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Abstract

The work reported herein is of an automated X-ray vision system used to track the 3D trajectories of a
typical bulk charge particle within an experimental Perspex mill, the intention of which is to simulate
the grinding motion of rock found in typical industrial mills. The experimental rig is constructed
through an optimisation scheme that determines the maximum allowed dimensions of the mill that
can be imaged by the X-ray system, however, the optimisation principle is not limited to the current
study and can be employed to maximise any volume being investigated with the X-ray system.

The raw data for each position of the tracked particle comprises of two X-ray images of the tumbling
mill generated orthogonal to each other, with a phase lag between them. The correction of the phase
lag between the biplanar images is a new addition to the usual usage of the system resulting in an
effective sampling rate of 100 frames per second, thereby ensuring that the resolution is sufficient to
conduct detailed kinematic studies.

The processing of the raw images are achieved with a dynamic template matching algorithm followed
by a modified, and improved, implementation of the Canny edge detector, while the centering of the
edge images are based on an adapted conic fitting routine, resulting in an overall subpixel centering ac-
curacy. The processed images are then mapped to object space using the direct linear transformation
(DLT), equipped with a physically valid variance model that is shown to improve the standard imple-
mentation even when robust solvers are employed. The final reconstruction accuracy of the tracked
particle was shown to be 0.15 mm and is achieved without iteration due to the appropriateness of the
variance mode]. '

The high accuracy data was initially used to benchmark the discrete element method (DEM), pro-
viding the first numerical comparisons that surpassed the usual end-window snapshots employed by
other investigators for the purpose of validation. The analysis of the data was not restricted to DEM
verification, and in some sense, surpassed the initial objective by yielding trends useful to comminu-
tion practices. Amongst these analyses was the finding that the circulation rate of the charge is
not once per mill revolution but greater, depicting & linear trend with mill speed. The slip between
charge layers was shown to follow a linear pattern, with the degree of slip increasing linearly with mill
speed. The phenomenon of charge surging was quantified, resulting in a trend for the variation of
the surge amplitude with mill speed. A mechanism for the surging phenomenon was also proposed in
this study. A particularly useful outcome of the data analyses was the formulation of a power model
through heuristic trends of the center of mass (CoM) and center of circulation (CoC) of the charge.
The methodology outlined by the model was shown to be robust, providing a correct approach to
obtaining a truely fundamental power model based on generally applicable principles.
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Chapter 1

Introduction

The key component to mineral beneficiation in the world is the comminution of ores. The process
entails the crushing of large rocks (25-300 mm) down to fine particles (38-2000um). Rotary mills are
commonly used comminution devices, filled to between 20 and 45% of the volume with balls or rocks
to form a grinding media. The essentially cylindrical geometry of rotary mills span a wide variety of
configurations, ranging from the ’pancake’ shape, typical of South American mills, to the long mills of
South Africa. A variety of empirical models have been employed to elucidate the relationship between
energy input and the particle size made from a given feed size, none of which is entirely satisfactory.

The greatest problem with comminution devices lies in the fact that most of the energy input to the
machine is absorbed by the machine itself, and only a small fraction of the total energy is available
for breaking the material; the power cost may represent more than half of the total processing cost.
Considering the dwindling resources of high-grade minerals and the economic incentive for lowering
energy in mineral beneficiation processes, interest in investigating better ways to improve grinding
efficiency is only natural. The major thrust in comminution research today lies in understanding the
grinding mechanism, power draft estimation, modelling and scale-up studies, and the design of the
mill shell. The development of these mechanisms has mainly been via step-wise increments, based on
operator experience and empirical results derived from test-work on both full-scale and pilot mills.
While these methods are generally successful and currently indispensible, they provide little insight
into the mechanics of the charge motion and scale poorly as one moves away from the window of
operating conditions in which they were formulated.

Currently it is still not possible to design mills in detail from first principles due to a lack of knowledge
of the charge behaviour. A good approach to the above problems clearly resides in the understanding
of the dynamic motion of the particles within the mill, which is the genesis of the forces experienced
by the particles to be ground.

Most fundamental investigations into particle behaviour studies include either high-speed photography
of a 2D mill (a mill with negligible length) or 3D mill (a mill with a realistic length) with one axial
end fitted with a Plexiglas window. These experiments cannot track the particles deep within the
mill and are subject to the end window effect, which influences the particle trajectories. In addition
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the current power draft models are derived from empirical studies, and always include an unphysical
scaling factor to fit the empirical model to the plant data.

In the past decade computational techniques like the Discrete Element Method (DEM) have been
utilised to meet the challenges of predicting particle motion in rotary mills. The DEM is a promising
numerical tool that should be capable of simulating the complex dynamic particle-particle motion and
interactions within tumbling mills. It is envisioned that DEM will eventually be used in conjunction
with empirical methods to better optimise the mill design process. However, prior to this occuring
DEM must be rigorously validated from its most fundamental level upwards. This is particularly
important in light of the computational expense and lack of sound experimental validation currently
available.

In a seminal research project, Powell [1] described the use of diagnostic X-rays for the study of particle
motion in an experimental mill. These investigations were a step forward from the usual end window
experiments, shedding some light on the movement of particles deep within the bulk of the charge.
However, the resulting data was still mainly 2D in nature and provided limited information as to
the position of the tracked particles along the length of the mill. The uncertainty associated with
the particle’s position, arising from unquantified lag between the front and side view X-ray images,
coupled with insufficient data, precluded any statistical analyses of the particle trajectories. The
analyses resulting from Powell’s work was to establish a set of trends from the observed 2D profiles.

The research reported herein is concerned with automated 3D tracking of particles in an experimental
mill, using X-ray image analysis and photogrammetric techniques, for the purpose of DEM verification
and a broader understanding of charge kinematics and dynamics. This work seeks to fill the vital
gap linking computational results to rigorous experimental data. The tracked particle behaviour is
described for varying mill conditions, and includes kinematic analyses and scalar charge descriptors
like the center of circulation, shoulder and toe positions.

1.1 Objectives

The basis for this thesis, including the formulation of the hypothesis, is described at the end of the
literature review chapter, section (2.4). Formally stated, the hypothesis of this thesis is:

The use of biplanar X-ray imaging techniques to reconstruct accurate 3D trajectory date of a tracer
particle within a simplified, laboratory tumbling mill provides unique and valid information for un-
derstanding charge kinematics and dynamics, and consequently to benchmark the predictions of DEM
through statistically based comparisons.

The hypothesis is investigated in three stages: The first stage, which is also the primary objective of
this thesis, was to design, develop, and implement algorithms for an automated 3D tracking system
to monitor the tumbling motion of charge particles in a laboratory Perspex mill. The next stage was
to use the 3D particle trajectory data as the basis for validating the discrete element method. The
final stage entailed the analysis of the 3D trajectory data in order to discern meaningful relationships
for the various milling configurations investigated.
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1.1.1 Objective one: Automated image processing and image mapping
The key stages of the automated tracking procedure are:

1. The formulation, development and coding of automated imaging tools, including the mapping
of image space to 3D real space from two X-ray images of the tumbling Perspex mill; and

2. A testing process to benchmark the imaging tools and improve the centering accuracy in locating
particle centroids.

The digitally acquired data of the tracked particles necessitated (and facilitated) the development
of automated imaging techniques (modification of existing algorithms and the development of new
ones). A mapping algorithm known as the Direct Linear Transformation (DLT) is formulated and
modified along with the imaging tools, and together constitute the automated 3D tracking procedure.
The governing objectives and constraints in designing the system and its algorithms are:

1. The applications are close-range and specific to X-ray imaging (conventional photogrammetric
problems can be solved with the current system but the results may not be optimal).

2. The tracked objects have fairly smooth surfaces; however the resulting images may be non-
continuous in texture (intensity distribution) with variations in shape across the sampling range.

3. The system is not feature specific although the target centering routines only guarantee sub-pixel
accuracy for elliptical projected patterns.

4. All measurement stages of the tumbling mill involving high contrasting objects (steel or lead
balls) are fully automated while the tracking of low contrast objects (silver painted plastic
beads) may be classified as semi-automated with user intervention required when the template
matching fails. The calibration stages which precede the particle tracking require minimal target
identification in the calibration routines.

5. The algorithms used ensure high accuracy measurement of the tracked particles in the La-
grangian system. The resulting precision in the Eulerian system are highly dependent on the
amount and quality of data used to reconstruct the mill outline and central axis i.e. to obtain
the transformation matrix from Lagrangian (control frame) to Eulerian (mill shell) system.

The second stage of this objective was to establish the validity of the imaging tools and the DLT
mapping algorithm. The ultimate objective for rigorously testing these routines is to establish the
most accurate and thus suitable procedure for use in the automated image processing. The validity of
the DLT mapping process involved tests against a control system known as a control frame. The con-
trol frame was designed to facilitate the optimisation of the 3D mapping transformation parameters.
An investigation into the various measurement systems used in surveying 3D surfaces is presented in
Appendix (B). The feature extraction routines are tested with synthetically generated image targets
amidst simulated noise; it is also tested with the control frame. Integral to improved accuracy is tar-
get centering. Four target centering routines are formulated and coded, and included in the testing
process.
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1.1.2 Objective two: Experimental comparisons with DEM

The particle trajectory data from the experimental mill provides accurate data against which to
validate DEM simulations. The identification of unique features within the charge allowed direct
comparisons to be made between the experimental and DEM data. The features used in the com-
parisons include the Center of Circulation (CoC), the equilibrium surface, angles of departure at the
shoulder regions, and the position of the toe. These verification tools form part of a larger project
to develop a validation toolbox tailored to rigorously test the outputs of DEM. In the context of
this work the validation is achieved by comparing DEM outputs to trajectory data derived from the
particle tracking experiments.

1.1.3 Objective three: Analysis of 3D trajectory data

The large amounts of data accumulated from the tracking experiments was sufficient to conduct
detailed analysis of the charge motion. The analysis includes:

1. Finite Difference approximations for calculating velocity and acceleration from positional data
Slip between charge layers
Longitudinal motion of charge

Toe and shoulder estimates

A R

Modelling the motion of the center of mass as a function of the center of circulation and mill
speed with a view to developing a power model



Chapter 2

Review of Literature

The literature surveyed in this thesis may be divided into two sections: The first section takes a his-
torical look at charge motion and power draw studies with particular focus given to the fundamentals
of charge behaviour and their influence on power formulations. Research of this nature includes sim-
plified mathematical models of single particle motion in laboratory mills, semi-empirical descriptions
of charge motion based on non-invasive techniques of monitoring particle motion deep within the
charge of an experimental mill, and numerical modelling of charge motion based on simplified contact
theories. In some instances empirical studies have informed the thinking of fundamental research and
are included in this historical survey.

Section two discusses the various image processing and 3D reconstruction techniques applicable to
biplanar digital X-ray photogrammetry. The large body of research in this field preclude a historical
review and will therefore be restricted to works deemed pertinent to the problem of automated 3D
particle tracking.

2.1 Charge motion analysis: An historical survey

One of the earliest works in charge motion analysis was in 1905 by White [2]. He assumed that par-
ticles along the mill periphery move without slip until a gravitational and centrifugal force balance
is reached. At this point the particle is projected into parabolic motion, strikes the “impact point”
and is then drawn into the bulk of the charge. His assumption of no slip led to an overprediction
of the “equilibrium point”! (when compared to experiments) which he argued was due to insufficient
ball loading. Essentially, a higher charge filling increases the normal force exerted on the mill lining
which in turn increases the frictional force between the balls and lining. The insufficient loading
explanation led to the conclusion of undue liner wear caused by slip and direct impacts. His conclu-
sions on regulating water level in order to generate useful impact work is a valuable contribution to
cornminution.

Lequilibrium point refers to the point at which the particle is projected into free fight
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Davis [3] formulated a similar mathematical description for a single particle moving along the mill
shell without slip. Verification of the theoretical results were achieved by taking end window images
of an experimental mill. The agreement between experiment and theory was said to compare well
except for the intersecting trajectory paths of cataracting particles observed in experiments. This
was argued away as accidental and amplified by a low charge filling. His work clearly highlights the
value of mathematical modelling of charge motion while elucidating the shortcomings of simplified
assumptions.

A decade later other researchers ([4] and [5]) refined the work of Davis and White by including friction
in the force balance, however they encountered problems in reproducing the experimental trajectories,
especially in short length laboratory mills due to the interference of the end walls. During this same
period Barth [6] took a similar mathematical approach which led to the prediction of an “equilibrium
surface” within the charge that seems to keep particles in a dynamic equilibrium under the action of
centripetal, gravitational and frictional forces. The “equilibrium surface” defined a plane that splits
the charge into two distinct regions: an inner static region that does not move relative to the shell
and a shear region where balls either flow down the free surface of the charge (cascading) or follow
parabolic paths as they are projected into free-flight (cataracting)?.

Three decades later Rose & Sullivan [7] presented a critical summary on the mathematical descriptions
of particle motion in tumbling mills in which they criticised those simplified models that ignored the
frictional characteristics of charge in predicting particle trajectories. In particular they described the
behaviour of the charge as mill speed increases to a critical value. At this critical speed the outermost
layer of balls centifuge and are said to be stationary with respect to the inner wall of the drum. The
critical speed was calculated as:

Ne = 2tV D=2r (2.1)

where g is acceleration due to gravity, D is the inner diameter of the drum and r the radius of the ball.
The critical speed was calculated in revolutions per second. This simple formulation has become one
of the most universal charge descriptors because it provides a common basis for comparing different
size mills.

The next step forward in charge motion analysis was by Mclvor [8]. After considering the problems
encountered by Gow et al [4] and Fahrenwald & Lee [5], he decided to conduct a theoretical analysis
of single particle behaviour inside a rotating drum. His model improved on the existing ones in that
it also included lifter effects. The theoretical analysis was based on an assumed coefficient of friction
and an unobstructed free fall path. In this formulation the particle take-off point is characterised by
the angle ¢ which is a function of mill rotation speed w, liner tilt 5 and friction angle § (see figure 2.1).

2
p =@ — B+ arcsin [w—gR-cos(G*-B)], (2.2)

?Powell’s description of the equilibrium surface is very similar though just as mcomplete The work by McBride et
al gives a more rigorous description of the equilibrium surface.
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0 = arctan (yu,) (2.3)

Essentially, this relationship describes the point at which gravitational, centrifugal and frictional®
forces acting on a given ball are in equilibrium. The lifter is implicit in this formulation as it is
defined by the tilt angle 3. Below this point of equilibrium, the ball is held securely in the charge by
the centrifugal acceleration. Above this point, gravity takes over pulling the ball into free flight.

Figure 2.1: Point of flight for a single particle in a ball mill (Mclvor [8])

The conclusion that a particle’s trajectory is independent of the mill size is valuable because it implies
that the critical speed at which a mill operates is independent of the mill size. Other interesting
conclusions, though not directly revealed in his calculations, were that particle trajectory and power
draw vary with lifter height and profile respectively.

The next five years saw interesting developments in the understanding of charge surging and its
contribution to liner wear. In 1986 Vermeulen & Howat [9] published their findings on the charge
surging phenomenon encountered in smooth lined rod mills (i.e. mills that do not incorporate lifter
bars). The dynamical theory formulated propounds that the fluctuations in charge slippage are
due to alternating cataracting and cascading phases. Essentially, when the angle of repose is at a
maximum, a comparatively large portion of the charge is in free flight. This reduces the pressure on
the outermost layer of charge and consequently slippage of this layer becomes more pronounced. The
slip of the peripheral charge layer lowers the angle of repose and results in an increase in cascading.
This progressively increases the en-masse charge thereby increasing the charge pressure felt by the

$Friction described by Mclvor is sliding friction which is negligible for spherical particles as the gravitional force will
cause it to roll down the lifter.
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outermost layer. Increased pressure leads to increased friction between the rods and lining, resulting
in a reduction in slip and an increase in the angle of repose, thereby repeating the cycle of events.
The large fluctuations in slip induce massive wear on the lining and clearly illustrates the value of
using lifter bars.

In a follow up study Vermeulen & Howat [10] investigated the influence of lifter bars on the motion
of en-masse grinding media. The lack of quantitative results motivated them to measure the mean
effects of lifter bars at the interface of contiguous layers of rods in a laboratory mill. Using the
approximations for finite changes in R, w and p, equation (2.4), they derived a relation for the
dynamic pressure in the en-masse charge and used this to determine the relative slip between layers,
equation (2.5).

A 8 3 _
?1’ = (ému %Aw) pt (2.4)
p = apgR+ Bpuw’ R’ (2.5)

Where p is the mean dynamic pressure, p is the mean dynamic density, w is the angular velocity
of en masse rods at R from the mill center, and g is the gravitational acceleration; o and ( are
dimensionless constants.

Their key findings may be summarised as:

1. Slip occurs at the inter-facial surfaces between layers.

2. The two outer-most layers for the mill with low lifters are keyed into the rotary motion of the
mill.

3. Slip is greatest for the mill with smooth lining,

The next wave of comminution research came as a result of advances in technology and computing,
producing novel approaches to experimentally track and mathematical model the motion of paticles
in a tumbling mill. Mishra and Rajamani ([11] and [12]) adapted the numerical schemes of Cundall &
Strack [13] to fit the geometric configuration of a tumbling mill. This numerical technique known as
the discrete element method (DEM) considers Newtonian force interactions between balls, and balls
and lining. The fundamental basis of these interactions is equated to a pair of normal and tangential
spring-dashpots, figure (2.2), at every contact to simulate a viscous-contact damping model. The DEM
was revolutionary in that it modelled the individual particles in a discrete system separately and thus
represented the first truly numerical model. In a more recent publication, Venugopal & Rajamani [14]
describe the DEM as a numerical scheme that allows for finite rotations and displacements of rigid
bodies, where complete loss of contacts and formation of new contacts between bodies take place as
the calculation cycle progresses. The physical system consists of a shell, which is a complex polygonal
assembly of rectangular plates rotating at high velocities, enclosing a large number of spheres that
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Figure 2.2: Schematic of linear spring and dashpot foree law within the soft-contact model, MeBride
et al [15]

have different physical properties. Here “spheres™ denote steel balls as well as rocks. As the mill shell
rotates causing the ball charge to cascade and cataract, each sphere collides with Tumerous other
spheres as well as the rectangular plates constituting the mill shell. All of these ¢ollisions affect the
trajectory of each sphere and have to be accounted for when modelling the entire system. First, the
net unbalanced foree on cach sphere is detennined by summing up the ndividual contact forees. From
the unbalanced force, the acceleration, velocity and displacement of each sphere are computed. Then,
m the selected At duration of time the walls are moved as per the angular velocity of the mill shell
and the spheres are moved as per the computed velocities, As a tesult, now contacts are generated
and some of the previously existing contacts are broken. Thig information is updated and stored m &
contact-list, which is relerred to when the cycle of calculations is repeated [or the next step in time.
The relative positions of the balls and the walls arc also computed and stored in order to facilitate
contact detection.

The initial 21> model of Mishra and Rajamani provided some insights into general charge motion but
was still far too simplified to predict the complex movements and forees within industrial mills. Even
with the extension to superquadric particles by Cleary |16] and using a particle size distribution,
the 2D models were fundamentally different with regards to particle packing, percolation of smaller
particles through the charge and cnergy distribution when cotmpared to expected results from real



CHAPTER 2. REVIEW OF LITERATURE 10

mills. Cleary’s work [16] did however provide clear evidence that particle shape and size influences
charge behaviour producing a higher toe region and a surface profile that was distinctly bi-linear
in shape. The power draw was also noticeably lower. The extension to 3D was formulated by
Archarya [17] for a limited number of particles and using a 25 x 28 cm mill. A full 3D implementation
using industrial scales, non-spherical particles and a representative particle size distribution was
successfully developed by Cleary [18]. Venugopal & Rajamani [14] also developed a 3D code but for
spherical particles. The current status of DEM is to couple the discrete particles with a fluid model.
The 2003 ICRA meeting in Cape Town, South Africa saw Cleary’s and Nordell’s implementation of
coupled modelling using a technique called smooth particle hydrodynamics (SPH).

The last decade has seen DEM develop from an academic interest into a viable tool that promises to
surpass the current semi-empirical models. The advantage of such a tool will be its predictive and
extrapolation potential for any comminution device. One noticeable drawback is the lack of usable
publications in the literature. Most are advertisements based on the promise of solving certain prob-
lems and reinforced with high end graphics renderings of selected simulations. These promises have
seduced many industries, however, it is only with rigorous experimental validation that any confi-
dence can be given to the DEM. Most validation work appear to be not as popular as their numerical
counterpart, probably because it is not directly related to the improved comminution potential that
DEM promises. Despite this, experimental validation is still key to the DEM’s survival and accep-
tance. In particular, accurate verification data of charge characteristics, kinematics, dynamics and
measured DEM input parameters are needed. A selection of experimental techniques for studying
tumbling mills is now briefly described. Some of these articles were not specifically designed for DEM
validation although hindsight reveals their potential value to the problem. An example is the work
by Powell & Nurick ([19], [20] and [21]), which is also the basis for the current research.

A novel experimental program to track the motion of particles deep within the tumbling charge of an
experimental mill was conducted by Powell & Nurick ([19], [20] and [21]). The first part of the study
extends Powell’s theory of a single particle rotating along the inner periphery of the mill. Powell’s [22]
initial solution of a particle’s projection into free flight is very similar to the work by Mclvor [8] in
that the equilibrium point is in a comparable form to Mclvor’s equation (2.2). The difference in
Powell’s work is however due to the explicit integration of the lifter into the formulation. Thus when
the equilibrium point is reached the particle remains in contact with the lifter until it slides off into a
trajectory defined by the gravitational force. This description was extended in Powell & Nurick [19]
to incorporate new and improved definitions of the various regions of the mill charge. These included
the description of an equilibrium surface, a technique for uniquely obtaining the centre of circulation
(CoC) and an estimate of the angle of repose that is valid for all mill speeds. The equilibrium surface®
is defined as a plane that divides the ascending, en masse charge from the descending charge. This
surface is said to start at the toe and end at the shoulder of the charge, and passes through the
turning point of all ball paths at the top and bottom of each concentric path of the charge. The
CoC is located at the point where a tangent line to the equilibrium surface intersects a radial line at
exactly 90 degrees. The CoC is said to be uniquely located because its curvature is different to that
of the mill shell. The angle of repose, which also locates the CoC, is then obtained as in figure (2.3).

*Powell’s definition of an equilibrium surface is similar to the one put forward by Barth [6]
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Figure 2.3: Definitions of the regions of the mill charge according to Powell (1]

The novel experimental approach taken by Powell employed a X-ray machine used in cardiac diag-
nostics and semi-invasive surgery. He notes that the particular advantage of the equipment was its
ability to Alm in two planes simultanecusly at rates of up to fifty frame per second. This provides
the minimum ammmt of data for & 30 photogrammetric reconstruction of points common to both
image scenes. A Perpex mill (2190 mm and length 97 mm) fitted with lifters ranging from 1.8 to
10 mm and charged with 6 mm plastic beards was used to investigate charge motion. The particles
to be tracked were steel, lead and glass balls of varying sizes. The relatively higher density of the
tracked particles produced suitable contrast images - tracked particles showed up as dark circular
spots while the bulk charge and mill shell appeared as light regions in the image. Unfortunately, a
3D reconstruction was never achieved by the authors and a 2D analysis based on front view images
was conducted instead. The projection errors associated wilh X-ray images and the limited wmoont
of data precluded a statistical analysis of the data. A wide range of trends were observed including
segregation effects, charge slippage, average accelerations as a function of speed (% critical), Impact
force and energy estitnates and work done per arculation by the tracked particle. The net work done
per circulation was computled as the aum of the work over each (.02 s {ime interval between filming
frames. By assuming a constant acceleration between frames the work done between the (n — 1)
and {r)" frame was computed as:

Work, = masss., [(%) o g} thry (28]

where i, is the displacement between the {n — 1" and (r)** position and g is gravitational acceler-
ation.

Powelt's work laid the foundation (or this thesis. The accurate 3D coordinates of the tracked particle’s
position as a function of time could provide useful data for experimentally walidating DIEM, The
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simplified milling conditions are well suited to simulation while the potential to accumulate large
amounts of data facilitate a statistical comparison between experiment and simulation. The full
realisation of the 3D data is however a non-trivial task as revealed in this thesis.

The behaviour of a single isolated particle within a tumbling mill has been investigated by Dong &
Moys [23] using multi-exposed photographs with a stroboscope as the light source. The behaviour of
the single isolated particle allows the value of the coefficient of restitution and friction to be determined
for subsequent incorporation into a DEM simulation. Their work is limited to 2D, requiring the user
to discern the particle trajectory path from a photograph thereby limiting the amount of data that
can be gathered from an experiment, and would not be able to capture the behaviour of a particle
within the bulk charge.

Another powerful technique used in tracking the motion of a single particle within the bulk charge
is positron emmission particle tracking (PEPT). This non-invasive technique has similar capabilities
to the biplanar X-ray filming method employed in this work in that the trajectory path of a single
positron emitting tracer particle within the bulk charge can be determined. PEPT is based on the
detection of nearly collinear gamma rays emitted during the process of positron decay and subsequent
annihilation of the positrons with electrons within the tracer particle or surrounding material. The
back-to-back gamma rays are detected using a positron camera consisting of two gamma ray detectors
and the position of the annihilation event determined using triangulation. In practice, the position
of the annihilation event is determined using multiple gamma ray pairs. The uncertainties in the
positional location of the tracer particle and the detection frequency are dependent on various factors,
including the velocity of the tracer. A tracer moving at 1 m.s™! can be located within 5 mm 250 times
per second while a tracer moving at 0.1 m.s™! can be located within 2 mm 25 times per second, Parker
et al [24]. The measured particle velocities in the current work range from 0.7m.s! to 1.2m.s™1.
The accuracy of the X-ray filming method employed in this work is therefore more than 30 fold
greater than what would be obtained using PEPT. An advantage of the PEPT method compared to
the biplanar X-ray filming is the extended duration over which the tracer is tracked; approximately
1 — 2h compared to 100s in this work. The PEPT method also claims the ability to study realistic
systems (scaled versions of industrial type equipment) although the published works use low density
rigs and particles that are very similar to the requirements of the X-ray equipment. The PEPT
method has been used by various researchers for the purpose of validating DEM ([25] and [26]).

The contact parameters needed to conduct DEM simulations have to be obtained independently
for the Perspex mill and charge used in the current work. These parameters are the coefficient of
restitution, material stiffness, and coefficient of friction. Material stiffness is required to correctly
establish the forces generated in the springs. The coefficient of restitution is related to the damping
property of the material and hence can be related to the damping parameters, which in turn are
used to establish the forces developed in the dashpot. Lastly, the coefficient of friction is used to
check whether sliding occurs. The experimental procedures for obtaining these parameters will now
be discussed in principle.
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Material stiffness

Hofler & Herbst [27] studied microscale comminution processes by means of a drop weight apparatus,
called the Ultra fast load cell. In these experiments the material stiffness is determined by dropping
a ball on an anvil, with and without a few layers of particles on the anvil. These tests cover both
metal-metal and metal-particle-metal type collisions. Mishra [28] used this principle by imbedding a
strain gauge in the anvil to record the strain waves. The analysis of the data gave stiffness. Since
Mishra was not studying the forces that cause particles to break, nor the mode of breakage, the
force-displacement behaviour was simply plotted and the normal stiffness, K, computed. It should
be noted that the choice of the stiffness coefficient greatly influences the stability and accuracy of the
simulation since it is directly related to the critical time step. Therefore, it is prudent to choose a
value for K, which will not allow significant contact overlap, while allowing a reasonable time step.

From Hertzian contact theory for a sphere, it is known that < 'f{'i < 1 for the Poisson’s ratio
varying between 0 to 0.5; K is the tangentlal stiffness. Cundall and Strack [13] showed that their
simulation result did not change when < 731 <L

The force in the dashpot is related to the velocity by the damping constant. The damping constant
can be estimated by means of the coefficient of restitution and spring constant. Corkum [28] showed
that for a given coefficient of restitution e the damping constant C, is:

_ 2In(e)vVEm_

[n(e)]? + 72

(2.7)

where m = 227~ and mn; and my are the masses of two colliding discs. If 7n, is very large compared

to mg, as in the case of a moving wall, then m is the mass of the disc only.

According to Mishra [28] motion analysis and, to a lesser extent, energy loss in the mill is not
dependent on material stiffness, however a correct force distribution does vary with material stiffness.
He thus concludes that the choice of stiffness is not crucial.

Coefficient of Restitution

The Newtonian coefficient of normal restitution is defined ss

_ JRdt

= Pa (2.8)

where [ Rdt and [ Pdt are the deformation and restitution impulses respectively. The coefficient of
restitution may be physically interpreted as a measure of the energy loss in a collision and is the ratio
of the relative velocities of separation after impact to the relative velocities of approach before impact.
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Thus for two moving discs before and after impact, the coefficient of restitution can be derived, using
the above result, as:

Va2 — Vi
=22 2.9
Vor — Vi (29)

where V, and V} are the velocities of the discs a and b, and 1 and 2 refer to the situation just before
and after impact, respectively. We now discuss experimental procedures for measuring these velocities
under different types of collisions observed in a ball mill.

The charge profile may be broadly classified into cataracting and cascading. Within the cataracting
regime the collisions may include high velocity ball-wall and ball-ball collisions. The cascading region
is dominated by ball-ball interactions at relatively lower velocities. Mishra [28] points out that the
cascading region has no impacts, making it "hard to determine the coefficient of restitution”. The
commonly used experiments in simulating these collisions involve simple drop-ball tests and colliding
pendulums, Mishra [28].

The drop ball tests, used to investigate ball-wall collisions, entail dropping balls of different sizes from
fixed heights which would correspond to an average drop height in the mill for a given mill speed. By
measuring the rebound height the coeflicient of restitution is easily derived in the form

hy

e (2.10)

£ =

where h; and hy are the rebound and fall heights respectively. Mishra used an average fall height
equal to half the mill diameter.

The pendulum experiment is the classic collision experiment for identicle particles. By allowing one
pendulum to stay at rest while the other is pulled to varying distances and released, the height of the
balls before and after impact can be measured. In this case the restitution coefficient is modified as

follows:
[hy
e=2 hy 1 (2.11)

where h; is the rebound height for the ball which was originally at rest, and hy is the fall height for
the impacting ball.

There are numerous techniques for acquiring the rebound heights. The common method involves
high speed photography with a grid background for instantaneous position coordination. Alternately
X-ray filming in biplanar mode also produces resonably accurate 3D location of the particles. The
advantage of photogrammetric methods is that it does not restrict experiments to two dimensions.
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2.2 Power Draw

Aside from the last decade that saw modern technology harnessing the impetus of researchers in
tackling the fundamentals of charge motion and dynamics, the general lack of published literature on
the subject is evident. The focus it seems, motivated by the lack of mathematical tools at the time,
shifted away from charge motion studies in favour of mill power draw. However, even this path was
afflicted by the general ignorance surrounding the internal dynamics of the tumbling load. Harris [29]
commented that, in the 40 years since 1945, few attempts had been made to dispel the notion that
the net power of a grinding mill cannot be analytically determined because of this general ignorance.

Many of those that took on the challenge employed the torque-arm principle to establish power
equations. This method assumes that the total charge mass lies below the chord joining the shoulder

and toe, and that there is a center of gravity through which the mass acts, as shown in figure (2.4).
The torque required to rotate the offset of the center of gravity is then given by:

T = MgRcopsin{a) (2.12)

where T is torque, M the mass of the charge, g is the acceleration due to gravity, Rcon the distance
from the mill center to the center of mass of the charge (CoM), and « the angle of repose.

The power delivered to the charge is then:

P=2rT¢ (2.13)

where ¢ is the rotation rate of the mill in revolutions per second (rps).
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Figure 2.4: Basie geometry of charge used in the torque-arm itnplemeniation of power draw. A similar
shape was employed by Hogg & Fuerstenau |30 and adopted by Harris et al |28] in determining power
drasv

In general, the radial arm to the CoM of the shaded area is given by

J Vi) X (2.14)

where g is the density of volume elesnent V;, which can vary across the charge body.

Replacing p; with the average bulk charge density pg allows Reoar to be caleulated as the geometric
centroid:

. B 2R sin” (#)
o = 305 () cus (O] (2209
o W PR SR
B = E{ms (—“—ggz )} {2.16)

whete B is the length of the rcpose slope which can be caleulated once the toe and shoulder positions
are known.

Inplicit to eguation (2.15) is that the length of the repose slope is lesg than the mill dismeter, which
s not true for high mill speeds with appreciable cataracting. The gevmmettic cenbroid corresponding
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to an aggressive configuration is illustrated in figure (2.5} with the unshaded area rcpresenting the
charge body, By denoting the shaded and unshaded areas as 4y and Ay respectively, the radial arm
to the CoM is given by

La ..4]

R%.oM = ¢ (217)
where
o [R=1 L ey
4, = Reos B — (- v2Bh & (2.18)
;‘-12 — HIF“Ai {2'19}
h = B-d (2.20)
d = FHuos (g) (2.21}

and R}, is sceording Lo equation (2.15),

Figure 2.5 Geometric centroid of the simplified charge shape for appreciable cataracring. NB: un-
shaded region represents charge body

Bond (1962)
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One of the earliest empirical power models based on the torque-arm principle was due to Bond [31,
32, 33]. In its most general form, the power draw was given by:

0.1

P = Kpsin(a) J(1 — BJ)LD*3¢ [1 - w] W (2.22)

where

p = bulk density of the load

W = weight of the charge

« = angle of repose of the charge

L = mill interior length

D = mill interior diameter

¢ = fraction of critical speed

J = fraction of mill volume occupied by the charge
K = a constant which is said to be strongly affected by liner design and slurry properties, Moys [34]
[ = a parameter that is related to the load fraction
~ and ( are parameters.

A popular form of equation (2.6), suggested by Bond, is

0.1
P = 12.262p.J(1 — 0.937J)LD*3¢ [1 — 2—9_—1-0-5} (2.23)

The speed function ¢ [1 - 29—9'1%3-] ensures that power reaches a maximum with respect to speed,
figure (2.6), while the filling term J (1 — $8J) allows for maximum power at a particular filling, and is
achieved as follows:

P J(1-3J) (2.24)
Differentiating with respect to J gives:

dP
G =1-28J (2.25)
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P is 3 maximum when % = (, therefore the filling (J) at maximum power is given by

1

=%

(2.26)

where 3 is a parameter that must be fitted. Alternately, if the filling fraction is known, 3 can be
determined.
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Figure 2.6: Relationship between % of critical speed and Bond’s speed function

The parameters K, 3, v and ¢ must be determined, presumably through calibration, before the model
can be used. From an optimisation perspective, this requires knowledge of the power, preferably mea-
sured, at a minimum of four different speeds, for the same charge, liner and slurry properties, in order
to fit the parameters optimally. The model should then be able to predict a power curve that yields
the optimum speed and filling for say maximum power draw at that configuration. Moys [34] suggests
Powell’s [35] non-derivative regression technique for this optimisation. Bond’s pragmatic modelling
methodology has formed the basis for most subsequent empirical endeavors. Unfortunately, such
approaches lead to poor predictive capabilities, especially outside the window of operation for which
they were formulated, which is probably why technological advancement in comminution remains
distinctly conservative. Notwithstanding, Bond’s power equation remains widely used and adapted.

Arbiter and Harris (1982); Harris, Schnock and Arbiter (1985)

Arbiter & Harris [36] developed a semi-empirical power equation that employed the torque-arm prin-
ciple coupled with empirical results. The charge shape used in their formulation was similar to that
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of Hogg & Fuerstenau [30] who employed the angle of repose of the charge in an energy based power
formulation, figure (2.4). The power equation was given as:

P= %prLD?’ sin3(8) sin(cx) (2.27)

where

p = mean bulk charge density

L = mill interior length

D = mill interior diameter

N = rotation rate

Ly = load fraction

o = charge angle of repose

# = angle related to mill filling (figure 2.4)

By replacing sin®(#) with the approximation 4Ls (1 — Ls) and lumping parameters, equation (2.27)

was simplified to:

P=kWND(1— Ly) (2.28)

with k said to characterise mill type, table (2.1), and W the weight of the charge.

Type of mill k
grate 0.13
Tube 0.12

Autogenous | 0.115
Overflow 0.11
Rod 0.09

Table 2.1: Values of k for different mill types (after Harris et al [29])

Equation (2.28) was further generalised by Harris et al [29] to incorporate different operational con-

ditions and presented as:
P=KD"LfYAF(1—aF) (2.29)

where
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f = fraction of critical speed

L = mill length

A = charge density

F = load fraction

Y = speed correction factor

K, n, a = parameters, similar to those used by Bond.

A common form of equation (2.29) is:

P = 1.88mgfL%° (1 — F)sin(a) (2.30)

The absence of the speed function leads to a linear trend with speed. It is interesting to note that
even after investigating 39 operating mills, the simplified charge shape, which clearly does not account
for cataracting, was left intact. It is therefore not surprising that they obtained poor predictions at
high speeds when cataracting is significant.

Liddell and Moys (1988)

Liddell & Moys [37] adopted equation (2.30) with a few adjustments. The speed correction factor was
replaced with the normalised, measured torque, which they presented in tabular form. An average
value of o = 42°, determined by Harris et al [29] after observing 39 operating mills, was used for the
repose angle together with the substitution of pJV,,;; for the weight of the charge, where V,,,;;; is the
mill volume. The final equation, which varied linearly with speed, was given as:

P =9.69pfLD*F(1-1.06F)Y (2.31)

with Y at a given speed, computed as:

Y(s) = (2.32)

where
T (s) = measured torque at speed s

Tmeez = maximum torgue
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Their comparison of power models based on the torque-arm principle [29, 30, 38] indicate reasonable
agreement for these models at low mill speeds becoming progressively poorer and quite arbitrary, as
the speed increases. Liddell & Moys [37] found the Harris et al {29] model to be the most accurate while
the Bond [38] model, equation (2.23), consistently overestimated power by approximately 50%. An
interesting conclusion from their work was that 'Until the motion of the mill load can be characterised
mathematically, the power drawn by the mill cannot be realistically calculated, and the simplistic
models will continue to be used’.

Feurstenau, Kapur and Velamakanni (1990)

Feurstenau et al [39] and later Kapur et al [40] addressed the issue of simplistic charge profiles
by incorporating the cataracting charge into their power formulation. The charge was partioned
into cascading and cataracting, and the energy consumption in both regions incorporated into an
expression for power draw, figure (2.7). The power equation also included a minor friction component
after Pietsch [41].

P(t) = Pes(t) + Pat(t) + Py (t) (2.33)
where Fe; and F,; are the cascading and cataracting components respectively and Py is due to internal
friction.

The cascading component of the power was estimated using the model of Hogg & Fuerstenau [30]
coupled with the empirical volume approximation for sin® (§) introduced by Harris et al [29],

PO= 2NW1§}53 i) ¢ (J) sin () (2.34)
$(J) = sin®(8) (2.35)
= 4J;(1— 1)) 0.35<J; <05 (2.36)

= 4J; (1.05—1.33.1) 02< J; <035 (2.37)

while the cataracting component was due to the torque experienced by a centrifuging layer of charge,

Py =nNg(D —d)W,sin (a+0+-—§> , (2.38)

and said to go negative for those portions of the ’stuck’ layer that extended beyond the topmost (12
o'clock) position of the mill. The friction component was represented empirically as:

Ps = Cexp (—Kt) (2.39)
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where C and k are constants, and ¢ represents the grinding time. The weight fractions, 1 — ¢ and ¢,
that partition the charge W into cascading and cataracting portions respectively, were estimated by

(2.40)

. 4NB£T (d) [1 v ]gd)] n

where

1 = is the absolute viscosity of the slurry, said to be obtained from detailed measurements by the
authors, given by

N= Moo {1 —exp [-X (t —to)]} (2.41)

¥ (d) = some function of ball diameter d (unspecified)

B = a lumped parameter

N = rotational rate

Neo = limiting viscosity after an extended period of grinding o

Venugopal & Rajamani [14] note that “Although better than the torque-arm formula, a perfect par-
tioning of the mill charge into cascading and cataracting regions is highly idealised”. Morrell [42]
comments that “The model contained six parameters which required to be fitted ... . Its usefulness
in most practical situations where limited data are available, must therefore be considered to be
limited”. Notwithstanding the frictional component, equations (2.34 and 2.38) can be directly tested
against unique data, such as that derived from 3D tracking experiments, like the work of Powell &
Nurick [20, 21] and the proponents of positron emission particle tracking (PEPT) [43, 44, 24, 45]. In
particular the end points of the arc spanned by angle 8 can be equated to the upper and lower shoul-
der positions identified by Powell & McBride [46], the CoM can be calculated as the time-averaged
centroid from the particle positions, thus yielding 8, and the weight fractions can be directly com-
puted. The only drawback is the accuracy in position achieved by these authors - a pertinent issue
as the scale of the experiment is reduced.



CHAPTER 2. REVIEW OF LITERATURE 24
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Figure 2.7: Partioning of grinding charge between cascading and cataracting regimes (after Feurstenau
et al [39])

Moys (1993)

Moys [34], motivated by the inadequacies of the Bond model at high speeds, variable mill loads
and high slurry densities, which are commonplace in the South African ROM mills, proposed a
semi-phenomenological model of mill power. The model partioned the charge into two regions: a
centrifuging portion that draws no power and an active, non-centrifuging portion that draws power
according to the Bond model. The centrifuging layer reduces the mill diameter (D) to an effective
diameter (D.ss) which consequently reduces the load fraction and percentage of critical speed to the
effective values of (J.ss) and (N.s¢) respectively. The effective quantities, for a load fraction of 0.5,
were incorporated into a simplified form of the Bond model (i.e. without the empirical speed function)
and given as:

P = KD sin () pJegs (1 — BJeps) Negs (2.42)

where
&c = thickness of the centrifuging layer

Degs=(1—25.)D
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« = angle of repose

pr, = bulk density of the load

Negr = mpmy/Deys100 (presumably)

eff — 42.3

K and [ are constants similar to those used by Bond.

The thickness of the centrifuging layer was empirically related to the operating variables by

8. = J2 exp [—— NA_ N:' (2.43)
N

with N* and Ay said to be strong functions of liner profile and slurry viscosity while Ay was said to
govern the strength of the dependence of §, on J, and is a strong function of liner profile. The model
was compared to that of Bond by fitting the relevent parameters at non-standard operating conditions
and using them to predict power at normal ranges of operation. The parameter fits were achieved
with Powell’s [35] non-derivative regression technique. The comparisons showed that Bond’s proposed
parameters (3 = 0.937, v = 9, and { = 10) result in large errors between theory and practice, while
the regression fit produced significant improvements.

Morrell (1992)

Morrell [42] extended the torque-arm principle to an integral form in which he computed the lever-arm
to every ’element of charge’ visible from the end window and summed this over an annular-ringed
profile, figure (2.8), to obtain the power delivered to the charge.

T 05‘
Pout = 27gLp / N2 cos (6) dodr (2.44)

r Jor
where
L = mill length
p = density of total charge
N, = rotation rate of particle at radial distance, r, from center of mill (rev.s™')
r = radial position (m)
& = angular position of element

61 = angular displacement of shoulder position (radians)
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fs = angular displacement of toe position (radians)
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Figure 2.8: Schematic diagram of simplified charge shape (redrawn after Morrell [42])

Frictional power loss, which was said to be a direct consequence of slip within the charge, was modelled
from laboratory measurements as the variation of the particles’s angular velocity N, with radial
location r. According to him “The transfer of energy from the mill shell to the charge is influenced
by the frictional forces acting on the concentric layers of the charge. The degree of slip between these
layers depends on the magnitude of the frictional forces. The latter are, in turn, affected by the type,
shape and size of the ore and by the rheological characteristics of the slurry. This is manifested in the
charge as a change in angular velocity with radial position.” The relationship was obtained through
linear regression of laboratory measurements and given as

Nt (1 —713)

Nr = r (o — 73)

(2.45)

where N, is the angular velocity of the mill, r,, the radius of the mill and r; the radial position of the
charge surface. Equation (2.45) coupled with empirical relationships for 65 and 67, expressed as func-
tions of the load fraction (.J;) and fraction of critical speed (@), were incorporated into equation (2.44)
to give:

3 2 3
_ 15 os (23, =3rri+r3)\
Pt = 0.59° Lpgr,; ( m3 C— [sin 6],5 (2.46)
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with

o @rd)  \*°
s =Tm (1 - m) (247)

Morrell’s work denotes the seminal deviation from the simplistic charge shape defined by the angle
of repose with marked improvement in power prediction, highlighting the value of charge shape
in determining power. Except for the empirical relations defining the toe and shoulder angular
displacements, the model contains physical quantities that can be measured on industrial operations
with reasonable accuracy. Morrell’'s model, unlike Bond, has predictive capability that does not
depend on apriori knowledge of power. A particularly attractive aspect of the model is the absence
of parameters that are difficult to quantify. A drawback of the model is the lack of sensitivity to lifter
geometry, implying that two mills with completely different lifter geometry (everything else identical}
will produce the same power draw.

Powell (1996)

Powell [1, 21} used the trajectory of a single particle within the charge to compute the center of mass
per circulation, with the average over all circulations yielding the center of mass of the charge. This
time-averaged estimate was said to incorporate all regions of the charge (cascading, cataracting and
en-masse motion) if the circulations spanned all layers of the charge. By formulating an empirical
linear relationship, equation (2.48), for the variation of angular location of the center of mass, 6.0m,
with mill speed, the torque was calculated using the simple torque-arm principle.

Angle(®) = Opom = 27 + 0.42 x speed(Tocrit) (2.48)

T = Mg.R.sin (8com) (2.49)

The realistic torque curve derived from his work reaffirms that the simple torque-arm principle is
fundamentally correct and can yield good predictions if the polar coordinates of the center of mass
are accurately characterised. Unfortunately, no relationship for the radial-arm (R) was given, making
the model practically difficult to implement, given the sensitivity of power to R at high speeds.
Equation {2.48) is also charge specific.

2.2.1 Discussion on power models

Morrell [42], Liddell & Moys [37] and Powell [21, 1] obtained realistic torque/power curves that
increased with mill speed up to a maximum power, falling off with further increases in speed. Their
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contributions are encouraging in light of models that have found acceptance in plant design despite
their “invariant power peaks with respect to filling and speed or no power maxima at all”, Morrell [42].

According to the fundamental laws of mechanics "The centre of mass of a system of particles moves
like a single particle, whose mass is the total mass of the system, acted on by a force equal to the
total external force acting on the system", Symon [47]. The definition of torque as used in the lever-
arm principle is defined in all introductory physics texts including Halliday et al [48] and Reese [49].
According to them, the torque and hence power draw, using the illustration in figure (2.4), is:

T = MRgsin() (2.50)
P = 2rT¢ (2.51)

The difficulty in determining the angular position of the CoM seems to be the primary reason for
inventing the angle of repose, which is at best ill-defined. Such complexities are intimately linked to
the lack of mathematical tools and experimental techniques needed to locate the center of mass, and
notwithstanding, the angle of repose. Similar sentiments are echoed by Venugopal & Rajamani [14]
who note that “ ... power draft approaches had to evolve gradually since the cataracting part of the
charge could not be modeled in any simplified manner and there was much uncertainty in fixing the
shoulder position of the charge.” The understanding of power delivered to the charge seems intimately
linked with a better understanding of charge motion fundamentals.

2.3 A review of selected X-ray photogrammetric and machine vision
articles

2.3.1 Introduction

The scope of image processing prevented an historical look at the field. The review is broken up into
four broad categories. The first category deals with edge detection algorithms that are classified as
state of the art in the vision community, Heath [50]. Thresholding techniques were also formulated
as part of the image processing tools developed in this thesis and constitutes the second category. To
avoid duplication, only the paper on optimal thresholding is included with the details of threholding
theory being deferred to chapter (4). The third category presents the three basic schemes that describe
the mapping of image space into object space of the observations. The photogrammetric literature
included here are biased towards reconstruction formulations that take into account the constraints of
the biplanar angiographic equipment or those relating to X-ray photogrammetry. Category four looks
at the conic fitting techniques employed in this thesis for the purpose of accurate centroid location
of the tracked particles in image space. Again, the reader is referred to chapter (5) for more detailed
descriptions on the target centering techniques employed in this thesis.
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2.3.2 Edge detection

Edge detection has been widely studied in the machine vision literature. The governing principle of
most edge detectors is to find the appropriate operator that readily distinguishes the edge pixels from
the noise. The operators are usually convolved with the image in Fourier space. These operators vary
from the simple derivative approximations used by Roberts [51] in discerning edges as the maxima
of the gradient images to the more sophisticated implementation of Canny’s [52] robust Gaussian
filtering which has become the benchmark of any good edge detector. Another popular edge detector
usually credited to Marr & Hildreth [53] is the Laplacian of Gaussian method (LoG) in which the
Laplacian of a Gaussian filter is convolved with the image and the edges identified as the the zero
crossings in the image; see section (4.3.2) for an illustrated description of zero crossing.

Non-linear filtering methods like the Nalwa algorithm [54] is also considered to be a state of the art
edge detector although the resulting edges are often dilated beyond the actual object. Such spurious
detail can lead to undue bias in subsequent centering stages which is undesirable for the current
task of developing an accurate, automated 3D tracking system. Nalwa suggests thresholding to thin
the edges - a solution less elegant than Canny’s non-maximal suppression algorithm. The Iverson
algorithm [55] which uses logical checks to identify edges is claimed to improve linear edge detection
algorithms, however it also suffers similar problems to the Nalwa algorithm [54] and is therefore
unsuitable to the problem of this thesis.

The edge detection algorithm formulated by Canny [52] is generally considered as a “standard method”
by most researchers. The full implementation of the Canny method is given in section (4.3.4) with
only a descriptive account presented here. The Canny method uses linear filtering by convolving a
Gaussian kernel (mathematical operator) with the image in the x-direction to smooth the noise. The
edge intensity and slope direction is then computed for each pixel in the smoothed image. This is
achieved by first differentiating the smoothed image in both the x and y directions. The magnitude
and direction of the gradient for a given pixel is then computed according to equations (4.17) and
(4.18) respectively. The next stage, known as non-maximal suppression, compares the edge strength
of each candidate pixel to its two nearest neighbours along the slope direction. Essentially the pixel
is set to zero if it is less than or equal to the edge strength of the aforementioned neighbouring
pixels. This process is sometimes referred to as thinning. The resultant image is then made binary
by an adaptive thresholding with hysteresis in order to eliminate the streaking of edge contours. The
process of hysteresis requires two edge strength thresholds. All candidate edge pixels below the lower
threshold are labelled as non-edges and set to zero while those pixels above the lower threshold and
connected to pixels above the high threshold via a chain of edge pixels are labelled as edge pixels and
assigned the value of one. The edge detector described by Canny requires three input parameters.
The first is sigma, the standard deviation of the Gaussian filter specified in pixels. The second is
the low threshold value, low, which is usually specified as a fraction of the high threshold. The third
input parameter is the high threshold value, high.

Many investigators have implemented variations of the Canny method with comparable successes.
These approaches generally differ in the smoothing stage and are generally preferred if sufficient
knowledge of the problem is known and the expected outcomes are clear. A popular variant is to
perform convolution with the Gaussian in two orthogonal directions, usually along the rows and
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columns of the image. Some researchers convolve row-wise with a Gaussian and column-wise with
the derivative of the Gaussian. These types of smoothing show very little differences in practice. A
year after Canny published his algorithm, Bergholm [56] proposed an edge focussing technique. His
technique begins by searching a Gaussian blurred image for pixels having a local gradient maximum
that is higher than some preset threshold. The edges are then “focused” by tracking them back
through scale space to finer resolutions - essentially, by reducing the Gaussian blurring and edge
tracking according to the above-mentioned technique, an edge is deemed valid if it also featured in
the previous edge search with greater blurring. The overall idea is not dissimilar to Canny’s method
except for the final edge discrimination; it also requires more computational time than most of the
other edge tracking techniques discussed.

A drawback of directional operators like the Gaussian kernel is that it requires two convolutions
which increase the computational expense. The implementation of the Canny algorithm in this thesis
indicate that four convolutions are needed to prevent asymmetry of the resultant edges caused by
subpixel shift, see section (4.3.5.1) for details.

2.3.3 Thresholding

In the context of feature extraction algorithms, the thresholding techniques appear less sophisticated
than edge detectors with a notable lack of sensitivity to noise contaminated pixels of interest. Most
thresholding seems to take on a complimentary role with edge detectors. There are however instances
where optimal thresholding algorithms have proven to be just as adequate as their edge discerning
couterparts. The work by Chow & Kaneko [57] is a particular case in point which embodies an
optimal solution to extracting meaningful boundary information from X-ray images. The similarity
to the X-ray tracking problem in this thesis demanded an investigation into this work.

The aim of the authors was to obtain the outline of a heart image using boundary detection methods
on low quality cineangiograms. The usual mode based methods were said to be inadequate for these
low quality images. They opted instead for dynamic thresholding based on local characteristics.
The assumption, which they claim to be empirically verified, is that the probability distribution of
the intensity for any small region of the picture consists solely of the object or the background -
a unimodal distribution. The preprocessing stages involve logarithmic, subtraction and averaging
operations. By considering subimages, after preprocessing, consisting of light and dark regions, a
mixed probability distribution function can be fitted to the data. The distribution is then tested for
bimodality. Those regions depicting clear bimodality are analysed for an estimate of the threshold by
the method of maximum likelihood®. These thresholds are then interpolated twice, first regionwise
and then pointwise, to obtain a threshold for each and every image point. These thresholds are then
used in a binary decision process for the final segmentation. Their underlying assumption for fitting a
bimodal probability distribution is that the distributions are normal for both object and background.
The method described has become commonplace in image processing and is often described as the
“optimal thresholding algorithm”. The general form of this technique - the probability of classifying
(erroneously) object pixels as background - is implemented in this thesis. The nature of the data
made it unnecessary to divide the image.

5Similar minimisations are conducted in this thesis; see sections (4.2.2 and A.4) for details.
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2.3.4 Photogrammetric reconstruction

The reconstruction of a scene from image data has three basic formulations. (1) Using the actual geo-
metric parameters associated with the camera, a pair of equations, often referred to as the collinearity
equations, can be formulated for each image point. The collection of equation pairs constituting the
various points can then be solved using the bundle adjustment method as proposed by Brown [58],
provided that at least two images of the scene are taken from different orientations for the same
instant in time. The bundle adjustment employs an elegant algebraic scheme called partitioning and
solves for all parameters simultaneously in an iterative network adjustment. The technique is however
dependent on good provisional estimates for the zeroth iteration. (2) The direct linear transformation
(DLT), after Abdel-Aziz & Karara [59] is a direct solution scheme that uses eleven linearly dependent
parameters instead of the nine linearly independent camera parameters in setting up the collinear-
ity equations. The eleven parameter formulation ensures that a solution is always achieved, even
without iteration, provisional estimates of the parameters, and fiducial markings. The relationship
to the camera parameters are trivially obtained, see section (6.2.3), and the incorporation of higher
order optical distortions into an iterative least squares solution scheme, see sections (6.3 and 6.4) for
details, ensures that the accuracies are comparable to the bundle adjustment. Adams [60] presents
an alternate derivation of the direct linear transformation using X-ray imaging geometry. His work
builds on the seminal ideas of Klein [61] who used homogeneous coordinates to formulate the mapping
of 3D space onto a plane. The value of Klein’s [61] work clearly lies in the geometric validity of the
DLT solution to X-ray imaging. (3) The use of control frames in photogrammetric applications is by
far the most reliable method of parametrising the scene space. However, as 3D reconstruction tech-
niques become more widely used in industrial and medical applications, the need for reconstruction
techniques that require minimal variation to existing application also arose. One such application is
in X-ray angiography. Cheriet & Meunier [62] developed a “self-calibration” imaging system with the
biplanar angiographic equipment used traditionally in the diagnostics of heart valves. Their formula-
tion uses the rotation and focal length of the equipment (rotation and focal length is displayed on the
gantry control circuit) to parametrise the scene space. The geometric parameters are optimised using
a non-linear optimisation scheme based on the Levenberg-Marquard algorithm [63]. The technique
used is very efficient with regards to minimal interference of the complex clinical protocol. It does,
however, require at least twelve point correspondences to be made and it has not been demonstrated
for moving objects in their experimental tests. It is hoped that they also realised the phase lag issue
associated with the angiographic equipment - a fact that is pertinent to the study of moving objects,
see section (7.7) for details. As far as can be gathered from their investigation of accuracy, the error
associated with the reconstruction of a plane grid is a thickness error of 0.3 mm.

It is interesting to note that both the bundle adjustment and the DLT as presented in the literature
do not explicitly model variances {variances are intimately linked to the weight matrices used in the
solution schemes) in the iterative implementations. Both schemes begin by assuming either a uniform
weighting or zero variance at the zeroth iteration - linearly dependent or ill-conditioned formulations
produce quickly diverging solutions with these models. Another drawback of these formulations is
the dependence on a control frame in order to bound the solution. The proponents of the bundle
adjustment claim that a control frame is not necessary. This is only true if good provisional estimates
of unknown points are available along with an a priori calibration procedure. The X-ray filming work
conducted in this thesis prevent reasonable estimates of the unknown points being made without
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some sort of prior calibration with control frames.

2.3.5 Conic fitting by the least squares method

A conic section is formed as the perspective projection of a circle. It is also known that the projection
of a sphere onto a plane, as in X-ray imaging, yields elliptical shapes [64]. These projections are
often encountered in machine vision making them important to any feature extraction and centering
algorithm. The research described in this thesis deals solely with the problem of discerning accurate
centering information from the projections of a plastic bead for the purpose of reconstructing its
3D position as a function of time. The image data vary from near circular to moderately eccentric
ellipses with varying degrees of noise. The elucidation of the curve that belies the digital projection
data can be modelled in two ways: a parametric or implicit curve. The latter is preferred because
of its relatively simple form, a biquadratic implicit polynomial, while the former finds commonplace
use in computer graphics and computer aided design. The review begins with some mathematical
preliminaries needed to facilitate the subsequent discussion. The basis for optimisation, the error
of fit metric, is then briefly described as an introduction to the actual minimisation and constraint
implementations of conic fitting. Only three metric structures are discussed and used in this thesis.
The reader is referred to Fitzgibbons [65] for a more thorough account of the different metrics available.
The discussion then continues with the various conic fitting routines investigated in this thesis. The
wide range of techniques employed in the literature necessitate that only selected works as regards
the three metric forms are discussed. The robustness of fit for each of the six algorithms investigated
is done in chapter (5).

Mathematically, the parametric curve is represented in the form

Cla)={c(a;t) |tmin <t < tmas} (2.52)

while the implicit curve is defined as the zero set of scalar functions F (x):

Ca)={x | F(a;x) =0} (2.53)

The problem of conic fitting may be described as the minimisation of a distance metric by the
method of least squares fitting. To facilitate the ensuing discussion, some mathematical preliminaries
are necessary. In particular the problem may be stated as an optimisation problem in the following
manner, Fitzgibbons [65]. Given:

1. A set of 2D points P = {x;}}._,, where x; = (2;, ;) are the digitally sampled data points;

2. A family of curves C(a) parametrised by vector a, where the a; are the parameters of the conic
section;
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3. A distance (error of fit) metric relating C and P through a, which measures the likelihood that
the curve C(a) explains the data points P;

find the value a,;, for which the error function attains its global minimum. The curve C (a,,,) is
then said to best fit the data. The optimisation schemes that employ the least squares methodology
generally only differ in the form of the distance metric and a related constraint. From the seminal
work of Bookstein [66] to the robust metric of Fitzgibbons [65], the more effective distance metrics
as regards computational efficiency and range of applicability are the geometric distance, algebraic
distance and Kanatani’s statistical distance’ which are now briefly described.

1. The geometric distance is the maximum-likelihood estimator under Gaussian noise assumptions.
Geometrically, it is the distance between the sampled point x and the nearest point on the mod-
elled curve C

Do (% C)= "¢ lIp—x| (2.54)

The geometric distance has been cited by many investigators ([67], [68] and [69]) to be the
optimal metric to minimise from the least squares point of view. Statistically this implies that
the curve which achieves the minimisation of the mean geometric distance most closely models
the ideal curve corrupted by gaussian noise. Implicit to this assumption is that each sample
point is an image of only one curve point®.

2. The algebraic distance is an approximation for implicit functions like the conic section. These
scalar functions introduce a natural distance metric between some point on the plane and the
curve. The algebraic distance between some point x; and the curve defined by F'(a, x) = 0 is
simply the value of F at x;, where (z;, ¥;) € x and q; € a.

Dy (Xi C) B F(a; Xi) (2.55)

The algebraic distance will not in general exhibit a simple relationship to the geometric distance
and may depend on the scaling of the parameters.

3. Kanatani [70] contends that the geometric distance is not the maximum-likelihood (mazimum
a-posteriori) estimator when the data used to fit the curve is digitally sampled and not a straight
line. He argues that the sampled data represent the probability of being from the imaging model.
His model assumes that a true curve is digitally sampled (i.e. the resultant edge image of a
digitally sampled projection is the model for the true curve), with each point on the sampled
curve being corrupted by a random error vector taken from an isotropic gaussian distribution.
In terms of a probability distribution function (pdf), the sampled edge data constituting the
curve is a gaussian blurr of the original curve. Thus by constructing the appropriate digital
model, we can estimate the probability at each pixel by convolving it with the appropriate
gaussian. To illustrate Kanatani’s method, consider figure (2.9). The white line represents
the ’true’ digital ellipse after edge detection by the Canny method [52]. The ellipse is then

$Kanatani argues that each sample point represents the probability of being from the digital model
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convolved with a Gavssian resulting in the blurring of the ellipse {the black region). The two
Hlack dashed lines denote the 63% confidence interval. The argument againgt the geometric
distance being the maxinmun likelihood estimator is made clear in this Ogure. Notice along
the high curvature region, the two white poimts, denoted by the '+, are equi-distant from the
sampled curve and have distinetly different probabilities of being from the original curve while
the two white points along the low curvature region, denoted by the '*, are also equi-distant
from the sampled curve and have approximately equal probabilities, Thus by minimising the
swn of the geometric distances the weighting is greater for points ocutside the sampled eilipse
than inside, especially along the high curvature regions. Mathematically, if the digital model
af the the ellipse i8 chosen to be the implicit curve F [a;x) = {) and the normalised noise pdf
is (7 {x -- p) then the probability that point p is from the original digital curve is equivalent to
the convolution

PplF)= / [|-5F'{a:x}] v (x — pidd {2.56)

where 4 i3 the Kroneka delta and x is the digitally sampled data.

Low curvatura region

ol
<3

Higgh curvaturs region
S—

AL Lew GuralUre regian

407 L : ' : -
50 on 152 20 LT 3 s 400 450 S0d

Figure 2.9: Image of digital ellipse corrupted by gaussian noise. Each pixel represents a probability
of being from the original digital curve {Fitzgibbons [65])

We now discuss a selection of constraints coupled with the distance tnetrics described. Using the
mathematical structure deseribed above, the problem of conic fitting is raduced to the formulation and
subsequent minimisation of the distance metric subject 1o certain constraints, These constraint forms
are essentially what distinguishes the various conic fitting fortnulations. Fur the sake of uniformity
we represent a general conic by an implicit second order polynomial

Flax)=ar’ + byt ey’ +dr +ey+ =0 (2.57)
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where a = [a bed e f]7 and x = (. »)7. F{a, x;) is called the algebraic distance of a point x; to
the conic Fa, x} = 0. In matrix form:

Fla.x}=Da {2.53)

|-:L-':'1! T :ﬁ iy o 1
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The standard method, sometimes referred to as the linear algorithm, minimises the algebraic distance
T

Y Ffa %) ||Da|* (2.59)
i

suhject to the constraint |[a/|* = 1. The solution scheme is straight forward and explicitly outlined in
Golub & van Loan [T1]. Their solution schete employs Lagrange multipliers to analytically minimise
the constrained objective function (the algebraic distance} to form an eigenvector problem which is
solved in the usual way. According to Fitzgibbons 72| the linear algorithm fares poorly on many
real data sets due to its inherent statistical bias, especially when the images curve and are partially
occluded, Similar ohservations on cccluded and noisy images were made in this thesis, the results
af which are given in tables (5.2 and 5.3} and figures (5.1 and 5.2) respectively. The algorithm is
hewever the fastest and easiest to implement. It is interesting to note that most authors of tew conie
fitting routines choose to compare their results with the linear algorithin.

Kanatani’s |70] approach improves on the limear algorithm by calculating the statistical bias described
in figure (2.9) and subtracting it from the resulting minimisation. The sclution requires an iterative
procedure hecause a priori knowledge of the true minimum and Gausian noise level is needed to achieve
the desired correction. The scheme suggested by Kanatani [70] was to iterate until the correction for
the noise level converges to zere or some acceptable limit, Kanatani 70| referred to this correction
metrie as the "statistical distance™ The iterative requirement makes (he algorithm computaticnally
expensive while the tensor formulation complicates implementation. Despite the rigorous formulation
and a seetningly sound bias correction, the algorithm does not perform adequately for the X-ray
image data. (One possible reason might be attributed to the noise in the X-ray data not being simply
Gaussian in nature. Kamatani's statistical bias correction fared poorly under highly oceluded data
atrd failed completely with noisy data, These results are demonsirated in tables (5.2 and 5.3) and
figures (5.1 and 5.2},

The work by Bookstein [66] is widely regarded as the seminal work on conic fitting with constraints.
His aim was to reduce the statistical hias introduced by the linear formulation by itnposing a constraing
cn the copic parameters, He minimised the algebraic distance subject to a quadratic constraint
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bZ
aL+3+w2=1 (2.60)

The formulated generalised eigensystem was shown to be rank deficient, hence a solution by block
decomposition was followed. Bookstein’s [66] algorithm performed adequately for highly occluded
data and poorly for noisy data.

In keeping with the objective of finding conic fitting routines that are adapted for ellipses, the algebraic
distance with linear constraint

a+ec=1 (2.61)

was also investigated. The slight bias towards ellipses have made this algorithm popular in the
machine vision community ([73], [74}, [65] and [75]). The constraint is implemented by eliminating
a from the equations and solving for [b, ¢, d, €, f]. The eliminated parameter is then calculated
using the constraint @ = 1 — ¢. The linear algorithm produced unsatisfactory results for both highly
occluded and noisy images in the current investigations. It should be noted that the preference
expressed by the above-mentioned authors are in most instance based on theoretical assessments that
lack sufficient experimental testing. The rationale employed in the investigations of this thesis was
simple - if the routine is not robust enough to cope with the distortions offered by real data it is
deemed unsatisfactory.

The geometric distance metric is used to fit conic sections to image data that are normally distributed
about the curve. The geometric distance was proposed by Nakagawa & Rosenfeld [69] who defined
it as the orthogonal distance between the sampled data and a corresponding point on the curve.
According to them the minimisation of the geometric distance is only valid if each sample point is
an image of only one curve point. Following their solution scheme, the geometric distance at sample
point x is obtained by solving the simultaneous equations

P+AVF(ap) = x
Fa;p) = 0 (2.62)

for p subject to the minimisation of the geometric distance.

Of all the conic fitting routines investigated, the one that optimally suited the image data of the plastic
bead was the ellipse specific algorithm by Fitzgibbons [65]. He minimised the algebraic distance
subject to the constraint 4dac— b? = 1 thereby incorporating the ellipticity constraint into the solution
scheme. The aforementioned constraint obviates the difficulty associated with the usual iterative tests
against the constraint 5% — 4ac < 0 by using a relatively simple equality constraint. Mathematically,
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the global minimisation problem is formulated as the minimisation of E = ||Dal|® subject to the
0 0 200 0]
0 -1 0000
constraint a’ Ca = 1, where C = g 8 g 8 g g
0 ¢ 0000
(0 0 000 0]

The minimisation scheme followed is according to Bookstein [66]. The tests conducted on highly
occluded and noisy data show the Fitzgibbons algorithm to be the optimal choice for the X-ray
imaging problem. He does however note that the ellipse specific algorithm is biased towards low
eccentricity. The conic fitting algorithms described in this review were tested against two sample
X-ray images depicting high occlusion and noise, and is illustrated in chapter (5).

2.4 Concluding remarks and hypothesis

The elucidation of the fundamentals governing charge motion has been a slow journey that has spanned
a century of investigation and is still no closer to any real understanding than those endeavours by
White [2] and Davis [3]. The effective use of highly tweaked recipes to troubleshoot most problem
scenarios on the plant has sustained the rate of this journey. Not surprisingly, the available literature
lacks the creativity in experimentally investigating charge motion, with the end-window filming tech-
nique becoming the common thread that weaves the same incomplete, sometimes incorrect, picture
of the motion of particles within a tumbling mill. The use of novel technologies has been one of
the most refreshing aspects of recent investigators, with notable mention going to the proponents
of PEPT and tomography. Advances in computing has also brought to the fore powerful numerical
schemes for tackling the highly complex business of modelling a tumbling mill. Despite these efforts,
there is still a need for more fundamental experimental investigations that surpass the traditional
end-window studies. It is with this sentiment that the current research project evolved. The context
in which this thesis gains impetus is based on the premise that good quality experimental trajectory
data of charge particles within a tumbling mill provides sufficient information to begin the elucidation
process. The immediate value of such data would be to statistically validate numerical schemes like
the DEM, whose primary objective will be to complement, and in the long term replace, black box
empiricism with a fundamental model of charge dynamics in a tumbling mill. Looking beyond DEM
validation, the data affords a unique opportunity to accurately quantify features like the center of
mass (CoM), toe and shoulder angles, which are key ingredients to many comminution power models,
and unfortunately equally difficult to determine with typical comminution data.

2.4.1 Hypothesis

The use of biplanar X-ray imaging techniques to reconstruct accurate 3D trajectory data of a tracer
particle within a simplified, laboratory tumbling mill provides unigue and valid information for un-
derstanding charge kinematics and dynamics, and consequently to benchmark the predictions of DEM
through statistically based comparisons.
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The following ideas and assumptions encapsulate the hypothesis of this thesis:

1. 3D trajectory information of a typical charge particle in an experimental tumbling mill can be
reconstructed from biplanar X-ray images using photogrammetric techniques.

2. Based on statistical sampling theory of normally distributed data, the motion of a mono-sized
charge in a simplified experimental mill may be represented by the trajectory of a typical charge
particle.

3. Statistically comparing DEM simulations with experimental data of a typical charge particle ac-
cording to particle kinematics and average dynamics provides an alternative, and improvement,
to current verification techniques,

4. Beyond DEM verification, the trends derived from the kinematic and dynamic analyses are
useful to better understanding comminution.

2.4.2 Techniques to be used in this study

The state of the art in feature extraction from image data revolves around Canny’s technique [52]
which is widely accepted as the standard method. Thresholding techniques are also reliable when
the data is distinct. The probabilistic optimisation scheme used by Chow & Kaneko [57} do much to
extract areas of interest in less distinct data, however they lack the robustness needed in the presence
of noise and occlusion, especially when a fair degree of automation is required. Edge detection and
thresholding techniques do well to localise the regions of interest in the X-ray image data but do not
eliminate noise completely. In fact a large amount of automated data processing, like that encountered
in this thesis, always brings in varying degrees of noise and occlusion which must be adequately dealt
with in the subsequent centering stages. The range of target centering algorithms surveyed in this
literature review’ tend to cover most cases encountered in the thesis. Like most mature centering
techniques (Adams [76], Heipke et al [77] and Godding [78]), it is always useful to include some level
of manual intervention to deal with anomolous cases.

The mapping of 2D image space into 3D real space is based on three formulations: the DLT [59], the
bundle adjustment [58] and, more recently, self-calibration techniques. These methods are equally
valid and accurate if used correctly. Integral to the attainment of this objective is a well structured
transformation matrix. The DLT is useful when apriori calibration of the camera is unavailable
although the guaranteed solution can sometimes be spurious. The problem of poor solutions may
be attributed to the non-orthogonality of the transformation matrix that results with the standard
DLT implementation. The modified DLT solution proposed by Hatze [79] remedies this skewness
by accounting, in some sense, for the experimental errors but does not eliminate it altogether. A
guaranteed orthogonal transformation can only be achieved if the error model has some physical
resemblance to the actual experimental errors. The bundle solution is a more physically representative
photogrammetric model that only converges with good initial estimates - poor estimates make the

"the papers included in the literature survey do not cover all techniques investigated. See chapter (5) for more
technigues used.
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transformation matrix unstable due to non-orthogonality. The luxury afforded to the bundle solution
- that of good initial estimates - was not available to the X-ray equipment used in the current
work making the DLT the preferred choice. Protagonists of the bundle adjustment methodology
do have successful implementations when the DLT solution is used to obtain the initial estimates.
The problem does however hinge on an accurately calibrated control frame to ensure stability of
subsequent stages. The introduction of sophisticated imaging technology to the various industries,
most notably the medical field, have necessitated alternative imaging models that obviate the need
for calibration frames. The transformation matrix arising from these self-calibration techniques are
tailored to the equipment and require robust numerical methods for an accurate solution. The use
of these techniques is however only valid for stationary objects and have not been tested on systems
with phase lag between the two cameras.

2.4.3 Tools for comparison of experiment with DEM

Despite the decade long relationship between DEM and comminution, literature on DEM validation
are few and far between. Amongst these endeavors is the development of validation tools for the
benchmarking of DEM - A project of the comminution research group at the University of Cape
Town, of which the author is a member, that ran parallel with this research project. A recent
outcome of the validation toolbox was the development of numerical schemes to determine the center
of circulation (CoC) of the charge based on particle positions. This particular technique was used
to benchmark the DEM against the trajectory data derived from the particle tracking experiments
of this thesis. The comparison with the initial sets of 3D trajectory data derived from this thesis
was done by McBride et al [15], and is presented in chapter (8). Additional numerical schemes for
identifying charge features like the toe and shoulder were conducted by Powell & McBride [46] and
employed in chapter (9).

It is anticipated that the analysis of the trajectory data will yield further tools of comparison, however,
the key contribution of this work will be of a robust image analysis technique, followed by the mapping
of the two planar images into 3D space. This process needs to be automated to collect sufficient data
to provide statistically useful information for the validation of DEM.
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2, The maxinmm angle ol (he baam subtended by the intensifying screen, figure (3.4)

3. The zeparation distance beiween Lhe X-ray source and intensifying screen (alse known as the
Focal Filin Dislance or FFD)

The mill, tumbling media and drive rig must also satisly the [ollowing criteria;

1. There must be a digitally discernable contrast between the lracked parlicle and Lhe rest ol Lhe
charge including the mill

2. Both the media and shell have 1o be sufficiently strong to withstand typical particle interactions
within a mill run at speeds of 60 — 120% of critical

3. The media have to depict realistic particle behaviour

4, The mill shell and media myst have a low cumulative mass gbsorption coefficient such Lhal an
alurninium-filtered beam will pass through the mill and still be sullicienily strong Lo expose Lhe
X-ray flm.

The motor and suppuort rig have Lo lie ouiside the path of the intersecting besrns due to their
relatively high cumulative mass absorplion coefficients.

(= |

§i. The support and drive mechanism have te be portable (o optimise the time spent on the BAE,

The structure used in this chapter is as follows: Section (3.2] deals with the penetrative properties
of the X-ray beam and s influence on the selection of Lhe bulk charge and material properties of
the mill. The next section, section {3.3), describes Lhe design ol the support rig and drive train,
Section {3.4) addresses the geometric constraints ol (he anglographic equipment. These constraints
are uged Lo formulate a set of parametric equations [or optimising the selection of mill dimenstons.

3.2 Material selection bascd on the penetrative properiies of the X-
ray beam

The penetrative properiies of X-rays are well deseribed by an exponential decay function:

Iy — Iyexp [— (%)mﬂml] (3.2)

wherg
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IT = lifter bar height

The lifter parameters used in the Skega lormula are illustrated in figure (3.2).

Fignre 3.2. Schematic of lifter geometry used in Skega formula

The general design principles deseribed above are used in the current work and may be summarised
a5

1. Aspect ratio {length - to - diameter ratio) must be in the range 0.5 < & < 2
2. The ball diameter - to - mill diameter ratio must be ity the range 0.0125 < % < (.0286

3. Lifter profile selection will be constrained by equation (3.1)

Coupled with these design criteria are the constraints imposed by the biplanar angiographic cqnipment
{BAFE) - An effect that dominates the mill and rig design. In order to gnarantee that the entire mill
volume is capturcd by the X-ray imaging system it is imperative that the inill and rig conform to the
X-ray beam characteristics. This includes both the penctrative properties and geometry of the beam.
The beam characteriatics that influence the design are:

1. The maximum energy (intensity) of the X-ray beam produced at the X-ray tube: see Ap-
pendix {C) for details
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X-rays are produced within a contained unit, marked with the letters A in figure (3.1}, pasa throngh
the patient (in our ease the Perspex mill) resulting in scintillations of varving contrast on the input
screen ol the image intensifier, denoted by the leiters B in figure {3.1}. The scintillations are then
recorded by a high speed digital camera, positioned directly behind the image intensifier, which
is eventually sampled at effective rates of 12, 25, 50 or 75 [rames per second depending on the
requirements of the cardiologist. The sampled images are also relayed to an on-line television screen,
indicated by the letter C in figure {3.1), providing a quick in-situ diagnosis of the heart valves. The
usual procedure following the angiographic assessment is to download the relevent X-ray image scenes
to a personal computer lor [urther diagnostics, including writing the data to compact disc.

The biplanar mode ol the angiographic unit is nsed to oblain two, orthogonal and nearly simultaneous,
itnages of the heart (denoted by the two perpendicular image intensifiers)!. The images resulting from
biplanar filming satisfies the minimum conditions lor recoustructing 3D positions of corresponding
pointg. The asynchronicity of the sampling between the two planes produce images that are rotated
in space and time, thus precluding a natyral frame by frame comparison. The correction of the phase
lag hetween the X-ray images is a post-processing stage and therefore not dealt with in this chapter.
The reader is referred to chapter (7} lor a treatment of phase lag, while details pertaining to the
functions of the BAE is addressed in Appendix (C).

This chapter deals with the design of the mill and support rig shown in figure (3.1). The primary
objective of the design is to immerse the maximum possible volurae (ggest mill possible) within
the conical, intersecting X-ray beams while ensuring that the radiation captured by the intensifving
screen containg all pertinent information regarding the tracked particles.

Due to the complex nature of tunbling mills, various design criteria exist [or the numerous oper-
ational conditions used around the world. For example, Austin et al [80] point out that typical
semi-autogenous grinding or SAG mills have length-to-diameter ratios of (L5 whereas a ratio of 2 is
mure appropriste for antogenons grinding {AG) milla. Bond [38| obtained an empirical relationship
for caleulating the ball diameter hased on a selection of factors coupled with extensive plant expe-
tience. Typically, ball diameters of 100 mm can be used in mills with diameters ranging from 3.5m
to 0.0m wheress balls with diameters of 125 warn go Into mills having diameters from 4.5m 6o 10 m.
Another important reguirement ol comminution is to optimise the eascading/cataracting effect for
ball on rock interaction. To achieve this, the correct balance between mill speed and lifter geometry
miist be determined, A uselul relationship [or achieving (his balance is the lormula by Moller &
Brough [81], given by

N

H= (1 " m) W (3.1)

where

N = percentage ol critical speed

W = width of the lifter
' The synchmmicity of the images are nol hecessary for the general diagnoslic purposcs




Chapter 3

Experimental Design

3.1 Introduction

The equipment used to track the 30D motion of pamicles decp within the bullk charge of o tunbling
mill is the biptanar angiographic cquipment (BAE). The BAE is a modical diagnostic tool used to
assess the condition of heart valves after o comtrast medium (4 semi-opague dye) has been ingected
into the patient’s heart valves. Consequently, the ioage produaced has the heart vabees clearly marked
as black tubes with a lighter grew for the sumounding portions of the heart. In normal angiographic
mode a person would be Iving on the bed where the experinental g is postioned, figure (3.1},

Figurc 3.1: Angioscope in fully interlinked position
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iy —  initial intensity of the X-ray beam

1y = residual beam intensity

('E) = cumulative niass absorption coeflicent for absorber me
m

e = loose bulk density of the absorber

¥ = average length of the absorber

The material used in the manvefacture of the experimental mill had to satisfy the following criteria:

1. The bulk of the charge should be transparent to X-rays

2. The mill shell shonld be transparent to X-rays

Investigations indicate that 300 mm thick material with a density less than 1.5 g.cny  results in a
residual beam that is sufficiently intense to produce the required X-ray images. Perspex was found to
biest satisfy this criterion; see Appendix () for details. However, the dimensions of the mill had to be
further reduced to satisfy the beam geometry, The central projection, as referred to by Klein |61] is
characteristic of X-ray beam peneration. The beam appears to diverge from a central point {the focal
spot] in & cone-like fashion, figure (3.4). Accordingly the mill had to be optimised such that it Hes
comipletely within the intersecting X-ray cones Hlustrated in figure (1.8). Based on these constraints,
a Perspex mill {density p = 1.2 g.cm ™) with a diumeter and length of 142 mm was constructed. The
bulk of the balls used were 6.1 min diameter plastic beads (transparent to X-rays) while the tracked
particle was a typical plastic bead with a thin coating of silver paint. The standard deviation of the
ball diameter was determined from a random sample of 300 balls and shown to be 0.3 min.

3.3 Design of support rig and drive train

The high demand of the BAE for its usual angiographic application afforded limited access to the
equipmment. The support rig was therefore purpose designed to be portable while still maintaining
adegunate rigidity inorder to reduce vibrations. The constituent parts of the rig were made of allu-
minium and held together by screws and bolts in order to facilitate allignment of the steel shafts and
drive wheels., The design of the rig and drive train had to satisfy the following conditions:

1. the orthogonal X-ray beams had to pass through uninhibited to the scintillating screens

2. the height of the rig should he chosen such that the mill is concentric with one of the scintillating
screens and the mill itself is completely immersed in the intersecting X-ray beams

The drive mechanisn also satisfied the above-rnentioned criteria. A variable speed motor with a
calibrated speed controller, denoted by the letter I in figure (3.1}, was connected direcily to one of
the drive shafts. The motor was carefully matched with the power requirements of the mill, ensurng
that all speeds appropriate to the milling experiments were easy to set and maintain for the dyration
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ol each experimental run. The speed of the mill was also measured using & hand - beld tackometer.
The speed measurements were taken hefore and after each experimental rumn, at 5 second intervals for
a duratdon of 1 minute, and the averages ¢ompared to ensure that the mill speed was according to
ihe setting on the speed controller.

3.4 WMill dirmmensions based on the geometric constraints of the X-ray
beam

The dimensions of the Perspex mill are determined by the X-ray beam geometry (primary constraint)
and the aspect ratio {secondary constraint). In this section we formulate a parametric model {or
selecting the optimal mill dimensions, The aim of the optimisation process is to defermine the
maximum mill size thut can be completely immersed within the intersecting X-ray heams, The
maximum mill size will not necessarily imply maximum voiume, nonetheless the maximum volume
will also be investigated as a possible criterion. The model is baged on three configurations of the
¥eray beamn, figure {3.3). DBach arrow shown in figore (3.3) indicates the possible direction of the
X-ray bean,

Figure 3.3: CAD model of experimental rig iliustrating the 3 filming orientations

All other configurations {orientations of the beam) are considered to be either non-optimal or equiv-
alent and are therelore nob discussed any further. An X-ray experiment employing the BAE will use
any two of the three configurations shown. The Ibllowing criteria are used in deseribing the geometry:
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1. The maximum dismeler of the seiniillation screen awailable for iinaging; denoted as 8 in fig-
ure (3.4)

2. The maximumn Focal Film Distance (FFD] that can be achieved in biplanar mode

3. The mittmnumn distance achievable between the experiimental mill and the scintillalion scteens
in biplanar mode; denoted as d in figure (3.4)

4. The flexibilty of the C-arms in biplanar mode

* FFD S el s A ’.

—

X-Ray] — 8 ;
Sﬂl]]_"cc n-: e

Focal Spol

!
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Figure 3.4: Illustration of parameters used in optimising the mill design according to the geometric
constraints of the BAE (fronl view filming)

The seintillation screen has a diameter of 23 cn, fram which a maximmm of 18.7 em is awilable during
the image capture pracess. The teduced imaging area is due (o the automated collimators that reduce
scatter by 'chopping’ the X-ray bean. The reduced dimensions are caleulated with the aid of scaling
markers introduced by Siemens techmicians - Fssentially two points are matked on the intensifying
sereen and the distance between them measured. The technicians take seyeral measurements and an
average value is then computed. Fignre (3.5) is an X-ray image of the intensifving sereen showing
the scaling murkers as {wo small, dark spotzs. In image space the dislance between these poinis is
compuled as 164.3 pixels (image spatial coordinate) whereas the physical distance as measured by
the Birmens technician is 6.0 cm. Combining this with the known image resolution (512 x 512 pixels),
a simple proportionality can be comaputed for the physical distance spanned by 512 pixels:
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812 » 6.0

5 o
n 1843

= 18.Trm (3.8

where S s the diameter of the intengitying sereen used in the X-ray imaging process.
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Figure 3.5: Scaling markers for calibrating the intensifying screen and image coordinates

The maxitum focal Mo distance For the BAE is 100 cm, Heowever, in biplanar mode the limited
manceinvrability restricts thia to approximately 95 cm. This value is obtained from several investiga-
tions with the BAE. Another important constraint is the ability to got the mill as cluse as possible
tv the scintillation screen. Figure (3.4) shows this constraint (d) for the X-ray beamn passing through
the front end of the mill. This distance can vary depending on the filming otientation used in the
experiment, figure (3.3). The spacing between the intensilying screcn and the mill shall is dencted by
i, dg and dg and Mustrated n Ngure (3.6}, The additional 7 cm shown in the figure accounts for
the & cin protective cap on the intensifying screen and the 1 cm mandatory space betwesn the screen
cap and object being X-rayed (If the spacing is less than 1 ¢ the BAE automatically notifies you
and prevents any further nse until it is rectified). The final spacing used in the optimisation is thus
given by (dy,ds and da), see figure (3.6) and table (3.1}, where

dl = dF +7
& = de+7 (3.4)
da o d_B +7
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Fizure 3.6: llusiralion of distance between mill shell and inlensilying screen

The constraint parameters are summarized in table (3.1).

Deseriplion of Constraint parameters congtraint values (cm)
allowed FED (F) 05

allowed gereen size {5) 187

sereen to shell spacing for front beamn (dy ) ) 15.401

serecn to shell spacing Lor side beam (d.) 17.36

sereen 1o shell spacing for bottom beam (da) 850

Table 3.1: Constraind parameters of the BAE used to formulate parametric equations

Using these constrainls, the following parametric equasions were developed {or a given mill diameter{ D
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L < (—%) B4 [F —di) if L =210 (3.5)
S ﬂrg 3
L < (_F) D48 (I_F) if L2 D (3.6)
5 da :
g, = (—-F-)D+S(l—?) if Lz i (3.7)
I'JF-] = ri_p + 7 {:33]
ds — dg+7 (3.9
d; = dg+7 (3.10)
L < Dcos(#) if BaelPl N<D < 8 .. {3.11)
- —3 151 .
# = lan [QF {3.12)
SE ) i
Dmu:r == Z =23 A
Foos(@)+ £ 1+ sin (8} E ' 1)
Lrng. = Diwascos{) {3.14)

05 <L <20 (3.15)

=iy

where [} = diameter of mill, L = mill length for the given diameter, (dy, 5 or di) depend on the
beam orientation and the gther terms are defined in table (3.1} and shown in figures (3.4 and 3.7).

Equation (3.5) represants the front beam configuration and is derived using the geometry of fig-
ure (3.4), Equations (3.6 and 3.7) represent the side and bottom beam configurations respectively
and are derived using the vertical beam geomctry illustrated in figure (3.8]. Constraint cquation (3.11)
is derived for the bettom and side beam geometry when (L < 17) and based on figure {3.7); The gen-
eral case of £ < I3 is illustrated by the small cirele while the larger circle indicates the configuration
for the maximum allowed diameter.

Plote of the lineatised parametric equations are craployed to facilitate the ensuing diseussion. The
plots show the variation of mill length (L) and volume (V') ag a function of mill diameter {2). The
following classification are used for the three X-ray beam configurations:

# Front beam configuration will be refereed to as Caac 1
e Side bearn configuration will be called Case 2

+ Bottom beam configuration will be denoted as Case 3
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In addition three combinations of these cuses, corresponding 1o the three possible configurations for
biplanar filming, will be discussed:

1, Combination 1 implies Cases 1 and 2
2. Combination 2 implies Cases 1 and 3

3. Combination 3 implies Cases 2 and 3

3.4.1 Combination 1: Front and Side beam filming with the BAE
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Figure 3.9 Parametric eonstrainls for Combination 1

The parametric constraints for Combination 1 is described by equations (3.5, 3.6 and 3.11) with o
replaced by ly where necessary. These equations are plotied in figure {3.9). The boitom plot in the
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figure is simply a woom in on regions that are not clearly distinguishable in the plot above it. The
disrussion will thus shift from one to the other i necessary.

The lower bound for the diameter is at point 4. As the diameter is increased, the mill length (1)
decreases along the side beam constraint, equation (3.6), until it intersects the L == D) line at point
B, see hottom plot in figure (3.9). Beyond this point (L < D) equation (3.6) is no longer valid,
The constraint is then taken up by eguation (3.11) for points beyond point €. Further increases in
diameter now produces a corresponding increase in length according tn equation (3.11). This persists
up to point I at which the constraint shifts to equation (3.5). Continuing to increase the diameter
beyond point I now results I a sharp decrease in length according to equation {3.5). The drop
in length is maintained up to peint B, which is the upper bound to the diameter for L < £, In
summary, the path that satisfies the parametric constraints simultaneously is ABCDE.

For the path discussed { ADBC D E) the appropriate diameter and length can be obtained and the mill
volume calculated. The internal volume of the mill is given by:

T L
4

Vs {3.16)

A plet ol the variation of mill volume with diameter clearly mdicates the maximum volume for
Combination 1, figure {3.10). Note that only the relevent regions of the plot is shown for reasons of
elarity. The maximum volume is obtained af point £} {same peint in figyre (3.9)} with D = 13.10 em
and L = 13.04 cm.

Cambinstinn 1: Front and Side desm
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Figure 3.10: Combination 1: Variation of mill volume with diameter
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3.4.2 Combination 2: Front and Bottom beam filming with the BAE

Mill Length {L] in centimelers {om)

Pararetric congraints for Front and Bottem X-ray hoams
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The parametrisation for Combination 2 is achieved with eguations (3.5, 3.7 and 3.11) with d = o3
where appropriate. The intersection of £ = 28 and equation (3.7} is denoted as point A in [igure {3.11)
and marks the lower bound on the diameter. The length i3 observed to increase along the bottom
beam constraint, eguation (3.7], up to the intersection with equation (3.5) at point B. It then begins
to drop sharply along eguation (3.5) until the L = I line 18 reached at point . Equation (3.11) is
then invoked for diameters heyvond point £, The length now increases with increase in diameter, from
I to E, according to equation (3.11). Further increases in diameter causes a drop in length along
equation (3.5) until it intersects the lower bound of the aspect ratio constraint at point F. Again
we can gather the volumes along the paih (ABCDEF) and plot this against diameter to obtain the
maximum volume dimensions, figure (3.12). The maximum volume, denoted by the peak in the graph
at point B, corresponds to £ = 1285 cm and L = 14.29 em.
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Figure 3.12: Combination 2: Variation of mill volume with diameter
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3.1.% Combination 3: Side and Boitom beam filming with the BAE
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Figure 3.13: Parametric constraints for Combination 3

The parametric description for Combination 3 is determined by equations (3.6, 3.7 and 3.11) with
d = da for side beam filming and d = ds lor bottom beam filming. Since the side beam constraint
is below the bottom beam constraint in fisure (3.13), the lower bound to the diameter (denoted by
poitt A) is obtained at the intersection of the I = 2D aspect ratio constraint and equation [3.6).
The length decresses gradually {rom A to B according to equation {3.6) where it is abruptly shifted
to the path of (L = Depafl) from point € onwards. Tt continues to increase steadily along this line
until the upper bound of the diameter {or L < D is reached at point D, which i3 also the point of
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Figure 3.14: Combination 3: Variation of mill volume with diameter

maximum valume, figure (3.14), The corresponding mill dimensions at this point are ) = 13.85 em
and L = 13.78 cm.

Combination 3 wag used in the current work due to the front view obstruction caused by ihe drive
train {molor and mounting plate].

3.4.4 Special cases of parametrisation scheme

The only term that can be adjusted in the parametric equations is the distance between the mill ard
intensifying screen (dy, > and da). As noted in figure (3.6}, this distance was defined as:

dy o dp+T
ds o dAg 4T (317
da - dg+7

where dp, ds and dg arc constraints imposed by the support rig for the mill and the rest of the d;
{# == 1.2,3) is assocviated with a fixed protective layer between the actual intensifying screen and the
ontsie. The following effects arc observed by changing «; by an amount ©; x B/:

e Case 1 eurve shifts vertically by =, opposite to the effect of @ {l.e. if ; — d; + », curve shifts
vertically downwards, and if f; — ; — &, eurve shifts vertically upwards)
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o Case 2 and 3 curves shift vertically by éf*, appodile to the effect of &

Sz

e D, changes by Foos 04 S{1+am )"

ST

opposite to the effecl of &

o L. changes by |iFmH G451 —=m #)

] cog ff, opposite to the effect of =

The optimal effect in terms of maximum vohune would be to reduce:

L. 4y by dgF
2. d2 by ds
d. dy by dp

which would result in:

e Case 1 curve shifting vertically upwards by dp

e Cage 2 and 3 curves shifting vertically upwards by 3—1‘,5-‘1 ang S—ﬁ-ﬁ respectively

Fids

Sdg

¢ Drisa increasing by ——- T for Case 2 and — S (ems) for Case 3

Sdg

Sdg
F oas 42 { b-+Rin #)

Floos 8+2 (14sind)

]msﬁ for Cage 2 and |: }cosﬂfﬂr Case 3

# Lo increasing by [

The offect of reducing the «; terms is equivalent to setting (dr = s - dg =0}, This describes an
ideal geometric conliguration for the tumbling mill system where the inlluence of the support rig
andd drive syslem is negligible (This is equivalent to filming 4 mill without the support rig and drive
system). Table (3.2} shows a summary of (he optimal dimensions for both the ideal and aclual
seometry used,

| actual georelry || D in cm | L in em | YV in em® | ey nem | s incm | tls in cm |

Combination 1 13.10 13.04 1757.56 15.4 17.36
Combination 2 1285 | 14.29 | 185323 15.4 14

Combination 3 | 13.85 13.78 ' 2076.61 i746 | 7.5
ideal geometry = :
Combination 1 || 1447 | 1447 | 257955 7 o
Combination 2 14.47 14.47 2379.55 7 ! ¥
Comnbination 3 L1570 15.63 2586 T (i

Table 3.2: Optimised mill dimensions for the

varicis heam combinations
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3.5 Discussion of results
The [ollowing observations are derived from table (3.2):

1. Combination 3 produces the largest volume mill for the actual geometry used.

2. Comhination 3 obtaing the largest diameter mill.
3. The longest length mill is achived with combination 2.

4, All combinations result in essentially square mills.

From these observations, it is clearly apparent that Combination 3 is the optimal mill configuration.
The closest manufactured Perspex tube to combination 3 is one with an inner diameter (ID) = 14.2 cm
and onter diameter (0D} = 14.5 cm. The effect of using 8 tube with an inner diameter of 14.2 cin is
illustrated in figure {3.15): The tracked particle is moving along the inner wall of the mill with the
shaded region indicating that portion of the particle that is not captured by the BAE. The illustration
(not drawn to scale) assumes that the mill and mtensifying screen are perfectly concentric. In such
instances the centering accuracy of the tracked particle is compromised. However, the occlusion effect
pan be minimised hy using side and bottom beam filming {combination 3), figure (3.16). In this
case the ball only suffers from partial occlusion when moving through the shaded region as shown n
figure (3.16) {not drawn to scale). The problem of determining the centroid of an occluded object in
the X-ray image is dealt with in chapter {5).
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Figure 3.15; lllustration of that portion of the tracked ball chopped out of X-ray image {shaded
portion) when moving along the inner mill periphery: front view filming (not drawn to scale)
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Figure 3.16: Illustration of the portion of the mill chopped out of X-ray image (shaded portion) when

moving along Lhe inner mill periphery: side and bottom view filming

3.6 Mill Cecometry

The busic geometry used in this thesis satisfies a square mill. This shape is a varation on the pancake
mill used by Powell [1] and the dimensions are governed pre-dominantly by the X-ray characteristics.
In addition the lowest mass possible for these dimensions is desired in order to ensure that the mill
and charge are realistically proportioned. The major contribution to the mill mmass used by Powell |1]
were the flanges. The flanges are reduced by half in thickness (from 12 to Grwn) and 100 mm in
diameter (from 300mm to 200mm). The mill lid is a screw on type. This modification effectively
halves the thickness of the bolt-on-lid used by Powell [1]. These changes reduce the mill mass by

208k (from 2.72kg to 0.6Tkg). The advantage of the reduced mass is:

1. The charge-to-mill ratio is made more realistic; though a ratio that is comparable to indus-
trial milling is impractical since this would require increased charge density and hence greatly

reducing X-ray penetrative depth.

2. The torque fluctuations are relatively greater and therefore easer to measure. Unfortunately,
attempts to measure the torque were unsuccessful due to the relatively small mass of the charge
- Essentially, the power drawn by the charge (less than 1 Watt) is not sasily discernable amidst

the overall noise of the system.

Figure (3.17) illustrates a staggered CAD model of the mill. The flanges are glued onto the mill
shell forming one single unit. The lifter bars are then attached to the shell via plastic screws (screws
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not shown in figure) and finally, after the plastic beads are put into the mill, the lid iz setewed on.
The rerew on lid ir essential to the design because of the limited time frame allocated for conducting
experiments - When changing lifter configuration the lid is easily unscrewed.

s

I-Q‘._

q

&{'-\(tl 4

Figure 3.17: Staggered CAD model of mill showing 1he assembly jreoress

The generic ghape of the lifter bar is iliustrated in figure (3.2). The full range of lifter profiles used
are described in table (3.3).

Nymber || Height (H) | Widih (W) | Lifter angle | Length (L)
in {mm) in {inm) in (deg) in {mmmn}
] 7 0 45 142
2 T a 45 142
a ¥ ] ) 142
4 9 Y £ 142
5] q ] curverd 142

Table 3.3. Range of lifter profiles mamdactured for the Perspex mili

The curved angular face indicated in table {3.3) 5 fllustrated in figure (3.18). The curved face is
intended to simulate a worn liler.
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Figure 3.18: [lustration of the lifter profile used to simulate a worn lifter

3.7 Summary

The mill dimension optitisation scheme was designed to aatisfy the X-ray beam characteristics and
aspeet ratio constraings. The final dimensions is a compromise between the predictions of the optimi-
sation scheme and the availability of material. The choice of materials used were also influenced by
the portability of the experimental rig which is the mam reason for choosing alluminium bearns for
the sapport rig. The optimisation is problem specific and therefore not suited to all geometrie con-
ligurations. The equations formulated assume collinearity between the mill axes and the seintillating
ACTEeens.



Chaptler 4

Immage Processing

4.1 Iniroduction

In mpst cases of close-range phologrammetry, artificial targets are imaged and used a3 either control
ot object points. These targets can be crosses, cireles, or spheres which can be extracted from an
image. For control points the [previously) surveyed coordinates normally refer to the centroid of these
targets. The present work uses steel ball bearings on a Perspex frame, figure {4.1).

Figure 4.1: Control frame used lo parameiriss X-ray spare

Spheres have the property of becoming ellipscs under a projective transformation, section (7.3), and
thus circular features (circles and ellipses) can be identified by their elliptical shape on an image. In
X-ray photogrammetry highly attenuating targets, like ball bearings, provide a high contrast with the
background, which eascs the detection task and improves the centering precigion, The dizadvantage
of spherical targets is thal the centre of the sphere cannot be directly surveyed. In addition, the

rentering, in image space, is subject to the errors of digitisation, penumbra and vibration, chapier (7).
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The first stage of image provessing is the location or detection of the targets, which is deseribed in this
chapter. The input is a digital X-ray image and the output is a hist of target positions and geometric
features (area, perimeter, ecoentricity, pixel coordinates). The final stage, chapter (5), iz the acourate
determination of the target’s position {target centering), vsing these geometric features.

There are wany different methods of approximately locating targets. Many measurement systems
or once-off measurement projects vse interactive pointing of a graphics corsor with the mouse or
kevboard, such as is done by Adams |76], Heipke et al [77] and Godding [78]. This method is simple
to implement and very reliable esperially in diffionlt cases, but it does have the disadvantage of
requirving the assistance of an operator. '

Most semi- or fully-automated photogrammetric systems use grey level thresholding to locate the
positions and perimeter of high contrasting control targets. Beyer et al [82], El-Tlakin [83], Ruther
& Parkyn [84], Van den Heuvel [85] and Van der Viugt & Buther [86] all use some form of grey level
thresholding for locating bright targets. Most implementations use global thresholding, some use local
thresholding {El-Hakim [83]) and still others utilige multiple thresholding (Van den Heuvel [85]).

Convolution with different types of filters ran also be ntilised for locating target areas but some idea
of the geometry of the target is required in this case, Comvolution, or more correctly correllation with
an edge enhancement fitter [87] and subsequent thresholding is often successhully used for locating
distinct target edges. The case of low contrasting objects provides the most complex case of any
feature extraction process and is best solved by first localising the region of mterest before any
feature exiraction and centering can be conducted, The current work employs Dynamic Termplate
Matehing or DTM (section 14.4) to provisionally locate the low contrasting ohject.

Both threshiolding and edge detection techniques were investigated in this work. Two thresholding
techniques, a modified edge detection method, and template matching were developed and coded.
These feature extraction processes were ncorporated into antomated image processing algorithims
and are described in sections (4.2, 4.3 and 4.4) respectively. 1t should be noted that the original
experiments involved stecl ball bearings, a glass bead, a lead ball and a plastic besd with a lead rod
inserted through it, Govender et al {88]. These were selected to be consistent with the initial work
of Powell [22]. In addition they help explore the range of the feature extraction routines investigated
in this work. The final tracer used to map the motion of a typical bulk rharge particle was a plastic
bead, randomly selected from the bulk charge, and given a syrface laver of silver laquer, Govender et
al |89].

4.1.1 Pre-filtering

The following discussion assumes that the noise in the image is 2 direct consequence of extraneons
objects in the actual scene being imaged. Implicit to this assumption is that the lmage plane is flat.
A madel of the intensifying screen shape and iis inllyence on the resultant image is discussed in the
section on future work, section (10.4),

The goal of digital X-ray photogrammetry i3 to obtain objects from stereo images in an attempt
to understand the scene being viewed. A fundamenial requirement of this goal is to find object
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boundaries. Sharp comtrast in images generally corresponds to object boundaries or phenomena such
as shadow. It is, thercfore, the goal of the early vision process in digital photogrammetry to identify
these boundaries. To remove noise, which generally shows up as high contrast areas, a smoothing
filter is utilized.

There are numerosus smoothing methods that can be employed on digital images., The main constd-
eration when choosing a smoothing operator, Marr & Hildreth |53], is to ensure that it is localised in
the frequency and spatial domain; where localised itnplies to reduce the range of scales. In addition
it should not gencrate spurious detail when smoothing from finer to coarser scales. Tt i3 well known
that the one operator that sptimally comes close to satisfying these conditions is the Ganssian oper-
ator. Gaussian smoothing has been successfully eombined with gradient operators for edge detection
purposes. The smoothed images, T (i, ¥, o), are generated by convolving the original image, Tolx, o)
with a Ganssian kemnal of variance 7,

Hapo) = Iole,p) « Gle, g, ) {41}
where
t eas (_:::32)

and '+ represents the convolution integral. The variance is proportional to the widih (standard
deviation) of the filter and consequently determines the amount of smoothing {dislocalisation), The
Gaussian, while being popular, has some limitations, Firstly, it dislocalises and blurs edges as greater
amounts of smoothing arc performed. Secondly, the Gaussian does not consider homogeneity or
isotropy when smeoothing and this sometimes causes spectrally different regtons to be tnappropriately
merged. Thus a vatiance greater than one pixel is undesirable for accurate target centering to pixel or
subpixel accuracy. Unfortunately, Gaussian smoothing, even with o = 1, does not remove the vertical
bauds (caused by lifter hars) observed in the X-ray images, or the intensity variation from frame to
frame. The top, left image in figure (4.2} shows the vertical bands formed by the lifter bars. The
effects of the noise results in a multimodal intensity image with large variations in the background,
which complicates feature extraction. Investigations revealed that the intensity fluctuations across the
X-ray image scene are fundamential to the angiographic equipment and could not be retnoved apriors.
The lifter bars are also integral to the study of charge motion and had to be incorporated into the
experimental setup despite the negative impact on the image processing. A stnoothing technigue is
proposed as a prefilter to all subsequent feature extraction discussions,

By subtracting column-wise the vertical average from each pixcl, a smoothing effect, top right fmage
i figure (4.2}, was achieved. The stnoothing caloulation is given in Equation (4.3).

i— Iy |:.I1| yjj

I(2ey 45) = Bo (msy pg) = ————— (4.3)



CHAPTER 4. IMAGE PROCESHING 5

where [ is fixed during the summation, implying a column-wise swinmation, and
In{m;, vy} is the i** pixel in row j of the ariginal intensity image,
I{x;.3;) is the it* pixel in row j of the intensity flattened image, and

18 the number of rows in the image
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Figure 4.2: Intensity flattening algorithm applicd to a typical X-ray image

The intensity flatiening algorithm effectively normalises the mean column-wise intensity to zero, fig-
ure (4.2). The vertical bands have heen blended into the higher intensity values resulting in a uniform
background. This effoctively reduces the nmnber of distinet {dominant) modes thus facilitating the
detection of global thresholds and edges, figure (4.3).
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Figure 4.3: Histogram plot of typical X-ray image before and after intensity flattening aigorithm

4.2 Thresholding Technignes

Congider a grey-level histogram ecorresponding to an image. f (¢, 3], composed of light objects and a
dark background in such a way that ohject and background pixels have greyv levels grouped into two
dominant meodes. One obvious way to extract the objects from the background is to find a threshold
T that separates these modes, Then any point, (&, ), for which f{x y) > 7' i3 called an object
point; otherwise, the point is called a background point.

Mathematically, thresholding may be viewed as an operation that involves tests against a function 1
of the form

= 'Irl-l'-'- '!h?“:'-"’- j”_.fl:ﬂ-‘. {”J {44:,

where [ (x, y) is the grey level of point (», ), and p (&, ¥) denotes some local property of this point;
in the X-ray image case, the average grey level of a neighbourhood centered on (&, y). A thresholded
image ¢ {x, y) is defined as:

T B itfiz,y) =T
giw ) = { 0 iff (e < T } (4.5)

Thus pixels labelled 1 (or any other convenient intensity level) correspond to objects, whereas pixels
labelled (1 correspond to the background. The problem, of coumse, is where to place the threshold, One
approach is to sperify the number and locarion of the threshold by trial and error. This method is
satisfactory if the number of different images to be processed is small. In situations where antomatic
setting of the threghold (as in the X-rey image scenes) 15 required, the problem becomes one of
characterising & given histogram in some invariant manmer. This problem, and proposed solutions,
are now discussed.
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4.2.1 Percentage Threshold method

The percentage threshald method may be broadly classified as an adaplation of the p-file method,
|87]. As an example, if f 15 & picture of a printed page, we may know that the characters should
necupy a certain fraction # of the space on the page. Knowing this, we should threshold at that value
T such that just fraction @ of the picture points have grey values = T this fraction is called the
(1- #)-tile of the grey level histogram. This p-fi#e method is rarely applicable in practice, since the
area occupied by the objects of interest are hardly ever known in advance. However analysis of the
X-tay data revesled that all images in the data set depicted similar, if not identical, characteristics
as vegurds the objects of interest that are distinct. Such distinetion is usually achieved with sieel
ot lead balls which formed part of the initial investigations. The following key assumptions describe
ihese ¢common properties,

1. The tracked ball bearings appeat in all X-ray mnages. This implies that the number of pixcls
occupied by the tracked ball bearings will be the same in all images.

2. The grey levels ocoupled by the tracked balls are the same in all images. Implicit to this
agsumpltien is that the X-ray beam intensity is constant for a given experimental run.

3. A reasonably acenrate estimate of the p'®-tile can be obtained from a trial and error process.
Procedure for implementing percentage threshold technigue

1. Crop images 1o remove the noisy ends. This is typically 50 pixels from the Lop and bottom, left
and Tight of Lhe image.

2. Apply intensity flattening algorithm Lo cropped images.

3. Estimate percentage rf pixels oceupied by tracked particles. This can be done by applying
simple thresholds to randomly selected images in the image scene.

4. Establish a raster reardered histogram of intensity image. The number of bins correspond o
the number of grev-values.

5. Comptite curmtlative sum of histogram bins from lowest to highest bin.

6. Find maxinmun cymilative sum < estimated area oceupied by tracked particles. Mathematically
slated:

B o= ¥ 0 (4.6)
i1
(Sidmax < PXCOxR (4.7)

where
S; is the #* cumulative sum of the raster veordered histogram,
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B, is the i* bin in the histogram,

P iz the estimated percentage of pixels occupied by the tracked particles,

' & 11 are the mumber of columns and rows in the image respectively,

The mndex of (5; inax corresponds to the it grev-level bin, with intensity ipeean.

7. Segment images according to the fullowing ihresholding eriterion:

e (4.8)

All pixels (object pixels) with intensity values less than or equal to Tipre.n ate set 10 ane; the rest are
sel to zera. Figure (4.4) illystrates the outeome of this procedure applied to a typical X-ray image of
the experimental tumbling mill. The original image is shown in figure (4.2); the dark, circular areas
are the tracked particles,
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Figure 4.4: Segmentation using the percentage methad

4.2.2 Optimal thresholding

An image containing an object ou a condrasiing background has an egsentially bimodal grey-level
histogram, figure (4.5). The {wo dominant peaks rorrespond to the relatively large numbers of points



CHAPTER 4. IMAGE PROCESSING 64

inside and outside the object. The dip between the two peaks - the valley - corrcsponds to the
relatively few points arommd the edge of the object. If the image or region of the image containing
the object is noisy and not large, the histogram itself will be noisy. Unless the dip is uncomnmonly
sharp, the noisc will make the edge location obseure, or at least mnreliable from onc image to the
next, The following histogram plot of an object in a typical X-ray image fllustrates the overlapping
modcs {obscured edge). The image has been pre-filtered with the intensity flattening algorithm.

Object in X-ray image Hiskagram plot

a
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Figure 4.5 Modal nature of object in X-ray image

The distortions can be overcome to some extent by smoothing the histogram, using a Gaussian filter
of varianee equal to one pixcl. The result is a distinetly bimodal image, figure (4.6) - a desirable

condition for segmenting an image,

1=1=

ey

Figure 4.6: Histogram plot of a Gaussian filtered object in a X-ray image

It is clear from the histogram plot of the Gaussian filtered object, figure (4.6), that the threshold
region lics somewhere in the valley. Thresholding in this region is relatively insensitive to the exact
choice of the threshold level, since the grey levels at a valley bottom are relatively unpopulated.
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Intuitively a purely bimodal histogram has the correct threshold, in terms of minimal error, at the
bottom of the valley, between the two modes. In general, the correct, and hence optimal, threshold
is not always distinguished simply by the lowest point it a valley, The complete solution to such an
optimisation problem is generally the roots to a quadratic, Appendix (A.4). This implies that the
optimat solution can require two thresholds. Special knowledge of the problem is gencrally required
to physically interpret the solutions before choosing the eorrect threshold. Depending on the problem
requirements, it might be saflicient to use cither of the selutions,

We now consider the histogram plot of the entire X-ray image, after intensity flattening and Gaussian
filtering, to illustrate the problem speeific eriteria needed to facilitate an optimal thresholding process,

figure (4.7).

Tarexhald Yallxy
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Figure 4.7: Localiscd threshold region based on the initial zuess

Although the dominant mode corresponding to the background, is elearly distinguishable, other minor,
and somewhat obscured modes, are still visible. Thus an obvious choice a8 to the desired edge that

separates objects from background is not possible.

It is known that the penumbra effect |90] although essentially symmetric, creates an artificial, "halo-
like' edge around the 'true’ edge, figure (4.8}, In particular the intensity gradient between the shadowy
region and the object are stecper than that formed between the penumbra region and the background.
The stecper gradient across the 'true’ edge implies a greater probability of correctly classifying pixels
as either objects or background along this region. In terms of error probabilities, there is a lower
probability of {erronevusly) classifving object points as background points and vice versa along the
true” cdge.
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Figure 4.8: Musiration of penumbra elfect around objects in X-ray image

I such cases an optimal threshold, in terms of minimum error, is requared. In particular, the existence
of an absolute mitimum error probability implies that a single threshold solution would be sufficient,
Appendix (A.4).

2
F_Hi T, NI (5) (4.9)
2 = iz I

where 1" is the optimal threshold, ¢, and j, are the mean values of the two brightness levels, & and
iy are the standard deviations about the means, and P and P are the eprior: probabilities (mixing
parameters) of the two levels,

For completeness the quadmtic solution 18 alsu investigated, Appendix (A4}, Based on the above
discussion, the two optimal solutions should correspond to the “true’ edge. and the 'soft’ edge formed
by the penumbra region and background.

The vptimal thresholding routine is designed to minimmise the error probability density of interpreting
an object pixel as background and vice versa, Appendix (A.4). Both cases can be solved only by
iterative numerical methods, and thus require an initial guess to either the threshold or probahbility
density parameters.

4.2.2.1 Optimal thresholding aleorithim for a single solution

The single threshold soblutiom (s a special case of the genersl quadratic formulation. The solution
ubtained is for the absolute ninitium error probability, where the prior probabilities are assurned
equal, (Fy = P, The optimal threshold solution therefore reduces o

p=tutie (4.10)
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In general the single solution iz not suited to edge enhancement, but rather to processes that sub-
sequently generate binary images for the ealenlation of certain geometric properties, like in X-ray
photogrammetry, Due to the formulation of the solution, the provisional value (the first guess) is a
grey level., The initial guess is specific to the nature of the X-ray data and for this reason not suited
i all intensity images in general, Two, equally aceurate, guessing technigues were used in the present
work. The first method looks at histogram plots of isolated objects, figure (4.5), in the X-ray images.
The mcan of all valleys (grey levels between the two peaks) are then computed as the mitial guess
to the thresholding process. This approach is very similar to that adopted by Chow & Kaneko [57],
although the computational demands are less. The second, and more elegant Fucssing process is to
use the mean intensity of the image corners. The average of the corners has two advantages:

1. The intensity of the comers are very similar to the intensity of the ohjects of interest.
2. Image cropping, as in the pereentage method, can overlap into the path traversed by the objects
- No cropping is required for optimal thresholding.

The implementation of the optimal thresholding routine for a single solution is now outlined.

1. Establish the mean intensity for each of the four comers in the image. The sides of the corners

are defined as:
R
Lfﬂgfh = m {“l. 11 ]l
wadth = — (.19
Breadth o i4.12)

where i and (7 are the nymber of rows and rolumns in the image.
The choice of 100} ensures (hai the corner comprises more low indensities than high, Compnte
the mean of the four valnes obtained.

T essed = medncorners) {(4.13)

Using 1 guessed @ the initial guess effectively loralises the Lhreshold region te the valley containing
the guessed valne, figure (4.7}.

2. Using the guessed threshold, a new value satizsfying the optimal threshold criteria for a single
splution, equation {4.10), iz computed.

3. If the new value iz identical to the guessed threshold the process terminates - if not step two is
recalculated using the new threshold. Since the new value is clearly a better estimation {han
the initial guess, an iterative provess will always converge to a solution, if it exists.

4. Finally, the new threshold valne is compared to the actual intensities in the X-ray image and
the clogest value is taken as the final threshold.
This value i then used to prodice Lhe necessacy segmentation, figure (4.9)

5. The background is now cropped {0 Include only the objects of interest, figure (4.10).
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Figure 4.9 Segmentatino using Optimal Thresholding Algorithm

Figire 4.10: Cropped image after optimal thresholding

4.2.2.2 Discns=sion

The major advantage of the single threshold solution is the reduced number of iterations. The quickly
comverging solution (= 10 iterations) allows the process to be applied to all X-ray mages, ensuring
thal the optimal result is always obtained separately for each image
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4.3 Edge Tracking

4.3.1 DMotivation

The preprocessing stages encountered in the present work involve an averaging technique followed by
Gaussian smoothing, The effects of such fitering techniques tend 0 blurr detadi in an image. These
technigques may be broadly classified as integration processes. It i8 therefore natural to expect that
differentiation will have the opposite eftect and thus sharpen a given image, or at least cancel out the
blurring effects.

1.3.2 Definition:

An edge is the boundary between two regions with relatively distinet grey-level properties, In gen-
aral these regions must be sufficiently homogenecus so that the transition between the two regions
can be established on the basig of grey-level discontinuities alone, The basic idea underlying most
edge-detection techniques is the computation of a local derivative operator. ‘The following diagrams
illystrate this concept,

Digtarce alokg image

[F 14 il = M
Tiakance alang Imegs

Figure 4.11; Grey strip with horizontal scan line

Figure {4.12) shows the intensity proltle along the horizontal scan line of fgure {4.11). The edge
{transition from light to grey) is modelled as stuooth rather than an abrupt change of intensity. This
ig indicative of the blurring effect at edges in digital images - a first indication of the yncertainty in
iocating true edges. Figure (4.13) shows that the first derivative of the grey leved profile is negative at
the leading edge, positive at the trailling edge and zero in areas of constant grey ievel. It is clear from
this that a fluctuating grey level {a varying intensity profile) would make these edges less distinet,
and hence more difficult to find. The second derivative, ligure (4.14), is negative for that part of the
transition associated with the light side of the edge, positive for that part of the transition associated
with the dark side of the adge, and zero in areas of constamt grey level, Accordingly, the magnitude
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of the first derlvalive ¢an be used Lo detect an edge in an image, and the sign of the second derivative
mdientes which side of the cege a pariieular edge pixel lies. It should also be noted that the sccond
derivalive has a zero crossing at the midpoint of a fransition in a grey level. The second devivalive is
the Laplacian,

an \ 1]
i
I

i |

u —_ — —
L !
N '.II
|
L _
a i
4L I'¢_I'
[# 5 n 15 n 5 i}

Figure 4.13: Derivative of intensily profile along scan line
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Figure 4.14: Laplacian of intensity profile along scan line

4,3.3 Implementation of edze detection

The general [orm of implementing edge detection iz Lo find the appropriate derivative operator,
essentially a malrix of dimension less than the image dimension, and apply it across the image in
a particular manner, The most efficient way of applying thiz operator on the onage s to comvolve
the image with it. Convolution utilises the powerful Fourier Transform to perform the operation,
Appendix {A.1.1). The actual implementation employs the Fast Fourier Transformn. Fourier analysis
is well documented, and for (his reason will be assumed in the following discussion. As discussed

previously, the operator that very closely resembles the optimal filter is the first derivative of the
Gaussian.

4.3.14 Canny Edge Dotection

The Canny method |52] ditfers from most other edge detection methods in that it uses two different
thresholds {to detect strong and weak edges), and includes the weak cdges in the output image only
if they are connected to strong edges. This method is therefore less likely than others to be "fooled”

by noise, and more likely (o detect true weak edges. The Canny operalor uses the Gaussian for
smoothing and the first derivative of the Gaussian as the edge detecior.

Whenever a grey-level intensity change oceurs, there will be a corresponding peak in the first direc-
tional derivative of intensity. In fact, we may define intensity change in this way, so that the task of

detecting these changes can be reduced Lo finding the maxims of the first directional derivative of the
grey-level intensity, Thus, we seek the maxims in

fla, g} = D'[G(r) » I{z,y)] {4.14)

where {x, ) is the image, '+' is the convolution operator, and G(r) is the Gaunssian operator.
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By the derivative rule for convolution,

flz,y)=D'G+Ixy) (4.15)

We con write the operator IX(7 as (7, so that in direction r

£ P e
G[?l—grw,z_ﬂe ; {1.16)

where ¢ is the shaping parameters of the Ganssian function (standard deviation), and r is the polar
coordinate equivalent for the cartesian {#, ) coordinates.

We now briefly illustrate the Canny process for an ideal step edge. The reader is referred to |91]
and [62] for a more detailed description of the process, and variations thereof, The first step begins
with Gaussian amoothing of the linage to reduce the amount of noise in the image. The next stage,
step two, involves the computation of the first derivative of the smoothed signal, where the @ and 4
devivative components, di and oy, are determined for each edge point. Magnitude and orientation
images are computed in the third step using the following criteria:

{(Magnitude); = o/ de? +dy? (4.17)

A1y
(Orientation); = tan™' [ =2 (4.18)
[ii:j!i'
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Figure 4,15: Reaults of the Brst derivative magnitude in the spatial domain
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The axes of a digital svstern are defined with the rows as the y-axis | the columns as the x-axis and the
origin at the top left corner of the sereen. The orientations are computed in this coordinate system
so that the angle is measured from the y-axis to the darleto-bright edge transition [91].

The magnitude image is the first estimate of the edge map, figure (1.15). A local 3 = 3 operator is
used to determine whether the central pixel is a non-maximal point by examining the magnitudes of
the points parallel to the edge direction. If the central pixel magnitude is smaller than the examined
pomts, then it is removed. Figure (4.16) illustrates the result of non-maximal suppression.

| . | = Low Hyslersis

Figure 4.16: Edge after non-rnaximal suppression

Onee the non-maximal points have beetr removed, edge tracking is performed to give the final robust
edges. At this stage, to avald edge streaking, Canny proposes the nse of hysteresiz. Hyteresis is a
retardation of an effect fram a high value to a lower value, such as slowing down of an object duoe
to friction, In hysteresls-based edge tracking the process begins from a pixel with a high magnitude
value and attaches points to the edge, as long as they do not fall below a lower threshold value.
It is necessary o sef this high and low thresholds before tracking begins, The low threshold is set
above the probable noise level by use of 2 cunubative histogram on the magnitude image and a preset
threshold percentage, say 208% - This is the low hysteresis value. The high hysteresis is normally
set as & factor of the low threshold, say twice the threshold. Figure (4.17) illustrates the result of
hysteresis edge tracking.
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Figure 4.17: Resulting robust edge after hysterisis edge tracking

4.3.5 Edge Detection of X-ray images

The Canny process discussed in the provicus section was applied to the X-ray images, in a Fully
automated program. A set of Xray images are rcad-in as raw data. The tmages are then edge
detected according (o the procedure discussed above. A separation process, that distinguishes ohjeets
from tioise is then applied to the images.

4.3.5.1 Canny edge detection and X-ray images

After applying the intensity Hattening routine the Canny algorithm is applied to the averaged images.
The convolution integral is applicd from two different points. The first operation is from the top left
pixel. The original itnage 1s then rotated through 18 degrees and convolved in the same mannce, This
is equivalent to rotwolving from the bollom right pixel. The edge-detecied image is then rotated back
through 180 degrees and added to the first edge-detected image. The two-fold convolulion process
ensures that no asytnmetry is introduced due to directional bias. Figurcs (4.1%9, 4.20 and 4.21)
illustrate the stages to symmetnc edge detection of a theoretical circular arca, figure (4.15).



CHAPTER 4. IMAGE PROCESSING R

Mo ml Fuoos s

Figure 4.158: Theoretical circnlar area
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Figure 4.19: Left convolution using the Canny edge detector
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Figire 4.22, Canny edge detection om X-ray image

Any noise still present along the borders of the image, see figure (4.22), is then filtered out using a
simnple masking technigque. The resulting binary image is now composed of all the edges and some
nogy artefacts within the images, figure (4.23). At this pont it is observed that the edges belonging
to the objects of interest resemble nearly closed circles, which are visually discernabile from the other
detected objects.

&1 I 1=r A1 <1l =1 0 LI Tal

Figure 4.23; Masking of corners in edge detected image

The edge detected pizels are now dilated with a symmetric three-by-three structuring element {ones
along the diagonals and zeros elsewhere), {igure (4.24). The structuring element is convolved with the
edge-detected image matrix using the two-fold process described above for the Canny convolution.
The dilation proceds symmetrically pads the edge pixels. This effectively closes all the objects of
inferest witheut introducing any directional bias. The closed objects are then identified as distinct
objects using an eight-connected neighbourhood search algorithm: A description of connectedness
is given in Appendix (A.2). Each oliject of interest is then said to have two separate background
elements (the part inside the closed loop and the part outside). These distinct backgrounds are
labelled using a four-connected neighbourhood search algorithm.  The four-connectednoess ensures
that the two background regions remain distinet [rom each other,
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Figure 4.24: Pixel dilation using a 3-by-3 structuring element

Thereafter only the completely closed objects satisfying these criveria are filled with white using a
flood-fill algorithm, lgure (4.25). The flood-fill cperation is applied enly to the “holes’ (background
pixels within the closed foreground), The filled sixels are also indexed, The neighbourhond search
and Aood-fill algerithms are well published in the literature (|87, 92|). All holes are subsequently
mapped to two, as distinct to the mmmbers 1 and 0 referred to previcusly, and saved as a new image.
The image consists of zeros (the background), ones (the dilated edge pixels) and twos (the Rood (illed
holes).

1] 10 L = | R 1 A e

Figure 4.25: Filling of complesely closed objects

Subtracting the filled binary image from the new image ensires that only the tracked balls remain,
The resulting image is a binary image containing the tracked particles, figure (4.26).
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Figure 4.26: Subtraction process - only the tracked objects memain
The filled cbjects are labelled using an eight-connected region growing algorithm. The indexing

numbers the abject pixels from left to right and top to botton, beginning with the mutmber one for
ohject one and so on. The labelled image thus appears with tonal variation, figure {4.27).

Figure 4.27: Eight-connected region growing algorithm

Provisional centroids. eccentricities, areas and pixel coordinates are computed. At this point the
labelled images are ready for the target centering process.

4.4 Dynamic Template Matching (TDTNM)

4.4.1 Introduction

The tracked particles deseribed in the preceding sections of this chapter have all heen of higher
densities than the bulk of the ball charge. These particles, though different from the bulk charge
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(plastic beads), are still valid in the conlexi of comuninution 28 they represent the grinding ball
charge {steel balls) within the rock charge of typical industrial mills. It is, however, desirable o track
a typical bulk charge pariicle to acconnt for any differences in motion due 1o particle density.

To this end a typical plastic bead coated with a Uhin layer of silver paint was tracked. A resultant
X-ray image of the silver painted bead is shown in Figure {4.28); the above-mentioned bead is only
vaguely discernable against the background charge, The tracked particle provided a new problem as
far as the existing feature extraction routines were congerned. All of the routines described thus far
could not meaningfully and consistently disiinguish between the X-ray image of the tracked plastic
boad and the background.
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Figure 4.28: Typical X-ray image of silver painted bead after intensity (atiening

4.1.2  Tmage processing requirements

The accurate verlication of DEM place siringent demands on ihe processing requirements. In addition
to anlomatically localing Lhe particle, the cenlering accuracy mmst be equal to, if not betier chan, the
accutacies achisved previously when tracking a sleel ball bearing, The requirements of the feaiure
exiractinn algorithm are;

1. Guarantee ohject localisation to within a 40« 40 pixel window

2. Consisiently resolve multiple matching cases into a single correct march

o]

. Be highly robust to noise

e

. Adequately distinguish between object pixels and naise, and not withstanding
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5. Return a meaningful {and accurate) centroid under all nolse and occlusion conditions

6. Be computational efficient

In order to achieve localisatiom to within a 40 x 40 pizel window, some form of cross correlation,
Appendix (A.1.2}, or template matching is required. However, feature maiching is further complicated
if the images being searched are sufficiently different such that a single correlation filter will not suffice.
These conditions oceur in the X-ray image of the tracked bead. The relatively low X-ray attenuation
of the bead results in nolsy images - the projected shape and intensiiy of the bead changes from one
image to the next. However, the differences are not appreciable between successive images. This
inplies that a correlation filter (a sub-image containing the tracked bead) extracted from image N
moast closely models a similar sub-image from image 2 | 1. Additionally, the matching is only valid
for binary edge images {and sub-images). This is due to the close similarities between object and
background intengities. The choice of binary image maiching reduced the problem to shape matching
which is less eomplicated if the general geometric properties are known {the shape of the tracked bead
remaing essentially elliptical}.

4.4.3 DTM implementation

DTM is used to keep track of the marked particle’s position and projected shape as it moves through
different regions of the charge thair have varying light intensities and surrounding contrasts. Using
the 1sf image, Fi(x. »), of a given X-ray image scene, a provisional centroid location is obtained
matually (using the mouse input). Thes¢ coordinates form the centre of the first correlation filter,
W (2, #). The correlation filier is a 40x 40 binary sub-image obtained from the edge image of Fy (=, y)
which we denote as FE (. y); section (1.4.1) describes the peneration of the edge image. The central
part of the correlation between Wi (i, ¥) and Ff (x, ) contains the provisional centroid to Walz, ).
The central part of the correlation is simply that part of the correlation result that is the same size
as Ff (2, y} when the two images are viewed concentrically. A 4 x 40 sub-image centered on the
provisional centroid is then cropped out from Fif (2, v) 1o form Wa(z, y). In general, eorrelation filter
W@, 4} ig obtained from the cross correlation between Wiy_i(z, v) and F&(x, ). This process is
fully antomated and only requires the mouse input for the first image,

To illustrate this process, the analysis of two successive images are presented. The [Nt image,
denoted as Fy (2, y), is edge detected, resulting in 5 {2, y), figure {4.29). The correlation between
FE(x, y) and Wy, (i, ¥} produces a maxima corresponding to a best match {dark spot) as illnstrated
in figure {4.30); Way ) (o, v} is shown in figure (1.31a). The coordinates of the dark spot in figure (1.30)
denntes the provisional centroid to Wy (e, ), figure (4.31h).
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[u) (¥-1)th correlation filter resulting tb] Mth correlation filter resulting
from the correlation mateh between from the correlation match between
(W-2}ch filter and (N-1] cdge image {N-1)th filter and Nth odge image

Figure 4.31: Successive correlation filters used in template matching

4.4.4 {(Fenerating the edge image

The edge detection scheme used is the Canny method, seetion (4.3.5.1). For a given X-ray image scene
{a compressed set of Dicom compliant images generated from a single X-ray camera) there exists a
set of parameters that govern the Gaussian filter design. These parameters should be modelled for
both X-ray image planes within the given seene. The modelling entails finding the upper and lower
intensity values to the edge pixels of the tracked object. The width of the Gaussian filter is taken (o
be one pixel for all images,

Three schemes for generating the required threshold inputs to the Canny edge detector were investi-
gated. The basic idea was to formulate a discrete upper and lower threshold map for the X-ray image
space. A set of images from a given scene was selected such that the tracked particle spanned most
of the X-ray lmage space for that set. Each image was then processed according to the following
schemes:

Scheme 11 A sub-imnage containing the tracked particle was manually selected from each of the
images within the chosen set. The sub-images were then processed using the optimal thresholding
algorithm described in section (4.2.2), The implementation of the algorithm produced only partial
auceess because the tracked ohject was not sufficiently distinet from the background when its position
was along the edges of the X-ray image.

Scheme 20 This involved the analyses of sean lines across the sub-images. The intensity profile along
the scan lines facilitated the selection of the appropriate intensity values for input into the Canty
edge detection algorithm. Figures {4.32 and 4.33) illusteate the scan lines and their corresponding
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intensity prodfiles respectively. The intensity profile along the scan line is computed using a lowpass
interpolation scheme described in se¢tion (7.7). The upper and lower threshold values are estimated
visually from cach sean line and an average compated for both, The threshold map resulting from this
analyvsis showed very little variation within a 100 pixel radius from any given point, More importantly,
the edge detection wus relatively insensitivie to these satdle differences,

Figure 4.32: Scan lines used in scheme 2
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Figure 4.35: Intensily peofiles aeross scan lines

Scherne 3: Based on the limitations of schemes 1 and 2, 4 more cconomical method was developed
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Figure 4.34: X-ray image of tumbling Perspex mill showing the 9 zones

to determine the parameters governing the Gaussian filter design. For the images belonging to a
given X-ray plane, 9 random sets comprising approximately 30 images per set were selected. The
9 sets were chosen according to the 9 zones of an bmage in which the tracked particle could reside,
Figure (1.31). The choice of 9 zones approxtinately agrecs with the 100 pixel radius in which the
threshold parameters show little variation. Scheme 2 was applied to each of the 9 zones and a single
set of parameters compmted [or each sone.

Using the coordinates of the provisional centroid, { Xy, Yy}, & dynamic masking technique was im-
plemented - all pixels lying completely above or below the bounds ol the subimage are st to zero.
This simple masking structure can lead to problems when the tracked particle is along the top and
bottom edges of the image. In such esses the mounse input is invoked to mform the masking bounds.
This was decctned t0 be more economical than setting a genetic mask that occassionally masks out
the pixcls of the tracked particle. The dynamically masked zones are illustrated in Figures {4.29 and
4.30).

After the provisional centroids have been accumulated {or the entire scene, the images are quickly
scanned to ensure that the centroids are those of the tracked particle. If an error is found it ia corrected
manyally by locating the approwimate centroid. The provisional eentroids then form the basis for a
more rigorous target centering alpovithim. The centering algorithm is adapted after the conie Gtting
routine by Fitzgibbons [65). The details of the conic fitting rovtine and its implementation in the
eurrent work is presented in section (5.3).

4.4.4.1 Dealing with multiple matches

Despite the dynamic masking which restriets the template matching to a narrow search space, multiple
maiches do occassionally oeonur. A multiple match simply implies that multiple maxima are found;
maxima show up as bright spots in the central part of the correlation itnage, figure (1.30). A simple
distance metric 18 used to execlude extraneous maiches
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if |8 — Cv—y| > distance metric ... ignore maxima {4.19)
if | £y — Cy—y| < distance metric .. maxima 18 valid {4.20)

where £y is the coordinates of the maxima from the N*® image and Cxy— | the provisional centroids
of the (N — 11" image. The distance metric is associated with the mean distance covered by the
particle between two suceessive images. Using this method to remove extraneons matches can lead
to no valid matches heing found. Tn such cases the user is aleried and the error corrected manually
by locating the approsimate centroid using the mouse input.

4.5 Summary

In this chapter a description of the various technigques used to identify the ohjects of interest in
the X-ray images of the tumbling Perspex mill are presented. The percentage threshold rethod
and the optimal thresholding technigue were computationally more efficient than the edge deteetion
algorithms. The thresholding technigues worked well for distinet targets like steel, glass and lead
balls, but failed to return messnimgful results with the silver painted plastic bead. The edge detection
mnpleraentations worked equally well for the distinet data, but reguired the pixels of Interest to be
lucalised for the silver painted head. The tracking of the painied bead was achieved by firsi localising
it with the dynamic template matching and then edge detecting. The template matching followed by
the two-fold Canny implementation proved to be the most robust algorithm, returning meaningful
and accurale edge dala for all tracked particles. All algorithms were programmed sad included as
options in the automated image analyses of the X-ray image scenes. A comparison of the accuracies
achieved by the various featire extraction routines is deferred to the next chapler due to the inlluence
of the target centering algorithrn,



Chapter 5

Targel centering

5.1 Introduction

In close range photogrammetric applications, cireular targets are generally favoured for nse as eontrol
points, hence the precise location becumes a centering problem. However, in X-ray stereo photogram-
metry, it has become common practice to use steel ball bearings, Ball bearings are preferred in X-ray
imaging because they produce alliptical projections from any filming angle. These elliptical projec-
tiona have the advantage of producing congistent images, but can complicate the target centering
process. Various techniques have been Investigated and programmed as options in the measurement
system. These technigues may be broadly placed into twe categories. The first category deals with
distinet data (the steel ball bearings), where distinct implies that the pixels of interest can be Jocated
to the nearest pixel. The second category deals with data that is less distinet (particles with similar
density to the backeground ball charge). In such cases, if we are to guarantee that all the imaged edge
data of the object of interest 8 to be repovered in the edge detection process, then we will in general
always recover noisy data as well. The reason for this is simply that the edge pixels of interest and the
surrounding noise are very similar in intensity. Accordingly, the chosen centering algorithm must be
highly robust to noise and provide useful results even under occlusion eonditions. These techniques
are formulated, discussed and analysed it this chapter,

Section two deals with the centering of distinet data nzing the grey values as weights, section three
describes the nse of conic fitting with partieular reference to ellipse specificity in light of very scattered
data, and the rest of the chapter focusses on various tests of these algorithms.

5.2 Weighted Centre of gravity (WCG)

The weighted centre of pravity technigue using the grey value as a weight i3 a common area based
centering routine {see for example Trinder |93, Wong & Ho [94], Gustafson & Handley |95] or Ruther
& Parkyn |B4|). This technigue and a similar one using the sgquare of the grey value as weight are
eovered in this section and have been programmed as options in the measurement system.
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5.2.1 WOCG with grey value as weight

This routine (and the grey value squared one) is [ormmlated [or a white target on a black background,
however if the reverse situation exists then the grey values shonld he inverted [or the eguations to
hold. The [ollowing equations are derived using moments:

Y uy
e 51
CRE (5.1)
2y = 28 (5.2)

in which (&, y) is the gpatial coordinates of the pixel having a grey walue of g and (x). » ) is the
centroid of the region under consideration.

5.2.2 WOCG with grey value squared as woeighl

The equations for the ventre of gravity using the grey value squared as weight are:

TR
m== (53)
i
i
B
& = % [;3 LTEI‘”

Using the grey value squared as wcight, as opposcd to grev value, reduces the effect cansed by
homogencous intensity distributions. Tlowever it 18 algo more sengitive to noisy pixel grey values.

For both methods, improvementa in aceuracy can be obtained by only mcuding those pixels with
grev values greater than the background level as observations.

5.3 Ellipse fitting to very scattered data

The discussions on target centering thus far haye all asstmed that the targets arc well defined,
Implicit {0 this sssumplion is that all the detected pixel data are accurate to within one pixel [rom
the computed centroid. In other words, the edge pixels ol the detected object bave as their nearcst
neighbour pixcls the true edges of the object of interest. However, in many sittations the quality of
the data iz compromised either by inhetitantly poor experimental data, or by contrived conditions
that supersede data quality. The latter sitnation is encountered in the present work where:
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1. The density of the tracked particle is required to be very close to that of the bulk charge, and

2. The ’chopping’ of the X-ray beam results in partial occlusion of the tracked bead in certain
regions along the mill periphery.

The first contrived condition implies that the intensities of object and background pixels are approx-
imately equal, while the second guarantees that not all edges will be recovered during the image
processing stage. It is also possible that combinations of both compromises will be encountered, espe-
cially for the large amounts of data expected in this thesis. The following section discusses a robust
ellipse specific algorithm [65] that adequately deals with the conditions in the present work.

Although a wide range of literature on ellipse fitting routines is available (see for example [65, 66, 67,
72, 70] and other general methods described in the literature review), most are formulated for general
conic fitting and biased towards good data. For the sake of uniformity we represent a general conic
by an implicit second order polynomial:

F(a,x)=az? +bay+el +dr+ey+ f=0 (5.5)

wherea = [a bcde f]T and x = (2,y)7. F(a,x;) is called the algebraic distance of a point x; to
the conic F(a,x) =0.

The general procedure to conic fitting is approached by defining a distance metric, similar to the
algebraic distance (other metrics are described in the literature review), and minimising this distance.
For example, using the definitions from equation (5.5) it is clear that the simplest approach is to
minimise the algebraic distance in a least squares sense:

N
D(a) = Z F(a,x;)? (5.6)

where the N data points x; are sampled about the curve. Since most of these distance metrics are
not ellipse specific, non-ellipse fits are rejected using the discriminant test:

b? — dac < 0 (5.7)

For this reason iterative methods must be employed. These methods increase the computational
demand and do not guarantee convergence, especially when the data is noisy. The inclusion into an
automated system is thus made all the more difficult, if at all possible. The automated detection and
centering of tracked particles within the X-ray images placed very stringent demands on the ellipse
fitting routines. The algorithm that most closely satisfied the imaging requirements was an ellipse
specific, conic fitting routine by Fitzgibbons [65]. To illustrate this claim a simple comparison is con-
ducted between the various conic fitting algorithms investigated (see section (2.3.5) for a description
of the various conic fitting routines reviewed).
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5.3.1 Evaluating the robustness of the various conic fitting routines under all
noise and occlusion conditions

The evaluation of conic fitting algorithms is commonly achieved with synthetic data. This is usually
done by computing the RMS error of the parameter residuals. The residuals are the differences
between conic parameters before and after the introduction of simulated noise and occlusion. Similar
comparisons can be achieved with real data provided that the underlying (*true’) conic is known. The
criteria used in discerning the underlying conic was motivated by Heath [50]. He showed that human
visual assessment of edges provided a robust means of determining the true edge pixels in complex
images. He also demonstrated that these visually determined edges can be used as the base case for
testing the accuracy of edge detectors.

5.3.1.1 Evaluation conic fitting algorithms based on visually assessed parameters

The ellipse parameters used to evaluate the various conic fitting algorithms were based on the average
elliptical properties of the plastic bead’s projection onto the X-ray image plane'. The mean values
are calculated from a set of 300 images of the silver painted bead (@6.1 mm) as it tumbles around
in the Perspex mill. The 300 images were chosen such that their positions span the entire X-ray
image. The images were processed manually, ensuring that only true edge pixels were used as input
to the ellipse parameter estimation. To ensure that the test basis bore no dependency on the conic
algorithms being tested, the parameters were computed by fitting an ellipse according to the explicit
formulation. The analysis was done for both filming planes (denoted as plane A and plane B images
from henceforth) and the average parameters computed from both. The mean parameters are given
in table (5.1).

e | Yo | Rz | Ry | eccentricity (e) |
20.0 | 20.0 | 10.8 | 11.6 0.36 |

Table 5.1: Mean ellipse parameters of the tracked particle sampled over 300 images, across both image
planes. The parameters are determined from the least squares solution of the explicit ellipse equation

Table (5.2) and figure (5.1) illustrate the results of fitting to a highly occluded X-ray image while
table (5.3) and figure (5.2) show the results for a noisy X-ray image. It should be noted that the
final implementation of the conic fitting into an automated syster includes additional metrics for
optimum centering which are discussed later in this section and illustrated in figure (5.5). The tables
give two eccentricity values for the conic fitting routine. The unbracketed values are eccentricities of
the various conic fits using the original data while the bracketed values are calculated once extraneous
pixels have been excluded through the use of additional metrics, see figure (5.5) for an illustration of
the metrics used.

1The rotation of the ellipse was not included in the evaluation
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Algorithm/constraint Cx | Cy | Rx | Ry [ eccentricity (e) | ellipse rotation (6)
(pixel units) {degrees)

Kanatani 200 | 143 | 13.7 | 211 0.76 (0.79) 51.6
Bookstein 192 | 209 | 85 | 12.1 0.71 (0.64) -28.6
Linear algorithm 278 1 153 | 13.1 | 186 0.74 (0.78) 51.6
Geometric distance 245 | 178 | 124 | 152 0.58 (0.61) 51.6
Fitzgibbons 20.6 | 20.2 | 10.2 | 11.9 | 0.52 (0.42) -22.9
at+c=1 192 | 209 | 84 | 121 0.72 (0.65) -28.6

Table 5.2: Ellipse parameters of highly occluded X-ray image of plastic bead

Algorithm/constraint Cx | Cy | Rx | Ry | eccentricity (e) | ellipse rotation (6)
(pixel units) {degrees)

Kanatani hyperbolic fit
Bookstein 24.7 | 133 | 10.3 | 335 0.95 22.9
Linear algorithm 243 | 18.1 | 10.2 | 26.2 0.92 28.6
Geometric distance 25.1 | 124 | 10.4 | 35.6 0.96 17.1
Fitzgibbons 21.0 | 21.8 | 16.4 | 12.7 | 0.63 (0.39) -57.3
a+c=1 247 1133 | 103 | 335 0.95 -22.9

Table 5.3: Ellipse parameters of noisy X-ray image of plastic bead

96
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Figure 5.1: Conic fitting to highly occluded X-ray image of plastic bead. The squares denote the

pixels after

edge detection and the '* denotes the centroid of the conic fitting.
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Figure 5.2: Conic fitting to noisy X-ray image of plastic bead. The " corresponds to the centroid of
the conic fit. The 'dash-dot’ line fit to the data illustrates the ’correct’ fit. By simple visual inspection
it is clear that the Fitzgibbons ellipse most closely resembles the ’correct’ fit.

The parameter residuals are formed by subtracting the values in table (5.1) from those calculated in
tables (5.2 and 5.3). The RMS error of the parameter residuals is calculated as:
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4
5 = ng (P 2M)
- . (5.8)

where
6; = RMS error of the i** conic fitting algorithm

P, = j*" parameter of the i** conic fitting algorithm

Pj(m) = j** mean parameter from table (5.1)

and j = 1,2, 3,4 refers to the four parameters given in table (5.1).

5.3.2 Results from conic fitting routines investigated

Figures (5.3 and 5.4) illustrate histogram plots of the RMS error for images depicting occlusion and
noise respectively. The height of the bars indicate the RMS error of the parameter residuals.
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Figure 5.3: RMS error of parameter residuals for each of the conic fitting algorithms investigated.
Analysis based on a highly occluded image
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Figure 5.4: RMS error of parameter residuals for each of the conic fitting algorithms investigated.
Analysis based on a noisy image

The Fitzgibbons algorithm produces the lowest RMS error of the parameter residuals for both the
occlusion and noise tests. A somewhat disappointing observation was the performance of Kanatani’s
method. The reason for this might lie in the error assumption of his model - each pixel is a Gaussian
distortion of the true value - which is not entirely valid for the X-ray image data. The complexity of
implementing variations of Kanatani’s algorithm prevented further investigations, especially since a
viable solution was available.

These tests provided sufficient evidence for choosing the Fitzgibbons routine over the others. Accord-
ing to him, the algorithm satisfies the following conditions:

1. Ellipse specificity, providing meaningful results under all noise and occlusion conditions

(a) Invariance to Euclidean transformation of the data
(b) High robustness to noise
(c) High computational efficiency
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5.3.3 Implementation of Fitzgibbons with additional metrics
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Figure 5.5: Ellipse fit to provisional centroid from template matching

The processing requirements of the X-ray data provided a rigorous test of these conditions. The
binary sub-images obtained from the template matching provided the data for the target centering
which is achieved in three stages. To ensure an accurate centering process it is important to isolate
as many of the true pixels as possible while removing as many of the 'noisy’ pixels as possible. Using
the provisional centroid, denoted by the '+’ in figure (5.5), a circle of radius 11 pixels centered on the
'+’ is fitted (denoted by the dashed lines). The choice of 11 pixels for the radius is based on the mean
effective radius of the tracked plastic bead (26.1 mm) when projected onto the intensifier screen.
The mean effective radius is a compromise between including all pixels of interest and excluding all
extraneous pixels, and is calculated as the average of the maximum major and minor axes of all
possible theoretical projections of the plastic bead onto the image plane. Strictly speaking, the pixels
of interest form an elliptical shape. However the elliptical rotations of the pixel data vary considerably
across the image scene making a mean representation impractical. The mean circle fit (stage 1) is the
first attempt at isolating the pixels of interest. It can be observed that even though some of the edge
pixels do not coincide with the perimeter of the circle, they are ’reasonably close’. A distance metric
is then used to exclude bad pixels within the 40 x 40 pixel window.

Consider two circles centered on the '+’ with radii of (11 + 2.5) and (11 - 2.5) pixels respectively
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{these circles are niot shown in figure 5.5). Then all pixels lying completaly within the smaller circle or
completely outside the larger cirele are considered as extraneous pixels, All remaining pixels, denotad
by the ™' in figure {5.5), are then used as input data to the ellipse fitting algorithm, stage 2, 1°F
ellipse fit. A geometric errar of fit is then computed for the ellipse. The error of fit is similar to the
distance metric used for the cirele - all pixels outside a perpendicular distance of 1.6 pixels from the
ellipse are considered as noise; the remaining pixels (denoted by the 'O’ In figure (5.5) are considered
as true edge pixels. A final ellipse (stage 3, 2°% ellipse fit) is then fitted to the true’ edge data.

It is clear from figure {5.5) that the simple distance metrics effectively isolate the true edge pixels
from the noise, Of the 56 pixels used in the final ellipse fit, only one may be classified as noise. This
translated to a 1.8% error which is reazonably good. All further use of the Fitzgibbons algorithm, in
particular its implementation in the chapter (5), includes the additional metrigs.

5.4 Testing with Idcal Targets

An ideal target is one in which the area within the ellipse hasg a grey value of 255 {saturation] and
the area outside has a grey value equal to the background level. However in a discrete space, such
as pixel space, the elliptical area is only an approximation to the ideal ellipse. A simple routine
was developed for generating a circular area that very closely approximates the theoretical solution,
figure (5.6). In terms of geometric properties, the area and eccentricity of the generated circle are
exactly that obtained for an ideal circle.

Figure 5.6: Generated circular area with theoretical circle superimposed

5.4.1 Fall-Off Functions and Random Generation of Ideal Targets

The effects of noise present in most digital images can be reasonably modelled by mathematical
approximations. In particular fall-off functions model target blurring caused by de-focusing, over-
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illumination and electronic effects, There are a number of methods which could be employed to
generate and apply these Fall-off functions. For the series of tests conducted in the present work, the
target fall-offs were obiained bw convoluting the image containing the circle with a two-dimensional
(7 = 7) discrete normal distribution with ¢ of 1 pixel. This is similar to blurring generated by
Trinder 93], with the following variation: Fach circular area was generated in a different position,
within a separate (512 » 512) image, and individually convolved with a normal distribution. The
nortnal distributions were generated independently [or each image. This ensured that the blurring
was purely random, and different for each circle. The resulting images were then combined into
a gingle image, figures (5.7 and 5.9). A closer look at one of these synthetically generated targets
with simulated noise, figure {5.8), reveals a 'halo’ like edge which is characteristic of the penumbra
effect encountered in X-rayv imaging. This ensures that the tests bear some resemblance to the actual
problem for which these centering routines were formulated.
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Figure 5.7: Blutred tatrgeis due to direct falloff: Equal diameters — 15 pixels

Figure 5.8: A closer look at one of the hlurred targets: diameter = 15 pixels
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Figure 5.9: Blurred targets due to direct falloff: 4 diameters = (6,15,10,12) pixels

5.4.2 Cenlering resulls

The target centering methods were tested for all of fhe feature extraction technigues. Two target
images, one with targets of equal diameter and one with four different diameters, were used in the
tests. The varying diameter targets investigate the effects of scale within an image,

The first set of resuits with equal diameter circles are presented in table {5.4). Table (5.5) has 4
different diameters (6, 10, 12 and 15 pixels).

The methods are numbered as follows:

1. Center of gravity with uniform weight {UCG)
2. Weighted center of gravity (WCG)
3. Weighted center of gravity with grey wlue squared as weight (WOGS0)

4. Ellipse specific conie fitting (ESCF)

The RMS As and Ay are the root mean squares of the differences between calculated and known

coordinates of the circle centres. 1,,"{&9;}2 + f&y]z is the resuliant RMS deviation for Ay and Ay,
The max Ax and Ay are the maxiroum differences for each method. It should he noted that the
percentage and optimal threshold methods produce aress (not edges) which are inappropriate for the
ESCF centering method and are therefore not included in tables {5.4 and 5.5),

The results show that the one-fold Canny methed is the least accurate for all centering routines. This
may be attributed to the directional biag introditeed in the convolution. The two-fold Canny method,
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although less accurate than the thresholding routines, produce improved centering when compared to
the one-fold method, This shows that the ditectional bias introduced in the convolution is gvercome
with a globally symmetric procedure.

The two thresholding routines, quite sarprisingly, oatperformed the edge detection. In particular, the
percentage method produced the most accurate results. The aceuracy of the percentage method is
greatly influenced by the percentage input value, In real data, like the X-ray mnages, the percentage
pocupied by object pixels can only be approximately calculated, but with ideal targets, this percentage
% known exactly. The percentage method is well suited to images with clearly defined objects, but
can become less accurate when the image is nolgy.

As regards target centering, the ellipse specific conie fitting produeced the most accurate results, The
algorithm proves to be more accurate than other centering technicques with ‘good’ data and equaliy

important, it retirns meaningful results when the noise levels are high.

Method | BMS Ax | RMS Ay ll.-"f{ ﬂ'n;{::l2 -+ (&yf max Ax | max Ay
o ) Percentage Method (% = 4.5)
[  (1.2685 (1.2075 0.3393 (14345 -0.4300
2 (.1681 (L1342 (12151 1.4438 {12507
d 0.1432 0.1022 0.1754 1.3591 (1.21499
Optimal Thresholding Method
1 L2325 0.2202 1.3242 (L5270 0.4716
2 (L1748 {1550 0.236G3 {13624 (L2765
3 (L1651 (1303 (L2103 0.2750) (12004
One-Fold Canny Cenvolution : (¢ = | pixel}, [Upper, Lower| = [{1.1.4.13]
1 (1. 4958 (L.o675 (L7536 06768 0.8352
2 (3415 (L4187 (L5403 {1.7426 (.6179
d {1.2410 0.3161 {1.3975 .4973 {.4694
4 0.17949 0.1635 1.2431 1.1327 1.2464
Two-Fold Canny Convolution : (& = 1 pixel), [Upper, Lower| = [0.1,0.15]
1 .3759 U.4551 0.5903 -0.8459 | -0.9162
2 {.2873 (L3547 0.4564 -LGIRT | (L6561
B (L2279 1.2818 {1.3624 -0.5835 | -0.5304
4 (1520 {1.15043 {1.2214 -1.26G84 -1.2362

Table 5.4: Centering resylts using ideal targets with same diameter, units : pixels
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Method | RMS Ax | RMS Ay \/ (Ary? + (AyF | max Ax | max Ay
Percentage Method (% — 2.42)
1 020749 0.2073 0.2936 -NLALKS {}.433%
2 0.1522 {.1520 0.2151 -LA185 -0.2827
3 0.1547 | 141385 | 0.2083 -0L4185 -0.307
Optimnal Thresholding Method
| (1.1930 (1.2266 0.2976 i1.4498 i1. 4556
2 (L1741 (1.1976 0.2634 (1.3614 1. 4956
3 L1777 1.1933 0.2626 0.4055 0.4956
One Fold Canny Convolution: {r = 1 pixel}, [Upper, Lower| =[00.1, 0,15
1 (LG08E (1.5699 0.5339 (.58455 0.6661
Z (L4613 1.3334 (1.5692 (L8485 0.2470
3 (1.4362 (1.2817 0.5193 11,8485 0.5748
4 1. 162% 0145 0.2539 L0427 1.45003
Two-Fold Canny Convolution: {7 = 1 pixel], [Upper, Lower| = [(11, (.18]
1 04744 0.4633 0.6631 1.8438 (.8377
2 0.3064 0.3629 0.4749 -1L70TS -(1.B7GA
H] 0.2601 03418 0.4287 -0.5813 0.8377
4 0.1543 01755 0.2337 -1.I8TR ~-1.4411
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Table 5.5: Centering results using ideal targets with four diameters, units: pixels

5.5 Testing with Real Tarpgets

A techmique for testing the relative accuracy of the imaging and centering algorittuns with real targets
i5 discussed in thig seetion. The method invelves transforming the image data of control points to 3D
real space coordinates. The tesiduals from comparing caleulated to measured 3D coordinates then
form the basis for the analysis. The control frame used in this analysis comprised 21 points, listed
in table (5.6) and illustrated in figure (5.10), The control points are measured using a coordinate
measuring machine {CMM), the functions and accuracy of which are diseribed im Appendix (B.5).
The frame in question is the original frame constructed foe calibrating X-ray space and is used to
illustrate the relative accuracy of the various imaging and centering processes. The control frame
used in the 3D reconstruction of the final experimental data, and required for the desired accuracy
reported in table (6.2), contained an effective 110 polnts and iz given in table {B1).
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| Poiut No, | X {vun) | ¥ (run) | Z {mm) |
1 001 150.48 .00
2 12.06 150,78 07
3 3250 | 150169 1.32
4 92111 15068 014
5. (.60 64.47 | -27.97
6 12.31 6439 | -26.51

| 7 30,95 6438 | -27.26

! 8 71.05 64,41 -27.54
g 92.33 6436 | -26.85
10) 384 92,93 | -56.63
11 12.15 93.18 | -36.3l
12 51230 03.08 | -56.G6
13 42, 10) 03.25 | -ab.6d
14 379 121.85 | -R4.08
15 11.73 121.95 | -B3.2T
16 60.37 | 12186 | -83.26
17 01,88 | 121.86 [ -B5.70
18 .09 361 | -11315
19 11.84 3567 | -113.63
20 32.51 35.69 | -114.21
a1 6] &8 35,73 | -113.94

Table 3.6: 3D coordinates of the 21
centering algorithms
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coatrol points used to assess the various nage processing aond

Figure b1k Control fraone used to assess the various image processing and centering algotithms, The

orieniation ol the axes are shown in the ligure with ball position number 1 denoting the origin.

The real targets are made up of 3mmn ball bearings positioned on a tigid frame such (hat they
are clearly visible from orihogonal perspeciives. The frame is immersed in the Indersecting X-ray
beams, and the resulting digital iinages provide the data [or testing the target centering routines for
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each of the feature extraction methods. Real targets do not have a prion target centers in image
space, however the spafial coordinates are known, Appendix (B.5). The testing therefore involves
calculating the image target centers and then transforming them to real space. The RMS values
of residuals between measured and calculated spatial target centers form the basis for the analysis.
Like the ideal target tests, the RMS values are computed for each of the three cartesian coordmates.
The standard DLT equationz were used to transform image data back to real space coordinates,
The resulting errvrs produced from the residual analysis inchudes the transformation errors, however,
given the same image, it is expected that these errors are equivalent. It should be noted that the
magnitudes of the residual analvsis do not quantify the error associated with unknown points and
are therefore not a true reHection of the error. However, this was not the intention of this exercise.
The relative accuracy of the various technigues ie whats important at this stage. The error associated
with unknown points is deferred to chapter {6).

5.5.1 Centering results

Method | REMS A | BME Ay | RME Az | Resultant | max £ | max Ay | max Az
Percenlage Method - (Plane A = 19 F), (Plane B = 17 %)

1 0.5021 0.3331 {3080 0.8767 0.9947 0.5817 | 054511
(.5012 {.3312 {13004 0.6758 (.9937 (.5805 | 0.5511
3 U.50U5 0.3298 0.3111 0.6753 0.9928 0.5793 | 0.5509

Optimal Thresholding Method

1 0.5064 {13328 (L3140 0.6829 0.9695 0.5766 (15966
0. 5060 {.3308 0.3158 0.6821 {.9687 0.5764 0.5966
3 (.5053 0.3295 03179 £,6819 0.9675 0.5712 0.59641

{ne-Fold Canny Convolufion, {7 = 1 pizel, j-uﬁpr:r, towerf = {f.1, 1.18}

1 0.5023 | 0.3334 0.3168 | 0.6811 | 0.9927 | 0.5772 | 0.6149
2 05023 | 0.3317 | 03117 | 0.6806 | 0.9925 | 05759 | 0.6146
3 | 05023 | 03303 | 03187 | 0.6804 | 09928 | 05745 | 0.6142
1 (. 1802 0175 | 01723 | 0.3072 | 0.3316 | 0.2987 | 0.3101
Thwo-Fold Cunny Convefntion, (o0 =1 pizel), fupper, lowerf - (0.1, 018}
1 (L5001 03375 | 03078 | 0.6773 | 0.9963 | (.5664 | 0.5042
3 0.5008 | 02363 | 03079 | 0.6760 | 0.0969 | 0.5607 | 0.5942
3 0.4998 | 03351 | 03088 | 0.6765 | 09968 | 05517 | 0.5940
4 0.1769 | 01710 | 0.1603 | 0.2951 | 03011 | 02914 | (13135

Table 5.7: Centering Results for Heal Targets, units : millimeters

The RMS Az, Ay and Az are the root mean squares of the differences between calculated and known
coordinates of the spatial target centre coordinates. Resuflgni is the resultant vector RMS deviation
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for Az, Ay and Az, The max Ag, Ay and Az arc the maximum differences for each centering
methaod.
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Figure 5.11: Fealyre exitraclion based on Lhe four processing technicues

From table (5.7), the ESCF routine clearly out-performs the cssenlially couivadent resulls of the
cenler-of-gravily based techmiques. T is also evident Lhal much of the resullant centering error is due
lo Lhe r-coordinate. Comparing Lbis Lo the original CMM coordinates, 1.e. before rotating the CMM
data into the coordinaie system of the X-ray beam, the error corresponds to the depth measurement
(Z-direction) of the CMM. Figure (5.11) illustrates the resultant images of the feature cxtraction
algorithms.

The Percentage and Optimal Thresholding Methods do not remove extrancous objects during the
processing, white sections in figure {5.11).This can potentially complicate target centering, cspecially
when the neise iz in the region of the targets, and more importanlly in the path of the tracked
particles. This preblem is adequalely dealt with in the Canny convolution routines.

The weighled routines (WCG and WCGSQ) wers nol, appreciably dilleren| from the uniform cenlering
method (UCEG), This may be attrnbuted to the relatively homogeneous mtensity distribution within

the targeis.
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Figure 5.12: Mean resultant error of various target centering algomthms applied to real data

5.6 Conclusion

The testing of the centering algorithms for each of the feature extraction routines were conducted
using synthetic and real data. The center of gravity based techniques are essentially equivalent, with
the WCGS routine producing subpixel improvernents on the WCG and UCG algorithms, The ESCF
technique is, on average, twice as accurate ag the other centering routines with an overall improvement
of one pixel when tested against real daka.

The relative robustness of the centering algorithms on the X-ray data were assessed by combining the
resultant residuals of the feature extraction routines m an sverage sense. Figure (5.12) illustrates a
histogram plot of the combination for each of the centering routines, The ESCF centering. thongh
not directly applicable to area based, feature extraction routines, produces the best centering results.

The following discussion summarises the findings pertaining to the feature extraction routines.

1. The area based, percentage threshold method is very accurate with a priori knowledge of the
percentage oceypancy in image space. Unfortunately, such information is not readily available
with real data, snd even with good estimates, the results can be sputious due to noisy pixels of
sitnilar intensities oecupying equivalent areas. The technique can be successfully implemented
with distinet targets and relatively low noise levels, though such conditions are ysually associaterd
with trivial problems.
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2. Optimal thresholding provides an efficient means of distinguishing a meaningful threshiold when
the choice is not obvious. The final threshold is however only as good as the initial estimste, The
bitnodal nature of the probability distribution that underlies the technique. limits 1L application
to fairly distinct objects. The applicubility to X ray images depicting the typicul penumbra effect
hig been demonstrated, making the optimal thresholding algorithm the preferred Lhresholding
technigue.

3. The two-fold Canny implementation produced improvements on the standard form, thereby
uffinning Lhe validisy of symmetric procedures. The mprovement is computationally twice as
expensive, and can therefore only be justified in problems demanding subpixel improvement.
Such gains in accuracy are important to the X-ray Lracking experiments, though the addilional
computationsl time is an issue thut cannot be ignored when dealing with large winounts of data.

Based on the above findings, the feature cxtraction and subsequent cemering algorithm selected for
the processing of the X-ray images are the two-fold Canny method and the ellipse specfic conie i ling
algorithm respectively. The accuracies achieved for the control data are based on the standard, 11
parameter, implementalion of the direct linear transformation, A further mmprovement in aeouracy
based on full DLT formulation is given in the next chapter,



Chapter 6
X-ray Photogrammetry

Most of photogramometry can be based on & pair of equations known variously as the perspective
equations, the nagiug equations, the projective equations or the collinearily equations. The exterior
orientation problem, a8 used in photogrammetry, is well described by the collinearity equations,
equations (6.1 and 6.2). These equnations relate the two-dimensional coordinates y and v of image
pomts Lo the three dimensional coordinates £, 1 and + of points in ohjecl space, figure (6.1]. Of
the various formulations of the analytical orientation problem, the Direct Linear Transformation, or
DLT ([60], |59]), was fonnd to best fit the requirements of the BAE. The projective transformation
as referred to by Adams [60], was derived using the geometry of the X-ray beam and is used in the
present work. Unlike the traditional bundle adjustment solution |38|, this method does not require
a calibrated camera, or fudicial markings on the scintillating screen, and can be solved without
supplyving initial approximations for the (ransforination parametlers.

In section (6.1) we develop the projective transformation eguations using homogeneous coordinates.
The link to X-ray geomstry i3 then used te develop a lnear least squares solution for mapping X-ray
image coordinates to object space. Section (6.2) deals with the conventional description of collineatity
encountered in photogrammetry. This section allows the reader to explore an alternate solution
acheme if needed, but more importantly it introduces some of the mathematical detail that facilitate
the descriptions in subsequent sections. The conventional deseription tses nine linearly independent
parameters to geometrically describe the image capturing mechanism. The link between the linearly
dependent DLT parameters and the linearly independent camera parameters are illacidated here, A
geometric interpretation of the X-ray imaging in terms of conventional cameras is also deseribed.

The mathematical deseriptions developed in section (6.2) facilitate the iucorporation of optical errors
{lens distortion effects) and random deviations into the DLT model which is the (ocus of section {6.3).
A technique for modelling the variances of image and object space coordinates is illustrated in sec-
tion (6.4).

Section (6.5}, discusses the merits of the technigues developed in this thesis by comparing them to
the standard solution schemes. Tn particaular ihe proposed variance model is assessed according to
accuracy and stability.
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6.1 Projective transformations in X-ray photograrmmetry

The projective transfortnation is given by:

b€+ nangs + g + B
bt &5 + bagiyy + baari + 1
f.ii]«f,: -+ Ir}‘_:_ljii‘lfi-_ + .,f}jg-ri + ,f;:”

e Ay, = 6.2
i+ 8% oy &; + byury + by + 1 [ :I

xi +Ax; {6.1)

" — Y

Fimire #.1: Homogeneous co-ordinstes in two dimensional space

where ¥, ~; are the image coordinates of point ¢, Ax;, A~ are the systematic errors of the image
coordinates of point ¢ {caused by lens distortion, ete), &, #;. 7: are the ohject space coordinates
of pomt ¢ and the &;; termns are the unknown transtormation parameters from which the elements
of interior and exterior orlentation can be calenlated. This linearly dependent equation set involvea
eleven transformation parameters instead of mne linearly independent camera parameters. An ap-
proximation lies in ignoring the linear dependence between parameters. However, the DLT solution
does have some advantages in that it converges quickly even for poor provisional values and it appears
to converge i spite of the high correlations, which would allect a byndle adjustment solution. Karara
& Abdel-Azixz |59] point out “the linear components of lens distortion and [ilm deformation are taken
into account by the eleven transformation coefficlents”. This is particularly useful for an apparatus
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A pair of observation equations can be written for each of the m cameras (in the case of the BAE,
m = 2). The normal equation marices A, X and B are then given by

Ry A A

L)

L2 1)

R

A A

R

WLy 1)

R(O)

WL

R(1) R(1) R
A= (6.123)
W LG ™ gy glm)_pm) oy (m) pim)_ g om)
R(m) R(m) Rim)
wm L) o plm) gy my ) _plm) o, (m) plm)_ plm)
i) B RO™)
t
X=[X Y 2] (6.124)
(1 _. (0, (1) (m)_(m) g™ _pm) 1%
B = [ LY LMy L™y L™ —w .
r( RO ct Rim) Rr(m) (6 125)
from which the least squares solution is
-1
X =(A'W,A)" (A'W,B) (6.126)

The following steps can be used in incorporating the reconstruction solution into a computer program

1. The first iteration is solved with the identity matrix used for the weighting. Note that the R
terms cancel out for this condition.

2. From the second iteration on, compute the weight vectors according to section (6.3.1.2). Use
the object space coordinates solved in the previous iteration to generate the weights and the R

terms.

3. Repeat the procedure until the object space coordinates of new points have converged suffi-
ciently. A convergence criteria can be set to achieve this.
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a control volume. More details on control frame design is differed to Appendix (B.2). On careful
examination of the normal equations it becomes apparent that there is an implicit non-linearity - the
coeficient matrix (design matrix) requires R which is a function of (Lg to L1;). This system cannot be
solved directly. An iterative scheme that solves (Lg to L;;) in the previous iteration must be employed
to calculate R in the current iteration. The following steps must be taken when incorporating the
calibration solution into a computer program:

1. Solve the standard 11 parameter DLT equations using the identity matrix for the weighting.
Note that columns 12 to 16 of the coefficient matrix, equation (6.116), and rows 12 to 16 of
matrix X, equation (6.117) vanish in this part of the solution. With this in place the R; terms
cancel out of the solution. This will be the first iteration.

2. From the second iteration on, use the previously computed parameters (from step 1) to solve
for the R; terms, the principal point coordinates (zp, yp), equations (6.87 and 6.88) and the
variances, equations (6.99 and 6.100). Use these parameters to generate the normal matrices
(A, X and B), equations (6.116, 6.117 and 6.118 respectively), and hence form the least squares
solution given by equation (6.119).

3. Repeat the procedure until the 16 DLT parameters have converged sufficiently. This is normally
achieved by setting a convergence criteria.

4. At this point we need to compute the variance-covariance matrix, equation (6.108), which will
be needed in the reconstruction phase.

6.3.3 Reconstruction Stage using the SFDLT

This phase deals with the solution of new object space coordinates with the assumption that the
16 parameters are known and optimised. Again, a set of normal equations must be formed. Equa-
tions (6.87) and (6.88) can be rearranged for the [X, Y, Z] to give (in matrix form)

l[uLg—-Ll ulqo — Lo 'LLLH—L?,] )}S}Zi[[ﬁ;—u] (6.120)
R | whe— Ls whiyy— Lg wly ~ Iy 7 R| Lg—w
where
[u, w] = [z — Az, y — Ay] (6.121)
R=LoX +LioY + LuZ+1 (6.122)

and (Az, Ay) is given by equations (6.83 and 6.84) respectively.
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Equation (6.115) can be generated for each of the n control points resulting in 2n observation equa-

tions. The normal equation marices A, X and B are then given by

Xy Y oz 2 ~0 Xy, —z¥, oy

.f_fi‘ R R & 0 0 0 0 F ) 241 poA
X Y o4 1 =X -~y -ngg

0 0 0 0 FER KB B T Ky ) £y

A =

Xa Yo Zo L —22Xa =2aYa —2uZa

R, R, R, R 0 0 0 0 o e Ry
X, )¢ Z, 1 —¥nXn —~Yn¥n = ¥
=21k e

0 0 0 0 7 2 & = “E* &R "

&r? grt &rd G (r?+ 2

mr? mrt omry mé (v +2n%)

€ath &arn Eath atn (rh+287)

NaTa Maln Mals Mpén (2 +202)

from which the least squares solution is

AX = B
X = (A'W.A)"" (A'W,B)

(6.116)

(6.117)

(6.118)

(6.119)

Implicit to this formulation is that the object space coordinates [X, Y, Z] are the measured control
points and are thus known. Again, the control points must not be coplanar - that is they must form
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The weight matrix for the reconstruction is then formed as

- 1 0 0 ooy
0'2(631) .
0 aQEcyli
W= . R : (6.111)
1

0 0 . ..y O
0 0 e . 0 S -

L o{eym) -

where m represents the number of cameras. In the X-ray imaging context, m = 2.

6.3.2 Calibration Stage

The calibration phase seeks to optimise the 11 DLT parameters and the additional lens distortion
terms. The normal equations for the calibration is obtained as follows:

Rearranging equations (6.87) and (6.88) yields

1 1
Ew = E (L1X + LoY + LaZ + Ly — Lex X — LypxY — L11£IIZ) + Ax (6.112)
1 1
= R (Ls X + LeY + LyZ + Lg — Loy X — LyoyY — L11yZ) + Ay (6.113)
where
R=LgX + LY +LnnZ+1 (6114)

In matrix form the two observation equations (for a single point) become

l[m} XY Z10 000 —2X —aY -2z
i _ v
Rly Blo 000X Y 21 —yX —y¥ —yz
[ L]
(r’R ¢r*R (SR eqR (r?+26%) R Lz
(6.115)
2R nr*R R néR (r?+29%) R L.
15
| L
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where
U =[U U Ui Ui |
=[5 ¥ £ F 0000 gL ¥ 2Z] (6.106)
and
V=[W W Vio Vi |
— (0000 F F F F 4 ¥ & (6.107)

o (L, L;) = variances and covariances between the 11 DLT parameters and is represented by

o{(Ly,Ly) o (L1, Ly) o (L1, L) o(Ly,L1y)
o (L1, L1)  o(Ly,Ly) o (L, L) o(Ly,L1y)
oLy, 1) o (La, L) o (Ly, Lyo) o(La, L)
o2 (L) = (6.108)
o (Lo, L1) o (Lo, La) o (L9, L1g) o (Lo, L11)
o (L, Ly) o (L, La) o (L1, L) o (L1, L1y)
and calculated as
2.7y "
02 (L) = MSE. (A'W,A) (6.109)

where A is the (2n x 16) coefficient matrix of the calibration phase, equation (6.116), and W, the
weight matrix of the calibration stage, equation (6.101). The terms along the main diagonal of
equation (6.108) are the variances and the other terms the covariances. MSFE (a scalar quantity) is
the mean square error from the least squares estimates and is computed as

B'W_. B — XtA'W_ B
2n — 16

MSE = (6.110)
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ol(ez) = (@-"-};—Ll> o2 (X) + (x—‘Q“’R;LE) o2 (Y) + (“’—LPR%@) 02 (Z) + 0% (x)(6.99)

o’(ey) = (—————ng = L5) o (X) + (—_w_yLlDR' L6> o2 (¥) + (—-—yL”R_ L7) o (Z) + o2 (y)6.100)

with [02(z), 0?(y)] = variances of image coordinates and [0%(X), 0%(Y), 0%(Z)] = variances of the
object space coordinates. The variances to the observations must be obtained independently and is
described in sections (6.4 and 7.4). The weight matrix is then formed as the reciprocal of the equation
variances.

oo 1 -y
0'2(63:1) ? 0
0 azieyls
We=| . I (6.101)
0 0 O] (1)
0 0 =

where 7 is the number of control points.

6.3.1.2 Weight matrix for the reconstruction stage using the SFDLT

Again, if we Taylor expand equations (6.92 and 6.93) with respect to the image coordinates of the
new points and the 11 DLT parameters,

X Y Z 1 z2X zY A

de, = WEBL]_ - EaLg — E6L3 - E8L4 -+ —EaLg -+ E.BL]“O + -EGLU + Oz (6.102)
X Y A 1 X Y Z

Be, = —0Ls— 0Ly~ =Ly — £OLs+ 0Ly + 0L + L2011 + 0y (6.103)

where (X, Y, Z) and R were kept constant in the Taylor expansion. The equation variances are then
given by

11 11

o? (61) = ZZUin(I (Li,Lj) +0‘2 ((B) (6.104)
=1 j=1
11 Jll

otley) = YD ViVio(Li,L;) +0* () (6.105)

i=1 j=1
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We will now formulate the equation variances for both the calibration and reconstruction stages based
on the standard implementation (SFDLT). The calibration stage requires variances to the image and
object space coordinates of the control points while in the reconstruction stage, the variances to the
image coordinates as well as the variances and covariances to the 11 DLT parameters are needed. A
detailed description of the variance model for the observations is given in section (6.4).

The random errors of the observation equations, equations (6.81 and 6.82), can be expressed simply
as:

_ WX VLY +L3Z+ Ly
e 75 o P o (6.92)
e . _ . LSX + L6Y + L'?Z 'Jf" LB (6 93)
v oS YT YT T X + LY + LuZ +1 '

6.3.1.1 Weight matrix for the calibration stage using the SFDLT

Rearranging equations (6.92 and 6.93):

1 1

ey = —R- (—=L1X — LyY — L3Z — Ly + Loz X + LipzY + L1122) — Az + E:B (6.94)
1 1

ey = —R— (—LsX — LgY — L7Z — Lg + Loy X + LioyY + LnyZ) - Ay + Ey (6.95)

The equation residuals can then be computed by applying a Taylor series expansion to first order.

. ng - Ll .’I7L10 - L2 .’I7L11 — L3
des = ( = ) 0X + (——R ) oY + (————R ) 97 + be (6.96)
de, = (?-99"}-;-9&) 0X + (W) oY + (W) 8Z + oy (6.97)

where we assume Ly to L1 and R are constants and that

8(Az) =0 (Ay) =0 (6.98)

The corresponding variances are
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Parameters Description of error
Lito Ly Standard DLT parameters

Listo Ly | 3rd, 5th and Tth order optical distortions

Lis and Lig de-centering distortion terms

Table 6.1: Description of the lens distortion terms in the DLT equations

{xp, Yp) is the principle point P and is defined by the perpendicular intersection of a line from the
X-ray source to the scintillation screen of the angiographic equipment, see figure (6.2).

LiLg + LaLyo + L3Ly;
T 6.87
P Li+ L3, + L% (6.87)
Lelo + Leglng + Lol
= sLg + LgLig + L7Lyy (6.88)

L+ L3+ L%

The solution to the full DLT equations may be divided into two stages namely calibration and re-
construction. In both cases the DLT equations are arranged into a set of normal equations and an
iterative least squares solution is implemented in the usual manner

AX = B (6.89)
WAX = WB (6.90)
X = (A'WA)™' (A'WB) (6.91)

where A is the design matrix, W the weight matrix to ensure a stable set of zeros and X is the column
vector containing either the DLT parameters (calibration stage) or the object space coordinates of
the tracked particle (reconstruction stage). It should be noted that the elements of the weight matrix
are different for the calibration and recontruction stages. In section (6.3.1) we formulate the weight
matrices.

6.3.1 Determining the weighting factors to the observation equations

The weighting factors are associated with the variances of the image coordinates, object space coor-
dinates and the 11 DLT parameters. These variances are integral to the stability of the solution and
must be carefully modelled. Such stability can only be achieved if the modelling is based on physi-
cally correct principles. This implies that artificially constructed variances produce quickly diverging
solutions for a linearly dependent system like the DLT. For this reason it is normally safer to assume
uniform weighting if no other information regarding the observations are available.
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Additionally, meaningful and accurate DEM verification demands that the highest quality experi-
mental data be used for the comparisons. In the context of statistically valid data this translates
to large amounts of accurate 3D coordinates of object space points. In this section we present the
standard technique for incorporating the higher order terms into the full DLT solution. To facilitate
the ensuing discussion the following acronyms will be used:

SDLT: standard 11 parameter DLT solution (coordinates assumed to be error free)
SFDLT: standard, full DLT solution (solution based on the standard implementation)

VFDLI: variance model, full DLT solution (solution uses a physical model for the variances)

To facilitate the inclusion of the errors into the solution, the change of notation used in section (6.2.3)
will be adopted.

WX+ LY + 132 4+ Ly
e A = )
e ¢ LoX +LigY + LI Z +1 (6.81)
LsX + LﬁY + L Z + Ls
—Ay = 6.82
y y LoX + LigY + L Z +1 ( )

where the L terms represent the standard 11 DLT parameters, [z, y] the image coordinates of the
observations, [X, Y, Z] are the object coordinates of the observations and [Az, Ay| are the errors
caused by lens distortion.

The full DLT solution has the optical errors expressed as:

Az = & (Ligr? + Lisr* + Lar®) + Lisén + Ly (r? + 267) (6.83)
Ay =7 (Liar? + Lyar* + Ly4r®) + Lisén + Lyg (v + 20°) (6.84)
where
€, n = lz- Tpy Y — yp] (6.85)
r? o= &4y (6.86)

The five additional parameters are related to the optical and de-centering distortions (see table 6.1
for details)
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Figure 6.3: Interpreting the BAE configuration as a large camera with a virtual object

6.3 The full DLT solution: Incorporating optical errors and random
deviations

The common approach employed for the DLT equations is to generate a set of normal equations and
simply ignore the effects of lens distortion and random errors in the final solution (equations 6.24
and 6.32), as in section (6.1). The motivation for ignoring these errors is largely due to the difficulty
associated with modelling these effects, especially when prior knowledge of camera calibration and
coordinate variances are unavailable. In addition the improvements in accuracy are not always suf-
ficient to justify the added effort and in some cases the solution may still diverge. The divergence
typifies the instability of the parametrisation and is largely due to an unphysical characterisation of
the de-centering and optical distortions.



CHAPTER 6. X-RAY PHOTOGRAMMETRY 125

-1

D = (6.72)
V(L3 + I3 + L)
zp = (L1Lg+ LaLyp+ LaLyy) D? (6.73)
yp = (LsLy+ LeLyo+ L7Ly;) D? (6.74)
¢ = (IR +L3+ L3+ L2+ L3 +13) D? — a2 —y2 (6.75)
¢ = sin~(LyD) (6.76)
—L
w = tan_l( 10) (6.77)
Ly
D —
-1
o = s (mu) (6.79)
cos
X, Li Ly L3 17'[ L,
Y. | = | s L¢ ILq Ls (6.80)
Ze Lg Ly Ly 1

6.2.4 Interpreting the BAE as a pinhole camera

Due to the proprietary nature of the BAE the actual camera mechanism, and hence the nine pa-
rameters, could not be directly investigated. However it is known that the scintillations produced by
the intensifying screen is the first record of the 2D image data. In fact, the final digital images are
simply scaled recordings of the intensifying screen®. The BAE can thus be compared to a pinhole
camera, with the perspective centre C or pinhole at the focal spot (anode), the principal distance
equal to the FFD (gee chapter 3) of the X-ray beam and the objects being analysed are analogous to
a virtual object, figure (6.3). With this analogy in place all the usual mathematical descriptions of
photogrammetry, as applied to conventional cameras, can be applied to the BAE.

SWe assume that the camera axis passes through the center of the scintillation screen
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(il?pm31 - C’mu)
D
(zpmag — cmag)
D
(xpmaz — cmys)
D
c(my X + mYe +mizZc)

Zp + D

(ypma1 — ecmar)
D
(ypma2 — cmag)
D
(ypmas — cmas)
D
L6 (ma1 X + maoY, + masZ.)

may

Miz3

— (mg1 Xe +maaYe + mazZe)
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(6.60)
(6.61)
(6.62)
(6.63)
(6.64)
(6.65)
(6.66)

(6.67)
(6.68)
(6.69)

(6.70)
(6.71)

In particular the camera parameters can be obtained from the DLT parameters, if desired, by algebraic

solution of the DLT equations:

o g e

e et
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a=kRA (6.54)
3’)1 - il,‘p Xi - Xc
Vi—Yp | =kR| Y- Y, (6.55)
[ Zi - Zc

This produces three equations that describe the physical situation. Since the scale factor, &, is of no
interest in itself, it can be eliminated by dividing the 1°* and 2™ equations by the 3" and rearranging
to yield a functional form. Including distortion parameters, dz and dy, this gives the most commonly
used form of the collinearity equations:

m(Xs — Xe) +m2(Y; = Ye) +mas(Z; — Ze)

T —0x; = Tp -+ Cm31(Xi - Xc) T m32(Yi — Y;) T m33(Z,- — Zc) (6.56)
maoy (X; — Xo) + moa(Y; — Ye) + mos(Z; — Ze)
; — 0y = .
v oy Up Cm31(Xi — X.) +mz(Y; - Y.) +m33(Z; — Zc) (6.57)

The collinearity equations can now be written for each image of each interest point, and the equations
combined into a simultaneous solution for the unknown parameters and is commonly referred to as
the bundle adjustment, after Brown [58]. The implicit non-linearity of these equations necessitate
the use of Taylor expansion w.r.t. all parameters inorder to obtain a linearised set of equations that
can then be solved in an iterative leasts squares adjustment. A detailed description of this solution
scheme is ellegantly presented by Brown [58] and is therefore not included in this thesis.

6.2.3 Relating the camera parameters to the DLT parameters

One derivation of the DLT equations, Abdel-Aziz & Karara [59], is to begin with the collinearity
equations. After some algebraic manipulation, the following equations are obtained?:

LiX 4+ LoY + L3Z + Ly
—Ax = .
T ey LoX + L1oY + L1 Z + 1 (6.58)

LoX + LeY + L7 + Lg
— = .
Y=Y = X T LY T IuZ +1 (6.59)

where

*These equations are identical to equations (6.1 and 6.2) except for the difference in notation
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mir = COSQCOSK (6.43)
miz = sinwsingcosk + coswsink (6.44)
mi3 = — COSWSIN (Y COSK + sinw CosK (6.45)
Moy = —cCosEsing (6.46)
My = —sinwsingsink+coswcosk (6.47)
mo3 = coswsinysink + sinwcosk (6.48)
mgy = singp (6.49)
mgy = —SINWCoSY (6.50)
m33z = COSWCOS(Y (6.51)

6.2.2 The Collinearity Equations

Having defined the exterior orientation of the image, by establishing the coordinate systems and the
relationship between them, we can now describe the imaging process. The image vector, expressed in
the image coordinate system, is

Zi— ZTp
a=| ¥i—Up (6.52)

where
*;, ¥; are the image coordinates of the point i, and zp, y, are defined in figure (6.2).

The vector from the perspective centre to the interest point, expressed in the object space coordinate
system, is

o

(6.53)

.

i
N
|
No< o

where
X;,Y;, Z; are the object space coordinates of the interest point 7, and
X., Y., Z. are the object space coordinates of the perspective centre.

The imaging process requires that the image and object rays be collinear, thus we multiply the object
space vector by the rotation matrix, R, to bring it into the same coordinate system. An unknown
scale factor, k, is then included, giving
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In figure (6.2), the camera is represented by two components, namely the perspective centre of the
lens C, and the image plane, shown here as a photographic negative. An image coordinate system
z and y of arbitrary origin and orientation is defined in the image plane. An intermediate system
z',y/, 7, is also defined with its origin at the perspective centre C, with the z’,3" axes parallel to
z, y, and the positive 7’ axis directed from the perspective centre C, towards the image plane. The
7' axis is perpendicular to the image plane. The perpendicular distance between the image plane and
the perspective centre C, is known as the principal distance or camera constant, and will be denoted
here by the lower case letter, c. All image points have 2’ = ¢ as it is assumed they all lie on the image
plane. The point P with image coordinates (z,, ¥p), in figure (6.2), is the principal point and it is
defined by the intersection of the 2’ axis and the image plane.

6.2.1 Exterior Orientation

"The term exlerior orientation refers to the position of the camera (more precisely, the position of
the front nodal point of the lens) when the image was taken, and to the angular relationship between
the image and the object space coordinate system.”[59]

The first step in determining exterior orientation, is to establish the coordinate system, see figure (6.2).
The ” object space” coordinate system is a 3D Cartesian coordinate system whose orientation is defined
by the given coordinates. The "émage” coordinate system is a 3D right-handed Cartesian system, with
the z and y axes being in the image plane and the z—axis being towards the perspective centre. The
angular relationship between the image and object space coordinate systems is described by a 3 x 3
orthogonal rotation matrix, the elements of which are the cosines of the angles between each pair of
coordinate axes. One commonly used system is the definition of the orientation matrix by sequential
rotations around the X, Y and Z axes by angles w, ¢ and s respectively, in that order. These
matrices are multiplied together in the proper sequential order to give:

M = MM M, (6.41)
ar

myy 2 M2
M= May Moy Mog (6.42)
M3y Mgz M33

with
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Cor = (bar —7.ba1) (6.38)
Coa = (b2 —7.bs2); Ly =7 by (6.39)
Caz = (bos — .ba3) (6.40)

The last two rows are identical in form except for the barred terms.

6.2 Collinearity in conventional photogrammetry

In this section we develop the collinearity equations from the perspective of the nine camera parame-
ters. The relationship between the DLT equations and the camera parameters are also presented. The
notational changes introduced in this section serve only to facilitate the discussion in section (6.3).

An alternate, and more traditional, formulation of the exterior orientation problem is to determine
the collinearity relationship according to the nine camera parameters. The following discussion briefly
describes the collinearity equations for the nine parameters and provides a geometric interpretation
for relating X-ray space to conventional photogrammetric descriptions.

Z

Y.
X A/

Figure 6.2: Geometric view of a conventional camera imaging system
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If we substitute the image coordinates (obtained from planes A and B) of the new point into equa-
tions (6.22 and 6.23), we have four equations in three unknowns. This is sufficient to solve for the
real space coordinates of the new point, in a least squares sense.

The four equations, after some rearranging of equations (6.22 and 6.23) are:

X = (b11 — X.b31) E - (b12 — X.b32) n -+ (b]_3 e X.b33) 7+ by (6.28)
v = (bog — v.b31) &+ (bao — 7.bag) m + (baz — v.b3z) T+ bog (6.29)
X = (b1 —%ba1) &+ (b2 — X-bs2) n + (bis — X-bas) 7+ bus (6.30)
¥ = (bo1 —¥.ba1) € + (b2 — V-bsz) n + (bas — Vbss) 7+ b2s (6.31)

In matrix form we have:

= (cTc) ' CcTL (6.32)

T
e =AY
N

where

Cii Ci2 Cis

6.33
Cz Cs Cs3 (6.33)
Cu Cap Cg

(6.34)

The C -matrix is formed from the coefficients of equations (6.28, 6.29, 6.30 and 6.31), where

Cnn = (b —x.ba1) (6.35)
Ciz = (b2 — x:.ba2); Ly =x — b (6.36)
Ciz = (b3 — x-bss) (6.37)
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2 me T2 1 0 0 0 0 -x0€ —XaW2 X272

&3 mg 73 1 0 0 0 0 —xz€s —xsWs X373

€ m5 75 1 0 0 0 0 —xs& —Xs%s — X575

s ms 76 1 0 0 0 0 -—xgé6 ~—XNeW —XeT6

s m3 78 1 0 0 0 0 -—xgfs —Xafg —XsT8

s My 7o 1 0 0 0 0 -—xofo —XoMo —XoT9

§11 i tu + 0 0 0 O ““Xngu —X11M1 —X11Ti

1 &2 me2 m2 1 0 0 0 0 —xio&i2 —Xiatiz —Xi2Ti2
A 0 0 0 0 & m 72 1 —vs —7Yalz  —7eT2 (6.25)

0 0 0 0 & mn3 73 1 —7fs  —vyamz  —73T3

0 0 0 0 & ns 75 1 —v€s  —7Yame  —VsTs

0 0 0 0 & 76 76 1 —7v&s —7Y2M2 76

0 0 0 0 & mg 78 1 -7y —7vaM2  —7s7Ts

0 0 0 0 & mg 79 1 —veg —vaM2 —Y97To

0 0 0 0 & m1 ™ 1 =y —72m2 —Yu'u

| 0 0 0 0 & mz iz 1 =iz a2 V12712

B = [by bg big by by boy bog boa by by b ]T (6.26)
L = [ X2 X3 Xs Xe Xs Xo Xt Xiz 72 Y3 Us Ye Y8 Yo M1 Mz ]T (6.27)

Since the b;; terms are averaged values, the more control points used the better the mean value, i.e.
the closer we are to the true values. The above matrix equation incorporates a least squares fitting
to the overconstrained system. The danger of using too many control points is that some of them
might be outlying points. This results in a undue weighting to these points according to the least
squares fit. To obviate this one should systematically omit certain points and check the accuracy
and conditioning of the parameters. This allows you to identify the outlying points. On the other
extreme, if you choose to use a minimum of six control points it is essential that:

1. No more than four control points be coplanar, and

2. No more than three images be colinear

Now since we have two pictures, from different view points, of the same object we can solve for the
b;; and b;; terms, where the barred terms are for plane A images and the unbarred terms for plane
Bl. Substituting these parameters back into equations (6.22 and 6.23), we can solve for the real space
coordinates of a new point that has been imaged in both planes A and B. It should be noted that
the parameters are only valid provided that the orientation of, and distance between the X-ray target
and image intensifier are exactly the same for filming of the control frame and the new points.

'The change of description from left and right image plenes to planes A and B is used to coincide with the jargon
of the BAE
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where the x,~ plane is parallel to the £, n’ plane and 7’ is arbitrary and constant.

Substituting the collinearity relations into equations (6.14, 6.15 and 6.16), we have:

a +a + a7+

X = 1€+ a1 +a37 + aig (6.18)
az1€ + azan + azaT + 634
a -+ 7+ G237 + @

v = 21§ + a22m + ag3 24 (6.19)
az1§ -+ az2n + a3z + a3q

Eliminating one of the transformation parameters (az4) by dividing all terms on the right by ag4 and
introducing new transformation parameters b;; = Sfj so that we may write:

b11€ + bran + b7 + by
‘ 6.20
b31€ + b3am + byzT + 1 (6.20)
b21€ + boon + basT + bag
6.21
7 b31€ + baan + bazT + 1 (6.:21)
The need for the change of notation mentioned earlier is made clear in this step.
Rewriting equations (6.20 and 6.21) and gathering terms
x = b€+ bian+ bz + big — baix€ — baaxn — bazxT (6.22)
v = bor& 4 baan + bysT + by — bz1yE — bzayn — bazyT (6.23)

In terms of the X-ray imaging as applied to the BAE, equations (6.22 and 6.23) is the relationship
between the two dimensional coordinates (x,y) on the scintillating screen, and the three dimensional
space coordinates {£, 77, 7) of points on the line joining the focal spot to the image point. In addition,
there are eleven unknown parameters. However, if we had sufficient (> 6) known space points and
their corresponding image points this would provide us with enough equations to solve for the b;;
terms. Then for a given X-ray image with known (x, ) data we have three unkowns (£, 7, 7)
corresponding to a particular space point. But two images of the same space point provide us with
sufficient information to uniquely locate it. Therefore we must first solve for the b;; and b;; parameters
corresponding to the right and left X-ray images of the same space point at the given time.

One method to solving these equations is a least squares iterative solution. This method is common
practice in photogrammetry where the space control points are assumed to be error free and the
image points subject to errors of observation. A mathematical description of these errors is presented
in section {6.3), however by assuming both co-ordinates to be error free a solution for the mean 'b;;’
terms can be obtained in a least squares sense as follows:

B=(ATA)'ATL (6.24)

where
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Equation (6.7) becomes:

PE = ané+awn+ais+anr (6.10)
P = ané+ann+an+aur (6.11)
P = asi€ +ann+asl+aur (6.12)

We may thus write (to within the arbitrary common factor p')

¢ ¢
n | _ n
T T

where A is non-singular. (i.e. the determinant of A is non-zero). The case of A being singular is
however of particular interest as it represents the mapping of space upon a plane, as in every central
projection, eg., in photography and X-ray imaging. For this reason the general case, A is non-singular,
will not be discussed further. In the central projection of the X-ray image a singular transformation
implies that to distinct planes in space there corresponds one, and only one, plane, the picture plane.
Such a transformation cannot be uniquely inverted for to every point in the picture plane, there
corresponds an infinite number of space points.

With regard to the singular transformation, the practically useful approach to introducing homoge-
neous coordinates is as follows:

If ¢, n, T are the rectangular coordinates of 3D space, mapped upon itself via the projective transfor-
mation equations (this is known as collineation), then the projective transformation equations, now
called the collinearity equations, may be written as:

¢ = a11€ + a1an + a137 + a4 (6.14)
a41€ + agn + 6437 + a4 .

= 1€ +az1 + a7 +az (6.15)
a41€ + agpn + 6437 + 44

oo az1€ +asan + azs7T +az4 (6.16)

a41€ + agpn + 0437 + Ggq

Thus for the two dimensional coordinates , -y say and using homogeneous coordinates &', 7/, 7/ we
have

x=% y=1 (6.17)
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Consider now a two dimensional space - a plane E say, figure (6.1). In this plane, point p has
coordinates (x,~). We now interpret the homogeneous coordinates £, 7, 7 as rectangular coordinates
in space and, in this space, we arbitrarily choose the plane 7 = & parallel to the £, » plane, as the
plane E. In this plane E, x = &, v = n. Joining O, the origin of the rectangular coordinates, to (x, )
of plane E by a straight line, we find that é and 2 are constant. Now since x is arbitrary, setting
K =1, we may write

‘ff:X 227 (6.6)

since for 7 = 1, £ = x, » = . Accordingly, the introduction of homogeneous coordinates signifies
simply the representation of the plane E into that space cone of rays with the origin O as center, of
which E is a section. That is, the homogeneous coordinates of a point are the space coordinates of the
points of the projecting ray of that point. With this analogy, the indefiniteness of the homogeneous
coordinates is made clear. The exclusion of the system of values £ = n = 7 = 0 has its geometric
basis in the fact that the point O determines no ray, and hence no point at plane E. Accordingly the
condition on x is that it is arbitrary, and & # 0. Although this analogy has a physical interpretation
for two dimensional space, it is by no means restricted to this space. We can easily extend this to
three dimensional space where we think of space as a section of 7 = 1 of a four dimensional auxillary
space and we relate it to the space cone which projects it from the origin of the auxiliary space. In
this, the use of four dimensional space is only a convenient means of expression. This example used
to illustrate homogeneous coordinates has obvious similarities to X-ray imaging where plane E is the
X-ray picture plate (or scintillating screen of the BAE), O is the focal spot, and « is the focal length.

If we now introduce homogeneous coordinates into the projective transformation equations, equa-
tion (6.5) may be written as:

¢ _ a11(%) + a12(2) + as3(%) + a1 (6.7)

ol a41(§) +agp(2) + a43(-§) + Q44

n a21(%) + az2(2) + azs(%) + an

7 aq1 (%) + asa(2) + ags($) + an

C_’ _ a31(§) + as(2) +G33(§-) + a34

7 a41(%) + as2(2) + ags($) + ags
Setting J

p = T—T o >0 (6.8)

where

d:a41(—£—) +a42(g) +a,43(§) + ag4 (6.9)
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that precludes any monitoring of the filming equipment, as is the case with the BAE. In this section
we derive the 11 parameter collinearity solution according to Klein [61], and include the application,
as proposed by Adams [60], to X-ray photogrammetry.

According to Klein [61] the projective transformation is the general case of the Affine Transformation,
and may be stated as:

sz +bhy+cz+dy

/

T T Gaz T bay + caz +da (6:3)
r aox + boy + €2z + do
vy o= a4 + byt + Caz +dy
S = a3x + byy + c3z + d3
a4z + b4y -+ C42 + d4

That is:

To every point z, y, z there corvesponds, accordingly, a definite finite point z’, y’, 2/,
provided only that the common denominator is not zero.

In the treatment of problems arising from a projection it is very convenient to use homogeneous
coordinates, i.e., in place of the three point coordinates z, y, z, to use four quantities &, 7, {, 7,
defined by the equations

$:§_'s y:;’n-_a zzg (64)

These four quantities are to vary independently of each other, but not all four are to vanish simulta-
neously, and none of them is to become infinite. We thus have a one-to-many mapping, i.e., To every
point x, y, z there will then correspond infinitely many systems of values p&, pn, pC, pr, where pis an
arbitrary factor, p 5 0. The value of homogeneous coordinates is that it makes complicated relations
in space of n—dimensions appear simpler and easier to understand, through auxiliary considerations
in space of n + 1 dimensions.

The particular value of the homogeneous coordinates is in projecting space onto a plane. To facilitate
the discussion that ensues, a slight change of notation to the transformation equations, that will
become clearer as the discussion develops, is needed. The projective transformation equations can
thus be written, without any loss of generality, as follows:

s = 11T + a1y + 132 + a4 (6.5)
G412 + Gq2Y + 2437 + Gaq
; _ GuT -+ agy + anz +a
v a1 T + agy + G437 + Gay
S = a31% + azey + G332 + a34

41T + Gg2Y -+ G432 -+ 044
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6.4 Modclling the variances to the observations

In tnost photogrammetric applications, the variances to image coordinates is obtained by repeating
the digitisation process, Similarly the variances ro the ohject space coordinates of the control frame
are computed from repeater] measurement. Implicit to these practices is that only static objects can
have physically meaningful (measyred) variances. The approach taken in section {6.3) was based
on the assumption that the variance of new points in image and object space rannoi be determined
without direct measurement, and more so if the new objects are moving., This assumption iz largely
responsible for the linearly dependent formulation used in determining the variances in the recon-
struction phase of the DLT solution. Such systems are typically unstable and very often lead to
quickly diverging solutions. These probletns can be tempered with robust solvers like the Levenberg
Marquardt methed |63, 9%6] or Singular Value Decomposition [96]. However, such schemes do not
address the problem directly and In many cases the solution obtained is still not much better than
the 11 parameter DLT solution,

In this gection we describe a technique for modelling the variances of new image and object space
eoordinates. The aim is to circumvent the variance calculation in section (6.3.1.2) with a physical
model.

There are a nunber of techniques that can be used to estimate the variance at a point given the vari-
ances of nearby sample points, Some of the commen technigues are natural neighbour interpolation
{(NNT), polynomisl interpolation, spline interpolation and interpolation within Delaunay simplexes
{IDS). An implementation of 1DS and WNI employing Voronoi cells are given here, Both methods
employ a weighted average technique for computing the variance of a new point from nearby sampled
data.

6.4.1 Triangulation

Triangulation involves ereating from the input sample points a set of triangularly bounded facets that
do not overlap, Of the many triangulation algorithms available, the more popular ones are the radial
sweep method and Watson's algorithm which implement Delaunay triangulation.

Delaunay triangulation (tessellation in n-dimensional spare) produces a set of triangles (simplexes
in n-tlimensional space) such that none of the sample points are contained in any of the triangles
circutncircles (tetrahedrons crcumspheres in 3D). Figure (6.4) Mustrates the triangilation by the
thick lines with the circles indicating the sampled data {X-ray image coordinates of the control
points). Delaunay triangulation is geometrically related to the Voronoi tesselation (also known as
Direchle; or Theissen tesselations). These tesselations spht the plane (formed by the sample points)
into a number of polygonal regions called tiles. Each tile has one sample point (node) in itg interior
called a generating point. Figure (6.4) illustrates the Voronoi tiles as thin lined polygons. All other
points inside the polygonal tile are closer to the tile's generating point than any cther generating
point. In other words, each Voronol cell defines g locus of points that are closer to its generating
point than any other node. The Delaunay triangulation is created by connecting alt generating points
that share a common tile edge, Thus formed, the triangle edges (sides) are perpendicular biseciors
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of the lile edges (sides). The vertices to the Voronoi tiles are the circumcenters to the Delaunay

iriangles.
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Figure 6.4: Tesselation of X-ray image coordinates: Delaunay triangles (thick lines) with circles at

the vertices and Voronol tiles (thin lines)

In the above description we considered two-dimensional Enclidean space B2, The theory, however, is
applicable in a gencral k - dimensional framework, [n this mmltidimensional framework the Delautay
tesselation is a set of mmplexes such that o data points are contained in any simplex’s circumsphere,
In three-dimensiomal space a simplex 18 a tetrahedron.  Figure (6.5) illustrates the 3D Delaunay

tesselation for the measured cotdrol point data.

Figure 6.5: 3D Delaunay tesselaiion of the measured control points
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6.4.2 Natural Neighbour Interpolation employing Vorongi cells and simplex in-
tegration

The natural neighbours of any sample point (node) are those in the neighbouring Vorenoi polygons, or
equivalently, those to which the node is connected by the sides of the Delaunay triangles. For example
in figure (6.6) all the nodes are indicated by the circles. In particular the natural neighbours of node
1 {denoted by the number 1} arc p. g, 1, 5, t and w. It 13 also important to note that the natural
neighbours are a function of position and can vary depending on the density of the surrounding nodes,

e — : T T T
L | / i
T | =
| |
MO IIlI |I u |
i i :
. i p ! )
B | |' g
1 | = 44— . N
: - ' i/ v
il ] - / | i -
: | ! |
' t | : | )
I | | .'I
:»:ﬁ_ Ly Rl _,gi q |II
fo 1] | | P ;i . =
| ! :
sanf ™
| r I|I | |
sz I Ll L.

= i i
P r) 2 Zad 2ED =] =0 =20 = 1 80 350

Figure 6.6: Illustrating the natural neighbours to a given node with Voronoi cells and Delaunay

triangles

Using the above description we can foroulate a technigue for determining the properties of a new
sample point - not from the original samnple - using the information contamed at ivs natural neighbours,

Let X be the new sample point (iilustrated by the diamond shape) introduced into the Veronoi
diagram of the control frame image coordinates, figure {6.7). The figure shown is a zoomed-n image
of 14 control points (denoted by the circles) with Voronot polygons drammn in (shown as thin lined
polygons). The incivsion of point X resuits in a localised restructuring of the Voronol celiz. However,

the only cells impacted by this restracturing are the coells contaming:

» the natural neighbours of the new poini; poinls 1, 2, 4, 5 and 6 in ligure [(6.7), and

« the new point (this cell also conlaing point 3)

The introduction of the new point X and creation of a new cell (denoted by the thick Tined polygon)
is confined locally to six cells. It should be noted that once the Voronoi digram is redrawn to include
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e new poinl, the thin Hnes forming the six secondary polygons within the new polygon do not exist,
but are used io facilitale the calenlakion of the weighting factors used in the inierpolation.

Figure 6.7: Tllustrating the principle of natural neighbour interpolation for X-ray image coordinates

The variance al X is then caleulated as:

oix) =3 oo
Ay

Gix) = E}' £

Ap = > A

where ¢7; is the varianceé at node 4, A; i8 the area of the secondary polygon formed in the cell contaning
nnde # and the &;(x) are the natural neighbour coordinates (weighls associated with each node).

Il
=
b
=}

(6.127)

In general ihe enclosing polygon of some new point X({x; can overlap with n Voronoi cells resulting
in an interpolated variance of

alx) = d;(xj (6.128)

Using this definition, the [ollowing properiies are self evident:

it = (6.124)

|
D< gyfx) < 1 (6. 130)
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Now if X were to coincide with, say noede 3 for instance, then it iz readily seen that

dalxp = 1 fifud
@ = () §=48 (6.131)

Theredore the natural neighbour coordinates satisfy the Kroncka-delsa property

9, (%] = dy (6.132)

The areas forming the weighting factors are computed using the 2D simplex integration method and
Elven as:

J_ 25
A=3 (oxtie — By (3) (6.133)

=1

where (#;. ¥;) are the coordinates to vertex 1 of an m sided polygon.

The extension to 3D is completely analogous to 21 with the areas replaced by volumes. The polygonal
volumes are computed in a two stage process: First the surfaces bounding the Voronoi volumes are
split into triangular facets using the Qhull routines from the Geometry Center, University of Minnesota
(http:/ /www.geom.anmn.edu /software).. Figure {6.8) illustrates the voronoi cell of control point No.
2 after the faceting process.
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Figure 6.8: 3D Voronoi cell for control point number 2 used in X-ray space parametrisation
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The volumes are then calenlated using 31 simplex integration between each triangle and the gener-
ating point.

1 & 1 o=

1 1 s Yo
V; = Zdet 134
E!E 1 @3 y3 =3 L)

| R T TT R
v = Y V (6.135)

where V; is the volume of the " simplex and » i the rumber of simplexes constituting the Voronoi
voluine,

6.1.3 Interpolation uzing Delaunay lessellation and simplex intepration

Let X be the new sample point introduced into the Delaunay tessellation diagram, figure (6.9), split-
ting the enclosmg Delaunay simplex into three secondary triangles {4y, A4z and A3) in 2D and four
geconary tetrahedrons (formed between each of the four faces of the primary tetrahedrons and point
X) in 3D. Using the known variances at the nodes of the enclosing simplex we can apply an interpo-
lation scheme based on the natural neighbours. The variance at sample point X is then computed as:

21} interpolation using Delaunay trisngulation 3D interpolation nsing Delannay tessellation

aix] =3, ;b x)a; i i )2.3 (t7#4) | o )= E:‘,j @y (%} o; foi= 142 3.4 {i £ 1)

. bifx) = %
Ar=Y4 | Ve =T,

where ij form a permuted cyclic pair, o; is the variance at node jf, the A; are the areas of the
secondary triangles, the Vi are the volumes of the secondary simplexes and ¢, (x) is the weight asso-
ciated with node j. Again if X were to coincide with, say node 3 for instance, then it is readily seen
that

dafx] = 1 areil
b — 0. AES (6.136)

Therefore the coordinates of the connecting nodes satisfy the Kroneka-delta property
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dy (X5 ) = D {6.137)
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Figure 6.%: Delaunay tessellation

.1.1 Discussion on interpolation schemes

Despite the similarities Delaunay schemes are often preferred over lts dual strnctures the Voronoi
cells as Voronoi cells tend to be unbounded along the periphery of the data set while Delaunay
striuctures always produce simplexes. However in the context of photogrammetry, a well parameterised
ohject space will ensure that the interpolation occurs well within the boundaries of the control space
thus obviating the need of having to deal with unbounded Vorotoi cells, In the present work the
tracked particle does occasionally venture mto the unbounded Voronol cells of the X-ray images.
Depending on the position of the tracked particle, two possible acenarios could arise as illustrated
in figure (6.10) {The thick lines indicate the secondary Voronoi cell). Figure (6.10a) produces a
bounded secondary cell which is interpolated in the usual manner, while figure (6.10b) fails due to
the unhoynded secondary Yoronei cell. In the latter case the variance fur the new point is simply the
average of the nearest neighbour variances.
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6.5

1a)] honded secondary cefl

144

e puinn

(b} unbounded secondary cell

Figure 6.10: Tracked particles position introduced into an unbounded Vorouod cell

Evaluation of variance model

The variance model was tested against the standard implementations of the full DLT solution, sec-
tion (6.3}, and the eleven parameter DLT solution according o the following criteria:

1. Accuracy

2. Stability

The data wsed to evaluace the variance model comprise image :and object space coordinates of a
coutrol frame. Figures (6.11 and 6.12) illustrates a typical X-ray mages of the coutrol frame. A
total of 99 control points (frame comprised 110 points) were simultaneously discernable in both
orthogonal planea. The 3D coordinates of entire control frame, with standard deviations, are given in
Appendix {B.5). The image coordinates of the test data were determined using the dynamic template
matching acheme coupled with the two-fold Canny convolution for the provisional edge data, and the
ellipse specific conic fitting routine (ESCF) with the additional metries for the final centering (see
sections (4.4 and 5.3.3) for details of the image processing and farget centering respectively). The 3D
object coordinates of ihe conirol frame were obtained with a coordinate measuring machine {CMM),

the detaits of which are described in Appendix (B.5).
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[a} Plane A [BY Plane B

Figure 6.11: X-ray images of control fame used to evaluate variance maodel

Figure 6.12: Control frame in the fully inter-linked position

6.5.1 Accuracy

The standard method for evaluating aceuracy is Lo estimate the ervors of calibration and reconstruction
using the image and object space coordinates of a control frame. The accuracy of the calibration
process for camera planes A and T3 of the X-ray system was obtained as follows:
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£y = EZ 62, + 2, (6.142)
1

The reconstruction error is the deviation of the reconstructed coordinates of the control frame from
the measured

fx, ~Ar— X em~Ym—MN. gz, Zr— 4 (8-145)
:
ex =\ = ZL: i3, (65.144)
1 ™
2D = z fe2, {6.145)
1
e
s s 2
sz = ”Z\/ 2 (6.146)
.I I
e = Z \ -"E'i—l -I-.sf.»t -i—-&:%.r1 (6.147)
1

whete ( Xg., Yg,, Zg,) are the reconstmcted coordinates for the i*® control point. The errors of calibra-
tion and reconstruction ate presented in table {6.2) for the various solution schemes investigated. 40
and ©ge are the calibration errom in planes A and B respectively and £ is the overall reconstruction
ETTOT.

According to Hatze |79, the transformation matrix produced in the DLT fornmlation is known to
violate the orthogomality requirement, making it puriurbatively unstable. An iterative solution schene
is thus likely fo fail if the search direction is incorrect, sven slightly. A consequence of this condition
is alsp to bring the transformation matrix close to singular. The latter condition is known to be
alleviated with singular value decomposition |86) of the transformation matrix, while the optimal
search direction is best determined by the Levenberg-Marquardi [63. 96] algorithm. Accordingly,
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the numerical solvers used are the linear least squares (LSQ), Levenberg-Margquardl (Lever-Mar) and
singular value decompesition (SVD). Implementations [or these routines are well documented, with
the currenl use being credited to the mabrix manipulation software OCTAVE.

To incorporate ihe inerpolaiion schemes into the reconstruction error ealenlation, 18 control points
were chosen from Lhe § vones deseribed in gection (4.4.4) and treated as unknown points, Essentially
two points per zone (one from each X-ray image plane) was selected lor the error analysis. The
calibration error calenlation ineorporated all but the 18 control pofnig while the recontruction error
was based entirely on the 18 omitted control points. The results, indicated by =5 in table {6.2), show
very little differences between the variows combinations of interpolation schetnes indicating that the
Voromod and/or Delaunay cotmbinations are essentially equivalent. The improvement on the standard
11 parameter solution and the standard implementation of the Tyll DLT soluiion is apparent. The
added effort of incorporating physically valid variances into the photogrammetric model is therefore
juslified.

| Weighting scheme | Ea | T | T | ol | ¥ | Sy | iteratioms | stlver

2D & 3D Delaunay tessellation 07 | 011 | 00 | 2é | 1124 | .22 0 ’ L&}

2D & 3D NNI (r08 | 111 . W1F | 27 | 124 | L322 [ i LS

. 2D Delaunay tessellaiion & 30 NNI | (LO7 | 4.10 | (110 fhi& | 0.24 | 0.22 I . 1.50)

2D NNI & 36} Delaunay tessellatiom | 0.06 | 0,10 | 0.09 | 0.156 | 024 | (.32 | i L5

| Full DLT: standard implementation Solutionj diverses if LS
Full DLT: standard implementation | 0.13 | 418 | (.18 | .29 { 044 | (.32 3 Low-Mar |

| Full DL.T: standard implementation | 8.15 | 0.20 | 0.20 | 6.5 { 0.38 | 0.33 3 RAYE

standard 11 parameter DLT solution | 0.17 | 0.20 | 0,19 | £.32  1.15 | (1.85 . | LsQ

Table 6.2; Reconstruction error for 18 control pomts; Calibration error based on remainng control

points.
NI — Natural Neighbour Interpolation

6.5.2 Stability

The building blocks of the variance model sre the control poings. Therelore the greater the concentra-
titm of points per unit volume, the more reliable the interpolated variance within the given volume.
An obvious test of stability will therefore be to reduce the number of control points and investigate
the effect on the reconstriction of the omitted points. The steps undertaken to assess stability are as
follows:
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1, step 1: Remove 18 points from within the control space volume and treat them as unknowns

them as ynknowns

The unknowns are then solved for in each step and the errors of calibration and reconstruction
compitted. Based on the resnlts of the accuracy test in section {6.5.1), only the (21 NNI & 3D
Delaunay tessellation) combination is inciuded from the interpolation combinations in the stability

step 2: Remove 36 more points (i.e. the 18 points from siep 1 and 18 more points) and treat

. step 3, 4, ... : Continue the above process until the selution diverges or all poinls are used up

test. The methoda used to evaliate stability are:

1. method 1: 2D NNI & 3D Delaunay tessellation (LSQ))

[~+2 B~ SR~ B ¥

Figure (6.13) illustrates the overall reconstriction error () after removing consecutively, 18, 36, 54
and 72 points. The full DLT with the LS8Q solution scheme {method 2} diverges at the zeroth iteration
and is thns not included in the figure. The number of iterations to reach convergence is llustrated in
table (6.3) at each step of the removals. The removal of the control poinis was conducted such that

method 2: Full DLT: standard implementation (L5Q))
method 3 Full DLT: standard implementation [Lev-Mar)
method 4: Full DLT: standard implementation (SVD)
method 5; Standard 11 parameter LT solution (LSQ)

at each step, all 9 zones of the X-ray image contained at least 1 poing.

Cwerall reconstruction afrar g

SOLT: LEw

FOLT. slurdard implemenation. 54

FOLT, stanoam
stipdantetalion. Led-uar

- ;ﬁ’ "l

FOLT with )
wiranoe model | 5350

&0 80

a0
“armocr wl pairls reenoesd

an 40 70

Figure 6.13: Stability test of the DLT algorithms
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Numnher of points retnoved

18 | 36§ 54 | 72
method LT O [ 0] 0] a
method 2 Solution diverges
mothod 3 ) 3 | 7] 13 28
method 4 | 3 | 9 [ 17 35
melhed 5 f O | 0 | O i

Table 6.3: Number of ilerations taken by Lhe various methods at each step of the removals

After B4 points were removed, only the standard DLT scheme (method 5) produced an overall crror
grealer Lhan Lmm, The [ulk DLT meihod preduced similar errors for both the Lev-Mar (method 3)
and SVD {meihad 4) solulion sehermes. Bevond Lhe removal of 54 pointa, only the full DLT mcethod
employing the variance model {method 1) produced an overall error fess than 1 mm. Method 1 also
produced the smallest overall crror for all removals up 72 points, Tt is therefors concluded that method
1 is more stable than the other DLT variations for the X-ray images of the control points. Table {6.3)
also shows methnd 1 to be enmputationally, most cfficient.

6.6 Concliusion

The development, of the DLT solulion was veporied in this chapler. The full DLT solution was shown to
be an improvement on the slandard 11 parsmeter [ormulalion provided that the appropriate solver was
used. Tnthis regard, ihe Levenberg-Marquard solution scheme |63, 96] proved to be more robust than
the standard least syuares and Lhe singular value decomposition [96] solvers. Further improvement in
accuracy and stabilily war shown when a physical model of the variances was employed. Unlike the
slandard implementation of the full DLT solution, the variance model implementaiion did not require
a sophisticated solver to compensate for the noti-orthogonality of Lhe transformation matrix, known
to afftict the DLT mcthed, Hatze [78]. In facl, the varisee model converged with zero iterations,
cven with the standard least syuarcs solver, The olher solvers required more iteratioms with inereascd
poind remcovala.



Chapter 7

Errors cncountered in the BAE

7.1 Introduction

The errors encountered in digital X-ray photogrammetey ean be divided into two categories: Distor-
ticns of X-ray image arising fromn systematic ercord and distortions of reconstruction. The systematic
errors are normnally due to unflatness of the image intensifier sereen and non-synchronised X-ray cam-
etas which should be corrected prior to the 3D reconstruction phase, The latter is pertinent to moving
objects while the former may be treated by addressing its consequences which usually manifests itself
in recongreyction distorfions, The assumption 13 therefore that image ynfatness is not an explicit
issue, although a well characterised recomstruction phase does account for it, if only partially. The
reconsiryction accuracy of digitised data is affected by a number of factors including digitisation er-
rors, lens distortion, penumbra effects caused by finite sized focal spots and vibrations in the imaging
svsterr. However, many X-ray photogramometrists still ignore these errors arguing that the required
accuracies are achieved with hirst order approximations. Adams ([60]), for example, implemented
a standard DLT solution, ignoring all of the above-mentioned errors, in his application of 3D X-ray
imaging of brain tumors and still obtained a reconstruction standard error of 0.4 mm. Another reason
for using approximate photogrammmetric descriptiofis 18 probably due to the difficulty associated with
finding a phygically representative error model and an efficient numerical scheme for solving it. This
ig partienlarly true for X-ray imaging. The level of detail included in the chosen photogrammetric
model ultimately depends on the objectives of the investigator. An implicit objective of this thesis
was to provide high accuracy trajectory data of the tumbling mill lor che purpose of DEM validation.
For thig reason an inclugion of error models into the exigiing mapping equations was ezsential,

It terms of the DLT method the reconstruetion error s formmulated as higher order optical distotrtions
and decentering, the details of which are given in section (6.3). The reconstruction error formylation
depends on a mathematicadly congistent and robust varianee model which is described in section (6.4].
The variance model unist however be based on plysically measurable deviations in the image and
object coordinates in order {or the varianee model to be valid. The reconstruction errors addressed
in this thesis are the effects of penumbra (section 7.2), distortions arising from X-ray projection



CHAPTER 7. ERRORS ENCOUNTERED IN THE BAE 161

systems (section 7.3) and oscillations in the image capture mechanism (section 7.4), all of which can
be resolved with a robust deseription of the variance,

Another source of error in the BAE is the non-synchromised cameras, commonly referred to as phase
lag. Phasc lag between the X-rav cameras scems to be built into the BAE, however no investigators
to date have attempted to quantify its cffeet on the 30 rcconstraction accuracy of moving objects,
The factors affecting phase lag error are;

1. the velucities of the mdving vhjects,
2. the frequency of the image capiure mechanism (shutter speed and/or sampling rates), and

3. the initial lag time between the bwo cameras.

Phase lag in general is poorly dealt with in the photogrammetric literature with the exception of
Yeadon & King [97] and Pourcelot et al [98]. Most improvements in X-ray photogramietry over the
past decade have been towards self-calibration syzstems [62] because they introduce minimal variation
t the cxisting surgical procedures and are therefore preferred by the clinician, Unfortunately, none
of them account tor the errors introduced by phase lag even when studying motion anomolies of
the heart. A guantitative analysis of the phase lag between the two X-ray cameras of the BAE is

presented in section (7.7).

The next three sections attempt to quantify errors that are collectively addressed by variance model.
Their purpose is therefore to address the physical significance of the varianee model described in
the previons chapter. The last scction, scction (7.7), describes a scheme for minimising the crror
introduced by phase lag,
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7.2 Focal spots and the penumbra effect

|
o —

!

]

= Plumbline

— o —
m. 008
=3}

F [Ifigh-abmorbing ¥ -ray meaierial)

Figurc 7.1; Peoumbea effect duc to a finite sivzed focal spot

The effective size of the foral spot used in medical X-ray work has a practical limit according to
Moffit [49]. The limited size focal spot Tesults in a peoumbra effect throughout the X-ray image |90).
A pemmbra offeet tends te spread out the cdge gradient and results in a soft image on the film.
Consider the cross sectional view of the [oeal spot as it 18 bombarded by X-rays, figure (7.1}, The
edge of the object at point P is conposed of radio opague material. Only X-rays that pass through
the high absorbing material are considered; the boundaries of which are indicated by lines MO and
N3 The area enclosed by triangle POD illustrates the penutnbra or area of partial nen-uniform
radiation (partial shadow). The area to the right of the penumbra is the area of minimum radiation
{full shadow}. It is clear from the diagram that if the radiation emanated from a point-source, there
wolld be no peonmbra offect. The following discussion includes the derivation of the magnitnde of
the penumbra distance (distance F), and itz effect on quantitative and qualitative anzlysis of the
X-ray system.

The notation associated with figure (7.1) i3 as follows:
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is the perumbra distance

nt = e

is the horizontal projection of focal spot or effective length of focal spot
is the vertical projectiom of focal spot

iz the angle hetween plumbline and focal spot
is the distance from top of foeal spot to object plane {object distance)

is the distance from plumbline to point under consideration

{the plumb line is the vertical line through the bottom of the focal spot)

is the distance between irnage and object plane.

(& + D is commonly known as the image distance)

Considering similar triangles N 5L and NFPL7,

this itnplies

NE AU
BR UP

DY 48 B

therefore

&

Similarly in triangles A/OQ and MPV,

which implies

and rearranging, we have
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{7.6)

(7.7)
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Using these relations, we see that the penumbrs distance ' is simply

F=T_-W-X (7.8)
Substituting and simplifying results in equation (7.8) vields:

S5X S12X cat(f)

"t DT DX cot(d)

(7.9)

The conditions arising from this relationship is:

1. The penumbra distance inereases as E increases positively {i.e. to the right of the plumbline)
2. The penumbrs distance decreases as F increases negatively (i.e. to the left of the plumbline)

3. The penumbra distanee is zero when,

E=—(Dtan(f) — X) (7.10)

4. The pemumnbra distance decreases as the focal spot decreases, the object-film distance {5) de-
creases, and the object distance (22) iticreases,

To illustrate the effect of the penurubra we consider a typical case scenario when employing the use of
the BAE: The focal spot used with the BAE is a sguare target of dimensions (.4 mm, oriented at an
angle of 8 degrees to the plumbline. 1sing the disgonal across the target as the cross sectional view,
the focal spot Is approximately 0.6 mm. The masdmum value of F encountered in the experiments
ig: £ = TLOT9mm. This eorresponds to the radius of the mill plus half the effective length of the
focal spot. Geometrically, we are looking at & small particle along the perimeter of the mill, with the
assumption that the mifl centre and midpoint of the effective focal length lie along the mill axiz. The
minimnm ohject distance is 1) = 634.4mm and object-film distanee is § = 173.6 mm.

Substituting these values into equation (7.9), we have:

(173.6)(0.079)  (173.6)(71.079)(0.079) cot(8)
d G314 | (63441 (634.4)(0.079) cot(s) (7.11)
= 0.4 mm (712}

The error caused by the finite sized focal spot 18 consistent with the deviations required to model
higher order optical distortions and decentering, see section (6.4) for details on the variance maodel.
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7.3 Projection of a sphere onto the film plane using analytical X-rays

1.eft Focal Spot Right Focal Spot
%,

Centre of Hllipse \ . Centre of Ellipse

Figure 7.2; Siereo radiogtaphy of a sphere

A stereoscopic view of a radio opaque sphere with centre € produces an interesting geometrical
condition. When viewed in cross section, the situation illustrated in figure {7.2) iz observed, The
images are those of cllipses centered on g and Fr. In particular, if the sphere g replaced by an
cllipgoid cenlered on £ ihe images produced are exactly thal obilained [or the sphere. However,
the cenire of the sphere and ihe ellipsoid, in real space, arce clearly differeni. This implies that a
iransformalion from ihe cenires of the elliplical iinages (o real space will find the cenire of the space
ellipse and not the centre of the gphere. This however, need not be a concern, provided that the
difference hetween the image centres of the sphere and the ellipse is not large, in relation to other
errors that cannot be vvercoine. To these ends we determine the deviation Az betwoeen the projection
of the sphere and the ellipse. For simplicity, we indude only one focal spot, figure {7.3].
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Focal Spot

, Centre of Ellipse
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g %~

Figure 7.3: Centre of ellipse relative Lo centre of sphere

From figure (7.3), it follows that

A1 = dian(f — ) {7.13)
Xo —  dian(#) (7.14)
Xi = dtan(f+ ) (7.15)

and half the length of major axis of the elliptical image is given by

(X3 — X2) + (KXo — X}

: =X — X1+ As (7.16)

Rearranging and simplifying,

A= Xy o+ X = 255 (7.17)

t».:ln—*

Therelore
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g — Fiﬂ lan{# — @) + tan(f + ) — 2tan(#)] {7.18)

Baged on the parametrie descriplions in chapler (3], the condition thal would make Ar a maximnm
iz illystrated in ligure {7.4). Nole that by comparing ligure (7.3) with figure (7.4), it is clear that

—f
p = L ; 7.19]
9
| s
Rad c-opanie I — ) (
marker (26 mm) - R . 3
! ,"'-.i:_?f_ II; T
e ‘
2t A 15 1 \
Sl By @
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-
|
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Figurc 7.4: Position of radio-opaque chject that inasimises the projection errar {Ax)

Using FFD = 950 mm, # & 5.29° o2~ 01067, Lhe corresponding deviation is:

) :
Mg w %[tﬂﬂ[ﬁ,ﬂg (.16) + tan{H.29 4- 0.16) — 2tan(5.29)| {7.20)

= 69 x10 *mm (7.21)

The projectiom ertor is elearly neglicible when compared o Lhe ereors due o peommbra and vibration,
We will therefore ignore the cifects caused by projection on the final centering accuracy of the projected
ohjeris.
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7.4 Errors due to oscillations in BAE filming system

Errors due to higher order optical distortions can be caused by perturbations in the imaging system.
Variations of this nature lead to decentering errors that ultimately affect the reconstruction accuracy
of unknown object points. The BAE system is a complex of mechanical and electronic equipment and
as such is susceptible 1o vibrations. The vibrations appeatr to be random and vary frotn one scene to
the next,

The control frame is filmed for 16.7 seconds yielding 835 static X-ray images of the control points.
Each image is analysed separately, resuiting in 835 centroids for each control points projected shape.
A mean centroid is then computed followed by a residual error analysis.

For a X-ray image scene comprising 335 images, the mean centroid for any given point is;

bufi ]

&5“:
EIL:ri 21 i
[Te: %l = | T35~ 388

(7.22)

where 7, § are mean centroid coordinates for a given point and ;. i are the centroid coordimates of
the given point in the " mage.

The standard deviation for the given point is then computed as;

W5 5 5 ¥
L (e =T 4 2 (e — T

£ 4] ®3_1 ' 831

L

s = e+ (7:24)

(7.23)

where [z, £5] is the standard deviation of the vesiduals [{x., — T2} . (4., — ¥o)] and =g is the resultant
ETTOT.

Ty illustrate the error, the centroid of an arbitrary control point (the projected shape of the control
point) is tracked throngh an entire dicom scene [comprising 835 frames) in biplanar mode. The
analysis is presented in two graphical forms (figures 7.6 and 7.7). The upper plot shows the variation
of & control points centroid (x and v pixel coordinates) through a dicom itnage scene while the lower
plot represents the standard deviation of the control points centroid as the radivs of a cirele centered
on the mean centroid. Table (7.1} shows the results of the calculations.
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The resulis shewn in table (7.1} is a typteal illustration of the control frame data obtained in this
thesis. The point being considered in this particular example is raudomly selevted and shown in
figure (7.5).

L

randamiy
chyasam -

: - point
. % @ l\ L Al

randomly chosen point

a ¥t " *

P

fa] Plane A {h) Plane B

Figure 7.5: Randomly selected point used to illustrate stamdard deviation in centroid due to vibrations
in the BAE

CITOR plane A: (pixel units) | plane A: {wmm) plane 13 (pixel units) | plane B: {mm)
o 15.73 5.66 16.87 607 |
e 16.62 5.98 16.56 5.96
e NIE] (hix (15 (.02
73 (V116 (.02 (.05 (.02
=R AT ] (.03 007 0.03

Eii (126 i.0g (.20 007

Table 7.1: Standard deviation tor the centroid of a control points projected shape through a dicom
seene
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Typdacal centroid data of control frame: plane B
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Figure 7.7: Variation of centroid about the mean for the projecied shape of the control point: plane
B

7.5 Conclusions on errors due to penumbra and BAE vibrations

By treating the errors of penummbra, section (7.2), and BAE vibrations, section (7.4), as perturbations
in the imaging systern that resoli in target decentering, a basis for a variance mmodel can be establishied
with thesa errors. The control frame is designed such that the projected shapes of the ball hearings
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span (discretely) most of the X-ray image. The error due to BAE vibrations can be obtained according
to section {74) for each of the control pomts. The error due to penumbra can also be estimated
according to section (7.2) for each of the control points. Thus for a given control point with known
spatial coordinates (X, Y. Z, relative io the focal spot, the combined error of penumbra and vibration
can be estimated as

AR=ep+F (7.25)

where AR i3 the combined purtabation error it locating the centroid of the control points projection
in the image plane, cg is the error due to vibration and F' is the error caused by penumbra. The
purtabation ettor in centering the projections of the control points is illustrated in table (7.2). The
calculation of the maximum values (25 and Fing.) are described in sections (7.4 and 7.2). The RMS
ertor values are cotiputed a3 follows;

2 FANE
2o \ER
R {7.26)

CRMS = \ i

> (F@)®

i

{7.27)

Frys = \ =

where { refers to the i*® contral poind’s projection and # is the munber of control points that are
projectad onto the image plane and simultaneously discertiable in both planes. In most experiments
w = 100, though this can vary depending ot the positioning of the frame,

Vibration Error Penmnbra error Combined error
cB (mm) | tgars _IE__]ILT]']:I Fowr (mm) | Frars {tnm) _@RRMS AR ar {mm)
09 1005 (i 0.0z 007 0.13

Table 7.2: Centering error for image coordinates of control point

7.6  Overall expected error of the X-ray vision systemn

A reasonable estimate of the overall reconstruction error can be obtained by combining the physical
errors of the Imaging system and that of the control frame. The former was discusged in the previous
section, while the actual measured deviations of the control frame was determined by caleulating
the standard deviation from repeated measurements of the control points. The mean control point
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coordinates and the associated deviations are given in table {Bl). The resultant deviation of these

measured values was calculated as:

cho — Y@L TER+ES
= V00362 4 0.0382 4+ 10,0332
(L6 mum

where
[Flx . {F)y . ()7] = average of the conlrol point standard deviations given in table (H1)
cro = average resultant error of the contral points

The maximumn average tesultant error of the condrol points can be determined by

JHar roace 5 a2 ey 2
TR, = \/('—'X I GFY 1 {e2)
= \/0,1322 + 0.12262 + 0.0802
= [L.20mm

where

(7.28)

(7.29)

[E5%F, e7, £7%] = the maxnoum standard deviation of the control points in each of the three

=5y y E'Y
cartesian directions.

The expected, overall reconstruction error, based on the plysically quantified errors should then be:

7 .. ARrms | £Ro
= (L0706
= 013

with Lhe expected, maxinum overall reconstruction error given by

EP®® = AR +ERa
= L1353 | WA
= [33mn

(7.31)
{7.32)
{7.33)
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The 11 parameter DLT solution was shown to produce an overall reconstruction error of 0.32 mm in
table (6.2), suggesting that it does not account for any of the errors. In fact, it yields approximately
the maximum error that can be expected within a systematically consistent experiment. The full DLT
solution, which claims to account for distortions in the imaging and calibration processes, should be
achieving reconstruction errors of 0.13 mm, however, the results from the accuracy assessment of the
DLT formulation, table (6.2), suggest that the full DLT formulation, without a physical model of the
variances, is inadequate, producing overall reconstructions errors that are 0.16 mm (Lev-Mar solver)
and 0.18 mm (SVD solver) greater than the expected mean error of equation (7.30). The full DLT
solution based on the variance model produces an overall reconstruction error of 0.15mm, which is
0.02mm larger than is expected, but approximately consistent with the physically quantified error.

It should be noted that the accuracy does diminish as the number of control points are uniformly
removed, see section (6.5.2). The results from the stability test suggests that the removal of 36 points
or more (i.e. using 63 points or less to calibrate the X-ray space) produces errors that are greater
than those quantified in this thegis. This implies that the number of control points is an important
criteria in determining the final reconstruction accuracy.

The following guidelines may be used to design an X-ray vision system based on accuracy require-
ments.

1. If the accuracy requirements of the X-ray imaging system are approximately 1.0mm, the 11
parameter DLT equation with at least 6 control points are needed. The target centering re-
quirements for this accuracy would be no more than using the mouse input on an enlargened
image, and simply clicking the 'eye-balled’ centroid.

2. If the accuracy requirements of the X-ray imaging system are approximately 0.3mm, the 11
parameter DLT equation will suffice, but at least 20 control points are needed. The target
centering would need to be fairly sophisticated, and must be preceded by a robust area or edge
based feature extraction routine

3. If the accuracy requirements of the X-ray imaging system are approximately 0.15mm, the full
DLT solution scheme with approximately 70 control points are needed in conjunction with a
physically valid weighting scheme. The image processing and subsequent target centering would
also needed to be tailored to the specific nature of the data.

4. Any X-ray vision system that employs the DLT equations must have an accurate and indepen-
dent means of measuring the control frame. The coordinate measuring machine is amongst the
best tools for this purpose, though usage comes at a relatively high cost.

7.7 Phase lag in BAE

In keeping with the chosen photogrammetric formulation used in this thesis, the synchronisation of the
two X-ray cameras was achieved by exploiting aspects of the standard DLT method. The technique
employed has been adapted from the work by Yeadon & King [97] and Pourcelot et al [98] for the
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X-ray imaging system. Using the formulation given in equations (6.81 and 6.82), the DLT equations
can be written without the error terms as:

T = WX 4+ LY + L3 Z + Ly (7‘34)
LoX + LY + L Z + 1

y = LeX + LgY + L7 Z + Lg (7.35)
LoX + LY + L2+ 1

Following the methodology of Stewart [100], the observation equations of a tracked object can be
rearranged into the familiar form of a plane, equation (7.36), and written for both X-ray fields as in
equation (7.37).

a;X +bY +Z = d; i=1,2,3,4 (7.36)

L1 - Lg.’l? Lz - Llo.’ﬂ L3 - Lu:l? X xr — L4
Ls — Loy Lg — Loy L7 — Luy | y—Ls
U - L' Iy-Lg Lh-Ihe || Y| 7| o -1 (7.37)
Ly— Loy Lg— Ly  Ly— Ly P y — Ly

All symbols have their usual meaning as in section (6.3) and the primed symbols are associated
with the second camera. After solving for the eleven DLT parameters, a least squares estimate
(Xo, Yo, Zp) of a moving object’s 3D position can be obtained. Section (6.1) describes the numerical
scheme required for a least squares estimate of the DLT parameters and 3D coordinates of unknown
objects. The residuals of the least squares estimates are the errors associated with the coordinates.
By normalising the equation of the plane, equation (7.36), the residuals r; of the the least squares
solution can be expressed in the form of equation (7.38).

o lasXo + 0o + ciZo — di|

According to Fuller & Tarwater [101] the residual, r;, is the geometric distance of (Xy, Yy, Zp) from
the plane. It should be noted that the normalisation is not mandatory although it does improve
convergence when the system is ill-conditioned.

i=1,23,4 (7.38)

The RMS distance between each least squares estimate, (Xg, Yp, Zp), and the four planes is then
calculated using:

N £ £ (39
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An overall RMS error estimate for all moving points that appear in both X-ray images is then
computed according to equation (7.40)

(7.40)

where r;; is the RMS distance r of the i** moving poeint in image j, m is the number of moving
points that appears in both images, 2 denotes the number of intensifier screens (image planes) and R
represents the global RMS distance.

The global RMS distance is a ’lumped’ error estimate of the reconstruction accuracy that includes
errors of digitisation, lens distortion and synchronising errors. By combining systematic and recon-
struction errors into a global error estimate we can investigate the influence of phase lag on the global
RMS distance. In particular R will tend to be smallest (a minimum) when the image coordinates
from the two X-ray image planes are correctly synchronised since the digitisation and lens distortion
errors will be similar for different phase offsets. The problem therefore becomes one of varying the
offsets between the two X-ray images until the global RMS distance is minimised.

The procedure used was to keep plane B image data fixed and to adjust plane A. Different phase offset
values are investigated using lowpass interpolation by Oetken et al [102]. The algorithm designs a
symmetric filter which increases the sampling rate by an integer factor of N. The resulting filter allows
the original input samples (image coordinates) to pass through the filter unchanged and interpolates
N — 1 sample values between each pair of original samples in such a way that the mean square error
between the interpolated values and their theoretically ideal values is minimised. The design of the
filter is achieved through the formulation of an L x L matrix inversion where 2L is the number of
original sample values used to interpolate each new value. According to Oetken et al [102], L should
be limited to 10 or less.

The data used in the analysis was the image coordinates of a steel ball bearing fixed to the inner
surface of the lifter bars. The particle or 'mill tracer’ therefore traces out a circular path equivalent to
the mill outline along that cross-section of the mill. Figure (7.8) illustrates the interpolation scheme
used for twenty image points of the mill tracer (the axes are not to scale for illustration purposes).
The corresponding filter used to interpolate this data is shown in figure (7.9).
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Figure 7.8: Hlustration of the interpolation scheme for 20 image points of the mill tracer
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Figure 7.9: Interpolation filter used to resample 20 image coordinates of mill tracer.

For each interpolated image coordinate the phase offset was calculated as follows:

P — P,
T = A) 7.41
? (PiH - B (7.41)
where
P; = position in the i** image
P,y = position in the (7 + 1)”‘ image
P; = the j** interpolated position
the i and (i + l)th position; and 7=1,2,3, ..., N—1

T; = phase offset of the 5% interpolated position

The RMS phase offset for the j* interpolated position is calculated as:
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(7.42)

where n is the number of images in the dicom scene.

An example of a typical minimisation is shown in figure (7.10).

N=20;L=4

2-2 1) 1 L] L T T T 1 T
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1.9 i 1 ] 3 ‘ i i 4 I 1
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RMS phase offset between successive frames (TRMS)

Figure 7.10: Global RMS error (R) versus RMS phase offset (Tryrs) for the mill tracer

The RMS phase difference value that minimises the global RMS distance was then used to select the
appropriate interpolated position, P;, of plane A image data. In the example shown in figure (7.10),
j=9and T}-(g\)/.rs = (.54, corresponds to the minimisation of the global RMS distance. The global
RMS error was shown to be less than 2 x 10~ mm for all dicom scenes. This error is also considered
negligible in relation to the other errors contributing to the overall reconstruction accuracy of object
points.

7.7.1 Testing the accuracy of the phase lag correction

The evaluation of the phase lag correction theory requires tests against some accurate measurement
of objects in the different fields. For example, Yeadon & King [97] used common events in genlocked
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video fields to determine the actual time offset. The difference between the actual and predicted
offset then formed the basis for evaluating the accuracy of their method. Pourcelot et al [98] rotated
a @64 cm wheel at 1.16 rps fitted with one marker and recorded with four video cameras at shutter
speeds of 1/1000s. While the wheel was recorded, a light bulb, placed in the field of the four cameras,
was switched on every 10s. For each camera, the frame on which the first light of the bulb appeared
was selected to synchronise approximately the four recordings. The synchronised data was then used
to reconstruct the 3D coordinates of the marker and thus evaluate their method.

The accuracy of the implementation in this thesis was tested against measurements of the tracer
particle. The mill’s inner diameter, 7, in figure (7.11), was measured for deviations along the cross
section occupied by the tracer. The diameter measurements were then adjusted to match up with the
path followed by the actual tracer. The path traced out by the centroid of the mill tracer is illustrated
“in figure (7.11) by the dashed lines and labelled (7). The adjusted diameter data then forms the
basis for testing the accuracy of the phase lag correction. The test is conducted in four steps:

1. Reconstruct the 3D path of the mill tracer for the phase corrected image coordinates and the
original data.

2. Fit an ellipse to each of the reconstructed 3D data sets.
3. Extract diameters around the fitted ellipse.

4. Statistically compare the measured and calculated diameters.

The measured diameter data is presented in table (7.3).

&3 mm ball
bearing

dialheber Space (t,)

inner diameter (T}

Figure 7.11: Cross sectional view of path traced out by centroid of ball bearing: Not to scale
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T, (mm) Te=To— (3+2t;) (mm)
142.32 138.72
142.24 138.64
141.84 138.24
141.60 138.00
141.78 138.18
141.52 137.92
141.56 137.96
141.48 137.88
140.40 137.80
140.96 137.36
140.52 136.92
140.58 136.98
140.50 136.90
140.4 136.80
140.36 136.76

Table 7.3: Measurement of mill diameter: £, = 0.3mm

The results shown in table (7.4) indicate that the phase corrected (PC) and uncorrected (O) D agrees
with the measured (M) D and are within the uncertainties. An important observation from table (7.4)
is that the maximum diameter deviations are more accurately described (in terms of agreement with
the mean and standard deviation of the measured data) for the (PC) diameters than the uncorrected
(O) values. These deviations from the measured mill outline can lead to incorrect interpretation of
the tracked particles motion and interation with the mill shell and should therefore be accurately
characterised and corrected for if necessary.

{ PC or Uor M | Method used "D (mm) | Dpez (0m) | Dmir (mm) | op ( mm)
M Measured 137.67 138.72 136.76 0.67
PC Fitzgibbons 137.96 138.91 136.89 0.76
PC Circle fit 137.78 137.78 137.78 0.96
0 Fitzgibbons 137.56 145.51 129.62 0.62

Table 7.4: Measured (M), Phase Corrected (PC) and Original (O) diameters of mill tracer’s trajectory
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Figure 7.12: Standard deviation in 7,: Experimental, Phase Corrected and Uncorrected

7.8 Conclusion

The errors associated with the penumbra effect, vibration of the BAE unit and to a lesser extent
projection errors of a sphere onto a plane have been physically quantified for the X-ray imaging
system. The combined error of these quantities was shown to be 0.07 mm. The error associated with
the control frame was also estimated and given as 0.06 mm. The overall reconstruction error, which
is composed of systematic errors and distortions of reconstruction, is shown to be equivalent to the
additional terms that constitute the full DLT formulation. However, achieving this accuracy with the
full DLT solution is only possible if the initial estimates to the variances are physically related to the
actual systematics and reconstruction distortions. A model for these initial estimates was developed
in chapter (6), and shown to converge without iteration, producing reconstructed coordinates that
are more accurate and stable than the standard implementation, even when robust numerical solvers
were used for the latter. The model implementation was also shown to be computationally more
efficient than its standard counterparts, and again, irrespective of numerical solvers.

The phase lag between the two X-ray cameras of the BAE unit was minimised using the validated
procedures of Yeadon & King [97] and Pourcelot et al [98]. Notwithstanding, the evaluation of the
phase lag correction was conducted against the path traced out by a ball bearing fitted to the inside
of a lifter bar. The results indicate that both the corrected and uncorrected phase offset paths are
in statistical agreement with the actual path of the tracer. However, the maximum deviations from
the actual path were statistically significant for the uncorrected phase lag with notable improvement,
with regard to statistical agreement in relation to the actual path, for the phase corrected data. The
assessment of the phase lag minimisation is not conclusive, however, the validated formulation of
Yeadon & King [97] and Pourcelot et al [98] reassures the implementation.

The accuracy achieved in the current work is limited by the pixel resolution of 512 x 512. Further
improvements could be achieved with the newer BAE units that produce images at resolutions of
1024 x 1024. It is anticipated that at this higher resolution, the current implementations of image
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processing, target centering and photogrammetric reconstruction should be able to reach reconstruc-
tion accuracies < 0.1 mm.



Chapter 8

Validation tools for verification of DEM

The ability of DEM to accurately simulate the behaviour of experimental tumbling mills has been
investigated by several researchers, with promising results. Cleary & Hoyer [103] demonstrated good
agreement (in terms of power draw and visual snapshot comparisons of the charge motion) between
the experimental and 2D DEM simulations of a centrifugal mill. Agrawala et al [104] and Rajamani et
al [105] presented similar comparisons between the experimental tumbling mills and DEM simulations
thereof. The ability of 2D DEM to model the dynamics of an instrumented experimental mill at start-
up was established by Monama & Moys [106] by comparing the power drawn of the experimental and
simulated mill. The position of the centre of circulation (CoC) , as defined by Powell & Nurick [19] was
used by Govender et al [107] to compare 2D DEM simulations with experimental particle trajectory
data from a scale tumbling mill. More recent comparisons of 2D and 3D DEM with an experimental
SAG mill using the position of the shoulder and toe of the charge as well as the CoC were presented
by Cleary et al [108]. While the power drawn by a mill provides a consistent measure of the mill
behaviour, visual comparisons of charge motion will always introduce some measure of subjectivity.

None of the the validation techniques presented in the literature are sufficiently rigorous to claim
that DEM can simulate all aspects of the system correctly. Validating DEM against one aspect of a
complex system, such as a mill, does not imply that the model adequately describes the full system.
The hypothesis for this chapter is that a series of validation techniques (a validation toolbox) and
objective comparisons are required to ensure that all features of the system are adequately simulated.
This work contributes several techniques towards such a validation toolbox and is based on work by
McBride et al [15] and Govender et al [89].

8.1 Validation algorithms

A series of validation algorithms were developed to allow meaningful comparisons to be made between
the trajectory history of the tracked particle within the experimental mill and the trajectory histories
of ten randomly selected particles within the DEM simulations. The validation algorithms allow
the behaviour of a system of near identical particles to be inferred from that of a single particle or
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multiple particies. The duration over which the marked particle is tracked must be sufficient 1o allow
the particle to pass through all repions of the charge and therehy provide a representation of 1he balk
charge behayviour,

A.1.1 Bin algorithms

To provide a statigtically meaningful means of comparison belween the experiment and simulation,
a probability distribution funetion of particle poesition, or any measured variable, within the mill is
generated using a recursive binning algorithm ag described by Govender et al |107],

The cross section of the mill is uniformly divided into a fine grid (50 x G} cells) where each cell rep-
resents a bin. All data pointg within the individual bins are grouped together. The normalised count
of experimental points falling within each bin represents the probability function of particle pasition
within the mill. The bin algorithin allows the frequency of any measured variable to be expressed as
a function of position within the mill. The velocity and acceleration of the tracked particle is deter-
mine from the exporimnental trajectory data using 8 second order Lagrange interpolation polynomial,
finite differencing scheme according to Chapra & Cauale [108]. The same finite differencing scheme is
used to determine the velocities and accelerations of the tracked particle from their simulated values
in the DEM simulation. The reader is referred to Jeffreys & Jeffreys [110)] for a more detailed account
of inlerpolation schemeas.

Bin plots of a selected variable in both experiment and DEM simulations can be subtracted from
ohe another to give an indication of the relative error; a bin difference matrix containing zere values
wonld indicale g perfect match.

8.1.2 Locating key features of the bulk charge

The igentification of ynigue features of the charge allows direct comparisons to be made between the
experimental and DEM data. Two such features are the CaC and the equilibrium surface, Powell &
Nurick [19] and McBride el al [15]. Powell defined the CoC as the point about which all the charge in
the mill circulaies and the equilibrium surface as the surface dividing the ascending, en masse charge
from the descending chatge, The procsss of identifving the ColC and the equilibrium surface was
via visual inspection of pholographs of the mill, fizure (8.1), and X-ray irajeclory plots of a single
tracked particle, and thersfore introdnced operator bias. Cleary et al [108] used the concept of the
CoC (termed the vortex centre or centre of recirculation) and the positions of the shoulder and toe
of the charge to compare the charge motion in a scale mill with DEM simulations. The position of
the CoC {determined via visusl inspection of streak images) was shown to provide the most sensitive
measure of the acouracy of ther DEM simulation.
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Definitions

Head: aper of parlicla trajactary.

Departure shoulder: Ragion whare parbueles
depart from shell ard ender lree fali

Centra of circulation: Point about which all
charge in mill ciculates,

Equilibrium surface: Curye differsntinting the
ascending en-masse charge: from ihe |
descanding.

Bulk toe: Point of intersaction of tumbling
[cadcading) charge with miil shell.

Impact toe: Region where calamnling nharge
impacts shel or bylk charge.

K: Angle of repose of the charme.

Figure 8.1: Photograph of an experimental mill showing the CoC and the equilibriurm surtace, MeBride
et al {15]

The following section provides tigorous definitions for the CoC and equilibrium surface using basic
congervation principles. allowing their positions to be evalnated objectively using automated numerical
fechnicgques,

The principle of conservation of mass flow within a closed aystem I8 used to identily the CoC and
equilibriumn surface. Consider the eross section of the mill shown in figure (8.2) with the tracked
particle's trajectory data superimposed. The cross section of the mill iz gectioned using horizontal,
vertical and radial planes, termed the control surfaces, whose normals lie in the plane of the cross
section. The data in 313 is projected onto a vertical cross section to produce 2D planar daia for
this analyris. KEnd effects due to the interaction of the particles with the front and back ende of the
mill and other possible longitudinal position dependent effects are not quantified in this work. The
mimber of particle trajectories crossing each control surface, the localion of the intersection point
{defined as the point where a particle’s irajeclory path intersects the control surface) and {he relative
sense of the crossing s are recorded [or the duration of the analysis. The relative sense of the crossing
is defined as [ollows:

& = &fn (rf-ﬂ.) (%.1)
o= 15 x AB (8.2)

where  is the particle trajoctory vccto{r;’ 7t the normal vector to the control surface, 1. a vector
defining the mills axis of rolation, and AF a vector orthogonal to % in the XY plane, figure (8.2).
The definition of the normal veetor to the control surface ¢ i3 dependent on whether the mass finx
counl, ig performed rom 4 L6 B or from B o A,

The cumulative count of particles erosging the control surface {representing the mass flux & along the
control surface) is performed for each control aurface frotm both 4 Lo B and from B o A. The poini
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of maximum mass flux along a control surface, termed the mass finx equilibrium point or the balance
point, oceurs at the intersection of the mass fiux count performed from A4 to B and from B to A. The
point reprosents the position along a eontrol surface where the amonnt of charge moving in & positive
sense relative to the control surface i8 in equilibrinm with the amount of charge moving in a negative
sense, Le. where

e (8.8)

and [ is the distance along the control surfare,

The surface formed by linking suceesive mass Hux equilibrium points withina family of control surfaces
is termned the mass Aux equilibrium surface. The position and physical intorpretation of the mass
Aux equilibrium surface is governed by the orientation ol the control surfaces over which the mass
Aux summation was performed and is apparent when the equilibrium surfaces are superimposed on
selected velocity component bin plots, as shown in figure (8.3). The equilibrium surface generated by
sectioming the mill with a family of control surfaces whose normnalg are parallel to the vertical ¥ axis is
termed the vertical mass Aux equilibrium surface. The vertical mass flux equilibrium surface separates
the ascending, i.e. travelling in the positive 1 direction, en masse charge from the descending charge.
The horlsomtal mass flux equilibrium surface, formed by sectioning the mill using a family of control
surfaces whose normals are parallel to the horizontal X axis, separates the en masse charge moving
in a positive sense in the X direction from that moving in o negative sense. The radial mass flux
cquilibriumn surface is formed by sectioning the mill using a family of control surfaces passing through
the centre of the mill’s cross section and whose normals are orthogonal to the mill’s axis of rotation.
The radial equilibrium surface separates en masse charge possessing a positive radial velocity from
that possessing a negative radial veloeity.

As a direct consequence of the principle of mass conservation, the mass flux along any control surface
passing through the CoC will be maximum and independent of the control surface’s orientation. This
allows the CoC to be identified as follows, figure (8.4); the mass flux equilibrium point (the point of
maximum mass flux along a single control saurface within the family) on the control surface with the
greatest maximum mass finx is identified and represents the CoC [or that specilic equilibrium surface.

It is possible for multiple CoCs to be identified using the aforementioned process. These mmlitiple
maxima bound the region in which the instantancous CoC moves as a natural consequence of Anctua-
tions in the motion of the tumbhing charge. figure (8.5). The CoC along the respective control surface
is assumed o be that of the position of the mean of the multiple maxima. The procedure deseribed
to determine the CoC was then applicd to all three familics of control surfaces (horizontal, vertical
and radial} and their CoCs are caleulated. The averaged position of the CoC, used to compare the
experimental and simulated data, iz defined as the centroid of the triangle whose vertices are the
CoCs of the three different cquilibrinm surfaces.

An alternate approach to determine the position of the CoC would be to caleulate the intersection of
the mass fow equilibrium surfaces generated from the three families of control surfaces.
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Figure 8.3: Physical interpretation of the mass flux equilibrium surfaces, McBride et al [15]

Powell and Nuriek’s [19] original definition of the equilibrium surface as the surface separating the
ascending en masse charge from the descending charge, as shown in figure {8.1), 18 the combination
of the horizontal squilibrium surface below the Col and the vertical equilibrivm surface showve the
CoC.

Previous attempts to locate the CoC and the equilibrium surfaces using numerical techmgues by
identifying the particle trajectory surning poiuts (the points where the horizontal or veriical compo-
nent of velocity of a particle changes sign) and fitting either an ellipse or a least squares cubic spline,
Govender et al |107], to the data have several disadvantages when compared to the mass flux method
presented, The trajectory path of a particle within the bulk of the charge is not smooth. Devia-
tions from a smoothed trajectory path oceur due to the numerous particle intersetions within the
charge. These deviations cauze significant scatter in the particle turning point data and necessitated
the development of techniques requiring operator input to identify the actual turning points, thereby
mtroducing some level of potential user hias. Spuricus turning points are deals with naturally using
the mass flux halance method as deviations from the smoothed trajectory path are cancelled upon
intecration. Inherent error estimates, based on parameters such as the mass flux across any control
surface passing through the CoC being 4 maximam and independent of the orientation of the control
surface and the net mass flux across an equilibrium surface being zero, add to the robustness of the
method.
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| Fraction of eritical damping in the normal direction €y, (—) 0.2 |
fraction of critical damping in the shear direction C, {—) 0.1
Norinal contact spring stiffness {N,m_'] 1 x Li)®
Shear contact spring stiffuess {N.m 1) 1% 10°
Coefficient of friclion {—) 0.23
Maxinmm permissible time-ziep duration {s]ﬁ 1x 107

Table 8.1: Parameters uged in the DEM simulations. The particles and the mill boundaries were
assurned to have the same properties,

Notes: The coefficdent of regititulion is related to the fraclion of critical damping via an expression
deseribed by Mishra |28); " Lhe actual (ime-siep duralion could be below this value to satisfy stabiliiy
criteria, Ttases [112]

8.2 DEM simulations

4.2.1 DEM model

The DEM simulations of the experimental mifl were perforimed using hoth the 2D and 3D software
package particle flow code (PFC) from Itasca. Contact between particles is modelled using the soft
contact approach, wherchy comtacting objects are allowed to overlap, The coutact foree law, used to
relate Lhe overlap between contacting particles to a contact force, is the standard linear spring and
dashpot model. An overview of the DIEM and Lhe contact model uzed in the PFC code 15 described
in section (2.1).

The selection of the input parameters for the DEM simulalion can have a significant influence on the
behaviour of the simulation {Cleary el al [108]; Dong & Moys |23]). The experimentsl measurement
of these inpul paramelers (in particular, the coefficient of normal and (angential restitution, and
Lhe coeflicient of friction) needs (o be performed under conditions that reproduce those found in the
experimental syslem, as they may be dependeni on the relative contact velocity, Lorenz et al [111].
An experimental device (0 measure Lhe particle interaciion properties and the coeficient of friction
unider condilions similar to those experienced in the experimental mill has been construcied as part
of a masters programn Lhat ran conourrently with this project. Unfortunaiely Lhe measurement of the
DEM properites for the plastic beads used in this work was not completed within the time frame of this
thesis. Particle interaction properiies from sitmilar Lests were used as estimaies, Lovenz et al [111),
and s series of 2D DEM simulations performed to adjust their values to account for the specific
conditions found in the experimental will, Govender et al [107). The interaction properiies were
adjusted within a realistic range to find the best sgreemeni belween the simulaled and experimental
position of the CoC. Bin difference plots of particle position, velocity and acceleralion were also used
1o assess the agreemenl between the experimental and simulated systems. The parameters used in
the DEM simulations are listed in table (8.1). Discrepancies between the experimental beads and the
numerical representalion thereof as perfect spheres or disks arise as the plastic beads are nol perfectly
spherical and contain a hole through their centre, see chapter (3) for a quantification of the sphericity.

The simulations conducted by McBride {co-worker) represents the mall shell as a eylindrical geometric
primitive in the 30 DEM simulalion and as & series of line segments in the 2D simulalion. In the 2D
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DEM sinuilation ten equal length line segments are used to approximate the shell between consenitive
lifters. Thscrepancies between the experimental mill shell and the DEM representation therefore exist
and contribute to diffcrences in the experimental and simnlated data.

The DEM simnlation was broken into two stages; namely, setilement and analysis. The particles
were generated within the mill and allowed to seitle under gravity during the settlement stage. A
representative sample of the plastic beads cthai constitute the bulk charge diameters were measured
and the standard deviation thereof is included in the numerical model, An cstimate for the number of
particles to be generated was obtained by assuming an 8% % mill filling by volume and a void ratio of
(1.3. By overfilling the mill, subsequent analyses can be performed without needing tu regenerate the
particle system, The “random™ filling of an arbitrary region in space with pariides conforming to a
size distribution is an ares of immense importance for the developmen of DEM and (he seminal work
of Feng ot al [113|, and more recently Feng et al [114], deserve mention in this regard. The initial
particle positions within the simulated mill were oblained using the random generation of particle
positions, subject to the criteria thal generated particles could nov overlap, The initial Tadil of the
oenerated particles were reduced by a factor of 30% to expedite this process. The particles’ radi were
restored to their initial values once all particles had been regenerated. The process of expanding the
particle radii can cause considerable overlap to ocour betwecn particles, resulting in excessive contact
furces, and in turn excessive particle voelocities, The particles’ velocitics were therefore set to zero
every 100 time-steps duting the fitst quarter of the settloment phase.

A horizontal line is drawn across the mill to give the desited volumetrie filling, All particles protruding
abuve this line are removed at the beginning of the analysis phase. The mill was then rotated at full
speed for lwo revolalions and the power draw was monitored Lo assess the svsiem stale. o was found
that approximalely one mifl revohition was required to stabilise the power draw, indicating that a
sleady state had been achieved. The trajectory hustories of ten randomly selecled particles within
the bulk charge were then menitered for a specified mimber of revolations (15 revolutions in Lhe 3D
simulation and 45 in the 2D},

8.2.2 Comparison of DEM and experimental data

The trajectories of the monitored particles in the experimental and stooulated systems are supertm-
posed upon one another in figure (8.6), The position of the toe, the region where the outermost layer
of cataracting or cascading particles npact the mill liner or other particles, prior to being drawn into
the butk of the charge, is exaggerated in the 2D simulation (see figure (8.1) for a schematic definition
of lerminclogy). This exaggeration is due to the vold ratio of a 21) svwtem of disks being grealer
than a similar 3D system of spheres, e, the packing efficiency is greater in a 3D atructure than in
a 2D one. This Hmitation of 2D systems was also noted by Cleary et al [108] when comparing 2D
DEM sirmulations with experimental mill trajectory data. The pasition of the shoulder of the chatge,
the rogion were particles leave the liner and enter into projectile motion or cascade down the surface
of the charge, is exaggerated in both 2D and 31 DEM simmitations, The simulated (rajectory paths
cross the experimental ones in this region, indicating that the motion is not identical. The reason
for this disctepancy is not verfied at present, but it iz st likely due to the estinated coetficient of
friction being incorrect, and using only one coefficient of friclion as opposed to different static and
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kinetic coefficients of friction, which was identified by Powell [115] as being critical in obtaining the
correct particle trajectory as it is projected off 2 lifter bar.

2P DEM
61 rpm

Expernment
——DEM

<D BEM 10 DEM
THrpim ; 1 rpr

Figure 8.6: Comparison of the DEM and sxperimental trajectory data, McBride et al |15

Experimental data appears to be lacking in certain regions, most notably in the region bhounded
by the cataracting and eascading trajectory paths. If no experimental data cccurs within a eertain
region it becomes rather subjective as to whether the experimental sampling duration was insufficient
to capture behaviour in this region or if instead it 15 highly improbable that a particle will ever
enter the region. Only additional experiments will resolve this issue. One major eomponent of the
charge motion that obvicusly cannot be simulated in 213 DEM is the longitudinal particle drift in the
tnill. Figure {8.7] shows the trajectory path of a single trarked patticle in both the experimental and
simulated mills, The effect of the longitudinal charge motion becomes significant when flow through
the mill, classification by a grate, and end effects are to be considered. The amount of longitudinal drift
is significant in both the experimental mill and DEM simulation (note, the duration over which the
experimental data was samnpled is longer than the DEM simulation period and thus more lotngitudinal
drift is present in the experimental system). No attempt to gquantify the longitudinal drift is made in
the current work.
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Experimentasl system DEM simulstion

Figure 87 Comparison of the EM and experimental trajeciory data aleng the length of the mill

The experimental and simulated bin plots of the X, Y and radial components of velocity for test 1
(mill speed of G1rpm) are shown in figure (B.8) with the mazs fux squilibvium surlaces superimposed.
The smoothness of the bin plots for the simulated data relative to the experimental data highlights
the need to perform additional experiments. The upper bound of the Y and radial components of
velocity in the experimental and simulated systems are in good agreement. The upper bound of
the X-component of velocity in the experimental data is approximabely twice that of the simulated
sveterns.  Closer analysis revealed that this was probably due to linking particle trajectory data
from separate sxperitiental muns or due to missing experimental data, The absolute velocity of the
particles in contact with the liner within the bulk of the charge corvesponds exactly, a3 expected, with
the rotaticnal velocity of the mill (.46 m/s). Tt i3 recomended that future work in this area should
ke to objectively define other key regions of the charge. such as the shoulder and toe, using the bin
plots, thereby providing physically correct definitions that limit possible user biasing.
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Figure 8 8: Experimental and DEM bin plots of selected commponents of particle velocity with the
mass How equilibrium surfaces superimposed

The bin difference plots of normalized frequency (i.e. the normalised probability distribution plots of
particle position) and absolute velocity between the experimental and simulated mill system for the
first test sertes (mill speed of 61rpn) are shown in figure (8.9); the scale indicates the pereentage error
between experimental and simulated data sets with a zero bin value being a perfect correlation. The
normalised probability distribution plots of particle position were caleulated by dividing the value
in each cell of the bin plot of particle pogition by the cumulative bin count and then normalising to
unity. The error £ ig calculated for each cell in the bin plot as follows:

Ye —Ynoes ;

E= (—E - DE‘”) % 100% (R4}
Y&

where Yy 18 the bin value of the measired parameter in the experimental system and Yrpgar the

bin value of the parameter in the simulated system. The error is undefined in regions where the

experimental data is not present, and by definition is set to zerc in these regions,
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Figure 8.9: Bin diflerence plota {expressed as 7% difference) of frequency and absolute magnilude of
velocity between the experimental and simulated syslems

The position of the Col can be used to compare experimental and simulated data. The position
af the CoC would be invariant under slable equilibrium conditions, buat the location of the charge
m a mill Juctnales wilth time and a detailed mvestigation showed that the CoC moves withm a
buunded region beiween suceessive mill revolulions, as shown for the simulated 3D tmjectory data in
figure {8.10) {the analysis durativn of 15 revolutions was divided into 5 sub-sels of three revolutions
and the CoC caleulaied for each sub-set), This motion can be attributed Lo the surging and slumping
of the charge, & phenomena observed in large scale mills (Vermenlen et al |116]) and DEM simulations
of an experimental tumbling mill, Agrawala et al [104]. The Co(! is therefore the ceniroid of the region
of maxinmm tnass Aux that bounds the instantaneous CoC. The position of the centre of mass of
the charge also moves i a similar manner to the CoC cavsing Auciualions in the puwer drawn by
the mill, as evident in the simulated system. The titne averaged position of the CoC, siunmarised
in table (8.2), provides a unique means to characterise the charge, provided that the duration of the
expetimenl is sulliient. As the mill speed increases from test 1 to test 2, the Coll moves upwards
tuwards Lhe shoulder and outwards towards Lhe will shell,

The 2D sirnulations appear Lo give belter correlalion Lo the experimental dala than the 30, bul this
is mislesding. The exaggerated position of the toe in the 2D simulation draws the position of ihe
CoC towards the toe and in tum towards the position of the experimental CoC, thus improving the
sirmilated results. This emphasises the fact Lhal Lhe validaiion of DEM needs to be performed using a
range of different comparative techniques. The sirmlated results differ by no more than approximately
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COC test 1 COC test 2
Speed 61.34 rpm Speed 7058 rpm
Position (mm) | Deviation {mm) | Position (mm) | Deviation (mm)

R=26 K=

2D DEM 3 4
Y = -30 Y =27
X =29 X - 29

3D DEM 14} fi
Y =27 =23
=97 a2

Experituental

Y — .32 Y — 2%

Table 8.2: Experimental and simulated pogition of the CoC

one and & half times the mean particle diameter from the experimental CoC.
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Figure &10: Variation it the position of the CoC and a comparison of sinnilated and experimental
euuiilibrigm surfaces (mill speed of 61 rpm)

8.3 Conclusion

The validation techniques presented characterise the mass behaviour of the charge based on observa-
tions of a limited number of particles. They are robust and noise free due to the inherent insensitivity
to minor fluctuations in charge motion (1.e, spurious turning points) and the noise suppressing nature
of the integration of experimental data. These methods have scope beyond experimental tumbling
milla and can be vsed to characterise the motion of many closed systems.
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Analysis of trajectory data

9.1 Introduction

The objective of this chapter was to investigate the kinematics ol the (racked particle for the range
of experitnents conducted. The analysis is based on the 3D positivnal data of the tracked particles.
Each configuration (mill speed, charge filling and lifter profile} was filined i1 6 sets with a mandatory
30 second interval between sets'. Each sef was filmed at 50 [rames per second for 16.7 seconds,
resulting in 100.2 seconds of trajectory data for each configuration. As a ronsequence ol correcting
fur the phase lag between the X-ray cameras, the effective filming rate was increased by a factor of 2
using the lowpass interpolation filter |102| described in section (7.7). The final image data are then
effectively (L0 seconds apart., The conventions used to describe a configuration is:

H: height of the lifter

W: width of the lifter

A: leading lifter face angle

S: speed of mill (% of critical)

Thus HF-W9-A45-590 refers to a mill run at 90% of critical speed and with lifters that are b inm
high, 9mm wide and with a 45° face angle.

9.1.1 Heuristic assessment of the Blming duration

The X-ray experiments are based on the assnmption that a single particle’s trajeciory ean be used to
represent the entire charge motion provided the filming duration is sufficient. The gquestion of saiffi-
cieney is lurther complicated by logistical issues such as limited aceess to the anglographic equipment

'The BAE cuts off afier 16.7 s of filming and takes approcituately 30 8 to stactup.
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and storage consirainis. These factors neccessitaled a heyristic assessment of the filming duration for
each configuration in order to ensure aprior: validity of Lthe experimental data,

The assessment of the filiing duration was conducted by MeBride et al |117]. The milling dimensions
was that of the Perspex mill charged with 4596 balls and run at 70% of critical speed. Ten lifters,
9 high and wide, with a face angle of 60° was used. The procedure was as follows:

1. Track all particles In the mill for two revolulions to establish a base case.
2. Bin the positions of the hase case data,

3. Track five particles for 38 seconds at the sampling rate of the angiographic equipment, (50 frames
per second). These represent the DEM experimental mill.

4. Bin the positions of Lhe five pariicles.

5. Combine the bin data of the five particles and compnte the percentage of base case bins occupied
by each combination, see figure (9.3) and table {9.1) for details of combinalions.

The combinations used are illustrated in figure (9.1} and listed in table (8.1). In terms of statistical
agreement, one standard deviation [68% of the buse case bins occupied) requires 45s of filming. The
storage constraints of the sngiographic equipment allow 100.2 s of filming before ihe daia must he
downloaded.

ravoluticns

Figure 9.1; Combinations of trajectory plots of the five particles. Combinalions and the effective
sampling time 15 listed in table (9.1).
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Figure 9.2: Side view of trajectory plots of the five particles demnnstrating longitudinal drift,

| particle cnmbinations | combined sampling time | % of base case bing occupied |
s 3 60
I &= 76 T4
1.0k 3 114 &5
1,2, 3& 4 . 152 g8
1,2,3,4&4 190 &

Table %.1: The eflect on the percentage of bagse case bins occupied by increasing (he effeciive sampling
litne. The sampling time s efectively increased by combining hin data of identical particles.
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Figure 9.3;: Heuristic assesstnent of filming duration. The percentage of bage case bins occupied by
the sampled DEM data plotted for a range of sample times, The solid line through the data follows
an exponential trend.



CITAPTER 8. ANALYSIS OF TRAJECTORY DATA 190

Findings
1. The maximum alowed filming time is greater than once standard deviation and iz therefore
chosen as the filming time for cach cxperimental configuration.

2. The percentage of base bins occupied in 10025 i3 3%, which is statistically acceplable.

3. Longiludinal drift of the DEM experimental mil] i3 apparent, figure {9.2).

9.1.2 Key zones in a circulation

In order to facilitate the analysis that ensues, the circulation of the tracked particle is divided into a
nuniber of distinet wones according (o Powell 1], figure {9.4).

1. The ciecular path in the en masse region, where the ball is lifted 1up by the rotary motion of the
mill - from A to B. This zone is used to calculale the slip belween layers of charge, section (9.5).

2. The shoulder zone - B to C - where the ball falls away from the cireular path, passes through
the maximum height 5, and then begins to fall down towards the toc region.

3. Cascading/cataracting zonc - from C to T - where the ball tumbles down the other descending
balls {eascading) or falls freely (cataracting), unfal it impacts in the toc region.

4. The toe region - T to A -~ where the ball impacts on the chiarge and is drawn into the rotary
motion of the mill. This is an active region of the charge, and where the interactive forces are

griatest.

Figure 9.4: A iypical circulation path Tollowed by the ball, showing the various distinct zones



CHAPTER 9. ANALYSIS OF TRAJECTORY DATA 191

The analysis of the reconstructed trajectory data is conducted under the following categories:

1. Approximations of velocily and acceleration Irom positional dala

2. An invesligation into yseful comminution based on the average, cumulative power draw
3. Toe and shoulder estimates

Slip within the charge

Charge surging phenomenon

2 g

A heuristic power model based on CoC and CoM trends

9.2 Approximations of velocity and acceleration from positional data

The experimental data may be viewed a8 o function f(z) with a known set of discrete points
T\, k. ey @y, however, we do not have an analviic expression for {1} that lets us caloulate its value at
an arbitrary point or determine 1is derivatives. If the calenlations ave confined to x, 2, 2" 2 |#q, 5],
the typical approach would he to use piecswize interpolation, wherse the primes denote diffsrentiation.

The most widely nsed interpolation scheme is Lagrange Interpolation polynomials [110]. Additionally,
if the poinis are evenly spaced in lime, the finlie differetice method can be employed for the differen-
tiation. Another useful technique for determining the instantanenus velocity at the midpoint between
positions #; and ;. is the weighted average method used by Parker et al [44] . This techmique is
commonly used in PEPT experiments for slow to medium rotational speeds, see for example Cox el
al [45|. The formulation described by Parker is said to give good approximations for the velovity.

The Lagrange interpolation polynomial was used lo compare DEM and experimental kinematics in
cases wete the DEM Lime step varied. Essentially, if the user defined time step in PFC is not small
enough (o ensure stability ai a partienlar fleration, the code antomatically halves it. It should be
noted that even though the DEM code calenlates the velocity and aceeleration directly from the
contact, they are recaleulated from the positional information in order to keep the analysis equivalent
to that of the experimental data. This step is essential for meaningful comparison of DEM and
experimental dala.

This section describes the finite difference and Langrange interpolution polynomial methods as pos-
sible schemtes to be used on the positional data arising from the X-ray experiments. The weighted
average method is also presenled for illustirabion putposes.
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9.2.1 Finite Difference Method

A key step in the finite difference method is to replace the continuous derivatives with appropriate
approximations in terms of the dependent variable evaluated at different points in the region of
interest. The basis for doing this is Telated to the Taylor Series expansion for a function in the
vicinity of some discrete point, #;. If the domain of interest is broken into evenly spaced increments,
then

t = tot+ilt (9.1)
t; = kytih where = |4d] (8.2

In the case of the tracked particle, t; denotes the starting time of the filming, 4, is the time of the i
frame and A = 0,01 5 is the constant time increment between frames.

For the dependeut variable, w(f), the discrete representation becomes
z{EN= 2 (U.3)

where « (f;) is the position of the particle in the /% frame.

The Taylor Series expansion of x; - and #;— | vields

:{_,{:h_z _,I_.l:ﬂ'h_::t

Fip) = ‘I’f+;“$h+t..)_1+ ‘31 4 (9.4}
T | T

#ia1 = ¥y —ath+ ‘L‘? _— 0.5

where the primes denote differentiation,

These two equations are used to derive many of the cotnmon derivative approximations for linear
systermns. The first derivative approximations (the velocity) are:

Forward [Nilercnen Approximation

= Iilh:i + Ofh) (9.6)
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Rackward Diflerence Approximation

% L O {9.7)
i)

=i
I

Central Difference Approximation

By subtracting equation (9.5) rom equalion (9.4}, we get

D b
i1 — i) = 2o+ Et — . (9.8}
or
¢ Wt —lieg ;
b= ————+ 0k 9.0
" I - { ] ( }

B3y comparing the ihree difference approsimations, equations (9.6, 9.7 and 9.9), it iz clear that the
central difference approximation is more aceurate, with truncation errors on the order of /% (denoted
as O (1?)) while the forward and backward difference approximations have truncation errors on the
order of b (denoted as C{l)).

The central difference approximation of the second derivative (the acceleration) is calculated by adding
equations (9.5) and {9.4):

PO 1 B kS 00
= h?

+ O (k%) (9.10)

These approximations are the most cornmonly used representations of the first and second derivative.
Investigations show that using approsimoations wilh hagher order truncalion errors do not improye
the smoothness of the data. These denvatives tend to be large, particularly near sharp gradients like
the toe region of the mill,

9.2.2  Polvnomial interpolation

Another method for generating discrele derivatives is the Langrange interpolation polynotmal [110].
Here we assume that the solution lo the discreie parlicle trajectory dala can be approximated by a
polynomial, and that the values at these points are exact. We thus differerniatle the polynomial 1o
obtain cxpressions for various derivatives.

Assume that w(t) = at? + b | o
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fit is exact hera

x{t}

Figure 9.5: Mustration of polynormial fit to disercte data

In order to solve for the coellicients ¢, & and ¢, we apply palynomials to the three points illusirated
in figure (5.5). Note that the time spacing between points need not be equal.

X1 = H-ff_] + b’f-','_| -t {9.11}
¥ = at? bt e (9.12)
Eppr, = H-flf+| + bty yq + ¢ {9.13)

After solving for «, b and ¢, we obtain

. . 3 {f_t%:l {f id L} o [t—f{_]_‘] {f— f..;_+]:|
RO [ft=—| —ti) [t —fm)] i [{ff—tf—ﬂ (2 —f-i-HJ] "
)
)(t

t_f‘ t_ T l} g
24 .14
s [{n =) (e -h_1i} (8.14)

Differentiating equation (9.14) yields

§ 2t f’ﬂ]-f-’i :| |: gf—tfll_t:’—L
& — i +
i [(ti—l — &) {ti=1 — tina} FL0 — i) {8 — te )
i A S § ]
Bt — ke a1 — 8

+

Fig1 [ (9.15)

and
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M = 271 :|+|: 2r; .

J e —dg) (fimq — i) (8 ~£iy) (te —#i0 1)
i L1
i 9.16
[itery — 8 1) 86y --ie]] [4.18)

If these derivatives are evaluated at tine #; and the time step is uniform, equations {9.15 and 9.16)
recluce to equations (%9 and 9.10) respectively with errors on the order of 42,

9.2.3 Weighted average method

The instatitancous veloeity of the tracked particle at the midpoint of the i*" and (i + l]”i positions,
dEHOtEﬁL ﬁ;‘_f.l_ 1s is:

i
2 b
e (9.17)

tHip) =
b

wherg #; ig the velocity at the 4™ position and b, is the weighting factor associated with the »;. The
veloeities, v;, are usually approximated using the Forward dillerence scheme, equation (9.6).

position of
X i instantaneous

welocity

Figure 9.6: lllustration of points uged in estimating the ingtantanecus velocity at the midpoint of the
#* and (i + 11" positions.

The weighted average scheme used by Parker et al [44] is based on this formulation and is given as:
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In light of the discussion on difference approximations, it is apparent that the cepiral difference
approximation, equation (%.4). would be a better choice for calculating the vy ierms, Ilence, & more
accurate and robust estimate of the inslandaneous velocity al the midpoint of the i and ¢ + 1)t
positions is:

iF2

>o by

- f=i—1

T = ——/—— L
it Lbj [ 1

where the vy lerms are now eslimaled using equation (9.9).

The symmetric distribution of the #; terms in egtimating 77 ;1 |, figure (9.6), enforces the robustness
of equation (9.19). The instantaneous acceleration at the midpoint of the #** and (i + 5 positions
can be determined in a similar manper and is caleulated as:

i3
2 b
= F--i=L
pirpize TS NN 9.20
a‘!,ﬂ 1 E bj' [ }

where a; i8 the central difference approximation of the acceleration, equation (9.10), and the f; are
the associated weighis.

The weighting scheme used in invesiigating the WACD in the present work is:
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9.2.4 Compatison of interpalation schemes

The various imterpolation schexnes were compared in order to establish the method wost snited for
the experimental trajectory data. The comparisons are bazed on expecled oulcomes [rom the tracked
particles kinematics. Although the partide tmajectory may be classified ag non-linear, there are regions
of predictable motion like the outerinost laver of the en masse region, region A to B in figure (9.4),
and the cataracting rone, region ©C to T n figure (9.4). £ we assume negligible vibration and a
conatant will speed, it is expected that the angnlar velocity of particles, wp, moving contiguous to
the will shell in the en masgse region will be equal to that of the mill’s angular velocity, wy,, The
acreleration along this layer (the centripetal acceleratinon) is also expected to be directed radially
inwards with a magnitude of mw?, B, where m is the mass of the tracked particle and B the mill
radius. The cataracting zone should produce particle accelerstions, gy, of 9.81 nis™? if there are no
mid air collisions belween the parlicles while uhe r-conuponent of velocity, .. shonld be constant in
this zone.

The comparison was done for the mill run at T0% of critical speed with 12 rectangular lifters of height
T o and width 9xom. This coufigpuration was sclected becauss the en masse layer along the mill ghell
and the cataracting sone are distingt. The uniform time step ingroduced by the X ray filming resuli
in the central difference approximations being equivalent to Lhe Langrange interpolation polynornial
method and which are thus not presented explicitly in the comparisons. Table (9.2) presents the
comparisons as the average value + standard deviation. The cotuparisons are illustrated in figures (3.7
- 9.10).
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| [ WACD | WAFD | LIP | FI¥ | Expected/Measured |
cutermost layer of en masse zone
Wy £ {wy) (rads™?) || 8.05 £ 0.22 | 8.03 £ 0.21 | 8.07 & 0.27 | 8.15 = (1.26 [ 8.28 + 0.01 (Measured)
Ad +4(A8) (o) 012 =002 | 0,14 £0.03 | 0.5+02 | 05402 0l {Expected)
cataracting zonc
(tear = B {iteae) (mLs™) || 5(H) + 38 500+ 35 | 9.67 + 1.66 | 9.61 + 1.72 9.81 (Expocted)
+8 (v} (187"} + 0.015 + 0.016 = {1,015 + (LUI6 0 (Expected)

Table 8.2: Comparison of the various techniques used to estimate particle velocily and acceleration
from positional data. The techniques are compared to expected en masse kinematics along the mill
periphery, and to theoretical free-flight acecleration and r-component velecily of the calaraciing

particle.
WACD:
WAFT):
LIP:
F):

Expected:

0.2.4.1

forward difference

WACD and WAFD

weighted average central difference

Langrange interpolation polviiotnal

weighted average forward difference (Parker et al.}

average freefall acceleration in the calaracting zonc

average angular velocity for outertnost trajectories in oo masse zone

expected values assuming constant mill speed and negligible vibration

average angular deviation between the radial dircetion and the direction of the aceeleration
vecior for irajectories along the oulermost layer of the en masse zono

uncertainty in the average r-component of velocity {v,) in the cataracting zone

The weighted average method produces very smooth velocity vectors at the interpolated midpoinis
(figutes 9.7a and 9.9a). This conelusion iz reinforeed hy the relatively low standard devialion of the
r-components of velocity in the free fall zone. Both schemes produced unphysical trajectory profiles
in magnitude and direction (figures 9.7b and 9.9b). Interestingly, the acceleration direction produced
by the weighted methods along the will periphery in the en masse region showed very slight angular
deviations, Af, from the theoretically expected radial direetion. There are no noticrable differences
in average angilar deviation between the averaging used by Parker e al. and that suggested in this

work.
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242 LIP and FD

I'he Langrange interpolation polynomial scheme and the forward diflerence approximation produced
realistic velocity and acceleration profiles as shown in figures (9.8 and 9.10). The deviations in the
angular veloeity are i statistical agreement with the measured values for the mill. The caleulated
acceleration in the cataracting zone is also statistically consistent with the known value of free-fall.
The low standard deviation of horizontal velocity in the cataracting zone is acceptable in comparison
to the other errors.

9.2.4.3 Conclusion

Despite the errors the LIP and FD methods produce angular velocities and free-fall ancelerations
that sgres with the measured and expected values respectively within the uncertaimties while the
WACD and WAFD methods do not. None of the methods provide statistically acceptable centripetal
acceleration directions, even though the weighted averaging methods come close,

The weighted averaging scheme was not used in the final analysis because of the unrealistic acceleration
prodile produred. The LIP method was statistically the most accurate with regard to kinematic
predictions, All techniques perfurmed poorly in the impact zone. The LIP method was nsed in the
final analyses of the data. Plots of the velocity vecturs, superimposed onto the particle positions, are
shown in section (9.4}
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{a) Velocity

ih] Acceleratinn

Pigure 9.7. Weighted average method using the central difference scheme
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[a) Velocity

{b] Acceleration

Figure 9.8: 2" grder, Langrange interpolation polynomial method
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fa) Velocily

(b} Acceleration

Figure 9.9: Weighted average method using the forward difference scheme (weighting according to
Parker et al |[44|)
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i) Welouldy

(hy Aceeleration

Figare 0.10: 1%% order, forward difference approximation
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9.3 Circulation trends

The circulation of a particle is an important quantity in comminution due to its intimate relationship
with SAG modelling. In particular the enrrent SAG models assume that the energy associated with
the particle is irnparted once per mill revolution o the charge body and mill. This assumption hag
not been measured experimentally. The munber of times a particle circulates as it passes down the
lengih of the mill is key to determining the likelihood of it being broken to the required discharge size,
Such information is traditionally difficult, if not impossible, to measure due to the hargh conditinns
in induystrial mills, Parameters like the circulation rate are usnally defined to make the mathematical
tnaniptlation of the models tractable, which is probably why the value of one is popular. The
trajectory data of the tracked particle is well suited fo investigated circulation trends. In fact, this is
preferred due to the relatively short fibming time afforded to the particle tradking cxperiments, These
trends are now described.

9.3.1 Longitudinal motion

A typical industrial mill is characterised by a pressure gradient that cccurs primatily due to particles
flowing through the mill. The gradient is sustaited by the contituous feeding' of rocks at the inlet
and preferential removal of the smaller particles at the opposite end. The rate at which the particles
are discharged is a eomplicated balanee with the grinding cequirernents, and witimately deseribes the
residence time, defined to be the time taken for a particle to pass through the miil. For example, high
speed 1nills produce the required outgoing sizes relatively faster, due to the Increased impact breakage,
leading to a higher throughput, coarser grind and consequently a shorter residence time, while slow
speed mills tend to favour abragion and attrition, leading to a Aner grind, reduced thronghput, and
ultimately a longer residence time for the outgoing particles. Most mature grinding models indirectly
incorporate residence time into their structure via the discharge rate. However, the description is still
empirical, requiring further stndy to bring it into the realm of fandamentals.

A key ingredient to the understanding, and ultimately predicting, the discharge rate is intimately
related to the longitudinal motion of the particles. Unfortunately, the batch nature of the curcent
experimental work prevents the flow gradient from being formed. It was therefore decided ta look for
natural flow patterns, typified by changes in the tracked particle’s axial motion.

Movement along the mill length was clearly observed when looking at the particle’s trajectory from
the gide of the mill, Agures (9.11, 9.12, 9.13, 9.14, 9.15, 9.16 and 9.17). A possible reason for such
motion may be attributed to the end-window effect, which fends to set up a flow away from the
window, The lack of a statistical basis for this conclusion, necessitated that the analysis be confined
to a relatively ghorter axial regime. To this end, the longitudingl displacement per circulation was
investigated. Figure (9.18) illustrates the average axial displacement per circulation with mill speed,
with the actual values displayed in table (9.3).
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Configuration Axinl displacernent {mm)
H3- WO A45.S00 L.O5
[17-W0-A45-800 1.53
H7-Wo- A00-370 .26
H7-W-A90.500 .24
HOWIAGO-855 | 1.30

NEW3-Acurved-570 .48
HI-WO-AG-563 115

Table 8.3: Average axial displacement per circulation for each experimental configuration investigated

BOF

Figure 4.11: Longiindinal motion of particle: H3-W3-A45-85()
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Figure 9.13: Longitudinal motion of particle: H7-¥Wa-AS8% 570
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Figure 9.15; Longitudinal motion of particle; H9-WH9-A60-555
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Figure %.17: Longitudinal motion of particle: H-W9-Acurved-S70
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Figure 8.18: Average axial displacernent pet circulation with mill speed.

The following observalions were made:

1. Longitudinal motion is clearly evident, even in the ahsence of the flow gradient
2. Axial displacement decreases with speed up to 70% of critical speed

3. The aggressive lifters produce distinctly smaller axial displacements per circuladion than their
leas ageressive colnlerparts,

Comments

The duratinn of the filming prevented a rigorous and statistical assessment of longitudinal motion,
The chnice of investigating the average longitudinal displacement per circulaticnl was deemned the
only sensible approach to discerning statistically meaningtul trends. This being said, il i3 inleresting
to observe the aggressive lifters produce conservaiive longitudinal digptacement with the opposiie
being true for their less apggressive counierparis. A possible explanation could be due (o the near
centrifuging trajectory path followed by the particle at the HT-W%A90-590 milling configuration.
The maotion becomes more predictable, almaost circular, with a reduced probability of being knocked
off the axial slice around which it circulates. Fhis observation iz reaffirmed by the direulation rale
described in the next section. The sharp leading face of the 45° lifter at the same speed produces
trajectory palhs that are significantly shorier (han those of the aggresgive lifters, and consequently
the probability of being knocked of the axial slice path is increased,
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.32 Circulation rates

On the subject of a particle’s behaviour per circulation, a useful quantity is the circulation rate, defined
as the average tmber of circulation per revolution of the mill. It is known that tmost grinding models
tiake this value to be one, implying that the particles impart energy once per revolution of the mill,
irrespective of the till speed. A plot of the circulation rate against mill speed is given in figure (3.19).
The trend iz distincly linear with a rate of approximately 1.7 at H0% of ecritical speed, droppingly
linearly to a value of 1 at an extrapolated 116% of eritical speed.

B

-
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e
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Numnber of Bal circulations par mill revolution

=
.
g
:

g 70 80 ) 136 e 120
mill speed (%6 of critical)

Figure 9.19: Variation of circulation rate with mill speed

Commenls

At a speed conducive to cataracting, a particle is projected into fresfall, following the path of the
dashd line in figure {(9.20). This path ig clearly shorler Lhan the path along the shell from A and B. In
addition the tangential speed of the shell is lower than that of the freefalling particle between A and
B. These differences ecylminate in the particle circulating faster than that of the mill and conseguently
the circulation rate of the particle is greater than otie. Circulation rates of otie can otily be achieved
when the particle is completely centriluging. These ubservations are pertinent to current mill models
that assume a circulation rate of one irrespective of mill speed.
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Figure 9.2{(: P’ath folluwed by particle after being projected into freefall

9.4 'loc and shoulder cstimates

The characterisation of charge motion in Lumbling mills is seldom done withont including the notion of
a toe and shoulder, This is usually qualitative in nature and very dependent on the perspective of the
researcher, many of whom have employed the concepl (o facilitate the definition of an angle of repose
- the line joining the Loe and ghonlder of the charge, Roif & Vopgluelkiet |118], Yashima et al [119],
Liddell & Moys |37], Fucrstenau et al [39]. Powell [1], and more recently Powell & MeBride [46], note
that these “eye-balled” shoulder identifications scem reasonable at low mill speeds. bul as (ke speed
is inereased above 80% of the critical speed, the definition becomes meaningless. The location of the
toe suffers from similar shorleomings, becoming unclear, and anthor-dependent, when there is direct
impacting of malerial on the shell of the mill.

With the advent of DEM, sceuracy and exactness of charge deseriptors have become important (ools
for the purpose of validating the numerical models. Cleary et al [108] and Powell & McBride |46
deserve mention in this regard for their improved definitions of ihe joe and shonider region of the
mill, These definitions are presented in ligure {9.21) nsing trajectory data from an experinental tun
depicling clear cascading and cataracting: H7-WS-A30-ST70.

Cleary ef al [108| used the concept of a shoulder and toe in order to compare DEM simulations to
photographs of a scale nodel SAG mill taken by Ward [120]. The definition of the shoutder and
toe angles proposed by Ward [12()] are measured counier-clockwise from the 3 o'clock loeation. The
shonider is defined by the angle associated with the highest point reachied by the charge in the shouider
region of the mill while the toe is given by the angle to the highest point reached by the charge in the
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toe region of the mill. The authors note that both definitions are straight forward at low mill speeds
with the shoulder location becoming quite arbitrary at specds > 95% of critical speed. In order to
accomodate these difficulties the angles where bounded by an upper and lower limit.

Shoulder

o The lower limit of the shoulder angle is chosets to be the point whers the trajectories of the
particles nicar the lifters begin to diverge from the mull shell.

¢ The upper limit ol the shoulder angle is chosen to be the point at which the trajectories of the
particles deemed to be in the bulk of the charge (a8 opposcd to being in the cataracting stream)
have reached their highest point, This is identificd by the horizontal streaks in the image.

Toe

o The lower limit of the toe angle, provided the mill speed is sufliciently high, is that point of the
rataracting stream which has the highest concentration of cataracting particles above it.

e The upper limit of the toe position is identified by detertnining the point at which the curve of
the free surface of the charge intersects the mall liner.

The definition of the toe and shoulder proposed by Powell & MeBride |46] refine the ideas of Powell
& Nurick [19] and is based on the analytically derived equilibrinm surface obtained by McBride et
al [15). They argue that although the tac and shoulder concepts are useful in characterising the charge
in the mill, they are poorly defined and don't allow for an chjective charge description.

Aecarding to Powell & MeBride [46] the shoulder region i3 defined using the coucepts of a head and a
departure shoulder of the charge, figure (9.21). The departure shonlder i3 defined as the uppermost
point, at which the charge departs from the shell of the mill. The media may still travel along the
surface of a lifter bar, and may still be travelling in an upwards direstion, prior to entering cascading
motion or frec fight. The head 18 defined as the apex position obtained by the charge, so it i3 the
highert vertical pogition that the charge attains.

The toe region of the charge is defined using the concepts of an impact toe and a bulk toe, figure {9.21).
The hulk toe i8 lorated by the point where the horizontal extension of the horizental equilibrinm
surface from the infiection point {defined as the: point at which the horizontal equilibrium surface
moves In an upwards direction towards the impact toe) intersects the shell. The impact toe 13 where
the cataracting charge impaits the ghell in the foe region when the apeed is sufficiently high. This is
given by the point where the horizontal equilibrium surface intersects the shell of the mill in the toc
Tegion.
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Figure 8.21: Experimental data of X-ray mill used to illustrate shoulder and toe estimates according
to Powell & McBride [46] and Cleary et al [108]: H7-W9-AS0-87). The radial lines arc mtended to
farilitate the estimation of the toe and shoulder angles by the reader.

red arrows:  Cleary et al.

blue arrows: Powell & MoBride

9.4.1 Discussion

The Powell & McBride definitions allow the departure shoulder and impact toe to be mumerically
obtained by counting the contact events along the shell of the mill, where a vontact event is defined
to occur when the particle’s trajectory enters within a specified distance from the shell (usually one
hall radius}, The authors suggest searching along histogram plota (radial or conventional) of the
contact events against angular position, see figure (9.22) for an implementation of the conventional
histogram plot bused on the charge profile shown in figure (9.21). The angle corresponding to the
first zero count locates the departure shoulder while the impact toe position is located by the next
non-zerc count, ‘The head of the shoulder region is simply the highest point reached by the charge
while the bullc toe can be located by the upward turning point of the horizontal equilibrium surface.
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Figure 9.23: Histogram plot of contact events wilh shell in order (o delermine departure shoulder
and bulk toe: H7-W9-AB(-5T0

The shoulder and impact toe ¢an be numerically obtained according to the methodology suggested
by the anthors. The bulk toe location is not casily implemented in & mumerical sense due to the noisy
path followed by the horisontal equilibrinn surface. 1L does however follow the trend of a third order
polynomial for all charge shapes investigated in this thesis. It is therefore suggested that a third
order polynomial be fitked to the data in the least squares sense and the lower inflection point used
to determine the vertical position of the horizontal line that locates the bulk toe. Appendix (A.6)
describes the fitting of polynomials in the leasi squares sense.

The Cleary et al. definition of the shoulder js not easily implemented in o numerical sense due
to non-specific descriplions like * ... trjectories of particles near the lifters % The exclusion
of the cataracting stream also cotnplicates the location of the shoulder for charge profiles that are
dominated by cataracting. In order to incorporate their definition into a numerical routine, the

following assumplion was made:

e The lower limit of the shoulder angle is chasen to be the point where the Lrajectories of the
particles located approximately ene hiffer hewght away from the shell begin to diverge from the
mill shell. Note thal “mnegr the lfters” was replaced by © one liffer height away from the shell ¥
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9.4.2 Toee and shoulder estimates for the cxporimental data

The toe and shoulder estimates described by Cleary et al. and Powell & MeBride were numerically
mmplemented in this thesis based on the numerical schemes suggested by the authors and the mod-
ifications described above. The third order polynomial used to mimerically implement the bulk toe
estimation 15 indicated by the blue, dashed lines in figures (9.23 - 9.26), The inflection point is denoted
by the big, red point. Table (8.4) shows the angular positions of the toe and shoulder relative to the
mill center, Due to dillerences in definition, the shoulder region described by Powell & MeBride is on
average higher than that of Cleary et, al., however, the movement of the shoulder with changes in mill
configuration seems to follow similar trends for both definitions. The toe region depicts negligible
differences for the milling eonfigurations mvestigated.

Findings

When the mill is operated at a luw speed with a conservative lifter profile; figures (9.23a and 9.25a),
no cataracting occurs and the two toe regions are approximately coincident. Comparing this to figure
{9.23b) indicates that even a dramatic upward shift in the shoulder region due to a relatively big
change in mill speed (from 50% to Y% of critical speed) and maintaining a similar lifter profile
rauses a negligible change in the toe position. A more agpressive lifter profile even at a moderate
mill speed (TO% of eritical speed) dilates the shoulder region and moves the upper limit of the toe
relatively higher due to the induced cataracting of the charge while the lower limit remains relatively
unchanged, fignre {%.24a). Similar charge behaviour is observed with a slightly less aggressive lifter
profile, figure (9.25h). Keeping the aggressive lifter profile and increasing the speed to 0% of critical
brings the most dramatic changes in the shoulder and upper limit of the toe, and still no appreciable
changes in the lower limit, figure {9.24b),

Conelusion

1. A conservative lifter profile has a greater influence on charge shape than high mill speeds,
ligure {9.23).

2. Agpressive lifter profiles seem to induce catatacting effects even if the speed is maintained at a
maoderate level, figures (9.24a and 9.25h),

3. Aggressive lifters combined with moderate or high mill speeds cause distinct eataracting effects,
The cataracting stream is maintained even when the lifter begins to wear?, Goure (9.25b).

23 worn lifter ]]I:Dfllﬁ is simulated by using a curved surface to the leading litter face
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|_ Mill cunﬁguraiﬁi.ﬁn || shoulder () | Loe 2] || shoulder (o] tne (o) |
o Cleary et al. Bk Powell & McBride
__ISUJ SL [T [ TL | head | dept. shoulder | impact toe | bulk toc |
H5-W9-445-351) 31 [ 19 [210] 210 35 27 210 210
HT-W9-A45-590 55 | 55 |[;o|222] 64 64 | 20 | 232
HT-W9-A80-570 || 50 | 33 108|223 | 77 52 199 223
H7T-W9-A90-590 56 | 41 J1ms {220 6o 90 178 220
H9-W9-A60-555 11 7T |225 [ 225 || 41 5 295 225
HY-WO-Acurved-S70 | 47 | 26 [214 [ 228 | 68 52 214 222 |
~ T1-W9 A6( S63 0] 15 fa22s |25 63 35 295 225

Table 9.4: Angolar position of loe and shoulder vsing analytic methods hased on the delinitions by

Cleary et al {108] and Powell & MeBride [46]

5U: shoulder uppoer limit
SE: shoulder lower [imit
TU: toc upper limad

TL: ioe lower limit
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Figure 9.23: toe and shoulder estimates
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Figure 9.24: toe and shoulder estimnates
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Figure 9.26: toe and shoulder estimates

3.5 Ship within charge

A significant amount of breakage in tumbling mills iz due to abrasion, where fine fragments break
loose from the particle surface due toshear force interactions. These particles constitule the fines in
a typical mwill charge. The produciion of fines 17 cansed by combinaiions of:

1. Slip beiween layers of charge due to velocity gradienis across layers.

2. The effcetive pressurc of the charge acting on the particle,

Velocity gradients across circulation layers arc typically nsed to demonstrate slip within the charge.
Powell [1] noted that balls in the en masse region and travelling upwards, driven by the mill shell
and the balls surrounding them, are not necessarily moving with the same angular velocity as the
mill. The relative difference between the angular velocity of the mill and the ball was used to indicale
the degree of slip taking place. Vermculen & Howat [10] also showed that ihe angular velocity of
the concentric layers decreases as the CoC is approached, becoming zero at the CoC. Morrell [42]
used laboratory experiments to derive an expression for the variation of a particles rotational rate
with radial position. This gave an cffcetive measurc of slip within the charge as a function of radial
position, which he used in his power model.

The nature of Lthe X-ray data prevented a direct analysis of charge pressure and its influence on ship.
However, the velocity gradients across ball layers s a natural consequence of the velocity fields cal-
culated in section (9.2). The slip region is defined to include all trajectorics within angular positions
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from A to B, figure (9.4), Position A corresponds to the first point at which the particle becomes
completely keyed-in to the en-masse metion after passing through the toe region, Point B eorre-
sponded to the departure shoulder described by Powell & MeBride [46]. The shoulder positions are
given in table (9.4}, The procedure used to caleulate the velocity gradients is as follows:

1. At each radial position within the en-masse region compute the average tangential velocity of
the particle; see Appendix {A.7) for detsals on caleulating the tangential velocity

2. Normalise the tangential velocity
3. Nommalise the radial positions of the particle by dividing it by the mill radius

4. Using the techmigue outlned in section {8.1.2), identify the radius to the CoC, Reouo, and divide
the tangential velocity data into two sets:

(a) velocities at radial positions > Reue
(b)) velocities at radial positions < Reoe

5. Using the values in 4(a), fit a least squarcs straight line to the normalised tangential velocitios
versus nornaliscd radial positions, The slope of the straight line gives a measure of the degree
ol slip

The data, with least squares fit supcerimposed, is shown in figures (9.27 - 9.30). The dashed (% -¥)
voertical line denotes the radial position of the Coll, The graphs arc cropped in favour of the least
squares it thereby omitting those high velocitics in the turbulent region of the OoC. The lack of
discermable trends in and around the CoC region reioforces the choice to exclude this region,
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9.5.1 Obgervations on siip in the en-maesse wone

1. The tangential velocities in the en-massa zone follow a linear trend, similar to that reported by
Morrell [42].

2. All layers of the charge, irrespective of the speed and lifter conliguration, slip relative to the
mill - There is no perfecily keyed-in molion, even [or the ontermost layer of the charge?

3. Degree of slip increases linearly with mill speed, figure (9.31).

(a) Argressive lifters produce grester slip of the tracked particle than less aggressive lifters
(b} Speed has the dominant effect on the degree of slip

IPerfect koying-im of the two outer loyers, es obwved by Vermenlen & Howat |10, is more a funetion of the 20
Lype packing that is assoriated with mono-sised rods.
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9.6 Charge surging

In this section the concept of the angle of repose is emoployed in desetibing the charge surging phe-
nonotnenon obgerved in mest industrial mills, the key indicator of which is the constant Huctuation of
ihe measured power draw. The dynamic angle of repose provides the natural slope path along which
the charge body undergoes oscillation. Section [9.6.1) briefly describes the definition employed in
calculating the angle of repose while the next section deals with the proposed mechanism of surging
within the charge.

9.6.1 Angle of reposce

The angle of repose 15 a comnmon feature in comminution literature, especially when describing the
torgue exerted by the charge, and consequently the power drawn, The concept seems to have evolved
because of the difficulty associated with meaguring or caleulating the angular position of the center of
gravity of the charge. Of the various definitions proposed in the [iterature, Rolf & Vongluekiet [118],
Yashima et al [119] and the proponents of the torque-arm principle (33, 36, 39, 29, 37, 42, 34|, the
most user-independent definition is that proposed by Puowell & McBride [46]:
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“The tangent to the equilibrium surface at the CoC is perpendicular to the radial line
passing through the CoC. This condition is uniquely defined because the egnilibrium
surface has a different ciirvature to the mill shell, so only one point on the surface can
have a tangent perpendicular to a radial line)”

Closer inspection of the geometric implications of the Powell & McBride definition reveal that the
angle of repose is simply the angular position of the CoC, figure (9.32); which is probably what
motivated the definition,

\ LR | f'
\ g 3;’“ ;.f
\"'\ gl Cal );'J

o ! #
% /r\ 1 b
T ¥ |
\'"“‘““m__,_ _;_,.w”{

Figire 9.32: Angle of repose defined by Powell & MeBride [46]

9.6.2 A surging mechanism

The surging mechanisin s analogous to 8 block of mass A placed on an inclined plane that oscillates
according to the rotation of the mill, figure (9.33). The block represents the charge body and the
slope characterises the angle of repose of the charge.
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pivot

Figure 9.33: Surge model

At the lowest angular position, 8 = @, of the oscillation, the block ’sticks’ to the plane as it rotates
clockwise (upwards) at a constant rate

daot) _
— =0 (9.23)

The static frictional force F during the upward rotation is given by

F, = Mgsin {6(t)} (9.24)

where g is the acceleration due to gravity and 6 is the angle of repose. F,; maintains the block in
static equilibrium, relative to the incline, up to its limiting friction:

F.s, max = V’sMg Co8 {gmaaz} (925)

where u, is the coefficient of static friction and 6,,,, denotes the highest angular position reached by
the slope. At this point the maximum static friction is said to be exceeded and simultaneously drops
to the lower kinetic friction, Fj:

Fy = pMgcos {6(t)} (9.26)

where u; is the coeflicient of kinetic friction. The equilibrium of the block, in the reference frame
of the incline plane, is now compromised and it begins sliding down the slope. The initial stage of
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slip is characterised by a net acceleration down the slope. Choosing down the slope as positive, the
acceleration is calculated as:

a(t) = g[sin@(t) — py cos {6(t)}] (9.27)

The movement of the block down the slope is accompanied by a step change in the rotation of the
incline plane as it rotates clockwise in favour of a lower repose angle. The counter rotation seeks to
restore the equilibrium of the block relative to the slope. The decrease in the angle of repose causes
the acceleration of the block to decrease. The decrease continues, through zero and into deceleration,
until the block eventually comes to a momentary rest. The rest position signifies the resumption of
the ’sticking’ phase and the cycle repeats itself.

The case of zero acceleration in equation (9.27) corresponds to the mean angle of repose, given by

Omean = arctan (p) (9.28)

Figure (9.34) shows the variation of y; with O,,00n. If the angular changes caused by the surging is
small relative to the mean angle of repose, figure (9.34) becomes useful in establishing the coefficient
of kinetic friction between the charge body and the shell, provided that the repose angle is known.

The amplitude of the oscillation A# can be established if 8,4, or p, is known. Starfing with knowledge
of u,, which is physically quantifiable by experiment, the relationship between 6,,,, and py, is easily
shown to be

tts = tan (Omas) (9.29)

The amplitude of the oscillation is then simply computed as

AB = b1z — Omean (9.30)
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Figure 9.34: Mean angle of repose for different sliding friction coefficients

For a mill moving with a constant angular velocity of €2, the steady state force balance at the CoM
of the charge body is given according to figure (9.35), where Mg is the weight of the charge acting
through the CoM, N is the net normal reaction force on the charge, assumed to be in the radial
direction, F' is the frictional force between the charge mass and the inner wall of the mill shell and «
is complimentary to the angle of repose. The frictional force is not constant but varies periodically
in responce to the surging action of the charge, figure (9.36). Starting at the lowest point of the
surging action, the charge ’sticks’ to the liner and is lifted upwards with the rotating shell. During
this upward movement of the charge body, o decreases and consequently Mgcos(a) increases. Now
provided limiting friction is not exceeded, F'cos(f#) must increase in order to maintain the charge body
in static equilibrium. In particular, the now static frictional force F; also increases until it reaches a
maximum F; ;,.5. At this point the frictional requirements are exceeded and the charge slips’. The
frictional response is a sudden drop to minimum kinetic friction Fj ... The slipping part of the
surging motion is characterised by a downwards movement of the charge body. During the slipping
phase, kinetic friction increases as the angle of repose of the charge decreases. The sliding comes to
an end when the initial sticking point, the point of minimum static friction Fj ,,;,, is reached. At this
point the cycle repeats itself.
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Figure 9.36: Variation of frictional force in response to the surging action of the charge
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9.6.3 Quantification of power surge

The oscillation of the charge body along the repose slope manifests itself as a power surge, commonly
observed on industrial mills. The power surge can be directly computed for the tracked particle using
the CoM definition proposed by Powell & Nurick [19].

For a series of particle positions of the tracked ball with mass m, the CoM is given by:

q N q N q N;
Z1 =1 i >:1 i1 Yi Z1 i1 “
Xoon = T, Yoo = T, Zoom = 5~ (9.31)
>N > N; >N
=1 =1 j=1

where N; is the number images of the tracked particle in the 4t circulation and q is the number
of complete circulations made by the tracked particle. The CoM coordinates (Xcom, Yoor; Zcom)
represent the time-averaged center of mass. The procedure used to calculate the power fluctuation,
for each milling configuration, is as follows:

1. Compute the CoM per circulation and corresponding power:

P; = [Mg cos (6;)] Ri{2 (9.32)

where M is the total mass of the charge, g is the acceleration due to gravity, (R;, 6;) are the
polar coordinates to the CoM of the i** circulation and 2 is the average angular velocity of the
mill. The relevent quantities are indicated in figure (9.35)

2. Compute the standard deviation of the power, AP

The fluctuation is dependent on various factors including lifter profile, repose angle and mill speed,
with the latter being the dominant influence. The variation of AP with mill speed, for a range
of lifter profiles, is shown in figure (9.37). The calculated surge amplitudes for each of the milling
configurations is shown in table (9.5).
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Mill configuration || Surge amplitude (mW)
H5-W9-A45-550 20.5
H7-W9-A45-590 63.5
H7-W9-A90-S70 64.4
H7-W9-A90-S90 81.1
H9-W9-A60-S55 35.3

H9-W9-Acurved-S70 T2.7

H9-W9-A60-563 61.9

Table 9.5: Power Surge amplitudes

Findings

1. The surge amplitude increases rapidly with mill speed up to 60% of critical, with further in-
creases in speed having less of an influence on the amplitude.

2. The more aggressive the lifter profile, the greater the surge amplitude.

3. The influence of the lifter on the surge amplitude increases with increase in speed.
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Figure 9.37: Variation of power surge amplitude with mill speed. The trend line fitted to the data is
a shape preserving spline.
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9.7 Hceuristic power modelling

The simple torque-arm principle, which is the basis for many power equations |29, 30, 38, 37, 41},
42, 21|, is employed in formulating a heuristic power model, The model is based on the true Cold
conrdinates which are shown to be linearly correlated with that of the CoC. The heutistics pertain oo
the best fit curves that model these correlations. An analysis of the error, including the error of fit,
is then conducted on the model. Finally, the resultant power curve is compared to published power
models, discussed in the literature review, section (2.2}, of this thesis.

The objective of Lhis section is to formulate a power equation that can predict power draw, given
the mill speed, mass of the charge and the position of the CoC. Based on the simplified conditions
of the mill, the resultant heuristic curves are not generally applicable to real charge, comprising
slutry, balls and & size distribution of rocks. However, the correlation of the CoC with the CoM in
order to calculate the torgue-arm power draw, and based on physically quantifiable parameters. is
a generally valid modelling methodology. The model structure therefore demonstrates, in principle,
what 8 needed to formulate a generally valid power eguation.

The unigue data resulting from the X-ray experiments petmits the quantification of fundamental
guantities underlving nost published power mwodels and therefore facilitated a cntical analysis of
them. It should be noted that the angles used to characterise the CoC and CoM are measured
counter-clockwise from the positive sx-axis for a mill moving in the same direetion.

The following empirical relationships form the basis to the model:

1, The variation of radial distance to the CoM and CoC with mill speed, figure (938},
2. The angular loeation of the CoM and Co( against mill speed, figure (9.39).

3. The polar coordinates to the CoC and CoM plotted against each other for the same range of
apeeds, fipures (9,40 and 9.41)

Table (4.6) presents the polar coordinates of the CoC and CoM for the seven configurations mvesti-
gated.
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[ Mill configuration || Reoe B o ”.RCGM' Hoors |
H5-W9-A45-550 || 0.0364 | 313.22 || 0.0351 | 31442
HT-W9-A45.590 || 0.0402 | 326.35 || 0.0262 | 329.52
I17-WO9-A90-570 || 0.0381 | 31R.AL || 1.0328 | 321.31 |
H7-W9-A20-S90 || 0.0427 | 32117 | 0.0219 | 328.27
HI-WI-AB0-855 || 0.0371 | 314.67 [| 0.0369 | 318.4]

HO-Wo-Acurved-S70 [| 0.0385 | 316.16 || 0.0331 | 71573
M9-Wo-460-563 || 0.0368 | 317.20 | 0.0353 [ 32017

235

Table 8.6: CoC and CoM coordinates resulting from the trajectory of the tracked particle for charge

moving counter-clockwise

The CoC moves radially outward from the center of the mill with increases in mill speed. For all
taill speeds, the more aggressive profile shifis the CoC further away from the mill center than the less
aggressive profiles. The CoM moves radially inwards towards the center of the will with increases in
mill speed. For the 0% and T0% of critical speed, the more aggressive profile shifts the CoM further
away from the mill center than the less aggressive profiles. At 90% of criticsl speed the opposite ellect
is ohserved. The angular position of the CoC and CoM displays a llnear trend with mill speed. The
angular and radial position of the Cold varies linearly with that of the Co(,
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9.7.1 Summary of findings
Fur a mono-sized charge with a 400% filling:

1. Radial position of the CoC increase with in an increase in mill speed,
2. Radial position of the CoM deereases with an increase in mill gpeed.

3. Radial position of the CoC ncresses with an imcrease in the aggressiveness of lifter profile 1.6
the mare ageressive the profile, the greater the radial pogition of the CoC at a given speed.

4. For speeds < 905 of critical, the radial position of the CoM incresses with an increase in the
aggressiveness of lifter profile i.e. the more aggressive the profile, the greater the radial position
of the CoM at a given speed.

5. At 90% of critical the radial position of the CoM drops off sharply, tending towards centrifuging,
The more aggressive lifter profile pulls the CoM closer to the mill venter than the less aggressive
(M.

6. Angular position of the CoC and Cobd varies linearly with mill speed,
7. Angular position of the CoM increases linearly with that of the CoC.
8. Radius of the ColM deereases linearly with that of the CoC.

Based on these findings, an expression for the power drawn by the charge, as a function of mill speed,
was derived,

The procedure used to obtain the power expression is as follows:
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1. Using the trends observed in figures (9.40 and 9.41), fit straight lines, in the least squares sense,
to the variation of the radial and angular position of the CoM with that of the CoC

9com(3) = mlecoc(s)'i‘Cl (933)
Reom(8) = maReoc(8) + 2 (9.34)

where (m1, mg) and (¢q, ¢2) are the slope and y-intercept of the straight lines respectively.
2. Fit a second order polynomial, in the least squares sense, to the variation of the radius of the
CoC with speed, figure (9.38):

RcaC(S) = Ac:oczs‘2 + Beges + Ceoe (9.35)

where s is the percentage of critical speed, Acoe, Beoc, Ceoe are polynomial coefficients and R(s)
is the radial distance to the CoC. See Appendix (A.6) for a description of robust polynomial
fitting.

3. Similarly, fit a straight line, in the least squares sense, to the variation of the angular position
of the CoC with speed, figure (9.39).

6‘c:ac('s) = Dcoc3 + Ecoc (936)

where Dgoc, Ecoe are constants of a straight line equation.

4. After solving for (Acoc, Beoes Ceoe) and (Deoe, Feoc), use the speed range s = [40; 100] to generate
a set of Ooc(8) and Reoc(8).

5. Substitute Ococ(s) and R...(s) into equations (9.33 and 9.34) respectively to solve for G.om(s)
and Reom(8).

6. The simple torque-arm method then gives:

I'(s) = MgReom(s) cos[fcom(s)] (9.37)

0.0947

1000
g =9.81m.s”! and I'(s) is the torque delivered to the charge.

where M = 4596 x ( ) is the mass of the 4596 balls constituting the total charge in kg,

7. The power drawn by the charge is then computed as:

P(s) = [(s)w (9.38)

where w is the angular velocity of the mill in rad.s™.
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The equation, in expanded form, is:

P = Mgw {mz {Amcs2 + Boes + ch} 4 cﬂ 08 [360 — (m1 {Dcocs + Ecoc} + 1)) (9.39)

The variation of power draw with speed is illustrated in figure (9.42).
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Figure 9.42: Illustration of the heuristic power model, equation (9.39), for a range of mill speed (%
critical)

9.7.2 Error analysis of power formulation

The correct approach to assessing statistical validity of the power equation would be to compare the
predicted power to measured data. Unfortunately, attempts to measure the dynamic power draw were
unsuccessful, largely because of the minute torque drawn by the charge, which is 'lost’ amidst the
overall noise of the system. The errors associated with the model may be divided into two categories:

1. The error of fit associated with the heuristic trends

2. The error associated with the physical parameters

The error propagated into the the power predictions incorporate a combination of both errors, while
the error of the calculated power, for each of the seven configurations, is determined, and dominated,
by the power surging. The latter may be classified as an inherent systematic error of the system
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that cannot be corrected*. The quantification of the power surge was addressed in section (9.6.3),
and therefore not repeated here. The surge amplitudes given in table (9.5) represent the inherent
systematic error of calculated power.

Error propagated into the power predictions

Assessing the statistical validity of the predicted power requires a base case. In the absence of
measured data, the best estimate of the power was achieved by formulating the power equation
directly from the CoM data and using it to benchmark the predictions of equation (9.39). The power
equation derived directly from the CoM is given by:

P = Mgw [Acom8® + Beom8 + Ceom) €08 [360 — {Deoms + Ecom ] (9.40)

where Room = Acom8® + Beoom8 + Coom is modelled on the trend in figure (9.38) of the radius of the
CoM with mill speed and 0.0r, = Deoms + Ecom 18 the least squares fit to the variation of the angular
location of the CoM with mill speed, figure (9.39).

Statistical agreement between equations (9.39 and 9.40) is said to occur if the error bars of the
respective curves overlap. Additionally, if the error bars of equation (9.39) overlaps with the best
fit curve of equation (9.40), a more rigorous statistical agreement is enforced. The latter case is
illustrated in the ensuing error analysis.

A natural consequence of the polynomial technique, Appendix (A.6), employed in fitting the parameter
trends of the power model is an estimation of the error for each prediction. This approach determines
the error based on the location of the prediction relative to the input data, assigning relatively smaller
errors to predictions made closer to the input data and relatively larger errors for extrapolatory
predictions or those further away from the measured data. The technique assumes independent
normal data for the input - essentially the measurement of the input data are not dependent on each
other and the measurement error is normally distributed. The error bounds on individual data is a
useful quantity to have when the input data to the fitting process is limited - the error estimates can
be plotted as error bars about the polynomial prediction, giving a good visual assessment of the error
distribution over the region of interest.

The error propagation into the power equation is given by:

E_ ____AM 2+ é_.('.".’. 2+ 2A9wm 2+ Ame : (941)

P M w 0o RS, '
where A and AR, are calculated for each data point according to equation (A.28), 65, and
R¢_ refer to the calculated CoM coordinates and the factor of 2 comes from the Taylor series

Com
expansion of cos(f) to second order.

*In general, systematic errors should be identified and corrected, however for tumbling mills, the surging phenomenon
is inherent
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The error in the angular velocity is simply the mean of the standard deviations for each experimental
configuration and is computed as:

(9.42)

bw = (9.43)

where dw; is the standard deviation of the measured mill speed (tacho readings after converting to
rad.s™!) for configuration ¢, Q is the number of speed readings taken for each configuration and P is
the number of experimental configurations investigated. The speed measurements were taken before
and after each experimental run, at 10 second intervals for a duration of 1 minute.

The uncertainty in the mass of the charge is propagated as:

M = 4597 (9.44)
L 2
Zl(mj-m')
B S

om = 71 (9.45)

AM = /4596 (6m)* = 0.0067kg (9.46)

where ém is the standard deviation of L particles of mean mass 7, and AM the propagated error
for the 4596 particles. A sample of 100 particles (L = 100) were used to compute ém.

Error analysis findings

The error of each predicted CoM polar coordinate described by equation (A.28) is plotted in fig-
ures (9.43 and 9.44) as error bars about the mean predictions. The error bars are smaller when the
predicted curve is closer to the measured data, becoming larger at speeds < 45% and > 90% of
critical. The fit to the measured CoM polar coordinates, the red lines, are also included in these plots
for statistical comparison. The error bars show clear overlap with the red curve, verifying that the
predictions are in statistical agreement with the CoM-derived curve.

The propagation of these errors into the power model is shown in figure (9.45). The error bars of
the predictions overlap with red curve for all speeds between 48 and 93% of critical, illustrating
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statistical agreement for the entire range of speeds investigated. The overlap of the calculated error
hars (blise bars} with that of the predicted error bars (black bars) also confirms that the modelled
power (hlack curve) agrees with the caleulated values {red circles) within the uncertainties, for the
range of configurations nvestigated. To summatizse:

1. The CoC hased trends agree with the CoM trends within the uncertainties
2. The CoC derived, predicted power agrees statistically with that of the CoM predicted power

3. The CaC derived, power curve agrees with the calenlated power within the uneertainties, for all
comfigurations investigated.

4. The caleulated power for the two different lifter configurations at T0% of critical speed agree
with each other within the uncertainties

5. The caleulated power for the two different lifter confignrations at 90% of critical speed do not
agree with each other within the uncertainties.

fi. The litter effect has an appreciable effect on the power draw at the very high speeds
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Figure 9.43: Error estimates of predicted anguiar position of the CoM plotted as error bars.
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9.7.3 Discussion on Power draw formulation

The power draw increases with mill speed up to a maximum and then drops off with further increases
in speed. The maximum power drawn by the charge is 0.95 Watts at 85% of critical speed. These
observations are in accordance with practical experience by Morrell [42].

The error bars about the actual power values (blue bars) overlap with that of the heuristic curve (black
bars) for all configurations investigated. The model is therefore said to agree with the calculated values
within the uncertainties.

The overlap of the two error bars at 70% of critical speed indicate statistical agreement between the
two configurations, while the two configurations at 90% of critical do not overlap. This implies that
the latter speed produces statistically different power values for lifters that are sufficiently different®.
It may thus be deduced, though not conclusively, that lifter geometry has a statistically significant
influence on the power draw at the very high speeds, while the moderate speeds are less susceptible
to them. Moderate mill speeds are typical of the Australian and North American mills, which is
probably why power models from these parts of the world do not explicitly include lifter geometry
into their models, and unfortunately why the same models are equally inappropriate to the high speed,
South African mills. The North American models compound this problem by typically overestimating
the power draw at high speeds, as observed by Liddell & Moys [37], while the Morrell [42] model,
with empirical trends for the toe and shoulder angles that are well suited to Australian milling
configurations, is equally inappropriate to the South African context.

9.7.4 Comparison with published models

The power curve given by equation (9.39) was compared to published power models that employ the
torque-arm principle. In each case, the published model is implemented exactly, and where possible,
the parameters are adjusted to achieve a more sensible prediction. The angle of repose, being a
common thread in all power models investigated, was calculated from the line joining the shoulder
and toe, section (2.2), with the toe and shoulder positions determined according to the numerical
scheme of Powell & McBride [46]; see section (9.4) for details.

Classic torgue-arm definition

The classic torque arm definition, as described in section (2.2), is the basis for most power models
and is therefore included as part of the comparison. The power curve resulting from this definition is
shown in figure (9.46).

5The question of sufficiency has not been addressed in this thesis
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Figure 9.46: Comparison of the classic torque-arm definition with equation (9.39)
Comments

The idealised charge shape and distribution characterised by the classic torque-arm principle leads to
an under-prediction of the power draw. It is however reassuring to note that the curve is realistic in
shape, producing a power maximum.

Bond (1962)

Bond’s suggested form of his power model is

P =12.262pJ (1 — 0.937J)LD*3¢ [1 - é%} ; (9.47)
where
K =12.262
B =0.937
y=9
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A plot of equation (9.47) as a function of mill speed, curve (1) in figure (9.47), indicates a gross
over-estimation of the power when compared to the prediction of equation (9.39). The validity of this
observation is reinforced by its similarity to Liddell & Moys [37] comparison of the Bond model with
measured power draw on a 0.545 x 0.305 m mill. A more appropriate set of parameters was thus fitted
by minimising, in the least squares sense, the difference between the predictions of equation (9.39)
and Bond’s general power equation:

0.1
2v—-Cd

P = Kpsin(a) J(1 — BJ)LD**¢ [1 - ] W (9.48)

where
K=14

o = angle of repose {method of calculation described above)

J=04
v=28.8
¢=10
B=13

M = 0.435kg
g=98ms!

Figure (9.47) includes the power curves described by Bond’s original equation, equation (9.47), the
adjusted form, equation (9.48) and the heuristic power model, equation (9.39).
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Figure 9.47: Comparison of Bond’s power model (original and adjusted) with equation (9.39)

Comments

Aside from the obvious difference between curves (1) and (3), Bond’s suggested parameters seem to
smooth out the effect of the lifter geometry, presumably due to the lumping of sin (a) into K. The
use of equation (9.48) in conjunction with the adjusted parameters improves the fit dramatically, and
also discerns the influence of the lifter geometry on power draw.

Arbiter and Harris (1982)

The power model of Arbiter & Harris, before the empiricism and lumping of parameters were intro-
duced, is given by

P = %prLD3 sin®(0) sin(a) (9.49)
sin®(0) = 4L (1- Ly) (9.50)

Their model is very similar to that of Hogg & Feurstenau [30] who employed an energy approach.
The usual lumping of parameters and ommission of the speed function puts equation (9.49) in the
more familiar form, which was also used by Liddell & Moys [37] in their assessment of power models,

is given by
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P =1.88mgfL%® (1 — F)sin(c) (9.51)

while the general structure, which was used to assess essentially equipment manufacturers’ data, takes
the form

P = KD"LfYAF (1 — aF) (9.52)

where the symbols are described in section (2.2). Liddell & Moys [37] used the general structure
of equation (9.52) with their own description of the speed function (¥). The comparison of equa-
tion (9.52) with the heuristic curve is therefore discussed under Liddell’s model.

Figure (9.48) shows the comparison between equations (9.49 and 9.39).
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Figure 9.48: Comparison of the Arbiter & Harris power model with equation (9.39)

Comments

The model is able to distinguish the effect of the lifters. The distinct difference in shape is due to the
simplistic charge shape that results from the angle of repose definiton.
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Liddell and Moys (1988)
Their model is given by

P = 9.69ppLD*J (1 - 1.06J) Y (9.53)

The speed function (Y), which was defined as the normalised, measured torque, was obtained as
follows:

1. For each of the seven experimental configurations, calculate the torque using the torque-arm
method and the true CoM

2. Heuristically fit a curve through the seven data points

3. Normalise the curve

Figure (9.49) shows a plot of the speed function used for Liddell & Moys’s [37] model, while fig-
ure (9.50) illustrates the comparison of their power prediction with equation (9.39).

Normalised torque
o o
~4 < -]
(4] [+:] m

o
o

0.65;-

i 1 L L J
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Figure 9.49: Speed function for the Liddell & Moys [37] model based on calculated torque data of
tracked particle, using the torque-arm method and the true CoM.
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Figure 9.50: Comparison of the Liddell & Moys [37] power model with equation (9.39)

Comments

Even with the heuristic fit to the torque data, which is essentially the ’true’ power per unit speed
(£), Liddell's model overestimates the power. This implies that the empiricism, carried through from
the Harris et al [29] equation, in particular their conclusion that after observing 39 operational mills,
the average angle of repose was 42°, is inappropriate for the current data.

Morrell (1992)

Morrell’s published equation is of the form

3 2 3
_ 15 0.5 (2"'m — 3rori +1; ) . ms
Pat = 0.5¢5Logrl: ( ) fsin 9]5 (9.54)

with

B A 0.5
re=rm (1- i) (9.55)
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and 6g and 01 are empirical relations for the shoulder and toe angle, given by

g = Ay + Az J; (9.56)
where
A = 0.499¢ - 0.746
As = 5.490¢ — 0.969
and
9{1‘ = Ag [1 — eXpP {—A4 (A5 — (ﬁ)}} + .57 (957)
where
Az = 2.321(1.406 — J)
Ay = 23.2
As = 0.75(1.670 — Jy) ¢ < As
As = ¢ ¢ > As
Comments

Figure (9.51) illustrates the Morrell power curve. The adjusted curve is based on a heuristic fit to the
toe and shoulder angles, figures (9.52 and 9.53). It is evident from the data that the trends observed
by Morrell are not applicable to a charge comprised of mono-sized plastic beads. Morrell’s empirical
relations for the toe and shoulder angles tend to smooth out the lifter effect which can be differentiated
with the heuristic approach. The adjusted curve agrees well with predictions of equation (9.39).
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Figure 9.51: Comparison of the Morrell power model (original and adjusted) with equation (9.39)
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Figure 9.52: Empirical fit to toe angle
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Figure 9.53: Empirical fit to Shoulder angle
Moys (1993)

Moys, like Feurstenau et al [39], partitioned the charge into two fractions: a centrifuging layer that
drew no power and a non-centrifuging portion whose power draw was given by the torque-arm ap-
proach. The non-centrifuging layer impacted on the mill speed, diameter and load fraction by effec-
tively reducing them according to empirical relations. The power draw was given by

P = KD2%sin () pJegs (1= BJess) Negs (9.58)

where K and ( are parameters, similar to that used by Bond, that were fitted using Powell’s non-
derivative regression technique [35] and measured power values at non-standard conditions. In the
absence of a clear method to measuring the thickness of the centrifuging layer (8.), an estimate of
one ball diameter was used for those milling configurations that depicted cataracting. The effective
mill diameter (D), critical speed (Ness) and load fraction (J.ss) were then calculated by

Dess = (1-26.)D
']eff = e] — zéc

rpm+/ Dy 100

Negr = 42.3

where

rpm == revolutions per minute
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Figure 9.54: Comparison of the Moys power model with equation (9.39)

J = load fraction

D = mill diameter

and the optimisation gave
K =038

8 =0.97

Figure (9.54) shows the resulting power curve.

Comments
The predicted curve is similar to that of Arbiter and Harris [36].

Powell and McBride (2004): DEM

The aim of this exercise was to compare the experimentally derived power curve with published
predictions from DEM. The papers by McBride et al [15] and Powell & McBride [46] were selected,
primarily because their simulation work was based on the experimental Perspex mill. The numerical
code used by them was the particle flow code PFC. The power draw, which is a standard output from
the PFC software, is calculated as the energy dissipation per unit time at steady state. Unfortunately,
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[ Configuration H9-W9-A60-555 | HO-W9-A60-560
Position of CoC (mm) (29, -22) (29, -23)
Position of CoM (mm) (264, -21.7) (27.1,-19.9)

255

Table 9.7: CoC and CoM data from 3D DEM simulations of the experimental Perspex mill (after
McBride et al {15])

the actual power predictions were not published. The power draw was thus calculated using the CoM
coordinates and the appropriate heuristic trends in conjunction with equation (9.40).

The first paper was by McBride et al [15] who simulated two experimental conditions of the Perspex
mill for the purpose of DEM validation. The data pertaining to the CoC coordinates were included
in their publication, and is presented in table (9.7). The unpublished CoM data was obtained from
the authors, and also included in table (9.7).

The second is attributed to Powell & McBride [46] who conducted 3D DEM simulations of the Perspex
mill for the conditions shown in table (9.8). Included in their paper was the CoM and CoC coordinates.
The CoM coordinates from tables (9.7 and 9.8) were then heuristically fitted against mill speed and
then incorporated into equation (9.40), yielding the power curve shown in figure (9.55).

Configuration H5 W9-A45-550 | H5 W9-A45-570 | H5-W9-A45-590 | H7-W9-A00-590 |
Position of CoC (mm) (21, -25) (24, -23) (28, -22) (28, -21)
Position of CoM (mm) (22, -24) (24, -20) (23, -14) (18, -11)

Shoulder angle (°) 42 52 68 100
Upper toe angle (°) 214 214 204 140
Lower toe angle (°) 230 232 215 182

Table 9.8: Charge features derived from DEM simulations of an experimental Perspex mill (after
Powell & McBride [46])
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Figure 9.55: Comparison of DEM power with equation (9.39). The heuristic equation based on the
CoM coordinates is used to obtain the DEM power curve.

Comments

The predicted power draw based on the DEM data compares well with that of the heuristic model.
It should be noted that two of the DEM configurations (H5-W9-A45-S70 and H5-W9-A45-S90) are
different to the experimental configurations (H7-W9-A90-S70 and H7-W9-A45-590). The DEM seems
to under-predict the power at speeds less than 55% of critical, while achieving the best comparison
for speeds above 63% of critical.

Discussion on power models

The overall error of the various models, including the heuristic model given by equation (9.39), were
assessed by comparing them to the calculated power based on the torque-arm principle and the true
CoM. The residuals formed between each model prediction and the corresponding torque-arm power
value then forms the basis for a RMS residual error analysis. The error thus formed, quantifies the
overall error of each model, and is given by

>~ (P - P’

P J 1 »
8; = - (9.59)

T

where
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§; =overall error of the i** model

P;(jm) = is the calculated power of the j** experimental configuration as determined by the i** model
P}(ta) = is the calculated power of the j** experimental configuration as determined by the torque-arm
principle based on the true CoM coordinates

The overall error for the DEM calculation is based on the four configurations that match the ex-
perimental conditions. A histogram plot of the overall error, for each of the models investigated, is
shown in figure (9.56) with the height of the bar quantifying the magnitude of the error. Figure (9.57)
illustrates the same error plot, but includes the adjusted models (the shaded bars) where applicable.
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Generally, the models that lump parameters, in particular the angle of repose, into a single scaling
factor, suffer from a lack of sensitivity to lifter geometry. The repose angle, though crude in its
characterisation of charge shape and position, is still more realistic than a single parameter. An
obvious example of this effect is the popular form of the Bond model, equation (9.47). In its original
form, Bond’s model produces the highest overall error. The adjustement of the Bond parameters
together with the angle of repose inclusion, equation (9.48), improves the error quite dramatically,
while also depicting a slight discernment for the lifter influence. A major drawback of such adjustments
is the lack of a clear minimisation strategy, which in the context of industrial operations, can only be
achieved if the power is measured independently for a range of speeds. Consequently, the predictive
capabilities become confined to the measured conditions. Ergo, Bond’s model is not universally
applicable, or easily reconfigurable, a fact which will eventually see its popularity dwindle.

The models of Arbiter & Harris, which Morrell notes to be similar to that of Hogg & Feurstenau, and
consequently Liddell & Moys, are variants of the Bond model, with their predictions achieving less
success than the adjusted implementation of Bond. Liddell’s version of the speed function requires
apriori knowledge of the torque, including the peak torque, in order to achieve a realistic profile of
the power curve, a fact that greatly inhibits its implementation and applicability, and probably why
it has achieved less popularity than Bond. The model of Arbiter & Harris, which eventually took the
form of equation (9.51), has achieved similar success due to its linear form across the speed range.

The DEM method has an error approximately equal to that of the heuristic model, with an overall
second best comparison - a glimpse at the future of comminution modelling. However, there is still a
huge hurdle to be overcome in the way of incorporating slurries and a realistic size distribution into
the DEM framework - a situation that is at least 5 to 10 years away from being efficiently simulated.
Until then, models based on good fundamentals and physically quantifiable empiricism, will still be
the best route to obtaining quick and accurate predictions of power. Unfortunately, none exist that
can predict power draw for operations outside their window of design. Notwithstanding, Morrell’s
model is a good example of what a sound basis, founded on clear fundamentals, does for the predictive
capability of an essentially empirical model. The empiricism used by Morrell for the toe and shoulder
angular positions can be easily adjusted for operations outside the Australian context, however, these
have yet to be addressed. The heuristic trends fitted to the angular positions of the toe and shoulder
in this thesis clearly illustrate how Morrell’s model can be adjusted to achieve predictions outside of
its window of operation.

On the issue of sound fundamentals, Moys’s model, with an error that is marginally higher than
Morrell’s, is difficult to implement, save for the unique data resulting from the current experimental
program. His model relies on the mathematical construct of a ’centrifuging layer’, even when this
is clearly not occuring, with measurement of the layer’s thickness impacting heavily on the model
prediction. The model could have been useful had the empirical correlations between the centrifuging
layer’s thickness and mill speed been taken to fruition. Failing this, its usefulness in an industry where
measurement of non-standard quantities are limited, must therefore be considered to be limited. The
model of Feurstenau et al [39], which is probably what motivated a partitioning of the charge by
Moys, suffers from the same difficulties.

The heuristic model produces the lowest overall error for the range of conditions investigated. The
outcome is an affirmation of the torque-arm implementation with the proviso that the true CoM
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and CoC coordinates can be determined. In general, the empirical trends pertaining to the polar
coordinates of the CoC and their subsequent correlation with the CoM are not easily quantified
in an industrial context. The use of the X-ray experimental program in this regard is limited due
to the simplified configuration. The methodology, however, is fundamentally sound, and has been
adequately demonstrated in this thesis. The way forward would require measurement of the ’true’
CoM coordinates in the presence of a realistic charge, comprising a slurry, a size distribution of
particles and possibly balls for SAG type conditions. Experiments similar to the X-ray system, but
with a realistic charge and mill, are becoming more plausible, with the advent of positron emmission
particle tracking (PEPT). The proponents of PEPT have recently claimed to track a solid particle in
afluid medium for extended periods of time that far surpass the X-ray system. However, the accuracy
of the particles location amidst strong attenuation of the emmitted gamma rays is still not clearly
known for the relatively high speeds encountered in tubling mills.

9.8 Conclusions

1. The velocity and acceleration field of the tracked particle is best estimated by the LIP method.

2. Due to the relatively course sampling rate, the time-averaged, cumulative power was used to
identify the energy ranges corresponding to useful comminution. These ranges were found to be
statistically equivalent for all milling configurations investigated. The simplified experimental
configuration of plastic beads tumbling within a Perspex mill do not produce a statistically
varied range of interactions, making useful comminution energies difficult to discriminate for
the various configurations.

3. The toe and shoulder regions are useful parameters for characterising the shape and position of
the charge, but unnecessary for determining average power draw. The numerical technigue of
Powell & McBride [46] are the most user-independent schemes for calculating these quantities.

4. Slip within the charge was observed to follow a linear trend across the charge layers; an observa-
tion that is consistent with Morrell [42]. Slip was also found to increase linearly with mill speed,
with the more aggressive lifters leading to greater slip than their less aggressive counterparts at
a given speed. Lifter profile seems to have a greater influence on slip at the moderate speeds.

5. The fluctuation in the position of the charge, and the subsequent influence on power draw,
was quantified across the speed range. A mechanism based on the dynamic angle of repose is
proposed for the surging phenomenon.

6. A heuristic power model based on the simple torque-arm principle was formulated. The model
uses the polar coordinates of the CoC and the mill speed to calculate power draw. A comparison
with other torque-armed based models indicates that the heuristic model is the best power
predictor for the configurations investigated.
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Conclusions

10.1 Development of an X-ray tracking system

The primary objective of this thesis was to develop an X-ray vision system that tracks the 3D motion
of particles deep within the tumbling ball charge of an experimental Perspex mill. This entailed:

1. Designing a tumbling mill and drivetrain appropriate for the image acquisition

2. Developing image processing and target centering tools that utimately determine the centroid
of the tracked particle as accurately as possible, and with minimal user intervention

3. Mapping the centroidal locations from image space to a Lagrangian object space with the same
accuracy and user dependency as the image processing

10.1.1 Experimental design

The design of the tumbling mill was governed by the X-ray beam charactersitics and, to a lesser
extent, the aspect ratio constraints associated with typical industrial mills. A parametric, optimisation
scheme was developed in order to determine the maximurm size mill that could be immersed completely
within the conical, intersecting beams. The final size of the mill was a compromise between the
predictions of the optimisation scheme, availability of Perspex tubes and to an extent price, which
culminated in the mill being 0.142 mm long with a diameter of 0.142mm. The lifter bars were designed
such that their dimensions conformed to the Skega formula [81], commonly used in the comminution
industry.
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10.1.2 Image processing

A range of thresholding and edge detection algorithms, classified as state of the art in the machine
vision world, were investigated to establish the most suitable feature extraction procedure for the X-
ray data. The result was an image processing scheme that modifies the Canny edge detector, thought
to be the standard method, with a more symmetric implementation of the Gaussian convolution,
thereby nulifying the effects of subpixel shift. The two-fold variation is applied to all stages of edge
discernment.

10.1.3 Target centering

An interogation of the various centering routines commonly used in centroid location led to the ellipse
specific conic fitting routine (ESCF) by Fitzgibbons [65]. This was shown to out-perform other conic
fitting routine for all noise and occlusion conditions while doubling the accuracy usually achieved
with area based centering of distinct targets. The ESCF algorithm did require additional metrics
that leads to iterative improvement for the final implementation. The metrics are based on the global
properties of the object’s projection as discerned in image space.

10.1.4 3D reconstruction

The formalism adopted with regard to reconstructing the 3D trajectories of the tracked particle is
based on the direct linear transformation (DLT). The choice was guided by the geometric similarities to
the actual X-ray imaging process. The full DLT description is employed. A physically representative
variance model of the overall distortion was developed through interpolation schemes based on the
Delaunay, and its dual structure the Voronoi, tesselation. The final reconstruction error based on 18
control points that were treated as unknown, and 81 control points for the space parametrisation,
was 0.15mm. This was shown to be on average twice as accurate as the standard 11 parameter
DLT solution (overall reconstruction error = 0.32mm) and the full DLT equations solved via the
Levenberg-Marquard {63, 96] and singular valued decomposition (SVD) [96] numerical schemes. The
robust numerical solvers do well to temper the inherent instability of the transformation matrix, a
perculiarity of the DLT formulation, but fall short against the variance model implementation. The
best accuracies achieved for the Levenberg-Marquardt [63, 96] and SVD [96] was 0.29 mm and 0.31 mm
respectively. The validity of the variance model was demonstrated by comparing it to a physical
quantification of the overall distortion errors known to afflict the X-ray imaging process. The average
error in this regard was shown to be 0.13mm. Subtracting this from the error associated with the
11 parameter formulation yields an answer of 0.19 mm. This is the error that should be expected of
the full DLT implementation. The variance model implementation is clearly the only scheme that
achieves better than 0.19 mm. In fact, the additional gains in accuracy may be attributed to partial
correction of the unflatness associated with the image intensifier, an issue that has not been addressed
in this thesis.



CHAPTER 10. CONCLUSIONS 262

10.2 Validation tools for benchmarking DEM

The second objective dealt with the development of verification tools for the purpose of DEM valida-
tion. These tools were custom designed to address the particle trajectory data from the experimental
mill, thereby providing an accurate benchmark against which to validate DEM simulations, The vali-
dation techniques presented characterise the mass behaviour of the charge based on observations of a
limited number of particles. They are robust and noise free due to the inherent insensitivity to minor
fluctuations in charge motion and the noise suppressing nature of the integration of experimental
data. The verification tools form part of a larger project to develop a validation toolbox tailored to
rigorously test the outputs of DEM, and include numerical schemes for computing the Center of Cir-
culation {CoC), the equilibrium surface, angles of departure at the shoulder regions, and the position
of the toe.

10.3 Analysis of trajectory data

The final objective surpasses the initial purpose of comparing with DEM and focusses on the anal-
ysis of the trajectory data with a view to discerning meaningful trends. A precursor to the analysis
was to establish the most accurate numerical scheme for calculating the particle’s velocity and ac-
celeration from its position. The Lagrange interpolation polynomial proved to be best suited to the
data, producing the most realistic behaviour in regions of known behaviour. The resulting kinematic
informaton was then used to interogate the data.

10.3.1 Circulation trends

The average axial displacement per circulation did not produce distinct trends. The findings were:

1. Longitudinal motion is clearly evident, even in the absence of the flow gradient along the mill
length

2. Axial displacement decreases with speed up to 70% of critical speed

3. The aggressive lifters produce distinctly smaller axial displacements per circulation than their
less aggressive counterparts.

The rate at which a particle circulates relative to the mill rotation was shown to decrease linearly
with mill speed. The observations are contrary to current notions regarding energy transfer per mill
circulation. It may be argued that the circulation rates on industrial mills are different from that
of the Perspex mill, but the general motion of the media is the same (confirmed by looking through
end-windows of pilot mills and down the trunnion of an industrial mill) so the range should be similar.
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10.3.2 Toe and Shoulder estimates

The toe and shoulder positions were investigated using the numerical schemes of Powell & McBride [46].
The shoulder and impact toe can be numerically obtained according to the methodology suggested
by the authors. The bulk toe location is not easily implemented in a numerical sense due to the
noisy path followed by the horizontal equilibrium surface. It does however follow the trend of a third
order polynomial for all charge shapes investigated in this thesis. It is therefore suggested that a
third order polynomial be fitted to the data in the least squares sense and the lower inflection point
used to determine the vertical position of the horizontal line that locates the bulk toe. The following
summarise the findings of the analysis:

1. A conservative lifter profile has a greater influence on charge shape than high mill speeds,
figure (9.23).

2. Aggressive lifter profiles seem to induce cataracting effects even if the speed is maintained at a
moderate level, figures (9.24a and 9.25b).

3. Aggressive lifters combined with moderate or high mill speeds cause distinct cataracting effects.
The cataracting stream is maintained even when the lifter begins to wear!, figure (9.25b).

10.3.3 Slip within the charge

Slip between charge layers is known to be regponsible for appreciable energy dissipation by the abrasion
and attrition modes of particle interaction. A relative measure of slip was established by calculating
the tangential velocity of the particle as it moved through the en-masse zone. The velocities decreased
linearly with decreases in radial position, similar to that reported by Morrell [42]. All layers of the
charge, irrespective of the speed and lifter configuration, slip relative to the mill - There is no perfectly
keyed-in motion, even for the outermost layer of the charge. The degree of slip, represented by the
slope of the linear trend, increased linearly with mill speed, figure (9.31). Aggressive lifters produced
greater slip than their less aggressive counterparts. Mill speed was found to be the dominant influence
on the degree of slip.

10.3.4 Charge surging

The fluctuation of the charge was characterised by looking at the movement of the center of mass
per circulation of the tracked particle. The fluctuation impinges on the dynamic power draw, a
phenomenon that is commonplace in industrial mills. The following summarise the findings on charge

surging.

1. The surge amplitude increases rapidly with mill speed up to 60% of critical, with further in-
creases in speed having less of an influence on the amplitude.

'a worn lifter profile is simulated by using a curved surface to the leading lifter face
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2. The more aggressive the lifter profile, the greater the surge amplitude.

3. The influence of the lifter on the surge amplitude increases with increase in mill speed.

A mechanism of the surging phenomenon is proposed. The mechanism is analogous to a block placed
on an inclined plane that oscillates according to the rotation of the mill. The block represents the
charge body and the slope characterises the angle of repose of the charge. The slip-stick behaviour of
the block, the source of the surging, is shown to vary periodically with the static and kinetic frictional
force, like a block on an oscillating slope.

10.3.5 Heuristic power model

The final outcome of the data analysis was a heuristic power model based on the simple torque-arm
principle. The heuristics relate to the best fit trend lines used in correlating the polar coordinates of
the CoM with mill speed (% critical), which in turn were related to the heuristic curves governing the
CoC as a function of speed. The true CoM coordinates take into account all the charge, cascading
and cataracting, and its location is the culmination of the influences of mill speed, lifter profile, size
distribution and charge type. The predictions of the heuristic model was compared to a range of
published models based on the simple torque-arm principle and was shown to be the best power
predictor for the configurations investigated.

10.4 Future work

One of the sources of error in the reconstruction of X-ray images to real space is the distortions due to
image unflatness. A proper model of image unflatness that addresses the parabolic shape of the image
intensifier is the only way to definitively resolve this issue. The work by Theodorou et al [121] indicate
that the maximum deviation introduced by the parabolic shape of the intensifying screen is 0.1 mm
which is relatively consistent with the error of 0.15 mm obtained for the final reconstruction achieved
in this thesis. Toennies et al [122] proposed the use of a rectangular wire mesh to determine parabolic
distortion quantitatively. Their work employed a first order photogrammetric solution based on the
outputs of the angiographic system. Their final accuracy on distance measurements was quoted as
0.05 mm for the average error and 0.5 mm for the maximum. An analytic solution was promised in
their paper, but is yet to be addressed. The pincushion, S-type error typified by the parabolic lens
can be generated through standard algorithms employed by most imaging software. It is therefore a
question of parametrisation that will make the general representation appropriate to the intensifying
screen. This will be investigated at a later stage, via the rectangular mesh suggestion of Toennies et
al [122].

The current experimental program can be extended to include different shape particles, a size distri-
bution and a fluid medium to simulate the slurry found in typical mills. Except for the shape which
might require modification of the feature extraction stage, all other extensions can be adequately



dealt with by the current imaging routines. A newer model of the BAE will be sought in favour
of the higher image resolution of 1024 x 1024. It is anticipated that sub 0.1 mm accuracies could
be achieved with the current processing routines and the higher resolution. It is suggested that high
density polyurethane (HDPE) be used instead of Perspex for the mill construction as the latter proved
difficult to machine.

Experiments similar to the X-ray system, but with a realistic charge and mill, are becoming more
plausible, with the advent of positron emmission particle tracking (PEPT). The proponents of PEPT
have recently claimed to track a solid particle in a fluid medium for extended periods of time that far
surpass the X-ray system. However, the accuracy of the particle’s location amidst strong attenuation
of the emmitted gamma rays is still not clearly known for the relatively high speeds encountered in
tumbling mills. Such experiments warrant further investigation because they afford access to the true
CoM and CoC, but for realistic charge. It is also anticipated that the extended filming duration of
approximately 2 hours will on average counter-balance the location accuracy issue. An additional
outcome from such experiments will be accurate quantifications of residence time with a view to
fundamentally modelling discharge functions.
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Appendix A

Mathematical Details

A.1 Convolution and Correlation

The two Fourier transform relationships that constitute a basic link between the spatial and frequency
domain are convolution and correlation. The definitions are taken from Digital Image Processing [87].

A.1.1 Convolution

Definition 1 The convolution of two functions f(z) and g(z), denoted by f(z) * g(z), is defined by
the integral

f@rs@) = [ sz - a)da (A1)

where « is a dummy variable of integration. The importance of convolution in frequency domain
analysis (that is the Fourier domain) lies in the fact that f(z) * g(z) and F(u)G(u) constitute a
Fourier transform pair. In other words, if f(z) has the Fourier transform F(u) and g(z) has the
Fourier transform G(u), then f(z) * g(z) has the Fourier transform F'(u)G(u). Formally stated,

f(@) x g(x) = F(u)G(u) (A.2)

This indicates that convolution in the z domain can also be obtained by taking the inverse Fourier
transform of the product F'(u)G(u). An analogous result is that convolution in the frequency domain
reduces to multiplication in the x domain; that is,
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f(2)9(z) = F(u) * G(u) (A.3)

These two results are commonly referred to as the convolution theorem.

The convolution of 2D and 3D data is not always easy to visualise. However, it is completely analogous
to one dimensional convolution, which has a clear geometric picture. In addition the results of
convolution, in image processing, can be displayed pictorially for an appreciation of the process.
In the one dimensional case, we consider the simple step functions f(z) and g(z) as illustrated in
figures (A.1a) and (A.1b) respectively. Before performing the integration, the function g(z — ) must
be formed. The two steps in figures (A.1c) and (A.1d) illustrate this process. It basically involves a
reflection of g(a) about the vertical axis to give g(—a), followed by a displacement of z. Then, for
any value of z, we multiply f(a) by the corresponding ¢(z — «) and integrate the product from —oo
to co. The product f(a) and g(z — «) is the shaded portion in figure (A.le). This figure is valid
for 0 < # < 1. The product is zero for values of a outside the interval [0, z], so f(x) * g(x) = z/2,
which is simply the area of the shaded region in figure (A.1e). For x in the interval [1,2], figure (A.1f)
applies, and f(z) * g(x) = 1 — /2. Thus because f(a)g(x — «) is zero for values of z outside the
interval [0, 2], we have finally

ﬂ:a,) gla)
. 'y g(_y’)
2 ]
> ! a 4 e (R
@ ® ©
,g(xr-a) ﬂa)lg(x-a) 0sxs1 ﬂ(:)g;(ir-a) 0<2<2
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“t
_‘% {— —l » O 4 ‘ i Lo P T+ a
@ ® o
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Figure A.1: Illustration of 1-D convolution

x/2 0<z <1
f(z)g(x) = { 1—z/2 1<z<2 } (A4)

0 elsewhere
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A.1.2 Correlation

Definition 2 The correlation of two functions f(x) and g(x), denoted by f(x) o g(x), is defined by
the integral

f@)og@) = [ ~ (@)e(e + 0)da (A.5)

where * is the complex conjugate. The forms of equations (A.5) and (A.1) are similar, the only
difference being that the function g(z) is not folded about the origin. In terms of image processing,
2D correlation is related to 2D convolution by a 180 degree rotation of the filter matrix.

Correlation forms the basis for template matching in image processing. Given a digital image f(z,v)
of size M x N, and some region w(z,y) of size J x K, where J < M, and K < N, then computing if
f(zx,y) contains some region similar to w(z,y) implies performing a correlation between w(z,y) and
f(z,y). In its simplest form, the correlation between these two real functions is given by

R(m,n) =Y 3" f(z,y)u(z — m,y —n) (A6)
z oy

where m =0,1,2,. . . , M~-1,n=0,1,2,. .., N—1, and the summation is taken over the
image region where w(z,y) is defined. As m and n are varied, w(z,y) moves around the image area,
resulting in the function R(m,n). The maximum value of R(m,n) then indicates the position where
w(xz,y) best matched f(x,y). Note that accuracy will be lost for values of m and n near the edges of
f(z,y), with the amount of error being proportional to the size of w(zx,y).

The correlation function given in equation (A.6), although simple in nature, has the drawback that
it is sensitive to scale changes in the amplitude f(z,y) and w(z,y). A method frequently used to
overcome this difficulty is to perform matching via the correlation coefficient, defined as

ZE Zy [F(z,y) — F(z,9)] lw(z — m,y — n) — )]
Zz Zy [f(@:y) = F(z.9)] : Zz Zy [w(x — m,y —n) — 'wlz]

where m=0,1,2,. . . , M-1,n=0,1,2,. .., N—1, % is the average intensity of the mask
(this value is computed only once), f(z,y) is the average value of f(z,y) in the region coincident
with w(z,y), and the summations are taken over the coordinates common to both f and w. It is not
difficult to show that r(m, n) is scaled to the range from —1 to 1, independent of scale changes in the
amplitude of f(x,y) and w(z,y).

r(m,n) = [ (A7)
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A.2 Neighbourhood search algorithms

Neighbourhood search algorithms are generally used to group pixels into objects. The process is
normally implemented on binary images, i.e. after edge detection or thresholding. The grouping is
based on how these pixels connect with each other and is usually used to group those pixels that
are turned on (pixels with binary values of 1). There are two basic techniques used to achieve
connectedness; the four-connected and eight-connected neighbourhood search algorithms.

1. Four-connectedness
Pixels are considered connected if their edges touch. This means that if the central pixel in
figure (A.2) is on, then pixels 2, 4, 5 and 7 are possible candidates for being connected to the
central pixel provided that they are also turned on.

1 2 3
4
4 = # 5
¥
6 7 8

Figure A.2: Ilustration of four-connectedness

2. Eight-connectedness
Pixels are considered connected if their edges or corners touch. This means that if the central
pixel in figure (A.3) is on, then pixels 1, 2, 3, 4, 5, 6, 7 and 8 are possible candidates for being
connected to the central pixel provided that they are also turned on.

1 2 3
4
4 5
1
8 7 8

Figure A.3: Nlustration of eight-connectedness

To illustrate the use of the connectedness criteria we consider the following simple case, figure (A.4).
The figure illustrates an edge (pixels numbered 3) and two distinct regions (pixels numbered 1 and
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2 define two different regions with the same intensity values). The eight-connected neighbourhood
search algorithm is used to group the edge pixels into a single object by labelling them with some
unique intensity, like 3. Now assume we wanted to perform some operation on region 2 only. The
four-connected neighbourhood search algorithm can be used to identify regions 1 and 2 as two distinct
regions. The region of interest is then processed according to its unique intensity label.

Figure A.4: Application of the four- and eight-connected algorithms

A.3 Geometric features of regions in image space.

A.3.1 Introduction

In all feature extraction processes, each region of interest is labelled and then processed in terms
of its geometric properties. There are numerous geometric properties than can be computed, for
example Area, Centroid, Second Moment of Area, Ellipse properties (including Major axis, Minor axis
and Eccentricity), Pixel List and Orientation. The properties used to facilitate the target centering
routines as applied to the tracked objects in the X-ray images will now be described.

A.3.2 Area

In the simplest sense the area of a labelled region is the sum of all pixels comprising the region.

A.3.3 Eccentricity

The eccentricity of a region is defined as the eccentricity of the ellipse that has the same second
moments of area. Eccentricity is a scalar value with 0 < e < 1. Accordingly we may define the
eccentricity of a region (equivalent ellipse) as:
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Definition 3 The eccentricity is the ratio of the distance between the foci of the ellipse and its major
azis length. (An ellipse whose eccentricity is 0 is actually a circle, while an ellipse whose eccentricity
is 1 is a line segment.)

A.4 Optimal Thresholding

Assume an image contains only two principal brightness regions. The histogram of such a picture may
be considered as an estimate of the intensity probability density function, p(z). This overall density
function would be the sum or mixture of two unimodal densities, one for the light and one for the
dark regions in the image. Furthermore, the mixing parameters would be proportional to the areas of
the picture of each brightness. If the form of the densities is known or assumed, then it is possible to
determine an optimal threshold (in terms of minimum error) for segmenting the image into the two
brightness regions. A purely bimodal image with additive Gaussian noise has a mixture probability
density function given by

p(z) = Pipi(z) + Popa(), (A.8)

which, for the Gaussian case, is

I ! ~(z— m)”
p(fﬁ) - o1 r‘—‘27r &Xp [ 20_:1‘)

P, ~ (z — pip)?
+ , A9
Y [ 552 (A.9)

where p; and u, are the mean values of the two brightness levels, o1 and o3 are the standard deviations
about the means, and P, and P, are the apriori probabilities of the two levels. Since the constraint

Pi+P=1 (A.10)

must be satisfied, the mixture density has five unknown parameters. If all the parameters are known,
the optimal threshold is easily determined.

Suppose that the dark regions correspond to the objects and the bright regions correspond to the
background. In this case y; < u, and we may define a threshold T so that all pixels with a grey level
above T are considered background points and all pixels with a level below T are considered object
points. The probability of (erroneously) classifying an object point as a background point is

T
Ey(T) :/_ pa(z)dz. (A.11)

Similarly, the probability of classifying a background point is
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OO
Eu?) = | m(a)da, (A.12)
Therefore the overall probability of error is given by

E(T) = PyE\(T) + P,Ey(T). (A.13)

To find the threshold value for which this error is minimal, we may differentiate E(T") with respect
to T (using Liebnitz’s rule) and equate the result to zero. The result is

Pipi(T) = Pypa(T) (A.14)

Substituting the unimodal probability for p; and p,, and taking logarithms of both sides, we obtain
a quadratic equation

AT? 4+ BT +C =0 (A.15)
where
A = o?-02 (A.16)
B = 2(u03— pao?) (A.17)
P,
C = ol — o + 2203 1In (ZZPI) (A.18)
152

In the special case 0 = 01 = 09, a single solution may be sufficient:

P+ o o (Pl)
T = + In{ — A.19
2 [ ) P ( )

Further, if P1 = P2, the optimal threshold is simply the average of the means.

T= ﬁl-%li‘z (A.20)

The threshold value for this special case is said to be symmetric about the mixed probability density
function.
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A.5 Conic section geometry

The general conic is described by

az? +bzy+cyt +drtey+ f=0 (A.21)

From this we can easily extract the rotation of the ellipse

1 -
6 = - arctan (“ - ") (A.22)
The rotation angle is measured counterclockwise from the positive x—axis to the first ellipse axis.

If we rotate the general conic so that the major and minor axes of the ellipse lie along the z— and
y— axis respectively, then equation (A.21) becomes

At + Apv? + Ayu+ Ayu+ Ag =0 (A.23)
with
Ay = f
A, = dcos(f) + esin(6)
A, = —dsin{f) + ecos(f)

Ayw = acos?(8) + csin?(8) + bcos(0) sin(6)
Aw = asin®(8) + ccos?(6) — bcos(8) sin(f)

Then the centre or principle point of the ellipse in the rotated coordinates is

- e Au
T T,
j— _— Av
= 7oA,
which is transformed back to
¢z = upcos(f) — vpsin(f)

¢y = upsin(@) + vo cos(8)
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and the radii of the major and minor axes of the ellipse are given by

k - AO + Auuu% - Avvvg

k
B = 7.

k
—

where negation is passed through the square root. The original conic is now of the form

(z-c)? (—¢)?
R IR | RyRl

and the principle points of the ellipse are at (¢; + Rz; ¢y & Ry).

A.6 Polynomial fitting

Given a set of data [z, y] such that the errors in y are independent normal with constant variance.
Required to fit a polynomial p(z) of degree n to the data.

p(x) = p12™ + 2™+ ...+ Pl + Pa (A.24)

In matrix form

AX =B (A.25)

where A is the design matrix containing the unknown p; terms, X contains the polynomial form of the
x; and B is the vector of the y;. The numerical properties of the z; can be improved by applying the
appropriate centering and scaling. For independent normal data, this is usually achieved by replacing
the z terms with &:

T — p

5 (A.26)

Loy P o=

where u is the mean of the x; terms and 4 the standard deviation of the ;.

The following steps outline the procedure for implementing the least squares solution.
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1. Now form the Vandermonde matrix V', whose elements are the powers of x. Therefore v; ; =
z; 7, with each V; of the form V; = | =?7%, 2%, --- .z ,1], and n = length(z).

2. Perform QR decomposition on V such that QR = V with R an upper diagonal and QTQ = 1.

3. Solve A(QR) = B in the least squares sense

a=[@rT@R)| " [(QrR1 8] (A2)

The statistical error of the predictions for input data that are independent normal with constant
variance is as follows:

Define

E=VR!

e=1+v1+ E2
r=B-VA

N = max[svd(r)]

where svd(r) = UWFT, with U a column orthogonal matrix (unitary matrix), W is a non-negative
diagonal matrix, and F' an orthogonal matrix. The error in the polynomial predictions are then

AB = (%) e (A.28)

where d = length(B) — (n + 1).

The theory claims that if the errors in B are independent normal with constant variance, the error
bounds contain at least 50% of the predictions. This is less than the usual statistically acceptable
agreement of 68%, however the solution is far more stable. The theory and numerical implementation
of polynomial fitting is described in Press et al [96]. Included there is a complete description of
singular valued decompostion (svd) and QR decomposition.
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A.7 Tangential velocity

The procedure for determining the magnitude of the tangential velocity is based on the positional
and velocity data. The components of velocity are determined according to section (9.2). With the
kinematic information as the input, the tangential velocity is calculated as follows:

0 1
- |5
po= | B o]
v o= v, vy ]
% = v-p

where R is the 90° counter-clockwise rotation matrix, v is the velocity vector of the particle at position
[ z, ¥ ] , P is the unit vector orthogonal to particle positon and v is the magnitude of the tangential
velocity.



Appendix B

Control Frames and Calibration

B.1 Introduction

A control frame may be described as a rigid body with carefully chosen positions that have been
measured using a surveying apparatus. The basic function of the control frame is to parametrise a
given volume of space that has been described by some photogrammetric parametric model. The
control points are used to solve for the unknown parameters of the model. The measured points used
in the present work are denoted by ball bearings carefully positioned to span the control volume.
Spheres have the property of becoming ellipses under a projective transformation and thus circular
features (circles and ellipses) can be identified by their elliptical shape on an image. Highly attenuating
targets, like ball bearings, provide a high contrast with the background, which eases the detection
task and improves the centering precision.

The origin of the measured control points depend on the surveying apparatus and are said to bein a
Lagrangian coordinate system. The Lagrangian origin is convenient for mathematical manipulation
but is not necessarily a physically meaningful origin like the centre of the mill for example. The
coordinates must therefore be transformed from the Lagrangian framework into an Eulerian system,
where the Eulerian origin is some physically usable point of the system being modelled (like the centre
of the mill).

This chapter describes the design of the control frame and the various surveying apparatii used to
measure the control points.

B.2 Control Frame Design

The control frame design is governed by the mathematical requirements of the solution scheme used
for the chosen photogrammetric model. Depending on the model used to describe the mapping of
image space to real space, the following guide lines apply:
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1. A wminimum of six control points must be used.
2, The control points must not all lie on the same axial plane.

3. The control points must span the entire eontrol volume evenly and sufficiently,

Six control points guarantees that solution mafrices are not under-determined but is generally insuf-
ficient for a dynamic system like a fumbling mill. To ensure a well conditioned golution matrix it
18 generally acceptable to use an over-determined system. This implies having more control points
than the number of unknown model parameters. Of equal importance is the positioning of the con-
trol points in the conirol volume, The governing principle is simply that the equations will produce
meaningful convergence for points near the control points.

B.3 The Reflex Metrograph

The rellex metrograph belongs to a dass of photogrammetric measuring instruments that use the
principal of mirror reflection, illustrated in figure (B.1}.

Figure B.1: The reflex principle

The object on the right is reflected in a semi-silvered mirror. An ohject point F creates an image
of itself at B, where PR is normal to the mirror and P and 17 are equidigtant from it. The virtual
image is thus geen to contain all the three dimensional properties of the original object. An observer
looking at £ will be able also to see throngh the mirror to a measuring mark M and, when M is
in coincidence with A, there will be no visual parallax. The observer can thus move M about the
image, taking measurements a8 required, and the object is not there to obstrizet the movement of .
The object itself musi, be stationary during the measurement and the size of the object is restricted
by the practical consideration of the maximum mirror sive possible. Also, with a large object, the
distance from the mirror to the furthest points i may be so great as to make the eyebase:distance
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ratic too small for accurate elimination of visual parallax. This may be overcome by cxtending the
cychase through the use of a device similar to a mirror sterecscope.

The reflex principle is incorporated into two measurement systems, the reflex metrograph and reflex
microscope, at the Department of Biomedical Engineering, University of Cape Town. The latter has
a least count of (.01 nun, however it was too small to incorporate the control frame. The metrograph
is a scaled up version of the microscope with a typical standard deviation of 1 mm. Both apparatii
are conhected to a personal computer that records the threc dimensiomal coordinates once the user
clicks them through, using a hand held switch.

In addition to the abovementioned probletns, the coordinates messured correspond to the surfaec of
the ball bearings. Depending on the operator the surface poinl will vary from ball to ball, resulting in
low precision data. The meussuring sppratii are however easy (o use, and provide quick control data
for analyses requiring accuracics of the order of 1 mm.

.4 The Digitiser

The Digitiszer is an instrument used to measure (X, Y. Z) of 4 peint in space. A movable arm with a
metal ‘pencil’ at the wrist end iz attached Lo a (X, Y. Z7) digitizer that has been calibratod. The pencil
hus five, equally spaced positions to rotate through. The arm rotates frecly. The 30 co-ordinates of
4 point in space is obtained by placing the pencil tip on the required point and clicking on a control
switch. The pencil tip need twot be in contact with any solid surface for the point to be recorded. The
arientations of the pencil or arm does not inflyence the (X. ¥, Z) data.

E.4.1 Limitations of the Digitiser

The major digadvantage of the digitiser ts that it s oniy accurate (and hence wseful) if the pencil tip
can be accurately placed on the desired point, However, most control frames are not adapted for the
digitiser since the main function of the control frame is to have markers that are easily and clearly
recognised on the Image (in most cases an X-ray image). Accordingly most frames have ball bearings
for markers. Aithough these markers show up as dark circular spots on the image, they are clearly
not suited for the digitiser sinee the ball bearings define & spherical surface with an infinite number of
points to place the pendl tip on. The following features make this apparatus unsuitable for obtaining
measurements of the required accuracy.

1. The digitiser measures in meters with it's least count being 1mm. This implics an inherent
uncertainty of approximately 1 mom.

(8]

The pencil tip 18 "blunt’ - no sharp point to consisientiy place on ball bearings,

3. The five discrete slot positions of the digitiser wrist further complicates the procedure in point
2,

4. Measuring surface points of spheres, as opposed (o their centres, introduces an uncertainty of
L5 mm, for 3mm ball bearings.
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B.4.2 Solution

Although the digitirer proved unsuitable for the measurement accuracy that was required, it's principle
function provided the sclution method required. If five or more surface points on the steel ball bearings
could be measured, to within the required accuracy, it is a simple task to establish the centre of the
sphere. This iz degirable when establishing the transformation parameters as the centrolds of ohjects
in image space map to the centre of the gphere in real space, To fhese ends, a more accurate measuring
instrument, similar in pripeiple to the digitiser, wag sought.

B.5 CMM: Coordinate Measuring Machine

Pigure B.2: Coordinate Measuring Machine (CMM)

The CKM, figure (B.2), 15 a computerised, industrial measuring tool. [ts primary use is in the motor
vehicle industry where large amounts of accurate profiles are required. Measurements are made by
an electronically controlled probe that is mapped to a coordinate axes. Much like the digitiger, the
probe is brought into contact with the object to record a measurement. However, the measuretment is
only made when a force deflection of 0.06587 ¥ 15 registered by the probe. This ensures a consistently
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acrurate measurcment, The particular value of the CMM is the ability to caliulate the centee of a
sphere by moeasuring surface peints, The contee is obtained from a least squares solution, using at leass
5 points measured on the surkace of the ball bearing. The solntion is included here for completeness,
but is hot necessary for obtaining the centre.

B.5.1 Determining the centre of spheres from surface points: An iterative least
squares approach

The equation of a sphere of radiugs + centered on a point (A, &, 1) 1= given by:
(wi =B + (i — k) + (=) =12 (B.11

where (1,34, 5} are peints on the surface of the sphere,

Expanding and rearranging equation (B.1)

F=0=u?+4+124 7 20k 2k < 2l + B2+ B2+ 12 + 42 {B.2)

Taylor expanding F to first evder with respset to the [our parameters and rearranging gives

Desdhry + Dyl + 2207 = b2 — 2h) 4 dk(2y — 28 + A1 25 — 20 + P (2r) — (F), {B.3)
In matrix notation

V=AX-1 (B.4)

whoere

A ig the coeflicient matrix of the unknown residuals (the parameters need to have provisional valnes},
X is the vector containing the unknown residuals (Fh. ok, 3. Jr), and

I iz the vector containing the "free terms” (the {Fl, terms).

The least squares estimation of X iy then obtained as Follows

X =(ATPA(ATPD) (B.5)
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where P is the aprieri weight matrix of the sampled data. Tlowever, in most cases there is insufficient
information to establish P. For this reason, we agsume P to be of uniform weight. Equation (B.5)
thug reduces to

X = (AT Ay (AT ]) (B.6)
The control frame eoordinates derived from the CMM measurements s given in table {B1), Each
point was measured three (imes and the mean and standard deviation computed, Those points
producing relatively high standard deviations (> U.05mm) are most likely atiributed to the difficulty
in extracting five points on the surface of the ball bearing - an essential step to ensuring that the
least squares solution to the centroid of the ball is aceurate. This was noted by the CMM operator
and was unfortunately unavoidable.

Table B1: 110 Controfl points with messured standard deviation

[Paint No. | X+6X (mm) { Y+4Y (mm) | Z+4Z (mm) |

1 1511 + 0.042 | 40.06 £ 0.010 | 20.69 + 0.0049
P -30.13 £+ 02 400,25 + (L048 20,69 + (LOIS
3 4507 £ 0070 | 4058 £0.045 | 29.73 + 0.042
4 -G0LE + (066 40,26 + 1.068 209,73 + 0.025
5 7512 + 0.036 | 4043 + (0.065 | 20.77 £ 0.048
B 0011 + 0.024 | 40.07 £ 0.0583 | 29.81 + 0.023
iy -105.14 £ (h107 | 39.93 L 0.063 | 29.66 L 0.003
) 120,15 + (0.029 | 39.87 £ 0.034 | 29.61 £ 0.006
9 -15.14 L (010 50.03 1L 0.041 -l 02 L0023
10 30016 + 0011 | 5001 £ 0034 | -30.10 + 0(.062
11 4508 + 1.004 | G040 £ 0017 | -30.07 + 0.046
12 11,12 £+ 0.054 49.87 L 0.041 Ae15 £ 1h0A1
13 | 7512 £ 0.011 | A0LOD =+ 0013 | -30.10 + D015
1 | 9010 + 0.047 | 50,04 + D058 | -30.20 + 0.001
15 | -10511 £ 0.041 | 4595 £ 0.050 | -30.18 £ 0.034
113 12015 L 0000 | 49.79 £ (0.031 -30.15 L 0003
17 21515 + 0.005 | 5986 = 0.063 | -70.19 + 0.061
13 30.15 £ 0.016 | BORT £ 0.055 | -70.28 + 0.002
10 4508 £ 0.026 | 60.10 + 0.023 | -70.20 £ 0.056
20 6013 £ 0.001 | BO.81 £ 0.004 | -70.23 £+ 0072
21 -THIE £ 0.6 59.80 + 0.041 -T028 4 0.3
22 | -50.02 1 0036 | 59.78 £ 0.008 | ~70.26 - 0.035
23 120,12 - 0052 | 3088 = 0016 | -70.24 + 0.021
21 15.14 + 0.041 | 6999 = 0.030 | _60.31 + 0.047
25 3017 + 0.022 | 6983 + 0.021 | -60.3% L 0.0%0
26 | 4512 + 0.042 | T0.11 £ 0.067 | -60.35 + 0.059
continge ..
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Table B1: 110 Conteol points with measured standard deviation

27 60,12 & 0.058 | 70.00 = 0,024 | -60.30 = 0.010
28 “THAT 4 0020 6074 1 00821 -60).36 + (1.062
20 90.11 £ 0.067 | 70.01 £ 0.034 | -60.20 + 0.045
50 10517 + 0.046 | 69.79 = 0.025 | -60.31 + (.01
at 12018 + 0.074 | 89.76 + .044 -60.22 £ (.020
32 1520 = 0.040 | K048 + 0.021 556 — 0.035
o -30:25 - L0168 20.06 + 0.040 9.51 = Q.00
M- 4515 = 0.028 | 8022+ 0.038 | 948 _ 0.073
35 60.16 + 0.024 | 3041 = 0.0650 | 9.62 £ 0.011
36 -T5.22 . {kD&5 8017 + 0.085 9.52 + (.01
37 -G0.14 L 0.061 Ta.98 1 0.023 .54 + L0416
38 105,22 4+ 0417 | 80.25 + 0.0%3 9.54 <+ (1.050
38 120021 L 0ape | 789 1 0095 951 + 1.016
a0 -15.19 & 0.020 | 100.05 & 0.017 | -20.36 L 0.062
41 -3, 18 £+ 0.007 15{7116 + 0.006 -20.45 + 0,064
43 45,18 4+ 0.027 | i00.05 L (053 ~2{1.29 + {1029
4% iR 13 L 0023 | 100,19 4 005 -2hd4 L (.0623
41 [ 7515 L0071 | 9999 +0.055 | -20.2T = 0.035
45 -80.16 L 0.060 | 10038 - (L.011 -20.21 £ (52
i 4k 10512 4 (U3 | 100NS _ 0.013 -20.29 1 0.0:31
47 120.15 -+ 0.007 | 100.03 = 0.028 | -20.22 + 0.038
A= -15.15 £ 0128 9114 = (060 39.70 + L0237
44) -30. 150001 .26 £+ (LO3R 39.66 1 1.035
1) AR 14 £ (LUI8 | 9038 £ 003 | 3971 — .00
5] 6003 = 0,051 | 9048 + 0.051 | 38.66 = 0.030 |
92 -T5.17 = (L2 90.29 = 0.021 39.63 + 0.061
53 0015 - 0.013 | 90.21 L (.025 | a49.60 L 0.021
54 105.19 + 0.074 0002 £ 0.035 | 39.71 + 0.038
55 -120.24 | 0.029 | 8988 4 0.023 349.65 + 0.055
56 1526 4 0.046 | 110,05 L 0.060 19.64 + (087
57 73023 £ 0.013 [ 110.16 + 0.021 | 1958 + 0.042
5t 4528 1 (.043 | 110.35 4- 0.017 19.56 4+ 0.023
59 6023 & 0048 | 11044 | 0.020 | 19.52 + 0.020
60 75.19 & 0.027 | 110.08 £ 0.064 [ 1955 + 0.001
61 0019 + 0.034 | 11025 £ 0.075 | 1957 + 0.028
2 -105.25 4+ 0066 | 110448 = (L0368 19.68 = 0.025
3 120,27 &+ (0037 | 10924 = 10,019 19.73 + (L0156
G4 13529 + (L026 | 10091 = 0.036 | 19.68 + 0.041
K 1518 L 0.008 | 120.28 £ 0.002 | -40.40 L 0.021
66 | -30.20 = 0.046 | 119.92 = 0.122 | -40.46 _ 0.002
continue ..

291



APPENDIX B. (CONTROL FRAMES AND CALIBRATION

Table BT, 110 Clonfrol points with measured standaed deviation

67 5.15 £ 0.002 [ 12008 = 0048 | 4049 £+ 0.030
fis G018 L0003 | 11996 - 0028 | 1041 | 0.046
68 [T -7h.00 + 0038 | 120.25 + 0.046 | 4043 + 0.017
7 00,12 £ 0,077 | 12041 — 0.041 | 40,58 & 0.012
71 105.17 L 0031 [ 11994 - 0041 | 1050 L 0.051
T2 2120018 — (LO0 F 120,15 + (0.067 | -40.42 + 0.030
73 15,20 — D067 | 13012 — 0.079 | -10.55 + 0074
74 30.17 + 0.066 | 13022 : 0.062 | -10.58 | 0.05L
75 4513 + 0.017 | 13045 + 0.060 | -10.62 — B.045
76 6016 : 082 | 13009 : 0.040 | -10.53 © 0013
7 7518 ¢ 0015 | 13004 | 0027 | -10.53 — 0.057
e 00,40 — 0.077 | 130.10 + 0.053 | 1051 = 0.00%
78 10526 — (.012 | 12994 &+ 0.047 | -101 @ 0009
RO 120,23 + 0.017 | 12880 + 0.012 | -10.41 — 0.020
81 000 + 0.000 | 0.00 + 0.031 0,00 + 0.035
R J15.03 — 008 | 003 - 0405 006 L 0.020
B -30.01 —0.049 | 0.01 0026 | 005+ 0.035
51 4505 & 0016 | 032 = 0084 | 000 = 0.013
85 608 + (0.044 | -007 — 0030 | 002 — 0.025
B 7508 + 0033 | 002 + 0036 005 = 0u22 |
T 005 + 0.016 | 002 — 0035 | 020 + 0079
88 SM05.07 + 00023 | 2017 + 0009 | -0.22 = 0.037
29 .00 : 0031 | 1895 = 0.013 | -19.85 | 0.038
qi) 1508 L 0.082 | 1969 : 0.030 | -50.01 | 0.026
0l 5008 = oote ! 1076 ZH9 | o500 = 000
92 504 | 0026 | 20003 = 0.022 | -50.03 1 0,017
03 6003 4+ 0,030 | 1051 + 0,103 | -50.18 — 0.086
M| 75.06 + 0.046 | 1986 — (L0D2 | -HO.08 + (LM
a5 006 = 0015 | 1870 - 0.023 | -30.11 = (.03
96 SI05.07 1 0.132 | 1981 : 4.023 | -50.00 1 0.006
a7 006 1 0.028 | 3015+ 0.040 | 5039 + 0.033
08 [ C15.09 + 0048 | 3010 — 0.018 | 4989 + 0.060 |
a1) 3008 — (L0127 | 30,15 £ 0060 | 1996 £ 0001
100 4503 L 0032 | 30.00 | 0.018 | 4087 1 0000
101 6012 | 0.013 | 30.30 | 0.048 | 4981 | 0.032
102 TR 4+ 0021 | 2993 F 0053 [ 4081 + (1L.029
103 0014 F 0017 | 3008 + 0.06% | 4582 + B.014
104 008 0011 | 4008 L 0007 | 20.80 L 0013
105 010 @ 0.020 | 5001 + 0069 | 30.05 L 0.053
T ws 0,14 + D063 | B0.09 + 0020 9.61 & 0.007
continme -,

sk
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Table Bl: 110 Coutrol points with measured slandard deviation

107 ST 4+ 044 T04R05 L L5 ~2).33 £+ 0000
108 012 £ 0108 | 9014 £ 0.003 | 3962 = 0.003
109 0,20 b 0023 110011 + 0.013 19.64 + {003
1110} 011 L T 120,07 £+ 0.06T | -40.34 £ (L1061




Appendix C
X-rays and Anglography

A beam of X-ray radiation is in fact & tay of dectromagnetic energy of wavelength from 1 to L
Angstroms. As XN-rays pass through maiter they can penetrate completely through unaffected, they
may be ahsorbed by the material and eonsequently pass their energy onto the absorbing material, or
they may be scattered or redirected and likely lose energy in the process. As these photons {packets
of electromagnetic energy) pass through matfer they earry with them important information about
the matter which is recorded on the X-ray image, The contrast recorded on the final image is directly
related to the encrgy of the X-ray beams and the density of the material it passes through. Materials
of higher demrity block some X-ray photons from reaching the film and therefore these areas of film
appears lighter in colour gince X-rayvs prodice darkened mages on film.

X-rays are widely used for non-invasive exarminations because of their ability to penetrate objects
easily and create an image - a fanction of their high energy levels, Diagnostic X-rays are produced
with electrons having energy in the 150-250 keV range and X-raye resulting from them are readily
stopped in matter. X-tay generators which are more commonly called X-ray machines, convert normal
electrical current 1o high voltage direct current within a X-ray tube. This creates a cantrollable X-ray
beam, which can be used to image all sorts of matter - either living or non-living.

X-rays are produced in vacuum-scaled tubes containing a cathode and an anode. These tubes are
seaded because the presence of any gas, such as air. inhibits efficient X-ray production. Modern X-
ray tubes allow for precize control of the number of electrons striking the anode therefore effectively
controlling the strength of X-rays produced. Tubes are surrounded by oil and lead to protect the
X-ray tube and prevent stray radiation from leakmg out of the tube housing,

C.1 The cathode

An X-ray cathode is commonly made of a tungsten filament and a metallie focussing cup for foenssing
the electrons towards the anode target. The filament is a helical coil of tungsten wire of around 0.2 mm
in diameter and about 10mm long. Modern X-ray tiubes usually have two or more filaments, which
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effectively allows for a choice of fucal spot sizes to sllow the unit to bave varied resolution levels and
prolong the life of the tube. Focal spot size is an important factor determining the maxirmum spatial
resulution recorded on the X-ray generator. Some X-ray generators use special X-ray tubes with very
fine foeal spots of approximately 0.1 mm for high resolution X-ray imaging where spatial resolution
of the final X-ray image is erucial - such as for magnification mammography.

As clectrical current is applied to the flanent wire it becomes extremely hot - nearing 3370°C for
tungsten. When this critical temperatire is reached, electrons in their exited state overcome the
surface barrier forces keeping them within the wirc. These electrons leave the wire and form a cloud
around the filament. Thiz negatively charged clectron cloud remains close to the [lament because
of its attraction to the positively charged filament. To free these electrons and give themn sufficient
kinetic conergy the anode is given a strong positive charge by the high-tension circuit. When the
exposure button is pressed, the eircuit 1s closed and the clectrons are aceelevated towards the anode.

C.2 The anodo

Tungsten and Rhenium are choice material of their ineredible strength, high stomic number, high
melting poimt, and it's high resistance to vaporising at these extreme temperatures. The target
electrode, which s also called the anode, may be stationary ar rotate at high specds. An anode
s pormally made of two malerials: the tungsten anode and & copper material holding i in place
Modern anodes used are composed of metal alloys; typically tungsten, rheninm, molybdenum and
graphite. The additional metals serve to disperse heat making the anode more efficient.

Lotating anodes often have speeds of 3000 to 10 000 rpm and are better at dissipating heat thao
stationary unodes. In addition to their abilitv to radiate heat effectively, rotating anodes funetion to
merease the surface area of the anode target - an advantage in produring an X-ray beam. Fans in
the tube assembly help cool the X-ray tube.

By controlling the amount of electrical current and exposure time in the tube Blament the intensity
of the X-ray production is controlled. Changing either the exposure time or the loading curvent in
tho X-ray tube will change the output of X-ray photons propovtionally.

Finally, X-rays are directed through a Blter and collimator that serves to adjust the dirmensions of the
X-rey beam; that i3 to 'harden’ and focus the beam. At this point radiography uses film to record
the image, or as most digital systems cureently use, a phosphor imaging plate is used to acquire the
X-ray for digital storage and display.

Intensifying sereens are built into the filin cassettes that are used to hold shects of unexposcd X-
tay film becanse their lnminescent properties aid the formation of an X-vay image on the film. The
phosphor [avers emit light with a peak output of 4250 A This wayvelength is ideal for exposing X-ray
film. Tn o typical film /sereen system, 95% of the resulting image on the film is duc to the hight emmtted
from the intensifving screcn, while the remaining 5% of the image is the eflect of the direct exposure
of the X-ray photons on the film,



APPENDIX (. X-RAYS AND ANGIOGRAPITY 246

C.3 Composition of intensifying screens

A typical mtensifving screen iz composed of four lavers. A base layer acts as & support medium and
is ustally made of plastic or carboen fibre. It is invisible on the final imnage and serves as a protective
covering for the screen. Next, g tayer of reflective material is used to direct light emissions from the
phosphor towards the filtn. The third layer is the most important component, the phosphor itself.
It can be of varipus thicknesses depending on the actual application the screen is used for. Finally,
a thin protective layer covers the phosphor to protect it from damage and reduces static electricily
that could produce noise artifacts on the Hlm.

Most X-ray films have emulsions on both sides, which is why an intensifying screen cassette actually
has screen systems inside each cassette - one for imaging each side of the duplex film. Between these
two layers is the stot into which the X-ray film is placed. The assembly as a whole is called an
intensifying screen {or sometimes a ¢assette) and traditional X-ray systems using these are commonly
referred to as film/screen systems.

The BAT: s & disgnostic tool used to assess the condition of heart valves alter a contrast medium (a
semi-opague dye) has been injected into the paiient's heart valves. Consequently the image produced
has the heart valves clearly marked as dark tubes. In narmal radiography a person would be lying
on a bed where the Perspex mill is positioned, figure (C.1).

Figure C.1: Angioscope in fully interlinked position

X-rays are produced and passed through the person resulting in scintillations of varying contrast on
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the input screen of the image intensifier. This eventually gets relayed to an on-line television screen,
providing a quick disgnosis of the heart valyes. The biplanar mode iz used te obtain perpendicular
images of the heart. These images are totated in space and time thus precluding a natural frame by
framne cotrpariset,

C.4  Absorption Cocfficients and Decay of the Incident Beam Inten-
sily through varions media in a mill

The intensity of the incoming and outgeing radiation passiug throngh a body of thickness y is related
by a simple exponential decay law, sometimes referred o a5 Lambert’s Law:

I, = I expl—px) [C.1)

Where:

1. L, is the final intensity

[

Iy is the initial intenzity

i is the linear absorption coefficient of the body

e D

¥ 15 the thidmess {tha longest line passing through the baody)

For a single-element homogenous mediom, the linear absorption coefficient 1s simply given by :

7 283
Whers:

1. pis the density of the material
2. Z is the atrmic number

3. E is the energy of the emission

If however the body is a chemical compound or a mixture of compounds, a8 i3 more often the case,
the mass absorption coefficient {j¢/p) becomes more useful. Unlike the linear absorption coefficient,
it does not depend on the state of aggregation and chemical combination of the body.
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The mass absorption coefficient for a compound M is caleulated as:

(:r_j) M =2 (E)n e (€3]

Where:

1. W, is the weight fraction of the n*® element present in the mixture

2. {ji/m), is the mass absorption eocflicient of the n** element

Lanbert’s Law can then be restated as:

L= yexp [— (%) X mﬂ] (C.4)

Where gy 15 the loose bulk density of the absorber; and sall other symbols taking their usual meaning.

The above equations were used to raleulate a suitable media for the mill shell and tumbling media.
The results of these calculations constrain the material used as follows.

1. A low density (0.1 - L5g/cm®)
2. Realistic particle behaviour {not like ping-pong balls)

3. Sufficiently strong to withstand typical particle interactions within a mill run at speeds of (60
- 120% of critical)

4. A low cumlative mass absorption coeflicient such that an Alumininm-filtcred beam will pasa
through 20em of charge particles and still be sufficiently strong to expose the X-ray film.

Of the various materials investigated, wood was found to best satisfy the above eriteria. It is also
known that plastic beads are sufficiently transparent to X-rays, Powell [1]. In fact, any carbon based
material is virtually transparent to X-rays.








