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Chapter 0

Introduction

0.1 Historical background

“Abstraction by deletion is a straightforward process: One care-
fully omits parts of the data describing the mathematical concept in
question to obtain the more ‘abstract’ concept. This often leads to
a reverse process, in which it ig shown that all (or some) of the ab-
stract objects can have the deleted data restored, perhaps in more
than one way. Such a restoration is then called a ‘representation
theorem’.” - 8. Mc Lane, Mathematics Form and Function, pp.436

The above paragraph describes, intuitively, the idea of representation theory.
Examples of representation abounds. In 1878 Cayley showed that every ab-
stract group is abstractly isomorphic to a ‘concrete’ group of permutations;
around 1935 logicians A.Lindenbaum and A.Tarski showed that any complete,
atomic Boolean algebra is isomorphic to the algebra of all subsets of some set.
However, not so much has been done beyond this without restrictions to par-
ticular cases - e.g. the algebra concerned should be finite/or atomic, etc.

The breakthrough was then reached with the work of Marshall Stons, see in-
troduction to [11]. Stone’s work were published in two papers in the Transaction
of the American Mathematical Society in 1936, 1937. Resulting from these are,
among others, Stone’s representation theorem, see [11]I1,4.4 and Stone’s [1940]
version of the Real Gelfand duality theorem, see [11] IV 4.

The main tools in Stone’s work were

1. The identification of Boolean algebras with Boolean rings, i.e. rings in
which every element, a, satisfies a> = a, see [11] 1,1.8. This led to his



realization of the importance of ideals, especially prime ideals, in lattice
theory.

2. The introduction of topology: For a given Boolean algebra A, Stone con-
sidered the set

SpecA = {I C A| I aprimeideal of A}.

He then topologized SpecA by taking the basic opens to be subsets of the
form

Qy ={I € SpecA|a¢ I}

Then, the opens of SpecA correspond to arbitrary ideals of A. In this
topology the clopen sets correspond to principal ideals, and hence to ele-
ments of A. Hence a representations of elements of 4 as continucus maps
SpecA — 2, where 2 is the two element set 2 = {0 ,1 } with discrete
topology.

However, not so many types of rings can be built up as rings of continuous
functions on SpecA as described above, with values in a single ‘standard’ ring
R. The rescue here is the use of Sheaf theory, where we are instead trying to
present a given ring A as a ring of global sections, i.e. A = A(SpecA), for some
sheaf of rings A on SpecA.

On the other hand the spaces SpecA, as described above, will only be useful if
one assummes the Prime Ideal Theorem that any non-trivial Boolean algebra has
a prime ideal, see [7] chapter 9: otherwise SpecA may well be empty and thus
utterly fail to carry any information concerning A. The rescue to this end is
the pointfree version, where instead of the topological space SpecA we consider
the locale, also call it SpecA, given by the frame RidA of radical ideals of
A. RidA constitute the pointfree antecedent of SpecA regardless of any choice
assumption.

0.2 Synopsis

The main purpose of this thesis is to present the (generic) pointfree version of
the usual Grothendieck Sheaf representation of a commutative ring with unit.

Chapter one deals with locales/frames. These are ‘generalized’ spaces, where
the ‘space’ is not determined by its points, but by the lattice of its opens.

In chapter two we build up some ring theory, needed for the presentation of
the sheaf representation of rings. In particular we show that RidA is a frame,
hence giving us a locale SpecA, for a given ring A.



In chapter three we present the pointfree version of the usual Gelfand sheaf
representation of a ring.

In chapter four we again present the pointfree Sheaf representation of a ring
as in chapter three, but this time in a generic way.



Chapter 1

Locale(Frame) Theory

1.1 Introduction and background

In this chapter we recall basic facts about locales{frames). Frames are lattices
which posses the essential properties of topological spaces : they are complete,
allowing for unions and intersections, and their finite intersections are distribu-
tive over arbitrary unions: For any frame L

an\/S=\/{aAt|teS} (a€L,SCL).

Frame homomorphisms similarly abstract the key properties of inverse image
mappings between topologies induced by continuous functions, namely preser-
vation of arbitrary unions, including the zero, and finite intersections, including
the unit. This defines the category Frm.
In locale theory, we stipulate that the frame view of topology is the complete
picture. The result is a model of the notions of space and continuity which is
in essence similar to that of point set-topology, but which avoids reducing the
“substance” of a space to atoms.
Rather than introducing the category Loc of locales as the formal dual of the
category Frm of frames, we say - in the spirit of categorical language - that
there is a functor

Loc”? — Frm,

denoted by Q(~), which is an isomorphism. Thus any frame is of the form QX
where X is the unique locale specified by Q%. Similarly, any frame homomor-
phism % —3 QY is of the form ©f for a unique morphism ¥ — X of locales,
the map specified by Qf. We will denote 2% by QX (and call it the frame of
opens of X) and Qf by f*, and write f, for the right adjoint of Q. f, exists
since f* preserves colimits(\/). We will be free to do our calculations in either
of the two categories.



Here we would like to recall some basic facts from sheaf theory. We intend to
recall only concepts that we will need later in our work and thus will not go
deep into the subject.

Definition 1.1.1 A presheaf on a locale X is a contravariant functor from
QX to Sets. A presheaf is thus specified by giving a set F(U) for each U € QX
and a map pY : F(U) — F(V), for each V C U in QX ; with pY = id for any
UeNX, and pY, = pYy0pY for any W <V < U in QX . The maps p¥ are
called restriction maps(or simply restrictions). A morphism of presheaves
is just a naturael transformation of functors.

Notation: We will write z|V for p¥(z), z € F(U), V CU.

Definition 1.1.2 Let F be a presheaf on a locale X and let (U;)ier be a family
of elements of QX . A family (z; € F(U;))iecr is compatible when

Vi,jel z:|U; A U; = :L'lei AU;.

Definition 1.1.3 A presheaf F' on a locale X is separated when, given U =
VUi in QX and z,y € F(U) in F

Miel ziU;=ylU;))=z=y.

Definition 1.1.4 A presheaf F on a locale X is a sheaf when, given U = \/; U;
in QX and (z; € F(U:))1 a compatible family in F, there exists a unique T €
F(U) such that for each index i € I, z|U; = =;.

The condition in definition 4 is called the patching(glueing)condition. Note
that any sheaf is separated. Diagramatically, we see that a presheaf F is a sheaf
if for any U = \/; U; in X, the diagram

FU) —Ilies FU) i jyerxs FU: AT;)
is an equaliser, where the maps are induced by restrictions in the obvious way.

Let F' be a presheaf on a locale X, and let U € QX. Define a relation ~
on F(U) by z ~ y iff there exists a cover U = \/,; U; in QX with z|U; = y|U; for
all i € I. It can be easily verified that ~ is an equivalence relation. Then the
presheaf U — F(U)/ ~ is separated and gives a reflection of F in the category
of separated presheaves on X.

Now, suppose F is a separated presheaf on X. For each U € QX let F(U) = the
set of equivalence classes of compatible families (z; € F(U;));, where U = \/; U;
in QX, with two families (z; € F(U;)); and (y; € F(V;))s equivalent iff
z;|U; AV; = y;]U; AV for all indices 4 and j. Then U — F(U) is a sheaf
on X, and it is the reflection of F' in the category of sheaves on X.



Of particular interest is the following. Let A be a set and X a locale. Consider
the presheaf U — A on X ( i.e. the constant presheaf equals to A). It can be
easily verified that the sheaf reflection, 4, of this sheaf is given by A(U) = the set
of locally constant locale maps U — A, which are just frame homomorphisms
PA =] U (where PA stands for the power set of A). Further, for V < U in
QX the restriction map pY : A(U) = A(V) is given by a = ((=) A V) o c.

Definition 1.1.5 A locale X is called discrete if QX = PS for some set
S.(Where PSS stands for the power set of S).

Definition 1.1.6 A subframe of a frame L is a subset of L which is closed
under A and \/. A quotient of L is an onto(surjective) map L——=M in Frm.

The fact that the binary meet preserves(distributes over) joins is equivalent to
the existence, for each a € L, of a right adjoint @ - (=) : L — L to the
mapping a A (=) : L — LieaAb<c<= b<a— c Explicitly, a = (—) is
given by

a—>c=\/{bEL|a/\b§c}.

a — c is called the relative pseudocomplement of a with respect to ¢. Thus L is
a complete Heyting algebra, see [11], chapter 1.

By a semilattice we will mean a meet semilattice with a unit. Semilattice homo-
morphisms are maps between semilattices which preserve A and the unit. This
gives us the category Slatt of semilattices and their homomorphisms.

Proposition 1.1.1 Given a set X, the set F X of all finite subsets of X, ordered
by D, s (up to isomorphism) the free semilattice on X, with A = U and the

universal map X = FX, z+— {z}.

Proof Suppose A,B C X are finite subsets. Then, clearly, A U B is finite.
Furthermore, A U B is the smallest finite subset of X containing both A and
B. It is then clear that FX is a semilattice. For any map X 2y L from X
to a semilattice L, define h : FX — L by h(A) = A h[A]. Then,h(AU B) =
AR[AU B] = A(h[A] U h[B]) = (A h[A]) A (A h[B]) = h(A) A h(B). Where the
second last equality follows from the fact that A and B are finite sets. Moreover
h(®) = AA[B] = AD® = 1, showing that h is a semilattice homomorphism.
Further, h({z}) = A h[{z}] = A{R(z)} = h(z), i.e. the diagram

x L px

‘%
xv

L commutes. O

Theorem 1.1.1 For each set X there ezists a frame free over X.



Proof As a result of proposition 1, it suffices to give a “ free” functor Slatt —
Frm. Given any meet semilattice A, let DA be the set of all downsubsets of A.
We show that DA is the free frame on A, with the universal map A — DA,
a —] a. DA ordered by C is clearly a sub-complete lattice of P A, and hence
also the infinite distributive law holds. Moreover, | (a)n | (b) =] (a A b) and
1 (14) = A= 1py; so | (—) is a semilattice homomorphism. Given any meet
semilattice homomorphism A — B, where B is a frame, define h : DA — B
by h(S) = \ h[S]. Then

Rk a) = \/ Wb a] = \/{h(e) | = < a} = h(a).

i.e. the diagram

(=) D

A A

\'
I'h

B

commutes. It is clear from the definition of & that it preserves arbitrary joins.
For finite meets we have: Let S, T € DA.

RSNT)=\/hlSNT]
=\/{h@w)|ue SNT}
=\/{h(sAt)|s€SteT}
=V{rs)Ah(t)|s€ S,teT}
= (V{rs) | se SHA\{r@) [teT)
= R[S] A R[T].
The uniqueness of % is clear from the fact that any S € DA is a join :

S=\/{lalaes},

and this join must be preserved by h. O

Definition 1.1.7 An element a € L of a frame L is said to be compact(finite)
if for every S C L with a < \/ S, there exists a finite F C S witha < \V F.
A frame L is called coherent if

(i) every element of L is a join of compact elements, and

(ii) The compact elements form a sublattice of L. More specifically, the unit
is compact and the binary meet of compact elements is compact.

A locale X is called coherent if 21X is coherent.



We would like to recall the following facts (for details see [11] or [8]).

Definition 1.1.8 In any frame M, z is rather below a, written z < a, if there
erists y € L such thatx Ay =0 andyVa=1. And, L is s0id to be regular if

Yae L a:\/{xEL!z%a}.
A locale X is said to be regular if QX is.

Lemma 1.1.1 Any homomorphic image of a regular frame is regular. If each
M; C L is a regular subframe, then the subframe generated by the M; (i.e. the
smallest subframe of L containing all M;’s} is regular. O

As a consequence of lemma 1, any frame L has a largest regular subframe -
simply take the subframe generated by all regular subframes of L. Hence the
following proposition.

Proposition 1.1.2 The category RegFrm of regular frames is coreflective in
Frm with coreflection RegL C L, the largest regular subframe of L.03

Definition 1.1.9 A distributive lattice L is called normal if, whenever we are
given by,bs € L withbi Vbe =1, we can find ¢;,c0 withei1 Acg =0, ey Vb =1
and by Ve = 1.

For the sake of completeness we would like to mention the adjointness between
Top and Frm({Loc). The lattice OX of opens of a topological space X is a
frame. Furthermore, for any continuous map f: Y — X themap h: OX — OV
defined by h(U) = f~1(U) is a frame homomorphism. This gives a contravariant
functor O : Top — Frm. Conversely, given a frame L, we define the Spectrum,
TL, of L to be the set of all frame homomorphisms £ : L — P1 (where P1 is
the frame corresponding to the terminal locale 1) with the topology given by
the sets

I, ={§ e ZL|¢(a) = 1}.

For h: M — L, Zh = £ oh. X and O are ‘adjoint on the right’ with adjoint
maps g : L — OEL, a— X, andex : X — ZOX, z — Z, where E(U) is 1 if
z € X and 0 otherwise. Call L spatial if 5 is an isomorphism and X sober if
ex is an isomorphism. This adjoint induces a dual equivalence SpFrm £ Sob,
between the subcategory of spatial frames and sober spaces respectively.

1.2 Images and Parts of a locale

Closure operators and factorization of adjoints:



The theory of monads [16] becomes very simple when specialised to partially
ordered sets {as categories), but it remains eminently useful.
Let P be a partially ordered set and consider a closure operator (or monad)
t: P — P on P, a monotone map satisfying id <t and t* <t. Let i : Pt < P
be the inclusion of the sub-partially ordered set of fixpoints (i.e.”algebras” or
closed elements) for t:
z € Pt &= t(z) < z.

Lemma 1.2.1 (t: P — P a closure operator on a partially oredered set P)
(i) t factors asior, where v : P — P? is surjective and left adjoint to 1.
(i) Pt is closed under all meets which exist in P.

(1) 1 universally co-equalises ¢ and id.

Proof
@)

Define r by r(z) = t(z), and let i be the subset inclusion (see the diagram
above). Then clearly ior = ¢. For any 2 € P*, z = t(z) = r(z), hence r

is surjective. Moreover, r(z) < a (in P*) <= z < r(z) < a = i(a). Hence
r i

(i) Let § C P! be such that A S exists in P. Then

(A< ANt = ANz=AS

z€S z€S
ie. AS is t-closed.
(iti)
P j P —5= pt

r(t(z)) = t{t(z)) = t*(z) = t(z) = r(z) = r(id(z)). Suppose h: P — A
is a map into a poset A which coequalises ¢ and id. Then, we can define
h: Pt — A by h(z) = h(z). h is well defined since h(z) = h(t(z)) for any
z€P. a



Proposition 1.2.1 Let
f
A_T"P
g

be an adjunction between partially ordered sets. Then
(1) fogof=Ffandgofog=yg.

(#1) f is surjective <= g is injective <= fog =1id .
(i) | = g o f is a closure operator on A, and Al = g[P].

Proof f g <= [f(a) <z & a < g(7)]

(1) f(a) < f(a) @ a < gf(a) & f(a) < fof(a), and gf(a) < gf(a) & fof(a) <
f(a). Thus f = fgf. Similarly, from g < g and fg < fg, we get g =gfyg.

(ii) suppose f is surjective. Let z,y € P, say ¢ = f(a) and y = f(b), with
g(z) = g(y). Then z = f(a) = fgf(a) <* f(b) = y, where (*) holds since
gf(a) = gf(b). Similarly, y < z. Hence z = y, i.e. g is injective. f surjective
and fogo f=f=gof=id

(iii) Since f(a) < f(a) for any a € A, a < gf(a). Moreover, gfgf(a) = gf(a)
from (i). Thus g o f is a closure operator. Clearly, g[P] C A'. Conversely,
ac Alea=1()=gf(a). O

In a similar way, in proposition 1.2.1, we get that s = fg is a coclosure op-
erator on P and P® = f[A].

f

Note that for maps of partially ordered sets A P, f 4giffid < gf
g

and fg <id.

Proof Only the necessity part needs to be proven. Suppose id < gf and
fg <id. Then for any a € A, z € P, f(a) < z = a < gf(a) < g(z) and
a<g(@)=> fla) < fglz) <z O.

Proposition 1.2.2 Let! be as in the previous proposition and lett: A — A be
a closure operator. Then the following are equivalent.

(i)t <l

(ii) g factors through A*.

proof (i} = (ii) Suppose t < ! = gf. Then, for any a € A, a l-closed = a
is t-closed, i.e. A! = g[P] C A!. Thus io g = g where i : A® <> A is the subset
inclusion.

(i3) = (i) Suppose g factors through A* < A. Then A! C A%. Then for any
a€ Atla) <tlla)=1{a). O

For a map of locales f : ¥ — X, the operators f.f* : OX — QX and
f*fo: QY — QY preserve finite meets, since both f, and f* does.

10



Definition 1.2.1 A closure operator on a frame L is called e nucleus if it
preserves finite meets.
The nucleus f.f*, for a locale map f:Y —> X s called the nucleus induced

by f.

Proposition 1.2.3 The following are equivalent for a closure operatorl: L —»
L on a frame L.

(i) l{a A b) = I{a) AI(b)

(ii) a = b < l{a) — I(b)

(51) l{a — 1(b)) = a — I(}).

Proof The first condition is equvalent to the statement

aAb<c=la) ALD) <1,

the second to
aAb<c=aAl(b) <le)

and the third to
aAb<I(c)=>anl() <le).

These statements are clearly equivalent. O

Let L be a frame, [ a nucleus on L, and let
Ly ={a€ L|l{a)=a}.
Since I2 =1, L; =I[L].

Proposition 1.2.4 For a frame L, the following are canonically equivalent.
(i} The set of quotients of L,

(i) The set of subsets Q C L closed under arbitrary meets and such that if
acL,z€Q, thena -z €Q,

(#i) The set of nuclei on L.

Proof Let L—q:e»Q be a quotient. Then ¢ is surjective and thus gq., = id.
Therefore Q = ¢.(Q) = L', where [ is the nucleus ¢.q. f a € A and z € L},
then l{a = z) = l{a = l{z)) = a = I(z) = a — z. We have already seen that
L' is closed under arbitrary meets. Thus A' = Q satisfies (i4). Now suppose
Q C A satisfies (#7). z — y € @ for all z,y € @ implies that Q is closed under

V, hence a frame. @ is then a quotient of 4 with the reflection L——i»—Q,

a&é/\{xEQlan},

11



with the right adjoint the inclusion of . Lastly, given a nucleus ! on L,
[: L — L!gives us a quotient of L. It is not difficult to see that these corre-
spondences are bijections. O

Definition 1.2.2 A surjection of locales is a map ¢ : Y — Q such that g,¢* =
id.

Lemma 1.2.2 Given q as in the definition above a map f : Y — X factors
through q tff f*f« < ¢*q.. The unigue fectoring map h has h* = q. f*. O

Equivalence classes of surjections ¢ : ¥ — @ ordered by factorization constitute
the partially ordered set of images of Y.

Note: The images of Y are in bijective correspondence with subframes of QY
or, equivallently , with meet preserving ‘co-closure operators’ ¢ : QY — QY
both in their usual order.

Definition 1.2.3 A map of locales e : E — X is called an embedding iff e* :
QX — QF is a frame surjection, i.e. e*e, = 1id.

Lemma 1.2.3 Given e as in the definition above, a map f : Y — X factors
through e iff ece® < fuf*. The factoring maep g: Y — E has g* = f*e,. O

The equivalence classes of embeddings ¢ : E < X ordered by factorization
form a set SX, the partially ordered set of sublocales of X. It is ~partially for
psychological comfort— convenient to choose a canonical representative 1 : A <
X for a sublocale A of X, to which we may then refer as the sublocale inclusion,
or part of X. We do this by taking i, : QA < X to be a subset inclusion. By
proposition 4, A4 is characterised by the equivalent properties of being closed
under meets and the operation v — (—) for each u € X, or of being the
fixpoints of a meet-preserving closure operator, namely 7,i* : OX — QX. Of
the correspondences

A QACOX & 0x 25 0x

the first is order-preserving and the second order-reversing. The locale X itself
is its largest sublocale(part), with the iclusion map the identity id : X — X.

It can be shown that for that for any locale X, $X is a complete lattice. In-
fact, it can be shown that SX is a coframe(the corresponding locale called a
colocale), that is

NAvS|SeS=AvAS

forany A € X, 8 € 8X, see [21]. For the purpose of our thesis, we will not
go deep into this.

12



Suppose a locale map Y — X factors as

f‘(
- —
y—1 . x QY——;'—->QX
h g b . g
A -
A h Nz g

Then for any u € X, g.9" (1) < gu(hh*g* (1)) = f. f*(). On the other hand,
for any v € QV, f*fu(v) < f*9.9"(fu(v)) = h*h. . Thus g.g* < fuf* and
[*fe <R h..

‘Conversely’, suppose that in the diagram

q is a surjection{g.q®* = id)} , and that f*f, < ¢*¢.. Then we can define
g:6@ = X by ¢* = q.f*. We then get ¢*g* = g*q.f* =ido f* = f*. Thus f
factors through ¢.

Proposition 1.2.5 Any map f : Y — X of locales factors as a surjection
Jollowed by a sublocale inclusion.

Y ! X
N A
fIY]

Proof Define Qf[Y] := f.[QY]. It can then be easily seen,using the previous
two lemmas that f*f. = ¢*g« and 4" = f. f*. O

We call f[Y], in the proposition above, the image of f.

Remark. f[Y] is the smallest sublocale of X through which f factors. More
generally, if ¥; < Y is a sublocale of Y, given by the nucleus [ on 1Y, then its
image f[Y}] is defined to be the sublocale of X given by the nucleus f.If* on
0x.

13



It follows purely formally that any of the following is an embedding: any
pullback of an embedding, any map with a left inverse (a split mono or section)
and , more generally, any equaliser.

We recall that a point (z : 1 = X)of a locale X is a frame homomorphism
QX — P1. Any such point is an embedding since it splits the unique morphism
1o X — 1. We call the image of z : 1 — X a singleton or atomic sublocale
of X, denoted {z}. We label the point of 1 by ”0”, so that we may write 1 = {0}.

Each u € 2X gives sublocales
X Luc‘"i—"" X and X Tuc_j"‘* X

defined by X, =] u and X4, =1 u respectively.

Lemma 1.2.4 The inclusions Xw(-—’;—»X and XTu(——‘f—»X have 5,i* = u —
(=) and j.j* = uV (—) respectively.

Proof It is clear that | u and T u are frames and that the two closure operators
in question are nuclei. w €t u & w > v & w =uV w.Thus 1 u is (isomorphic)
to the frame of closed elements for u v (—). For | u see [11]. O

Definition 1.2.4 The Sublocales XW(—;X and X wc——i»X are called closed
sublocale and open sublocale respectively. Similarly, we call the nuclei u v ()
and u — (~) closed and open respectively.

It follows that for a map of locale f : ¥ — X and an open sublocale YLQC—;Y
of Y, its image f[Y},] is given by the nucleus f.(v = f*(-)) on QX.

Notations: For v € QX we will denote the corresponding open sublocale of
XbyU(or U = X).

1.3 Direct and inverse images

Let f : Y — X be a locale morphism. A part B of Y has a direct image

FIB) under f in X obtained by factoring the restriction f|B of f to B into a
surjection followed by a sublocale inclusion:

B“——sY

Pl

fIBl“— X.

14



The assignment B +— f[B] defines an order preserving mapping &Y — SX.
Suppose B is the union \/ B of a family B of parts of Y, B = \/{B; | i € I}.
The restriction of a surjection to a cover remains a cover, which implies

fIBl = V{fBilieT}.

Where by a the restriction of f :' Y - X toafamily Y = {y; : Vi = YV |
i € I}, we mean the family {foy; : Y; = X | ¢ € I}. Thus the direct image
fl=]: 8Y — &X preserves unions, hence it has a right adjoint. Its right adjoint
assigns to A € SX the largest part f~1A of Y mapped into A by f, namely the
inverse image of A along f. A map g: Z = Y clearly factors through f~'A4 if
and only if fog factors through A— this says that the diagram

[lA—Y
|l
A X

is a pullback.

The composition of a map g: Y — A with an inclusion 4 — X is an inclusion
ifand only if gis. If f:Y — X is a sublocale inclusion, then composition with
f turns parts of YV into parts of X - we may view this as an inclusion mapping
SY < S§X. In the diagram above, f~!1A then denotes the intersection ¥ A A
in the lattice SX, with f~14 = A and f~!'4 — Y inclusion maps.

1.4 Open maps of locales

Definition 1.4.1 A map of locales f : Y — X is called open if f* admits a left
adjoint fi and the "Frobenius identity”

filv A F2 () = filv) A
is satisfied for allu € X, v e QY.

Proposition 1.4.1 Let f : Y — X be a map of locales. Then the following are
equivalent.

(i) f is open;
(i) f* preserves arbitrary meets and the identity

Ffa—=sw=fus ffw

holds for all u,w € 02X
(iit) f* admits a left adjoint fi and the identity

fulv = f7(W) = filv) = u
holds for allu € X, v e QY.
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Proof (i) < (i) f* has a left adjoint iff f* preserves arbitrary meets. The
Frobenius identity means that for any u € 0X the square

ay L= 0x

(—}f\f'ul lw\(")

QYTQX

commutes. But this square commutes iff the square of right adjoints

ay <L —ax

f’u—)(-)T Tu—é(-«)

QY?QX

commutes, which is the identity in (ii).
(1) « (iit) The Frobenius identity can also be expressed by saying that for any
v € QY the square
ay <—ax
W\(“)l lf!(v)f\(—)
Qy T?“ ax

commutes, and again, this is so iff the corresponding square of right adjoints

ay —=>0x
ua(—}T )[_fg(v)ﬂ{-—}
1134 ‘;:— Ox

commutes, which is the identity in (iii). ©O
Proposition 1.4.2 4 map of locales f : ¥ — X, is open iff for any open
sublocale V <+ Y, its image f[V] <> X is open.

Proof (=) : Suppose f is open. Recall that f[V] is given by the nucleus f.(v —
f*(=)). By proposition 1{iii) f.(v — f*(-)) = fi(v) = (~). Thus f[V] is open.
(<) : Conversely, suppose f[V] is open for any v € QY. Then, for any v € QY
there exists w € X such that

follo = (=) =w— ().

For any v € QY let fi(v) = w. Then for any u,v' € QX fivAv <u & v <
fooue v < fiv—o ffu) e v <va ffue ffoAav < ffu In
particular, taking ' = 1, we get fiv <u & v < f*u. Hence fi - f*. O
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Corollary 1.4.1 f : Y — X is open iff the direct image map SYMSX
restricts to open sublocales i.e. the diagram

QY —>8Y
T
Q&C——>— SX
can be filled in so as to commute.
Corollary 1.4.2 The composite of two open maps is open.

Proof Obvious from proposition 1(ii) or directly from proposition 2.0
Example A sublocale i : B < X is open iff 7 is an open map.

Proof (=:) Suppose i : E — X is an open sublocale. Then QF =| u for
some u € {1X. Then, i* = uA(~) and the inclusion | u « QX is left adjoint to
u A {~) and clearly it satisfies the Frobenius identity. Hence 7 is an open map.
(«:) The converse follows easily from proposition 2, since id : E <> E is an
open sublocale of E, and i{[E] — X and i : E — X are isomorphic sublocales
of X.O

1.5 Etale maps (or local homeomorphisms)of lo-
cales

Definition 1.5.1 A map of locales f : Y — X is etale when there exist families
v €Y, u; € QX (i € I) such that

1. Vievi=1 and

2. For every index 1 € I, f restricts to an isomorphism | v; =} u; between
the two open sublocales.

Lemma 1.5.1 Let f : Y — X be a morphism of locales and let v € QY
u € QX be such that the diagram

T T

Y e X

commutes; where i and j are sublocale inclusions. Then g.(w) = fo(v — w) for
w<w, and g*(u) = v A f*@') for v’ <u.

__).
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Proof The last equality follows easily since ¢*(v') = g*(u Au') = v A f*(u')
for any u' < u. For the first inequality we have: For any w < v, u = g.(w) =
Fuga(w) = fuiu(w) = fulv = w). Thus u A fi(v = w) < gu(w). But g {w) < u
and g.{w) < v = g.(w) = fu(v = w). Hence gu(w) =uA fulv = w) 0O

Proposition 1.5.1 Every etale morphism of locales is open.

Proof Let f : Y — X be etale. Let (v;), (u;) be as in the definition of an etale
map. Let v € QY. Then v = V,v Awv;. Since f[-] : SY — SY preserves
unions, f[V] =V, f[VAV;]. Moreover, V AV; <V; and f etale implies (by the
previous lemma) that the image f[V A V;] is an open sublocale of V; and hence
of X. Therefore f[V] is a join of open sublocales and hence is open.O

Corollary 1.5.1 A morphism f:Y — X of locales is étale iff
1. fis open, and

2. there exist elements (v; € QY) with \/;v; = 1, such that for each i € I
the restricted mapping fi : V; = f[Vi] is an isomorphism of posets.

Proof (=): Is clear. For (<) take the visas given and take w; = fi(v;) in the
definition of an etale map.0

The following proposition will become very important later in our work.

Proposition 1.5.2 The following are equivalent for a map of locales f : Y —
X.

(1) f is etale

(2) f is open and the diagonal Y "—é) Y xx Y of the kernel pair of f is open as
well.

Proof We will not give a complete proof here, but will recall the technicalities
involved and give a sketch for the proof. Recall that for any two locales X
and Y their product X x; V" is given by the frame generated by the pairs
(u,v) € 0X x QY with respect to the relations

(1) (Ul,'vl) A (U2,’i}2) = (ul Ao, vy AUZ)’

(2) V{(w,v) |ue S}=(VS,v)forall § C OX,veQY;and

3) V{lw,v) |veT}=(u,VT)forallue QX, T C QY.

18



We then write u X v (some people use u ® v} for the element of (X x; Y}
generated by the pair (u,v). We then get that u x v =~ n3'u A 73 v where 7x,
ny are the projections from X %; Y to X and Y respectively.

For any locale X, the diagonal X é} X x; X is the coequaliser of the the pair

Xx X2 s x

1m

X

ie. mpo A =m oA =1idx. A is given by

UX x X)L 0x

*

where
A*(uxv)-—-\/{wEQX;wxwguxv}

and
Avw) =\/{uxv|uAv <w)

Since Loc has pullbacks, all the above can be done for any map f: Y — X, by
pulling it back against itself, as in the diagram

] lf

Y——f—>'X

Back to our theorem: In proving (i) => (i) we have, by assumption, ¥ = \/,; V;,
with f : V; = f[V;] an isomorphism for each i € I. Define Ay : Y — A(Y xxY)
by

Alv) = \/{(v/\vi) x{(vAv)|iel}.
One can then show that A; 4 A* and that the Frobenius identity holds.
In proving (i¢) => (i) we consider A;(1) € Y xx Y). One can then show that

A1) = \/{u: x w; | i € I}

for some indexing set 7. We then take v; = u; A w; in the definition of an etale
map. The reader is reffered to [5, 22, 13]. 0
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Theorem 1.5.1 In Loc consider ¢ commutative diagram

If f and g are etale, h is etale as well. 1
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Chapter 2

Ring Theory

2.1 Some (more) lattice theory

Before we start with rings, let us recall some more lattice concepts. Recall that
a complete lattice L is a partially ordered set in which \/ S (and hence A S)
exists, for any subset S C L.

A non-empty subset, S, of an ordered set P is said to be (up)directed if for every
finite F' C S, there exists z € S such that x < z, for all z € F.

Lemma 2.1.1 A complete and distributive lattice,L, in which

aA\/S:\/{aAs[ s€ S}
for any a € L, any updirected S C L, is a frame.
Proof For any X C L, let
VX:\/{:m VeoeVaa| 2, -2, € X}
Then the lemma easily follows since the right hand side is the join of an updi-
rected subset of L. O

Lemma 2.1.2 Let L be a complete distributive lattice. If a,b € L are compact
elements, then aV b is compact. (Thus finite joins of compact elelments in L
are compact).

Proof Let a,b be compact. Suppose aVh < VS for some § C L. Then
a <V S and b <VS. Since a and b are compact, there exist finite T, U C §
witha < YVT and b< \VU. Hence a Vb < \(T'UU), and TUU is finite. O
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2.2 The frame of radical ideals

The reader is supposed to be familiar with the notions of a commutative ring,
ideal, prime ideal, maximal ideal, quotient ring, domain, integral domain, field,
polynomial ring, ring of fractions [1}; we will recall some other basic notions as
we go along. Throughout, unless otherwise stated, by a ring we will mean a
commutative ring with a unit. One of the basic notions that play an important
role in the pointfree sheaf representation of a ring is that of a radical ideal.

Definition 2.2.1 An ideal J C A of a ring A is called radical ifa” € J > a €
J,allae A;n > 0.

For any ideal J C A, there is the smallest radical ideal, p(J), that contains it.
As can be easily seen from the definition of a radical ideal, p(J) is given by

p(J)y={z € A|z" € J for some n}.

Notation: For any a € A we will denote p(Aa) by [a]. Thus
[a] ={x € A|z" =ac, some c,n}.

‘Note that for any a € A and n > 0, [a"] = [a].

Denote by RidA the set of all radical ideals of a ring A, partially ordered by
inclusion. We show that RidA is a frame.
Let (Ja)aer be a family of radical ideals of 4. Let =™ € [} Jo.for some z € 4
and some integer n. Then "™ € J, forall a € I'. Thusz € J, for all o € T,
and hence z € [} J,. This shows RidA has arbitrary meets given by []. The
bottom is [0].

Let X be a collection of radical ideals of A. We already know that >~ X, which
is the set of all finite sums of elements from members of X, is the smallest ideal
containing all elements of X. But Y X is not necessarily radical. Therefore the

join of X in RidA is
VX =0 x).
The top(unit) is [1] = A.

For distributivity, we have the following. Two cases of joins: (i) If we have a
directed family of radical ideals, then their join is just their union, and hence
the frame distributive law holds since N distributes over | J. (ii) For finite joins,
reduced by induction to the finitary case:

IAN(JVH)=Inp(J+ H).
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Therefore,

aeINJVH)= some a"=b+c, beJceH
=>a"'=ab+aceINnJ+INH.

Which implies a € (IAJ)V (I AH), showing that IA(JVH) C (IAJ)V{IAH).
The reverse inclusion is obvious. Thus RidA is a frame.

For any a,b € A, [a] N [b] = [ab] : Obviously [ab] C [a] N [b]. Conversely, if
z" = ac and ™ = bd, then z™*" = z™z" = (ac)(bd) = (ab)(cd), hence
z € [ab]. Thus [ab] = [a] N [b].

In later chapters we will need the following property of [—]: For any a,b € A,
[a+b] < [a] v [b] : Because a + b € Aa + Ab C p(Aa + Ab) = [a] V [b].

We call J € RidA finitely generated if J = [a1] V --- V [a,] for some n > 0,
some a; € J.

In RidA, J compact iff J ig finitely generated: (=>:) This implication is obvious
since for any J € RidA, J = \/{[a]|a € J}.

{«:) Suppose J is finitely generated. Since finite joins of compact elements are
compact, it will suffice to look at J = [a]. So, suppose [a] =\ X = p(3_ X) for
some family X in RidA. Then a™ = xy +--- + z, for some z; € J; € X, some
n > 0. Which impliesa € J; V---V Jp, and thus [a] = Jy V -+ -V J,.

Since for any J € RidA, J = \/{[a] | a € J}, RidA is a coherent frame.

Lemma 2.2.1 In RidA [t] C [r] V [s] iff t" =rc+ sd for somen >0, ¢,d € A.
Proof (<) : This implication is clear, since

t"=rct+sd€fr]+[s]=>tep(r+s])=[r]Vv]s]
> [ r Vs

Where the outside r in the second equation means ‘the radical ideal generated
by’
(=>) : Conversely, suppose [t] C [r] V [s] = p([r] + [s]). Then t™ € [r] + [s] for
some m > 0.i.e. t™ = z+y for some = € [r], y € [s]. Then, z* = ar and ¢ = sb
for some k,! > 0, a,b € A. We may assume that k = [ (take their maximum).
Then z* = ra and y* = sb. Then, using the binomial expansion, we have

tm2k — (3: + y)2k o )‘mk + p,yk
= Ara + usb
= r¢+ sd. O
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Remark More generally, the above lemma can be stated as: [t] C [r] Vv [s] iff for
any I,p > 0, t" = rfc + sPd for some n > 0, ¢,d € A. This follows from the fact
that [r] = [r!] for any [ > 0.

2.3 “Freely” inverting an element of a ring

Given a ring A and an element s € A, we consider the problem of ‘freely’
inverting s. This is a fundamental construction and can be carried out as follows.
Let A[X] be the polynomial ring in indeterminate X with coefficients in A. A is
identified with the subring of A[X] consisting of constant polynomials, i.e. we
have a ring homomorphism

AJ—>A[X], a +» constant polynomial equal to a,

which is simply an inclusion. In A[X] consider the ideal generated by the poly-
nomial 1 — X, i.e. all multiples of 1 — sX in A[X]. We then form the quotient
ring A[X]/(1 — sX). We have a canonical map

v+ AC A[X] A[X]/(1 - sX).

Notation: Sometimes we write A[s™!] for A[X]/(1 — sX).
We have the following four facts about v, : A — A[s™!].

Lemma 2.3.1 v, is the universal ring homomorphism from A mapping s to an
invertible element.

Proof Since s.X = lmod(1 — sX), vs(s) is invertible, namely v4(s)"! = v,(X).
Let ¢ : A = B be a ring homomorphism with (s} invertible, say ¢(s)b = 1 for
some {necessarily unique) b € B.

v : AG A[X] A[X]/(1-sX)
1
\ ;“’/

B
Extend o to @ : A[X] = B by @¢(X) = b. We have ¢(1 — sX) = ¢(1) —
P(8)p(X) = 0. . Hence ¢ factors through A[X]/(1 — sX) by

¢: AlX]/1-sX)—>B

[P]t———**g@(})),
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where [P] = equivalence class mod 1 — sX containing P.

We would like to mention here that any element of A[s™!] is of the form
vs{a)vs(s)~™ for some a € A, some n > 0.0

Lemma 2.3.2 Ker(v,) = {a € 4| some s™a=0}.

Proof v;(a) = 0 & a = Omod(1l — sX) iff there exists P € A[X], say P =
po+ ;X + -+ X", (pi € A, pn # 0), such that
a=P(l-sX)=(po+pX+ - +p,X")(1~sX)
= (Po +p1X + - +PaX") = (PosX + pr1sX® + - + pasX™H).
Since a € A, we get a = pg, (pr — pos) = (P2 —p18) = ... = (Pp = Pn—18) =
pns = 0, from which we get py = pos = as, p = p18 = as®, p3 =

P28 = as3,...,pp = pp—18 = as™. Multiplying the last equation by s we get
0 = pas = as™tl. 0O

Lemma 2.3.3 For any r,s € A, v, factors through v, iff [r] C [s].
Proof («<:)Suppose [r] C [s]. Then r* = sa for some a,n. Then
v (S (@)(vr(r)) ™" = vr(sa)(wr () ™" = v (r™)(we (1))~

= @) () = 1.

Thus, by universality of vy, v, factors through v.
(=) Conversely, suppose there exist a ring homomorphism ¢ : A[s™!] —» A[r~1]
such that pov; = v,.

A <A[S'1]
Alr 1]

Then v,{s) is invertible because v,(s) is invertible. Hence there exist polynomi-
als P{X) and Q[X] such that sP —1 = (1 - rX)Q. Let P(X) = ao + a1 X +
g X X)) =bp+ i X + -+ 5, X™ (no loss of generality here). Then
from

slag+a X+ +an X)) = 1=(1-rX)bo + b X+ -+ b, X")
we obtain the relations

Sa0~—l=bo, saizb;—rbi_l (izl,-“,ﬂ), rbn——-O.
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From which one successively obtains
60 = 8Qg — 1,

by = say + rby = sa; + rsag — 7,

by = say + rsay + rsag — 12,

by, = San + T8An_1 + r28pn_9 + --- + 7509 — ™7,
and since rb, = 0 we have

™ = rsa, + r2sap_1 + - + 7" lsag = se

for ¢ = ran + r?ap-1 + - + 1" gy, showing that r € [s]. D

Lemma 2.3.4 (The pullback lemma:) If [r] V [s] = [t] (in RidA ) then the
pushout

Vgt

Al — A[s7!]

Yy l l"vaa

Alr~t] == Al(rs) ]
is a pullback.

Proof Before we give a proof let us point out that it is clear that the given
square is a pushout since ¢(r), p(s) invertible iff p(rs) invertible for any ring
homomorphism ¢.

To prove that the given square is a pullback we will first prove it for the case
t = 1, and then reduce the general case to this case. So, let [r] v [s] = [1] = A.
Let vr(a)vr(r)™™ € Alr1], vs(d)vs(s)™™ € Als71] with vrer(vr(a)vr(r)™™) =
Vrss(Vs(b)rs(s) ™). Without loss of generality, we may assume m = n. Then

Vrs(a)'/rs('r) = VTS(b)VTS(S)—n
Vrs(@Urg ()77 = e (D)1rs(8) ™" = 0
Vrs(a>Vrs(s)n - Vrs(é)vrs(?)n =0
vrs{as™ — br™) = 0.

Therefore, there exists ! > 0 such that (rs)t(as™ — br™) = 0. ie. ris"ta =
s, From [s] V [r] = [1]: 1 = r"Fe+ s™F!d , for some ¢,d € A. Define

z = arle+ bs'd.
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Then

iy = arm e 4 prntidld

= ar™ 2l 4 grlgntHg

= ar! (r" e + s d)

= ar'.
Thus, v, (r)" M. (z) = v.(r"*z) = ve(ar') = v(a)v,(r)'. From which we get
ve(z) = vp(a)v,y(r)~™. Similarly, we can show that ve(z) = v(B)vs(s) ™. It
remains to show that « as defined is unique. Suppose y € A with v,.(y) = v,.(z)
and vs(y) = vs(z). Le. vi(y) = vr(a)rr(r)™™ and vs(y) = vy(b)vs(s)~™. Then
r*(y ~ z) = 0 and s* (y — z) = 0, for some k,k' > 0. We may assume k = k'.

Then, from 1 = Ar® 4 us* for some X, u € A (using lemma 2.2.1), we get

y—z =1y - z) = (M* +ps*)(y - z)
= Mrf(y ~ ) + ps*(y - z)

=0+0

=0

Thus z as defined is unique. Now we would like to reduce the general case to
this special case that we have just settled.

Suppose [t] = [r]V[s] in RidA. Then t™ = cr+ds for some m > 0,¢,d € A. Then,
in Rid(A[t~']) we have [4(r)]V [1:(s)] 2 [v:(t)] = [1]. Thus [14(r)] V[e(s)] = [1].
Then the result follows since

Ala™] 2 (A~ Pl (a™ ],

for any a,b € A with [a] C [b]. O
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Chapter 3

Sheaf Representation of
Rings

3.1 Introduction

I would like to remind the reader that we have agreed to use the world ring to
mean a commutative ring with unit, unless otherwise stated. For the definition
of a topos the reader is referred to [12] or [17]. By a ring in a topos £, we mean
an object E of £ equipped with the operations

+ b 0
ExE_TE, BE—F and 1 > E,

where 1 is the terminal object of £, subject to the laws

(Al) Yz € E) Yy € E) (Vz € E) g+w+2))={(z+y)+2)
(A2) (Vz € E) {(z+0=2g)

(A3) (Vz € E) (z+ (—z) =0)

(Ad4) (Vz € E)}{Vy € E) (z+y=y+=)

(M1) (Vo€ E) (W€ B) (Vz€ E)  (a(y2) = ((zy)2)

(M2) (Vz € E) (z1=1x)

(M3) (Vz e E) (Vye E)  (zy=yx),

where we write zy for z - y.
A ring F is said to be local if it satisfies

(VzeE) (ByeE)(zy=1) V 32€ E}((1—-2)z=1)) and -(0=1).
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Classically, in Sets, this is the same as :
E is nontrivial and (Vz € E) =z or (1—2) is invertible,
which is equivalent to :
E has o unigue mazimal ideal.

For any locale X, a ring in ShX is the same thing as a sheaf A on X in the
category of rings - so each AU, U € QX, is a ring, and the restriction maps
AU — AV, V < U, are ring homomorphisms.

By a Sheaf representation of a ring A, we mean a ring A in ShX for some
locale X such that AX = A,

Classically, given a ring A we obtain the Grothendieck sheaf representation
of A as follows. Let

SpecA = {J C A| Japrimeideal}.
We then topologize SpecA by taking the basic opens to be the subsets
Wo = {J € SpecA| a & J},

for each a € A. The data
W, = Ala™}

defines a sheaf on the basic opens of SpecA. Thus, see [18], there is a ring A in
Sh(SpecA) with ASpecA = AW, = A[171] = A

However, for this to work we need the Prime Ideal Theorem, see [7], otherwise
SpecA = ¢ is possible in which case it will carry no information about A.

We would like to present here the pointfree version of this representation. This
representation is on the locale SpecA defined by Q(SpecAd) = RidA, for a given
ring A.

3.2 Representation

Theorem 3.2.1 FEvery ring has a sheaf representation by a local ring on a
coherent locale.

Proof Let A be aring. For each J € RidA let

AJ = {(zs)ser € H A[S_l] |if [r]C[s] then z.=r,,(z,)}
seJ
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and let the restriction maps AJ — AI, I C J in RidA, be projections to partial
products.

AJ is a ring, for any J € RidA:

I[T,cs Als™!] is taken as the product ring in the usual sense, and AJ is then eas-
ily seen to be a subring of this. Further, the restriction maps defined above are
evidently ring homomorphisms which satisfy the required conditions to make A
a presheaf. Hence A is a presheaf of rings on RidA.

A is a sheaf.

A is separated: Let J = \/; J; in RidA, for some indexing set I.

case 1: If (J;)ier is directed then J = [JJ;. Then for any z = (z4)scy € AJ,
z|lJ; =0& zs =0 for all s € J;, any ¢ € I. Thus

;=0 forall iel
S r,=0 forall seJ
Sr=(z;)=0)=0

Case 2: We reduce {by induction) the case of finitary joins to binary joins. Let
J = GV H in RidA, and let z € AJ. Suppose z|G = 0 and z|H = 0. For
any s € J, s" = a+ b for some a € G, b € H implies [s] = [r] V [t] where
r = as, t = bs, in particular r € G, t € H. By assumption v,..(zs) = 2, = 0
and vis{zs) = 7¢ = 0. Hence, by the Pullback lemma, z, = 0, i.e £ = (0) = 0.

A satisfies the glueing (patching) condition: Let (z* € AJ;)ier be a family
with J = \/; J; in RidA, and for any i,k € I z*|J; N J; = z*|J; 0 ..

case 1: suppose the family (Ji)ies is directed. Then, in particular, J = {J;c; Ji-
Denote the components of z* by z? so that z* = (2)cs.. Let z = (28)seu, 7= 7.
x is well defined since the z*’s agree on the intersections J;N Jy, for any i,k € I.
Also, it is clear that z € AJ. It is then obvious that z is the glue of the z%’s.
case 2: Suppose J = GV H in RidA. Let z € AG, y € AH, (z = (25)sec and
¥ = (Yt)ter), with z|GNH =y|GNH. s € J = [s] = [r] V [t] for some r € G,
te H. Since z|GNH =y|GNH,

Vrtr(-’cr) =Tpt = Yrt = Vrtt(yt)-

Thus, by the pullback lemma, there exists z; € A[s™1] such that z, = vrs(2)
and y; = vps(2s).

Given also [s] = [r']V[t'] with ' € G, t' € H and 2, € A[s™!] with 7.+ = v ,(2])
and yp = vyo(2). We have

[s] =[]V [rt] Vv [tr'] v [tE].
zs, 2% € Als™1] and we have

Vrr’s(zs) = Vrr’r('/rs(gs)) = Vr’r"r(mr) = Zppi.
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Similarly we get

Vrt’s(zs) = Try
Vtr‘s(zs) = Ytrt

Vtt's(zs) = Y’

Also

Vrr’s(z:;) = ”rr’r(yrs(z_;)) = Vrr’r(xr) = Tper e

Similarly,

Vrt’s(zg) = Yrt'
LAY,
Vtr’s(zs) = Tt

vﬁ:’s(z;) = Yree -

Thus, by the pullback lemma, z, = z;. Therefore z,; as defined is unique. Let
z = (25)seq € AJ. 2|G = (25)seq, but s € G = [s] = [s] V[0] and hence z; = z;.
Thus 2|G = z and similarly z|H = y. Thus A is a sheaf of rings on RidA.

For anya € A, Ala] = Ala™!]:
Define ¢ : A[a] — A[a"!] to be the projection

T = (zs)sé[a] - g,

This map is obviously a ring homomorphism. Suppose ¢{z) = 0, i.e. 7, = 0.
Then for any s € [a], s = Va(Za) = V52 (0) = 0, i.e. £ = 0. Hence @ is one
to one. Moreover, for any b € Ala™!], define z € Ala] by =5 = v5,(b). Then
P(x) = T4 = Vaa(b) = b, since vae = id. Furthermore, for any [r] C [s] with
r,s € [a]

Vrs(zs) = Vrs(Vsa(b)) = Vra.(b) = Zp.

Thus p is a bijection. Consequently, we have a sheaf representation of A since

A s a local ring :
A satisfies ~(0 = 1) since AJ is trivial iff J = [0]. Let ¢ € AJ, J € RidA.
Consider any s € J. Then there exist a € A and n > 0 such that for each ¢ € [s]

Ty = Vts(ms) = Vts('/s(a)ys(s)vn)
= v(a)(s)™",

and hence z|[t] = v (a)r(s)™™. Now, for ¢t = as, 1 (a) is invertible and hence
v(x) = vi(a)r(s)™™ is invertible. For ¢t = s(s™ — a) 1(s™ — a) and hence
(1 — z) is invertible. Thus we have that z|[as] and 1~ z|[s(s™ — a)] are invert-
ible.Further [s] = [as] V [s(s™ — a)] and, since J = \/{[s] | s € J}, this proves
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the claim, i.e. J = GV H with z|G invertible and 1 — z|H invertible. O

Thus we have obtained the basic result: Ewvery ring A has a sheof represen-
tation by a local ring on a coherent locale SpecA.

From now on it will be convenient to denote frames by £ ,M ,-.-, their el-
ements by U/ ,V ,---, the zero by 0 and the unit by E. We need the following
two lemmas for our next result.

Lemma 3.2.1 Let £, M be frames, and let

h
e

L M
k

be a pair of frame homomorphisms with kh = idy and hk < idaq. For any local
ring A (in Sheaves) on M, Ah is a local ring on L.

Proof Let a € AhU. A local implies h(U) = GV H in M such that |G and
1 — a|H are invertible. Then

U = kh(U) = k(G) V k(H) in £, and
hk(G) < G and hk(H) < H in M.

Thus alk(G) and 1 — a|k(H) are invertible (with respect to the sheaf AR). O

Lemma 3.2.2 Let M be a compact normal frame and let L = RegM (see
chapter 1). There is a homomorphism k : M — L, given by

kU) =\/{VeM|V <U}.

Moreover, k(U) =U for U € L, i.e. k is a retraction.

Proof It follows easily from the definition of < that k preserves 0, A and E.
Further, k(\ 5) = V k[S] for updirected S follows immediately by compactness.
Let VL UVW. Then V*vU v W = E. Therefore, by normality, there exist
G,H with GAH =0such that UVG@ =W VV*VH == E, and thereexist Y, Z
with Y A Z = 0 such that

WVvY=E=V*VHV_Z.
Asaresult, H<U Z < W and:
V=VAWV*VHVZYy=(VAH)V(VAZ)KU)VEW).

This proves the nontrivial part of k(U VW) = k(U) V k(W). Thus k is a frame
homomorphism. Further, k(U) < U is obvious, since V < U =V <U. O
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Definition 3.2.1 A ring A is called Gelfand if RidA is normal.

Remark: The above definition is equivalent to the condition

Va,be A a+b=1 = (1+ar)(1+bs)=0 forsomer,s € A,

(see(2)).

Proposition 3.2.1 Every Gelfand ring has a sheaf representation by a local
ring on a compact regular locale.

Proof Let A be a Gelfand ring . Since RidA is compact (being coherent)
Reg(RidA) is compact regular. Further, since RidA is also normal (by defini-
tion) we have a pair of homomorphisms

k&
RidA ___ Reg(RidA) ,
h

where k is as in lemma 2 and h the identical embedding. Now let A be the pre-
vious representation of A. Then A|Reg(RidA) is a ring on a compact regular
locale, Reg(RidA). By lemma 1, A|Reg(RidA) is local. O

I would like to recall here that a ring A is called regular if
(Vz € A)((3y € A)(2°y = 2))
and that a field is a ring satisfying:
=(0=1) and (Vz) ((z =0) v By}zy = 1)).

Theorem 3.2.2 A ring A is regular iff it has a sheaf a sheaf representation by
a field on a compact 0-dimensional locale.

Proof Suppose A is regular. Then for any a € A, there exists b € B such
that @ = a?b. Then (ab)? = a?b? = a®bb = ab, i.e. ab is idempotent. a = a?b
implies a € [ab]. Since (ab)? = ab, ab € [a]. Thus [a] = [ab]. Further, for any
idempotent u € A, [u] is complemented in RidA: [u] A[1 —u] = [u(1 —u)] = [0]
and [u] V[l —u] = [1], the latter since 1 = u + (1 — u). Thus [a] is complemented
for any a € A. It remains to show that A is a field. Let z € AJ s & J for
some J € RidA. Then, there exits a € A and n > 0 such that for each ¢ € [s],
zy = nla)r(s) ™ ie. z|[s] = (n(a)r(s)™). Now, if a = a®b and we take t =
abs, then 1(a) = vaps{a) is invertible, and thus z|[abs] = veps(a)veps(abs) ™™ is
invertible, and z|[s(1—ab}] = 0, since 1—ab becomes invertible and a(1—ab) = 0.
Conversely, suppose A = A[1] for some field 4 on a compact 0-dimensional locale
X. Let s € A[1]. Then, X = UV V with U AV = 0 such that s{U = 0 and
s|V invertible, say s|V -t = 1 for some ¢t € AV. Then, s|U = s*|U - y for any
y€ AU and, on V, s = s - 1 = sst = s%¢. Hence A is regular. O
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Chapter 4

The Generic Sheaf
Representation of Rings

In this chapter we present the sheaf representation of a ring in a ‘generic’ way.
We conclude the chapter with a discussion about different ways of obtaining the
frame RidA for a given ring A (in Sets); we also mention other ways through
which the generic sheaf representation can be obtained.

4.1 Localization

Definition 4.1.1 Let A be a ring in a topos €. P C A is called e prime if
(i) ~(0 € P).
(i) 1e P

fit) aqbe P=>a€c PAbEP

(iv) a+be P=>a€ PVbe P.

Thus P C A is a prime iff the ‘classifying’ map o in the following pullback is a
support.

P—1

Lk

A—"=Q

where ) is the subobject classifier (truth-value object) of £; and by a support
we mean that o satisfies the following properties:
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a(0) =0,
a(l) =1,
a(ab) = o(a) A o(b) and
ala+b) <a(a) Vo).

Just like in usual commutative algebra, by localization of A at P, we mean
constructing a ring homomorphism from A which is universal with respect to
mapping P to the (object of) invertible elements; i.e. the universal ring homo-
morphism ¢ : A — B with ¢[P] C Inv(B) ={z € B|(Jy € B)(zy = 1)}.

Proposition 4.1.1 For any prime P of A the localization at P exists, and is
a local ring.

Proof Define a relation ~ on A x P by

(z,8) ~ (2',8') iff (3t € P)(tzs' =tz's).
~ is an equivalence relation:
(E1) Since 1 € P (a,s) ~ (a,s) for any (a,s) € A x P
(E2) Symmetry is clear.
(E3) Suppose (a,s) ~ (a',s') and (a',s') ~ (a",s"). Then
(3t1,t2 € P) (tias' = t1a’s) (t2a's” = taa"s’).
Then t1as'tes” = t1a'stas" = ti1stea”s’ and t1tys’ € P.

Hence ~ is an equivalence relation.

Notation: We will write £ for the equivalence class containing (a, s).
We then form a quotient object of A x P with respect to ~ and denote it by
A[P71]. Next we make A[P~!] into a ring by defining addition and multiplica-

tion as follows. , , , ,
a a as' +a's aa aa’'

P ss'
These operations are well defined as can be easily checked. Also it is easy to
check that with these operations A[P~!] is a commutative ring, with the unit %;

the zero is 2 and —2 = =2. The universal map A — A[P~']is given by a — £.

ss  ss'’

Moreover, let (a,s) € A x P. Since s € P, a+ (s — a) € P and therefore
a€ Pors—a¢€ P. Then £ € A[P7'] or £ € A[P7'] and %&£ =1,
(1 - 2)-= = 1. Hence A[P7'] is a local ring. Further, given ¢ : A - B
such that ¢[P] C Inv(B), define A x P — B by (z,3) = o(z)p(s)™!. It is
then easily seen that if (a,s) ~ (a’,s') then ¢(a)p(s)™! = ¢(a’)p(s)™1. Thus ¢
factors through A[P~']. O
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As an example of the above situation, let A be a ring in Sets, £ a frame
and A 5 £ a support. We would like to show that ¢ give a prime P of A(:
the sheaf reflection of the constant presheaf A, U — A) in Sh£. We can then
localise A at P to get a local ring A[P~1].

Let us recall (chapter 1) that AU =set of all locally constant locale maps
U — A, which are just the frame homomorphisms a : PA —| U. But these
are characterized by their effect on the singletons {a}, for a € A, since for any
SePA S =V{{a} | a € S}. It then becomes clear that these a's can be
described as maps a : A —] U satisfying

(i) a(e)Aa(®)=0 ,a#band
(i) V{a(a)|a€ A} =T.
Since A is a ring, we get ring structures on AU, for each U € £ as follows

(a0p)(a) = \/{a(®) AB(c) | b D c = a},

where O stands for addition and multiplication. The zero in AU is given by

U : a=0
O(a):{ 0 : a#0
1 is given by
U : =1
1(a)={ 0 : Z;él

—a is given by —a(a) = a(—a), for any a € AU. These data fits together so as
to give a ring structure on AU for any U € L. Furthermore, for any V < U in
L, and a,8 € AU,

(0B)[V)(a) = \/{alt) A B(c) AV | b0c) = a} = \/{(alV)(8) A (BIV)(c) | bOc = a}
= (alV)D(BIV))(a),

and similarly for —a ,0 and 1, showing that the restriction maps AU - Av
are ring homomorphisms. Thus we have a ring A in ShL. Note that any a € A
gives rise to @ € AU, for any U € L, defined by

a(c) = U : ¢c=a
1 0 : c#a
Recall that in ShL the object of truth values(=subobject classifier)  is given

by
QU=|U, UeccL.
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The given support o : A — £ gives amap & : A — 0, defined at each U € £ by
6u: AU 5 QU a~ ola) AU.

It can be easily shown that & is a map of presheaves. The ‘unit’ 7: 4 — Ais
given by _ )
nu AU — AU, a a.

at each U € L. Tt then foliows that the unique map & in the following commu-

tative diagram is a support.

A—=4
|
| &
¥

AN
Explicitly, & is given by

bu(e) = \/{o@ral@)| ac A}

Moreover o a support implies that & is also a support. The point here is that
we are now in a topos ShL with theﬂobjegt of truth values €, and an 1—valued
support & : A = {, hence a prime P of A. Explicitly P is given by

PU = {a € AU | éy(a) =U}.

As before, we localise A at P to get a local ring A[P~!] in ShL.

Generally, in ShL, this localization can be briefly described as follows. At each
U € L, we define an equivalence relation ~ on AU x PU by (a,s) ~ (a',s') iff
thereis a cover U = \/, U; and a family (¢; € PU;)ier such that t;(a|Us)(¢'|U;) =
t:(a’|U:)(s|U;). Denote (AU x PU)/ ~y by Q(U). Then U = QU) is a
separated presheaf. Indeed, consider U = \/, U; and [a, s], [a/, 8'] € Q(U) such
that [a, 8]|U; = [a', &]|U; for all 4 € I. This means (a|U;, s|U;) ~ (a'|U;, s'|U;)
for all i € I. Thus {a,8) ~v {d’, §') since ~ ig a sheaf.

A[P~] is the sheaf reflection of Q). By general principles we may consider Q(U)
as a subset of A[P~']U and note that A[P~!] is the sheaf generated by this
subpresheaf. The image of (a,s) € AU x PU in A[P~!] will be denoted by [%]y.

4.2 The universal support

Classically, i.e. in the category of sets, the primes of a ring A are exactly the
complements of prime ideals of A. Hence without the Prime Ideal Theorem (i.e.
any nontrivial Boolean algebra has a prime ideal), A need not have any primes.
But with the ‘change of toposes’ we can get a generic prime. In chapter 2 we
saw that for any ring A in Sets, the map [~] : A — RidA has the properties
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Thus [—] is a support. First we show that [—] is universal. Let 7: A & L be a
support, for some frame £. Define ¥ : RidA — £ by

#(J) =\ r[J].

Then 7([a]) = 7(a), for any a € A. We show that 7 is a frame homomorphism.
HIAD =V r[IAI =V r(JInI) =\ r(JJ)nrI)) = V() AV 7(I)). Let
X be a directed family of radical ideals of A.

V) =+ n=VetlJ m=VJ

Jex Jex JEX
=V /= 7).
Jex Jex

Thus 7 is a frame homomorphism.

As shown in the first section above, [~] gives a prime P of A in Sh(RidA).
We can then localise A at P to get a local ring A[P™!].

4.3 Representation

Let A, A, etc. be as in section two above. The aim here is to show that A[P~!]
provides a sheaf representation of A, specifically

A[P][a] = Ala7"],

for any a € A. For any presheaf P on a frame £ we will denote by P the sheaf
reflection of P, with the universal map 5 : P — P from P to a sheaf; and for
any map of presheaves 7 : P — F where F is a sheaf, we denote by 7 the sheaf
extension of 7, i.e. T is the unique map such that ¥ oy = 7. We will need the
following lemmas.

Lemma 4.3.1 Let P be a presheaf on a frame L and let v : P — F be a map
into a sheaf F on L such that the image of v generates F and Im(r) is the
separated presheaf reflection of P with the reflection map induced by 7. Then,
7:P = F is an isomorphism.

proof

P—>p
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Since P is separated and I'm(r) generates F, the sheaf reflection map 77 : P — P
factors through 7 as 7 = £ o 7. It is then easily seen that ¥ o £ and £ o 7 are
identities, since 77 and 7 are presheaf epimorphisms. 1.

Lemma 4.3.2 Let L be a frame with a basis K and let P be a presheaf on L
such that P is separated and patching at each W € K. Then PW = PW for
each W € K.

Proof Note that PU = the set of equivalence classes of compatible families
(x; € PU;)1, where U =V U; is a cover of U, with two families (z; € PU;);
and (y; € PV;)s equivalent iff z;|U; A V; = y;|U; AV; for all indices ¢ and j.
But, since P is patching on K, for each W € K and any cover W = V., U;
of W with compatible (x; € PU;)s, we have z; = z|U; for a unique z € PW.
Conversely, for each £ € PW, (z|U;)s is a compatible family, i.e. an element of
PW for each cover W =V, U;. O

Lemma 4.3.3 Let G, F be sheaves on a frame L and suppose L has a basis K
such that F = G on K. Then there exists an isomorphism F — G.

Proof At each U € L consider MU C FU x GU defined by (z,y) € MU iff
W = y|W for all W < U in K. Suppose (z,¥), {z,¥’) € MU. Then

y|W=z|W=ylW forall WeK.
In particular, y'|W = y|W for all W € K. Since G is a sheaf and
U=\/{wek|W<U},
we get y = y'. Similarly we get
(z,9), (@) e MU=z =1

Moreover, let y € GU. y|W € GW, as W ranges over all elements of K less than
or equal to U, form a compatible family, and since GW = FW, it has a patch
z € FU. Then, (z,y) € MU. It can also be easily verified that M is a subsheaf
of F x G. thus M is a graph of an isomorphism F — G. (also see[18] theorem
3.4.10). O

We are now starting with the construction. For each J € RidA let
Sy={scA| [s] 2 J}

Then, J + A[S7']is a presheaf B on RidA, the restriction maps vy : AlS7 -
A[S7!] for I C J resulting from the fact that S; € Sy whenever I C J, by the
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universality property of the obvious homomorphisms vy : A ~ A[S7']. Indeed
we have

A—3 A[STY]
|

\ i
Y

AlSr ]
where v7;(2) = vi(a)vr(s)™".
For each c € A, Blc] = A[c™!]:

A—=> Alc™!]
Al

el
AN

AlSg]

[s] 2 [¢] <> " = sa, some n, a. In such case a(c) invertible implies a(s)
invertible for any ring homomorphism « on A. Thus, we get the maps ¢ and ¢
as indicated in the diagram above since 1,.(s) is invertible for any s € Siy and
v(¢(c) is invertible respectively. It can then be easily verified that ¢ and % are
inverse to each other.

At each J = [¢], B is separated and patching: Since [¢] is compact, it
will suffice to verify this for finite covers. Furthermore, we can reduce this to
covers of the form [c] = [cg] V --- V [en], and by an induction argument, using
that [¢] = [co] V [r1e1 + - -+ + racy] with suitable r; € A, it will be enough to
consider the case [¢] = [b] V [d]. But we have already seen the pullback lemma
(in chapter 2} that the diagram

Afe™] —=> 4[]

Voo l j{ Vbdd

A —— A[(bd)™ ]

Vbdb

is a pullback whenever [¢] = [b] V [d]. We get the required result since A[c™!] &
A[S]-
For J € RidA, let

HJ ={z € BJ|J=\/J; withz|J; = 0}.
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Obviously 0 € HJ. Let z € HJ and y € BJ. Then J =\ J; with z|J; = 0.
Then zy|J; = (z|J;)(y|J;} = 0. Furthermore, if J = \/ J; = \} Hg with z|J; =
0 = y|Hyg, then J = Vi,k JiAHy and (z+y)|JiAHy = 0. Thus HJ is an ideal of
BJ. 1t is also clear that J + HJ is a subpresheaf of B and that BsJ = BJ/HJ
is the separated presheaf reflection of B.

The presheaf map p: B = A[P1): Let a € S;. Then \{a(b)A[b] | b€
A} =JA[a] =J. Thus e € PJ. Thus we have a map

AxS;—+AIx PJ.
Let 2 = 5;7' in A[S7']. Then 3t € S; such that tas’ = ta's.Then a ~ & being a
ring homomorphism implies {@s’ = fa’§. Then

fe PI>

IR~
@l 8

Thus we have got maps A[S7'] 2% A[P~1]J,
_ a
mis@ws()™) =[],

for each J € RidA, where [%] ; stands for the element of A[P~]J determined

by (&,3) € AJ x PJ. N X

{Explicitly, the map A — AJ takes S; to PJ, leading to a map 4 x S; —
AJ x PJ which then induces the homomorphism A[S7"] % A[P~1]J. Further,
it is easily checked that this defines a presheaf map B — fi[f"‘l] )

The image of y generates A[P~!]: Let o € AJ and 8 € PJ. Then

J=55(8) = \/{B(s) A[s] | s € A).

Thus
J=\/{a(@) |ac AA\{B(s)Als]|s € 4}
= V{a(a) AB(s)A[s]|a,s € A}
< \/{az(a) AB(s)|a,se A} < J.

J =\/{al@) AB(s) | a5 € A}.
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Let I = a(a) A B(s) < J. a|l is given by

o: A lJ 1 (afa) A B(s))

t a(t) + a{t) A ala) A 8(s)

Furthermore,

a(t)/\a(a)/\ﬁ(s)={ a(a)/\ﬁ(s)zg Zii

Thus, a|I = &, and similarly we get 8| = 3. Also: [s] 2 I = a{a)AB(s) because
Bs) = Bls) AT = V{B(s) A B A[f]| £ € A} = A(s) A [s] < [s], from which we
get

a(s) =a(s)AJ = \/{a(s) Aa(t)A[t] |t € A}
=a(s) Als] < [s].

It follows that s € Sy and hence vi(a)vr(s)~! € A[S;'].

Also:
[51.0= 5l = 31,
= ur (vi(ar(s)™).

Since the I cover J, this shows Im(u) generates A[P~1].

ker(us) = HJ: Letz € ker(us). z =vs{a)vs(s)~!, forsomea € 4, s € 57
Then

/] — -1y _ |2

0=yp;(z) = M(VJ(“)VJ(S) ) = [g]J
Then J = \/ J; and ¢; - (a|J;) = 0 for some ¢; € PJ;. Here J; = \/{ti(c) Alc]|c €
A} and for each I = t;(c) Ac] # [0], éa|I = 0 and hence ca = 0. Further, c € Sy
because [¢] D I trivially, hence v;{a)vi(s)™! = 0, and since the I cover J, this
shows z € HJ. Conversely, z = vy(a)r;(s)~! € HJ means vy, (a) = 0 for some
coverAJ = \/ J; and then #;a = 0 for some ¢; € Sj,, hence t:& = 0 and since
£; € PJ; we have [2] = 0, saying py(z) = 0. O.

It then follow from lemma 1 that

A

i:B— AP7Y



is an isomorphism {(~ indicating the sheaf reflection); and from lemma 2 that
Blc] = Bc] = Alc™Y].

Thus

P

AP~ [e] = Ale™ ]
for any ¢ € A. In particular,

~_

APz ALY = A

As an added observation we can see that, using lemma 2.3 above we get
A= AP,

where A is the sheaf described in chapter 3.

Concluding Remarks:

(R1) In our work we simply observed that for a ring A, the map A — RidA,
a — [a} is a universal support. Here we would like to give a sketch of
a‘natural’ construction for this support. We will not recall basic definitions
here and the reader is reffered to [4, 11, 14, 20].

Construction: Let A be aring and consider the following propositional
theory.

Propositions: a € P, one for each a € A.

Axioms:

(PO)yoeprP= 1
(P1) T=>1€P
(P2) a€ PAbEP &> abe P
(P3) a+beP=>acPVbeP.

One can then make A into a ‘site’ and get a flat map A — ‘C — ideal(A)’
as follows:

1. Define a preorder < on A, by
a<b iff a" = be for some n, c.
Note that in this preorder ab < g, in particular, ™ = a.

2. Define a covering system on (4, <) by

43



(R2)

(i) @ € C(zx) whenever z” = 0 for some 7,
(i) {za,zb} € C(z) whenever 2™ = a + b for some n.

Then it can be easily verified that the ‘C-ideals’ for this theory are exactly
the radical ideals of A. Thus if we let SpecA=the locale (of primes of A)
given by the above theory, then 2SpecA = C — ideal(A) = RidA. Hence
a universal support A = RidA, a — [al.

Put differently, for basic propositions listed above, we can consider
the set of all propositions generated from these by binary conjunction(A)
and arbitrary disjunction(\/), with two distinguished propositions added:
T and L. The fundamental notion is the relation of entailment + be-
tween propositions, subject to the following rules, where p,q,--- stands
for arbitrary propositions and S for any set of propositions.

1. Absolute: ptp;if ptgand gk r thenp b r.
2. Conjunction:
ifprgand plrthenpkgAr.
pkT
pATrkp, pArkr
3. Disjunction:
VSFgwhenever ptgforallpe§.
prY Sforallpe S.
THVO.
4. Propositional law: pAVSFV{pAg|qge S}
Axioms are presented as sets of entailments : pl g , where p and ¢ are
specified propositions. Then the corresponding Lindenbaum algebra £ is
given by taking the propositions of the theory modulo the relation - of

mutual entailment, with partial order induced by . £ is then a frame, by
the rules for entailment, and we have the map

o:A— L
aw [a € P,
where [a € P] is the element of the Lindenbaum algebra corresponding to

‘a € P’. o gives the universal model of the theory, and it can be shown
that it is the universal support.

Another approach to the generic sheaf representation of a ring is via the
‘localization’ /spectrum problem. intuitively, this says: Since the theory
of rings is not equational, there is no universal local ring associated with
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a given ring in a topos, particularly in Sets. However, with the ‘change
of toposes’, Tierney in[19], Coste in [6] and Wraith in [23] showed that
the inclusion of the category of local ringed toposes in the category of
ringed toposes has a left adjoint, sending a ringed topos to what we call
it’s spectrum. (By a (local)ringed topos we mean a topos with a particular
(local)ring in it).

For the reader who want to study particular types of rings in terms of their
pointfree spectra the following will be useful. Banaschewski in his papers
[2, 3] has analysed the role played by RidA in characterizing a given ring
A. Among his findings are

- a ring is an exchange ring iff it is Gelfand with zerodimensional
JRidA;
- a ring is Gelfand iff it is a ring of global elements of what we call a

well-supported local ring in the topos of sheaves on a compact regular
locale; and

— aring is an exchange ring if it is the ring of global elements of a local
ring in the topos of sheaves on a compact zerodimensional locale.
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