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Abstract

We present a collection of results on solitons in low-dimensional classical field theory. We
begin by reviewing the geometrical setting of the nonlinear o-model and demonstrate
the integrability of the theory in two-dimensions on a symmetric target manifold. After
reviewing the construction of soliton solutions in the O(3) o-model we consider a class of
gauged nonlinear o-models on two-dimensional axially-symmetric target spaces. We show
that, for a certain choice of self-interaction, these models are all self-dual and analyze
the resulting Bogomol’nyi equations in the BPS limit using techniques from dynamical
systems theory. Our analysis is then extended to topologically massive gauge fields. We
conclude with a deviation into exploring links between four-dimensional self-dual Yang-
Mills equations and various lower-dimensional field theories. In particular, we show that
at the level of equations of motion, the Euclidean Yang-Mills equations in light-cone
coordinates reduce to the two-dimensional nonlinear o-model.
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Introduction

...J was observing...a large solitary elevation, a rounded, smooth and well
defined heap of water, which continued its course along the channel apparently
without change of form or dimunition of speed. I followed it on horseback,
and overtook it still rolling on at a rate of some eight or nine miles an hour,
preserving its original figure some thirty feet long and a foot to a foot and
a half in height. Its height gradually diminished, and after a chase of one
or two miles I lost it in the windings of the channel. Such, in the month of
August 1834, was my first chance interview with that singular and beautiful
phenomenon which I have caolled the Wave of Translation, a name which it
now very generally bears.

- John Scott Russel.

It’s been said that no work involving solitons would be complete without a mention of
John Scott Russel’s remarkable observation of 1834 [1]: his so-called ‘wave of transla-
tion’. Like many great scientific ideas, Russel’s was met with much scepticism by the
scientific community of the time, but science is a self-correcting organism and, as such,
the idea of a localized ‘bell-shaped’ wave propagating with a velocity proportional to its
amplitude attained its due resurrection.

What Russel observed was a wave propagating in a shallow channel. The resurrection
of the solitary-wave idea was brought about by the mathematical formulation of the
problem by Korteweg and de Vries who wrote down the nonlinear wave equation that
now bears their names [2], and Boussiniesq [3] who found the hyperbolic secant squared
solution for the free surface. However, the real impetus for the idea of the soliton only
came in the 1960s when, with the developments in computing technology, Kruskal and
Zabusky[4] were able to show that the solitary wave solutions of the Korteweg-de Vries
(KdV) equation exhibited the property of reappearing almost unchanged after collisions.
They coined the term ‘soliton’ to describe nonlinear waves that possess this remarkable
property.

It was not long thereafter that the concept of a soliton found its way into the elementary
particle physics and field theory literature. Most of the development in this field occur-
ring in the mid-70s. Primarily because of its technical feasibility and the fact that many
problems may be constructed as perturbations of simpler ones, diagrammatic perturba-
tion theory is without a doubt the standard methodology of relativistic quantum field
theory (QFT). However, it is becoming increasingly evident that embedded in gauge the-
ory is a rich non-perturbative structure that may hold the key to several problems beyond
the reach of perturbative methods. An example of this is the problem of confinement in
quantum chromodynamics (QCD). The best that perturbative QFT offers in this regard
are some qualitative, albeit plausible, arguments suggesting some confinement property.
It is now clear that a complete understanding of this property may only be expected



in the non-perturbative sector of QCD. That non-perturbative methods are crucial to a
complete understanding of many nonlinear field theories may be further illustrated by
the observation that not even the number of fundamental parameters in a theory may
be certain when only the perturbative sector of the gauge theory is taken into account.
A case in point is the uncovering of an additional (CP-violating) parameter 8 in QCD
which appears in an additional term in the effective QCD Lagrangian [5, 6, 7],
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and plays a role analogous to a coupling constant. Different values of § correspond to
different Hilbert spaces and therefore different theories. In non-Abelian gauge theories,
this term cannot be expressed as a surface term in the action (and hence discarded)
due to the appearance of topologically non-trivial field configurations (instantons) that
do not vanish suffiently rapidly at infinity. At present, the two main non-perturbative
techniques used by field theorists are lattice gauge theory and soliton methods. The for-
mer [8, 9] pursues solutions of tie field equations via impressive numerical methods like
the Monte Carlo procedure and is probably the most powerful method of understanding
the non-perturbative aspects of gauge theories. However, the calculations involved are
numerically and computationally complex and very resource intensive. An alternative to
this direct numerical assault on the non-perturbative sector of nonlinear field theories,
and an approach that we will concentrate on in this thesis, is the use of soliton methods
to construct exact solutions of the relevant nonlinear field equations.

Before proceeding any further we should define what solitary waves and solitons are,
within the context of field theory as well as make some clear distinction between these
concepts. Heuristicly, solitons and solitary waves are special solutions to nonlinear field
equations that exhibit the following two properties:

s They are localized and propagate with velocity and shape retention, and

e the asymptotic shape velocity of several such solutions are preserved even after
collision.

At first glance these properties do not seem to merit much attention. However, we should
recall that we refer here to solutions of nonlinear equations. In this light, it becomes
clear what is so remarkable about these objects: they are nonlinear objects that exhibit
distinctly linear properties! Let us now formalize these two properties and state them
in mathematical terms. In an area with as deep a literature as QFT, it should come as
no surprise that there is no universally accepted definition of solitons (or even of solitary
waves, for that matter). We will follow the treatment in [10] and choose a definition in
terms of energy densities rather than wave fields. This, of course, restricts us to consid-
ering only those field equations that have an associated energy, E[¢;], but this will be
sufficient for our purposes.



Let £(x,t) be the energy density associated with the set of fields ¢;{x, t) so that E[¢;] =
fdtz E(x,t). We will call a solution localized if £(¢;) — 0 as |x| — oo sufficiently
rapidly at any instant of time. We now define a solitary wave as that localized non-
singular solution of any nonlinear field equation whose energy density has a space-time
dependence of the form

E(x,t) =E(x ~ut) , (2)

where u is some velocity vector. The energy density of a solitary wave thus propagates
undistorted and with constant velocity. Let £y(x — ut) be the (localized) energy density
of a solitary wave solution of some nonlinear evolution equation and £(x,t) the energy
density of any other solution of the equation which, at some time in the past, consists of
N such solitary wave solutions. £(x,t) has the past asymptotic form

N
Jim E(x,t) =3 Eolx —a; —uit) (3)

i=]

where a; and u; are the arbitrary initial position and velocity of the ith solitary wave.
The temporal evolution of this initial configuration is governed by the nonlinear equation
under consideration. We will call this field configuration a seliton if its evolution is such
that its energy density profile is asymptotically restored to its initial shape and profile
ie.,

N
tl-lfglo E(x,t) = z: Eo(x—a; —ut+d;) (4)

i=1

where the d; are constant vectors allowing for the possibility that the solitons may un-
dergo some bodily displacement relative to their pre-collision trajectories. This should be
the only residual effect if the solutions are to be considered as solitons. While all solitons
are clearly solitary waves, the stringency of the above additional constraint means that
the converse is only very rarely true.

One of the most rapidly growing areas of modern mathematical physics involves the
development of techniques for solving soliton-bearing equations and studying their many
properties. While these often very powerful techniques, like the inverse scattering method
and Béacklund transformations offer elegant methods of studying such soliton-bearing
systems they do not, as yet, allow the identification of new soliton-bearing equations.
Furthermore, much of the mathematical theory of solitons was developed in the study
of one dimensional propagation of waves. In that sense, the physical systems of interest
to the mathematical physicist are essentially (1 + 1)} dimensional. Such low dimensional
systems play a very important role to the field theorist as a test bed for new ideas.
However, at the end of the day it is the physically realistic (3 + 1)-dimensional systems
that these ideas (or some suitable generalizations thereof) must be applied to. We will



Figure 1: Cosmic strings are associated with models in which the set of minima are not simply-
connected. The minimum energy states on the left form a circle and the string corresponds to a
non-trivial winding around this. (Courtesy Cambridge Relativity and Cosmology group).

restrict our attention for the bulk of this work to considering systems in (2 + 1) space-
time dimensions and take consolation in the fact that such systems are not completely
without phenomenology. Perhaps one of the simplest field theoretic models that exhibit
solitonic solutions is the Higgs model. A theory of scalar electrodynamics, it is described
by the Lagrangian,

Lan =Dl - $FE=V(I4P) Q

where V{|¢|?) is some polynomial function of ¢, and was first shown to possess vortex-like
solutions by Nielsen and Olesen in 1973 [11]. Solitonic solutions to the Higgs model have,
in recent years, made a significant impact in the physics of the early universe as various
types of topological defects [12]. Depending on the number of spatial dimensions and
the particular gauge symmetry broken these are variously called domain walls, cosmic
strings (see Fig. 1), monopoles and textures. Of these, we will be primarily interested
in the Nielsen-Olesen cosmic strings whose spatial cross-sections are (2 + 1)-dimensional
vortices.

Due to the extremely high energy scales involved (the characteristic energy density of a
cosmic string, for example, is, in natural units, (ct)Tyr/(ct)®) where the horizon size
isct ~Tp /TéUT, Tp is the Planck temperature and Tgyr, the temperature at the GUT
transition [13]) detection of such defects are rendered all but impossible by even the most
powerful terrestrial accelerators. Topological defects, however, are not sole propriety of
the realm of cosmological physics. Indeed, perhaps the most important realization, from
the point of view of experimental verification, of low-dimensional solitons occurs in the
physics of condensed matter systems. The interaction of superconducting matter and
electromagnetic fields, for instance, is described by an effective field theory proposed by
Ginzburg and Landau [14]. This phenomenological model is a nonrelativistic analogue
of the Abelian-Higgs model. That the Ginzburg-Landau model supports localized field
configurations was first pointed out by Abrikosov in 1957 [15] (sixteen years before their
introduction into particle physics!). Since then solitonic configurations have proliferated
condensed matter systems, from domains in ferromagnets; regions of magnetic dipole
alignment separated by domain walls to string networks in liquid crystals (see Fig. 2) to
vortex configurations in superfluid 3He (see [16] and references therein).
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Figure 2: Optical microscope photographs of intercommuting stings in a nematic liquid crystal.
From Chuang et.al. [17].

To say that this work is a collection of results in various aspects of soliton-bearing,
low-dimensional field theoretic models is perhaps misleading because any such collection
would easily merit several volumes - a daunting task indeed! We will therefore restrict
ourselves to a small subset of such field theories. Much of this work is concerned with
so-called non-ultralocal field theories, the generic example of which is the so-called non-
linear ¢ model. As a rudimentary first ‘definition’ we will take a nonlinear o-model to
be a renormalisable scalar field theory in which the kinetic term has a field-dependent
coefficient. The o-model depends only on gauge-invariant objects built out of the metric
and other fields and has a natural interpretation as a bosonic string in curved spacetime
18]

1
Sp = //M V39% G (X)0, X 0, X" d*0 . (6)

dra
The massless o-model fields, X* here, define an embedding of a configuration space into
a target manifold or internal space:

( Configurarion X 3 < Target >

and as such may be interpreted as coordinates on the target manifold. In string theory,
the configuration space is the two-dimensional world sheet swept out by the string and
the target space is spacetime itself. Our interests are, however, field theoretic and in this
context the roles are reversed and it is the configuration space that is spacetime. Non-
linear o-models are an important exemplification of particle physics [19] and continuous
spin systems and their excitations [20]. For example, with respect to the former; to a
good approximation, the neutral and charged pion fields may be regarded as coordinates



on the group manifold SU{2).

Chapter 1 is devoted to a study of the nonlinear o-model on a symmetric space and some
of its geometrical properties. In particular, we review the integrability of the model in
two-dimensions. In doing so we will find it necessary to exploit some internal degree of
freedom in the model to couple the scalar field to a nondynamical gauge field. As such,
the gauge field is treated as a fixed background and the o-model fields themselves have
nontrivial dynamics which corresponds to the mathematical theory of harmonic sections.
Of the many remarkable properties of the nonlinear o-model, the one in which we will
be most interested in throughout this work is the existence of soliton solutions as first
discovered by Belavin and Polyakov [21] for the case of the O(3) o-model. The rest of
chapter 1 is used to review the construction of the self-dual sclitons of the O(3)-model
[10]. Of late, even these classical o-model lumps have resurfaced in the context of ‘the
theory formerly known as string theory’ in which it was shown [22, 23, 24] that these
solitonic solutions can be understood as M-2-brane configurations.

One of the properties of the O(3) sigma model solitons is their scale invariance. This
property, although useful for finding solutions in the classical system, is preserved through
quantization and consequently makes a particle interpretation problematic. One possible
way to overcome this obstacle involves gauging the model, and recently much work has
been done on the gauged nonlinear sigma model and its soliton solutions [25, 26, 27, 28].
In all of these works the global symmetry of the model is O(3) and it is usually this or
some subgroup, usually U(1), that is gauged i.e. local U(1) or SU(2) invariance demands
the introduction of a vector field that couples to the matter field. The difference between
this and the former gauge mechanism is that here the gauge field is a dynamical one.
The gauge dynamics, in fact, play a very important role in determining the nature of
the soliton solutions. In fact, it can be shown [29] that in the case of a dynamical gauge
field the nonlinear o-model itself has no dynamics i.e. it can be ‘gauged away’ and its
Lagrangian is essentially a gauge-invariant mass term for the gauge field.

In chapter 2 we investigate a class of gauged nounlinear g-models formulated on two-
dimensional target manifolds embedded in E* with the aim of establishing a more or
less unified framework from which soliton solutions of the model may be derived. In
particular, we will focus on the relation between the topology of the target manifold
and the existence and structure of self-dual solitons. We then introduce and study the
gauged complex sine-Gordon model in chapter 3. Defined through the action

Scsg = / ”¢(Z 4 - ¢z (7)
1-p%¢|?

the complex sine-Gordon model was first derived by Pohlmyer as a reduction of the O(4)

nonlinear o-model [30] and later as a theory of dual strings interacting through a scalar

field by Lund and Regge [31] and independently as a reduction of a theory of N clas-

sical two-dimensional massless Fermi fields interacting through symmetric couplings by

Neveu and Papanicolaou [32]. It was recently shown to exhibit exact vortex solutions



in closed analytic form [33]. These topological solitons were constructed by two inde-
pendent methods, namely, (i) by auto-Bécklund transformations resulting from a spinor
representation of the complex sine-Gordon equation and (ii) by the Schlesinger transfor-
mation of the fifth Painlevé equation arising from a self-similar reduction of the energy
functional associated with (7). These vortices are, however, energetically divergent. We
investigate a mechanism to bring the divergences in the vortex energy under control by
coupling the sine-Gordon matter field to a U(1)-gauge field. Apart from a brief review
of the Barashenkov-Pelinovski contruction of the exact vortex solutions of the Euclidean
complex sine-Gordon equation in chapter 3, the results of chapters 2 and 3, including
the reductions to the Abelian Higgs and gauged O(3) o-models, are original work based
for the most part on a forthcoming publication. The results reported in chapters 2 and
3 are thus new.

Most of the work in this thesis is concerned with the study of solitonic objects in low-
dimensional relativistic field theories. In chapter 4 we deviate slightly and focus our
attention on the relationship between the nonlinear o-model and the self-dual Yang-Mills
equation. After a short prelude in which we review the Witten-Forgacs-Manton-Taubes
reduction [35, 36, 37] of the Yang-Mills equations on R? x 2 to a two-dimensional Higgs
model on a space of constant negative curvature, we consider the Euclideun self-dual
Yang-Mills equations. We show that, at least at the level of the equations of motion, the
Euclidean Yang-Mills theory reduces to the nonlinear o-model. While both the Abelian
Higgs model and the principle chiral model have been assimilated into the Euclidean
Yang-Mills hierachy we are not aware of any such work on the class of nonlinear o-
models that we have considered and we therefore emphasize that the work in section 4.4
is also new. We conclude with a discussion of other recent literature on the subject.



Chapter 1

The nonlinear o-model

To a theoretical physicist, there is no greater joy than to see this curious
activity we call calculation - the depositing of ink on paper, followed by throw-
ing away the paper and depositing new ink on more paper - can actually tell
us something about reality!

- Alan Guth

In this chapter we discuss a simple field theoretic model with highly non-trivial so-
lutions called the nonlinear sigma-model (NSM). We show that the NSM on a symmetric
target manifold is a completely integrable theory in 2-dimensions. Thereafter we review,
in some detail, the 3-dimensional nonlinear sigma-model with target manifold S2. We
conclude with a derivation of the soliton solutions of this model.

1.1 Preliminaries

The NSM, originally introduced by Gell-Mann and Lévy [38] as a model for the generation
of baryon mass by spontaneous symmetry breaking, is the simplest generic kinematically
nonlinear field theory. It is essentially a scalar field theory in which the field interactions
are {unlike, for instance, the Abelian-Higgs model (AHM))} not introduced via the addi-
tion of interaction terms to the action for the free field but rather completely in terms
of intrinsic degrees of freedom. In other words, the field interaction is determined purely
geometrically by the metric of the target manifold (see below). Structurally, the NSM is
not unlike many non-Abelian gauge theories (such as the self-dual Yang-Mills theory) in
the sense that it, too, is asymptotically free, has a non-trivial topological structure and,
most importantly for us, exhibits soliton solutions. To demonstrate the integrability of
the theory, it therefore makes sense to proceed in analogy with a non-Abelian gauge
theory [39].

The field configurations of the NSM are maps from D-dimensional, Minkowskian
space-time (configuration space) Cp into some n-dimensional Riemannian manifold X



(target space). We choose £ to be a compact homogeneous space G/H with (field
dependent) metric' Aqy(p). The action for the NSM is then given by

1
Swsw =5 [, haal@)3us® (204 (z) %z (BY

The o-model space of field histories therefore coincide with the set of all smooth mappings

p:CP 5% . (1.2)

The fields, {¢%(z)}, are then local coordinates on £ depending on points in C D Note
that the o-model action eq.(1.1) is invariant under Poincaré transformations on the
configuration space and the general coordinate transformations on X:

o = 9" = f(9)

bas(9) = has(#) = 25 Shuile) (13)

1.2 Dynamics of the o-model

The dynamics of the system is determined by the principle of least action. The equation
of motion of the system is obtained, as usual, from requiring that the variation of the
action vanish to first order, i.e., §Sysar = 0. From eq.(1.1) we find

il

SSwsulel = 5 [ {0has(0)0u" (@0 0(2) + ha()0(0u0"(2)) 0% (0)

+ Rao(9)3u9" (2)8(9#¢"(z)) } d°

1 ha . ]
= 3 Co{a(pf 5¢° 8,0 (2)0* ¢ (z) + 2hasd¢6(8,0%) } d°x
- _./ {hcba ao® + Ohes ——2 8,00 p" — 1 Ohab 28, “%wb}éw“d%
co # At 2 9yt
+ [ o hadueet e (L4)

where CP denotes the boundary of the D-dimensional Riemannian manifold CP. Re-
stricting ourselves to those systems for which the field variations, d¢®, vanish on the
boundary ensures that the second integral above does not contribute to the variation of
the action i.e.,

"Unless otherwise stated, the notation we adopt here is that Greek indices, uv = 0, ..., D; late Latin
indices, 1,7 = 1,..., D and early Latin indices, a,b = 1,...,n. The former two sets of indices are thus
Lorentz indices on C° while the latter are internal indices on ©
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Setting the functional derivative 6Snsar/dp = 0 yields the equation of motion

Joupto ot boptdPr . (1)

1/0h oh oh

b, * ch ca ab ook b

hesdud " + 5 ( 5+ T a(pc)awp ghot =0 . (1.6)
This can be rewritten in a form that better facilitates comparison with such nonlinear
gauge theories as Yang-Mills theories (see e.g., [40]) and General Relativity (see [41] for

a particularly lucid account) by contracting eq.(1.6) with A% = (hy,)~! and defining

1 oh Oh oh
b ... *ibe cd e ad
The = 0% ( 5ot Bl ~ ) (1.7)
The equation of motion eq.(1.6) thus becomes
8,0 " + rgca,,gp”awpc =0 . (1.8)

This equation is reminiscent of the geodesic equation of general relativity which, in a
coordinate basis, can be written as [42]

d?z# dz° dz¥

— T

dt? v dt dt
where z#(t) is a curve in some n-dimensional Riemannian manifold M™. Eq.(1.8) is, in
fact, a generalization of eq.(1.9) to the o-model target manifold. This analogy allows us
to identify I'}, as the Riemannian connection on Z.

=0 , (1.9)

Qur interest in the NSM lies primarily in the existence of static solitons® and as
such, we will restrict our attention to the subset of solutions of eq.(1.8) for which the
action (1.1) is finite. A necessary condition for the finiteness of the action is that the
field values approach some constant values at spatial infinity, i.e.,

im o(z) =¢y , (1.10)
jz| o0

where z € Cp is a generic point in the configuration space. This allows us to identify
all points at spatial infinity and compactify the (D — 1)-dimensional spatial-sections of
T into the (D — 1) Riemann sphere SP-! = RP~} U {o0}. In this light, the static
fields ¢ define a mapping, ¢ : SP — T. As is well known from homotopy theory?; all
non-singular mappings from S into ¥ may be classified into equivalence classes of the
homotopy group Hp(X). We will be particularly interested in non-trivial such groups
for which IIp(Z) $# 0. The homotopy classification is valid for any finite action field
configuration and does not require the fields, ¢(z) to be solutions of the field equations.
However, obviously any finite action solution is also a finite action field configuration.

*We'll have a lot more to say about this a little later!
3See Appendix A for a summary of relevant results on homotopy theory.
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1.3 Integrability

Having determined the dynamical properties of the o-model and its effective configuration
space structure (as required by the boundary conditions we impose on the fields) we turn
now to the question of its integrability. Before addressing this issue within the context
of the NSM, we beg the reader’s patience to indulge in a small but important digression.

1.3.1 What is integrability?

What exactly does it mean to say that a dynamical system is ‘completely integrable’?
We will adopt the definition given in [43], namely that a finite dimensional dynamical
system with, say 2/N-dimensions corresponding to the generalized coordinates ¢; and mo-
menta p; 7 = 1...N, is called completely integrable if there exist N independent constants
of motion Fj(pi,qi), 1,7 = 1...N. Consequently, we can define N action-like variables
and N angle-like variables which have linear temporal evolution. The above definition
is easily generalized to a field theory, an infinite dimensional dynamical system. A field
theory is thus called ‘completely integrable’ if we can find an infinite number of new vari-
ables, corresponding to the action-like variables of the finite dimensional system which
represent the constants of motion of the system. How we find these new variables or
even prove their existence is another matter altogether.

No discussion on the integrability of nonlinear equations would be complete with-
out a study of the prototype nonlinear equation: the Kroteweg-de Vries (KdV) equation
(see e.g., [44]). We see no reason to break with tradition here, so we consider the K4V
equation in (1 + 1)-dimensions for the real field u = u(t,z)%:

O + qudgu+ Bu=0 . (1.11)

In 1967 Gardner et al [45] showed that eq.(1.11) possesses an infinite number of conser-
vation laws and found all solutions u(Z, z) such that limyg|co % = up. This work was
closely followed by Miura’s 1968 paper [46] in which he investigated a generalization of
the KdV equation, the so-called modified KAV equation:

B — Bvi,v + 833;0 =0 , (1.12)

derived the associated (infinite number of) conserved quantities and found the remarkable
transformation that now carries his name and relates the solutions of the two equations:

u(t,z) = i—(-ﬂvz -+ E\fﬁﬂc')xv), e=%1 . (1.13)
This equation may be solved for d;v and substituted into eq.(1.12) to solve for dyv. This

procedure yields two evolution equations for v(t,z) in space and time respectively:

“We do break from tradition in one small aspect: in order to maintain continuity of notation we do
not resort to using subscripts to denote derivatives as is common practice in this field. Other than this
we follow closely the treatment given in [43].
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O = %(au—%ﬁﬁ) ,

ac (1 o /28 a o
Oy = —76?-%;% u+ %+ ?evé}mu—kg—u) . (1.14)

These equations may be linearized by exploiting the Galilean invariance of the KdV
equation and by writing v = —e\/-géim Int. In terms of this new field variables the

evolution equations become
A
B+ Zup - Ly =0,
6 6
& a
c':W) + -3—(’& -+ 2)\)33;’(/1 - -élfl =0 |, (115)
where A is an arbitrary real parameter. In 1968, Lax [47] showed that the integrability
of the KdV system, and indeed a much larger class nonlinear models, is intrinsically tied

to the existence of a set of linear operators, £ and B which operate on elements of a
Hilbert space® M. For the KdV equation we choose o = —6 and

&
L = —@"}"b‘. s
op 8 _8u
B = —4@4‘60%%—35&; . (1.16)

It is evident that egs.(1.15) can then be rewritten as

Ly = A,
b = By . (1.17)

Differentiating the first of these with respect to time gives 8Ly + LI = S\ + A
Substituting from the second equation and rearranging terms produces

Ay = (G L+ [L,B))y . (1.18)
Invariance of the parameter A under time translations then implies the compatibility

condition

8L +[L,B]=0 . (1.19)

®Note that the operators £ and B are not unique as the addition of any constant to B would still
ensure that eq.(1.17) is satisfied.
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From eq.(1.16) it is obvious that ;£ = u. Continuing further we have:

By = (-02+u)(~48; + 6ud: + 30;u)
= 480y — 682U By0p — 128,u 024 — Guply — 3024 S,u

— 60,9 8%u — 398 — 4By + 6u 0P + 3uy Gpu (1.20)
and
BLy = (~48%+6ud; +30,u)(~02 +u)y
= 483 — 483up — 1202 3pp — 120,u O8%4p — 4 9
~  6udiy + buth Opu + 6u’ Bp1p — 30,u 0% + Juydpu (1.21)
so that that the commutator [£,B] = - ‘2%% + ﬁu%. The above compatibility condition

is then equivalent to the Korteweg-de Vries equation eq.(1.11). These ideas were later
extended to include field theoretic models in 1978 by Zakharov and Mikhailov [48]. In the
context of a field theory one has to consider a generalization of the Lax-pair problem in
which the equation for the auxiliary field ¢ involving the £ operator is not an eigenvalue
equation like the first equation of eq.(1.17) but rather resembles the second equation.
Having said all of this, let us now look at the problem of the integrability of the nonlinear
o-model.’

1.3.2 Integrability of the o-model

The discussion in this section closely follows the treatment given in [39]. The main goal
of this section will be to establish a Lax pair for the NSM. Keeping this in mind we
assume that, in addition to its homogeneity property, ¥ is a symmeiric space. To em-
phasize its coset structure we will write it as ¥ = G/H where G is a connected Lie group
that is the global symmetry group of the NSM with Lie algebra g and H C G, a closed
subgroup of G that is its gauge group. On Adj(G)® there exists an automorphism o of
G [49] satisfying ¢ = 1 with ¢ # 1 that permits a splitting of the Lie algebra g into
g = g- ® g+ such that [0,9_] =0 and {0,9:+} = 0.

Let g(z) : X — G where X = z#, 4 = 1,2 denotes the base manifold of ¢{z). The
fields ¢(z) € G/H are related to the G -valued fields g(z) by a (local) lifting, i.e.

p(z) =g(z)H . (1.22)

Using the operator o on G we can define the G/H-valued field &(z) by

8We will denote by Adj(-) the adjoint representation space; [A,B]:=AB - BA and {A,B} := AB + BA
are the usual commutator and anticommutator respectively.
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&(z) = g(z)og~'(z) - (1.23)
By construction, it is clear that ®%(z) = (g(z)og~'(z))? = 1. We can now rewrite the
action for the NSM in terms of the (constrained) dynamical feld, ®(z) as
1
Snsu =3 / Tr(8,8(z)0*®(z))dPz . (1.24)
Cp
The derivation of the equations of motion proceed in exactly the same manner as pre-
viously, only this time subject also to the constraint equation ®*(z) = 1 which we
implement via a Lagrange multiplier. The Lagrange multiplier, A is an internal space

scalar and so commutes with the G/H-valued fields, ®(z). Varying the action (1.24) we
find

SSnom = -;- [ 5Tr(0,2(2)10°0() + \@(2) - 1)) &P

_ % /c Tr{#200,2 + 1052} %z (1.25)

where we have used the cyclic property of the trace. Integrating the first term by parts
and discarding the boundary term we find

1
5Sysm = - / Tr{(8,0"® ~ A8)62} dPz (1.26)
4 Jep
from whence we read off the equation of motion as

0,0/®(z) = A0(z) =0 . (1.27)

The Lagrange multiplier may be eliminated by noting that A = A®? = ®\® = $J,0+9.
Substituting into eq.(1.27) allows us to write the equation of motion for the nonlinear
o-model as

[0,0°®(z), 8(z)] =0 . (1.28)

Differentiating the constraint equation, ®2 = 1 twice yields the identity

8,004% = -é(@apa#cp +(8,040)8) (1.29)
which allows us to rewrite the field equation, eq.(1.28) as a conservation law
Kt =0 , (1.30)
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for the Noether current

K,(z) = -%@(a:)é;@(z) : (1.31)

The conservation law, eq.(1.30), follows essentially as a consequence of the invariance of
the NSM action, eq.(1.24), under (local) left G translations

= g'(z) =g(z)h(z) h(z) e H
o(z) = @'(z)=g'(x)olg'(z)™"
= g(@)h(z)oh™ (z)g™ (2)
= g(z)og™ (z) = 2(z) , (1.32)
where we have used the fact that ¢ is an involutive automorphism [49] on the embedding
space G of (/H and hence, ch{z)o = h(z) for h(z) € H from which it easily follows
that h(z)och~!(z) = 0. There exists a globally G-invariant, g-valued Maurer-Cartan 1- -

form A,(z) = g~'(z)8,g(z)7 which can be Cartan decomposed, using the automorphism
operator as

1 1 1 1 1 1
Aﬂ == :.-EAJJ + '2"A“ = *2-.4.# + -Z‘Au + '2"0'14.“0‘ - EZ*O‘A;;CI
1 1 1 1
= §A“c'0 + é-aA#o e §Aucm — :?-UA;,G
= hy(z) +kulz) (1.33)
where we define
1
h() = S{Au(z)odo
1
ku(z) = —2-[A,,(x), ole . (1.34)

It now follows simply that h, and k, take values in the subalgebras g_ and g, respec-
tively, since

1

o] = ohu = hyo = 5(o{4u(), 0}0 — {Au(a),0})

= -;-({A,,(z:),a} - {A,;(a:),a}) =0 =h,€g_ (1.35)

"Note that this simplified product notation really represents the action of G on its tangent bundle,
T(G).
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and similarly

{o,k,} = oky+kyo= %(U[A,,,o}o +[Ay, a])

- %(_Mmay+mwon=4) =k eg, . (1.36)

The g, -valued 1-form k, is related to the principal chiral field ®(z) through the Noether
current K, since

1 1
ky, = §[AN,O‘]O' = —§<0Aua - Auao)

- —:,lz' (ag'lé*“gcr - g“l@ugoo*)

= -é (ag"Lauga + 8“9_1900)

1/ _ - - _
= —5(07(9097)0ul900™)9) = 97 Ky - (1.37)
So far what we have described is nothing more than the standard prescription for intro-
ducing the concept of a gauge into the NSM and the 1-form A, is identified as a pure
gauge connection on the internal manifold 8. We are now in a position to rewrite the
equation of motion to make this more clear. Starting from eq.(1.30) we find that

il

duk* = 8,(9(a)k*g ()

(Bug(2))k g™ (z) + g(2)(8,k*)g™ ! (z) + g(2)k*(8ug ™ (2)) =0
(Buk)g™(2) + 97 (2) (Bug(a) kg™ (=) + k¥ (Bug ™' (2)) =0,

Fuk* + g7 (2)(Bug(@))R* + kH(Bug™ (2))g(z) =0

Bkt + Akt —KPA, =0 . (1.38)

¢ 4 U

Thus defining a covariant derivative D, = 0, + [A,, ] we write the equation of motion
as

Dyk* =0 . (1.39)

In other words the equation of motion for the NSM implies that the g.-valued form, k*
is covariantly conserved. Using the decomposition of the pure gauge A, eq.(1.33), we
can write

8Note that this is to be distinguished from the use of the term in the next chapter in the sense that
the A, is not a dynamical field. '
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Dyk* = G,k + [Ay, kY] = Ouk” + [hy + Ky, kY]
= Dukb = Gk + [hy, k¥ =0 (1.40)

The NSM equation of motion eq.(1.39), or equivalently eq.(1.40), may also be derived
along similar lines as previously, by variation of the action

1
Swsu =3 [ (@) k@) d%s (1.41)
Cp
where we denote the G-invariant metric on the coset space G/H by (-,-).

Now consider the g-valued Maurer-Cartan form A = g~1dyg

dA+ANA = d(g7'dg)+ g ldgngldg
= dg ' Adg+g ' Ad?g+g  dgg™! Adg
= dg~'Adg—glgdg”  ANdg =dg ' Adg —dg™ Adg
=dA+ANA = 0 . (1.42)

This is the Maurer-Cartan structure equation satisfied by the Maurer-Cartan form. In
keeping with our analogy with non-Abelian gauge theory we recognize F =dA+ AN A
as the curvaeture form corresponding to A. The Maurer-Cartan equation then, is just a
statement of vanishing curvature, F' = 0. In terms of the gauge 1-form A, this becomes

OuAy — 0, Ay +[Au A =0 . (1.43)

Using the Cartan decomposition of A, we find

By (hy + kv) = Ou(hy + ku) + [(Ry + Ky}, (A + &)
= (Buh — Buhy + s ] + [k, ku]) + (B + [ 0]
= (Boku+[hik]) (1.44)

The Maurer-Cartan equation can then be written as one first-order equation, the
Codazzi equation, and one first-order constraint

{ 3uhu - avh'p + [hﬂ.y hV] + [k#’ k"} =0 (145)

D#ky - Dyku - O
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The second of these equations may be written in a more compact form if we define the

dual form to k, as *k, = €,,k*, where ¢, is the two-dimensional Levi-Civita tensor®.

In terms of this dual form, the constraint equation may be written simply as

D"k =0 . (1.46)
Furthermore, since [ky, k] = —[*ky,* k., the Codazzi equation becomes
Buhy = Oyhy + Ay hy] = [k k] =0 . (1.47)

Clearly, eqs.(1.46) and (1.47) are dual to the equation of motion, eq.(1.40) and the
Codazzi equation, (the first of) eq.(1.45) under the duality transformation, k, « i*k,.
If, in addition the k, 1-form is self dual i.e., k, = *i*k, then the equations of motion
and Codazzi equations are equivalent to their dual counterparts so that k, and i*k,
must satisfy the same linear equations. Let

ky(z,A) = coshdk,(z) + sinhd*k,(z) (1.48) .

where

{ coshd = (A +A71)/2 (1.49)

sinh® = (A — A~1)/2

and A is a real parameter. This defines a continuous dual transformation on g4 such
that ky(z,1) = ku(z) and ku(z,—1) =" k,(z). Using the equation of motion (1.39) and
Codazzi equation (1.45) it is easily seen that

D, kH(z,\) = cosh ¥ D,k*(z) + sinh ¥ D, *kH(z) =0 (1.50)
and
(u(z,\),E(z,0)] = [cosh® ky(z) + sinhd *k,, coshd k, (z) + sinh 9 *k,]
= cosh?4 [k, (z), ky(2)] + sinh? 9 [*k, (z)," k. (z)]
+ sinhd coshd ([ku(2)," ku(2)] + [*ku(a), ku])
= (cosh2 9 - sinh? ¥ ) k(). kW (z)]
+ sinh# coshd ([ku(z)," ku(2)] = [ku(z)," B])
= [ku(2), ko(z)] - (1.51)
®We use the normalization, eo1 = ~€10 = 1.
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Clearly the set of 1-forms (h#(x),fcﬂ(:z:, A)) satisfy the same set of linear equations as
(hu(z), ku(z))

{ auhv(fr) - avhli(z) + [hl-t(?)a hp(:l)] + [}eﬂ(x’ 'X)’ Eu(x? )\)] =0 ] (1_52)
Dukt(z,A) =0

and {o,k,(z,\)} = coshd {0, kp} + € sinhd {0, k*} = 0 = I;:#(:c,i) € g+. We can
therefore write h,(z) + ku(z, M) as the Cartan decomposition of a pure-gauge (Maurer-
Cartan form) B = 9dy™! ie.,

hu(z) + ku{z, A) = %(z, N80z, \) . (1.53)

From this it follows that

@™ = —(hulz) +kulz, )
= Dup(z, ) = —ku(z, Ny (1.54)
which defines the action of the covariant derivative D, := 0, + hy on ¥(z, A).

We now look at gauge transformations of the Maurer-Cartan 1-form A4, and its
composition forms h, and k.. Let v(z) € H. We define the local gauge transforma--
tion of g(z) € G through right multiplication of g(z) with v(z) i.e., under an H-gauge
transformation g(z) transforms as

g9(z) = g'(z) = g(z)v(z) . (1.55)

The resulting transformations on A, and its projections are easily calculated

Ay = Aulz) = hy+k,
= ¢7H(2)8ug'(z) = v (2)Au()v(z) + v~ (2)uv(2)
= v Y z)hu(z)v(z) + v~ (z)Buv(z) + v (2)ku(z)v(z) . (1.56)

The correct transformation properties of the projection 1-forms can be deduced by noting
that the involution operator ¢ on G commutes and anticommutes with the first and
second terms respectively so

Au(z) = A, = v (z)Au(z)v(z) + v (2)8,v(x)
hu(z) = by, = v H(@)hy(2)o(z) + v~ (2)8uv(2) (1.57)
ku(z) = k, = v {(z)ku(z)v(z)
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Pursuing our analogy with non-Abelian gauge theories to the fullest, A,(z) and h,(z)
evidently transform like gauge connection 1-forms while k, is gauge covariant.

In the above, we considered v(z) € H and as such we were able to interpret the
transformation, g(z)} — g(z)v(z) as an H-gauge transformation. We can generalize this
to consider the case when v(z) is some element of the embedding group G. In this case
the above transformation corresponds to a change of frame. Without loss of generality,
we can choose v(z) = g~ !(z) € G. Under this transformation then, the Maurer-Cartan
1-form and its projections transform as

Au(z) = A, = g(z)Au(z)g™ (z) + 9(2)Bug ™ (2)
hu(z) = ki, = Hu(z) (1.58)
ku(z) = k), = K, (z)

where H, := g(z)h,g~'(z) + 9(z)8.9~(z) and K, is the Noether current defined in
eq.(1.31). These two 1-forms are not, in fact, unrelated since

Hy(z) = g(2)hug™(2) + 9(z)8ug ™! (2)g(2)g™" (z)
= 9(@)(hu(@) - 97" (2)8u9(2)) g7} (z) = —g(a)kug~ ()

= -K,(z) . (1.59)

Define U(z, A) := g(z)¥(z, \). We can use eq.(1.53) to calculate the evolution equation
for U(z, A) as follows

afiU(x’ A) = ang(x) ¢(2'1 A) + Q(z}aﬂ'@b(x? )‘)
= 3u9(2) ¥(2,)) — g(z) (hule) + kulz, V) (e, )
{~9(@)hug ™" (2) - 9(2)8u97"(2) - 9(@)Eu(z, Mg~ (2) }a ()=, A)

= —(Hu(x)-%f{ﬁ(x,}\))[f(z,)\) , (1.60)

fl

where K,(z, \) := g(z)ky(z, \)g~! (z). Writing this in terms of K, we find

K,(z,)) = cosh¥ K, + €, sinhd K¥(z) . (1.61)

We can write eq.{1.60) in terms of the constrained dynamical field ®(z) by substituting
—-1®(2)8,®(z) for K,(z). We finally arrive at

8,U(z,\) = -%{(cosh*x? - 1)@(2)3,8(2) + ¢, sinh? 2(2)8*®(2) }Ulz,)) . (1.62)

This, in turn can be brought into canonical form by defining the operator
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Lu(z,\) = -:,12.{ (cosh ® = 1)8(2)8,8(a) + 6,0 sinh I 8(2)3*2()} ,  (L63)

in terms of which the linear evolution equation for U(z, A) becomes

B U(z,\) = Lz, U (z, A) . (1.64)

This is the Laz pair representation for the NSM; a classical indicator of its integrability.
It is a set of linear equations (also called the auxiliary linear equations of the NSM) '
containing an arbitrary real parameter A, the spectral parameter. As far removed as the
above linear auxiliary equation seems from the original nonlinear equations of motion
for the principal chiral field ®(z); this distinction is merely illusory as the field equations
eq.(1.28) are embedded in the Lax pair. Differentiating eq.(1.64) we find

8,0,U(z,\) = 8, L(z, N Ulz, \) + Lu(z, N3, Ulz, A) (1.65)

Subtracting this from the corresponding equation with z — v and using the commutativ-
ity of the differentiation operators we find that the compatibility condition on eq.(1.64)
is

BuLy (7, N) = 8,Lu(z, ) = [Lu(z, N), L (2, N)] =0 . (1.66)

We note again the similarity that eq.(1.66) bears to the vanishing curvature condition
{for the two-form M := dL — L A L) of non-Abelian gauge theory. In two dimensions,
p = 0,1 and the evolution equation for U(z, A) becomes the set of two equations

86U (z, ) = LoU(z, \)
{ BU(zA) = L) (L67)
and the compatibility condition eq.(1.66) becomes
SoLy(z,A) = 81 Lo(z, A) = [Lo{z, A), L1 (z,N)] =0 . (1.68)
Using the definition of L, eq.(1.63), we find
BLi(z,)) = —%{(coshﬁ — 1)(8,8(2)30(z) + B(z)3,0B(z))
+ sinhd (8:8(2)0'@(c) + 8(2)510'9(z))}
8 Lo(z,)) = -—-;—{(coshﬁ — 1)(80®(2)5,8(z) + B(2)5B1(z))
+ sinhd (8,®(z)8°3(z) — q:(x)aoa%(z))} , (1.69)
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and

[Lo(z, 0, Loz, N)] = 3{(coshd ~ 18()818(z), 2(2)21 8()]

— sinh? 9 [®(2)8°®(z), ®(z)5 @(z)]
+ (cosh® — 1)sinh® [8(z)0,®(z), &(z)8' &(z)]
- (coshd — 1)sinh? [8(2)°0(a), ()50 ()]} . (1.70)

Now using the constraint condition ®2 = 1 and its derivatives it is easily seen that the
commutator, [Lg,L;] and the first terms in the derivatives of Ly and L, vanish. The
compatibility condition then becomes

O Lo —8L; = %sinhﬂ {(8080®(x) +8,6'®(z))®(z)

- 9(z)(800°®(z) + 8,0'(2))2(2)) } =0,
= [0,0®(z),8(z)] = 0 . | (1.71)

This is, as claimed, nothing but the equation of motion for the principal chiral field
&(z). We have thus shown that the equations of motion for the NSM correspond to the .
integrability problem for the Lax-pair and in principle, at least, reduced the problem to
one in algebra. This however does not imply that the equations of motion are simple
to solve. We will now turn our attention to a nonlinear g-model which does exhibit an
interesting class of exact solutions.

1.4 The O(3) o-model

Famed for its ubiquity in physics, where it appears in a vast range of fields from high
energy physics to condensed matter theory, the O(3) o-model has a target manifold
¥ = S§? which we can describe by 3 real, scalar fields ¢®,a = 1...3. In (d + 1)-dimensions
these fields define maps from a (d+ 1)-dimensional Minkowskian configuration space into
the target space, ¢ : Cg41 — L. The global symmetry is implemented by the nonlinear
constraint that the fields must lie on the unit sphere S? i.e., p®¢® = 1. The dynamics of
the model is determined by the action

1
o0 = 353 [, w0 s (172

where A is a coupling constant (which we set to unity in the rest of this chapter without
any loss of generality). That this action is equivalent to our definition eq.(1.1) may
be seen [43] by noting that we may ‘solve’ the constraint equation for one of the field
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components, say ¢° in terms of the others as o3 =+/T— ¢%p%10 We can then expand
the above action as

[

Sow) = 3/, {8004 % + Bupl Bl | d¥t'a
d+41

1
= o g _ Bup*d#P L ditls
5 Cd+1{5a33w o + T gngn PaPsoue 0%y }

I =

= 5[ has@)opto dia (L.73)
Cat1

where we identify the metric on the internal manifold as hyg = dug + vaws/ (1 — ¢"0")
with a representation

ﬂPQ @
hog = Lt o Tone (1.74)
af 5401 1+ ;pz <
1—pm 1—epn

From this we can calculate h := det(hag) = 1/(1 — ¢"¢") and h®® := (hag)~! = §*F —
©%pP. Using the definition, eq.(1.7) and the metmc we can also calculate the connection
coefficients I'j oL the target space as

oh 6h oh
T, = §ha4(8£ t Gt = Bpt) = han() - (1.75)
Again, we are interested in describing solitons; extended objects that are spatially local-
ized with finite dynamical characteristics so we will consider solutions that satisfy the
boundary condition eq.(1.10). At any fixed time t the field ¢ defines a map from an
effective configuration space S¢ into the target space S2. The fixed value ¢§ is assigned
to the image of spatial infinity. This fixes the configuration space for the O(3) NSM as
the set of based maps Cy = Mapy[S% 5%]. As in the case of the principal chiral field
®(z) in the previous section, we impose the field constraint via a Lagrange multiplier A,
in terms of which we write the O(3) NSM action as

1
Sowlel =5 [{aue 0o + XePe® - 1)} (1.76)
As usual the dynamical equations for the fields are obtained by requiring that the action
be stationary with respect to variations in ¢. The equations of motion are thus
(8u0* — 8,0%p")p" =0 (L.77)

where we have used the constraint equation ¢®¢® = 1 to eliminate the Lagrange multi-
plier.

°Note that early Greek indices, a, 8 = 1,2 unless otherwise stated.
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In what follows, we shall restrict ourselves to a (2 + 1)-dimensional configuration
space i.e., d = 2. Since eq.(1.77) is manifestly covariant and Lorentz invariant, it suf-
fices to comsider static solutions (py®(z) = 0) from which time-dependent solutions
may be obtained by Lorentz boosting the static solutions. Under this condition, the
d’Alembertian §,6* — —V? and the field equations become

(V2 - V20t =0 . (1.78)

Eq.(1.78) is a set of three (one for each component of ¢ = {¢*}) nonlinear coupled
partial differential equations which we now have the epic task of solving. We choose
not to! Rather than attack this problem by a brute force attempt at solving the full
nonlinear equations we will adopt the following strategy:

e Find the classical vacuum solutions,

o Identify the set of boundary conditions to be satisfied by any finite energy field
configuration,

e Make a homotopy classification of these boundary conditions, and

e In each “homotopy sector” find the finite energy solutions.

1.4.1 Classical Vacuum Solutions

The Hamiltonian for the O(3)-NSM, # is obtained from the classical Lagrangian, £ =
%@,cp“a“ga“ by the usual Legendre transformation, H = w%8yp® — L, where n° :=
0L /0" is the canonically conjugate momentum field. Substituting the above La-

angian and integrating over R? gives the energy of static configurations as
grang grating gl 334 g

L[ o oo
Eoim = 3 /R VG- Vgdz . (1.79)

Let us first look at the classical vacuum. This corresponds to the zero-energy point of
the theory. From eq.(1.79) we see that this requires that 8;¢ = 0 i.e., that the field
be spatially constant, @(z) = @Vz € R%. Note that the only requirement on @ is
that it be a unit vector satisfying @3 = 1. There are no restrictions on its direction
in internal space and thus there exists a family of continuous degenerate zero energy
solutions corresponding to the continuous set of directions in the internal space in which
@o may point and related to each other by O(3) rotations in $?. In order to pick a
vacuum, we need to arbitrarily choose one of these directions. Having done this, we
break the global O(3) symunetry of the theory. This is clearly an example of spontaneous
symmetry breaking (SSB) at the classical level i.e., the classical vacuum does not exhibit
the same symmetry as the full theory.
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1.4.2 Soliton Solutions

We now look at soliton solutions of the O(3)-NSM. In keeping with our definition thereof,
we look for finite (non-zero) emergy, spatially localized solutions of the field equations.
Reparametrizing R® by plane polar coordinates (r,8) so that the R? volume element
d?z — rdrdf, we can rewrite the energy of the system as

L2 [ 0.52 + = (35| rdr db
Eo@ = 5/; /0 [(@@ + 5 (9%) ]"” r
1 2r  proo
- 1 / / rIVEdrds . (1.80)
2Jo Jo

The energy is thus finite if limy_o0 |V@|2 = 0 i.e., if limy 00 @F(z) = P V6. Thus, since
the limiting field value is the same along all directions of approach to spatial infinity,
we identify all points at spatial infinity and the configuration space, R? is essentially
compactified into a 2-sphere with all points at infinity identified as the north pole. This,
then justifies our earlier claim that all finite energy solutions of the O(3)-NSM in 2
spatial dimensions are maps from an effective configuration space, S?, into a target
space S?. As is well known from homotopy theory, all such non-singular mappings may
be classified according to their homotopy or Chern-Pontryagin classes (see Appendix A)
which form a group II3(S5?%) = Z, where the equality here denotes group isomorphism.
Fields in each of the different homotopy classes are distinguished by their topological
index (or charge) @, a homotopic dynamical variable that is conserved independent of
the dynamical symmetries of the classical theory. For the O(3)-NSM we define the
topological current

KH o= ie’“’"g’:’- 8,0 %X 8, . (1.81)
87
That this current is conserved geometrically and is not a Noether current may be seen by
differentiating the constraint equation ¢+ @ =1 to give ¢- 8,¢ = 0. All field derivatives
therefore live in a plane orthogonal to the field vectors in internal space. Clearly then,
the internal space vector product between any two field derivatives is parallel to the field
vector itself. Thus

8K+ = %e“wa“@- 8,F X BpF =0 . (1.82)

The topological charge for the O(3)-NSM is constructed by integrating the time compo-
nent of the current over R? i.e.,

N

Q= /Rz KO d?g = %/ﬂz €15 0,5 x ;3 dz . (1.83)

A short calculation shows that this expression is in fact integer-valued ie., @ =n € Z,
and is a measure of the number of times the target space S? is traversed as the (effective)
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configuration space S? is spanned. At this stage the above construction might seem
rather ad hoc. In fact, it is quite difficult, in general, to obtain an explicit expression for
the topological conserved quantities in a nonlinear field theory in terms of the classical
field variables. In 1977 Isham [50] proposed one such construction algorithm based
on the relationships between the homotopy and cohomology groups of the maps from
configuration into internal manifolds. Using this construction it can be shown that the
above expression for the topological current arises quite naturally. The topological charge
is essential in establishing a finite lower bound on the energy as follows: We begin with
the trivial identity

[{@5% 5% 990) - (@7 5 x 9} a2 0, (1.84)

where 1,7 = 1,2 and the above identity is just a statement of the positivity of the inner
product on R%. We then expand this as

J{8:6- 86+ (5 x 099) - (6 x 0u0) F 26585 (6 x 99} 2 2 0
(1.85)

Contracting the skew-symmetric tensors in the second term and using some trivial vector
identities as well as the constraint condition on the field, we can write the second term
as

€€ (G x FP) - (Fx P) = 85[0 x (7 x @)
= &5 [p(6kF - 0 F) — PPk - P)]
= 8¢ 8¢ (1.86)

so that the above identity eq.(1.84) becomes

Ag(@,—@« 5'3) d’z > ;/Rz €7 PG x FG . (1.87)

We recognize immediately the energy (up to a constant) on the left-hand side of the
inequality and a term proportional to the topological charge on the right. In fact

E > 47|Q| . (1.88)

So finally, the importance of the topological charge becomes clear: it establishes a lower
bound on the energy of the solutions. In a given homotopy sector (characterized by @)
the energy is minimized when the inequality (1.88) is saturated. This occurs if the field
configurations satisfy the so-called self-duality equations
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Oif =te; GxOF . (1.89)

Note that this is a first order set of equations which are potentially easier to solve than
the full second order set of Euler-Lagrange equations. That the solutions of the above
self-duality equations also satisfy the Euler-Lagrange equations is easily seen since

Vg = 8;0'F = 0' (ke x 8 F) = £eij(ke*@ x 05@) x g
= HPx0P) xFo=—-g(0,5-09) =6(G-888) ,  (1.90)

where we have used the identity 8@ - 8; + ¢ - 8°3;¢ = 0 in the last step. The converse,
clearly, need not be true i.e., all solutions of the second order field equations need not
satisfy the self-duality equations. However, the problem of solving a set of nonlinear
coupled (albeit first order) equations still remains. We may glean more insight into the
self-duality equations by making a change of variables. We define

2¢1 wy = P2 (1.91)

Wy = ) 2 =
l-¢3 1-p3

which are just the coordinates of $? stereographically ’projected onto R2. Defining also
the complex valued felds, ¢ := p; + ip9 and w := wy + iwq, we find that

2
(1 - ¢3)?
From the self-dual equation eq.(1.89), we find that

Oiw =

06+ (6005 — p3Bhd)], i=1,2 . (1.92)

8¢ = kiej(¢8 0° — P°F¢) . (1.93)

Substituting this into eq.(1.92) reduces the self-duality equations to

Ow = Fibw . (1.94)

Expanding this gives 0w + 10wy = FiGw; £ Gews which we recognize as the Cauchy-
Riemann equations for the analytic function w being a function of Z or z = ! + iz?
corresponding to the upper or lower signs respectively:

61(.:}1 = ﬂ:azwg .
' 1.95
{ O1wa = Flaw (1.95)

Therefore, any analytic function w(z) is a solution of the self-dual equations and thus
also the full field equations!!. Choosing w = w(z) analytic, we find that dw/dz =

Y'Note that while w must be analytic, it need not be an entire function: isolated poles in w are
permitted. Divergences in w correspond to the north pole on S or ¢ = 1.
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(8 — i0p)w = Biw, so |dw/dz|? = (O1w1)? + (B1we)?. Substituting for these expressions
from eq.(1.92) we can rewrite the expression for the energy of the solutions in terms of
w as

\dw/dz|?
E= /1+Iw|2/4 &z . (1.96)

Since we assumed that w was an analytic function it is clear that, when written in terms
of @, it satisfies the self-dual equations, eq.(1.89) and is hence a self-dual solution of
the field equations. Furthermore, the topological index associated with such solutions is
related to their energy by

1
Q| = ;JEE . (1.97)
What do such solutions look like? As a simple prototype of a possible (static) solution
for arbitrary positive topological number n we take
1 n
w(z) = 15z - 2)" (1.98)

where n € Z¥, X € R is a scale parameter and z; € C represents the ‘location’ of the
solution in R?. It is not difficult to see that the above solution corresponds to the @ =n
vacuum sector of the theory since

0 = 1 dw/d2|* 4
4w ) (14 |w|2/4)?

_ —1— n2|2 - ZOIQn-Q}\—Zn dgm
(1 + llz — zp|2r A-2n)2
)\2“ 2n-1
= 4fr/ / P+ T (2.95)

where, in the last step, we have used the polar representation z — 2o = pe®. This inte-
gration is easily carried out, yielding Q = n, as claimed. The energy F = 47n of these
soliton solutions are thus finite as our analysis would lead us to expect. We conclude
then that w(z) represents explicit static soliton solutions of the O(3) NSM in (2 + 1)
dimensions. Dynamical solitons may be generated by Lorentz boosting the above static
solitons as a result of the Lorentz invariance of the parent theory.

One remarkable point about the above solutions is that they are scale invariant. In
other words the self~-dual solutions remain solutions under an arbitrary rescaling. This
seemingly benign property of the classical solutions clearly becomes problematic after
quantization (through which it is preserved) when we would like to have some particle-
like interpretation of these solitons. However this problem is not intractable, as we shall
see in the next chapter.
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1.5 Summary

We have reviewed some basic properties of the nonlinear o-model, emphasizing the rich
geometrical structure that makes it almost uniquely ubiquitous in physics. After intro-
ducing the model in terms of an embedding of a configuration space (usually identified
with spacetime) into a topologically nontrivial target space, we show that the coordinates
on the target manifold, X, interpreted as free dynamical fields satisfy a geodesic-like e-
quation of motion.

Section 1.3 was devoted to a study of integrability. A brief discussion of the general
idea of integrability of nonlinear partial differential equations and the method of Lax is
followed by a detailed construction of a Lax pair (1.64) for the nonlinear o-model, thus
demonstrating its integrability in two dimensions.

Some time was then devoted to the study of the o-model under the gauge group O(3).
Following [10], we have shown that not only does the O(3) model possess localized
solitonic sclutions but that these solutions saturate a finite, nonzero lower bound on their
energy. Such solitons solve a subset of the o-model equations - the self-dual equations
- which will remain a focal point of this work. In terms of stereographic coordinates
on the Riemann sphere that is the O(3) model target space, these self-duality equations
are just the Cauchy-Riemann equations (1.95) whose solutions, the o-model solitons, are
holomorphic functions.
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Chapter 2

The gauged o-model

I find physics is o wonderful subject. We know so very much and then
subsume it into so very few equations that we can say we know very little.

- Richard Feynman

In this chapter we consider a class of 2-dimensional gauged nonlinear o-models on axisym-
metric target manifolds embedded in a 3-dimensional Euclidean space. We show that,
subject to not too stringent constraints on the metric of the target space of the model,
any o-model in this class possess a self-dual point in its parameter space at which the cor-
responding energy of the field configuration saturates a Bogomol'nyi-Prasad-Sommerfeld
(BPS) bound [51]. By regarding the resulting first order self-dual field equations as a
dynamical system we are able to find several classes of spatially localized static solutions
which we identify as rings, lumps and vortices. Specifying the target space metric al-
lows us to correlate our results with several well known models. We show also that this
analysis breaks down when the gauge dynamics is of the mixed Maxwell-Chern-Simons

type.

2.1 Introduction.

The Abelian-Higgs model is without doubt, the prototype gauge field theory. It is a
theory of scalar electrodynamics described by an action (in (2 + 1)-dimensions):

San = [ [DudDFB - BFLF — V(9P fa (2.1)
where the charged scalar field, ¢ = ¢, + i¢2, and massless vector field, 4, transform as

$(z) = ¢'(z) = ) §(z)
Au(z) = A(2) = Ay — 3u\(2) (2.2)

making (2.1) locally U(1) invariant. Not only does the model exhibit spontaneous symme-
try breaking, it also (and more importantly, for our purposes) possesses vortex solutions
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Figure 2.1: Vortices as spatial cross sections on an infinite length cosmic string with radius equal
to the characteristic length of the vortex. The string endpoints are taken to be located at spatial
infinity.

[11] in the BPS limit of the theory i.e., there exists a point in the parameter space of the
model at which a critical relation among the coupling constants in the model permits a
reduction of the second order Euler-Lagrange equations to a set of first order equations
- the Bogomol’nyi equations [51] which may be solved (numerically or asymptotically)
to yield topologically stable solitons. These vortices are usually interpreted as spatial
cross-sections of (infinite length) cosmic strings [12] (see fig.2.1) of radii equal to the
characteristic length, A = (e|¢|)™!, of the vortex solution i.e., the region of space over
which the magnetic field B is appreciably different from zero.

In this chapter, we propose to study a generalization of the Abelian-Higgs model [34]
which differs from it by a factor of a scalar function of the field amplitude, h(|¢|?), in the
kinetic term for the matter field, ¢. Although a seemingly trivial extension, this modifies
the model quite significantly; in fact, as we will see, the resulting field theory actually
belongs to a class of gauged nonlinear g-models and, as such, carries with it all the geo-
metrical splendor of the latter. We will focus our attention on the possible extraction of
BPS vortex-like solutions and the constraints this places on the theory. We show that
although the model does support a self-dual limit (under appropriate restrictions of the
target space metric), the first order Bogomol’nyi equations are not, in general analytical-
ly solvable. Nevertheless, it is possible to extract valuable qualitative information about
the self~dual system by treating it as a dynamical system and analyzing the spatial field
configuration as the temporal evolution of the dynamical system. Thus we are able to
construct a general picture of the phase space of the associated dynamical system and
deduce from it the possible existence of several classes of localized solutions.

A key feature of our analysis is its generality; the scalar field self-interaction, for exam-
ple, is completely determined by imposing self-duality on the model thereby eliminating
the almost ad hoc usual treatment. The model reduces, under specific metric choices, to
several well known low dimensional field theories; the Abelian-Higgs model and gauged
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O(3) o-model [25, 26, 27, 28] among them.

Not content to quit while ahead, we then attempt to extend our analysis to include
Chern-Simons gauge interactions. Peculiar to odd-dimensional spacetimes, the Chern-
Simons gauge field, A,, takes values in a finite representation of the Lie algebra, g,
corresponding to the gauge group G. The Chern-Simons equations of motion are derived
from a term proportional to the wedge product of the Chern-Simons gauge connection
and its associated curvature 2-form i.e., Lcg ~ e“”AA#FUA. As such, the equations of
motion are gauge-covariant under the gauge transformation A, — ¢g~'A4,9+¢7d,g. For
an Abelian gauge theory (G = U(1), for example) the action Scs = | Lcs d°z is gauge
invariant so even though the Chern-Simons Lagrangian itself is not gauge-invariant it
does define a sensible gauge theory. Because the Chern-Simons term may be written
directly as a 3-form, Tr{AAdA+ AA AAA), it does not depend explicitly on the metric.
Consequently, the Chern-Simons term describes a topologically massive gauge field.

Coupling the Chern-Simons field to a charged scalar field taking values on a two-dimensional
o-model target manifold embedded in E®, we ask whether the gauged model allows for
the existence of BPS solitons? Our findings are then tested against known results for the -
Abelian-Higgs and the O(3) o-models.

2.2 The Model

In this section we introduce the class of nonlinear o-models that will occupy our attention
for at least the next two chapters. We assume that spacetime is a differentiable (n + 1)
manifold M = II x R with metric g,,(z) with signature (+,-,...,-). Although the case
n = 2 will be our primary concern we can - and will - retain as much generality as
possible for as long as possible. For the target manifold, Z, of the theory we shall
consider a set of two-dimensional axisymmetric smooth surfaces embedded in a three-
dimensional Euclidean (or pseudo-Euclidean) space. A vanishing Weyl tensor on X [52]
implies that any such surface must be conformally flat and we can always choose a system
of isothermal coordinates on X such that its metric, hgp{¢) is conformal i.e.,

hab(¢) b h(¢)6ab {aa b=1, 2} ) (23)

where h{¢) is a smooth positive definite function. Let f; : Il = ¥ be a smooth mapping
between spatial sections of M at fixed ¢ and the target manifold such that each point in
the coordinate space, labelled by the coordinate vector x with respect to some coordinate
chart on M is mapped onto some point on ¥ with coordinates ¢(x,t) with respect to
some local chart on ¥. We define the gauged nonlinear o-model on ¥ by its action as:

Svsw = [ Vlol{has(#)9 Dut* (@)D (2) = £ 0 FuFop = V(9)} ¥z, (24)

where g := det(g,,). The gauge field A,(z) takes values in some finite represehtation
of the Lie algebra, g, of the gauge group & which, for definiteness, we will assume to
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be Abelian and F,, = d,A, — 0,4, is the associated field strength tensor. We shall
consider a minimally coupled model so that, as usual, the gauge-covariant derivative is
D, = 8, +ieA, where e is the gauge-matter coupling constant. Using (2.3) we can write
the o-model action (2.4) in terms of the complex scalar field ¢ = ¢, + iy as

Swsm = /M Viol{n(e19" DusDoo = £ g Fuu Fop — V(9D } &'z . (25)

Although entirely equivalent to the formulation in terms of the real constrained fields,
this latter form will prove more convenient for our purposes and henceforth we will take
(2.5) as the defining action for the gauged nonlinear o-model. Note that the scalar field
self-interaction, V (|p|?), is an as yet undetermined function. We will show that the form
of V is completely determined by imposing self-duality on the model. An important
point to consider in any realistic gauge theory is that of renormalisability; for instance,
when n = 2 and 3 it is well known that renormalisability constrains the scalar potential
to be a polynomial in |¢| not exceeding degree 6 and 4 respectively. Our treatment will,
however, be unabashedly classical and, as such, we will be unbridled by the requirement
of renormalisability (see, for example, the complex sine-Gordon model in chapter 3 where
V must be chosen as a logarithmic function of |¢|).

2.2.1 Equations of Mation

The equations of motion for the charged matter field and gauge field result from varying
the action (2.5) with respect to % and A, respectively:

——0h av
e TS ad P J—
(05)p /M {Vlslg DupDuy o gl 57

- Dufy/lglg* hDugl} s (2.6)

after integrating by parts. Defining the ‘force density’ by F := g# DugoD,,cp% - %% and

setting 45/ = 0 yields

l v
—= 0 [Vislg™ hlpP) Dy = F] @7
Similarly; varying Snsy with respect to A, and integrating by parts gives:
614, = [ {l6le" bllg)=wDup + i0Diiz] - 41y ol 6 Fi)
v 1
- \/@%}5;;5,4,, | (2.8)

from which the corresponding Euler-Lagrange equations for the gauge field are
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1 v v
=0 [Vlalg" " Fsp] = h(lo[Dg™ I, (2.9)

where the gauge-covariant current density, J,, is defined by J, := ~i[gD,p — ¢ D, o).
Treating the metric, g, on M as a nondynamical background field means that equations
(2.9) and (2.9) completely determine the dynamics of the gauged nounlinear o-model on
L. All that remains is to solve them! However, eqs.(2.9) and (2.9) form a set of coupled,
nonlinear second order equations which, even in the simplest case of h(|p|?) = 1 (the
Abelian-Higgs model) is analytically intractable in its most general form. The aim of
this chapter is to show that under certain conditions it becomes possible to reduce the
above equations to an equivalent set of first order equations in much the same way as
was achieved for the Abelian-Higgs model [51]. This reduction occurs at a point in the
space of parameters of the model - the self-dual point - and the reduced set of equations
is called the self-dual or Bogomol’'nyi equations. The existence of a self-dual limit in
a theory is more than just a coincidental tool that facilitates solution of the equations
of motion (or at least some subset thereof); it was shown that self-duality is in fact
intimately related to the embedding properties of the gauge group of the model into a
supersymimetric gauge group [53].

2.3 A self-dual limit

Proceeding in analogy with the Abelian-Higgs model we will consider static field con-
figurations and use the gauge degree of freedom permitted by the gauge-invariance of
(2.5) under U(1) transformations to fix the gauge as the temporal gauge, Ay = 0. Clear-
ly the electric field E* = F% vanishes and the static energy as constructed from the
energy-momentum tensor

Tw = h(le|?)Dupdup + h(|e[*)Dupd,e
- WwFua0,A% —guLlnsm (2.10)

is
B, Al = [ {mlol)Del + V(o) + 3Fh) o | (2.11)

where we have fixed the configuration space, M, to be a (2+1)-dimensional Minkowskian
manifold i.e., gy = 7, and the magnetic field B = Fy = —F3.

The construction of a self-dual limit for the Abelian-Higgs theory hinges on the so-called
Bogomol’'nyi identity [51]

Dl = (D1 £ iDa)gl & 5V x Ik clg’B | (2.12)
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which, it can be shown [34], generalizes to

A(lglDeP = h(lp)|(Dy % D) % gl B £V x 2T (2.13)

when the target manifold of the theory is nonflat. Denoting by o the square of the field
amplitude, we define (p) in (2.13) by

1 e / /
olo) = 5/ hd)dd >0 , (2.14)
[+

and the spatial component of the covariant matter current density as J := —i{ywDgp ~
#Dy). The lower limit of integration in (2.14) ensures that oJ exists and is differentiable
at zeros of g thereby satisfying the requirements of Green’s theorem. Applying this to
the last term in (2.13) yields:

/vX—d"‘x.../ 0J-dS =0 | (2.15)

since J — 0 at spatial infinity. Using (2.13) we rewrite the energy (2.11) after a little
algebra, as

E = [H{h(lgo[z)[(DlizDg)gol? [B:t(%é’-.r{)]

- %(?-K)+V}d%:hux¢ , (2.16)

where ® := [; B d?z is the magnetic flux through the plane and K is an, as yet, unde-
termined constant. Note that the fact that we have not as yet specified the form of the
self interaction V(||?) permits us a degree of freedom which we now fix by requiring
that the theory possess a self~dual limit. Choosing the self-interaction to be

viiel) = §(52 - k)’ (2.17)

reduces (2.16) to

E= /w {h(Dy £ iDa) + £[B = (e“" K)|'}d% + uKe . (2.18)

Assuming that the field amplitude, g, approaches some constant value, v, as |x| = oo
then the finiteness of the energy of the solutions requires that the self-dual potential tend
to one of its zeros. This fixes K = Za(v)v and hence (2.17) becomes

e?
V(Q)zﬁ“ﬁf (0) (2.19)
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where f(p) = a{v)v — o(p)o. Since u and, by construction, h(|y|?) are positive definite
the first term in (2.18) is positive definite. Consequently, the energy of the model is
bounded from below by the magnetic flux through the plane. This gives the Bogomol'nyi-
Prasad-Sommerfeld (BPS) bound on the energy: F > puK® that is saturated for field
configurations satisfying the self-duality equations:

(D1 £iDy)p = 0 , (2.20)
B+ =(ap-of)) = 0 . (2.21)
L

Solving (2.20) for B and substituting into (2.21) gives a Liouville-like equation

-V?Inp= gEf(@) , (2.22)

or, equivalently,

(Vo)

2
~Vie+ == =ofle) (2.23)

where the independent variable x has been rescaled to absorb the coefficient 2e/pu.

Equations (2.22),(2.22) admit several classes of localized solutions which can be easily
classified if the system is treated as a (nonautonomous) dynamical system. We will
restrict ourselves to radially symmetric solutions, ¢ = p(r). Renaming p through z and
r through ¢, eq.(2.23) is rewritten as

i=y , (2.24)

g=L Y @) . (2.25)

Certain facts about solutions of (2.24), (2.25) can be established without specifying the
form of f(g). First of all, since ga(g) is a monotonically growing function, f(p) has
only one zero: f(v) = 0. Hence the system (2.24), (2.25) will always have only two
fixed points: (z,y) = (0,0) and (v,0). Localized solutions are described by homoclinic
and heteroclinic trajectories of (2.24),(2.25) interpolating between these two fixed points.

The point (v,0) is always a saddle point. Indeed, small perturbations about (v,0) satisfy
V250 = 125p, where '

d
V= y—(a >0 2.26
dg( 2) i (2.26)

It is not too difficult to see that the origin is also a saddle point. Let, first, z < 0.
Writing z = —e?, eq.(2.23) becomes an equation for a damped particle in a potential U:
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q g = —f(~e?) = __6___({ 2.9

g+ =—f(=e): 5 (2.27)
Since f(p) is positive for negative g, the function U(g) is monotonically growing for all
q. Therefore as ¢ — +c0, the particle will roll downhill in the direction of negative g.
For large negative ¢ the slope becomes constant:

f(=e?) = f(0) =va(v) as ¢g— -0 , (2.28)
and eq.(2.27) gives
g(t) - Cilnt + Cp — E?tg as t— 400 (2.29)

where C;, 'y are constants determined by the initial conditions. Consequently, all tra-
jectories starting at z(tg) < 0 at some ¢y > 0, flow to the origin:

z(t) = —eC1tH0=t/4 0 a5 ¢t 400 . (2.30)

Since (2.27) is time-reversible, the backwards-in-time evolution of any initial condition
with z(tp) < 0 for some t5 < 0, will also end up at the origin: z(t) = 0 as t = —c0.

Let now z > 0. Here we write z = €7 and eq.(2.23) becomes

g+ % = —f(e9) := _U . (2.31)

For ¢ < Inv the potential U(g) has positive slope, and for ¢ > Inv the slope is negative.
Hence a trajectory with initial conditions z(tg) > 0, y(te) < 0 for some ¢y > 0, will end
up at the origin as ¢t =+ +oc0. The same is true for the backwards evolution of the initial
conditions z(tg) > 0, y(tp) > 0 for some ¢y < 0. As t — —oo, we have z,y — (0,0) for
such a trajectory. In essence, then, we can isolate three possible sets of trajectories that
correspond to possible physical field configurations:

(i) the homoclinic orbits emanating from the origin, passing through y =0 at z < v
and flowing to (0,0) as t — oo; (i) a set of trajectories with initial condition (zg,0),
0 < zp < v which fow to the origin as ¢t — oo and (44i) a set of heteroclinic trajectories
that emanate from the origin at ¢ = —oc0 and flow to (v,0) as t — oo. It is not difficult
to see that these families can be identified with ‘ring’, ‘lump’ and ‘vortex’-like solutions
respectively.

The above analysis is admittedly rather qualitative but in order to get a more clear

picture of the phase portrait we need to specify the metric of the target space of the
theory. Furthermore, without explicit knowledge of f(z) we are unable to comment on

38



the stability of each type of solution. Nevertheless, we are at least able to classify possible
localized solutions. In the next chapter we apply this prescription to find finite energy
localized solutions of the gauged complex sine-Gordon model in (2 + 1)-dimensions but
before we do so, it will be useful to check the compatibility of our results with known
results for the Abelian-Higgs model and gauged O(3) o-model.

2.3.1 Reductions of the model

As a consistency check of our model we treat two models with well known solutions.

1. A(J¢|?) = 1: In this case the action (2.5) (with n = 2 and g,, = 7,,) reduces
trivially to (2.1) and the o-model self-duality equations (2.20),(2.21) become

Bx(l-|g*)=0 , (2.33)

which are just the Bogomol'nyi equations for the Abelian-Higgs model [51] corre-
sponding to the symmetry breaking self-interaction V{|p|?) = %(1 - |@|?)2. The
solutions of the above system are well known and we refer the reader to the exten-
sive literature on the Abelian-Higgs model for further details.

2. h{|p|?) = 2/(1 + |p|*)?: This metric choice corresponds to £ = S? and reduces
(2.5) to ‘

L gm’ Do — Hguoqve 2] 3
/ 1+l 1+ |o2)? “SDDV‘p"Zg 97 FuFop — V(o] )}dﬂ? {2.34)

which is nothing but the action for the O(3) o-model covariantly coupled to the
metric, gu,. For a flat Minkowski manifold, M, egs.(2.20) and (2.21) reduce to

(Dy £iDy)p =0 (2.35)
o gl-|g?
B_i{HW} , (2.36)

which, comparing with egs.(13) and (14) of [26] (with n = 0) are evidently the
Bogomol’'nyi equations for a U(l) gauged O(3) nonlinear g-model. The above
system of self-dual equations was shown to support coexisting vortices and anti-
vortices with a quantized magnetic flux, @, that is proportional to the difference
between the number of vortices and anti-vortices. With the coupling of gravity
these solutions represent cosmic strings and anti-strings with opposite magnetic
charge. An important point to note is that our prescription naturally picks out the
maximally symmetry breaking potential
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1,1 -1
e :i}2)2~ (2.37)

This is not the only form of the potential that has been studied [28]. Omne may
also choose a potential V = |¢|?/(2+ 2|¢|?) in which the ground state is equivalent
to the symmetric vacuum ¢ = 0, A, = 0. The resulting gauged theory is slightly
problematic though, in that the energy of the model fails to account for vortices
with opposing magnetic alignments :.e., only vortices with negative local magnetic
charge contribute to the total energy of the vortex-anti-vortex system.

2.4 Chern-Simons gauge field interactions

It is a well known fact that odd-dimensional spacetimes allow for the possibility of
topologically massive gauge dynamics [54] with the introduction of a Chern-Simons ter-
m proportional to e#*A,F,, in the action. Moreover, several of the low-dimensional
field theoretic models known to exhibit vortex solutions when the gauge dynamics is of
the Maxwell type also admit so-called Chern-Simons or Maxwell-Chern-Simons vortices
[55, 56] which, unlike Nielsen-Olesen vortices of the Abelian-Higgs model, carry both
electric charge and magnetic lux. We now gauge the above (2 + 1)-dimensional general
model with a pure Chern-Simons field and find that most of the preceding analysis on the
Maxwell-gauged theory remain valid. The fact that we retain a dynamical gauge theory
even in the absence of a Maxwell term is justified by the presence of a Higgs mechanis-
m in the classical theory [57] as suggested by the symmetry-breaking self-interactions
induced by self-duality. We conclude by using our procedure to reconstruct the vortex
solutions of the Chern-Simons gauged O(3) o-model as well as to construct new vortex
solutions of the gauged complex sine-Gordon equation.

The (2 + 1)-dimensional model of a charged scalar field on a target manifold with metric
h(l¢|?) coupled to a Chern-Simons gauge field is defined by the action

S= [, {p1eP)DueDTo + L2 AaFp ~ V (16} (238)

Variation of (2.38) with respect to ¢ and A, produce the scalar and Chern-Simons feld
equations respectively:

v  oh .
Dg(hD“go)z—é—_—-f- 55 DueDRe (2.39)
EeoBFog+eh(lp)J” =0 . (2.40)

2

Suppressing all time derivatives in the action (2.38), the Chern-Simons static energy
functional is
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52 2
Elp, 5] = [, (h(o) Dol + Sz + Vo) & (241)

where we have used the Chern-Simons Gauss law,

4= (55) ﬁ (2.42)

to eliminate A%. Using the generalized Bogomol'nyi identity (2.13) and choosing the
scalar field self-interaction as

4
Vel = SlePrieP) (o) (2.43)

where, as before, f{|¢|?) := (a(v)v — a(|o|?)|p|?), allows us to further rewrite the static
energy (2.41) in a self-dual form,

K

5= [ {h(l<ﬁ|2)l(D1iiDz)sol2+(Qe)g(lw‘l%)[B:Fiijiwlzh(lwf)f(lsol?)r}d2$

+ K& | (2.44)

where ® = [ B d?r is, as usual, the magnetic flux through the plane, K = ea(v)v is a
constant fixed by the boundary conditions on ¢. With h(Jp[?) > 0 the first term in the
static energy functional (2.44) is manifestly positive giving a lower bound on the energy
of E > K|®| for a fixed value of the flux. The bound is achieved by field configurations
satisfying the self-duality equations

(D, £iD3)p =0 , (2.45)

2¢3
B¥ Flfplzﬁ(mz)f(lw!z) =0, (2.46)
where the upper (lower) sign corresponds to positive (negative) flux values. Restricting

ourselves to axisymmetric field configurations, ¢(r,8) = /p(r)e®(?) reduces eq.(2.46)
to

Vot Yf = Ph(a)f(e) (2.47)

after rescaiing x to f;;x.

As in the Maxwell case the self-duality equations (2.45) and (2.46) are equivalent to a

ronautonomous dynamical system that we get by renaming p through z and r through
i
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=y , (2.48)

g=L % — 2?h(z)f(z) . (2.49)

In fixing K = ea(v)v, we have implicitly restricted ourselves to field configurations that
approach a constant value v at spatial infinity. Since h(p) is strictly positive f(p), as in
the Maxwell case, has only one zero! at p = v. Writing f(z) := z h(z) f(z) casts (2.49)
into a similar form as (2.25) with f satisfying similar properties to f(z) in the latter
system. Hence the system (2.48),(2.49) for the Chern-Simons case will also have only two
fixed points (for nonzero Dirichlet boundary conditions on ¢): (z,y) = (0,0) and (v,0)
with the homoclinic and heteroclinic orbits that interpolate between them describing
localized solutions of (2.45),(2.46). In fact an analysis similar to the preceding one for
Maxwell gauge dynamics shows that the structure of the phase space of the Chern-
Simons system is at least qualitatively the same as the former and we will not repeat
the calculation here. Suffice it to say that we expect similar localized solutions for the
Chern-Simons gauged o-model.

2.5 Self~-duality in Maxwell-Chern-Simons o-models

In this section we investigate the possibility of extending our previous results to a class
of (2 + 1)-dimensional gauged nonlinear o-models coupled to a spin-1 field in a region of
its parameter space in which the Maxwell and Chern-Simons terms in its action are of
the same order.

In a recent paper, Lee et.al. [58] consider two self-dual Higgs models: U(1) and U(1) x
U(1l) gauge theories with one and two Maxwell-Chern-Simons gauge fields respectively.
A common ingredient in each model was a neutral scalar field N which coupled to the
matter fields of each model only via the potential terms. Although, as in our prescrip-
tion, the only constraint that is imposed on the models is that they possess a self-dual
limit, it is sufficient to completely determine the auxiliary field in terms of the charged
matter fields of each theory. Evidently, the neutral field is crucial for each model to
possess self-dual limits. These (gauge invariant) results were also shown to be consistent
with previously known results for self-dual models [51, 11, 56].

In what follows, we continue to consider a class of gauged nonlinear o-models on two-
dimensional target manifolds embedded in E3, only now retaining both Maxwell and
Chern-Simons terms in the action and ask whether the phenomenon reported by Lee et.al.
{(namely, that their models are not manifestly self-dual when the gauge field dynamics is
of the mixed Maxwell-Chern-Simons type)is specific to the Higgs model (corresponding
to the flat target-space case of our models) and its variations (like the aforementioned

'Note K was fixed so that the scalar potential, V, vanishes as x| — oc. In the Chern-Simons case,
this is not the only way that V might do se, since requiring that [p] — 0 as |x| = oo will also ensure
that V' go to zero at spatial infinity for arbitrary K.
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U(1) x U(1) model) or does it apply to a wider class of theories? Stated another way;
do the Maxwell-Chern-Simons gauged o-models on embedded two-dimensional target s-
paces possess self-dual limits?

To answer this question we consider a nonlinear o-model on a two-dimensional smooth
surface, , embedded in 3. A vanishing Weyl tensor for such a surface [52] implies that it
is conformally flat, which in turn allows us to write the metric on I as hgp = h(|y)| Vb
where h(|@|?) is a C%, positive definite function on . As such the action for the
Maxwell-Chern-Simons gauged X-model on ¥ reads

K

17 sy = Vel . (250)

5= / &’z {h(lwﬁ)DuwD“w S L
M 4

The matter field equations remain the same as in the pure Maxwell (or pure Chern-
Simons) cases:

A P —
Du(h(lsol2)D“‘<p) =55 Tt (2.51)

Variation of the action with respect to the gauge field A, gives the Maxwell-Chern-Simons
gauge field equations

R(oP)T” +pdrF> + 5P g =0 (2.52)

where J, = —ie[g D, p—pD, ] is the gauge-covariant current density. The corresponding
Gauss law can be read from the zeroth component of (2.52) as

kB = 2e|¢|*h By Argp + 2€%|p|*h Ag — uV - (VAg + BpA) (2.53)

where B = Fy; is the magnetic field strength and Argy = —i{p — @)/(¢ + @). Our
interest in the model lies in whether or not it supportsa self-dual limit; in other words,
whether the corresponding energy functional, E[p, Ag, A] is bounded from below by some
topological quantity. The energy functional derives from the Lagrangian via a Legendre
transformation as

Elp, Ao, A] = sz {R|Dopl? + h Dol + g‘;um + VA + B2 + V(o) } Pz (2.54)

Restricting ourselves to static field configurations ¢ = p(x), Ag = Ag (x) and A = A(x)
and suppressing all time derivatives reduces the energy (2.54) to

E= / {nIDel? + 2 4Zo*h+ 5 (VA + EB + V(ipP)} 'z, (256)
M2 2 2
and the Maxwell-Chern-Simons-Gauss law to
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kB = 2e%|p|? Agh — uV - (VAg) . (2.56)

Applying the Bogomol'nyi identity

ad

h(lol*)Def? = h(jp*)|(Dy £ iD2)o|* + ealp|*B £V x =

(2.57)
where op|? = foMz h(z)dz > 0, to the static energy (2.55) and recalling that, for
sufficiently smooth «, the last term in the above identity integrates to zero over R?, we
find that

E= / {h|1:>1 +iDy)p|? + ea|p|*B + gAOB + §B2 + V(|<p|2)} d’z . (2.58)
R
The t xnporal component of the gauge field, Ay, may be completely elliminated from
the expression for the energy (2.58) by appealing to the Gauss law (2.56) and imposing
the gauge condition VAy = 0 so that, after a little algebra, we may write (2.58) in the
self-dual form

B= [, {hoP)D £iDa)p + 3 (BF 16} st Ko (259)

where G := (2e%|p|2h)/(k? + 2ue?|p|?h) > 0; f := K — ea|yp|?, K is a constant and & is
the magnetic flux through R®. Note that, by virtue of (2.59), the form of the scalar field
self-interaction is determined as

21,412
V=_];f2Gr__ €|tp|h

2 T K2 + 2ue?|p|?h

(K - ealo)? . (2.60)

We can now read off the self-duality equations that saturate the BPS energy bound,
E > K|®|, from (2.59) as:

(D1 + iDg)(p =0 y (261)
2¢%|p|*h ‘

Returning now to the gauge condition VAy = 0, we find after integration that Ay = &
where k is some non-zero constant. From the Gauss law we then can read off an expression
for the magnetic field:

9 2
B= %k|<p|2h . (2.63)
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So, comparing with (2.62) we find that

2% 2€2|p|h
_— = ke . 2.64
klo|*h i}g2+2ﬁ821@[2h.f (2-64)
Writing ¢ = ,/pe™(?), this may be written as
k f
AN 2.
K inz + 2ue?ph (2.65)
or, equivalently, recalling that h = — f’
B
pedslB (2.66)
o o

where A := x/2ue’k uxd B = 5?/2ue? > 0. Eq.(2.66) is easily integrated, giving

[*4f] = Bo*4~t (2.67)

or f = +(B/A)+Cp¥4. Finiteness of the energy of the solutions require that ¢ evolve to
one of the zeros of the potential at spatial infinity, thus fixing K as K = ea(gp)go where
go > 0 is the field amplitude at spatial infinity. Clearly then, f(go) = K — ea{go)go =0
fixing C = ‘*;(B,KA)QQ*A. Finally, then we express f as

B 0
and find h = = f/ = ~B(g/pp)¥4~! < 0. The inconsistency here is clear! We began by
assuming that h was positive definite and applied the gauging prescription advocated for
the Maxwell and Chern-Simons gauged g-models to the Maxwell-Chern-Simons sector
of the same class of nonlinear o-models only to find that consistency of the prescription
requires that the metric h on the target manifold of the o-model be negative definite. The
above argument is admittedly gauge dependent but is consistent with the results of Lee
et.al. [58] for the h = 1 case. As in their U(1) and U(1)xU(1) Higgs models, this problem
may be circumvented by the addition of an auxiliary neutral scalar field that couples to
the charged matter content of the model only through the self-dual potential. As we have
seen, the form of the self-dual potential is completely determined by imposing self-duality
on the model so the coupling of such an auxiliary field should also be determined at the
self-duality point in the parameter space of the model. Hence, we would also expect
the target manifold of the auxiliary field to be topologically nontrivial. Details of this
analysis, as well as a fully gauge invariant version of the preceding argument are currently
being completed and we hope to report our findings in a forthcoming publication.
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2.6 Summary and conclusions

This chapter was devoted to a study of a class of U(1)-gauged noulinear o-models on
2-dimensional axisymmetric target manifolds. Our results have been two-fold: firstly;
we have shown that, given certain restrictions on the target manifold (manifest as con-
straints on the metric) such o-models possess self-dual limits in which the second order
equations of motion for the scalar field reduce to a set of first order equations that
saturate a lower bound on the energy. Secondly; we have shown that by treating the
self-duality equations as a dynamical system we are able to extract valuable qualitative
information about localized field configurations.

The latter parts of the chapter have focused on extending the formalism to include
topologically massive gauge dynamics. We have shown that while a nonlinear o-model
coupled to a pure Chern-Simons gauge field also exhibits a self-dual limit; the same
cannot be sald for mixed Maxwell-Chern-Simons dynamics in which the existence of a
self-dual limif cannot be established without the introduction of a neutral auxiliary scalar
field. As such this is an extension of the work of Lee ef.al. [58] to theories with nontrivial
target manifolds.
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Chapter 3

The complex sine-Gordon model

Must you be so linear Jean-Luc?

- Q to Picard in ‘All good things...’

We investigate some properties of the planar complex sine-Gordon model. The recent
Barashenkov-Pelinovsky construction of exact vortices for the Euclidean formulation of -
the theory is reviewed. We then investigate the existence of vortices in the BPS limit of
a U(1)-gauged complex sine-Gordon model in (2 + 1)-dimensions.

3.1 Introduction.

The complex sine-Gordon model {CSG), like the nonlinear o-model is a non-ultralocal
field theory with a nontrivial target manifold. In fact, it was originally derived from
a reduction of the O(4) nonlinear o-model [30]. It differs, however, from the nonlinear
models we have encountered thus far in that it describes a massive scalar field. As an
application of the general formalism developed in the previous chapter we will investigate
some properties of the (2 + 1) dimensional complex sine-Gordon model. The (2 + 0)
Euclidean formulation has received considerable attention of late and was recently shown
to exhibit exact vortex solutions [33]. The simplicity manifest in this solution merits
further attention so we begin by reviewing the construction of the exact vortices of the
Euclidean complex sine-Gordon theory.

3.2 Exact Vortex Solutions of the O(2) Complex sine-Gordon
Theory

The complex sine-Gordon theory in two Euclidean dimensions is defined by its action as

Scsc "/ !VTQLIQ !‘Plz)}aﬂ ‘ (3.1)

Although not as extensively studied as its (1 + 1) dimensional Minkowskian formulation
the Euclidean CSG nevertheless exhibits rich geometric and nonperturbative structure
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and merits further study. Recent interest in the Euclidean formulation has also been
sparked by the realization that it resurfaces in Euclidean conformal field theories. In
particular, it may be derived as a reduction of the integrably perturbed SU(2)y gauged
Wess-Zumino-Witten model [59, 60, 61].

The equations of motion (the CSG equation) follows, as usual, from the least action
principle!

6Ssg

0550 (Vo)'p . (3.2)
op

0 = V%+ +o(l-lp) =0
eI or o1 - lel%)

Note that the action, eq.(3.1) and hence the CSG equation, eq.(3.2) is clearly invariant
under global O(2) transformations.

3.2.1 The Barashenkov-Pelinovsky construction

It is well known [62] that there exists a on¢-io-one correspondence between the O(2)
CSG model and the massive Thirring model on E? as defined by its action

SvTM = /2 {z@f&@ + oty - i»(\I’T'yg‘If)z -1+ c.c} d*z (3.3)
E

where § := v*8; and ~; := o; are the Dirac gamma matrices on E2. ¥ = (u,v)7 is a
Dirac 2-spinor. A simple calculation shows that, in terms of the spinor components, u
and v, the action for the massive Thirring model, eq.(3.3) becomes

SMT™ = /{£2 {iﬁ@v + 150u + |u? + |v|? ~ [uv|? - 1 + c.c} d’z (3.4)

where we have defined the complex derivative operators as 8 := 8 — i0; and 0 :=
01 +18;. Carrying out the necessary functional differentiation yields the massive Thirring
equations as a system of first order coupled partial differential equations for the spinor
components

55&31‘&&:0 = iGv+u-—uv)?=0 ,
37
ey guenoieo -

Solving the first of eqs.(3.5) for v in terms of u and substituting into the second yields
the second order equation satisfied by u

80u + ié_%ﬁ—f- w(l-|u?)=0 . (3.6)

'"We omit details of the calculation and refer the reader to previous, similar calculations in chapter 1.
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Similarly, the second order equation satisfied by v is

93w + %5-{- o(l- =0 . (3.7)
It is clear from a comparison of these equations with the planar CSG equation, eq.(3.2)
that the spinor components satisfy the CSG equation on E2. The crux of the BP construc-
tion is the fact that the massive Thirring equations of motion for the spinor components
of ¥, egs.(3.5) may be interpreted as an auto-Backlund transformation between solu-
tion surfaces of the CSG theory. Given any solution, ¢g, of the CSG equation we may

construct an entire hierarchy of solutions via the Béacklund transformation in a purely
algebraic manner. We now proceed to construct a particular solution of eq.(3.2).

In trying to construct vortex solution to the planar CSG model, we restrict ourselves to
axisymmetric multivortex solutions of the form y(r) = ®,(r)e"™® where r and 6 are a
polar parameterization of E® and n labels the vorticity of the solutions [33]. The field
amplitudes ®,(r) — 1 at spatial infinity i.e., as r — oco. 3ubstituting this form into
eq.(3.2) and simplifying yields an equivalent form of the CSG equation for the vortex
amplitude

r T n o 2
dgf;;( )4 }_d@;: by . :I’@(;%T) { (d‘pdf)f -G+ enni -2 =0 . 39)

Note that while we have converted the CSG equation to an ordinary differential equation;
eq.(3.8) is not much simpler than the original CSG equation. However, recalling that
we have two equivalent first order equations at our disposal in the form of the Backlund
transformation equations (3.5). We assume that each of the spinor components have the
appropriate vortex form and choose ¥ = —i®,_,(r)ei" 1% and v = &,(r)e". In polar
coordinates the derivative operators are 8 = (8, — )e™* and 9 = (8, + L8)e¥ so
that the spinor equations, eqgs.(3.5), yield a system of equations relating the vortex with
vorticity n to that with vorticity n — 1

gi@dnT(r) + g@n(r) = (1 -_— @%(T))@n-l(r) 3
...d@“d': ) + n ; l@,;-ﬂ”’) = (1-®5 i(r)&a(r) . (3.9)

For the case n = 1 the second of eqs.(3.9) reduces to

—— = (1 - 95})®, , 3.10

g = 0% (3.10)
which is clearly solved by the constant solution ®; = 1. This is the vacuum solution
which may now be used in conjunction with the Backlund transformation to generate less
trivial solutions with nonzero vorticities. To derive the 1-vortex solution we substitute
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®y = 1 into the second of eqs.(3.9) with n = 1. This reduces to a Ricatti equation of the
form

d@l l 2

—_— =P =1-®7 . 1
d?" "1"’ T@I l 1 (3 1)
Defining I'(r)/T'(r) := ®; where the prime denotes differentiation with respect to r

brings eq.(3.11) into a linear equation in I'(r)

rwﬂ+§ﬂﬂ—mﬂ=o . (3.12)

We recognize eq.(3.12) as the zero order modified Bessel’s equation whose solutions are
modified Bessel’s functions of zero order I'(r) = Alj(r) + BKy(r). Boundary conditions
on the field amplitude @, (r) require that I'(r) be bounded at the origin. This fixes B = 0.
Without loss of generality we can choose A = 1 thereby normalizing I at the origin so
that I'(r) = Iy(r). The n = 1 vortex solution of the planar CSG :10del is then

_ I(r) _ Lfr)
®,(r) = Ig B h0 (3.13)

Rearranging the spinor equations in the form eq.(3.9) provides a recursion relation

2 dé,

=2 dr (314

@n+1 =®, -
that may be used to generate a hierarchy of higher order exact vortex solutions to the
Euclidean CSG model. For instance, when n = 1, eq.(3.14) gives an expression for the
2-vortex as

2 do; 212 (I; _ 1115) _B-LD
I, I

B CB-r

Po = e i i e ] e
2=%0 -1y -T2

(3.15)
Similar calculations yield expressions for ®,(r},n > 3. As advertised, this construction
is completely algebraic. We plot the vortex solutions for the case n = 1,2 and n =3 in
figs. 3.1 and 3.2 respectively.

3.2.2 Properties of the vortex solutions

Before proceeding to analyze the U(1)-gauged CSG model, we note several interesting
properties of the exact CSG vortices. Firstly, the CSG model is, like the nonlinear o-
model, a non-ultralocal field theory. While the two theories differ quite significantly in
the topology of the respective target manifolds they are structurally very similar. As
such, we might anticipate the existence of internal gauge degrees of freedom in the CSG
model also. It turns out that not only is this the case, but the Euclidean CSG theory
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Figure 3.1: Vortex solutions of the planar complex sine-Gordon equation for n = 1, 2.

Figure 3.2: Complex sine-Gordon vortex for n = 3.

also posses a self-dual limit not unlike that exhibited by the nonlinear sigma model.
Analogous to the holomorphic functions which saturate the Bogomol'nyi bound on the
energy in the O(3) o-model, the n = 1 vortex of the Euclidean CSG model minimizes
the action, eq.(3.1) and may be interpreted as a self-dual soliton of the model. To show
this we note that iV‘ZI)Ig = |81/;|2 ~ 2(O1 1G9y — A PaBathy) where ¥ = 1) + 199 so that
after a little algebra we can rearrange the action, eq.(3.1) as

(1 — 2y [2
SgsG = fp 1% 1(-}14,;';” ) d23:+/;2 Bi{ln(l — [9[%)€i;0; (Arg) +2¢i}d2x (3.16)

Defining the “gauge potential” 4; = In(1 — |9|%)€;;0;(Argy) + 2¢; allows us to write this
in a more familiar form as

— — 2412
sEsezf@ 1%¢ 1(-1|¢I|;M ) d%-%-/EzV-Adzx . (3.17)

Implicit in this construction of the above form of the action is the constraint that ||* < 1.
Thus, unlike the nonlinear o-model, self-dual solutions of the Euclidean CSG model do
not exist on the entire target space, X, but are restricted to that submanifold, Zgp C
on which the coordinates satisfy the above inequality. As we will see, this constraint is
intimately tied to the reformulation of the CSG model as a nonlinear sigma model on
a noncompact target space. We point out also that the vector field A; is completely
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determined by the the matter field ¢ and has no dynamical properties of its own. It
corresponds to an internal degree of freedom that is manifest in the action, eq.(3.17).
As such it differs significantly from the gauge field to be introduced in the gauged CSG
model in which we couple the complex sine-Gordon matter field to a dynamical U(1)-
vector field whose dynamics play an important role in determining the nature of any
solitonic solutions. In Euclidean space, the action and energy are identical so we see that
on Zsp the energy, q.(3.17) is bounded from below by a flux-like term representing the
divergence of the “gauge field” A; through E? ie., Ecsg > F where F := [V - Ad?z.
This is the Bogomol'nyi bound for the CSG model. This bound is saturated in the
self-dual limit i.e. when

o - (L-ly?)=0 . (3.18)

It is not difficult to see that the n = 1 vortex, eq.(3.13), is a solution of eq.(3.18) and is
consequently a self-dual soliton of the Euclidean CSG model.

The second point of interest is that, unlike the solitons of the nonlinear sigma model;
the energy of the Euclidean CSG vortices is divergent. This is easily seen from the
Bogomol'nyi inequality. The flux term, F', may be written as

F=/ V-Ad%zf A-dl (3.19)
g2 ar?

where the boundary of F2, 8F2 is a circle, Cp, of radius R — co. Using the asymptotic

form of the nth order vortex configuration ®,(r) ~ 1 — - — g’“;z- + O(r—3) we find

F=2r(2R-lR-1)+0(r"1) , (3.20)

which clearly diverges as B — oo and the vortex energy also. This divergence of the
vortex energy points to a natural cut-off radius in the system. Physically this could
correspond to the radial distance between adjacent vortex lines in a multivortex system.

3.3 The gauged complex sine-Gordon model

We proceed now to the CSG model in (2 + 1) Minkowski spacetime, M3, as defined by
its action

. 0,p0Hp 2 '
Scsa :=/ il SRR § . 3.21
[T = lel) (3.21)
The equations of motion for the system are, as usual, derived from the variation of
the above action. Varying? eq.(3.21)with respect to @(z) gives the relativistic complex
sine-Gordon equation on M3

% Again, we omit calculational details and refer the reader to chapter 1 for similar calculations
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PO | o1~ o) =0 (3.22)
1 - el

Static solutions of this model essentially solve the planar Euclidean CSG equations. The
CSG model on M3 thus also exhibits localized, stable, static vortex solutions[33]). The
action, eq.(3.21), and thus the equations of motion eq.(3.22) are clearly invariant under
global U(1) transformations p(z) — ¢'(z) = €'*¢ (o = constant). Physical considera-
tions, however, motivate that we consider a local theory for which « is a function of the
spacetime coordinates z,. Invariance under local U(1) transformations is implemented
by requiring that the derivative operator be gauge covariant under local transformation-
s p(z) — ei®(@p(r). This couples the matter field ¢(z) to a spin-1 gauge field with
the appropriate transformation properties. Physically, as in for instance the theory of
superfluids, this corresponds to immersing the matter field (the superfluid) in an elec-
tromagnetic field.

0,0 ¢ +

As we will show, the dynamics of the gauge field play an important role in determining
the structure of the of the solutions to the field equations. In odd dimensional spacetime
the gauge form may also be a topologically massive Chern-Simons 1-form [54, 63]. In this
case, the gauge dynamics is of the Chern-Simons type. With the recent upsurge in interest
surrounding low dimensional systems in general and anyonic matter in particular, Chern-
Simons theories are now receiving more attention than ever before (see, for instance
[64] and references therein). In this chapter we investigate in detail the existence of
vortex-like solutions to the Maxwell-gauged CSG model on M?®. Although we omit
treating the case when the gauge dynamics is of the Chern-Simons type, we know from
‘our previous analysis that our prescription for constructing localized self-dual solutions
extends without much difficulty to topologically massive gauge dynamics. This work
is based primarily on a forthcoming paper [34] in which the geometry of the o-model
surface and Chern-Simons dynamics is freated more thoroughly.

3.4 The Maxwell-gauged complex sine-Gordon model

Beginning with the action, eq.(3.21), we impose local O(2) invariance, i.e., we require
that under local U(1) ~ O(2) transformations p(z) — e®(®)y(z) the action transform
as S{yp] — S[p]. Invariance of the action demands the matter field be coupled to a U(1)
gauge field A, (z) which transforms as A, — A}, = A, —i0,a(z) with a a U(1) generator.
We then construct the minimally coupled gauge-covariant derivative as D, := 0, +ieA,
where e is a coupling constant. We consider the case where the gauge field dynamics is
of the Maxwell type. Defining the gauge curvature as usual by F,, := 8, A, — O, A4, we
find that the action for the (locally O(2) invariant) CSG model becomes

— D;AO(D""CP) 2 E py 2 3
Seso = [ AT + (=l = §RuF® V(o)) dz . (323)

Since the theory is both Lorentz and gauge invariant we may restrict ourselves to static,
finite energy solutions in the temporal gauge, so ¢ = p(x), A, = A,(x), Ag =0. Under
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these restrictions it is clear that dyp = GpA, = 0 and Fy, = Fj0 = 0 and the solutions
are electrically neutral. The related energy momentum tensor Ty, derives from

oL acr oL
T = o+ 77— 0P+ 704\ - gL . 3.24
860 ¢ B ¢ BuAn Y (529
where £ is the Lagrangian corresponding to the gauged CSG action eq.(3.23). Using the
explicit form in eq.(3.23) in the definition of the energy-momentum tensor yields

© D#
™ = f’ I(‘;’I)Q 8% + 1(_ lzl)ga”cp — uFHeY A, — g L (3.25)

The (0, 0)th component of the energy-momentum tensor gives the energy of static solu-
tions to the CSG system as

1 (Dip)(Divw) 2y M v 2 2
E=Lz T &z = /té? {W = (L= 1el") + 7 FuF™ + V(o )}d z ,(3.26)
where 7 = 1,2. Any static solution ¢(x) of the CSG model in M3 must satisfy eq.(3.26).
We now consider the subset of those solutions that satisfy a Bogomol’nyi type bound
on the energy. Such solution must satisfy en equivalent first order set of equations {the
self-dual equations). Obviously while all self-dual solutions are also solutions of the CSG
equations, the reverse need not be true.

3.4.1 Self~dual limit

Let us now apply the formalism developed in the previous chapter to the complex sine-
Gordon model in order to establish a self-dual limit. First of all, from the action (3.23) we
identify (in our previously defined notation) h(jp|?) = 1/(1 — |¢|?). Using this together
with the generalized Bogomol'nyi identity

h(pP) Dol = h(lo?)|(Dy Do)l £ elp?B £V x &L (3.27)

allows us to rewrite the complex sine-Gordon energy (3.26) as

E =

1 {2|(Dl & iDs) |

2 Jge 1 — |2 + p[Fm * i(l +n(l - ]@2))}2 |

62 2
+ 2W(lel) - 20— fol') - S L+ - o) o Fer , (328)

where @ := [p2 F1o d%z is the magnetic flux through R?. Note that, as in the general
model, we have not, as yet specified the form of the self interaction V (y|?). This permits
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us a degree of freedom which we now fix by requiring that the theory posses a self-dual
limit. Choosing the self-interaction to be

Vilo) = & [n(1 - of?) +1]7 + (1 = o] 3.29
o) = 5 [m - o) + 1]+ W= lof) (3.29)

allows us to write the energy as

E = /%{2’(01111:?322)90?+u[Fmi~Z(ln(l—Icp]g)—%l)]g}dzx

F oed . (3.30)

Since p > 0, the first term in eqn.(3.30) is positive definite in on the self-dual subspace
Tsp = {@ € T | |p|> < 1} of the CSG target space . For p = 1, this is precisely the
constraint on the (standard) CSG model that permits a o-model reformulation [33]. On
the self-dual submanifold, the CSG energy is bounded from below by the magnetic flux.
This gives the Bogomol'nyi-Prasad-Sommerfeld {BPS) bound on the energy: E > e|®|.
From eq.(3.30) we see that the BPS bound is saturated for field configurations that
satisfy the self-dual equations:

(D1 £iDs)p = 0 (3.31)

F12i§(1+1n(1—|<p|2)) =0 . (3.32)

We now attempt to solve the above system for classical, localized, axisymmetric field
configurations and as such we can (without loss of generality) normalize all arbitrary
constants and write ¢(r) = /p(r)e*® where (r,8) are polar coordinates on R%. The
first of egs.(3.32) gives a relation between the matter field amplitude and the gauge field
components as A; = F(1/2)e;;0;Inp ~ O;w(0). We then calculate Fi and substitute
into the second of eqs.(3.32). This gives a second order differential equation for the field
amplitude

_.%-gﬂ lno(r) = 1 +1n(l - o(r)) (3.33)

Unfortunately, unlike the ungauged case, eq.(3.33) is devoid of exact analytic solutions>.
Nevertheless, we can still extract valuable phase and asymptotxc behavior from it to
supplement numerical integration of the equation.

3.4.2 Fictitious Particle Interpretation

We begin our qualitative analysis of the self-dual equation, eq.(3.33) by drawing an
analogy with classical mechanics. Let x := Ing(r). Then the self-dual equation for the

3As far as we are aware.
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Figure 3.3: Plot of the fictitious particle potential. Note that we have scaled the potential so as
to include spatial infinity in the fictitious particle space.

gauged CGS equation becomes x"(r) + (1/7)x'(r) = —-2(1 + In{1 — eX)) = —dU(x)/dr,
where U(y) := x — dilog(1l — eX) and the dilogarithm function is defined as dilog(x) :=
[fInt/(1 — t) dt. This may be interpreted as the equation of motion of a fictitious
classical particle undergoing damped motion under the action of the potential U(x). We
conformally rescale U(x) and plot it in fig.3.3. Note that in this classical mechanical
analogy, the damping of the system is inversely proportional to the time evolution so we
expect the particle ‘energy’ loss to be large early on in it’s time evolution. Returning to
the field theoretic system; this observation allows us to determine which of the possible
field configurations have finite energy.

3.4.3 Phase Behavior

In order to determine the qualitative behavior of the solutions to eq.(3.33) we rewrite it
(recalling that g = o(r)) as ’

o

?"Qm —

do.y | do 2

hal — = - - .34
r() e =-2r’[L+In(l-g)] , (3.34)
and definet:=r, z :=pand y = ¢ := %f. In terms of these new variables eq.(3.34)
becomes

z =y ;
vy

This is a nonautonomous system of differential equations with fixed points at (0,0)
and (1 — 1/e,0). As discussed earlier, we restrict ourselves to field configurations that
take values on the self-dual submanifold of the target space. This restriction effectively
compactifies the phase space of the system to {(z,y) € RxR | 0 < z < 1}. In the phase
portrait for this system, given in fig.3.4, we include only the self-dual solution curves.
From the phase portrait we are able to distinguish several interesting trajectories:
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Figure 3.4: Trajectories of the dynamical system.a-d: homoclinic trajectories emanating from
(0,0) at t = —oco and flowing into (0,0) as t =& +oo. The parts of the curves with parameter
values (0 < ¢ < oo) describe the n =0 (d) and n = 2 (a-c) lump solitons.

e Solution curves, a-c, that begin at ¢ = 0 at points along the line y = 0 and end at
the origin as ¢ — oo. These curves form a continuous family for all initial z values
between z = 0 and z = 1 — 1/e. Essentially, these solution curves are symmetric
about y = 0 reflecting the fact that the dynamical system is manifestly invariant
under a {t - —t,y — —y} transformation. The reflected curves correspond to
r < 0 and are inadmissible.

e Another continuous family of trajectories, d, that, at ¢t = 0, begin at z = 0 with
finite,nonzero y values, cross the y = 0 line at some finite ¢ and terminate at (0.0)
as t = oo and

e Two special solution curves, e and f, beginning, at ¢t =0, at z = 0 and y ~ 0.702
and y ~ 0.00013 respectively and evolving to the saddle point at (1 — 1/e,0) as
t — oo. The second of these trajectories is the hetroclinic trajectory joining the
two fixed points of the system.

3.4.4 Asymptopia

The phase behavior of the self~-dual system indicates that at least two of the three families
of solutions, decay to zero amplitude at large radius while the third approaches some
finite non zero value, gy asymptotically. We now analyze each family of curves separately.

1. Rings: These solutions correspond to the family of trajectories labelled a-c in fig.3.4
The asymptotic forms for such ring-like solutions is easily found, from eq.(3.34) to
be

as r—oo . (3.36)
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Figure 3.5: Plot of the field amplitude, o(r), for ring-like self-dual solutions of the gauged CSG
model for n = 2 and n = 4 and various values of a.

These solutions involve two parameters, n and a, vanish for large r and are non-

singular at the origin for n > 1. Pursuing our analogy with the classical particle,

these solutions correspond to a particle starting at x = —~o0 at { = 0 with a positive

velocity. As a result of its large energy losses in the early stages of its evolution, .
if its velocity is less than a certain critical velocity it will stop short of the top of

the potential at some finite ‘time’, ¢, and roll back down to x = -0 ast — oo. In

fig.3.5 we plot the field amplitude, v/p(r), for ring-like solutions for n = 2 and 4

and a = 0.5 and 0.6.

. Lumps: Self-dual field configurations corresponding to the family of trajectories, d,
in fig.3.4 all have nonzero field amplitude at the origin. These solutions, plotted in
fig.3.6, have the same asymptotic form as the ring-like solutions above with n = 0,
i.€.,

1
o(r) ~ a—ga?’g-{—... as r—=0 ,

o(r) ~ e™/h as r—oo . (3.37)
In terms of the classical particle analogy, such lump-like solutions correspond to the
fictitious particle beginning at some finite position on the potential hill at ¢ = 0. All
initial positions, xp to the left (see fig.3.3) of the saddle point at x, = In(1 — 1/e)
will evolve to x = —oco0 as t — oo while any initial particle position xo > x. will
evolve off the self-dual manifold. The former behavior corresponds to the lump
solutions of the self-dual equation, eq.(3.33).

. Yortices: The vortex solution of the model (trajectories e and f in fig.3.4) corre-
sponds to the particle in our classical mechanical analogy beginning at xo = —o©
at t = 0 with some critical initial velocity such that it evolves to a final state at
X = Xx- The large r asymptotic form of this solution is determined by rewriting
the self-dual equation in terms of x(r) as
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Figure 3.6: Plot of the field amplitude, g(r), for lump-like self-dual solutions of the gauged CSG
model for n = 0 and various values of a.

Vix=flx) (3.38)

where we define f(x) := —2(1 + In(l — €X)). Linearizing about the fixed point
X+ = 1 — 1/e and changing variables to z := x — x. we find that z(r) obeys

d’z  1d= 9

e (3.39)
where we have exploited the axial symmetry of z and defined A\? := (e — 1). This
is easily recognized as the modified Bessel’s equation of the zeroth order with
solution z(r) = Aly(Ar)+ BKy(Ar), where A and B are integration constants. The
boundary condition on g(r) imposes that z — 0~ as r — oo which fixes A = 0
and B = —k? for some k € R. Thus , using the asymptotic form of the modified
Bessel’s function of the second kind, we find o(r) ~ gopexp{e™*"/+/7} as r = .
The behavior of the solution close to the origin is easily found to be the same as for
the ring-like solutions, i.e. p(r) ~ ar® — $r"*2 4 .. asr — 0. The vortex solution
is plotted in fig.3.7 for n = 2 and 4 (see below).

3.4.5 Fluxes and energies of self-dual solutions

While the field amplitude, g(r), of self-dual field configurations remains nonsingular for
all radial values and, the gauge field, A;, develops a singularity at the origin for n > 0
as a result of the In g term:

r
2r

A judicious choice of w := Fnd/2, however, removes this divergence in the gauge field.
The field profile for the self-dual solutions is ¢(r) = /p(r)e¥™¥/2 It is clear also that

A = Fr—e€i75 — 0 () as r—0 . (3.40)
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Figure 3.7: Plot of the field amplitude, 1/o(r), for the vortex solutions of the gauged CSG model
forn =2 and n =4. )

for ¢ to be single-valued when zeros of g(r) are encircled n/2 must be an integer and
hence n = 2N, N € Z. These self-dual field configurations are BPS solitons. As such
their energies are proportional to the flux of the magnetic field through R®. This is easily
calculated as follows: Let Cg be a circle of sufficiently large radius, R, centered at the
origin, then

5 = lim/C(ivzlng+Vwa)d23:
R

R0

= lim (£VxIng+ Vw)-dl , (3.41)
R—o0 JaCy .

where our use of Green’s theorem in the last step is justified, having eliminated diver-

gences in A; in the integration domain. Since the field amplitude for both ring and lump

solutions approach zero as Gaussian functions of the radius asymptotically far away from

the origin; we need only distinguish between two cases:

1. Rings and lumps: In this case the dominant contribution to the flux integral,
eq.(3.41), comes from the first term:

d 5 s 2
/‘QCR(Vxlng)lmR-dl—-Lcﬁd—rlng(r)eglm}z«Rdeeg— TR? | (3.42)

where we have used the asymptotic form, g(r) ~ e~™*/4 for the field amplitude.
The magnetic flux thus diverges quadratically in the limit as R becomes infinite.
Consequently, both lumps and rings correspond to infinite-energy solutions.

2. Vortices: The vortex solution is characterized by the fact that o(r) — g far
away from the origin. The first term in eq.(3.41) thus rapidly decays to zero for
sufficiently large r and the contribution to the magnetic flux is dominated by the
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second term. The flux for vortex solutions is calculated to be @ = 27n = 7N
for {N € Z | |N| > 1}. We interpret the integer, N, as the vorticity of the vortex
solutions. Furthermore, as the vortex solutions saturate a BPS bound, their energy
is proportional to ® and therefore both finite and quantized.

3.4.6 Comments

A few comments are now in order. First, we note that the primary difference between
the static vortices in the (2 + 1)-dimensional gauged model and those of the ungauged
complex sine-Gordon model in two Euclidean dimensions is the vortex energy. As was
shown in [33], the energy of the latter diverges. The above construction seems to indi-
cate that divergences in the energy of complex sine-Gordon vortices can be controlled by
coupling the nonlinear scalar field to a magnetic field. In fact, since the gauged complex
sine-Gordon vortices saturate a BPS bound; the vortex energy is not only finite; it is also
quantized (not unlike the Nielsen-Qlesen strings in (2+1)-dimensional Abelian-Higgs the-
ory). Similarly, the stability of the vortex solutions of the gauged complex sine-Gordon
model is topological in nature and re.ated to the fact that each vortex may be uniquely
labelled by its ‘vorticity’. That this is so is not surprising [65]. The action, eq.(3.23),
is manifestly U(1)-invariant and from the form of the self-interaction of ¢, eq.(3.29), we
identify the coset space, G/H, of the gauged complex sine-Gordon as S'. Every finite-
energy non-singular solution of the field equations defines a map from S' (in physical
space) into G/H ~ S (in field space). As is well known, such maps fall into homotopy
classes characterized by an integer ‘winding number’ which effectively partitions the s-
pace of non-singular finite-energy solutions to the gauged complex sine-Gordon equations
into an infinite number of disjoint sectors. The vorticity of the vortex sclutions in the
above construction is precisely the (topologically invariant) winding number of the field
maps.

The next point of interest is that, unlike other low dimensional models that also exhibit
vortices [11, 28], self-dual solutions in the complex sine-Gordon model only occur for |¢| <
1 effectively reducing the volume of physical space in which vortices arise. The reduced
physical space is the image of the inverse map, ¢! : Bsp — M?3. This restriction was
also acknowledged in [33] where it was pointed out that it is a necessary condition for the
exact vortex solution to render the Euclidean action a minimum. Furthermore; imposing
lp| < 1 allows one to reformulate the complex sine-Gordon theory as a o-model on a
two-dimensional surface embedded in a three-dimensional non-compact pseudo-Euclidean
space. Evidently then only the self-dual submanifold, £sp, permits interpretation as
a nonlinear g-model. Why this is so is not entirely clear to us at this stage but we
postpone further analysis of the geometry of the complex sine-Gordon theory to a future
publication [34].
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3.5 Summary

We have reviewed the construction procedure of exact vortex solutions of the planar
complex sine-Gordon equation. After rederiving the exact solution we point out, as in
[33] that the vortex energy is linearly divergent.

We then proposed a mechanism to bring the vortex energies under control by coupling the
sine-Gordon matter field to a U(1) Maxwell gauge field. Bearing in mind the structural
similarity of the complex sine-Gordon and nonlinear o-models, we have shown that,
by treating the complex sine-Gordon model as a c-model on a 2-dimensional surface
embedded in a pseudo-Euclidean 3-space (see [33] for details), we can apply the formalism
developed in the previous chapter. A full phase space analysis was then carried out on
the resulting Bogomol’nyi equations using the CONTENT dynamical systems package
and three classes of localized solutions extracted. Two of these (the ‘lump’ and ‘ring’-like
solutions) are energetically divergent while the third corresponds to finite energy vortices.
A simple homotopic argument shows that these are topologically stable solutions.
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Chapter 4

The oc-model and self-dual
Yang-Mills theory

Many (and perhaps all?) of the ordinary and partial differential equations
that are regarded as being integrable or solvable may be obtained from the
self-dual gauge field equations (or its generalisations) by reduction.

- R. Ward (1985)

We investigate the four-dimensional self-dual Yang-Mills equations. Beginning with a
review of Witten’s dimensional reduction of the four-dimensional Euclidean Yang-Mills
action to a (1 + 1)-dimensional Abelian-Higgs model we proceed to show that the pro-
cedure may be generalized to include field theories , like the principal chiral model, with
nonlinear target manifolds.

4.1 Introduction

The self~dual Yang-Mills system is arguably one of the most interesting and important
multidimensional integrable systems. Initially manifest in field theory [66, 67, 68] and
relativity [69, 70] it was subsequently realized that the self-dual Yang-Mills equations
are quite ubiquitous. Indeed, in 1985 Ward conjectured that every completely integrable
equation arises as a reduction of the self-dual Yang-Mills equations [71, 72] although at
the time it was not known whether two of the most important completely integrable
equations, the Korteweg-de Vries (KdV) and Kadomtsev-Petviashvili (KP) equations
could be derived from the self-dual Yang-Mills equations. Later work by Mason and
Sparling [73] has however added strength to the conjecture showing that for an sl(2,C)
valued gauge form in a particular gauge, the self-dual Yang-Mills equations (in lightcone
coordinates) do indeed reduce to the KdV equation

49,4 — 3?:; —12udeu =0 , (4.1)
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and the nonlinear Schrédinger equation,

/

i0:¢ = B¢ F 2|¢I° - (4.2)

Moreover, recent work by Strachan [74] has shown that methods developed to construct
monopole solutions to the four-dimensional self-dual Yang-Mills equations [75] may be
extended to extract the soliton solutions of eq.(4.2).

The last fifteen years have seen a proliferation of the number of equations that arise from
the self-dual Yang-Mills system either by dimensional reduction (see for instance [36] for
a development of the dimensional reduction procedure based on the gauge symmetries of
the Yang-Mills system) or in the asymptotic limit. A full discussion of these reductions
is beyond the scope of this thesis and we refer the interested reader to [76] and the
references therein for a more complete discussion. In keeping with the spirit of the thesis
we focus on the nonlinear g-model and its “derivation” as a reduction from the self-dual
Yang-Mills theory in four Euclidean dimensions. This chapter is structured as follows:
In the next section we recapitulate some basic facts regarding the self-dual Yang-Mills
model and, in particular, Pohlmeyer’s reformulation of the Yang-Mills equations {30, 77].
Section 4.3 offers a small but significant diversion in which we look more closely at the
dimensional reduction procedure pioneered by Witten [35], Forgdcs and Manton [36] and
Taubes [37]. In doing so we will adopt the differential form notation of [37]. We then
proceed to show that the nonlinear o-model in (1 + 1)-dimensions may be derived from
a dimensional reduction of the self-dual Yang-Mills system. We conclude with a proof of
the equivalence of the nonlinear o-model and the principal chiral model actions.

4.2 The self-dual Yang-Mills model

In this section we recall some basic facts about Yang-Mills gauge theory and its (an-
ti) self-dual structure. Yang-Mills theory is essentially a study of connections on the
principal bundle over some base manifold M. The Yang-Mills gauge potential, 4,, is
identified with the connection 1-form, A = A,dz# taking values in a Lie algebra g (with
corresponding Lie group G)!. The field strength tensor corresponds to the associated
curvature 2-form, F := dA+ AA A and may be regarded as a g-valued rank-2 skew sym-
metric contravariant tensor on M. The dynamics of the Yang-Mills field is determined
by the Yang-Mills action

Snp=%/.TNFNF), 4.3)
ec UM

where * is the Hodge star operator on M and e is a coupling constant. Variation of (4.3)
with respect to A(z) yields the (sourceless) Yang-Mills equations

D'F=0 , (4.4)

'Although this is quite general, it is also possible for A to take values in an algebra related to
diffeomorphisms as in the gauge theoretic formulation of gravity.
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where the gauge-covariant derivative operator is defined through its action on some 2-
form Q as DQ := dQ+[A, Q). In terms of the curvature 2-form F the self-dual Yang-Mills
equations are ' = x*F, where the (—)+ sign corresponds to the (anti self-) self-dual
equations. In matrix form this becomes

1
Fap = i:?-EABCDF cr (4.5)

where Fap = 04Ap —8pA4—[Aa, Ap] and the coordinates on F! are z4 (A =1,2,3,4).
Lightcone (null) coordinates on E* are defined, as usual, by

To = T1 + 134, Ta = T1 —1%4, T =Ty +HiZ3, T i= o —iT3 (4.6)
s0 that the metric on E* becomes ds? = dzndzs + dzgdzg. Furthermore, in null coordi-
nates,

O 1= O — 104, Oz = o1 + ‘i64, 85 = Oy — i(93, 85 = Gy + 103 (4.7)

and the self-dual equations (4.5) become

Fog =0
Fag=0 , (4.8)
FQG+F§§:D 3

where Aq, Az, Ap and Ag are defined in a manner analogous to (4.6). As in the original
Yang-Mills equations, the self~dual field equations, egs.(4.5) and (4.9) are invariant under
the gauge transformation A — gAg=" — (dg)g~>.

For later convenience it will prove useful to recast the self-duality equations into a form
due to Pohlmeyer [30]. To do this we choose g = gI(N, C) (the Lie algebra of N x N com-
plex matrices) associated with the Lie group GI(N,C). We now choose the components
of the connection 1-form in null coordinates as

Ag=-H"'9H, Az=-K '9:K, Ag=-H"'9H, Az=-K'§GK, (49

where H,K € gI(N,C). In this parameterization we find after a little algebra that

KFsK™! = G:(KH NG, (HK™!) + KH18;0,(HK™!)
= O{HK ) o,(HK™)} . (4.10)
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After a judicious choice of J := HK™! € gl(NV,C) this yields KF,s K™ = 85(J718,J).
It is obvious also that a similar result holds with o replaced by 5. In terms of the
Pohlmeyer variables, then, the last of eq.(4.9) becomes

0571 8ad) + 85(I185T) =0 . (4.11)

It is not difficult to see that the first and second of eqs.(4.9) are nothing but the com-
patibility conditions for the Pohlmeyer parameterization and so are identically satisfied.
While this particular form of the self-dual equations proves very convenient in many of
the reduction schemes (as it will in our reduction to the nonlinear o-model} we note, fol-
lowing Ward [71] that having specified the gauge group (as GI(N,C)) it is not as general
as eq.{4.5) nor does it preserve the manifest SO(4) invariance of the latter.

4.3 The Abelian-Higgs model and self-dual Yang-Mills the-
ory

We now investigate the possibility of deriving the (Euclidean) Abelian-Higgs model by
dimensional reduction of an SU(2) Yang-Mills system on the four dimensional manifold
R? x §? with Riemannian line element ds? = dz? + dz? + 0%(d6? + sin® 6dp?). It was
shown by Witten [35] and then by Forgdcs and Manton [36] that an SU(2) Yang-Mills
theory on R* could be reduced to an Abelian Higgs theory on a 2-dimensional spacetime
with constant negative curvature by imposing spherical symmetry on the gauge fields.
This work was recently extended [78, 79] to a class of Higgs models in which the gauge
field dynamics occur in the presence of some (field-dependent) dielectric medium. In the
language of differential forms, the reduction procedure requires the connections for the
Yang-Mills field to be invariant under a lifting of the group of rotations, O(3), about a
fixed line in R* to an action on the bundle R* x SU(2). It was proved by Taubes [37]
that all solutions to the SU(2) Yang-Mills equations in the set of C™ lifting-invariant
connections are either self dual or anti-self dual. More importantly, this is also the case
for O(3) invariant solutions to the SU(2) Yang-Mills equations on R? x §2. It is instruc-
tive to first review the reduction procedure [37].

Comsider the SU(2) Yang-Mills equations on the 4 dimensional manifold R* x 52 with a
line element, ds? = dz? + dz + 0%(d6? + sin® 6dp?), with Q possibly dependent on the
connection components. Let Cps) be the set of C° Yang-Mills connections invariant
under a lifting of the rotation group, O(3), acting on S? onto the principal bundle and
{o7}3_, be the set of 2 x 2 Pauli matrices. Then

Q = i{cos 0o + sinB(cosp 0! +sindo?)}, 7 (4.12)

is an element of the Lie algebra of SU(2) with @? = —1. Any Yang-Mills connection
A € Cp(3y has the form

A= SAdCQ + (4~ 1)QAQ + 162dQ, (4.13)
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where ¢; = ¢1(z1,Z2), d2 = d2(z1,72) and A(z;,z2) is a U(1)-valued gauge field. This
gauge connection is clearly cylindrically symmetric and ¢; and A are independent of
6 and ¢. This will permit us to integrate out any polar degrees of freedom which are
allocated to the scalar matter field. The associated curvature two-form is given by,?

F=dA+ [AAl=dA+ANA. (414)

Now, defining the curvature of the U(1) sector as F = §;A;dz’ A dz7, we get

dA=FQ+ 5dQ Aa+ 5Qdbi AdQ + 5($1 - VAQAdQ + 3 AdQ,  (4.15)

where the one-form a = A;dz*. Now

ANA = {Qa+ (41~ 1)QdQ+ $:dQ) A {Qa+ (¢ = 1)QIQ + ¢2dQ)

= ;ll'{aQ AaQ + (41 = 1)°QdQ A QdQ + (¢1 — 1)$2QdQ A dQ + $2dQ A aQ
+ (1~ 1)¢2dQ A QdQ + ¢3dQ A dQ} (4.16)

Using the identities

dQAdQ = -2Qsin8df A d¢ (4.17)
dQAQdQ = dQAd(Q%) -dQ A (dQ)Q = —QdQ A dQ (4.18)
d@Q ANa@ = aAQ@dQ, (4.19)

we can write this as

ANA = —%¢1a/\dq+%a/\dQ+%¢2a/\QdQ+i—(¢%+¢§+1)dQ/\dQ

- %q&ldQ/\dQ . (4.20)

The curvature two-form is

F = %FQ + %(dfﬁl + ag2) A QdQ + %(d@ —a¢1) AdQ

+ (8 + - 1dQ ndQ (4.21)

*In what follows, unless explicitly stated otherwise, late Latin indices (i,j,k)€{1,2}; early Latin indices
(a,b, etc)€ {3,4} and upper case Latin indices (A ,B, etc) € {1,2,3,4}.
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To facilitate comparison with the standard formulation of the Higgs action for a charged
scalar field we define the complex field ¢ = ¢, +i¢e and D¢ = d¢ —iad = (d¢; + ad2) +
i(dps — ap1). We can now write the curvature more compactly as®,

F=:FQ+ ;R(DY) AQIQ+ ;S(DY AdQ+ (45~ 1)dQAdQ  (422)

Using,

1/2
Yz AL A datr) = (}Lg"l_'"z;)—zsu“““”pﬁl,,_mdm””‘*“ A...Adzhm, (4.23)

where g = det(9#”) and n is the dimensionality of the space, we get the duality relations
on R? x §%:

*(det Ad?) = €90%sinfdOA g (4.24)
*drP Adf) = —€Vsinfdad Ady (4.25)
. T €M
* t P J |
(dz' A dp) el da’ A df (4.26)
*(dOAdp) = (——1—)6“(1:8" A dz? (4.27)
202ging/ ’

Substituting these relations into

*F o= %aiAjQ*(dz:i A dl"?) + %{ER(D,QS)QBQQ o+ S‘(D:‘i’)aeQ} ‘(d.’l:i A dg)
+ %{%(D@)Qap@ + %(Dgfﬁ)@wQ} *(dz* A dp)

+ -;-(1 — ¢$)Q*(sinb df A dy) (4.28)

and defining the matrix valued quantities

P = 3{R(Di$)Q8Q+ 3(Dis)anQ) (4.29)

B = {RDi)Q0,Q+SDig)3,Q) (4.30)

we write the curvature and its dual as

*In this section we will denote complex conjugation by an overbar to avoid confusion with duality
operation
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t}' —

+

;311 Qdzi Ade? + P,dzt Ad6 + Ridz' A dy
%1 — $3)Qsinfdo A dy (4.31)

4Q2 ——(1 - ¢¢)Qe” dz* A dz? + Le“‘R, dz? Adf — sind Pied da? A dy

-éa,-AjQﬂ%*‘f sinfdf A de. (4.32)

It is then easy to see that

FA*F = ( - lIf’122(22 sinf + P,Pisinf + -.—1—RiRi
4 sinf

1

(- 99 smB)d:z: Adz? AdOAdgp. (4.33)

Using the definition of P; and R; we can evaluate the second and third terms in the
above expression as follows:

PP

—i-{ER(Dirﬁ)(singoal — coso?) + 3(D;¢)(cos § sinpo? + cosf cospot — sin8a3)}

{ R(D'¢)(sinp ol — cos po?) + S(D'¢)(cos b sinpa? + cosf cospo! — sin903)}

__{5}2(1) #)R(Dip)(sin p o — cos po?)?

$(D;p)(D*¢)(cos fsinp o2 + cosfcos g ot —~ sin f o3)?

R(D;$)I(Di¢)(sinp ol — cospo?)(cosfsinpo? + cosfcosp ol —sinfa®)

+ R(D'¢)S(D;d){cosfsinpo? +cosfcosyo’ —sinfo®)(sinpo! — cos cpaz)}

= "é{%(Diﬁf’m(Diqé) + S(Dig)X( D)} = -3(1}“{,}(3:‘9{)_

A similar calculation yields R;R' = —}sin®(D;¢)(D'9).

> FANF = {Snzm,Fw 5(Di9)(D¢)

1 2] o 1 2
+ pl-99) }sm@dz: Adz? AdO A dyp. (4.35)

The Yang-Mills action for the connection A on R?x 52 is
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The integration over the polar coordinates is easily carried out, giving

+ (1 — $¢)?} sin0dO A do A dz* A dz? (4.36)

S=8r f {%Q‘A‘F,-jpﬁ + -;—(D,-:;S)(D"qé) + ﬁ(l — ¢¢)%} dz* A dz?. (4.37)
Rz

This is, as claimed, nothing but the action for the Abelian Higgs theory in two dimension-
al Euclidean space! The inherent elegance and geometric insight offered by this reduction
mechanism poses the question as to whether the procedure may be extended to models
other than the Abelian-Higgs model. In this regard, one of the strongest points of this
Kaluza-Klein type reduction turns out to be its Achilles’ heel; the constraints imposed
on the Yang-Mills connection forms are linear. Consequently the resulting scalar fields
in the reduced theory live in linear vector spaces. How then do we impose nonlinear con-
straints on the Yang-Mills fields so that the reduced low-dimensional scalar field theory
takes values on a topologically nontrivial target manifold? Moreover, can this be done
without breaking the gauge invariance of the Yang-Mills system while still retaining the
geometrical interpretation (in terms of connections and curvature) of the above Witten-
Forgacs-Manton-Taubes formalism? It may be shown (for a review see [43]) that at
least one class of 2-dimensional nonlinear o-models, the principal chiral models, may be
derived from a reduction of 4-dimensional Euclidean Yang-Mills theory. In the next sec-
tion we review this reduction and rederive the o-model field equations in 2-dimensional
Fuclidean and Minkowski space as a first step in arriving at a coherent, self-consistent
unification of self~dual nonlinear o-model type theories and self-dual Yang-Mills theory.

4.4 Reduction to the principal chiral model

Consider the self-dual Yang-Mills equations in the Pohlmeyer J-field form (4.11). Con-
straining J € SU(N) to depend on only two of the four Euclidean coordinates, ¢ and z
say, simplifies the lightcone partial derivatives (4.7) to 5 — 0;, 65 — 10z, etc., where
Zo =t and zg = iz. As such, the Yang-Mills equation (4.11) reduces to

{17 0T} + 83,{.]'1813} = 04{37043} =0, A=tz . (4.38)

Equation (4.38) is, of course, nothing but the 2-dimensional chiral model field equations
[43] whose finite action solutions correspond to the finite charge solutions of the non-
relativistic self-dual Chern-Simons equations [64]. Imposing J? = 1, we expand (4.38)
as
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043B4T +JF5T =0 , (4.39)

which upon using the identity (8J)% = —(J82J + 82J J)/2 (which derives trivially from
differentiation of the constraint equation) and rescaling the independent coordinates ¢
and z to absorb a superfluous factor of 1/2 reduces to

[®,040%0] =0 (4.40)

where we have identified ® = J for convenience. In this form eq.(4.40) is readily identified
as the equations of motion of the principal chiral model in Euclidean 2-space. Reduction
to the principal chiral model in 2 Minkowski dimensions is carried out is exactly the
same manner. Restricting ® = J to be independent of two of the Euclidean coordinates,
imposing ®2 = 1 and Wick rotating the ‘time’ coordinate ¢t — it, we rewrite the self-dual
Yang-Mills equations (4.11) as

[®,0,0/0] =0 (4.41)

which is the Euler-Lagrange equations that yield the principal chiral model action

Spcul[®] = é- /M ¢ Tr (3,8(z)8,8(c)) "L (4.42)

stationary under variations of ®. Here *1 is the volume element in a 2-dimensional
Minkowski spacetime, M, with metric g,, = diag(l,-1). That the action (4.42) is
equivalent to the defining action for the nonlinear o-model

1 *:
Snsm = 5-//\4 g 8,0°8, ¢ hay "L, (4.43)

is a result often quoted in literature and an interesting exercise in its own right which
we present here in the interests of making this section as self contained as possible.

To begin with, let G be a compact Lie group and G/H a compact homogeneous sym-
metric space with a G-invariant Riemannian structure so that there exists an involutive
automorphism operator, o, on G/H satisfying 2 = 1 and ¢ # 1. Using the involution
operator we can represent the chiral field ®(z) on G/H in terms of the map g : z = G
as

®(z) = g(z)og~'(z) € G/H , (4.44)

with ©?(z) = 1. The chiral G/H-valued nonlinear ¢ model is then defined by it-
8 action (4.42). To demonstrate the equivalence of this action with (4.43) we note
that, choosing canonical (normal) coordinates, any element ¢ € G may be written as
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g = ezp(p - c) = exp(pic;) where the ¢; = Adj(T;) are the generators of G in the adjoint
representation. We now need only to rewrite (4.42) in terms of the canonical coordinates
{¢*(z)} to complete the proof.

Using the identity dg~! = —g~'dgg~! we find the action of the differential operator
on the chiral field to be d® = g[g~' dg,0]g~! where [-,] is the usual Lie bracket on G.
Substituting this relation into (4.42) we evaluate the trace as:

Tr(d®-d®) = Tr(glg~'dg,0lg  glg™" dg,0]g™")
= Tr(glg”'dg,0)1[g""dg,0]g™")
= Tr(lg~'dg,0llg""dg,0]) , (4.45)

where, in the last step we have used the invariance of the trace under cyclic permutation
of its arguments. To evaluate g~'dg we recall that [63] the inverse of the left generators
of the global symmetry group G are given by

— g

_ . 1—e¥
L 1(()0);.2 [——QDT

which, upon Taylor expansion becomes

] (4.46) |

i 1 1 i
) = Y YUoem 2wV 4 S o)3 4
L) = {(p-07e-c 5(0- 0+ (e c)® + O(p )]}j
o1, 1 .
= 8- gtk + getelcad; + 0(°) (4.47)

where the C;'k are the structure constants of the Lie algebra g associated with G. Using
the expression for the group elements of G in normal coordinates we can now calculate
9~ 'dg in terms of the o(z) field as

g ldg = e ¥ide¥c
= {1-(p- 9+ 5(p-? + O }{dp e+ 2 (dp- (e o)
+ %(cp-C)(dw-C)-%O(sva)}

1 1
= dp-c— E[go-c,dcp -]+ y[(p o lp-cdo-c]+0(p!) . (4.48)
The commutators in the above expression are easily seen to be [p-c,dy - c] = dp*p’ cj-kc,;
which brings g~'dg into the form:
1
3
= d* L Mekia (4.49)

do*(p - ) iei

i

_ . 1 .
g tdg dgakéi.ci - idgokgojc}kq +
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where, in the last step, we have factored out dy* and used the above Taylor-expanded
form for the inverse left generators of G. Substituting (4.49) into (4.45) reduces the trace
to ,

Tr(d - d®) = dp*dp' L™ (9)L L™ (¢} Tr((a, 0lies,0]) - (4.50)

In the adjoint representation of G the corresponding Lie algebra g Cartan-decomposes
as g = g_ & g4 such that [g_,0] = 0 = {g4,0}. This, in turn, induces a Cartan
splitting of the ¢; into those generators that commute and those that anti-commute with
the involutive automorphism operator; thus we write ¢; = ¢ + ¢. Assuch, we find that

Tr(lci,ollc;,0]) = Tr([c{-i—cf,o][c;’}-c;,a])

= Tr([cf_,o'][cya 1)

= Tr(¢focto +ocfoc) - ¢f o®cf —ocfcfo)
= —ATr(cfcf) = ~46; . (4.51)

Substituting this latter result into the expression for the Lagrangian of the chiral model
(4.50) and using the identity L= ()L L= ()] di; = hri(p) yeilds

Tr(d® - d®) = —4do”* de' hule) | (4.52)

where hyi(¢) may be interpreted as the metric on the target manifold of the model.
Thus, discarding an overall sign factor (which has no effect on the equations of motion
anyway), the action for the chiral G/H-valued nonlinear o-medel may be written as
(4.43) as claimed.

That the nonlinear o-model and higher-dimensional theories are related should not be
unexpected nor has it gone unnoticed in the recent literature [80, 81, 82, 83, 84]. In [80],

for example, it was shown that starting from a five-dimensional Einstein-Hilbert action
with three commuting Killing vectors, the ansatz

ds? = gij(z*) dz'de’ + (2a(z*) (=) - aag,) dzdz® | (4.53)

where (i,j,k = 1,2;a,b = 3,4,5) and the {¢,} take values on S?, reduces the five-
dimensional action to

=3 [ [ &\ flgl[ZR+ Zg0.4000°] (4.54)

which up to a rescaling of the scalar field is recognized as the O(3) o-model repulsively
coupled to gravity.
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A recent result that is unexpected is that the G/H-valued nonlinear o-model may be
regarded as a limiting case of a Higgs model [28, 29]. Why is this unexpected? The
nonlinear o-model carries a nonlinear realization of GG i.e. there exists a homomorphism
p: G — Dif f(G/H) while the Higgs model taking values in a linear vector space, V,
carries a linear realization of G i.e. a homomorphism p: G - GL(V). Since, for some
m, V is isomorphic to R™, GL(V) C Diff(R™) is a subgroup. Hence a representation
of G is a special case of a realization. Clearly then, a nonlinear o-model should be a
more general theory than a Higgs model. Or should it? It is known (see [29] and ref-
erences therein) that (i) every nonlinear realization can be equivariantly embedded in a
linear one and (ii) every manifold can be isometrically embedded into a linear space of
sufficiently high dimension.

Denoting by I'( X, Y') the manifold of maps from X to Y such that I' € C?, the embedding
dx : T(M,G/H) — T'(M,R™) defined by j,¢ := j o ¢ is an equivariant and isometric
map. The G-invariant Higgs model is defined by the action

1 v .
Su=7 /M |9 8,0%0,4° + W] "1 (4.55)

where W = Po ¢ : M — R is the Higgs potential and P is a G-invariant polynomial
of order p on R™. The Riemannian structure, h, on G/H is the pullback of the inner
product on R™ by j so (see [29] for details)

1 v . . a* 1 7 a *
5/, 0GP =5 [ ha@detaett . (450)

which is exactly the nonlinear o-model action if we restrict P(y) = 0 if y € G(yo),
P(y) > 0 elsewhere and assume that the image of the embedding is the orbit at which
P attains its minimum. The action of the nonlinear o-model is thus just the restriction
of Sy to imj. = T'(M,G(yo)) = I'(M,G/H). Physically, the nonlinear ¢ model can be
regarded as an approximation to a linear Higgs model at energies much lower than the
characteristic mass scale 2W/9y?|,,.
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4.5 Summary

In this chapter, we have studied the self-dual Yang-Mills equations in four Euclidean
dimensions and its relation to the 2-dimensional nonlinear o-model.

As a prelude, we considered the SU(2) Yang-Mills equations on R? x §? and, following
[37] imposed invariance of the Yang-Mills connection under a lifting of the rotation group,
0(3), about a fixed line in R* to an action on the R* x SU(2) bundle. This constraint
effectively reduced the 4-dimensional Yang-Mills action to an Abelian-Higgs model on a
2-dimensional spacetime of constant negative curvature.

In order to reduce the 4-dimensional Yang-Mills equations to a o-model we found it
necessary to impose nonlinear constraints on the connection forms. Taking the self-dual
Yang-Mills equations, we have recast them in null coordinates in terms of which they
become eq.(4.9). Sacrificing the manifest gauge invariance of the self-dual equations,
these were then rewritten in terms of Pohlmeyer’s J variables. Constraints were then
easily imposed on the SU(N)-valued J field to yield the principal chiral equations (4.41)
which are derived from variation of the action (4.42). The final part of this section was
devoted to a short proof of the equivalence of the principal chiral model action and the .
nonlinear o-model action.
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Conclusion

But I canna change the laws of physics, Captain!

- Scotty to Kirk (innumerable times).

Our aim in this thesis has been primarily exploratory. We have set out to introduce and
study several low-dimensional soliton bearing field-theoretic models, most notably the
nonlinear o-model and in the course of doing so we have arrived at several, previously
unnoticed results which, if nothing else, certainly merit further investigation. That we
focus on the nonlinear o-model is both obvious and justified: It is quite unique, even
among nonlinear field theories in that it may be formulated directly in terms of intrinsic
degrees of freedom. '

Chapter 1 is devoted to the study of th~.integrability properties of a G/ H-valued o-model
in two-dimensions. We demonstrate the existence of a Lax pair for the o-model (for the
case when the target space is homogeneous and symmetric) whose compatibility condi-
tion is exactly the o-model field equations.This analysis hinges on the exploitation of a
gauge degree of freedom in the theory. What distinguishes the gauged model in chapter
1 from that in chapter 2 is that the gauge field in the former is treated as a fixed back-
ground; consequently the nonlinear o-model has nontrivial dynamics which corresponds
to the mathematical theory of harmonic sections. The rest of chapter 1 used to give an.
elaboration of the standard derivation of the soliton solutions of the O(3) o-model. As
was shown, these solutions (a)} saturate a lower bound on the energy that is proportional
to a topologically conserved quantity - the winding number - and (4) are solutions of a
set of first order self-duality equations which, in this case are just the Cauchy-Riemann
equations for holomorphic functions of a complex variable.

In chapter 2 we study the coupling between a G/H-valued nonlinear o-model and a
dynamical U(1) gauge field. Gauging the nonlinear o-model effectively means replacing
the maps ¢ : M — X by sections of Z-bundles over M. With this replacement comes
possible new topological sectors (corresponding to nontrivialisable bundles) which must
be accounted for; this amounts to an enlargement of the configuration space. We have
shown that for certain two-dimensional target spaces, X, such gauged nonlinear g-models
exhibit self-duality in the sense that the second order Euler-Lagrange equations of mo-
tion may be reduced to an equivalent set of first order Bogomo!l’nyi equations. No more
amenable to exact solutions in the general case, these equations do however permit a
dynamical systems interpretation which allows us to extract valuable qualitative infor-
mation about the field configurations. In particular, we were able to associate with the
homoclinic and heteroclinic trajectories of the dynamical system, three families of local-
ized field configurations - ‘rings’, ‘lumps’ and ‘vortices’. We were able also to extend the
analysis without much modification to the case where the gauge field is a topologically
massive Chern-Simons field.
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In all our analysis thus far, the metric on the configuration space was treated as a fixed
background and hence the gravitational field was nondynamical. The simplest way to
include a dynamical metric into the model in three spacetime dimensions is to conformally
couple the matter field, ¢, to a nonfixed gravitational field which, for the O(3) o-model,
for instance, gives rise to the action

S = ; [ d®z \/@ [0 0u8°0,¢° + M(¢°¢° — 1) + é—;—(—;—RJ , (4.57)

where R is the Ricci scalar constructed from g,,. This model was shown [85, 86] to
possess multi-soliton gravitating solitons as well as [87] multi-wormhole solutions given
by the metric

2 dCdC
¢7 -1

This construction was shown also to extend almost trivially to a gravitating o-model
gauged with a Chern-Simons field

ds? = dt® = I*(cosh X )**¥ (4.58)

1 1
s =5 /M Vigl [ Dug*Dud® + A¢°¢" = 1) + =R

1
— pete (BuA,, AL+ ge“"“AZA;‘,Af,)] a3z (4.59)
since the Chern-Simons term is topological in nature and hence does not couple to the
gravitational field. A natural question would be whether this construction may also be
applied to the class of gauged o-models introduced in chapter 2. In other words, does a
gauged nonlinear o-model of the form:

§ = /M \/P;l [h(lwlz)g“”Dwa - %g“"g""FavFop
1
_ 2y _ _* +1
V(loP) - gmB| "' (4.60)
admit black/worm-hole solutions for n = 2 or 3 and target spaces other than §%7

In particular, we are interested in the case when the target manifold is an asymptotically
conical smooth surface [33] with metric A(J|?) = 1/(1 = |¢[?). This is just the gauged
complex sine-Gordon model, to which chapter 3 was devoted, and which we showed ex-
hibits finite energy BPS vortices in its self-dual limit. An essential point of our treatment
of the gauged complex sine-Gordon equations is the interpretation of the self-duality e-
quations as a dynamical system. This was the first real test of the ideas developed in
chapter 2 and the extraction of finite energy vortices from this model essentially provides
a mechanism for controlling the divergences in the energy of the vortices of the ungauged
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theory.

In chapter 4 we have puréued possible links between higher-dimensional theories and
the nonlinear o-model. We have looked in detail at two possibilities: The first begins
with a Yang-Mills theory on R? x $% and by imposing lifting invariance on the connec-
tion 1-forms reduces the Yang-Mills action to a two-dimensional Higgs model on a space
of constant negative curvature. Lifting invariance about a fixed line in R* is, howev-
er, a linear constraint so the resulting low-dimensional theory has a target space that
is expectedly flat. We then considered a system of self-dual Yang-Mills equations on
E* and showed that in null coordinates and with a Yang-Mills gauge group of SU(N)
these reduce naturally to the nonlinear o-model equations so that, at least at the level
of equations of motion, the nonlinear g-model derives from the Yang-Mills system. As
noted, this reduction by no means defines a unique map from Yang-Mills theory to the
space of nonlinear o-models. Indeed there has been much work devoted to exploring the
connection between the Yang-Mills model and the nonlinear g-model and some of these
works have been mentioned in closing chapter 4.

Another idea that pervades this work is that of self-duality; so much so that it is the cen-
tral constraint that we place on the gauged nonlinear o-models that we have investigated
in chapter 2. As shown in chapter 2, it turns out that this is a sufficient condition to
determine (up to an additive constant) the scalar field self-interaction for both Maxwell
and Chern-Simons gauged models. More than just a state of the system for which the
second order equations of motion reduce to an equivalent first order subset; self-duality
in a classical field theory points to an embedding of the theory into a supersymmetric
form [53]. The BPS states that saturate the BPS bound are invariant under a nontrivial
subalgebra of the full supersymmetric algebra [18] and the mass spectrum of such states is
exactly determined by the supersymmetry algebra in terms of its conserved charges. This
extension was recently carried out for the Maxwell-gauged O(3) o-model [88] and it was
shown that the bosonic sector of that model was just the Maxwell-gauged O(3) o-model
of [28]. However, as was argued in [26] and in chapter 2 of this work, the scalar field
self-interaction of this model implies a ground state that is equivalent to the symmetric
vacuum ¢ = 0, A, = 0. To the best of our knowledge, then, a consistent supersymmetric
extension of a U(1)-gauged O(3) o-model with maximal symmetry-breaking has yet to be
constructed. We speculate, but have not yet proven, that such a supersymmetric exten-
sion exists for the class of self-dual o-models considered in chapter 2. Should this indeed
be the case, then not only would we have achieved the former result for the O(3) model
but we would also have done so for, among others, the gauged complex sine-Gordon
model. These questions are currently under study and we hope to report our results in
a future publication.
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Appendix A

Homotopy theory

In this appendix we collect some useful results on homotopy theory. We make no claims
(nor do we need) to be completely rigorous in our treatment; in fact the average algebraic
topologist reading this would no doubt cringe at the lack of mathematical rigor.

We begin by introducing the concept of a path and a closed path on a manifold.

Definition A.0.1 A path is a continuous mapping, f from a real line segment I = [0, 1]
onto a manifold M,

f:I->M (A.1)

The image f(I) of f is a curve on M. Two paths f, and f, on a manifold M are said
to be homotopic, and denoted f; ~ fo if they can be continuously deformed into each
other.

Definition A.0.2 A path is called closed if the image of the corresponding map f on
M is the same for both end points of I,

f(0) = f(1) = =zo (A.2)

Any two closed paths' (or loops) are called homotopically equivalent if they may be
continuously deformed into each other while keeping the base point £y unchanged. Ho-
motopy is an equivalence relation with all closed paths in a given equivalence class being
homotopic to each other. We denote by [f] the equivalence class of all closed paths that
are homotopic to f. As an example, consider two regions D;, Ds C R? with the region
Dy containing a hole. Clearly, all closed paths in D) may be continuously contracted
to the base point zg while the closed path f; in Ds cannot be contracted to the base
point z¢ without making a cut. The two paths f; and fs in Do do not fall into the same
homotopy class. Since the starting points and end points of a closed path are the same
point, one may define the multiplication of two loops with the same base point. Let f

'Note that where there is no chance of any confusion occurring, we will label paths on a manifold by
the corresponding map
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and g be two closed paths on a manifold M with the same base point zp; the product
h = f - g is defined as,

3
2 (A.3)

Since h(0) = hA(l) = zq it is clear that the product of two loops with base point g is
also a loop with base point zg. If f ~ f' and g ~ ¢’ then f-g ~ f'-¢' so the product
operation is homotopy preserving. For each closed path f we can also define the inverse
path f~! by,

fFlhe=f1-1), 0<t<y, (A.4)

such that the identity map e : I = M is homotopic to the product of f and f~1, ie.,
f-f~! ~ e. The product of homotopy classes is defined as the homotopy class determined
by the product of the representative elements of each of the homotopy classe ‘.e.,

N N
[T = (11 #] (A.5)
f==1 i=1

The identity element [e] is taken as the homotopy class of identity maps e that map the
interval I onto the base point zo. Clearly then, the set of homotopy classes with base
point zy form a group under group multiplication as defined above. This is called the
(first)homotopy group on M with base point zgy, denoted II{ (M, zg). A useful result is
the following theorem:

Theorem A.1 Let M and N be two path connected manifolds. If they have the same
homotopy type then their homotopy groups are isomorphic,

Oy (M,z0) =I11(N, 1), zo €M,y eN. (A.6)

A corollary to this is that the homotopy groups on a path connected manifold M cor-
responding to any two base points on M are isomorphic and hence depend only on the
manifold. We will therefore makes sense to speak about the abstraction II; (M) called
the fundamental group of the manifold.

Definition A.0.3 A manifold M is called simply connected if its fundamental group
is trivial i.e., II;(M) =0

An example of a simply connected manifold is the Euclidean n-space, £®. The non-
triviality of the fundamental group of a two dimensional path connected surface is an
indication of the existence of holes in the surface. To study higher dimensional manifolds
one introduces higher order homotopy groups in analogy with the fundamental group.
These are denoted, Iz (M, zg) and are the set of equivalence classes of mappings of the
k-loop f : I — M with base point z¢, where I is a closed interval in E*. It is not
difficult to show (although we omit the proof here) that
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1. while the fundamental group on M, I1; (M, zp) could be a non-Abelian group; all
higher order homotopy groups IIx (M, zg), & > 2 must be Abelian.

2. for any path connected manifold M the kth homotopy groups, IlIx(M, zg) and
(M, yo) with different base points are isomorphic so again we need concern
ourselves with the abstract group IIx(M).

Sometimes, in order to calculate the homotopy groups on a manifold it becomes necessary
to decompose the manifold in question into a product of other manifolds for which the
homotopy groups are known. As such, the following theorem proves rather useful.

Theorem A.2 The homotopy group of the product two manifolds M and N is isomor-
phic to the direct product of the corresponding homotopy groups of M and N i.e.,

(M x N,p x q) = II{M,p) ® TIt(N, q) (A.7)

where p € M and ¢ € M and ® denotes the direct product of the two groups. Although
the definition of the fundamental and higher-order homotopy groups are straightforward
enough, calculation of the homotopy groups of a manifold can be quite difficult as can be
noted by the fact that the homotopy groups even for S have not as yet been computed
to all orders! What we need, therefore are some additional calculational tools with which
to tackle the problem. These come in the form of the relative homotopy group and ezact
homotopy sequence. A complete discussion of these concepts are beyond the scope of this
appendix and we refer the reader to the relevant literature [39],[40].

We now use the existence of exact sequences to derive some results that will prove useful

in our search for solitons in nonlinear field theories. We know that S = E'/Z and it
can be shown that there exists an exact sequence for k > 2,

e = I (Z) = TR(EY) = T(SY) = iy (Z) = ... (A.8)

but I (Z) = 0 = I1x_1(Z) so the above sequence becomes the short exact sequence,

0 — I (EY) = I (SY) = 0 (A.9)

and we have that IT(E') = I, (S"). However, since E' is a contractible manifold, the
homotopy group on E! is zero to any order so,

Oi(SYH)y =0, Vk>2 (A.10)

Similarly, for the coset space G/H of some group G there exists an exact sequence,
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w. = I(G) = I(G/H) - I (H) = I (G) — ... (A.11)

If G is any simple Lie group, the fact that its first and second homotopy groups are trivial
(I1) (G) = II3(G) = 0) reduces the above long exact sequence to the following short exact
sequence,

0—1L(G/H)y—->1I,(H)—=0 (A.12)

which gives the group isomorphism IIo(G/H) = I1; (H). Let G be a Lie group of transfor-
mations acting on a simply connected manifold M (for which II; (M) = 0). If the action
of G on M is effective then there exists a short exact sequence 0 — G, — G, where G;
is the isotropy subgroup of G corresponding to any point z € M. For the fundamental
group II; (M /G, z) of the orbit space M /G there exists a homomorphism mapping from
G to 11, (M/G, =) whose kernel is G; which gives the relation II; (M/G,z) = G/G;. In
particular, if G acts freely on M then G, contains only the identity element and

I (M/G,z) = G (A.13)

We can now use this result to calculate the (very important) fundamental group of S*
since I1; (S') = I (E'/Z) = Z. Using this result together with theorem (A.2) we can al-
so, for instance, calculate the fundamental group of the torus as IT; (T2) = II,(S! x §') =
Hl(Si) ®H1(Sl) =ZQLZ.

The isomorphism between groups for any manifold M with a non-trivial fundamental
group is realized by a characteristic number ¢ called the winding number or topological
indez. For instance, let 8(z) be the inverse stereographic projection R — S! and consider
the mapping,

fl8(z)] = exp{ia(8(z))} : S* = S, (A.14)

with a(27) - a(0) = 27n. All of these maps may be classified according to their homotopy
classes II;(S') which we have shown is isomorphic to Z. It can be shown [89] that this
isomorphism may be realized by the homotopically dynamic variable,

Q=— | = db. (A.15)
0

Unfortunately, it is rather difficult, in general, to obtain an explicit expression for this
topologically conserved quantity in terms of the fields of the classical field theory. One
very powerful method of solving this problem was proposed by Isham in 1977 [50] based
on the relationships between homotopy and cohomology groups. This algorithm is not
restricted to the characteristic numbers of the fundamental group and was, in fact, suc-
cessfully used to derive the known topological current (and hence charge also) in the
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Skyrme model [90] which has an SU(2)-valued group manifold. We conclude this ap-
pendix by listing, for future reference, the lower order homotopy groups of the n-sphere
S,

IEg\S™ | 1 2 3 4 5 6 7 8 g 1011
1 Z|1 0 0 0 0 0 0 0 0010
2 0| Z 0 0 0 0 0 0 000
3 0| Z Z 0 0 0 0 0 0,00
4 0| 2y | Zs Z 0 0 0 0 0 0 0
5 0| Zy | Zy Z, Z 0 0 0 0 0 0
6 0| Zy3|Z2 Z, Zs Z 0 0 0 0 0
7 0 Zs ZQ Z + 212 Zs Zs Z 0 0 0 0
8 0| Zs Zs Zg +2o | Loy | Zo Z, Z 0 0 0
g 0 Z3 23 Zg + Zg Zg 224 Zz ZQ Z 0 0

10 0 215 215 23 -+ Zz4 ZZ 0 224 Zs Zz Z 0
11 0| Zy 2, Zis Z, Z 0 Log | 2y Zo | Z

Figure A.1l. Homotopy groups of S™.
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