by the practical consideration uf the maximum mirror sj"e p08:'lible. Also, with a. la.:ge object, the 
distance from the mirror to the furthest poi"ts R may be so great as to maLl the eyebase:distance 
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APPENDIX B. CONTR.oL FRA."IES AJI,'D CALIDRATION 287 

ratio too small for accurate elimination of visual parallax. This may be oyerco_ by extending the 
eyeba.sc through the use of a deyi"" simil", to a mirror stero>OS('Op<?. 

The ,..,ll<>", principle is incorporated into two measurement '7st=S_ the reflex metrogr"ph and reflex 
microocope, at the Department of Biomedical Engineering, Cniver.lity of Cape Town. The latter has 
a. least count of tUll nun, however it wall too small to incorporate the control frame_ The metrograph 
i~ a scaled up version of the microscope with a typi(;!l.l sta.ndard deviation of 1 rum. Both apparatii 
are ('Onne(.-tM to a. personal computer that records the three dimensional coordinates once the user 
dick. tll('m through, using a hand held ~witch. 

In addition to the abovementioned problems. the ('Oordino.te" metl.'mred ('orr~spond to the surf""" of 
the ball ~aring~ Depending on the operator the surfac~ point will vary from ball to oo.ll, rmulting in 
low precision data. The me""uring "ppr"W a"" however easy to u"", and provide quick conl.rol data 
for ana.IYSefl requiring .... .curndcs of the order of 1 Illm. 

n.4 The Digitiser 

The Digit i""r i~ an instrument used to measure (X, Y; Z) of a. point in space. A movable arIll with a 
meta.l 'pendl' a.t the wri~t end is attachoo to a. (X, Y. Z) digiti'er that has been calibra.t.cd. The pencil 
has fiYe, equa.lly 'Pa.ced pooitions to rolate through. The arm rotates freely. The 3D co-ordinales of 
a. point in space js obtu.ined by pla.cing the pencil tip on the required point and dicldng on ... control 
switch_ The pencil tip need not be in contad with My solid ~uTfac<J for the polnt to be rec.orded. The 
orientatiom of the pencil or ann doo:; not influ~ne!'- the (X. Y, Z) data. 

B.4.1 L imitation s of t h e Digitiser 

The major disa,hantage of the digitiser is that it is only M,cura.te (and h~~ee useful) if the pencil tip 
can be ""cnratcly pla.ced on the dc.,iroo point. lIo""",,,r, !!lObi control frames are not udapted for the 
digitiscr since the mu.in function of the control frame is to have markers that aTe ea:lily ""d dearly 
recognised on the iIlliige (in most cn.;es >lll X-ray image). Accordingly lIlOIlt frame>l h!<ve ball bearing~ 
for ma.rker<;. Although th_ nl"rkers ahow up a~ dark clrcular ~pots OIl the image, lhey are d~arly 
lX>t suited for the digitiser since the ball bea.rings define" spherical surf"ce with an infinite number of 
points to pla.cc the pencil tip on. ['he following fcatUl"es ma.kc thi~ ,,-pparatus unsuitable for obtaining 
!llellllurements of the required accuracy. 

I. The digitiser meaSUl"ffi in meters with it's Ierult count being lmm. This implies an inherent 
un""rtainty of approximately 1 nun. 

2. Th~ p<?ncil tip ia 'b1unl' - no aharp point 1.0 mnaisl.enily place on ball bearings. 

3. The five discrete <>lot positi()[!s of the digiti,." wri~t further oompllcate:J th~ proeOOure in point , 
4. Measuring surfu<Y point" of spheres, as opposed to their (,,-,ntres, introduces an uncertainty of 

L5mm, for 3 rum ball bearings. 
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13.4.2 Solution 

A Itho<J.gh tbe digitis .... proved uD8Uitable for the measurement accuracy that was required, it's prindple 
function provided the solutioD method required. lffive or mOre surface points On the 3tee\ ball bearings 
could be measured, to withill the required ac.cura')·, it is a simple task to establish the centre of the 
5phere. This is desirable when establishing the tra.nsformation parametclll 118 the "'lHtroids of objects 
in image space map to the centre of the sphere in real space. To these ends, a more aCCurate measuring 
instrument, MlDilar in prindp\e to the digi\iser, WII8 sought. 

B.G G\TVJ: Coordinate \-Teasurillg "\iTachine 

l'i8"r~ B.2: Coordinate Measuring Machine (CMU) 

The CMM, figure (B.2), i5 a computerised, iudustrial measuring tool. Its primary use is in the motor 
vehicle indu,try where large amounts of accurate profiles are required. I<.-Jeasuremerns are made by 
a" electronically controlled probe that is mapped to a ("()Ordinate a.xetl. Much like the digitiscr, the 
probe is brought into rxmtac.t witb tbe object to record a measurement. However, the measurement is 
only made when a force deflection of 0.0087 K is registered by the probe. This ensureS a· consistently 
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accurate. me.""uremcnt. The particular vnJue of the CMM is the ability to cakulate the centre of a 
sphere by measuring surface points, The centre is obtained from alea"t "quar€IJ solution, w;ing a' lea"t 
5 p<intl< measurer! on the "Lidace n[ the ball bearing. The ooIntion is inclnded here for oomplcteneRS, 
but i" not n"""""ary fnr obtaining the centre .. 

B.S.1 Determining the centre of spheres from surface points: An iterative least 
~quareH approach 

The equatiOll of a Aphe.re of radi\l!l r GeIlt.ered nn a pcint (h, k, I) is given by: 

(X; _ II)" + (y; - k)" + (Zi _ I)" = r2 (BXI 

where (:r" y,. Zi) arc points on ti,e surface of the sphere. 

Expanding and rearranging eqnation (B.!) 

2 2 2 " 2x;h-2y;k-2",I+h +k +1 +r (B.2) 

Taylor expanding F to firAt order wlth respect to the [nur parameters and rearranging ,o;ives 

2.£;Dx; + 2y;8Yi + 2",8", = 81l{2x; - 2h) + 8k(2!Ji - 2k} +81(2Zi - 2/) + 8r(2r) - {F)o (B,3) 

In matrix notation 

(BA) 

where 

A b th .. cncffide.nt matrix nf the unknown r ... iduak (the parameter" n .. oo. to have provloional val1ll~), 

X i" the vector cOIltaining the unknown residual;; (all. Dk, m. Dr), and 

I i" the vector containing the "free term~" (the (VI. terms). 

{R5} 
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APPENDIX B. CONTROL FRA!',JES AND C,1LIBRATION ,., 
where P is the apriori ""eight matrix of the sampled data.. " o",-ever. in moot ClIses thtTe is in''1lfficient 
infonnation to establish P. For this reason, we assume P to be of uniform ",eight. Equation (8.5) 
thus reduces to 

(B.6) 

The oontrol frame ooordinate< derived from the C'\III! measll1"€ments is given in table (El), Each 
point was measured three times and the mean and standard deviation computOO. Those points 
producing relatively high 9tflndard deviatiol1'l (> U.U_~lllm) "'" most likely aUrihutoo to the difficulty 
in extracting five point" on the surface of the ball bearing - an essential step to ensUl"ing that the 
l~ast squares !<)lution to the centroid of the ball is acL'1lrate. This Wd.S noted by the CM.YI operator 
find wa... llllfortunately unavoidable. 

Table 81: 110 Control points ""ith measured standard deviation 
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"'"hie BL 110 Cuntrnl poi"m with measured Atandard dp~iation 
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Tabl~ Bl. 110 Contwl pr>int.s with lll~'~",m>d stannarn ne"intir>1l 

, .Il' ' 
U 
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Table Bl: 110 C(}lltwl poillts with mea"uroo "lanrlard rlcvia~i(>l1 

IOi "0,1; + (L044 wO.ns .L n.o;"j 21J.33 ± O.IJlO 

W8 -0.12 ± 0.108 9(),14 ± 0.1)1)3 3962 L O()03 

'" -0,20 .L 0.023 110.11 ± 0,0l3 19.61 ± O.01J3 

IH!.._ -0,11 .1. n,04i 120.07 ± 0,()fi7 10,:l1 ± 1J,11Il1 
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Appendix C 

X-rays and Angiography 

A beam of X-ray radiation is in fact 11 ray of cicctromagndic energy of wavelength from 1 to l() 

Ansltroms_ As X_rays pass thrOllgh mattcr they can penetrale completciy through uIlliffcctcd, they 
may be absorbed by the material and consequently pass their energy onto the abr;orbing material, or 
they may be scattered or redirocted and likely lose energy in the proccSll. As these photo", (packets 
of electromagnetic energy) pass through matter they CArrY wjlh them important information about 
the matter which is rocOfded on the X-ray image. The oontr&<t rocorded OIl the final image is directly 
related to the energy of the X-ray herons and the drnsity of the rnatcrial it pas=; through. Materials 
of higher density block .orne X-ray photons from reaching the film and thcrclore these aroas of film 
appears lighter in colour since X"rays prod1)ce darkened images 011 film. 

X-rays are widely used for non-invBBive examinations hecaLlSe of their ability to penetrate objects 
easily and create an image - a function of their high energy levels. Diagnostic X-rays are produced 
with electrons having energy in the 15f>-250 keY range and X-ray" r"",ulting from them are readily 
stopped in matter . X-ray grncratO£S whicb are mocc COIIIlliOOly ca.llcd X-ray macbines, convert normal 
electrical current to high voltage direct current within a X-ray tube. This create!< a controllable X-ray 
beam, which can be uoed to image a.lI sons of matter - either li\-ing or non_liying. 

X-rd.YS are produced in VdcUUITHcalcd tubes containing a cathode and an anode. These tllbes are 
""alcd because tbe presence of any gas, sucb as air, inbibits efficient X-ray production. Modern X­
ray tllbes allow for procise control of the number of electrons striking the anode tbcrclore effectively 
controlling tile strengtb of X-ray" produced. lUbes arc surrounded by oil and lead to protect the 
X_ray tube and prevent strlW radiation frotll leaking out of the tube hou,ing. 

C.l Th" <:"1110<1,, 

An X-ray cathode is colillnonly made of a tungsten filo.mcnt and a metallic focussing cup foc focussing 
the ciectrollS towards the anode target. The filament is a helical coil of tungsten wire of around O.2mm 
in diameter and about lOmm long. Modern X_ray tllbes usually have two or mOre filament., which. 
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pffectively allOWll for a choice uf focal spot sj"", to "now the unit to have variPd rf'l<olution levds lIn<I 
prolong the life of the tube. Focal s i>Ot "he is a.n importRnt f3"tor detf'l'IIlining the mo.ximum "pa.tial 
re:;olution ,e<,"orded on the X-ray generator. Some X-ray gene",t ....... s Use spcchll X-ray tubes with very 
fine focal "pot. of approximately 0.1 mm for high resolution X-ray imaging where :;p/l.tial resolution 
of tire final X-ray imagp is ",udal- AUch as for magnifica.tion malIllIlography. 

As electrical current i" applied to the filru""nt wire it becomffi e""trem"}y hot - ll<'aring 337()OC for 
tungsten. When thi" critical t~mperatl!rp is rrarh"", eloctronA in their cxitrnl state overcome the 
8urf3"e barri"" forces looeping them within the wire. These elocirons leave the wire and form a cloud 
around the filament. This negatively dlargcd ek"Ctron cloucl rem"";n" close to the filament bocau,,", 
of its attraction 00 the positively dJargcd fil...ment. 1'0 free the..e eI""trons Rnd give them ffilflicif'llt 
kinetic Cll""gy the anode is given a 8trong positive ~harge by the high-tension circuit. "'hen the 
p.xpooure buttoo ~ pr""SIl(!, the drcuit iA doocd and tile electrons are accelC'l'a.too toward" the anode 

C.2 T h" aHod" 

Tungsten and Rhenium are cltoi~-e material of their incredible "trength, high atomic llllmblT, high 
mclting point, ancl it'. high r",i:<t"nce to vaporisitlg at thffie extreme tf'IIlperaturcs. The tMgct 
dedrocl~, which i" "ho call"" the allode, may be ~ta1iotlary Ol" rotate at high b-p<."cls. An anooc 
i" normally m&de of two m&lf!l"i,u", the tungsten anode and a copper material holcling it in place. 
Modern Rnodcs usoo are ~ompo,.,d of mc-tal alloys; typically tungsttm, rhenium, molybdemilll and 
graphite. The aclclition!ll mctals "en." to disp"r:;e heat making the Rnode morn efficient. 

Hotating anodes often have SpeOOA of 31I1XI to to [1110 rpm and are better at dissipa.ting he"t than 
stationary anode,;. In addition to their ability to radiate hea.t dfediyely, rot"ting anod,.; fllnrtion to 
in~""'ab-e the "utface are" of the anode target - &n advantage in produring an X-ra.y bCllIIl. Fans in 
Ule tube _mbly help ce>oJ. the X-ray tube. 

By controlling tire amount of elflCtrical currPllt and exposure time in the lube filament the intensity 
of the X_ray production i~ oontrolled. Changing either the p.xposlll'C time or the loacling CIlrl'Cnt in 
the X-ray tube will ch~ the output of X-ra.y Dhoton" proportionally. 

Finally, X -r&ys am directed through a filter Rnd ~ollimator tha.!; ""n Ul to a.cljust the diruen><ioIlll of the 
X-ray bemIl; that iA to 'harden' and foc1l5 the be"U1. At thi. point ratliography u""" film to rocord 
the ilIll!ge, or lli'l moot digital "y"tmls ~'UrrenUy use, a phosphor imaging pl&te iA used to acquire the 
X-ray for digital 8torage and dWpiay. 

lnteu"il'ying scr""ns are huilt into the film casoottp-, that are used to hold Aheds of uncxpooed X­
ray film becauoo their IwniIIffiCent propertiP.A ald the formatiOil of = X-ra.y ilI1~ on tlm film. The 
phosphor la.yers emit light with a ptmi< output of 425O,.i,. 1'hi" wavelength i" ideAl for e""pooing X-ray 
lilnl. In" typical film/screen "ystem, 95% of the rffi,Jlting image on the film iA due to the light ",nittecl 
:hm the intensifying screen, while the r~llliIining 5% of Um ilI1ag~ i. th~ err",,'t of the dirfl(1. expooure 
of th~ X-ray photO<l" OIl the film. 
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C.3 Composition of intensifying screens 

A lypical intensifying screen is composed of foor layers. A base layer acts as a support medium und 
is lISually made of plastic or ClLfbon fibre. It if; inv~ible on the final ima!';e and serves as a proloctive 
covering r"r the screen. Next, a laJer of reflective material ia US€d to direct light emissions from the 
phoophor tov.-ards the ill'H_ The third layer i8 the IDJ"t important component, the phosphor itself. 
It ca)) be of various thicknesses dependinp; on the actual application the f>Cl"OOIl is usoo for. Finally, 
a thin protective layer coven; the phoophor to protect it from dam,..," and reduces static e1ectricily 
that could produce noise artifacts on the film. 

Moot X-ray films ha,"e emulliions On both sides, which is why all intcruilfying screen c""sette actually 
has screen ~y".tcm" inside each cassette - one for imaging e...cl:t side of the duplex film. Between these 
two layer" is the slot int" which the X-ray film is placed_ The assembiy as a whole is called an 
intensifying fjCreen (or sometimes a ca5.'lett.e) and traditional X -ray systems using these are oonllIloIlly 
referroo to as Him/screen sysrem'_ 

The BAr: is a diagnostic tool used to aSSeffi the coodition of heart valves after a contrast medium (a 
semi-opaque dye) has be<-n injected into the patient's heart V"dlvc'8. Consequently the image produced 
has the heart valves clearly marked as dark tubes. In norIlllll. rudiography a p<"I"oon would be lying 
on a bed where the Perspee< mill is pot<itioned, figure (C.l). 

Figure Col: Angioscopc in fully intL .. linked pOt>itiOIl 

X-mys are produced and passed through tbe person resulting in scintill e.ti(lflS of varying contrast on 
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the input SCreen of the image intensifier. This eventually gets relayed to an on-line television scrccn, 
providing a quid: diOlgIlosis of the hcar, ,·a.lves. The hiplanar mode is med to obtain perpendiGwar 
imagt-,,; of thc heart. These images are rotated in spaC<'. and timc thus proluding a "a,ural frame by 
fraUlc oompari';(ln. 

CA Absorption C()cfficient~ and Decay of the TTlcident Dea m Intcn­
sity throllgh va riOll s media ill a mill 

The intenl'ity of th~. incoming and outgoing r."malion pa.:;siug through" body c{ thid::ne58 X is related 
by a simple exponential docay law, oomdimes referred to as Lamhert' , Law: 

[C.l) 

Where: 

1. Ix i, lhe final intensity 

2. Io is the initial inte"sity 

3. I-' i, thc lin""r ",bwrplion coefficient of the body 

4. X i, the thiclrness (the longcst line P""sllg through the body) 

For a singie-eleJll!!llt homogenous mcdium, the linear ",b';(lrption coefficient i, ,imply giycn by ; 

(Z)'" I' _12.3p E (C.2) 

\\l,occ: 

1. pi, the density of thc malerial 

2. Z is the atcmic numher 

3. E is tbc encrgy of the emission 

If howcver the body is a dlcmiGal compound or a mixture c{ compounds, 0lS is morc onen the ca.<e, 
the maSS absorption coef6cie.nt (pip) hocorncs more us~ful Unlike the lhlear absorption oo~.fficient, 
it do"," n01, depend on th~. statc of "'Wcglltion and chemical comhination of the body. 
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The rna" absorption ooeffident for a oompound M is calculated as: 

(C.~) 

,Vhere: 

1. Wn is the weight fraction "f the nth element present in the mixture 

2. (I<!m}n is the maE" aboorptioct eocflicicnt of the nth element 

L>lmhcrt·s Law cau then he rostated as: 

(C.ol) 

Where PM is tile Joc,,;e bulk density of the abwrber; aud all "ther symbols tllking their usual meaning. 

The abovc equations v..-ere used to calculate a suitable media for the mill Ilhcll and tumbling media. 
The results of these cakulatioos constrain the material used as follows. 

1. A low density (0.1 - 1.5g!cm") 

2. Realistic particle behaviour (not like ping-pong balls) 

3. SllfficieJj;ly strong to withstand typical particle interactions within a mill run at speeds of (60 
-120% of critical) 

4. A low cumulative mass absorption coefficient such that a" Aluminium-filtcrcd beam will pass 
through Wcm of charge particles and stUl be sufficiently strong to expose the X-ray film. 

Of the varl"us materials investigated, wood was found to best satj~fy the above criteria. It is alw 
known that plastic beads are sufficiently transparent to X-rays. Powell [1]. In fad, any caxboll based 
material is virtually tran..parent to X-rays. 
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