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CHAPTER 1

Introduction

Complex algebras have proven very useful in presenting the modern day logician
with a tool to approach a wide variety of problems in the field of algebraic logic.
This dissertation is intended as an exploration of various approaches to the study
of complex algebras. In particular we will take a look at the logical and semantic
views of complex algebras, as well as logical games involving these algebras.

This introduction aims to provide the reader with a cursory overview of the his-
tory of algebraic logic and in particular those parts of the history that relate to
varieties, logical games and complex algebras. (For an insightful analysis of the
early development of algebraic logic we refer the reader to [AnH88].) We round off
the introduction with an overview of the work that is to be presented in this disser-
tation. The reader familiar with the historical development of these fields might do
well to skip directly to this general overview.

1.1. History

Varieties and universal algebra. Before we launch ourselves into the history
of universal a gebra it might be a good idea to quickly discuss the concept universal
algebra. At present this field of study, along with its sister field of algebraic logic,
is one of the rnore active areas of research in modern mathematical logic with many
implications to the fields of philosophy, natural language and computer science. The
following quote, as stated in [BuS81], quite succinctly describes the field at hand.

“One of the aims of universal algebra is to extract, whenever possible,
the common elements of several seemingly different types of algebraic
structures.”

From this vantage point the researcher can come to discover general concepts that
quite often lead to a concise way of communicating such ideas, but also the level
of abstraction lends itself to, sometimes surprising, application of these results to
disparate areas of interest.

By the beginning of the twentieth century mathematicians were confronted with
a wide variety of algebraic systems, including Peano’s arithmetic of natural numbers
and Schroders algebra of binary relations, not to even mention the field of group
theory. the study of rings, vector spaces, Hamilton’s quaternians and Boolean alge-
bras. The earliest attempt to unify the study of algebraic systems was undertaken
by A. N. Whitehead in his work “A Treatise on Universal Algebra” [Whi98] and
was focused on the study of systems of formal axiomatic reasoning about equations.

5



6 1. INTRODUCTION

Another author to touch on the topic of putting algebraic systems into a generalized
framework is B. L. van der Waerden, in his book “Moderne Algebra” [vdW31].

However the coherent study of generalised algebraic systems is generally accepted
to start with the work of Birkhoff (c.f. Bir33| and [Bir35]). In the first ([Bir33])
of these works Birkhoff explicitly introduces the modern notions of an algebra and
a subalgebra. [Bir35] includes the ideas of congruences, free algebras and varieties.
In this paper ne also proves the fundamental result connecting the study of varieties
with the field of equational logic, often referred to as Birkhoff’s Theorem.

In their excellent book [MMT87] McKenzie, McNulty and Taylor divide the fur-
ther development of universal algebra into four periods. The first of these last up
until 1950 and includes the above mentioned papers by Birkhoff. This introductory
phase covers the introduction of the basic concepts of free algebras, the isomor-
phism theoremns, congruence lattices, and subalgebra lattices, along with the first
use of this new level of abstraction to generalize results from group theory (c.f.
[Ore35! and {Ore36]) and to analyse the lattice of clones on a two element set (c.f.
[Pos41]). In this phase the first works of A. Tarski ([Tar31] and [Tar35}) studying
the notion of a relational structure appears, which, as we will subsequently see, is
a fertile field in the study of complex algebras. During this period lattice theory is
expanded in the works of Birkhoff, Dilworth, Frink, von Neuman, Ore and Whitman
to name a few. Another important result during this period comes from Stone on
the representability of Boolean algebras in [Sto36].

During the second era, lasting until about 1963, the influence of mathematical
logic, especially model theory, comes to the fore. The principal driving forces be-
hind this period are A. Tarski and A. [. Maltsev, along with the wide array of young
mathematicians attracted by the fame of their various schools. The main concep-
tualisation of the model theory of first-order languages, or simply model theory,
is expressed in Tarski’s address to the International Congress of Mathematicians
in 1952. Importantly, especially from an algebraic logic perspective, this period
includes the publication of two seminal works by B. Jénsson and A. Tarski (c.f.
[JoT51 and JoT52]) introducing the concept of a Boolean algebra with opera-
tors. Other hizhlights of this period include the ultraproduct construction of J. Los
{(c.f. [Lo$55]): further developments on the ideas of free algebras in Poland and
the ideas of A. L. Foster to extend the work of Stone on the representability of
Boolean algebras to more general classes of structures. In [Gau57] N. D. Gautam
also published an important work on the validity of equations in complex algebras
that would lead to some fruitful research.

The third pariod sees the divergence of the fields of universal algebra and model
theory and stretches from the early 1960°s to the late 1970’s. This era results such
as the abstract characterisation of the congruence lattices of arbitrary algebras by
Gritzer and Schmidt (c.f. [GrS63]), Jénsson’s study of congruence distributive va-
rieties (c.f. [JOnB7)) as well as various ways of classifying varieties by the behaviors
of congruences in their members, are presented. During this period several impor-
tant books on the topics of the general theory of algebras were published. These
include the books by Cohn [Coh65], Gratzer [Gra68|, Pierce [Pie68] and Maltsev
‘MalT73|. Due to the earlier work of Foster the important ideas of primal and func-
tionally compl:te algebras were introduced and studied during the early to late 60’s.
Out of these studies and the work of mathematicians like A. F. Pixley, H. Werner
and R. McKenzie grew an interest in discriminator varieties. As we shall see in later
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chapters the existence of a discriminator in a class of algebras simplifies a lot of the
results we wish to express (c.f. McK75]). For an excellent survey of this field we
refer the reader to the monograph [Wer78] of Werner.

The final era, not directly relevant to this thesis, starts with the introduction of
commutator “heory (c.f. [Smi76] and [HaH79]). Flowing from this theory were
insights into varieties that satisfy congruence modularity as well as other strong
Maltsev properties. The theory of tame congruences also belong to this period as
does the hierarchy of congruence ditributive varieties (c.f. [BIP82] and [BKP84|).

Complex Algebras. Given any group G with universe (7 there is a natural way
to lift the group multiplication ‘- on G to subsets A. B of G:

A-B={a-b:ac A be B}

According to G. Birkhoff (c.f. [Bir48]) an early application of this idea originates
from Frobenins, with the multiplication of subgroups. At that time any subset of a
group was refarred to as a complex, and the above mentioned “lifting” of operations
gave rise to a calculus of complexes.

The idea of lifting multiplication in group theory can be seen in such commonplace
ideas as the coset construction. In lattice theory the set of ideals of any lattice L
again forms a lattice, and if the original lattice A is distributive the meet and joins of
our new structure turn out to be exactly the lifted meets and joins from L. Another
general exambole derives from viewing the image of a function f as an operation on
subsets.

However natural this idea of lifting operations to subsets seems, it is important to
note that these lifted operations do not always satisfy the same properties as their
original counterparts. For example, the lifted group operations do not in fact again
give us group operations. In contrast lifting the semigroup operation will again give
us semigroup operations (c.f. [TaS67] for more on lifted semigroups).

Of course the power set of any set itself has a natural Boolean structure, if we
take set theoretic union and complementation as the Boolean join and complemen-
tation of our new algebraic structure, From an algebraic logicians perspective is it
often natural to include these boolean operations in our standard signature from
complex algebras, along with the other lifted operations. However, much work has
been done in languages that do not contain the underlying Boolean symbols, the
structures arrived at via this perspective are often referred to as power algebras,
power structures or globals. For an excellent introduction to this field the reader is
referred to [Bri93|.

Given an axiomatisation of a particular class of algebras an important question
has been whether an algebra in such a class can be presented as an algebra over a
field of sets. Such an algebra is then referred to as a representable algebra. Since
complex algebras have fields of sets as their universe this is equivalent to seeing
whether an a gebra is isomorphic to some complex of an algebra.

From Boolean algebras to fields of sets. As was later to be seen the study of
complexes of igebras has a very close link to the study of Boolean algebras. Boolean
algebras have their origin in the works by G. Boole (c.f. [Boo54]|) and A. de Morgan
(c.f. [DeM47!) concerned with a general analysis of thought. In these works both
of the authors took a keen interest in the formalisation of the logic of propositions.
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The further research of C. S. Peirce (c.f. [Pei80)) and E. Schrider (c.f. [Sch95]) led
to the formation of the related field of lattice theory, which has had a great impact
on the develcpment of universal algebra.

From our current perspective the most important work in the development of the
theory of Boolean algebras comes from the result of M. H. Stone demonstrating
how any Boclean algebra is isomorphic to some field of sets (c.f. [Sto36]). This
representation of a Boolean algebra by a field of sets is one of the earliest examples
of representation algebras and hence a close link to the study of complex algebras.
(For an in depth survey of Boolean algebras the reader is referred to [Sik64] and

Chapter IV of [BuS81].)

Algebras of relations. Another field, adjacent to the study of Boolean algebra,
that is related to our study here is that of relation algebra. This field evolved out of
the study of -he properties of binary relations on sets. The origin of this field can
be traced back to the late 19th century and the works of de Morgan ([DeM64]).
Schréder ([Sch95]) and Peirce ([Pei83]). However the modern definition of a rela-
tion algebra has its roots in Tarski’'s axiomatisation of the calculus of relations (c.f.
Tar41]). Not long hereafter the first formal definition of relation algebras, as the

expansion of 1 Boolean algebra, appears (c.f. [JoT48]).

Since Tarski’s calculus of relations could derive essentially all of the known results
about sets of relations it was natural to ask whether this axiomatisation was com-
plete. In [Lyn50| we start seeing the first connections between the representabil-
ity of structures and their (finite) axiomatisability, and in this paper R. Lyndon
showed that there exist non-representable relation algebras. In 1964 J. D. Monk
(c.f. [Mon64)) used Lyndon’s work (c.f. [Lyn61]) to show that there is in fact an
infinite class of non-representable relation algebras with a representable ultraprod-
uct. This then demonstrated that the class of representable relation algebras (RRA)
was in fact nct finitely axiomatisable. In [JoT52] Jénsson and Tarski demonstrated
that all propor relation algebras can be represented over the class of generalised
Brandt groupoids.

From Kripre semantics to modal algebras. The introduction of relational seman-
tics, also known as Kripke frames, for certain modal logics by S. Kripke in [Kri59]
was fundamental in the move toward a more coherent study of such logics. E. J. Lem-
mon and D. Scott, in their famed monograph [LeS77] (written in 1966), extended
Kripke's work to cover a wide class of modal logics: to such an extent that they were
led to conjecture that every modal logic was complete with respect to its relational
semantics. This was however refuted a few years later by K. Fine {c.f. [Fin74]) and

S. K. Thomason (c.f. [Tho74]).

Maybe it was the intuitiveness of Kripke's approach that lent it such popularity,
in contrast to the earlier algebraic semantics introduced by J. C. C. McKinsey and
A Tarski {c.f [McT41]| and [McT48]). It took the complex algebraic perspective
to bring these approaches together. In particular the complex algebras of Kripke
frames turn cut to be modal algebras (the algebraic counterpart of modal logics).
In fact, by a result of Jénsson and Tarski in [JoT351], every modal algebra is a
subalgebra of a complex algebra of some Kripke frame.

For a survey of the algebraisation of logics we refer the reader to the excellent
monograph [BIP89| by W. J. Blok and D. Pigozzi.
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From complex algebras of relational structures to BAOs. The above mentioned
result for mocdal algebras is in fact only a special case of the result by Jénsson and
Tarski. Kripk: frames turn out to be a special class of relational structures. As was
clearly demonstrated by Jénsson and Tarski (c.f. [JoT51]) the complex algebras of
relational stri ctures are in fact nothing but Boolean algebras with operators. This
is closely related to a result by J. F. A. K. van Benthem (c.f. [vBe80]), proven from
a model- theoretic perspective, that if the class of Kripke frames for a modal logic
is elementary then it is validated by its canonical frames.

Complex alyebras of groups. As early as the works of McKinsey and Tarski, and
Jonsson and Tarski the class of complex algebras of groups was discussed. In partic-
ular these complex algebras give rise to an important class of representable relation
algebras called group relation algebras (GRA}. As mentioned above Mon64] ad-
dresses the question raised by Tarski as to whether RRA is finitely axiomatisable.
In this paper Monk not only shows that RRA is non-finitely axiomatisable, but also
that group relation algebras are non-finitely axiomatisable. The situation is in fact
far worse than this. In McK70 R. McKenzie showed that no finite set of axioms
can be added to any axiomatisation for representable integral relation algebras to
axiomatise GRA, i.e. GRA is not finitely axiomatisable over representable integral
relation algebras. Later, in the work [Com86]| of S. D. Comer, the connection be-
tween the coriplex algebras of polygroups and integral relation algebras as well as
connections to multi-valued loops is evident. (We refer the reader to /AGN97| for
even more recent results on GRA.)

Cylindric algebras. The field of cylindric algebras, closely related to the theory of
first order lanzuages, has also led to the development of many tools and insights into
the study of the representability of algebras. Especially important to us since the
relation algebras of Tarski and Jonsson turn out to be related to cylindric algebras.
For a compreaensive survey of this question and many others relating to cylindric
algebras the reader is referred to [HMT71] and [HMT85].

Logical Games. In the study of structures from a model theoretic perspective
the use of formalised games have come to play a very important role. In particular
the use of back-and-forth games have proven successful in studying and understand-
ing questions relating to the representability, axiomatisation and decidability of
specific classes of structures. (The reader is referred to Chapter 3 of W. Hodges’
book [Hod94] for an excellent model theoretic survey of such games.)

A first important contribution in this line appears in the work of A. Ehren-
feucht [Ehr61] in which such games are used to show certain required conditions for
the elementary equivalence of structures, extending work originally done by Fraissé
[Fra52]. Such games are thus often referred to as Ehrenfeucht-Fraissé games.

A closely connected idea, for our purposes here, is that of the method of step-
by-step const -uction used by R. Lyndon in [Lyn50! (with corrections in [Lyn56]).
In these cons ructions the objects to be represented are constructed one by one in
a possibly infinite sequence of steps. As is demonstrated clearly by R. Hirsch and
I. Hodkinson. in their book [HiH99], and in the article [HMV99|, by Hodkinson,
Mikulas and Venema, this type of construction can easily be viewed as a two player
game. [HiH99] also contains an excellent historical introduction and justification
for the use of these, and similar, games in the setting of relation algebra.
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1.2. General overview

We now turn to an overview of the specific theory to be covered in this disserta-
tion. The reader will find that each chapter is presented as a conceptual unit with
Chapters 2 and 3 providing us with respectively the general theory and underlying
paradigm on which Chapters 4 and 5 are based. The theory discussed in Chapters 4
and 5 is then applied to a few case studies in Chapter 6. Each of the latter chapters
are concluded with a short section describing open problems or avenues for further
research relating to the theory covered in that chapter.

Preliminaries. We start off with an overview of the basic theory underlying
complex algebras, varieties and games. Chapter 2 is a cursory introduction to fields
such as cardinal arithmelic, model theory, category theory and the main universal
algebraic consiructions and results that will be used in later chapters. The theory in
Chapter 2 should be well known to graduate students from the fields of logic, model
theory and uriversal algebra. Most proofs are omitted. except where there are no
standard references.

Chapter 2 «lso demonstrates the notation. mainly model theoretic and category
theory based, which we will use for the rest of this work. Most of the notational
conventions used are in the style of [HiH99] or taken from R. Goldblatt’s approach
(c.f. [Gol89] and [Gol99)).

Polymodal logics and their semantics. The material covered in Chapter 3
will be very familiar to modal logicians. In Chapter 3 we demonstrate the categor-
ical connectioas between modal logic, Kripke frames and algebraic semantics. We
introduce the standard notions of the Lindenbaum-Tarsk: construction and the re-
lated ideas of canonical models and frames in the general setting of n-ary modal
logics, in most cases following [Gol99]. The interaction between a logic, its rela-
tional semantics and algebraic semantics can be viewed as a paradigm triangle. As
this triangle seemingly has a plethora of notational conventions, we try to present
this body of work in a uniform way by sticking close to a mixture of categorical and
model theoretic notation.

In the last section of Chapter 3 we introduce the concepts of canonical and
(strongly) complete logics. We then use the characterisation of these logics to moti-
vate the defin tions of canonical, complex and complete varieties.

Complex algebras and varieties. Chapter 4 focuses on the beautiful result by
Fine [Fin75], van Benthem vBe80] and Goldblatt [Gol89] connecting relational
structures and canonical embedding algebras, and in this way showing us how to
determine when a logic is canonical. In the lead up to this result we introduce the
model theoretic concepts of saturated models and good wltrafilters which are crucial
to prove this result. We present this result in the style of Jénsson (c.f. [J6n89]).
(This exposition is intended as a complete and self contained initiation into the
deep theory tnderpinning this result and vet still make it accessible to graduate
students. )

Apart from the obvious applications of this result to algebraic logic we also use
it to prove th: famous Kiesler-Shelah Theorem and deduce several criteria for the
semantic characterisation of universal and existential classes.
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We conclude Chapter 4 by elaborating on the hierarchy formed by canonical,
complex and complete varieties and prove a few new (c.f. Theorem 4.3.17 p. 85},
and not so new, results about complex varieties using the tools at hand. We also
introduce the reader to the work of N. D. Gautam on the preservation of equations
between an a gebra and its complex algebra (c.f. [Gaub7]) and to some results
on discrinmunator varieties that are useful in the study of boolean algebras with
operators.

Complex algebras and logical games. As we have mentioned, the question
of representability of certain classes of algebras is closely tied up with the construc-
tion of complex algebras. In Chapter 5 we explore this area using game theoretic
techniques, i.c. representation games. We set up a generic game in the style of
HMV99]| to check the representability of a structure over an equational class of
algebras. The approach described takes on a less general form than that of [HIH99],
but lends itself to more concrete examples.

We then proceed to demonstrate how these games can be used to axiomatise
certain classes of structures. We conclude Chapter 5 with a discussion on two modi-
fications of the original game presented by [HMV99] that extends their application
to certain classes of partial algebras and to representations over products of algebras.

Case studies. In the final chapter of this dissertation we apply some of the
results and techniques presented to certain classes of algebras. In particular these
algebras are either subvarieties of groups or are well-known classes of expansions of
groups (e.g. Boolean rings and algebras).

Semilattices and bands. In this case study we will look at an application of the
theory of preserving equations, discussed in Chapter 4, to a subclass of semigroups
called rectangular bands. We then present a result by P. Jipsen giving a finite ax-
iomatisation of the variety generated by the complex algebras of rectangular bands,

c.f. [Jip01].

Semigroups. In [Rei96 P. J. Reich studied the class of complex algebras of semi-
groups. In this short case study we present some further comments and results
relating to this class of algebras.

Boolean algebras and rings. In this section we take a look at the varieties gen-
erated by coniplex algebras of boolean rings and boolean algebras. These varieties
are respectively referred to as hyperboolean algebras (HBA) and hyperboolean rings
(HBR)

J

The first important result we prove is that the varieties of hyperboolean algebras
and hyperboolean rings are not term definitionally equivalent, although HBA is
interpretable in HBR.

We also investigate whether HBA is finitely based. While this is still an open
problem, we give a list of equations such that for any algebra A of the HBA similarity
type and of size < 2, the equations hold if and only if A € HBA. In conclusion
we observe that HBR has an undecidable equational theory. whereas for HBA this is
still an open problem. (Most of these results were originally published in [Sch00].)
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CHAPTER 2

Preliminaries

For the purpose of this dissertation we will assume the reader is familiar with
the general theory of universal algebra as well as a basic understanding of Boolean
Algebras (BA). For a more detailed account of these topics we refer the reader to
BuS81], IMMTS87] and [Sik64]|. (An updated version of [BuS81] is currently

available on the Internet at http://www.thoralf.uwaterloo.ca/ualg.html.) Notation-
ally we will follow [HiH99] as closely as possible.

2.1. Set Theory

A familiarity with the basic notions of set theory is assumed. We will use the
standard not.ons of membership (€), subset (C), finite subset (C,), union (U),
intersection (1N), difference (\), products of sets (X <Y . T o, Xa) and (direct) powers
of sets (X*). We define the disjoint union, Wyea X, of sets X, to be the set
Usea(Xa x {A}). We denote the collection of all subsets of a set X by P(X), also
called the power set of X, and the collection of all finite subsets by P, (X'). Ordered
tuples will be presented between angle brackets. e.g. {(xg,...,z,1). For a more
complete introduction to set theory we refer the reader to [Jec78|.

DEFINITION 2.1.1. A set M is said to have the finite intersection property if for all
2021, .. Ipq€Mandalln €w, zogNaiN... Nap_y # 0.

2.1.1. Cardinal Numbers.

The reader is assumed to be familiar with the notions of ordinals and cardinals
and their arithmetic. We will however recall a few definitions and results that are
directly related to results presented in later chapters of this dissertation.

We will denote the cardinality of a set X by | X | and define addition, multiplication
and exponentiation of cardinal numbers in the standard way. If | X| < & for some
cardinal k we will say X s of power . We will use the Greek letter w when referring
to the smallest infinite cardinal.

For any ca-dinal s its successor is written as k™. The Generalised Continuum
Hypothesis (GCH) states that x+ = 2%,

We recall tae following results of cardinal arithmetic. (We denote the greater of
two cardinals A and « by max(\, x).)

13
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LEMMA 2.1.2. Let k, A, p be cardinals and X be a set.

) IfA>wand A >k thenk + A =rx- A=\ and 5™ = 2*,
(i) (%)% = kM.

(i) If | X| = & then |P(X)| = 2~.

(iv) If Aok 2w then A+ Kk = A+ & = max(A. &).

(V) If A\ > w and n < w then \* = A.

(vi) If |X| = A and A > w then |P(X)]| = A.

Proor. (i): C.f. [Dev93] Corollary 3.7.8 and Theorem 3.9.3.

(ii): Let X, Y and Z be sets such that x = | X|, A = |Y] and p = |Z]|. We need
to find a function v : (XV)? — XY*Z that is bijective. Take v to be defined as
follows, for y € Y, z € Z and [ € (XY}, let

YWy 2) = J(2)()
Thus v(f) € X¥*Z,

Let f,g € (XY)Z be such that f # g. Then for some y € Y and z € Z it must be

the case that f(2)(y) # g(2)(y) so
YN, 2) = F(2)(y) # 9()y) = v(9)(w, 2)-

Hence ~ is in ective. For any A € XY *% define fi(2) = h{_, 2) then clearly fu(z) €
XY and hence f, € (XV)Z. Furthermore v(f;) = h making ~ surjective.

(iii): C.f. [Dev93]| Lemma 3.9.1.
(iv): C.f. [JecT8] (6.1).

(v): We prove this by finite induction. Trivially A\! = A. So let A¥ = A. Since A
is infinite A¥ ! = A\* . XA = max(\*, \) = A¥ = \, where the second equality follows
from (iv).

(vi): Let X" be a set such that |X| = A. Then, for any n € w, X has at most A
subsets of size n. Thus A < [P(X)] € w x A < A\ = A, where the final equality
follows from (iv). O

Let o« > 0 be a limit ordinal. A set X C « is said to be bounded in « if, and only
if, there is a .7 < « such that X C 3, we say X is unbounded in « otherwise.

Now let A be a limit ordinal, and let 35, 3;..... 3. ..., with & < A, be an increasing
sequence of ordinals in «. We say this sequence is cofinal in « if, and only if, the
set {3 1 & < A} is unbounded in «. The cofinality of a, denoted cf «, is the least
limit ordinal \ such that there is an increasing A-sequence that is cofinal in o

LEMMA 2.1.3. For any infinite cardinal k, % > k.

For a proot of this result we refer the reader to [Jec78| (Corollary 4).

THEOREM 2.1.4. For any infinite cardinal k, cf 2% > k.

PROOF. Suvppose cf 2¢ < k. Then by letting A = 2%, we get
)\cfA /\Cf?“ < AF = (9&))@ e QR 9K

But this contradicts Lemma 2.1.3 and hence the result follows. [

This theorem and its proof is taken from Dev93] (Theorem 3.9.7).
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2.2, Structures

2.2.1. Syrntax.

By a signature L = RW F we mean a fixed set of relational symbols R and
functional symbols F' (also called operation symbols), where each symbol ¢ € L has
an associated arity ar(c) € w. We assume ar(r) > 1 for each r € R. When R = 0
we call L a functional signature and conversely when F' = ) we call L a relational
signature. A symbol f € F, with ar(f) = 0, is called a constant symbol.

The first o-der language associated with a signature L is constructed by form-
ing terms anc formulas from the symbols of the signature in the usual way, using
countably many variables (e.g. {xq,2y,....2,}), the boolean counectives Vv, - and
quantifier 3. The symbols T, L. —, «, V are defined by their usual abbrevia-
tions. We will generally write L for the language as well as the signature. We call
a language functional if its signature is functional and relational if its signature is
relational. We define (atomic) formulas and sentences in the usual way.

2.2.2. Semantics.

Each signature L has an associated class of L-structures, where an L-structure is
an object of the form M = (M, (oM : o € L)), for some non-empty set M (called
the domain o universe of M). For o € L, oM is the interpretation of o in M -
a relation or function on M with the appropriate arity, or an element of A when
o is a constant symbol. We generally drop the superscript and write o for oM if
confusion is ualikely. We will talk about a structure if the signature L is clear from
the context.

When refer ‘ing to structures we will generally use boldface letters {e.g. M, N,
etc.), whilst standard lettering will be used for the associated domains of structures
(e.g. M, N, otc.). We will associate a structure’s domain with itself allowing us
to write m € M instead of the more correct m € M. I L = RW F we abuse
our notation somewhat and write M = (M, RM, FM) instead of the more correct

M= (M {MereR), (M:feF).

A relationa’ L-structure is an L-structure where L is a relational signature. An
L-algebra is a1 L-structure A = (A, L) with L functional where, for each ¢ € L
and each ar(o)-tuple g, o(a) is defined. We also refer to an L-algebra as an algebra
of type L, similarly for relational L-structures. We generally use U, V for relational
structures ancl A, B for algebras. Where we refer to classes of structures we use
script lettering, e.g. K.

Given an L-algebra A we can define an associated relational L'-structure U, where
L'={Ry: fe L}, with
R}J(‘fﬁoﬁ LTy, dn-1, :1]) iff fA(ifu-, RS PR -/»Enm{) =Y,
where ar{f} == n, ie. R}j is the graph of f. We also occasionally write r{z) for
r{Zzo.....zn) and r(z,y) for r{zy, ..., 24-1,y) where ar(r) = n+ 1. (Note that

where conveni>nt we will use the abbreviation “ifl” for the phrase “if, and only if”.)

Structures M and N are said to be similar if they have the same signature. If L is
a sub-signature of L', i.e. L C L', then we write M|, for the L-reduct of M obtained
by forgetting the interpretations of symbols of L'\ L. An ezpansion of an L-structure
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M is a structure N in a larger signature, of which M is the L-reduct. Note that
M and N have the same domain. For any set ¥ C M let L{Y) be the signature
with constant symbols 7 added to L, where m € Y. We denote by My the obvious
expansion of M to this new signature L(Y), where m™ = m. When required we

2.2.3. Models and validity.

For an L-formula ¢(z) with z an n-tuple, an L-structure M, and ¢ € M", we write
M = o{a) and say that g satisfies @ in M, if ¢ is true in M under the assignment
h, where h{z,} = a; for i < n. By ® = ®(xg,2y,...,2,_1) we generally mean a set
of formulas ® with free variables among xg,zy,...,2,_;. We write M = ® if, and

only if. for all assignments A each formula ¢ € ® is true in M under A.

By a theory T' we mean a set of sentences in a language L. For an L-structure M,
we say M is & model of T if M |= T. The set of all sentences o such that M & o is
called the theory of M and written Th M.

THEOREM 2.2.1 {Compactness Theorem). A theory T' has a model if, and only if,
every finite subset of T' has a model.

For a proof of this theorem refer to {ChK77] Theorem 1.3.22.

For a set ® = ®(xg, 21, ...,2,. 1) of L-formulas we say M realises @ if, and only
if, there is sone a € M™ so that M = ¢(a) for every ¢ € ®. @ is satisfiable in M
exactly when M realises ®. We say @ is finitely satisfiable in M if each finite subset
of ® is satisfiable in M.

We say @ is consistent if @ is satisfiable by some structure. A formula ¢ is
consistent with a theory T i and only if, there is a model M of T which realises
{o}. We say D is consistent with T if, and only if. T has a model which realises ®. A
set of formulas @ is satisfied in T exactly when ® is consistent with 7". Accordingly a
set of formulas @ of L consistent with a theory T is satisfiable in M when M = T'U®.

model which satisfies ® if, and only if, every finite subset of ® is satisfied in T.

Proor. The forward direction is trivial. So let us assume that each finite subset
of ® is satisfiable in some model of T. Consider an expansion of the signature with
constant symbols ¢, ..., ¢,y and let S = TU®(¢y, ..., c,_1). Since any finite subset
of TU ®(zg,...,7,_1) has a model, every finite subset of S must have a model in
the expanded signature. Hence, by compactness, S has a model, and the reduct of
this model to our original signature realises 7' U ®. O

2.2.4. Derived structures and morphisms.

Let M and N be similar structures with signature L = Rt F.

DEFINITION 2.2.3. By a homomorphism h from M to N we mean a function #h,
where A : M — N, with the following properties.
(i) For eact. r € R with ar(r) = n+ 1 and mg,...,m, € M if ™M(mg,...,m,)
then r™¥ A(my), ..., h(m,)).
(1) R(fM(my,....mu_1)) = fN(h(mg),....h(m, 1)), for each f € F, with
ar(f) =n and my, ..., My, € M.
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DEFINITION 2.2.4. By an embedding of M into N we mean an injective homomor-
phism h : M — N which satisfies the following strengthening of (i).
(i)" For eact r € R with ar(r) = n + 1 and myg,...,m, € M then rM(myq, ..., m,)
if, and cnly if, rN(h(mg), ..., h(m,)).
If M € N and A is the inclusion map, we say that M is a substructure of N, or that
N is an extersion of M, written M < N.

An isomorphism is a surjective embedding. M and N are said to be isomorphic,
written M = N, if there exists an isomorphism between M and N.

Note that lor algebras the notion of substructures agrees with that of subalgebras,
defined in the normal way,

2.2.5. Ideals, filters, ultraproducts and ultrapowers.

We use Lg,. = {V, ~, 0} as the signature for Boolean algebras where B is a Boolean
algebra if it 1s an Lga-algebra which satisfies the standard Boolean identities. We
take 1 = ~C and define A, the boolean conjunction. in the usual way.

DEFINITION 2.2.5. Let B = (B,V, ~,0) be a Boolean algebra.
o A filter F over B is a subset F of B such that F is closed upwards (i.e. if
t > s € Fthent € F) and closed under A (if s,t € F then s At € F).
o A filter, F is said to be properif F # B and non-triviel if F 2 {1}.
o Forany b € Blet [b) = {¢c € B: ¢ > b}. [b) is called the principal filter
generated by b. Any filter not of this form is called non-principal.
e An ultrcfilter is a filter that is not strictly contained in any proper filter.

The dual concept to that of a filter is an ideal and is defined as follows.

DEFINITION 2.2.6. Given a Boolean algebra B = (B, V, ~,0).
® An idea’ T over B is a non-empty subset Z of B such that T is closed downwards
(itt <seZthenteT)and closed under v (if s.t € 7 then sVt € F).
e For any element b € B the ideal (8] = {¢ € B : ¢ < b} is called the principal
ideal geaerated by b.

We generally use script letters, such as F or G, when referring to filters and 7
when referring to ideals.

It is easily seen that by complementing elements of a filter we get an ideal and
vice versa.

DEFINITION 2.2.7. Let B = (B, V,~,0) be a Boolean algebra and G C B. We
say (G has the finite intersection property if for any finite subset X of G we have

AX #0.

By taking the upward closure of finite meets of elements of a set with the finite
intersection property we then make such a set into a proper filter. Formally this
gives us the following theorem.

THEOREM 2.2.8. Let B = (B.V,~,C) be a Boolean algebra and G C B such that G
has the finite intersection property. Then there is a proper filter G over B such that
GCQG.
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We say a flter F extends a filter G if G C F. We refer the reader to [Jec78|
Theorem 12 for a proof of the following result. (Note that this result requires the
use of Zorn’s Lemma.)

THEOREM 2.2.9. FEuvery proper filter over B can be extended to an ultrafilter.

There are several ways to characterise ultrafilters, the most important of which
are listed in the theorem below.

THEOREM 2.2.10. Let v be a filter over the Boolean algebra B. Then v is an ultra-
filter over B f, and only if, one of the following conditions hold:

(i) For any a € B ezactly one of a and ~a belongs to v, or
(ii) C ¢ v and for any a,b € B aV b € if, and only if, a € y orb € v

We refer the reader to [BuS81| Theorem 3.12 and Corollary 3.13 for the proof of
this result.

ProposiTiON 2.2.11. Let A and B be Boolean algebras and h : A — B a homo-
morphism. If F is an ultrafilter over B then h™'[F| is an ultrafilter over A.

PROOF. Let F be an ultrafilter over B.

First we show that h~![F] is a filter over A. For any a.b € F if b > a € h™!{F]
then a-b = «. Since h is a homomorphism h{a) - h(b) = h(a - b) = h(a). Whence
h(b) > h(a) < F and so, since F is a filter, b € h™![F] as required. So consider
a.b € h™}[F] then clearly h(a), h(b) € F. Hence h(a-b) = h(a)-h(b) € F. But then
a-beh F|

Now let a ¢ A. Since F is an ultrafilter over B either h(a) € F or ~h(a) € F.
If h(a) € F, then a € h~1[F]. Otherwise if h(~a) = ~h(a) € F, then ~a € h™'[F].
So assume that a,~a € h™![F|, then € = h(a) A h(~a) € F contradicting the fact
that F is a proper filter. O

Let A be aay non-empty index set and let F be an ultrafilter over the Boolean
algebra (P(A .U, —, 0, A). We say F is an ultrafilter over A.

DEFINITION 2.2.12. Let L = F'J R be a signature and M, A € A, be L-structures
with (possiblv different) domains M. We can define an equivalence relation ‘=’
over the product M =[], My, by

aZbifft {AeA:ay=b}€eF
where a,b € M. Let U = {a/F : a € M} be the set of all equivalence classes

in A modulo =. We can now define an L-structure U with domain U, called the
ultraproduct of the My over F, by interpreting the L-symbols in the following way.
e For fe F,welet fY(ag/F,a1/F.....an-1/F) = fM(ag,a1,...,a,1)/F,
e and for r € R, we specify that rY(ag/F.a1/F.....an/F) if, and only if,
A e A r™Mi(ag(N), ar(N), ... am(N))} € F,
where ar(f) == n, ar(r) = m + 1 and a; € M for all i. We write ([[,., My)/F or
simply []-M, for such an ultraproduct.

If all the My, are isomorphic to some structure M, then the ultraproduct over F
is called the vltrapower of M over F and written [ M or just M*/F.
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PROPOSITION 2.2.13. Let M be an L-structure and MY/ F an ultrapower of M.
Then the map h : M — M?/F defined by m — m/F, where m = {m,...,m,...},
is an embedding.

The embedding h in the above proposition is often referred to as the diagonal
embedding.

DEFINITION 2.2.14. Let K be any class of L-structures. The class of all ultraproducts
of members of K is denoted P X, while the class of ail ultrapowers of members of
K is denoted by P XK.

2.2.6. Elementary classes. L-structures M and N are said to be elementarily
equivalent, wiitten M = N, if

MEcifiN=o

for all L-sentences o.

The following theorem relating ultraproducts to first-order formulas turns out to
be fundamental to the solution of many problems in model theory, universal algebra
and algebraic logic.

THEOREM 2.2.15 {Los). Let My, for A € A, be a collection of L-structures, F
be an ultrafil'er over A and ¢ = ¢lzo, ..., 1) a formula of L. Then, for any

Ages s Ap-1 € H]yM,\,

The reader is referred to [Hod94! Theorem 9.5.1 for a proof of this result. We
then get the following corollary.

COROLLARY 2.2.16. For any structure M and any ultrapower M*/F of M
M= M/ F.

DEFINITION 2.2.17. A class K of L-structures is called an elementary class if. and
only if, there exists a theory T such that K is exactly the class of all models of T,

The reader might wonder how elementary equivalence and elementary classes
match. By the use of the Los Theorem we get the following characterisation of
elementary ¢ asses. (For a proof of this result we refer the reader to [ChK77]
Theorem 4.1.12(i}).)

THEOREM 2.2.18. K is an elementary class if, and only if, K is closed under ultra-
products and elementary equivalence.

This chara:terisation gives us a link between algebraic properties and syntactic
properties. we can however give a purely algebraic characterisation of elementary
classes. This result, generally referred to as the Keisler-Shelah Theorem, is presented
in Chapter 4 {c.f. Corollary 4.2.5 p. 79).

DEFINITION 2.2.19. An elementary map from M to N is a (possibly partial) map
e : M — N such that for every L-formula ¢(zy,....x,_1) and n-tuple a € M™, we

have M = o(g) if N = ¢(e(a)). The map e is said to be an elementary embedding
if it is total.
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DerFNtTION 2.2.20. N is an elementary extension of M, written M < N, ff M C N
and the inclusion map is an elementary embedding. M is referred to as an elementary
substructure of N.

It is easy to see that M < N implies M < N and M = N. In fact it turns out
that for any infinite cardinal at least the cardinality of the signature of N there
exists an elemnentary submodel of N of that power. (For a proof of this famous
model theoretic result we refer the reader to [ChK77 Theorem 3.1.6. and Hod94|
Corollary 3.1 5.)

THEOREM 2.2.21 (Downward Léwenheim-Skolem Theorem). Let L be a first order
language and A an L-structure. Then for any set X of elements of A and cardinal
A such that |L| + | X| < A < |A] there exists an elementary substructure B of A
such that X s a subset of the universe of B and B is of cardinality \.

Clearly it follows that any infinite algebra A has subalgebras of all infinite powers
less than |A|. where the signature of A is countable.

2.3. Relational structures

We now delve a bit more into the theory of relational structures. In particular
we focus on some natural ways of mapping between relational structures, and of
constructing new relational structures from old ones.

DEFINITION 2.3.1. Suppose U = ([, RY) and V = (V. RV) are relational structures.
A map v : U — V is called a bounded morphism from U to V if for all » € R with
ar(r} = n + 1 the following conditions hold.

zig: rY(ze, ..., x,) implies ¥ {(v(xq)...., v(x,)) for all zq,....x, € U, and
zag: ¥ (Y, ..., Yn_1,¥(u)) implies there exists xq,....z,; € U such that
rY(zo,. . Tn-1,u) and v(z;) = y; where y; € ran(y) for all i < n.

For any class K of relational structures, we denote by HpX the class of all strue-
tures isomorphic to bounded morphic images of members of K.

The denotetions zig and zag refer to the forwards and backwards nature of these
conditions. Together they form a zig-zag between the two relational structures.

U CV. We cay U is an inner substructure of 'V if the inclusion map from U to V'
is a bounded morphism.

Observe that to prove that U is an inner substructure of V it is enough to show
that the inclusion map satisfies zag, since zig will be satisfied by default.

Unfortunately the use of the term inner substructure has become standard. In
leau of the previous definition of bounded morphisms a more natural term would be
bounded subs-ructures, which motivates the notation Sy, defined below.

DEeFINITION 2.3.3. For any class K of relational structures, we denote by S,K the
class of all st uctures isomorphic to inner substructures of K.
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As the reader may have noted the notation used above suggests that these def-
initions are in some way dual to the (algebraic) constructions of homomorphisms
H and subalgebras S. The question is thus what relational construction is dual
to the (direct) product of algebras. As we will later demonstrate the dual idea is
that of disjoint unions of structures. (These “dualities” will be made precise in
Lemma 3.1.16 p. 38.)

DEFINITION 2.3.4. Let A be some index set and {Uy : A € A} a collection of
relational strictures. The disjoint union U of the structures U, has as universe
U = ;¢4 Ux and relations defined by

where A € A, ar(r) = n + 1 and u; € Uy, for i < n. In particular r%(
iff, for all i < n, u; € U, for a fixed A\
For any class K of relational structures, we denote by U4k the class of all struc-

tures isomorphic to disjoint unions of members of K.

Ug, -+ Un) # 0

2.4. Algebras

Similarly to the definitions presented above we can define an extension of the idea
of homomorphisms for algebras.

DEFINITION 2.4.1. Suppose A = (A, FA) and B = (B, FB) are algebras. A map
v : A — B is called a bounded morphism from A to B if for all f € F with
ar(r) = n the following conditions hold.

zig: f is a homomorphism, and
zag: fB(by,...,by_y) = 7v(a) implies there exists ag,...,a,_; € A such that
f2ag,. ..an_1) = a and y(a,) = b; where b; € ran(vy) for all i < n.
For any class K of algebras, we denote by Hy K the class of all algebras isomorphic
to bounded norphic images of members of K.

DEFINITION 2.4.2. Let A = (A, FA) and B = (B, FB) be algebras with A C B.
We say A is en inner subalgebra of B if the inclusion map from A to B is a bounded
morphism.

Note that 1emoving the zag condition from the above definition of inner subalge-
bras would leave us with the standard definition of a subalgebra.

2.4.1. Term Algebras. One fundamental way to construct an algebra is by
taking a set of variables and then using the language of the algebra to generate
all “legitimate” strings that can be formed using the symbols in this language.
This so-callec: term algebra together with congruences, the algebraic counterpart of
equivalence r:lations, play an important role in capturing the essence of classes of
algebras, as will become clear in the sequel.

DeriniTioN 2.4.3. Let X be a set of variables and L a functional signature. The
set of terms of type L over X, denoted Term(X), is the smallest set such that
(i) XU{f zL:ar(f) =0} C Term({X), and
(ii) if f € L, with ar(f) > 0, and xo..... 21 € Term(X) then the “string”
f(xo, . Tar(py-1) € Term(X).
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Note that a more precise notation would be Term (X'), but in general the language
L will be clear from the context.

DEFINITION 2.4.4. Given a functional signature L and a set or variables X if the
set of terms cver X is non-empty we define Term(X) = (Term(X), LTer™X)} | the
term algebra »f type L over X, by

fTerm(X)(II}[)? RN .Iin,l) = f(.’]?g, R :En—-l)
for f € L, ar(f) =nand zy,..., 2,1 € X. Term(X) is sometimes referred to as
the absolutely, free algebra of type L over X.

2.4.2. Congruences on algebras. Another natural way to form new algebras
is from old ones using the quotient algebra construction. In such an algebra the
universe is mide up by dividing our original algebra into separate classes using an
equivalence relation. As we shall see, for this construction to make sense, we need
these equivalence relations to respect the fundamental operations of our algebra.
‘This type of equivalence relation is called a congruence and defined as follows.

DEFINITION 2.4.5. Let A be an L-algebra and let 8 be an equivalence relation on
A. Then 6 is a congruence on A if 8 satisfies the following property for each f € L,
with ar(f) = n and elements ag, ..., an 1. by, . ... bn1 € A,

{a,, by € 6 for i < n implies {f*{ag,....an_1). f*bo, ... bpy)) €6.

The set of Al congruences on an algebra A is denoted ConA. For § € ConA, A/6
is the set of all the equivalence classes a/0 = {b: (b.a) € 8}, for a € A.

It can be shown that ConA forms a complete lattice (c.f. [BuS81] Theorem 5.3).
Thus we som-=times refer to ConA as the congruence lattice of A.

To constru:t our quotient algebra we then only need to specify how the functions
of our language are interpreted over the equivalence classes of our original algebra.

DEFINITION 2.4.6. Let A be an L-algebra and 8 € ConA. The quotient algebra of
A by 0, dencted A/8, is the algebra with universe A/f and for each f € L, with

ar(f) = n,

where ag, ... ap_; € A.

We conclude this section with a result from [BuS81] (Theorem 3.5).

THEOREM 2.4.7. Let B be a Boolean algebras and 6 a binary relation on B. 8 is a
congruence i, and only if,

(i) £/6 is an ideal, and
(i) aBb iff a Vb e /0.

For this reason we call an ideal 7 a congruence ideal over, a Boolean algebra, B
if, for some congruence 8 over B, 7 = 0/4.
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2.4.3. Subdirectly irreducible algebras. Given an algebra A we may ask if
there are sorre “foundational” algebras we can deconstruct A into. The quest for
these general building blocks in the field of universal algebra led Birkhoff to consider
certain special products.

DEFINITION 2.4.8. We say call an algebra A the subdirect product of a set of algebras
{A, : A € A} if the following conditions hold.
(i) A is a subalgebra of [T A, and
(ii) m(A) = Ay,
where ), is the Ath projection function.
An embedding A : A — []A, is called a subdirect embedding if h(A) is a
subdirect product of the A,.

We are the 1 ready to define these “building blocks”. (We denote the composition
oftwomaps f: X — Yandg:Y — Zbygo f.)

DEFINITION 2.4.9. An algebra A is subdirectly irreducible if for every subdirect
embedding i : A — [] A, there exists a A € A such that myoh: A — A, is an
isomorphism.

Before we get to clarifying why these algebras form our required building blocks
we give a characterisation of subdirectly irreducible algebras in terms of ConA.
This characterisation ends up being one of the most useful criteria of distinguishing
subdirectly irreducible algebras. (A proof of the following result can be found in
[BuS81] Theorem 8.4.)

THEOREM 2..1L.10. An algebra A is subdirectly irreducible if, and only if, A is trivial
or there is a minimum congruence in ConA\ {0}, where 0 is the trivial congruence.

In the case where A is a nontrivial subdirectly irreducible algebra it turns out
that this minimum congruence is unique and all nontrivial congruences lie above
it. We refer to these minimum congruences of subdirectly irreducible algebras as
monoliths. We say an algebra A is simple if the monolith is equal to the top element
of ConA, ie. |ConAl =2,

The next theorem is due to G. Birkhoff (c.f. [Bir44]). For a proof of this theorem
we refer the reader to [MMT87! Theorem 4.44.

THEOREM 2.1.11 (Subdirect Representation Theorem). Every algebra A is isomor-
phic to a subdirect product of subdirectly irreducible algebras.

2.4.4. Free algebras. As subdirectly irreducible algebras provide us with the
fundamental structures to construct algebras from so are free algebras the funda-
mental structures that capture the equational properties of algebras, as will be made
precise in the sequel.

DeriNiTION 2.4.12. Let K be a class of algebras. B an algebra and X a subset of
B that generates B. We say that B has the universal mapping property over K
for X if, and only if, for any A € K and every mapping f : X — A, there is a
homomorphism A : B — A that extends f (i.e. f(z) = h(z) for any z € X). B is
free over K for X if B has the universal mapping property over K for X. B is free
in K for X it additionally we have B € K.
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If an algebia B is free in a class K for X then we sometimes refer to B as being
freely generatz=d by X in K. We say B is an infinitely-generated free algebra in K it
[ X| > w.

THEOREM 2.-1.13. Let K be the class of all algebras of a language L, and X a set of
variables. Then Term(X) is the free algebra in K over X.

We refer th: reader to [MMT87]| Lemma 4.116 and Theorem 4.117 for a proof of
this result.

DEFINITION 2.4.14. Let A be an algebra and # € ConA. @ is fully invariant if for
any endomorphism h: A — A, (a,b) € 6 implies (h(a), h(b)) € 6.
LEMMA 2.4.15. Let K be a family of algebras and X a set of variables. The congru-
ence Oxc(X) on Term(X), defined by

Oxc(X) = [ {6 € Con(Term(X)) : Term(X)/6 € SK},
15 fully invariant.

LEMMA 2.4.165. Let X be a set of variables X and 0 a fully invariant congruence on
Term(X). Then for any p,q € Term(A)

Term(X)/6 f=p = q iff (p.q) € 0.

For proofs of the lemmas above we refer the reader to [BuS81| Lemma 14.4 and
Lemma 14.7.

2.5. Classes of algebras

2.5.1. Class operators and varieties.

DEFINITION 2.5.1. A class operator is any map defined on all classes of algebras or

all classes of relational structures. For a class operator O. we say that a class K is
closed under O if OK C K.

To distinguish class operators from other morphisms we generally write them in
in boldface. So far we have already come across a few class operators, such as Py,
P., Hy, Sp and Ug. In the sequel we will also need the following class operators.

DEFINITION :1.5.2. Let K be a class of algebras.

(i) By HK we denote the class of all homomorphic images of K.
(ii) By SK we denote the class of all isomorphic copies of subalgebras of K.
(iii) By PK we denote the class of all isomorphic copies of (direct) products of K.

Note that for any class K we always include the empty product in PX and hence
PK will always contain the trivial algebra.

DEFINITION 2.5.3. A wariety is a class K of algebras, such that K is closed under
H. S and P.

It should be clear that the intersection of a class of varieties is again a variety,
and that the class of all algebras of type L forms a variety. Consequently it follows
that for any class K of L-algebras there is a smallest variety containing K, i.e. the
intersection o~ all varieties containing K.
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DEeFINITION 2.5.4. Let K be a class of algebras. By the variety generated by K,
V(K) in symbols, we mean the smallest variety containing the class K. A variety V
is finitely gensrated if V = V(K) for some finite class IC of finite algebras.

The following important result was first proved by A. Tarski in [Tar46|.
THEOREM 2.5.5 (HSP Theorem). Let KC be some class of algebras. Then
V(K) = HSPK.

We refer the reader to the proofs in [BuS81] {Theorem 9.5) and [IMMT87] (The-
orem 4.131}.

But clearly using this result and Theorem 2.4.11 the subdirectly irreducible mem-
bers of a variety characterise the variety.

COROLLARY 2.5.6. Let V be a variety and Si{V) be all the subdirectly irreducible
members of V. Then V = V(Si(V)).

2.5.2. Equational Classes, Varieties and Free Algebras.

DEFINITION 2.5.7. Let K be a class of algebras and X a set of variables. Fy(X)
denotes the free algebra in V(K) with free generating set X.

Earlier we mentioned how the term algebra and congruence constructions in some
way capture she essence of classes of algebras. We now have the tools at hand to
make this comment more precise. First we link free algebras and quotients of the
term algebra.

THEOREM 2.5.8. Let X be a set of variables and K a class of algebras. Then
Fg(.){} & SPX and FV(;C)(X) = F)C(,Y} = Term(X)/(}g;(X)

We refer the reader to [MMT87] Corollary 4.119 for a proof of the above theorem.

In the study of universal algebra equalities have always formed an important part
of the study of classes of algebras. Hence the following definition.

DEFINITION 2.5.9. We define an identity is to be an expression of the form p = ¢,
where p, ¢ € Term(X).

A class V of algebras is an equational class if there is a set of identities 3 such
that ¥V = K, where K is the class of algebras satisfying 2.

DEFINITION 2.5.10. We say that an equational class V is finitely based if there is a
finite set of identities ¥ such that V is the class of algebras satisfying .

We now show how identities, free algebras and congruences relate.

THEOREM 2.5.11. Let K be a class of algebras and p.q € Term(X). Then the
following are equivalent:

(i) CEp=yq,

(i) Fe(X) |= p = ¢, and

(iti) (p.q) € Ic(X).
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For a proof of this theorem we refer the reader to [BuS81] Theorem 11.4 and
'MMT87| Theorem 4.127.

Thus the free algebras are closely linked with the equational theory of a language.
In fact G. Bi‘khoff {c.f. [Bir35]) showed how that equational classes and varieties
are different view of the same concept. (A proof of the following result can be found
in [BuS81] Theorem 11.9.)

THEOREM 2.35.12 (Birkhoff). K is an equational class if, and only if, K is a variety.

As we would now expect free algebras and varieties are closely linked. (For a class
of algebras K we denote by Eq(X)) the class of all equations satisfied by K.)

THEOREM 2.3.13. Let V be a variety and X a set of variables, with |X| > w. Then

V= V(Fu(X)).

PrOOF. Bv Theorem 2.5.11 Eq(V) = Eq(Fy{X)}). Thus by the HSP Theorem
V = HSPV =: HSPF\(X). O

2.5.3. Quasivarieties. In many cases, especially while studying representations
of algebras, we will relax the homomorphism requirement needed for varieties. Such
classes are called quasivarieties and defined as follows.

DEFINITION 2.5.14. A quasivariety is a class of algebras closed under S, P and P,,.

DEFINITION 2.5.15. Let p and ¢ be terms. A quasi-identity is a formula of the form
(po =Go A ... Pno1 = gn-1) — (p = q), where p; and g; are terms, for i < n.

A class of algebras K is called quasi-equational if it can be axiomatised by quasi-
identities.

THEOREM 2.5.16 (Maltsev). K is a quasi-equational class if, and only if, K s a
gquasivariety.

THEOREM 2.5.17. K is a quasivariety if, and only if, K = SPP,K.

We refer tiae reader to [BuS81] Theorem 2.25 for a proof of the previous two
theorems.

2.5.4. Universal classes. We say a formula is in prenex form if it consists of
a string of quantifiers followed by a quantifier free formula. A formula is called
universal if it is in prenex form and it only contains universal quantifiers.

DEFINITION 2.5.18. An elementary class of algebras is called a universal class if it
can be axiomatised by universal formulas.

A proof of the following result can be found in [BuS81] (Theorem 2.20).

THEOREM 2.5.19. Let K be a class of algebras. Then the following are equivalent:

(1) K is a wniversal class,
(1) K is closed under S and Py, and
(iii} K = SP K, for some class of algebras K'.
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2.6. Categories

In this disscrtation we also use some basic notions of category theory. The idea of
categories was first introduced by Eilenberg and Mac Lane as a way of relating sys-
tems of algebraic structures and systems of topological spaces in algebraic topology.
Through the work of modern day mathematicians such as Jénsson, Goldblatt and
Davey these rechniques have found a wide range of application in algebraic logic.
(We refer the reader to McL95] for an accessible text on category theory.)

DEFINITION 2.6.1. Let f be a morphism A — B, for some sets 4 and B. We call
A the domair of f, written Dom(f), and B the codomain of f, written Cod(f).

A category is an object of the form C = (Obj, Arr) where Obj is a non-empty
class. called tae objects of C, and Arr is non-empty collection of morphisms between
elements of Obj, called the arrows of C. Furthermore Arr must satisfy the following
conditions.

e For all f.¢g € Arr, if Cod(f) = Dom(g) then there must exist some arrow A in
C where 1 : Dom(f) — Cod(g) and h=go f.

e For all f.g,h € Arr, where Cod(f) = Dom(g) and Cod(g) = Dom(h), we have
(fog)oh=fol(goh).

e For each object A there must exist an identity morphism Id4 : 4 — A, with
Idy € Arr.

Let A = (Obja, Arra) and B = (Objg, Arrg) be two categories. A functor F from
category A to category B, written F : A — B, assigns to each 4 € Obj, an object
FA € Objg and to each arrow f € Arra an arrow F f € Arrg, satisfying the following
conditions.

(i) Given f : A — B we have Ff : FA — FB, i.e. F preserves domains and

codomains.
(ii) For any A, Fld4 = Idg4, i.e. F preserves identities.
(iii) If Cod(f) = Dom(g) then F(go f) = Fgo Ff, i.e. F preserves composition.

By a contravariant functor we mean a functor which reverses arrows, i.e. a mor-
phism between two categories A and B as above, but which satisfies condition (ii)
and the following modified versions of conditions (i} and (iii).

(i) Given f: A — B we have Ff : FB — FA, i.e. F reverses domains and
codomains.
(iii)" If Cod(J) = Dom(g) then F(go f) = Ff o Fg, i.e. F reverses composition.

As with cluss operators we use boldface to distinguish functors from other mor-
phisms.
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CHAPTER 3

The Paradigm Triangle for Complex Algebras

From any structure U we can construct the complex algebra CmU (defined be-
low}, by taking the power set of U as its universe and then lifting the relations
and functions on U to functions on subsets of U. So complex algebras are simply
expansions of Boolean algebras. In fact, as we shall see in the sequel, they form part
of a very interesting class of expansions of Boolean algebras called Boolean algebras
with operators (BAQOs).

For a countable propositional language the traditional semantics assigns truth
values (true or false) to each propositional variable, structurally we can thus see the
semantics as being represented by the countable Boolean algebra 2¢. In this chapter
we will reverse this process and study the logics associated with BAO structures
and then describe the relational and algebraic semantics associated with them. In
particular we will see that complex algebras give us the concrete algebraic semantics
of such a logic and are related to the relational semantics in a well behaved manner.
If a logic is “well behaved”, ie. is characterised by, its relational and algebraic
semantics, then we get the following “paradigm” triangle (c.f. [BGO95] for the
introduction of this concept). (The arrows denote the generic names for the fields
studying the 1elationship between these three views of logic.)

Relational Duality Algebraic
Semantics Theory Semantics
Correspondence Theory Algebraic Logic
Logic

FiGure 1. The Paradigm Triangle

3.1. Boolean Algebras with Operators

Since the perspective in this dissertation is more algebraically orientated we first
formally introduce the class of algebraic structures that we are interested in and
then work backwards to the {modal) logics associated with them. This particular
class of structures was first introduced by Jénsson and Tarski in [JoT51], and is
currently one of the most widely studied expansions of the class of Boolean algebras.

29
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3.1.1. Preliminaries.

Recall that an atom of a Boolean algebra B is an element a € B \ {C} such that
b £ afor all b « B\ {0}. Intuitively we can say that the atoms of a Boolean algebra
are the smallest elements in the algebra.

DEeErFINITION 3.1.1. Let B = (B, V, ~, 0} be a Boolean algebra.

o An operutor f, with ar(f) = n € w is a function [ : B™ — B such that:
(i) f is normal for any bg, ... . bi_1,b41,....bp1 € B

flbo, ... b, bV Y bz+1, 3373,—1) = flbo,-. . bi1.b.big1,bny)
\/f(bo? s ;bi—lt b,*, bi+l: bn—i)
o A boolean algebra with operators (BAO) is an expansion (B,V,~,0, F) of B
with sigrature Lgao = Lga U F where F is a set of operators on B. We call B

the Bool=an reduct or Boolean part of (B,V,~,C, F).

¢ We denoe the subclass of BAO whose Boolean reducts are complete and atomic
by BAO“*.
o We call © completely additive if for any By, . ... B,.1 C B

\A{fbo,. - bur) b € Biy = F(\/Bo. ... \/ Bui),

where ar(f) = n.

Note that for a given signature Lgao the associated class of algebras form a variety.
Also observe that such a variety is finitely based if, and only if, the set F’ of operators
is finite. However, the subclass BAO™ does not form a subvariety of BAO.

PROPOSITION 3.1.2. Let f be an operator on B, with ar(f) = n, and b; € B, for
i < n. Then, for any i < n,

if 0y <V, then flboy .. bsr s b 1) < flbose s b bn)s
where b} € B.

LEMMA 3.1.3. Let B € BAO™ and f, with ar(f) = n, an operator in the signature
of B. Then the follounng are equivalent:

(i) Let a € st(B) and by, ..., b, € B such that f(bs,....by1) > a. Then there
exist ag, . . .. ay-1 € At{B) such that flag, ..., an_1) > a and a; < b; fori < n.
(i1) f is compoletely additive.

PRroOOF. (i) — (ii): Let By,...B,-1 € B.
lforanyi<n B; =90 then VB; = C. Hence f(\/Bo,...,VBn-) = Csince f is
normal. Now \/{f(bo,...,ba1)} = VO = €. So we can assume B; # 0 for i < n.

Let \/ B; = ¢;. We need toshow that, \/{f bo..‘.,én 1) b€ B} = fleg, .o 0n1).
Now b; < ¢, for all b; € B;. Hence f(by,....by1} < flcp, ..., Ca1) and so

VS (o, bar) beB}~<f\/B.3 ..... \/Bu-)-

From the remark above we know there exists a unique set ' C At(B) such that
fN/Bo,...,\VBn1) = VC. Let ¢ € C then ¢ < f(VBqg....\VBn-1). From (i}
it follows that for any ¢ < n there exists ¢; € At(B) such that ¢; < VB, and
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flco,. ., cnos) > ¢ Since ¢; € At(B) and the represention of \/B; by atoms is
unique there exists some b; € B; such that ¢; < b; for i < n. Thus there exist b; € B,
such that ¢ € f(co,....cn-1) < f(bo,-...bno1). It follows that

(17) — (i): Let a € At(B) and by, ... ,b,1 € B such that f(by,...,b,-1) > a.
For every b; there exists A, C At(B) such that \/A; = b,. Assume that for
any a; € A; f(ag,...,a,—1) 7 a. Since f is completely additive f(by,... ,bp1) =

V{flag, ..., an_1):a; € A;}. We let
A = {a’ € At(B) : there exist a; such that ' < f(ag,...,a,-1 for a; € 4;)}.

Then VA = f(bo,...,b,_1) > a. But by assumption a ¢ A contradicting the fact
that f(bg,....b,1) has a unique representation as a join of atoms. O

Given a signature Lgao we define Lg;, to be the relational signature associated
with the non-boolean symbols in Lgag, i.e. Lsy = {Rf: f € Lgao \ Lea}, and Str
to be the class of Lg-structures, where ar(Ry) = ar(f) + 1.

3.1.2. Mapping between classes of structures.

In this section and the rest of the chapter we will let Lgag be some fixed language.
Here we consider different ways of mapping between BAQ, Str and BAO®. The
proper setting for such a study is with the use of elementary category theory. We
will assume that the reader is familiar with the concepts of a category and functors
between catezories as introduced in Section 2.6.

Note that BAO forms a category under BAO-homomorphisms, Str forms a cate-
gory under bounded morphisms and BAO® forms a category under complete BAO-
homomorphisms (i.e. homomorphisms which preserve complete joins).

From BAQO to Str. Here we introduce a way of defining a morphism from BAO to
Str or, as we shall later see, how to generate the relational semantics given a logic
(c.f. the “Correspondence Theory” arrow in Figure 1).

DErFINITION 3.1.4. We define a map Uf between the categories BAO and Str in the
following way.
o For B == (B,V,~,0,F) a BAO where F' = Lgao \ Lga. We define a Lgy~
structure Uf(B) = (Uf(B), (R?“B) . f € F)) where Uf(B) is the set of all
ultrafilters on the Boolean reduct of B and for each f € F, with ar(f) = n,

R NGy, Gy, F) iff {f(bo,. . bot) by € G for i < n} C F,

where G, € Uf(B) for i <n and F € Uf(B).
e For A,B € BAO and h: A — B a BAO-homomorphism we define the map
Uf(h) : Uf(B) — Uf(A) by

UE(h)(G) = ™G],

where G € Uf(B).

We call Uf(B) the ultrafilter extension of B.
For a class K of BAOs we define UfX = {Uf(B) : B € K} and for a class H of
BAO-homomorphisms we define UfH = {Uf(h) : h € H}.
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Van Bentham [vBe79] calls UfCmU the ultrafilter extension of a Kripke frame

U. Here we will use this term in a more general sense to apply to any algebra, not
only those of the form CmU (defined below). In [Gol89] Goldblatt refers to Uf(B)
as the canonical structure of B.

ProrosiTion 3.1.5. Uf is a contravariant functor from BAQ to Str

Proor. It should be clear that Uf(B) € Str for any B € BAO.
Let G € Uf(B) and 1 : A — B a BAO-homomorphsm. We need to show that
h~1G] is an ultrafilter. Since each ultrafilter of a Boolean Algebra is determined by a

homomorphism into the 2-element chain, there exists a homomorphism g: B — 2
such that G -= h™1[{1}. Then
UEh)(G) = h71G) = h g [{1}] = (g o )T {1}.

Hence Uf(h)1G) is the ultrafilter determined by the composite homomorphism go h.

We still need to show that, for any BAO-homomorphism A, Uf(h) is a bounded
morphism*. To that end let A,B € BAO and h : A — B be a BAO-homomorphism
and f € F with ar(f) = n.

zig: We assume that R}”(B)(QO, ..., G, 1, F) holds and that it is not the case that
RY(UE(R)(Go). ..., UE(h){(Guor), UR(R)(F)). Thus we can see that there must
exist a; € UL(h)(G;), for i < n, such that f(ag,...,an—1) ¢ Uf(R)(F). Then, by
the definition of Uf(h), A{f(ag,...,an-1)) ¢ F. Hence f(h(ao),...,h{an-1)) € F,

¥

where h(a;) € G;, contradicting our assumption on R?f B

zag: Let Ryf(A)(QO, s Gy, UE(R)(F)), for G, € Uf(A), i < n, and F € Uf(B).
By assumption Gy, . .., G, € ran(Uf(h)) it follows that there exist some G} € Uf(B}
such that Uf(h)(G;) = G/, for i < n. By Proposition 2.2.11 it follows that h™[G]]
is an ultrafilter. Since G; € h7![G] and G; is a maximal filter, it follows that
h=1G] = G;, for i < n.

Consider any n-tuple (by,...,b, 1) with b, € G/, for i < n. Note that b &
h[Gi], since (' C h(h7![G]]) = h[G)]. Then h='/{b;}] C G, for each i < n. Hence
{flag, ... an-1) : hla;) =b;} T {f(ao,....an-1): a; € G;}. Consequently

But h is a homomorphism, whence A(f(aq,...,a,-1)) = f(h{ag), ..., h{an-1)) and
so f(bg,....tao1) € {h(flag,... an-1)) : a; € G;}. By our assumption on R}Ifm} it
follows that {h(f(ag,...,an-1)) : a; € G;} € F. Thus f(by,....by_1) € F, and so

R;}ffm( Gos - +Gno1, F) as required.

This proves that Uf is a well defined map between BAQO and Str. To see that it is
in fact a contravariant functor we first take a look at the identity map Id : B — B,
for B € BAQ. Since {Id(b) : b € G} = G. by definition Uf{Id)(G) = G.

To concluce we need to show that for A. B, C € BAO and BAO-homomorphisms
h:A — B and g: B — C we have Uf(go h) = Uf(h) o Uf(g). Hence consider
the following calculation

Ut(h) o Uf(g)(G) = F iff {h(a):a e F} C Ut(g)(G)
iff {goh(a):aeF}CG
iff Uf(goh)(G)=F.

“C.f Definition 2.3.1 (p. 20) for the definitions of a bounded morphism, zig and zag.
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From Str 10 BAO®. From Str we can now define a morphism to complete and
atomic BAQs, thus setting up the framework for generating algebraic semantics
from relational semantics (c.f. the “Duality Theory” arrow in Figure 1).

DEFINITION 3.1.6. We define a map Cm between the categories Str and BAO® in
the following way.

o Let U == (U, (rY : r € Lsy)) be in Str. For Lgao = Lea W {f, : 7 € Lsu},
we define an Lgag-structure CmU = (P(U),V,~.C. (f*™Y : r € Ls)) where
P(U) is the set of all subsets of U and for each r € Lg,, with ar(r) =n+1
and ar(f,) = n,

frch(X) ={yecU:rYxy..., 20 1,y) with z, € X;}

where X = (Xy, Xy, ..., Xn_1) € P(U)" and i < n.
e For U,V € Str and a bounded morphism ~ : U — V we define
Cm(y) : CmV — CmU by:

Cm(v)(X) =y [ X]

where X € P(V).

CmU is called the full complex algebra of U. A subalgebra of any full complex

algebra is referred to as a complex algebra.
For a class K of structures we define CmK = {CmU : U € K} and for a class H
of bounded nmiorphisms we define CmH = {Cm(v) : v € H}.

U

instead of f°mY.

Note that where confusion is unlikely we will write r©™

ProposiTION 3.1.7. Cm is a contravariant functor from Str to BAO®.

PROOF. It is easy to see that for any set U any Boolean algebra of the form
B = (P(U),V,~,C) is complete and atomic. Hence any expansion of B, in particular
a BAO with Boolean reduct B, will be complete and atomic. Before we can say that
Cm maps to BAO® we first need to show that r“™V is an operator.

Normal: 13y definition
remUix,, .  Xno1) = {zy Y20, . ... x,) where z;, € X, for i < n}.

Clearly if X; = () for some i < n then r™Y (X, ... X, ;) =0
Additive: Let z, € r“™Y(X,, ..., X UX' ..., X,_1), for X. X', X; C U, where

I < n. Then there exists an x € X U X’ such that rY(zg,....z,...,7,), where
r; € X, for i < n. Consequently we either have z, € r*"Y(X,,..., X, ... X)) or
T, € r®mY(X, ..., X' ..., X,_,), whence

Ty 2 'rch(XQ,...,X,..,,Xn_l)U‘f‘ch(Xo,...,X/,...,Xn_l).

The converse follows by a similar argument. Hence

Next we prove that, for any bounded morphism v : U — V, Cm(~) is a BAO-
homomorphism, i.e. we prove that

Cm(y)(r™™Y (Vo, ..., Vac1)) = r™9(Cm(7)(Vo). - ... Cm(7) (Var))

where r € Str and ar(r) =n + 1.
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and
rOmY(Cm(~)(Vo), ., Cm(N) (Vo)) = r Y (v VAl oy V)
= {u:r%ug, ... up_q,u) for u; € v (Vi) }
Note that u; € y~}[V;] implies that v(u;) € Vi. So if rY(ug, ... , un_1,u) as above
then by zig it follows that vV (v(ug),....v(Un_1),v(u)). Which then gives us the
right to left inclusion.
For the left to right inclusion observe that if rV{vy,...,v,-1,v{u)) then by zag

we can deduce that there must exist ug, ..., un—1 € U such that r%{ug, ..., 1y 1, u),

where ~{u;) == v;. Thus the left to right inclusion must hold as well.
The following calculation shows that Cm preserves complement.
{u:y(u) € ~X} = {u:y(u) & X}
= ~u:y(u)e X}
To show that Cm preserves arbitrary joins, and hence is a complete BAO-homo-

morphism, we note that the inverse image of a function preserves arbitrary unions.
Le. for a function v: U — V with X C P(V)

X = e XD

Thus Cm is & well defined map from Str to BAO*.

To show that Cm reverses composition of morphisms let U, V., W & Str and let
v:U-—Vand 0:V — W. Then
Cm(7) 0 Cm(8)(X) = v~ 5 ' [X]
{u:~v(u) € 671X]}
fu:d(v(u) € X}
(607X
= Cm(dov)}(X).
Completely Additive: Let a € At(B) and bg,....b,-1 € B. By definition
a = {y} forsomey € Uand b C Ufori < n. Soy € f*™Y(by,...,b,_1) and

r

thus by definition there exist x; € b;, i < n. such that rY{(zq, ..., 2,_1,7). So
ye fCYxy), .o {zas1}) where z, € At(B), for i < n. Hence

FEmO (o}, mna}) 2 {u)
and so by Proposition 3.1.3 B is completely additive.
O

We can however also make sense of the complex algebra construction over classes
of algebras. This is done by considering a class of L-algebras as a class of Legy,-
structures, where Lgy, = {R; : f € L}, with ar(R;) = ar(f) + 1 and for each
algebra A,

,R?(G,(h C. ,G,n) iff fA(CLQ, e an—l) = O

(i.e. R? is the graph of fA). The following definition accomplishes the same thing
without the detour of viewing the algebras as structures.
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DEeFINITION 3.1.8. Let K be any class of L-algebras, where L = F. We define a
map Cm on X in the following way.

o Let A = (A,FA) be in K. For Lpap = Lga W F' we define an Lgao-structure
CmA = (P(A),V,~,0, FE™A) where P(A) is the set of all subsets of A and
for each f € F, with ar(f) =n,

e For A,B € K and a bounded morphism A : A — B we define the BAO-
homomerphism Cm(h) : CmB — CmA by
Cm(R)(X) = b~V X,
where X € P(B).

CmA is called the full complex algebra of A.
For a class K of algebras we define CmK = {CmA : A € K} and for any class H

Clearly the proof above easily extends to classes of algebras.

ProrosiTioN 3.1.9. Let A and B be algebras. If v is a bounded morphism from A
to B then Cm(h) : CmB — CmA s a BAO™ homomorphism.

From BAO™ to Str. Lastly we define a morphism that we will later use to relate
algebraic semantics back to relational semantics (c.f. the “Duality Theory” arrow
in Figure 1).

DerFINITION 3.1.10. We define a map At between the categories BAO™ and Str in
the following way:

e For B == (B,V,~,0,F) a BAO™ where F' = Lgao \ Lga. We define a Lg,-

structur: At(B) = (At(B), (R?“B) : f € F)) where At(B) is the set of all
atoms o the Boolean reduct of B and for each f € F, with ar(f) = n,

Ry P, ) ift f(b) > e,

where b € At(B)" and ¢ € At(B).
e For A, B € BAO* and h: A — B a complete BAO-homomorphism we define
At(h) : At(B) — At(A) by
At(h)(b) = a iff h(a) > b,
where b € At(B) and a € At(A).
We call At(B) the atom structure of B.

Given a cless K of complete and atomic BAOs we define AtKC = {At(B): B € £}
and for a class H of BAO®-homomorphisms AtH = {At{h) : h € H}.

LEMMA 3.1.11. Let A,B € BA, h: A — B a Boolean homomorphism, a € At(A),
b e At(B) and h(a) > b. Then, for any x € A, h{z) > b implies z > a.

ProoF. Assume that h{e) > b, h(z) > b and z 2 a. Now a is an atom of A and
thus x Aa = 0%, But k is a homomorphism and hence h(z) A h(a) = h{z Aa) = OB.
By assumption h(z) > b and h{a) > b so 0B = h{z) A h(a) > b contradicting the
fact that b is an atom of B. O

PROPOSITION 3.1.12. At is a contravariant functor from BAO™ to Str.
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PrOOF. Clearly, for any B € BAO“, it follows that At(B) € Str. Now let
A.B € BAO® and & : A — B be a complete BAO-homomorphism and f € F with
ar(f) = n.

To show that At(h)()) is defined for any b € At(B), note that since VAt{(A) =1
and h is complete, we have \/{h(a) : a € At{(A)} = 1 > b. However b is an atom, so
it follows by complete distributivity that b < h(a) for some a € At{A).

Let a.a’ € At(A) and b € At(B). By the lemma above if h{a) > b and h(a’) > b
then a = a/. Hence At(h) is a well defined function.

However we still need to show that, for any BAO“-homomorphism A&, At(h) is a
bounded morphism. Note that for any b € At(B) it follows that A(At{h) (b)) > b.
zig: Let B’?t(B)(bO,...,bn_hy), for some by,....b,_; € At(B) and y € At(B).

From the remark above and the fact that f is order preserving it follows that

By assumpticn fB(bg,...,b, 1) > ¥ s0

R(fA(AL(R)(Bo), - .. At(R)(bao1))) = fR(R(AL(R)(Bo), - .., R(AL(R)) (b)) 2 .
But by the definition of At(h) this implies that
FAALR) (o), - At(h)(ba-v)) = At(h)(y).

Hence R?“A) At(h)(bo), ..., At(h)(b,-1). At(h)(y)) as required.

zag: Let g = At(h) and assume that R}\t(A)(a@.‘ <o @noq, g(b)), for b € At(B) and
Qg, . ... Ap-1 € ran{g). We will show that there exist by, ..., b,.; € At(B) such that
g(b;) = a; for i < n and R}“(B}(b& coibpog, b))

By definition Rf(ag,...,an—1,¢(b)} is equivalent to f(ao.....an-1) > g(b} and
since h is a homomorphism it follows that

f(h(aO): AR h<anwl)) — h(f(aO HE :anwl)) 2 h(g<b)) _>.. b.

Hence by Lemima 3.1.3 (p. 30) we can find b; < h{a;), b; € At(B), for i < n such that
f(b.....byy) > b. But this is equivalent to g(b;) = a; and B}"® (b, ... bu_1.b).
To conclud: we show that At preserves the identity map and reverses composition.
Let B € BAC™ and consider the identity map Id : B — B. Clearly Id(b) > b, for
any b € At(B), and so At(Id)(b) = b.
Assume A B.C € BAO® and h : A — B and g : B — C are complete
BAO-homomorphisms. We need to show that At(h o g) = At(g) o At(h). But

At(h) o At{g)(c) = a iff h{a) > At{g){c)
iff g(h(a)) = ¢
ift At{goh)(c)=a.

where the second line follows by the fact that BAO-homomorphisms are order pre-
serving. ]

Observe that Uf restricted to principal ultrafilters on complete and atomic BAOs
is equivalent 1o At. Showing us that the At construction from BAO to Str is related
to the Uf construction from BAO to Str.
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Completing the picture. This now allows us to find a morphism that will relate
to the “Algebraic Logic” arrow in Figure 1. I.e. we can now construct a complete
and atomic BAO CmUfB if we are given some B € BAO. Throughout the rest
of this chapter, and in fact the next, we will spend a lot of effort analysing this
construction.

DEFINITION 3.1.13. Let B be some Boolean algebra with operators. We define
Em = CmU+ and call EmB the canonical embedding algebra of B. Let K be a
class of BAOs, we define EmK = {EmB : B € K} and for a class H of BAO-
homomorphisms EmH = {Em(h) : h € H}.

We follow Gol89] in referring to EmB as the canonical embedding algebra.

Clearly Em = CmUTf and hence Em is a composition of functors. Then Em
is itself a functor between the categories BAO and BAO“. (For more results on
functors and the category of functors we refer the reader to [McL95] Chapter 8.)
Thus we get the following commutative diagram, which, in the sequel, we will relate
back to the paradigm triangle introduced at the beginning of this chapter.

Cm

Str BAQO®
At
BAO

FIGURE 2. A categorical view of the Paradigm Triangle

Along the way we have also seen how we can turn any BAO into a complex algebra.
However there is much more to this picture, as Jénsson and Tarski showed in their
seminal work [JoT51).

THEOREM 3.1.14 (Jénsson and Tarski Representation Theorem). Any Boolean al-
gebra with operators can be embedded into a complex algebra. In particular, given a
BAO B, the representation function rep : B — CmUf{(B) defined by

rep(a) = {y € Uf(A) : a € v}
is an embedding of B into EmB.

We refer the reader to the original proof in [JoT51] Theorem 3.10 and the more
direct proof in [BDVO01].

We now resurn to the dualities mentioned in Section 2.3. To that end we require
the following lemma.

LEMMA 3.1.15. Let U, Uy, V.€ Str and A, Ay, B € BAO, where \ € A.

(i) If U is an inner substructure of V, then CmU is a homomorphic image of
CmV.
(i1) If V is 1 bounded morphic image of U, then CmV is a subalgebra of CmU.
(i) If A is 1 subalgebra of B, then Uf(A) is a bounded morphic image of Uf(B).
(iv) If B is a homomorphic image of A, then Uf(B) is a inner substructure of
Uf(A).
(v) Cm( g Uy) = [[(CmU,).

AEA AEA
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PROOF. For the proofs of (i) to (iv) we refer the reader to the proof of Corollary
3.2.5. in [Gol89].

For (v) let v, be the map U, — |# U, defined by
AEA

’?"c(ut) = <UL:L>=

where + € A and u, € U,. Clearly 7, is a bounded morphism and hence, by (i},
Cmry, : CmlY, ., Uy — CmU, is a homomorphism. Using the v, we can now define
a homomorphism » : Cm( |4 Uy) — [[CmU, by letting

AEA AEA

(+) AX)(A) = Cm(n)(X) = 7 (X),

To show that h is surjective first observe that, since Cm() is itself surjective, for
any Yy € CmU, we can find a Z) € Cm(l),-, Uy) such that Cm(y)(Z,) = Yi. Let
Yy € CmU, for all X € A then clearly there exist Z such that

W2y = (Cm(v0)(Zo). ..., Cma(n)(Za), .. ) = (Yo, .. Yo, )
AEA

Now assume that h(Y) = h(7) then for any {z, A) € Y, it follows from (x) that

By a snmlar a,rffument we Get Zz g Y and hence h is injective. O

As a reference to the reader we collect the most important results on class oper-
ators below. For two class operators Og and O and a class K we write Oy < Oy if
OoK C O4K.

LeMMma 3.1.16.
(') P, <P,
) PwUd << PuUd S HbUdPu-
(iii) CmS; << HCm.
(iv) CmH, < SCm.
v) CmUy = PCm.
Vl) UfH < S, Uf.
(vii) UfS < H,Ut.
(viii) P,Cm < SCmP,,.
(ix) PwCm < SCmP,,

The first result (i) follows directly from the definition of Py. (ii) follows by (i)
and Lemma 1.1.24 (p. 76). Results (iii} through (vii) follow directly from Lemma
3.1.15. For (viii) and (ix) we refer the reader to Theorem 4.3.4 (p. 80).

3.2. Polymodal Logic

We now have the basic concepts we require to start looking at the language and
logic associated with a class of BAOs. In essence this section introduces the “Logic”
part of the Paradigm Triangle, cf. Figure 1. The definitions and results in this
section rely heavily on those originally presented in [Gol99], but have been adapted
to our current notation. (We recommend [Gol99] to the reader as an excellent
survey of the field of polymodal logics.) In the literature polymodal logics are also
referred to as multimodal logics.
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3.2.1. Language.

A natural way to extend propositional languages is to add so called modali-
tres to the sgnature. These modalities are used to express concepts like possi-
bility/necessity, eventually/henceforth or it is permissible/it ought to be. Normally
the symbols & and [ are used in formal languages to denote modalities and referred
to as the dianond and boxr modalities. The concepts are also assumed to be dual to
each other in the following way

O ==0-and § = -~

Eventually we require languages that have multiple modalities. We will thus index
our modalities with ordinals 5 and present them in the form (3) and [J] with the
understanding that they are dual, i.e.

18] = ~(3)- and (8) = ~[3]~.

In standard propositional languages we are normally limited to a countable set of
propositional variables. We will however consider a more general scenario here in
that we assuime a (possibly uncountable) infinite set of propositional variables p,,
where n < £ for some infinite £. We denote the set of variables associated with £ by

e = {py:n <&}

Let o and & be ordinals. The modal language L¢(a) is generated by @, the usual
boolean connactives and the diamond modalities {{(3) : 3 < a}. The set of formulas
¥ of Le(ar) is given by

= py | L] =w [we vV [(B)e

where 7 ranges over ordinals less than £ and 3 over ordinals less than . The other
boolean connactives A, —, T and <« are taken as the usual abbreviations, with [
defined by [3 ¥ = —{(3)—.

Note that -he definition of 1 above restricts the modalities (3) to only one ar-
gument. We thus call the languages L¢(a) unary modal languages. The standard
modal language is then L, (1) and modal languages with two modalities, e.g. tem-
poral logics, ere L,(2). For a comprehensive survey of modal languages we refer the
reader to the recent book [BDVO01] by Blackburn, de Rijke and Venema.

We will see later that these modalities are related to operators in the language
of BAOs. However we have not limited ourselves to unary operators for BAOs and
hence it can be expected that we will have to consider modalities of arbitrary finite
arity. Let ¥ be a set of symbols and let each ¢ € ¥ have an associated arity.
ar{c) = n. We then define the polymodal language L (%) associated with some
ordinal £. The formulas ¢ of L¢(X) are specified by

for n < £ and o € ¥. The box modality of arity ar(c) dual to (o) is defined by

{UM'Q’/'Oﬁ L. 7war(cr)—l) = —‘<0'>(_'w07 caey ﬂ'w’ar(UJAl)-

tE.g. given formulas ¢ and x you can construct a new formula @ where v = (3){e Vv x).
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3.2.2. Logic.

Generally when we look at formal languages we are interested in special subsets of
such languages. In particular we are interested in subsets that only contain theorems,
i.e. subsets that only contain “true” formulas. Such a subset will be referred to as
a logic and is formally defined as follows.

DEFINITION 3.2.1. Let & be some ordinal and ¥ a set of functional symbols. A
subset A of [ ¢(¥)-formulas is called a logic if the following conditions hold:

(i) A conta ns all propositional tautologies of the language L¢(3) and
(ii) A is closed under the inference rule of Modus Ponens, i.e.

if . — ¢ € A then ¢ € A.

The members of a logic A are called theorems and we write 4 ¥ to denote that 1
is a theorem of A, i.e. ¥ € A.

For the fol owing sections we will assume that ¥ and £ are fixed and that we are
working with some particular logic A in L¢ (%), with its own associated propositional
calculus. All formulas will be assumed to come from the language L¢(3), unless
otherwise stated. In general we will just write L(3) instead of the more correct
Le(X). If the logic A is clear from the context we will drop the superscript and write
Fa simply as .

We now kr ow what theorems are. If we however wish to know what “truths” we
can deduce from some given set of formulas this idea is insufficient. We thus extend
the use of .

DEFINITION 3.2.2. If T U {¢} is a set of formulas, then ¥ is A-deducible from T,
denoted I' F .0, if there exist finitely many ¢, . . ., ¢n_1 € I' such that

F (oA Adp_1) — 0,

if n = 0 this reduces to I 9. On the other hand ¥ not being A-deducible from T is
denoted by I I/ .

This now allows us the tools to describe whether a set of formulas in a formal
language is compatible with a logic. l.e. we want to know when a set of formulas
does not leacl to a contradiction (i.e. L). Such sets are called consistent and are
formally defined as follows.

DEFINITION 3.2.3. Let T be a set of L{X)-formulas. I is said to be A-consistent if
I'# L, while a formula v is A-consistent if {#'} is A-consistent.

I' is said to be A-mazimal if it is A-consistent and any set of formulas containing
I' is A-inconsistent.

An example of a A-consistent set is the empty set §). Note however that § is not
A-maximal since § C {T}.

Before conrinuing we first make two trivial observations about A-consistent sets.

ProposiTioN 3.2.4. Let I' be a A-consistent set of formulas. For any formula ¥

(1) if w 1s A-deducible from T then T' U {w} is A- consistent, and
(i) of ' # O then either T U {w} or T U {—w} is A-consistent, but not both.
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ProoOF. We will only prove the first part since the second follows easily from (i).
Let T" be a A-consistent set. Assume that v is A-deducible from I' and that I'U {¢'}
is A-inconsistent. Since I' is consistent it follows that there exists a finite (possibly
empty) sequence of formulas ¢q, ..., ¢,_1 € T such that

}“((P’()/\,..f\@n_l/\lb) - L.

But since ¥ s A-deducible from I' there exists another finite (possibly distinct)
sequence of fermulas xo, ..., Xm-1 € I such that

F{xo A .. AXme1) — .
From which we can deduce, by using the propositional calculus, that
FlxoA - AxmaA0) — L
and so
F{xo A  AXm-t AOg A .. Op_q) — L.
Thus contradicting our assumption that [' is A-consistent. 0

We will soon see that A-maximal sets of formulas play a very important role
in later constructions since they encode all the “relevant” properties of a given
logic. We now take a look at some specific properties satisfied by these maximally
consistent sets.

ProrosiTION 3.2.5. Let A be a logic and T a A-mazimal set of formulas then:
(i) T is clos=d under modus ponens,

(ii) ACT,

(iii} for all formulas ¥, esther v € T or ¢ € T, and

(iv) for all formulas v and ¢, Y ANd € 1" if, and only if, v €T and ¢ € T.

Proor. Let I be a A-maximal set of formulas.

(i): Assume that ¢ and ¥ — ¢ are elements of I'. Then by definition ¢ is A-
deducible frora I' and hence by Proposition 3.2.4 T' U {0} is A-consistent but since
I'is A-maximal TU {¢} C T

(ii): By definition all ¥ € A are A-deducible from I and so by a similar argument
as above ['U <y} C ' and hence A CT.

(iii): Let v be some formula. As was shown in Proposition 3.2.4 either TU{¢'} or
['U{—w} are \-consistent. Hence by the maximality of I either F'U{¢} or TU{—¢}
is a subset of [.

(iv): For the forward direction we assume that for some formulas ¢ and ¢ that
wAoeTl. Since I is A-consistent we know that

V(wAe) — L.
A contains all propositional tautologies hence (¥ A @) — w € A C T'. Thud by (i)
v €T Similaly ¢ € T.
For the backward direction we assume that v, ¢ € . Hence /v Ao — L. So
Fw A ¢ from which the results follows by (ii).
O

In essence this proposition shows us what we have already suspected, i.e. that a
A-consistent sot of formulas locally mimics the behavior of the logic. In some sense
it is “closed” ninder the logic.
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It is however not obvious whether we always have such maximal sets. The follow-
ing lemma gives us an important clue as to when we can expect A-maximal sets to
exist. (Observe that if I/ L there will at least exist some A-consistent sets.)

LEMMA 3.2.6 (Lindenbaum’s Lemma). Let I' be a A-consistent set of formulas then
there exists a A-maximal set IV such that T" C I,

ProOOF. We will prove this lemma by constructing a transfinite ascending chain
of A-consistent sets and then show that the limit of this chain is in fact A-maximal.
Let I’ be a A-consistent set of formulas and

/w07'w17"'7w7]7"'!77<§

be a transfinite enumeration of all formulas in the language L¢(X). We define an
ascending chain of sets of formulas by

Iy = T

B {Fn U{v,}  if this is A-consistent

L,
i [, U{=¢,} otherwise

r, = U Iy if n is a limit ordinal

A<n

Finally we let IV = |J T},
n<§
We first prove, by transfinite induction, that each T', is A-consistent and hence
I is consistent. The base case follows from the fact that I' is A-consistent. If I';, is
consistent it follows directly from Proposition 3.2.4 that I',.; must be A-consistent.

Let us assume that 7 is a limit ordinal and that ', is inconsistent. Then there
exists a finite sequence of formulas ¥y, ..., ¢¥n_1 in T', such that

By the construction of I', and the fact that we are dealing with an ascending chain
of sets there must exist a 'y, with A < n, such that ¥y, ..., ¥, € T'y. But this
would mean that I'y is inconsistent and hence contradict our induction hypothesis.

Claim: For each formula ¢ exactly one of ¥ or = is in I'.

Let ¥ be some formula, then there exists some 1 < £ such that ¢ = ¢,. Thus by
construction =ither ¢ € I,y or = € I',4;. Now assume that both ¥ and —¢ are
in IV then from propositional calculus we know that = (v A =) — L which would
make IV inconsistent and thus lead to a contradiction.

To conclude we show that any set of formulas that properly contains I must be
A-inconsistent. Let W be a set of formulas that properly contains I'. Then there
must exist some formula ¢ € ¥ such that ¥ ¢ I'. But then by our previous claim
—w €' C¥andF (¥ A1) — L which proves that ¥ must be A-inconsistent. [

Well-behaved logics. When studying logics, and modal logics in particular, it is
important to know how such a logic responds to substituting some formulas for other
formulas in a particular theorem.

DEFINITION 3.2.7. Let ¢ and ¢ be formulas and p;, be a propositional variable. We
denote the formula obtained from ¥ by uniform replacement of p, by ¢ as ¥[p, — o|.
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When convenient we will sometimes use the shorthand w[p — 6| for the formula
Q’:}?n@ — @0} T [pTM«—-i = @n—l]ﬂ where P= \pnm ce :p??aa) and @ = (Gj)?m: coyOn, 1>’

A logic where substitution is well-behaved is called uniform, formally defined as
follows.

DEFI\ITION 3 8 A 1oglc Als cailed umform if it is closed under the rule of uniform

formulas

Note that in contrast to the definition above some authors only cousider a set
of formulas to be a logic if it is already closed under uniform substitution (c.f.
[BDVOL1]).

It should be clear from the definition above that uniform replacement is well
behaved with regards to the logical connectives L, =, V and the modality {(o}.

PROPOSITION 3.2.9. Let p = (pyy, . -\ Pn._,) be a sequence of propositional variables,
® = {dy. ..., 0n1) a sequence of je*rmulas and o € ¥, with ar(a) = n. Then for any
formulas ¥, x. %o, ... n_y:

(A) D [}? - G}] = @i, where 1 < n,
[pf—> eé

Lastly we define two particular classes of well-behaved logics that will become
important later in this chapter. Note how conditions K and N bear a particular
resemblance to the operator conditions of additivity and normality.

DEFINITION 3.2.10. A logic A is called normal if it contains the following schema
K: <0>(/3ﬁ"0= sy i AY Xy oo :q’r{“ar(a)—l) b
<a>(¢)07 NN R }‘Li’w- O)—l) v <O’>L{r‘)0. EERD S :@a‘r{a)-l):
N: (o) (%o, -, Lo Warey-1) — L
and satisfies the Monotonicity rule, i.e.
Mono: if ¢ — y € A, then
<0>(L")0 P 7(#§> ce >/gf’i“ar(a)~l) - <Oﬁ>((w07 e Xy s /{fi’ar{o)vl) €A

3.3. Relational Semantics

Before we continue we would just like to make the reader aware that we are about
to introduce two specialised concepts of satisfiability. To differentiate them from
the standard notion of satisfiability (=), defined in Section 2.2.3, we will use the
symbol IF when referring to satisfiability in this context.

As mention:d at the beginning of this chapter each logic A has an associated
relational semantics, ¢.f. Figure 1. The introduction of these semantics for unary
modal languages is attributed to S. Kripke (c.f. [Kri59]) and accordingly quite
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often referred to in the literature as Kripke semantics. (Note that there are strong
antecedents of Kripke's work in [JoT51].)

This original semantics of a unary modal language associates “possible world”
models with such a language. A formula $p is considered true at a particular world
if there is a world, reachable from the current one, where p is true, i.e. pis currently
possible. Let us analyse this idea from an algebraic perspective. There seem to be
two main concepts underlying this type of semantics. Firstly we can view the set of
all worlds as 1the universe of a relational structure where its single (binary) relation
encodes the idea of which worlds can be reached from other worlds. Hence the
reference to the relational semantics of modal logics. (The relations we are talking
about are often referred to as accessibility relations.) Secondly each propositional
variable has a related set of worlds at which it is true, thus we have a mapping,
called a wvaluction, that to each propositional variable assigns the set of worlds at
which it is true. single (binary) relation encodes the idea of which worlds can be
reached from other worlds. (Such relations are sometimes referred to as accessibility
relations.) Hence the reference to the relational semantics of modal logics.

We will now proceed to extend the above mentioned concept of relational models
to polymodal languages in the style of [Gol991.

DEFINITION 3.3.1. A model for a polymodal language L¢(X) is a pair M = (F, V)
where F = (W, (RF : 0 € T)) is a relational structure (also called a frame), with
ar(R,) = ar(7) + 1, and

V:d, — P(W)
is a valuation function assigning a subset V(p,) of W to each propositional variable
Py, where n < £ We say M = (F, V) is a model on the frame F.

As mentioned V(p,) is thought of as the set of worlds where p, is true. For
convenience we will write RE for (RE 1 0 € &), By a model M = (W, RM, V) we
mean the model M = (F, V) on the frame F = (W, RE).

DEFINITION 3.3.2. Let M = (W, RM V) be a model. We then define the satisfaction
relation “1 is true at a world w in M”, denoted M, w IF 4. inductively as follows

M,wlFp, if weV(p,)

M,w lf L

M,wlF -y if Mwlfv

Mwlyve i MwkFyvo Muwlke
M, wlF {o)(%g, ... 0n1) iff  for some wy,..., w1 € W,
RE(wg, ... wn_q, w) and
M. w; IFw; for all i < n,

where n = ar(a).
DEFINITION 3.3.3. Let M = (W, RM V) be a model. A formula o is true in the
model M, denoted M I ¢, if it is true at all the worlds of M, i.e.

Mk ¢ iff M,wik ¢ forall we W.

A set of formulas I' is true in the model M, in symbols M I+ T, if for each formula
el MIF .o
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DEFINITION 3.3.4. Let F = (W, RE) be a frame. A formula ¥ is valid in the frame
F, written F '+, if

M ik o for all models M = (F, V) on the frame F.

Similarly to the definition for models, a set of formulas I' is valid in the frame F,
denoted ¥ I 17, if for each formula v € T, F I 4.

DEFINITION 3.3.5. Let K be a class of models (or frames) and I' U {¢} a set of
formulas. We say a formula 9 is a semantic consequence of I' over K, denoted
K IFp w0, if for all models M from X and worlds w in M whenever M., w IF T we
have that M, w it 1. If T = 0 we simply write K IF ©.

We are particularly interested in when a class of frames (or models) matches with
some logic, i.c. given a logic is there a class of frames in which precisely all the
formulas in the logic are valid. (This subject is often referred to as correspondence
theory in the literature, c.f. [vBe84].) Hence the following two definitions.

DEFINITION £.3.6. (Soundness) Let K be a class of frames (or models). A logic A
is sound with respect to K if b+ implies M I+ ¢ for all M from K.

Equivalentl we could have required that + ¢ implies K I+ .

DEFINITION 3.3.7. (Completeness) Let K be a class of frames (or models). A
logic A is strengly complete with respect to K if for any set ' U {w} of formulas,
K IFp o implies that I' - 9. A logic A is (weakly) complete with respect to K if
K IF ¥ implies that F .

Note that (weak) completeness is the special case of strong completeness where
the set I' is empty. Hence strong completeness implies {weak) completeness.

To get back to more syntactic issues for a while let us look back at A-consistent
sets of formulis. In some respect we would expect consistent sets of formulas to
at least contain formulas that are satisfiable, thus providing us with another link
between a logic and its relational semantics. In fact we get much more than that.

LEMMA 3.3.8. A logic A is strongly complete with respect to a class of structures K
if, and only if every A- consistent set of formulas is satisfiable in some U € K. A
is complete with respect to K if, and only if, every A-consistent formula is satisfiable
wmn some U € I,

ProOF. From the remark above it is only necessary to prove the result for strong
completeness since the result for completeness will follow by letting I' = .

Suppose that A is not strongly complete with respect to K. Then there is a set of
formulas I' U {¥} such that K IFp ¢ and T' 1/ 4. But then I' U {—v¢} is A- consistent,
but not satisfiable in K.

We assurne ~hat I' U {¢} is A-consistent, but not satisfiable in K. It then follows
from the definition of IFp that K Ik —¢. Hence by strong completeness [' = —.
But then I' U {#} is A-inconsistent contradicting our assumption. O

3.3.1. Characterising logics by relational structures.

Now we kncw what it would mean for a class K of models (or frames) to char-
acterise a logic A, the logic would have to be sound and complete with respect to



46 3. THE PARADIGM TRIANGLE FOR COMPLEX ALGEBRAS

K. Can we however, given a logic A, construct some canonical class of models (or
frames) to characterise A? We will see that the question for models has a definite
answer but not so for frames.

Canonical models and frames. To construct such a model it is sufficient to show
that each A- consistent set of formulas I is satisfiable {c.f. Lemma 3.3.8).

We first restrict ourselves to a language L(Z) without any modalities (i.e. £ = @).
Let I' be A-consistent then, as was shown in Lindenbaum’s Lemma (c.f. 3.2.6), I’
is contained in some A-maximal set I'. (Note that by definition this T” is unique.)
Could we now construct a model which has A-maximal sets as its worlds, i.e. the
set of worlds W = {I" : I'" is A-maximal}, and where I" would be satisfiable at I''?
For this to be true each formula 3 € I' must be satisfiable at the world I". As was
shown in Proposition 3.2.5 we aiready know that " would respect all the boolean
connectives. Jf we thus just take care of which propositional variables are true at a
world, we could make T satisfiable at the world I''. In particular we want all p, € I’
true at I”. As we have seen this is the functionality provided by a valuation, it
tells us whicl. propositional variables are true where. So. for the set of worlds W
consisting of all A-maximal sets, we define

Vip,) ={I"e W :p, e'}

where n < £. Note that we have made it equivalent to say that a formula ¢ is an
element of I and that 4 is satisfiable at I".

However this is not enough as we want to deal with languages that include modal-
ities, i.e. languages where ¥ # (). So let us assume that ¥ = (o)(¢, ... . Yer(e)-1),
for o € %, is an element of some A-consistent I'. Then ¥ is obviously an element of
IV, the A- maximal set containing I', and we would expect it to be satisfiable at the
world TY. The question is now which, if any, worlds should be related to I'" so that v
is satisfied. If we take a look back at the definition of satisfiability we see that TV must
be related to those worlds in which the w; are satisfiable. By construction we would
expect ¥; to be satisfiable at a world Wi if v; € ;. Hence R,(Vy,... Yyrio)-1, )
should hold if, and only if, we know that (o) (¢, ..., Vury—1) € I, for ¥; € ¥; and
i< ar(o).

We conclude this section with a number of formal definitions and results which
aim to make ~oncise what we have been discussing.

DEFINITION 3.3.9. Given a logic A in the language L¢(X), we define the canonical
A-frame to be the frame, CanF¢(A) = (CanF¢(A), RganFEM)>, with universe the set

of all A-maxiinal sets and, for each ¢ € & with ar(o) = n,
RSSO gy W, D) {(0) (€, .., they) s €, for all i < n} C T,

where Wy, ... W, ; € CanF¢(A). When £ is clear from the context we write
CanF(A) instead of CanF¢(A)
By the canonical A-valuation we mean a valuation V on CanF(A) such that

V(p,) = {w € CanF(A) : p, € w}.

for n < &.
Finally we define the canonical A-model, denoted CanM(A), to be the model
(CanF(A), V', where V is the canonical A-valuation.
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Observe that we follow the algebraic tradition here in using direct images to
define R,. This definition is convenient for our current approach in that it mirrors
the definition of Uf presented earlier. For an alternative definition of R, using
inverse images we refer the reader to [Gol99}.

LEMMA 3.3.1). Let A be a normal modal logic and o € Lgao \ Lea with ar(c) = n.
For any w € CanF(A) we have that:

(1) For any worlds wy, ..., We_1 € CanF(s\), Ry(wo, . ... wa_1,w) if, and only if,

for all formulas g, ... 0y 1, [0/, .. 1) € w implies v; € w; for some
< n.
(i) Suppose ()i, ..., Yar(e)-1) € w. Then there exist wy, ... wy—; € CanF(A)

such that Ry(wy, ..., wa—y,w) and ¥, € w; for all i < n.

Proor. We will prove the forward implication of the first part. For the second
part we refer the reader to BDVO1].

Suppose R,(wy, ..., wp_1,w) and that [o](wg,..., ¥y—1) € w. To arrive at a
contradiction we assume that ¢; ¢ w; for all i < n. Since each w; is A-maximal,
by Proposition 3.2.5, we have —; € w; for each i < n. As R (wo, ..., Wy-1,w), it
follows that (7)(~g, ..., =, 1) € w. But w is also A-maximal, which implies that
[0]((}9@, ey w?rwl) = _‘<{7>(—'?¢D07 SRR _"@’R—l) ¢ w. 4

We can now make concise the notion that membership in a world is directly related
to satisflability at that world.

LEMMA 3.3.11. Let A be a normal logic and w € CanF{A). Then for any formula ¢
CanM(A), w ik ¥ off v € w.

PrOOF. Let M = (W, Rg, V') be the canonical model CanM({A). We prove this
lemma by induction on the form of . If ¥ = p, (the base case) the result fol-
lows by the definition of the canonical valuation. The Boolean cases follow from
Proposition 3.2.5. So we assume that ¥ = (o)(Wg, ..., %¥n_1).

For the forward direction observe that M, w IF w if, and only if. for all i < n there
exist w; such that R, (wp, ..., w,_1, w) and M, w; F ;. By the induction hypothesis
R, (wo, ..., w,_1,w) and ¥; € w;, for i < n, which, by the definition of R,, implies
that ¥ € w.

For the backward direction assume v € w. We want to show that M, w Ik .
Thus we must find worlds w; such that R,{wy, ..., w,_1,w) and M, w; I+ ¢, for
¢ < n. By the induction hypothesis it is enough to show that there exist w; such
that R, (wo, ..., w1, w) and ¢; € w;, for i < n, but this is exactly what the second
part of Lemma 3.3.10 gnarantees. O

We were looking to show that A would be complete with respect to its canonical
model, we however get even more than that.

THEOREM 3.3.12. Ewvery normal modal logic A is strongly complete with respect to
its canonical model CanM(A), i.e. for any set of formulas I'U {¥}

CanM(A) IFp ¢ implies I' = 4.

Proor. By Lemma 3.3.8 it is enough to show that each A-consistent set is sat-
isfiable in CanM(A). Let I’ be any A-consistent set of formulas. By Lindenbaum’s
Lemma (c.f. 3.2.6) there exists a A-maximal I' 2 I" and from the previous lemma

CanM(A), IV IFT. 0
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Finally it is an easy step to show the canonicity of this construction.
COROLLARY 3.3.13. Any normal logic A is characterised by its canonical model
CanM(A), i.e. for any formula ¥
CanM(A) IF v iff +w.

It immediately follows that, for any normal logic A and formula ¥,
CanF(A) IF ¢ implies + v,

however the converse does not hold (c.f. [Gol99] Theorem 5.3.5 for a counter
example).

The corollary above gives us a precise way of relating logics to models. Coming
back to the Paradigm Triangle, it shows us how the “Correspondence Theory” arrow
from the *Logic” block to the “Relational Semanties” block works.

Logics generated by relational structures. To complete this section we take a look
at how to define a logic given a class of frames (or models). set of formulas that are
valid (or true) in this class of frames (or models).

DEFINITION 3.3.14. For any model (or frame) M we define the logic generated by
the model (or frame) M to be A(M) = {v' : M I+ v }.

This definition is in fact jumping the gun. We seem to already be assuming that
such a set of formulas is a logic. This is in fact true, but we get even more.
ProprOSITION 3.3.15. Let M be a model and F be a frame then

(1) A(M) is a normal logic and

(it} A(F) is a normal uniform logic.

PROOF. Let o € ¥ with ar(o) = n.

(i): The fact that all propositional tautologies are in A{M) follows immediately,
since the satisfaction relation respects L, — and V.

Modes ponens: To see that A(M) is closed under modes ponens, let 1 and
@ — & be in A(M) and ¢ ¢ A(M). Then there exists a world w € M such
that M, w I ¢ and, since v — ¢ € A(M), M,w Ik =¥ V ¢. Hence M, w I+ =
contradicting ¢ € A(M).

K: To arrive at a contradiction we assume that there exists a world w such that

Maw W <<7>(’Lb0,. . ,Cb\/X, . ‘7'11)'71—1) -
<U>(w07 s fd)? s z"?n—‘l) \% <O'>(U”(), ey X 3}¢'n~l)-

Wy, - ... Wy such that Ry (wy, ..., w,.1) and M, w; IF ¢V x. From the consequent it
follows that for all wy, ..., wy,_, where R (wyg. ..., wl_1) M, w! I & and M, w] Iff x.

s
s ’ J r %p—1

Hence M, w! i ¢ V x leading to a contradiction.
The backward implication follows from a similar line of reasoning.
N: The prcof follows an argument similar to that presented for K above.

Mono: Let ¢ and x be formulas such that ¢ — y € A(M). Assume that
M (0) (Y20 1) = (@) Wr o s ).
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Then by a similar argument as for K there must exist a world w; such that
M. w; IF ¢ and M, w; ¥ x, contradicting M, w; IF ¢ — ¥.

(ii): Let F = (W, RE) be a frame. The proof that A(F) is normal is in essence
the same argument as for A(M). We thus only prove the uniformity of A(F).

Uniform: Let ¥ € A(F), V be a valuation and let x = ¢[p, — ¥]. We need to
show that y ¢ A(F), i.e. FIF y. We do this by defining a new valuation V'’ such
that V'(p,) = V(pe[p, — ¥]). Since V is only defined for propositional variables p,
we need to extzend V to arbitrary formulas ¥». We do this by inductively defining V'
as follows.

If v =¢Vyxthen V(v) = V(o) UV(x).
If v = L then V(¢) = 0.
If ¥ = ~ then V(i) = W \ V(o).
If w=(0)(do,...,Par(s)-1) then
V() = {w: RE(wo, ..., War(s)-1, w) and w; € V() for all i < ar(o)}.
We will show that for M = (W, RF, V) and M’ = (W, RE, V")

(%) M' I+ ¢ implies M I+ ¢[p, +— ¥].

Then since th> antecedent holds by assumption, A(F) will be uniform.

Claim: M', w IF p, implies M, w I p,[p, + ¥] for any formula 9.

The claim can be proven by induction on the form of w. Here we will only prove
the case where ¢ = (0)(vo,...,Yaro)-1). Assume that M, w F p,. Note that
¥ = pylpy, — | and hence w € V'(p,) = V(p,ylp, — ¥]) = V(¥). Thus from our
extension to the definition of V' there exist w; € W, for each ¢ < ar(o), such that
M, w; I+ ¥; and so M, w I+ ¢ as required.

Now we are ready to prove (k). This proof proceeds by induction on the form of
®. The claim above establishes the base case.

Solet ¢ = (7)(®q, ..., Pn_1), where ar(o) = n, and assume that M’, w IF ¢ for any

w € W. Hence there exist w; € W, for ¢ < n, such that RF (wy,..., w, 1, w) and
M, w; IF ¢;. Thus by the induction hypothesis M, w; IF @;[p, — ¥| for each i < n.
Since o[p, — ¥] = (o) (Po[p, — V], ..., Gn-1[py — ¥]), with the use of Proposition

3.2.9, it follows that M, w I- ¢[p, — ¥|.

The proofs “or ¢ = ¢gV ¢y and ¢ = L follow along similar lines as that used below
and will not be presented here.

Lastly consider ¢ = —¢g and assume M’ w Ik ¢. Then M',w I ¢9, whence
w ¢ V(o). By definition V'(¢g) = V(dolp, — ©]), so w ¢ V{go[p, — ¢]). Hence
M, w I} ¢o[p, — %] and so M, w IF =é[p, — @]. Thus the result follows. O

Clearly any normal logic A is sound and complete with regards to a class K
if A(K) = A. This then completes the bi-directionality of the “Correspondence
Theory” arrow of the Paradigm Triangle (c.f. 1).

3.4. Algebraic Semantics

We now turn to the arrow of the Paradigm Triangle where we try to find an
algebraic structure B, or class of structures, that closely corresponds with a logic A.
In extension of the work of Boole relating propositional logic to Boolean algebras,
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this section clemonstrates how to relate a modal language to some BAQ, following
the examples of [Gol99] and [BDVO01]. The intuitive idea is that the underlying
order in the Boolean part will relate to the underlying truth ordering of the logic,
each modality will correspond to a different operator and propositional variables
will behave somewhat like projections.

Let B = B,V,~,(,%) be a BAO and ¢ be an L (Z)-formula with variables
Pros Prys -+ s D1 - The formula ¢ then induces an n-ary operation 12 on B defined
inductively as follows.

p§<a0= 7an—l) = g,
—LB(CLOa a'nfl) =0
(ﬁ'¢’)B(av0~ ;anml) = N’C»’B(ao  Opo1),
(v Vo) Plao, ... an-1) = ¥P(ag, .. .. an_1) V0" (ap,.. .. an1)
and, for o € 23,
(<0>(ﬁ‘o, Ceey d"ar(ajo—l))B(aOy . sa-n—l) =
oy (ag, - 1)y ..., Vorior) Lag, ..., Un—1))

DEFINITION 3.4.1. A formula + is valid in B, written B I ¢, if the function ¥® is
constantly equal to 1. If K is a class of BAOs, then K I if BiF ¥ for all B € .
If I' is a set of formulas, then BIFT'if BIF ¢ for all w € T

If we treat the propositional variables in a formula ¥ as variables ranging over
elements of B, and the logical symbols Vv, -, L and (o) as naming the BAO symbols
V, ~, 0 and o, ¥ can be considered a term in the language of the BAO B. This
induces an equivalence between logical formulas and BAO equations. A formula ¥
is valid in B if, and only if, B satisfies the equation “¢» = 17, in symbols

BlFy it Bl (v =1).

Each BAO equation ig of the form ¥ = ¢ and is satisfied in B if B I ¢ «» 6. We
can thus see that for a set of formulas ' the class of algebras

{(B:BI-T}

forms an equational class, denoted V(I'), also called the variety generated by I' (c.f.
Theorem 2.5.12). Using the HSP Theorem (c.f. p. 25) we can see that V(I') is
closed under H, S and P, i.e. these operations preserve validity of formulas.

3.4.1. Characterising logics by algebras.

Similarly to Section 3.3.1 we want to find some “canonical” algebra, or class of
algebras, that characterise a logic. l.e. we want an algebra B such that B IF « if,
and only if, k- %. But before we do this we introduce an algebra related to the whole
language L¢(E).

DEFINITION 3.4.2. Let & be an ordinal and take ¥ to be a set of functional symbols.
The formula algebra over @ is defined to be the algebra (Form(®¢),V,~,C,Z),
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denoted Form(®;), where Form(®,) is the set of all formulas of L¢(3). The inter-
pretation of the symbols V, ~ and € are defined by

NFQ‘) g ﬁ‘{ﬁ)r
¢VvF e = wveand
oF = 1.

while for each o € ¥, with ar{c) = n, we define

OF(’%} < ﬂ.i’n_l) = <<7>(’3£’0> cees ?.f}nq}

where ¥, @, ¥, ..., 1,1 € Form(®¢) and F = Form(®¢).

It is easily seen that Form(®,) is isomorphic to Term(®;), as defined in Defini-
tion 2.4.4 (p. 22).

The Lindenbaum- Tarski Construction. Let A be some logic in the language L¢ ().
We are lookirg to construct an algebra B such that, for any formula ¥ € L¢(%),
o if, and only if, B IF ¢, From our definition of {algebraic) validity ¥ is valid in
B if, and only if, ©® is constantly equal to 1. There might of course be several such
formulas. We would however expect that TP should always satisfy this requirement.
Is there then rome way in which we can identify all the formulas in A with T? From
propositional calculus we know that F o if, and only if, = ¥ « T. But < also
induces an equivalence relation = over formulas from L¢(X) in the following way

where ¥, ¢ € L¢(E). The reflexivity of = follows from the fact that ¢ « ¢ is
a propositional tautology, symmetry from the fact that - ¢ « ¢ if, and only if
F ¢ < @ and -ransitivity from the fact that if - ¢ < ¥ and - ¢ « x then - ¢ « x.

If = turns out to be a congruence then Form{®.)/= will be an algebra with

universe consisting of equivalence classes modulo =. Looking at the equivalence
classes modulo =2, i.e. |9 for ¥ € Form(®¢), we see that

e ||| i b T

and hence

we T b oo

Clearly we would want || _|| = CB. If we assume that the universe of B should be
Form(®¢)/ = how should the other Boolean operations be defined? The intuitive
choices for VB and ~® should be clear, ||[v|| VB ||| = [|v V ¢|| and ~B|j|| = |- .
It would be nice if, for each o € £, we could define o(]|wo][, ... 10ar(oy-1!]) to be
| (o) (0. ..., War(s)—1)]l, but o has to be normal and additive. In general this will
not be the case.

Let us take a look at what conditions are necessary to make o normal, where
ar{o) = n. For o to be normal we require

g(!’l‘}o!‘ ceey ”whl‘q: i‘/z/)i-s‘-lH' cee HwnA] ||) =0.
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Thus far our definition then implies that

o(lloll - Mbar [, O, l0scall - - - bnrl])
= ool .. Ml 1L il - )
= |Ho)(wo, . Wiy, Loy, 1))
Hence if = (o (g, ... . ¥imt, L. ¥, - .., Yar(o)~1) += L the result would follow. But

this is exactly what N guarantees (c.f. Definition 3.2.10). Similarly K guarantees
the additivity of o and hence motivates us to make the following definition.

DErFINITION 3.4.3. Let A be a normal modal logic. We define a binary relation =2,
between formulas by
by oM by w0

and say the v and ¢ are equivalent modulo A.

We then show that =, is not only an equivalence relation but also a congruence:

ProrosiTion 3.4.4. Let A be a normal modal logic. For any set ®¢ of propositional
letters = is 1 congruence on Form(®;).

PROOF. We have to prove that the equivalence relation =, satisfies

(1) ¢ =4 ¢ implies ~@ =y —wp,
(2) do =a ¥y and @) =, ¢y implies og V @y =y g V ¥y,
and

(3) (DO g;\. ?fi’ii; RN (Dar(o')—l gz\ war(a)~1 ilnphes

We prove (2) and (3), the proof of {1) is quite similar to (2) and can be found in
IBDV01].5.12.

(2): Suppose that ¢y = Yo and ¢1 =4 ¥y, then by definition F ¢q < ¥ and
@1 <+ Y. From the propositional calculus it follows that b ¢g V ¢y < ¥y V ¥y or
equivalently that ¢g V ¢ S\ Wy V 1.

(3): We will demonstrate this fact for the case where ar(o) = 2, the general result
can be proven by a similar argument. Suppose that oy =4 ¢y and &7 =4 1. Thus,
by the definition of &4, F ¢g «* ¥y and F ¢ < wy. Using K we can see that

F (o) (0o V o, 01 V) = ({0)(¢0, 21) V (o) {wo, 01) V () (@0, 1) V (o) (g, 11)).
Using propositional calculus we can deduce that
(*) - <U><!€£}Q3 Qf)l) s <0>(@D V ‘&’.Ot (25 Y w])
By assumpticn b ¢y — ¢g and - ¢y — @,. Hence we can show that F ¢ V g — @q
and = o; Vi — ¢y. Then, using Mono,
F (o) (do V Yo, 61 V 1) — () (dg, 01V ¥1)
and
(o) (Gg, &1 Vi) — (o) (b, &)
Hence it follows that

(k) F o) (do V wo, 01 V wy) — (0){(0g, 01).
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Putting (x) and (*x) together we get - (o) (g, w1) — (0)(dg, #1). By an analogous
argument F (o) (dg, ¢1) — (o)(1y,¥1), whence

k- <J>((b01 @1) b <O’>(b)0 'U)1J.

Giving us (0){¢o, ¢1) =a (0)(1hg, ¥1) as required. |

We are now ready to define our so-called “canonical” algebras.

DEFINITION 3.4.5. Let A be a modal logic and ®, the set of propositional variables
in L¢(X). The Lindenbaum-Tarski algebra of A, denoted LT¢(A)}, is defined to be
the algebra (Form(®;)/=4, Vv, ~,(, X) with operations V, ~, € and o € ¥ defined
by

e viiell = llevol
~lel = [
C = 14
alldnll, - ary-1ll) = [{o) (o, - - Yar@)-1) -

When £ is clear from the context we write LT (A) instead of LT¢(A)

Before we can prove a characterisation theorem for normal uniform logics using
the Lindenbaum-Tarski construction we need the following lemma.

LEMMA 3.4.6. Lel o € £, 9, ¢y, . ... On1 be E-formulas and let py,. ..., py, , € Py,
where ar(o) = n. Then for any logic A

Yool | dn-1ll) = lp = ol

where p = (Pny, -+, Pp_y) and ¢ = {Po, ..., On_1).

PrOOF. We do this proof by induction on the form of 1. The base cases where
¥ = py and ¥ = L follow directly from Proposition 3.2.9. for Vv follows in a similar
fashion to -.

The following calculation proves the case where v = —y.

W T (ol ldn-al) =~V (ol - [[@n-al)
= ~|xip— 9l (induction hypothesis)
= I~ )l
= W’[Q > 9] I (by Prop. 3.2.9)
The cases for V and L follow similar arguments. For the final case we let o € ¥,
with ar(o) = nand ¥ = (6}(x0, ..., Xm-1) then
ST (gl [ dnl])
ALTAY 4
= () x0r - xm-1)) ool ilonal])
= olxa Mol lenaall) Xt ol lDnall)

= olxolpr— o/l ., [ xm-1lp = 0]l) (induction hypothesis)
= |ep— 4l

where the last line {ollows from Proposition 3.2.9. [
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We are now ready to prove the main result of this section. which relates a logic
A to a particular algebraic semantics, c.f. the “Algebraic Logic” arrow in Figure 1.
THEOREM 3.4.7. Let ¥ be a formula and A a normal uniform logic then

Fa v iff LT(A) I+ o
PROOF. Let p and ¢ be as in Lemma 3.4.6 and let ¥ be some formula. For the

forward direction assume that b, . Since A is closed under uniform substitution
we have 4 ¥ip — ¢ and so by Lemma 3.4.6

WM (|lgo, bl = ulp — ol = o] =1
For the backward direction we assume 174 ¢'. Since by Lemma 3.4.6
DTN gl 1) = 16 = plll = ]
and [[v] # 1 we have LT(A) I ¥. O

Logics generated by algebras. As with relational semantics we now reverse direc-
tion and take a look at logics generated by algebras.

PROPOSITION 3.4.8. Let K be a class of BAOs then {1 : K I ¢} is a normal uniform
logic.

PROOF. Let A = {¢ : K IF ¢}, te. v € A BIF ¥ for all B € K. It should
be clear that, since the validity relation interprets L, = and V by connecting them
with their related Boolean symbols, all propositional tautologies are contained in A.

In the sequel we assume ¢, x, ¥ and ¥; to be formulas with variables py,, ..., py,._,
and that B ic any algebra in K. For the remainder of this proof we will use the
shorthand a for the sequence (ag, ..., a, 1).

Modes Ponens: Assume that B I ¢ and B IF ¢ — ¢. Then for any a; € B, for
i<n, ola) =1 and ~p(a) V ¢la) = 1. Since

~¢(a) vV ¥(a) = 0V i(a) = v(a)
it follows that ¥(a) = 1 and so B IF .

K: Consider any a;, € B with ¢ < n. Since o, with ar(o) = m. is an operator it
follows that

o(uwg(a). ..., 0% (@) v xB(a),....vp_i{a) =
Thus, using the interpretation of V and —in B as defined before,
({o) (. . ... ONVY, .. W) —
A g , , B
<G‘>{}{f)0? ey @a vy {ﬁ“m—l) v <O.>(?,L?0: R Xa ey &’/’m‘l)) (g_) - 1
and
(<0>(U)Oa ce Oy 7wm~1) vV <J>(}¢“Oa D SI Ur)m—l) -

(0o, 6V X, Umet)) P (0) = 1.

Combining the above two results it follows that

Bl <0'>(’{1;/‘0 ..... @V:{}}wm_le
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N: Similarlv to the case for K, N follows from the fact that for any operator o,
with ar(o) = m,
o(Wg(a),....0,.... vB (a) =0

Mono: Assume B IF ¢ — x and ar(o) = m. Thus for any a;, € B, i < n,
~o(a)V x(a) = 1. Consequently ¢(a) < x(a). By Proposition 3.1.2 it follows that

o{wo(a), ..., 0(a), ..., tmo(a)) < o(dola).....x(a), ..., 0n(a)).
Thus Na(’w@,u,:@,....um la) volwg, ... x, ..., ¥m-1){a) = 1, from which it
follows that B - (o) (v, ..., 0,. .., Uy 1) — <a}('z;i7@§ e X Um)
Uniform: We need to show that if ¢B(a) = 1 for all ag,...,a,-; € B then

olp, — v|(a) = 1 for all ag,...,a,—; € B. We will only prove this for the L,(%)
case, i.e. where our language only contains one variable.

To prove this we show that
(%) 6lp — v[%(a) = 0" (v (a)).
for any a € B. Then, if we assume that ¢®(a) = 1 for all a € B, the result follows.
(Note that in the general case (x) becomes
(Q[p‘/m = Z/QJ """ [pﬂn L Uney ) (0 =0 ( B(a)’ s w?-l(a)>ﬂ
where the forraula ¢ has n variables. )

We prove (<) by induction on the form of ¢. The base case follows easily from
Proposition 3.2.9 and the fact that pB(a) = a.

Let ¢ = =y, Consider the following calculation

(=¢o)lp — ¥)P(a) = (~(eolpr> ¥ ))B( )

= ~(oglp — ¢]B(a))

= (~ (o(¢vP())))

= (~o(v)) ( )
where the first line follows by Proposition 3.2.9 and the third line follows from our
induction hypothesis. The cases where ¢ = 1, ¢ = &yVaé; and ¢ = ()P, ..., Ony)
follow similar arguments. Thus (x) follows and hence the closure of A under uniform
substitution. O

Observe that the above proof can be used to show that the set {¥ : BIF ¢} is a
normal uniform logic for any BAO B.

DEFI\II’IION 2.4.9. For any BAO B we define the logic generated by the BAO B to
be A(B) = {v : BIF%}. For a class of BAOs K we define A(K) = {¢ : K v}.

In fact, using Theorem 3.4.7, it is easy to see that each normal uniform logic A is
of the form A(B).

To complete this section recall that earlier we noted the isomorphism between
Form(®,) and Term(®,), the absolutely free algebra of type ¥ over ®;. Conse-
quently the Lindenbaum-Tarski algebra LT(A) turns out to be a very important
algebra in the variety V(A): logic A is the free algebra in V(A).

THEOREM 3.4.10. In the variety V(A), LT(A) is the free algebra on the set of gen-
erators

el = {lpoll - m <&}
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ProOOF. Clearly the algebra LT(A), as defined above, is generated by the set
[®¢lj. Let A De an algebra from V(A) and f a function [|®¢f| — A. We define the
map h: LT{A}) — A by

h{liel) = (gl - F g D).

where p, . for i < n, are the propositional variables occurring in ¢. From the
definition of /. it should be clear that A{|lp,.||) = f(llpn]). Now if ||| = ||¢]| then
F 1« 0. Since A € V(A), AlF ¢ + ¢ and so ¥* = ¢* from which we can infer
that A is well-defined.

We will show that A respects all operators o € ¥. The cases for the Boolean
operations can be proved using similar arguments. Consider any operator o, with
ar(o) = m, tlen

Wo(lwsll. .. [m)
= B([{o) (0, - -, Y 1))
= ((0) W0y -+ 0 ))  (FUpaolls s S, 1))
= o (W (ool FUpa D) (Dol FlPns
= o(h(woll). - - h([[¢n-1]))-

So we can conclude that h is a homomorphism and hence LT (A) is the free algebra
required. ]

)

This result and its proof is modelled on {Gol99] Theorem 5.2.1.

3.5. From relational to algebraic semantics and back again

To complete our triangle we only have to show how relational and algebraic se-
mantics interact. From our preliminary studies in Section 3.1.2 we already know
how to construct BAOs from relational structures, and vice versa. The question is
just whether, if at all, these mappings, i.e. Cm and Uf, preserve validity. First we
show how Crr does in fact preserve validity and then go on to show how Uf preserves
canonical constructions.

3.5.1. Preserving validity.

We are interested in seeing which formulas are preserved by Cm, i.e. given a frame,
F = (W. RE}. for which ¥ does F IF @ coincide with CmF IF ? To productively
look at this question we first reformulate the definition of satisfaction.

Recall that the universe of CmF consists of subsets of W. Is there some way in
which we can associate subsets of W with our relational semantics? Given a formula
i the obvious subset to look at first would be the subset of worlds at which ¢ is
true, also called the truth set of 4, formally defined as follows.

DEFINITION 3.5.1. Let M = (W, RM V) be a model and & some formula. The truth
set of w in M. denoted ¥M, is defined by

M= {w e W : M wlk v}
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The satisfaction relation for models then amounts to the following properties of
truth sets

piyl = Vipy),

M=,
(3.1) (=)™ = W\ oM,
(¥ veyM = MU oM and
(oW o, - Yar@=1) )M = T (-,
where M is a model on F.
Hence v is valid in a frame F if, and only if, ¥™M = W = T™ for any model M

based on that frame. It should come as no surprise then that the validity of ¥ in F
can be checked by looking at the term function (1)“™F.

THEOREM 3.5.2. Let ¥ be a formula with variables among pyy,....py._, € ®¢ and
let E' be some frame. Then for any model M on F,
- M M ;
.\,w)CmFl\pno’ N el 1) — wM
ProoOF. The proof follows by a straightforward induction on the form of ¥, As
demonstration we will do the case for V. Let F, M and p,,,...,py,_, be as in the
staterment of the theorem and ¥ = ¢ V x. Then
CmF; M M N\ CmF (M M Lt M M
(¢VX> (["7]03"'71)17”_1) - ($) m (pn .‘"'7p1].n41)U<X) m[F}(pn()?"‘?pnnml)

M UM (induction hypothesis)
= (pv )M (fourth line in (3.1)).
]

From here it is easy to prove that the validity of anv formula is preserved by
Cm. (The following corollary and its proof is modelled on that presented in /{Gol99|
Corollary 5.3.22.)

COROLLARY 5.5.3. For any formula i and frame F
F Ik ¥ iff CoF I .

PrROOF. Let ¢ be a formula and F = (W. R) some frame. If F If ¢ then M If ¢
for some model M on F, hence v™ +# . By Theorem 3.5.2 it follows that CmF ()
1s not constansly equal to 1, so CmF [ w.

Conversely. if ¥ is not valid in CmF then for some X, ..., X, € P(W)

CF () (Xo, ... Xoo1) £ W.

So we let M be the model on F having pgf = X,, for i < n. Then Theorem 3.5.2
implies that v™ # W and hence F Iff . O

In essence this corollary shows us that complex algebras capture the idea of frame
validity. But -omplex algebras are also important from the perspective that they
provide us with concrete algebraic structures related to a logic. On the abstract
side we have proved (c.f. Theorem 3.4.7) that a logic A is complete with respect to
its Lindenbawmn-Tarski algebra LT(A). If we can represent LT(A) concretely, as a
complex algebra, then this would turn Theorem 3.4.7 into a completeness theorem
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with regards to complex algebras. In fact we already have the tools to prove such a
result, i.e. the Jénsson-Tarski Representation Theorem (c.f. Theorem 3.1.14).

3.5.2. Canonical frames and “canonical” algebras.
4

We know that the Lindenbaum-Tarski algebra (i.e. the “canonical” algebra) char-
acterises the logic associated with it (c.f. Theorem 3.4.7). However the same cannot
be said of the canonical frame associated with a logic. We have also seen that the
map Uf generates a frame (or relational structure) from any algebra. What is then
the significance, if anv, of the frame Uf(LT(A)) for a logic A?

If we look nack at Proposition 3.2.5 we notice that in a sense A-maximal sets
satisfy all the properties required of filters. In fact if A = Form(®,) we might even
expect a A-maximal set to be a filter over the formula algebra Form(®,). Hence
the following result.

THEOREM 3.5.4. Let A be a logic. Then CanF(A) = Uf(LT(A)).
PRrOOF. Censider the function b : CanF(A) — Uf(Form(®¢)/=4), defined by
WT) = {||¢] 0T}
We will prove that A is an isomorphism between CanF{A) and Uf(LT(A)).

First we show that h is well defined, i.e. for any A-maximal set I, h(I') is an
ultrafilter.
Filter: Let ||v| € A(l') and |¢| < ||¢]|. Take any x € T such that |¢| = ||x].
It is easy to show that
Xl < llell it - x — o
Hence, by Prcposition 3.2.5(ii), x — ¢ € I'. So by 3.2.5(i) ¢ € I'. Thus ||¢| € h(I').
Similarly, by ©.2.5(iv), it follows that if ||¢]], ||¢]] € T then |# Ao € h(I") and hence
[l Aol € ).
Ultrafilter: To see that G is a proper filter we observe that
]| = € iff F e L.

If € € hA(T") there exists some ¥ € T such that ||¢| = €. Hence L is A-deducible
from I' which contradicts the consistency of I'. From 3.2.5(iii) it easily follows that,
for any v, either ||| € A(T") or ~||22|| € A({T'), but not both.

Next we demonstrate that £ is in fact bijective.
Surjectivity: Let G € Uf(LT(A)) and define
Fg = {v: vl € g}
It is easily seen that A{I'g) = G, but is ['g A-maximal? First we show that I'g is A-

consistent. Assume that I'g is not A-consistent, then there exist ¥g,..., ¥, € I'g
such that

F (o A Atuy) — L.
Since [[@gll, .. .. |-l € G and G is a filter [|wo| AL .. Allw,—1] € G. But
ol A Al sl = oo A A s = 1]
contradicting G being a proper filter. Hence I'g is A-consistent.

To see that it is maximal assume that there exists some ¢ € I'g such that ['gU {4}
is consistent. Since ¢ ¢ T'g it is easily seen that |v|| ¢ G. Hence ~||9|| € G and
thus ||—¢| € G, so by definition = € T'g. But F ¥ A v — L contradicting the
consistency of T'g U {#}.
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Injectivity: Now take I', ¥ & CanF(A) such that there exists some ¢ € ¥ with
w ¢ T If W(T) = h(¥) then [[¥] € W(I") and, since ¥ ¢ T', it must be that - € T.
So ||=¢|] = ~ |¥|| € M), contradicting A(T") being an ultrafilter.

To conclude we show that h is a homomorphism. Let o € ¥ with ar(s) = n.

Assurpe that Rﬁf"‘“”‘“(s{re, o U,) for Wy, .., 0, € CanF(A). We need to show
that R,&ﬂm("m(h(\yo), o (W, 1), e

{e Dol lidaaal) il € AT} S A(T0).

So we look at some oFTW (|jyyll, ..., n1]l), where |Jwyl] € h(T,) for i < n.
Observe that from |[«;| € A(¥,) it follows that ¥; € ¥,;. Thus by our assumption

i

above {(o){(¥y, ... . ¥n1) € ¥,. The required result then follows from the fact that
T (flwl, i) = o) (o, - a1l

1]

3.6. Canonical and complete logics and their characterisation

In conelusicn we introduce the classes of canonical, complete and strongly com-
plete logics and use the techniques we have derived earlier in this chapter to find
algebraic criteria to characterise them by. For more on the classes of algebras asso-
clated with these logics we refer the reader to Section 4.3.

3.6.1. Canonical logics.

As was mentioned earlier, c.f. Section 3.3.1, not all the formulas of a logic are
validated in its canonical frame. We do however know that the Lindenbaum-Tarski
algebra does not suffer from this malady. Can we then use the previous result linking
algebras and frames to eliminate this discrepancy?

DEFINITION &.6.1. A logic A iIn a language L¢(X) is said to be &-canonical if A is
valid in CanF,(A). A is said to be canonical if A is £-canonical for all £ > w.

So we can see that A is &-canonical if, and only if, CmUf(LT(A)) IF A if, and only
if, EmLT(A) IF A. But if a variety were to contain all the canonical embedding
algebras of L1¢(A), for £ > w, then we can translate this logical question into a
question about algebras. In fact the criteria we are talking about is even more
powerful than we might expect.

THEOREM 3.6.2. A wvariety V contains all the canonical embedding algebras of its
infinitely-generated free algebras if, and only if, the variety is closed under canonical
embedding alg-bras, i.e. EmY C V.

Proor. Given an algebra A € V, let F be the free algebra in V generated by
a set X of cardinality |A| + w (the existence of such an F is due to Birkhoff; c.f.
[BuS81] Thecrem 10.12). Then any onto map from X to A can be extended to a
homomorphism from F onto A. But then from Lemma 3.1.15 it follows that Uf(F)
is an inner substructure of Uf(A). Hence, again by Lemma 3.1.15, we know that
CmUf(A) = EmA is a homomorphic image of CmUf(F) = EmF. So if EmF ¢ V
then V will contain EmA by the closure of varieties under homomorphic images. [

Thus we can say that the discrepancy between the Lindenbaum-Tarski algebra
and canonical frames does not exist if the logic is canonical.



60 3. THE PARADIGM TRIANGLE FOR COMPLEX ALGEBRAS

(The proof of this result is modelled on that presented in [Gol99] Theorem 4.1.2.)
With the use of this result we can thus restate the question about canonical logics
algebraically.

COROLLARY 3.6.3. A logic A is canonical if, and only if, the variety V(A) s closed
under canonical embedding algebras.

This also motivates the following definition.

DEFINITION 3.6.4. Let V be a variety. We call V a canonical variety if V is closed
under canonical embedding algebras.

In the next chapter we will continue looking at closure of classes under canonical
embedding algebras and extract criteria for when a variety is canonical. Such criteria
on V(A) would then capture when the formulas of A are valid in its canonical frame.

3.6.2. Complete logics.

We define the class Str(A) of all structures that validate a logic A by
Str(A) = {F: FIF A}

We say a loge A is complete if it is characterised by some class K of structures.
Since K C Str(A) we can restate this definition in the following way, a logic A is
complete if, and only if, Str(A) characterises A. As in the previous section we wish
to obtain an algebraic characterisation of complete logics.

THEOREM 3.6.5. A logic A is complete if, and only if, V(A) = V(CmStr(A)).

PROOF. Let A be a complete logic. By Corollary 3.5.3 CmStr(A) € V(A), since
for any ¢ € A if F IF ¢ then CmF IF ¢ and hence CmF € V(A). Consider any o
and ¢ such that CmStr(A) | (1 = ¢) then, by the equivalence of equations and
formulas, CmStr(A) IF v « ¢. It follows from Corollary 3.5.3 that Str(A) IF ¢ «— &.
Since A is a complete logic A F ¢ «» ¢, whence V(A) |= (v = &).

Assume V(A) = V(CmStr(A)). If - ¥ then V(A) = (¥ = 1). It follows that
CmStr(A) E (¢ = 1) and so, by Corollary 3.5.3, Str(A) IF . To conclude we
assume that Str{A) IF 4. Then CmStr(A) IF ©. Hence V(A) = (¢ = 1) and so
. O

The above sheorem then motivates the following definition.

DEFINITION 3.6.6. Let V be a variety. We call V a complete variety if there exists
a class K of structures such that V = V(CmK).

Not all logics are complete. As was shown by S. K. Thomason, in [Tho72], there
exists a temporal logic such that StrA = 0 for which V(A) is non-trivial. It then
follows from the above theorem that such a logic is incomplete. (Temporal logics
are logics used to describe discrete flows of time which include two unary model
operators to denote this discreet flow of time.)

3.6.3. Strongly complete logics.

We call a logic A strongly complete if there exists some class of structures K such
that A is strongly complete with respect to X and K C StrA.
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As in the previous sections we wish to relate these logics to algebraic properties
in such a way that we get “strongly complete” varieties. The varieties associated
with strongly complete logics have historically been referred to as complex varieties
and are defin=d as follows.

DEFINITION 3.6.7. A class of algebras W is called complez if there exists a class of
structures K such that W = SCmK. Consequently V is termed a complex variety
if V is both a variety and complex.

We then get the following theorem. (For a proof of this result we refer the reader
to [Gol99] Theorem 5.6.1.)
THEOREM 3.56.8. Let W be a quasivariety.
(1) If W 1s complex, then its associated logic is strongly complete.
(ii) If the logic associated with W 1s strongly complete then HW is complex.

Thus we get the following characterisation of strongly complete logics.

COROLLARY 3.6.9. A logic A is strongly complete if, and only if, V(A) is complex.
3.7. Logics and categories

Throughout this chapter we described the standard way of navigating through
the Paradign Triangle using certain categorical constructions. However we never
showed how to view a particular logic from a categorical perspective. This is part
of the subject matter of categorical logic, on which we will not elaborate further in
this dissertation.
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CHAPTER 4

Complex and canonical varieties

We now focus on the algebraic view of the paradigm triangle. In the first section
we focus on canonical embedding algebras in search of criteria under which a class
of algebras will be closed under Em. In the next section we then apply some of
the results that arise from this search to characterise elementary classes. In Section
4.3 we conclude by presenting several results pertaining to the varieties related to
canonical and complete logics (c.f. Section 3.6).

4.1. Saturation, Good Ultrafilters and Canonical Extensions

In Corollary 3.6.3 we saw that a logic is canonical if, and only if, the variety
generated by this logic is closed under canonical extensions. Hence it would be
useful if we could find a characterisation of the closure of a class of algebras under
canonical embedding algebras.

DEFINITION L.1.1. For a structure M we define the canonical extension of M to be
the structure Uf(CmM).

It turns ou> that we can find criteria on the relational semantic level to give us
insight into the closure under canonical embedding algebras. As a criteria we present
a beautiful result by Fine, van Benthem and Goldblatt {(c.f. Theorem 4.1.25) which’s
proof uses the fact that the canonical extension of a structure M is a bounded
morphic image of an ultrapower of M (i.e. Uf(CmM) € H,P({M})).

The above mentioned theorem relies quite heavily on some deep model theoretic
results. We will carefully work our way backwards from the theorem introducing
these results as they become necessary. For a “road map” to the main results that
arise in this process we refer the reader to Figure 3.given in Figure 3. (The arrows
in this figure are to be interpreted as implications connecting the criteria listed in
each box.)

If we take a look back at Lemma 3.1.15(i) (p. 37) we can see that the above
mentioned theorem can be reduced to the question of whether there exists a bounded
morphism ¥ : M%/F — Uf(M), with F an ultrafilter over A. Firstly we will
consider what criteria we need to make ¢ bounded and afterwards show that we can
make the domain of ¢ an ultrapower of M.

Let M = (M, RM M) be an L-structure. We require a map v : U — Uf(M),
where U € Py ({M}). For every u € U, ¥ needs to map u to a set of subsets of

M. To capture the idea of a subset being in ¥(u) we introduce unary predicates Y’
63
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Lemma 4.1.18

Theorem 4.1.21

Theorem 4.1.13

Lemma 4.1.7 Lemma 4.1.24

/

Theorem 4.1.25

Ficure 3. Results leading to the main theorem

for each Y C M. Intuitively the idea is that Y (u) is true if, and only if, Y € (x).
Then for ¥{u) to be an ultrafilter we’'d expect the following sentences to hold:

VudM(v),  ~Jub(u),
(4.1) VuX NY (u) iff X(u) and Y (u),
VuX UY (u) iff X(u)or Y(u).

Consider the expansion M’ of M obtained by adding unary predicates Y to L for
each subset Y of M, ie.

(4.2) M’ = (M, RM, FM (Y™ vy any).

It should be clear that (4.1) holds in M. Since M’ shares its universe with M we
try to find a structure

(4.3) U= (URY.FU.¥" .y Cc M)

such that (U, RY, FY) is an ultrapower of M and U is also an elementary extension
of M’. Then for any element u € UJ we can define the function ¥ as follows

(4.4) ) ={Y CM Y (w)}.
The function ¢ then maps from the L-structure V to Uf(M), where V is defined by
(4.5) V = (U, RY, FY).

To see that ¥{u) is in fact an ultrafilter over M observe that from (4.1) we can easily
deduce that:
M € ¥(u), 0 ¢ wiu),

XNY evy(u)iff X € ¢(u) and Y € w(u),
XUY €v(u) if X €y(u) or Y € w(u).
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However this map needs to be onto and bounded. Let us consider an ultrafilter
G over M, for ¥ to be onto we need a u € U such that w(u) = G. le. for every
YeMifYeGthenY € ¢(u)and if Y ¢ G then Y ¢ w(u). Accordingly we let

(4.6) o(z) = {Y(z): Y € Gand ['y(z) = {-Y(x): Y ¢ G}.

Thus if we have a u that satisfies I'(z) = Ig(z)UI'y(x) in U then w(u) = G. 1t is easy
to find a u € V' that finitely satisties I' = ['(z). Le. for Ay C, I'p and Ay C, Ty,
u satisfies A¢ and A, in U. To see this consider any I.J C, P(M) with [ C G
and J C M\ G where Ag = {Y(z): Y € [} and A} = {~=Y(z) : Y € J}. Since G
is an ultrafilter we know that (I € G and |JJ ¢ G, so there exists y € [/ with
y ¢ |JJ which satisfies Ag and A,. If we can say that [' being finitely satisfiable in
U implies I' satisfiable in U then there must exist a u € U such that u satisfies T’
and hence () = G. However finite satisfiability is very closely linked to the theory
of saturated models as we shall see in the sequel.

We have thus far only discussed ontoness, as we shall see in the sequel, bounded-
ness can be da2alt with in a similar fashion.

4.1.1. Saturation.

DEFINITION £.1.2. Let kK be a cardinal. A structure M is said to be k-saturated if,
and only if, for every set Y C M with |Y| < &, every set of formulas ®(z) of L(Y)
consistent with Th My is satisfiable in My-.

(Refer to p 16 for the definition of My the expansion M.)

ProrosiTiON 4.1.3. Let M be an L-structure and ® = ®(xg,...,2,-1) a set of
L-formulas. @ s finitely satisfiable in M if, and only if, ® is consistent with Th M.

PRrooFr. First we assume that every finite subset of @ is satisfiable in M. Let
A C,, ® then there exists ¢ € M such that M = (A UThMj(a). By Proposition
2.2.2 (p. 16) there exists a structure N such that N = (® U Th M)(a).

We will prove the backwards implication by induction on the number of free
variables in @, where @ is assumed to be consistent with Th M.

For the case n = 1 let A{xg) T, P(xo) such that there is no ¢y € M with
M k= Alag). Let § = =3zg A A(xg) then M = 4§ so & € Th M. But this leads to a
contradiction since by the consistency of ® with Th M there exists an L-structure
N and b € N such that N | ®(b) and N = d even though ¢ is not consistent with
.

Assume the result holds for n and let & = ®(xq,....z,). We consider any
A C, ®. By assumption there exists an L-structure N such that N satisfies ®
and ThM. Thus there exist by,....b, € N such that N = Albg. ..., b,). We
let 8(zg, ... 2n-1) = Iz, AA(zg,...,2,). Then N = 8(by,....bn—1) so by the in-

ductive hypothesis § must be finitely satisfiable in M. In particular there must

exist ag,...,0n-1 € M such that M | d(ag,....a,-1). But, by construction,
Mzo,....2n) = Jz, AA(zg,...,2,). Hence there exists some a, € M such that
M = Alag, ..., ap). O

The proposition below is a generalisation of a result from [ChK77] (c.f. Propo-
sition 2.3.6 p.38).
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PROPOSITION 4.1.4. Let M = (M, RM, F™M) be an L-structure and let x be some
infinite cardinal. M 1s k-saturated if, and only if, for every Y C M with |Y| < &,
each set of formulas ®(xq, ..., zn-1) of L(Y) consistent with Th My is satisfiable in
My the expansion of M.

Proor. We prove the forward direction by induction on the number of free vari-
ables in ®. By definition the result holds for n = 1. Assume the result holds for
n and let ® == ®(zy,...,z,) be consistent with ThMy. Since a set of formulas is
consistent with a theory I' if, and only if, its closure under finite conjunctions is
consistent with I', we may assume that @ is closed under finite conjunctions. Let

D (zg, ..., Tpoy) = {Fzad(z0,. ... Tn) 1 & € O}

By the inductive hypothesis @' is consistent with ThMy. Thus there is an n-tuple
g . .., an1 which satisfies ® in My. We let Y’ = Y U {ag,...,an—1}. Then Y’
is still of power < k. For each ¢g,...,0m-1 € ©, (Fz,)(Po A ... A Omoy) € P s0
®(@g, ..., Gn 1, ) is consistent with Th My~. Since M is s-saturated, there exists
an € M that satisfies ®(ap, ..., 7,1, Z») in My+. Thus aq,. .., a, satisfy ® in My.

For the backward direction we just take n = 1 and the result follows trivially. [

The follow:ng corollary, which follows directly from Proposition 4.1.3 and 4.1.4,
now provides us the characterisation of finite satisfiability that we were looking for,
for the domain of our map .

COROLLARY 4.1.5. Let k be some infinite cardinal, M an L-structure. M is k-
saturated if, and only if, for each Y C M (Y| < &) each set ®(xy,...,20-1) of
L(Y')-formules that are finitely satisfiable in My is itself satisfiable in My.

ProrosiTioN 4.1.6. Let M be an L-structure. M is w-saturated if, and only if, M
18 n-saturated for alln € w.

ProoF. The forward direction is trivial. So assume M is n-saturated for alln € w
and let Y C W with |Y| < w then there exists some m € w such that |Y| < m. But
M is m + l-saturated from which the result follows easily. O

Note that the above result can be extended to arbitrary limit cardinals (c.f.
[ChK77] Proposition 5.1.1 for more details).

It should be clear that to make the map v, as defined in (4.4), onto it will suffice
to require that the domain of ¥ be w-saturated, since ontoness only requires 0-
saturation.

LEMMA 4.1.7. Let M = (M, RM) be a relational structure and M/, U, V and v be
as in (4.2)-(4.4), with U an elementary extension of M'. If U is w- saturated then
w is a bounded morphism from 'V onto Uf(M).

Proor. Let us just quickly remind ourselves of the definition of ¥
(4.4) W)= {Y CM T ().

First we show that ¢ is onto. Let G be a member of Uf(M), [y{x) and I';(z) be
as in (4.6) apd I' = Ip(z) UT(x). As shown earlier I is then finitely satisfiable in
V. From the w-saturation of U we know that there exists a v € V which satisfies I’
and hence ¥(u) = G.

We now show that ¢ is a bounded morphism. Let r € R with ar(r) =n + L.
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zig: Assunie there exist ug, ..., u, € U such that rY(ug, ..., u,). Let Y; € ¥(u,)
fori < n. IV, = {yn: ™ (yo,...,yn) where y; € Y; for i < n} then

Vag. ... Vo, (Yo(zo) Ao A Y ((2n 1) AT (0, ..., Ts) — Yo(z,))

holds in M’ and thus in U. Since ?iU(ui), for i < n, this implies that EU(un).
Hence, by the definition of ¥, Y, € ¥(uy,). Thus 7V ™M (y(ug), ..., ¥(un)).

zag: Suppose that rY"™M) (G, ... G, _1,¥(u)) for u € U and G; € Uf(M), where
i < n. Then we must find u; € U such that rY(ug, ..., Un_1,u) and ¥(u;) = G;. Let

3 3

[ = T'(zg,....z,—1) be the set of formulas defined by

D(zo, ... Tp_1,x) =
{(zoy Tu_, ) JU{Y (20) : Y € Go}U ... U{Y (2no1) 1 Y €Ga}-
If ug, ..., u,_1,u satisfies I' in U, where each variable z; is interpreted as u;, then

Since each G, is maximal this gives us ¥(u;) = G; as desired.

To show that I' is satisfiable in U, by w-saturation and Corollary 4.1.5, it is
enough to show that I' is finitely satisfiable in U. Since each G, is closed under finite
intersection, all we need to show is that if ¥; € G; and i < n then

A - {T($07 oy Tp—1, x)avo(xo)f ey Yn—l(‘rn—l)}
is satisfiable in U. But given such Y;, since rViM)(G,. ... G,_i, ¥ (u)), it follows
that Y = {y: r™(yo, ..., Yn_1,¥) with y, € Y; for i <n — 1} € ¢¥(u). Hence, by the
definition of 17, we can see that ?U(u). But for this Y the sentence

V(Y (zi — 3xo. .. Fwn 1 (Yolwo) A . AY, (1) AT(z0, .o, Tne1, T)))

. . . . —U

is true in M’ and hence in U. So there exist ug, ..., u,_1 € U such that Y; (u;), for
all i <n, and rY(ug, ..., uy_1,u). Then ug, ..., u, | satisfies A in U and so, by w-
saturation, I' is also satisfiable in U. l

For more cn the applications of saturated models in model theory we refer the
reader to Chapter 5 of [ChK77| and Chapter 10 of [Hod94,.

4.1.2. Ultraproducts and saturation.

We have just seen that we would like an w-saturated ultrapower U = M*/F.
The question now is what conditions on an ultrafilter F over A will facilitate this.
We naively look for conditions on U such that if a set of formulas ® = ®(z) in one
free variable is finitely satisfiable in U then ® must be satisfiable in U.

Given a particular A the only freedom we are allowed is in our choice of ultrafilter.
To find conditions so that F will fulfill our requirements, we need to see how ® and
F are related. For finite ® the Los Theorem (p. 19) gives us

u }: (I)(Q) iff {)\ eA:U, }: (D(a,\)} eF
where ¢ = (0y : A € A) € [[Uy and U = [[-U,. Giving us some direction in
which to huns.
We are particularly interested in finitely satisfiable subsets A of ®, so we define
amap f: P, @) — P(A) as follows
(4.7) F(A) ={X € A: A is satisfiable in U,}.
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Then f(A) € F and [ is order reversing. For any function f we define
(4.8) O\ = {pc®: e f{o})}

which provides us with the formulas associated with f in each coordinate. Note that
if ®;(\) is sauisfiable in Uy for each A € A then @ is satisfiable in U. To see this
we choose elements ay € U, for each A such that ay satisfies ®;(\) in U,. Then for
each & € ®

{/‘\ e AU, F @(a,\)} » {)\ cA:0€ @f(a\)} = f({@}) e F
and therefore U = ¢(a/F) where a = (ay : A € A).

However there is no reason why each ®;(A} need be satisfiable, or even finitely
satisfiable, in U,. This set might very well contain too many elements of ¢. So we
look for a furction A : P,(®) — P(A) such that ®,{A) C ®,(A). Note that this
condition follows if we have h < f, i.e. h(A) C f(A) for any A € P, (D).

We also want each ®,(\)} to be finitely satisfiable in U,. Let A be a finite subset
of ®,()\) then for each ¢ € A we know A € h({6}) and we want A € f(A), c.f. (4.7).
We have A € [N,ca R({@}) and all we need is A € h(lJ,ca{0}) = M{A) C f(AD).
This leads us to the following definition.

DEFINITION L.1.8. A function h : P(M) — P(N), with M and N sets, is called
an (U, N)-morphism if for any X €, P(M) we have that h(|J X) = [ h(X).

Thus we require the following condition on F.

(4.9) For every order reversing map g : P,(®) — F there must exist an
(U.N)-morphism h : P,(®) — F such that h < g.

If we can Fave ®,(A) finite then ®,(A) is satisfiable. Thus for each A € P,(®)
we want some way of forcing h(A) to be small. Let us assume we have a countable
decreasing chain A = Ag D A; D ... in F. We let

(4.10) g(A) = f(A) N Ay, where n = |A].

Now assunie h satisfies condition (4.9). For each A € A we let ¢q, ..., 0,1 be
distinct members of ®,(A) and A = {@y,....¢,_1} then
(4.11) A€ h(A) Cg(A) CA,.
If the intersection of the chain is empty there is an m such that A ¢ A,, and hence
@, (A) has less than m elements. This leads us to the following definition.

DEerFmNITION 4.1.9. A filter F is said to be x-complete, where x is a cardinal, if
for every fanily K C F, |K; < & implies (1K € F, otherwise F is said to be
K-incomplete.

Prorosimion 4.1.10. Let A be a non-empty index set. An ultrafilter F over A 1s
r-incomplete if, and only if, for some K C F, |K| <k and (K = 0.

PrOOF. Let F be an ultrafilter and X € F, with |[K] < &.

For the backward direction assume that F is x-complete. Then by assumption
(K € F and since F is an ultrafilter (K # 0. by Theorem 2.2.10 (p. 18).

Conversely let F be r-incomplete and take K C F witnessing this, i.e. (1K ¢ F.
Let G ={NKNX: X &K} Then G CF, |G| =!K|and NG =0 O
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ProrosiTiON 4.1.11. An ultrafilter F over an index set A is w-incomplete if, and
only if, F conlains a countable descending chain T such that (1Z = 0.

PRrROOF. The backwards direction follows directly from the proposition above.

Conversely let F be w-incomplete and take I € F witnessing this. We enumerate
the elements of K as follows

Xo, X1,....X,...., where n <w

Now define a descending chain 7 = Ay D Ay 2 ... as follows
A() — X() \ ﬂ}C and

An—l-l - A'n N fY'n+1~
Then Z C F and (Z = 0. &

Note that the condition we imposed on U at the beginning of this section limits
the size of ® to w + |L|. However if we, as here, want to get w-saturation we will
need the following more general property on F, c.f. (4.9).

DEFINITION -L.1.12. An ultrafilter F on a set A is said to be k-good if, for every set
V with |V| < &, and for every order-reversing map g : P,(V) — F, there exists a
(U, N)-morphism A : P (V) — F with h < g.

THEOREM 4.1.13. Suppose k is an infinite cardinal, and suppose Uy, A € A, are
L-structures «with |L| < k. If F is an w-incomplete k-good ultrafilter over A, then
117Uy is k-saturated

Proor. Let Y C M, with |Y| < s. (For ease of writing we assume that we
are working with the extensions of all structures to this language, unless explicitly
stated otherwise.) By Corollary 4.1.5 it is sufficient to prove:

(1) For every set & = ®(xg,...,z,-1) of formulas of L{Y"), if every finite subset of
® is satisfiable in [],- Uy, then @ is itself satisfiable in [ U,.

To simplify presentation we will only consider the case where ® = &(z).

Suppose F is w-incomplete and that every finite subset of ® is satisfiable in
[1-U,. By Proposition 4.1.11 it follows that F contains a countable descending
chain

A=A2DA D
such that (] A; = 0.

So we define f,g: P (®) — F as in (4.7) and (4.10), where g(#) = A. Since
each A € P,(®) is finite, by assumption, it is satisflable in [[- U,. By the Los
Theorem g(A) € F. Let A/ A" € P(®) so that A C A’ then Ajp 2 Ajayp and
b2z AA"— 3 AA. Thus g(A) D g(A’) and hence g is order reversing.

Note that since |L(Y)| < k it follows that |®| < x 7. Thus, considering that F is
r-good, there exists a (U, N)-morphism A : P_(P) — F such that h < g.

Now define ®f(\) as in (4.8). Since A € A and [ A; = 0 it follows that there exists
some least n € w such that A ¢ A,. Assume that ®,(}) has n distinct elements
D, .+ .., Op—1 then

A€ ﬂh({@@}) = h(U{@i}) C g(_U{@}) C An.

YCf Lemma 2.1.2 p. 14
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However this contradicts the fact that A ¢ A,. Consequently |®,(A)] < n, i.e. for
any A € A the set ®,()\) is finite.

We proceec: by constructing an element az which satisfies ®(z) in [, U,. From
the definition of ®((A), the fact that ®,(A) is finite, and since h is a (U, M)-morphism
it follows that

Ae [ Wr({a}) : 6 € DN} = h(Bh(N)) C g(Bh(N).

By the definition of g we can choose a, € U, such that

(%) Us = A @n(V)(ax).

Let ar = (ay,...,ax-...). It should now be clear that if & € ® and \ € g{{o})
then ¢ € ®,(\) and thus, by (x), Uy = ¢(ar). However h({6}) € F so by the Los
Theorem [] Uy = ¢(ar) for all ¢ € @, i.e. ar satisfies () in [, U,. O

4.1.3. Good ultrafilters.

We now have a reasonable way of producing the ultraproducts we require. All we
need is to demonstrate the existence of good ultrafilters.

A naive way of constructing an ultrafilter over A is to look at all subsets of A and
for each subset either choose it or its complement to be in our filter (¢.f. Theorem
2.2.10 p. 18). So let us assume we have a transfinite enumeration of P(A)

Aoy Aqy oo Ae oo € << 2% where k = |A].

We start off with some proper filter F and iteratively process all the A’s in the
way mentioned above to construct an increasing sequence of proper filters F;. For a
limit ordinal we just take the union of all earlier filters. Such a process will however
just provide us with an ultrafilter. To generate a good ultrafilter we need to also
consider all o:der reversing maps from P_(A) to P(A). Note that there are also 2%
such maps', so we arrange these into a similar sequence

(%) G0y Grs - Ger oo, £ <28

Provided we have F¢ as above and some corresponding ge, if the image of g, is
in Fe we try to extend F¢ to a filter G¢ such that there exists a (U, N)-morphism
he : Po(A) —- G with hy < ge. We however need each g, to satisfy this condition
for every A,, n < 2% So we let each g¢ occur 2% times in our sequence of maps
(x). (Note that, by Lemma 2.1.2 p. 14, this does not increase the cardinality of the
sequernce. )

Let us consider the construction of an appropriate h, for some map g from (x),
in isolation. We are looking for an extension G of a proper filter F, such that
ran(h) € G and G is also a proper filter'. Note that if we take G to be the filter
generated by FUran(h) then we easily satisfy the first condition. However G should
also be proper. By assumption F is proper and since h should be a (1, N)-morphism
ran(h) is closed under intersection. So to ensure the finite intersection property (c.f.
Theorem 2.2.3 p. 17) we are left with ensuring that individual elements of F are
closed under intersection with individual elements of ran(h). Le. for X € F and
A € P (A) we require that X NA(A) # 0. If A < g as required then h{A) C g(A)

HPL{A} = & and [P(A)] = 2° hence the cardinality of the sequence of order reversing maps is
(20)% = 287 = % (¢ f. Lemma 2.1.2 p. 14).
YFor our purposes here we define ran(h) = {A{X): X is in the domain of h}.
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and so X Nh(A) C X Ng(A) # 0. Thus for each A we need to look for a set ¥ such
that

(4.12) XNh(A)DXNg(A)NY #0.
So we list all members of P,(A) in a transfinite sequence Ag, Ay, ..., A,, ... and
assume that we have a transfinite sequence Yy, Y;,...,Y,, ... of members of P(A),

where each Y, is related to A,, for n < k. We proceed by trying to find properties
on the Y, that will facilitate our iterative construction.

Observe that, since X Ng(A,) € F, to satisfy (4.12) it is enough to require that
each Y, has non-empty intersection with any member of F. Let Y’ = A\ |JY,, since
we cannot assume that no member of F is contained in Y, the Y,’s must in fact
cover A. However we still need to ensure that h is a (U, N)-morphism, in fact we
need to define h as well.

Note that if A(T) C g(I") for I' C I € P,(A) then since g is order reversing
h(T') C g(T'), >ut for each I' € P,(A) there are several A,’s such that I' C A, so we
stipulate that

(4.13") A€ (D) iff T C A, and A € g(A,).

However this 1oes not necessarily give us a consistent definition. Consider the case,
for some 1,7’ < K, withI' € A, and [' € A, where A & g(A,) N g(A,). But each
A, has an Y, associated with it, so maybe we can use these Y}, to choose which A,
should be used. In fact we can get rid of the mentioned ambivalence by requiring
that all the Y,’s are disjoint and then modifying the definition (7?’) in the following
way

(4.13) for Ae VY, let Ae h(I') iff ' C A, and X € g(A,).

From the asove definition of A it easily follows that for I''TY € P_(A) and np < &
R(CUT)YNY, =h()NAIT)NY,.

Since we require that [J _ Y, = A it then easily follows that h will in fact be a

(U, N)-morphism.

nN<K

To summarise, we require the Y,, to form a partition P of A, and that each member
of P has non- empty intersection with every member of F. We say the partition P
s consistent with F.

REMARK 4.1.14. Note that P might not be consistent with the filter generated by
F Uran(h) s¢ we will possibly need a large collection of different partitions when
constructing the Gg.

We will now give more precise definitions as well as a systematic construction of
these consistent partitions.

DEerFINITION 1.1.15. For a filter 7 on A and a family Il of partitions of A we say
that (F.1I) is consistent if given any X € F and any X, ..., X,_;, with each X,

belonging to a distinct partition P; € II we have that X 1 () X, # 0.
i<n

That is (F.II) is consistent if the intersection of a member of F and finitely many
blocks from different members of II is never empty.
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DermNiTION -L1.16. A filter F on a set A is said to be uniform if, for all X € F,
X =A

Observe that this definition implies that for A # @ each uniform filter over A is
proper.

LEMMA 4.1.17. Let k be an infinite cardinal. Suppose K is a family of k sets each
of cardinality k. Then it is possible to associate with each member X of K a set X'
such that:

(i) X' C X,

(i) | X' =k and
(i) f X £Y, then X' NY' =0 for XY € K.

PRrROOF. Wo arrange the members of K into a transfinite sequence
Xoy X1,..., Xe, ... where £ < k.

Let R, be the set

R,={{€.8): £ <& and 6 < n}.
Note that R, is a subset of n x 7. Since x is a limit ordinal, we have R, = [J,_, R,
We shall find an injective function [ with domain R, such that

(%) whenever £ <4 < k. f(£,0) € X.
Once such a finction f is found, we can define a family of sets
(5) X = {J(6,0): € <5 <n)

Then property (i) follows from (%), by the definition of Xg in (xx) and the injectivity
of f it follows that property (ii) will by satisfied (since & is a cardinal), and the
injectivity of f implies that (iii) will hold.

We define this function by transfinite induction. T.e. we construct a chain of
functions

HCThHhC...f,C.... wherep < K

such that each f, has domain R, is injective and satisfies (). Since Ry = 0 it is
trivial to construct fy in such a way as to satisty these criteria.

So assume ‘ve have constructed an injective function f, that has domain f2, and
satisfies (). Now for each £ < 1 we choose a value f,11(€,n) € X which is different
from all previously chosen values for f,,;. (Such elements exist since, for all n < &
and £ < s, |[R,;] < & =|X¢.) Then (x) holds for f,;. and f,4, is obviously
injective. At limit ordinals A we define f) = U77 <x fn- To complete the proof we let
[ o= Un < [ which by construction is injective and satisfies (). ]

In other words this lemma shows that any family of s sets of cardinality x can be
refined to a family of x disjoint sets of cardinality .

For the following lemmas we assume A is infinite, and let x = [A].

LeMmMA 4.1.15. If F is a uniform filter over A generated by a family of cardinality at
most x, then there erxists a family I1 of 2% distinct partitions of A such that (F,1I)
18 consistent, and such that each partition P € Il has k blocks, with each block
consisting of » elements.
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PrOOF. Let K be a family of order at most x that generates F. By Lemma
4.1.17 there exist pairwise disjoint sets X' C X for X € K, all of cardinality k. We
may assume that the union of the sets X' is A, if not we can just add the missing
elements to one of the X', Let

B={(F f):FeP,(A)and f: P(F) — Al

Since |B| =k we can, for each X C A, choose an indexing such that

Note that (F, fi) is thus defined for all A € A, For / € A, we define a map
g A — Aly
9r(A) = B0 ).
Finally, let
P(I) = {g;'(n) : n € A} and
= {P(I): I CA}
Clearly if each of the P([/) are distinct then |TIIl = |P(A)] = 2~

We claim that each P(/) is a partitioning of A into x blocks each of cardinality x.
To see that the g; '(n) are disjoint consider any no, m € A. If g, (o) N gy H(m) # 0
then there exsts a A such that fy(F\ N 1) = ng and fi(F\ N 1) = n and hence
ne = 1. If we can show that, for each I C A and n € A, the equation g;(A) = 7 has
& solutions it follows that each block is of cardinality «. Consider any non-empty
finite subset 1" of A. There are « functions f : P(F') — A with f(FNI)=mn, and
if A is any index with (F, f) = (F\, fi), then g;(\) = 7. Since the g;'(n) are thus
disjoint and |A] = & there exist x blocks.

We still need to show that, for each I C A, these 2% partitions P(/) are pairwise
distinct. and that (F,II) is consistent. Consider the following observation.

For any X ¢ K, distinct subsets Jo, ..., [h,_1 of A, and any g, . ... 741 € A, there
exists A € X' such that g5 (A) = 7y, for m < n. To see this note that we can choose
a finite subset F' of A such that the sets F N [, are pairwise distinct, a function
[ PF) A such that f(F N L,) = nm. for m < n. and then let A be the
member of X’ such that (F, f} = (Fy, fi). For such a A it follows that A € X’ and
AE g,‘ﬂf(nm), for m < n, whence it follows that (F,II) is consistent.

Observe that for any distinct /,,, [, € A we can find two sets F, F' € P,(A)
such that Fr I, # Fnl, and F'N I, # F'N 1, Now we choose two functions
fP(F)— Yand f': P(F') — A such that

f(Fﬁ [m) - f,(FI M fm) and

HFAOL)# f(F 0L
Let A be the raember of X’ such that (F, f) = (F3, fy) and p be the member of X’

but for all £ € A we have {\, u} € gﬁ}({"). Hence it follows that all the partitions
in IT are pairwise distinct.
(]

For the following lemmas we assume that |II] = 2% and that each member of II is
also of cardinality x. We also assume that each block of any partition has cardinality
x and that |A = & (as usual).
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LEMMA 4.1.19. Suppose F s a filter over A, and 11 is a family of partitions of A
such that (F.11) 1s consistent. For any subset [ of A, either (F;. 1) is consistent or
else (Fyvg. 11 is consistent for some co-finite subset 1" of I1, where Fx is the filter
generated by F U {X}.

PROOF. Assume that (F7, II) is not consistent. Choose Py, ..., P,,_1 to be mem-
bers of I witnessing that (F, II) is inconsistent. Le. let P; € II, for i < n, be those
partitions with blocks X; € P, such that, for some X € F,

(%) INXNXeN...NnX,_; =0.
We define II" = IT\ {Pq, ..., P, 1}
Claim: (F;,11') is consistent.

Suppose there exist Y; € P;, where P; € Il for j < m and some Y € F such
that (AN D) AYNYyn...NY,; =0 Let X’ = XNXgNn...N X, ; and
Y =YnNnYyn...NY,_; and consider any z € X' NY’. Then either x € I or
r €A\l Hence INX"=0or (A\I)NY’" = 0. But by assumption (A\[)NY" = 0.
Hence I N X' # 0 contradicting (x). O

We may assume that P = {Yy : A € P,(A)}. Given g : Py(A) — F, define
By= U (Yang(A)). Define h by
AEPL(A)

h(A)=B,N  Yar
ACA’EPL(A)
Now it is stra ghtforward to check that A < g, h is a (N, U)-morphism, and the filter
generated by F Uran(h) is consistent with IT\ {P}. We need to remove P because
h(A) N Yaya = 0 if d € A, giving immediate inconsistency.

LEMMA 4.1.2). Suppose F is a filter over A, and Il is a family of partitions of A
such that (F.1I) is consistent. Let g : P,(A) — F be an order reversing map, and
let P € TI. Then there exists a (U, N)-morphism h : P,(A) — P(A) with h < g
such that the filter G generated by F Uran(h) is a proper filter and (G, 11\ {P}) is
consistent.

PROOF. If we return to the discussion at the beginning of this section, it should
be clear that the function h defined by (4.13) satisfies all the conditions of our lemma
except for the last one (c.f. Remark 4.1.14). Note that from (4.12) it follows that
h(A,) 2 g(A,) NY,, where Y, ¢ P. Let X €¢ F. T € P,(A) and X; € P, with
P, e T\ {P} for i < n. But ' = A,, for some n < &, thus ¢(T') = g(A,) € F and
since (F.1II) is consistent

XngA,)nY,n[)X: #0.
<n

Thus the filter G generated by F Uran(h) is consistent with I1\ {P}. O

THEOREM 4. .21. If Fy is a uniform filter over A, with |Fy| < k then there ezists a
kY -good ultra/ilter F over A, such that Fy C F.

Proor. Without loss of generality we may assume that A = k. As in the exposi-
tion at the be zinning of this section we arrange all the subsets of A into a transfinite
sequence

Aoy A1, Ae, oo € <27 where k = |
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and all the order reversing maps from P,(A) to P{A) into a transfinite sequence

(*) Q03917~-->9£:=--;§<2ﬁ
in such a way ~hat each order reversing map g occurs 2* times in the above sequence.

We will now proceed to construct two sequences of flters and a sequence of par-
titions of A such that

FoCGCFHR CGC...F,CG C
My 2, 2 .. I 2 ... for & <2
where each member of I has « blocks, and (for £ < 2%) the following holds:

(1) (Fe.I¢) s consistent, and |H =27,
(2) either A € Fzyq or (\ \Ag) € .7-‘§+1, and
(3) if ran(ge) C F¢, then there exists a (1, N)-morphism h : P, (A) — P(A) with

h < ge and ran(h) C Ge.

Since Fy is uniform we can use Lemma 4.1.18 to obtain a family 1l of partitions
of A such that (1) holds for £ = 0.

Assuming that (1) for a given &, we apply Lemma 4.1.20 to obtain G and h
satisfying (3) and a new partition IT; such that (G, LI;) is consistent and |IT;| = [TL|.
We let F¢1) be the filter generated by GeU{A¢} and H“ | = Il if they are consistent,
otherwise we take F¢yq to be the filter generated by G, U {A\Ag} and apply Lemma
4.1.19 to obtain a co-finite subset Il of H such that (Feiq, Ieqq) is consistent.
For any limit ordinal £ we take

Fe = U.ﬂ and Il = ﬂIL?

n<g n<g

It should be clear that this construction preserves properties (1) through (3). By
construction the union F of all the filters F; is an ultrafilter over A.

To see that F is in fact kt-good recall that ¢f 2% > s (c.f. Theorem 2.1.4 p. 14).
For any order reversing map g : P,(A) — F the range of g has power at most .
Therefore there must exist a £ < 2% such that the range of g is contained in F;. But
by construction there are 2% ordinals ¢ such that ¢ = g5. Hence the set {g5: ¢ = gs}
is unbounded in (*). Thus there must exist an < 2" such that F; C F, and
g = g,. Consequently, by (3), there exists a U, M-morphism h : P,(A) — G, C F
with h < g. L

THEOREM 4.1.22. There exists an w-incomplete uniform filter, of cardinality x, over
Al

cardinality x 1as an w-incomplete uniform filter. We will show that there exists
such a filter over P,(A). For each A € A define

Ay ={A€P,(A): A e A}

and let
= {A\ A€ \}

belongs to onlv ﬁmtely many A, € G§ since A is ﬁmte and A = A  implies A € Al
Thus there exists a countably infinite subset I of &G such that (1K = 0. Now G has
the finite intersection property since

{/\Q,. . sAn-l} i~ A/\O ... QA/\n—l'
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Also observe that for Ay,, Ay, € G since Ay, NAy, = {A € P(A): {do. M} C A}
it follows that [Ay, M Ay, | = k. Similarly for any finite number of elements of G the
intersection of these sets has cardinality x. Hence the filter G generated by G, using
Theorem 2.2.& (p. 17), will have power x and | X| = x for each X € G . O

Now, if Fy n Theorem 4.1.21 is w-incomplete then F will also be w- incomplete.
Thus we get the result we required to be able to apply Theorem 4.1.13.

COROLLARY 1.1.23. There exits a ¥ -good w-incomplete ultrafilter over A.

The notion of a good uitrafilter, the above corollary and the result that good
ultraproducts are saturated were first presented by H. J. Keisler, c.f. [Kei64],
using GCH. Later in [Kun72] K. Kunen eliminated the need for GCH to prove the
existence of good ultrafilters. The proof presented here is based on the work of
Keisler as presented in [ChK77].

4.1.4. The Fine-van Benthem-Goldblatt Theorem.

All we neec to complete the proof of the result by Fine, van Benthem and Gold-
blatt is the following lemma.

LEMMA 4.1.24. For any class K of structures, P,UgK € HyUgP K

PROOF. Let U € P,U4K, ie. U = [[U, where F is an ultrafilter over A and
each Uy, A € A, is the disjoint union of structures Uy, € K with ¢ € [,. We let
J = Tliea s and for j € Jlet V, = (] .4 Usj)/F. where j()) is taken to
be the Ath coordinate of j. The natural embedding of [],., Uy into [[ ., Ua
induces an enmibedding v; of V; into U.

Claim: The union of the maps v, is a bounded morphism v from V onto U,
where V = ¢, V.

onto: Let u/F € U where u = {(up, (0.ig}),.... (ux. (A ia)). .. ) € [14 U, with
in € Iy and vy € Uy, for each A € A. Take j € J to be the tuple (ig,...,45,...)
and v = (ug, ..,uy,...). Then v/F € V; and by the definition of v it follows that
W/ F.g)) = v(w/F) =u/F.

Consider aay relational symbol r in the language of K, with ar(r) =n + L.
that r¥Y(~v(vo),....~(vs)). By our éssumptian and the definition of the disjoint union
of structures it follows that there exists a j € J such that v, € V; for all m < n.
Since v; is a homomorphism we have rY(v;(ve),....v;(v,)). The result follows from
the observation that v{((vy,, jm)) = v;(vm).

zag: Assune that rY(uy/F,... . u, /F.v(v)), with v € V and u,,/F € ran(v)

zig: We assume that 7V ({(vg, jo). . .., (Un, Jn)), where v,, € V,,. We need to prove

for m < n. We need (xg, Jo).. ... {(Tn 1. Jn_1) € V such that v({zm, Jm)) = Um/F
and r¥Y({zo,0)s - {Tp-1, jn-1),v), where z,, € Vj,. for m < n. Since U is an
ultraproduct it follows that

(%) X =0 eA:rD(ugN). ..t (M) v(0) (M)} € F.

We will define j € J and x,, € [],cy Usjn such that (z,/F.j) € V and
Y{@m/F . J)) = un/F.
For A € X there exists an ¢y € Iy such that ug(A).... . uy 1 (N), y(v)}{A) € Uy,

Thus for A € X we let (i) = iy and 2,,(X) = un, (). We recall that u,,/F € ran(y).
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Hence there exists (z/ /F,j') € V such that v({z],/F.j")) = um/F. So for A & X
we let iy = 7/(i) and ., () = 27,(N).

Clearly (z,,/F.J) € V and v({z,/F, j)) = un/F. for all m < n. Consequently
it follows tha. v = (v//F,j), for some v'/F € V;, with v(\) = v(v)(A). Now
X C{reA:rYum(zg(A), ..., Zn—1{A), V(X)) }. Hence

A e A rPaei(zg(N), .. pe1 (M) U (A)) ) € F
Therefore r¥V({zo/F, ) ..., {Zn1/F, j), ).
Thus we caa conclude that U € HyU4P X as required. E]

THEOREM 4.1.25 (Fine-van Benthem-Goldblatt Theorem). If a class K of structures
is closed under ultraproducts then Q(CmK) is closed under canonical embedding
algebras.

PrROOF. Let V = Q(CmK) = SPCmK. From Lemma 3.1.16 it follows that
CmUfS < CmH,Uf < SCmU{. Hence if N € S{M} then EmN ¢ SEm{M}.
Thus it suffices to show EmM € V whenever M € PCmX. Since PCm = CmUy
we have M = CmV where V € UgK. Hence EmM = EmCmV = CmUfCmV and
by Lemma 4.7.7

UfCmV € H, P, U4 C H H, UsP KX = HU4K

which implies that CmUfCmV € SPCmK = V. Since V is closed under isomor-
phism it follows that EmM € V. O

Note that this is an extension of the original result. In general this theorem is
used and presented as follows.

COROLLARY 4.1.26. If a class K of structures is closed under ultraproducts then
V(CmK) is closed under canonical embedding algebras.

4.2. Ultrafilters and Elementary Classes

We now return to the question raised in Section 2.2.6 concerning how we can
algebraically -haracterise a class of elementary structures. But first we take a little
detour into the theory of saturated models.

Informally we can say that a saturated structure is a structure which can internally
express all properties satisfied by its elements. Thus if two models are saturated
and satisfy the same properties we might very well expect to be able to extend this
equivalence to an isomorphism. (Note that for this to be possible M and N should
also be of the same cardinality.) Let M and N be two such models and arrange the
elements of M and N into transfinite sequences

Moy Me,... and ng, ... ng, ...

If we could extend M and N in parallel such that (M. my. ..., m¢) = (N, ng, ..., ng)
then by mapping m, to n, we could have a “partial” isomorphism between M and
N. If we wanted to do this for all elements of M and N we would be need to extend
the language by x elements, where k = |M| = |NI. Thus M and N should be

r-saturated. Hence the following definition.

DEFINITION 4.2.1. M is said to be saturated if it is |M|-saturated.
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The followir.g lemma captures the idea of iteratively extending two structures in
the way described abaove.

LEMMA 4.2.2. Let x be an infinite cardinal. Suppose M and N are both k-saturated,
and M = N. Let m € M* and n € N®. Then there exists x € M" and y € N* such
that

{me :me € my C {xg: 20 € 2}
{ne :ne €nt C {ye: ye €y}
M_‘( = Ny
where X = {x: 1 xg = 2(8) for & <k} and Y = {ye : ye = y(&) for § < s}

PRrOO¥. Note that each ordinal € < k can be represented uniquely by a sum
£ = A+ n, where A is a limit ordinal and n < w. We say £ is even if n is even,
otherwise £ is odd. We will iteratively construct two sequences x = (o, ....2¢) and
¥ = (Yo,...,ye), for § < s, such that
(1) if n = A -~ 2n is even then x, = M4,
(2) it p=AX--(2n+ 1) is odd then y, = ny;, and
(3) (M.zo,. ..xy) = (Nyyos -, ¥)

for n < £.

Suppose that for £ < & we have (zg.....x;) and (yo,....y,). with n < &, such
that all the al-ove conditions hold for £. If £ = A+ 2n is even, let z¢ = my4, and let
X ={x, :n < £} Take ®(z} to be the set of L{X) formulas satisfied by z¢ in M.
By (3) ®(z) is consistent with Th Ny and hence, by the s-saturation of N, ®(2) is
satisfied by some element y, € N. It follows that

When £ = A+ (2n + 1) is odd we let ye = ny., and find a x¢ in a similar fashion to
that just described above. The sequences £ € M" and y € N” constructed in this
fashion clearly satisfy the lemma’s requirements. 0

Using this construction we can now get the isomorphism we were looking for
between saturated models.

THEOREM 4.2.3. Let M and N be elementarily equivalent saturated models of the
same power. Then M = N.

PROOF. Let k = [M| = |N| and let

Mo, ..., Mg, ... and ng.....ng ... for & < w

be enumerations of the elements of M and N. Thus, using Lemma 4.2.2, we can find
sequences £ € M" and y € N* such that there exists an n and ' with me = z(%)
and ng = y(n') for each £ < x where

(M, z) = (N.y).

Since z and y still enumerate M and N, the isomorphism follows. ]

The reader might well ask what this uniqueness result on saturated models has to
do with the question at hand. We wish to find algebraic criteria that force a class K
to be closed nnder ultraproducts and elementary equivalence (c.f. Theorem 2.2.18
p. 19). Consider any class X that is closed under ultraproducts and elementary
equivalence and let M € K. (Note that since K is closed under elementary extension
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K needs to be closed under isomorphism.) If there exists a structure N such that
M # N then for any ultrapowers M*/F, N*/F of M and N. M*/F # N4/F.
Since MA/F 22 N*/F implies M /F = N*/F, we assume that the complement of
K must be closed under ultrapowers.

It should however be clear that the converse would follow if elementary equiva-
lence implied isomorphism of ultrapowers. In the previous section we constructed
ultrapowers using s-good w-incomplete ultrafilters and saw that this implied that
these ultrapowers were s-saturated. Now if these ultrapowers were in fact saturated
we could use the uniqueness of saturated models to get our required result.

THEOREM 4.2.4. Let |[L] < x and M and N be models for L with M|, [N| < &~
and assume GCH. Let F be a x7-good w-incomplete ultrafilter over a set A, where
|Al = k. Then

M = N iff MY/ F = N*/F.

PROOF. Assume that M = N. By Theorem 4.1.13 it follows that M"/F and
NA/F are x*-saturated and [M*/F|, INY/F| < (k*)® = 25, By GCH 2% = x,
thus both ultiapowers are saturated. Now by Corollary 2.2.16

MY F=M=N=NY/F.

Since saturated models are unique M*/F = N4/ F.
The converse follows directly from Corollary 2.2.16 and the fact that isomorphism
implies elementary equivalence. O

Using this result and Theorem 2.2.18 {p. 19) we get the required result.

COROLLARY 1.2.5 (Keisler-Shelah Theorem). K is an elementary class f, and only
iof, K is closed under ultraproducts and isomorphisms, and the complement of K is
closed under ltrapowers.

The above result was first proven by Keisler in [Kei61] using GCH. Later, in
She72], S. Shelah eliminated the requirement for GCH from this proof. For a
proof of the «bove result without GCH the reader is referred to the proof of The-
orem 6.1.15 and Corollary 6.1.16(1) in [ChK77]. Theorem 6.1.15 proves that ele-
mentary equivalent structures have isomorphic ultrapowers. without the use of good
ultrafilters.

We close o'f this section by quoting a result on the structures associated with a
variety (c.f. [Gol89] Theorem 3.8.4 ).

THEOREM 4.2.6. For any variety V, the following are equivalent

(i) {U:CnU € V} is elementary,
(it) {U: CmU € V} s closed under ultrapowers and
(iii) {U: CoiU &€ V} is closed under ultraproducts.

4.3. Complex, Complete and Canonical varieties

As was motivated in the last section of chapter 3 the ideas of complex, complete
and canonical varieties are closely tied up with the relational semantics of certain
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classes of polyimodal logics. In this section we concentrate most of our effort on com-
plex varieties, towards the end presenting some results relating directly to complete
and canonical varieties.

Since we are also interested in the underlying structures associated with these
varieties we are likely to find the following definition quite useful.

DEFINITION 4.3.1. Let X be any class of algebras. We define the structures associ-
ated with K, denoted Str/C, by StrkC = {U : CmU € K}

It turns out that canonical, complete and strongly complete logics form a natural
hierarchy. The following theorem expresses this hierarchy in an algebraic way.

THEOREM 4.5.2. Let V be a variety.

(i} If V is canonical then V is complez.
(ii) If V is complex then V is complete.

PROOF.

{(i): Assume that V is canonical, i.e. V is closed under canonical embedding
algebras. We will show that V = SCmStrV. By the definition of Str it follows that
SCmStry C V.

For the reverse inclusion consider any A € V. Since the variety V is canonical
CmUf(A) = EmA € V. But, by Theorem 3.1.14 (p. 37), A is a subalgebra of
CmUf(A). Now Uf(A) € StrV, hence A € SCmStrV.

(ii): Recall that V is complete if V = HSPCmK for some class of structures A .

Since V is complex there exists a class of structures K such that V = SCmK. Thus
YV = HSPSCmK = HSPCmAKX. o

Throughout this chapter we have seen that the ultraproduct construction gives
us an algebra:c handle on a lot of logical questions. In fact if the class of structures
of a variety is closed under ultrapowers it collapses the above mentioned hierarchy.

THEOREM 4.3.3. For any variety V, if Str)V is closed under ultrapowers then the
following are equivalent:

(i} V is complete,

(i1) V s complex and

(iii} V is canonical.

We refer the reader to [Gol89| Corollary 3.7.5 for a proof of this theorem.

Many of the classes of algebras studied in the field of algebraic logic are in fact
of the form SCmK for some class of relational structures X. These classes include
relational, cy indrical, modal and closure algebras. In fact for the mentioned classes
of algebras the associated class of structures K is elementary. Hence K is closed
under ultraproducts.

THEOREM 4.3.4. Let K be a class of structures. Then P,CmK € SCmP K and
P,.CmK C SCmP, XK.

Proor. Lot {Uy : A € A} be a collection of structures. We will show that, for
any ultrafilter F over A, there exists an embedding A : []CmU, — Cm][], U,.
Let U =[],CmU, and V = [[ - U,.
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For X € []CmU, we define h as follows
w/F € h(X/F)iff {):uy € X)) € F.

where X = (X4, ..., Xy,.. ) and u = {ug, ..., ux,...) € [JU,. To see that h is well
defined note that if u/F € h(X/F) then uy € X, € CmU), and hence uy € U,. To
see that h is irdependant of the choice of X assume y € h(X/F) and X # X’ with
X/ F=X'/F Let
Z=N: X\ =X }LY={:ueX,}and Y = {\:u, € Xi}.

Now by assumiption Y &€ F and by definition Z € F, thus since F is a filter
YNZeF Clearly YN Z C Y’ Since F is an ultrafilter it follows that ¥’ € F
and so u/F € h(X'/F). A similar argument suffices to show that the definition of
h is independent of the choice of w.

We observe that h(X/F) = 0 if, and only if, {\: uy € X} ¢ Florall u € [JU,.
Thus if A(X/F) = 0 then X/F = €Y. Recall that a BA-homomorphism g : A — B
is an embedding if g(a) = C® implies a = C*. By using the fact that F is a filter
it can easily b2 checked that h preserves boolean operations. Consequently we only
need to show -hat A is a homomorphism.

Observe thet At(CmU,) = {{u}: v € U,} and

RAMEMUN (L e, i R (g, 2).
Thus given f in the language of U the equivalent relation in V would be R?t(U)

where we identify singleton sets with element of that set.

Consider any symbol f from the language of U, where ar(f) = n —~ 1. The
following calenlation shows that h respects f.

W/ F € WX/ F oo X | F)

iff
(A iu(A) € fFEUNXG(N), . X (W)Y e F

iff

(4.14) {A: B (@o(N), - o1 u(A)) for some z; € X;} € F
iff

(4.15)  {\: ;?}J*(yg(/\), oy Un—1(A), u(N)) for some y;/F € h(X;/F)} € F
iff

RY (yo/F. ... Y1/ F, u/F) for some y;/F € h(X,/F)
iff
w/F € fOVMXo/F. ... X0 1/F))

Where (4.15) follows from (4.14) since {A : r;(A) € X;A\} = A € F whenever
I; € /Yi.

To see why (4.14) follows from (4.15) let Y = {\ : 5:(A) € X,(A)}. Now observe
that if ¥ € F we can find an x, € X, such that z,(n) = y,(n) for each n € Y, where
i < n. It follcws that

() AN R (oM, - - ynaa (M), u(N)) for some y,/F € h(X,/F)}
C{A: RBp(Up)(xolN)s ..., 2pm1(A), u(A)) for some z, € X},

but from (4.15) we know that () is an element of F. But F is an ultrafilter filter
and thus upwardly closed.
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The result for ultrapowers is just a special case of the construction above where
all the U, = M for some structure M. U

Thus if K is elementary, hence closed under ultrapowers, and V = V{CmK) then
Str(V) is closed under ultrapowers, in fact if V = SCmK then V is closed under
ultrapowers. Observe that P, S < SP,,. Hence by the theorem above we get

P.SCm < SP,Cm < SSCmP,, = SCmP,,.

Thus it follows that all the classes we mentioned above are complex. In fact we can
strengthen this result.

THEOREM 4.3.5. For any elementary class K, SCm/k is an elementary class.

ProoF. Similarly to the argument presented above it follows from P,S < SP,
that P,SCm < SCmP,. Now since K is closed under ultraproducts it then foilows
that SCmK is also closed under ultraproducts. To see that the complement of
SCmK is closed under ultrapowers let A be an algebra such that A*/F € SCmK.
Since A%/ F is an ultrapower of A, by Proposition 2.2.13 (p. 19}, A can be embedded
into AY/F. Thus A € SSCmK = SCmK. O

4.3.1. Complex varieties.

We have defined a variety V to be complex if there exists K such that V = SCmAX.
Observe that, v Lemma 3.1.16 (p. 38) we know that PCmK = CmU4K. But then
VYV C PV CPSCmK C SPCmK € V(CmK) = V. (Most of the results presented
in this section are based on the work of P. Jipsen in [Jip01].)

PRrOPOSITION 4.3.6. V is a complex variety if, and only if, there exists a class K of
structures such that V = SPCmK.

PROOF. Let K' = UgK then from the observation above V = SCmK' if, and
only if, ¥V = SPCmK. ]

We will novs proceed to find criteria on K such that SPCmK is a variety. To
achieve this we first need to make a detour into the fields of congruences and subdi-
rectly irreducible algebras. We start off by extending our definition of a congruence
ideal to BAOs.

DEFINITION =.3.7. Let 8 be a BAO congruence. We call an ideal 7 a congruence
ideal if 7 = C/# for some BAO congruence 4. i.e. I is the C-equivalence class modulo
6.

Let B be a Boolean algebra with operators. An element b € B is called a congru-
ence element of B if the principle ideal (5] is a congruence ideal.

We can however get a very concrete description of these ideals in the case where
BAO has a finite signature. But first we need the following definition.

DEFINITION 4.3.8. Let f be an n-ary operation on a Boolean algebra B, and b € B™.
We define a unary section of [ by

f{_;_’j(~ ) —————— f(b{} ..... b] 1,4, b3+1....,b,l_1).

Note that the following lemma does not require the set of operators F to be finite.
(A proof of this lemma can be found in [Jip93| (c.f. Lemma 1).)
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LeEMMA 4.3.9. Let B be a Boolean algebra with operators F' and T an ideal over B.
Then the following are equivalent:
(i) T is a congruence ideal, and
(i) @ € T implies fy j(x) € T, for all f € F and j < n, where 1 is an n-tuple of
1% and ar(f) = n.

Using the lemma above we then get the following result.

PROPOSITION 4.3.10. Let the signature Lgao be finite with operators { fo, ..., fu1},
where ar(f;) == my, and let T be the unary term defined by

ry=av \/ (fig, @

1y

Consider any B € BAO. Then

(i) an ideal T of B is a congruence ideal if, and only if, x € T implies 7°™B(z) € T,
(ii) an element b € B is a congruence element of B if, and only if, 7(b) < b.

Thus, for a finite signature Lgap, if an ideal 7 only contains congruence elements
then it follows that 7 must be a congruence ideal. Let B € BAO, for any element

ci(z) = {y € B:y < 7"(z) for some n € w},

where 7" is the composition of n copies of 7. It follows that ci(z) is a congruence
ideal.

Theorem 2.1.7 (p. 22) showed that for Boolean algebras congruence ideals are in
bijective correspondence with congruence relations. Using Lemma 4.3.9 this result
can be extended to BAOs.

PrOPOSITION 4.3.11. For any Boolean algebra with operators congruence ideals are
wn bijective correspondence to congruence relations.

Observe that it follows from Theorem 2.4.10 (p. 23) that if B contains a minimum
nontrivial congruence ideal then B must be subdirectly irreducible.

ProrosiTion 4.3.12. Let U be a relational L-structure. S € CmU is a congruence
element if, ar.d only if, U\ S is an inner substructure of U.

Proor. We consider any » € L. Take S € CmU to be a congruence element and
let rY%(yo, ... Yn-1.2), with r € U\ S. We will show that y, € U\ S, for i < n.
Assume there exists some i < n such that y; € S. Since r®™VY is an operator, it is
order preserving and hence

PO Lo o Ay ) € YL LS. 1) C S,

where the last inclusion follows from the fact that S is a congruence element. But
then. by the definition of »“™V, z € S contradicting our assumption.

For the converse we assume U \ S is an inner substructure of U. Assume that
remuog, S 1) Z S. Let x € U such that x € r®™Y(1, ..., S, .., 1)\ S. Thus

there exist yg... ., Yn-1 € U and s € S such that r®VY{ye. ... s.... yp_1. 7). But

since the inclusion map is a bounded morphism and =z € 7\ S it follows from zag
that s € U \ 5. O
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Note that inner substructures are closed under intersection. Hence, given a subset
X of a structure U, we can generate the smallest inner substructure containing X
by intersecting all inner substructures greater than X.

DEFINITION 4.3.13. Let U be a relational structure and X C U. By SP(X) we
denote the intersection of all inner substructures of U that contain X. We refer to
SY(X) as the inner substructure of U generated by X.

If an inner substructure V of U is generated by a singleton set then we call V a
one-generated inner substructure of U.

Counsider for a moment any y € 7(X), where X € CmU, then either y =z € X
or there exist 1; € 1 = U such that rV(ug,... u,_1,y) and u; = ¢ € X for some
Jj < n. Consequently we define a binary relation p. the relational “counterpart” of
7, i the following way

(4.16) rpy iff y = z or there exist r € ¥ and ug,. ... u,—; € U such that
rU(uO, oy Up—1,Yy) where u, = x for some j < n,

where ¥ is the signature of U.

Recall that p*™YU(X) = {y : xpy for x € X}. Clearly p*"Y(X) = 7(X) and
(p™)°™Y(X) = 7™(X), where p" denotes the composition of n copies of p.

LEMMA 4.3.14. Let V be an inner substructure of U, where both these structures
are of finite type. Then V is one-generated if, and only of, CmV s subdirectly
wrreducible.

PROOF. Let p be defined as in (4.16), p~! be the inverse of p and p* the reflexive
transitive closure of p. By the observation above it follows that

ci(X) = [JPUpm (X)),

n<lw

Claim: SY' X) = ¢“mY(X), where o = p*~ L.

Let rY(ug, ..., up_1,%), where y € 0“™Y(X). Then by definition u;py and hence
u; € oY X)) for all i < n. Thus ¢“™Y(X) is an inner substructure of U.

Consider any inner substructure W of U such that X € W C ¢“"Y(X) and
u € o“"Y(X' . By definition there exists », € U, where z,; € X, such that
i1 pxy, for 0 < i < n, and upzg. Since W is an inner substructure of U it follows
that each r; € W and hence u € W. Thus %™V is the smallest inner substructure
containing X.

So W is a one-generated inner substructure of U if. and only if, W = ¢®®Y{{y}).
We now observe that {u} € ci({w}) if, and only if, ci({u}) C ci({w}). But then
it follows that {u} C ci({w}) if, and only if, wp*u for some k < w if, and only if.
w e JCHIU({L&} )

This shows that, for u € U, W = SP({u}) if, and only if, ci({u}) is a minimum
nontrivial congruence ideal of CmU, which is equivalent to saying that CmU is
subdirectly irreducible (c.f. Proposition 4.3.11 and Theorem 2.4.10 p. 23). O

Looking back at Section 2.4.3 it would not be too surprising if this lemma lead to
some relationel “counterpart” of the Subdirect Representation Theorem (p. 23).
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LEMMA 4.3.13. Any structure is a bounded morphic image of the disjoint union of
its one-generated inner substructures, i.e. U € HyUg{SF ({u}) : u € U},

PrOOF. Assume W = [H{SYU({ur}) : vy € U} and define a map v: W — U by
~({x, \)) = x.

By definition rW ({zg, Ao}, ..., (Tn, A\n)) if, and only if, A; = A for j,k < n and
rV(zg,....2,), where V. = U, = SY({u,,}) for all i < n. The forward implication
shows that v satisfies zig.

rW{{zo. M) (T A with y((z4, A)) = 2. C

From the lemma above and Lemma 3.1.16 (p. 38) we get the following result.

COROLLARY 4.3.16. For any structure U, CmU € SPCm{SY({u}) : u € U}.

Using the Fine-van Bentham-Goldblatt Theorem (c.f. 4.1.25) we can now give
sufficient conditions on a class X of structures such that the variety generated by X
(i.e. V(CmK)) is complex. (This result and the next first appeared in a preprint
by P. Jipsen Jip01].)

THEOREM 4.3.17. Let K be a class of structures that is closed under ultraproducts
and one-generated inner substructures. Then V(CmK) = SPCmK.

PrRoOOF. Let K be a class of structures such that P C K and K is closed under
one-generated inner substructures. Consider any A € HSPCmK = HSCmU4K.
Consequently there exists an algebra B such that A € H{B}, where B is a subalge-
bra of CmlyU,, for some Uy € K with A € A. By Lemma 3.1.15 (p. 37) it follows
that Uf(A) € Sp{Uf(B)} and Uf(B) € HyUf{Cmlt U,). Thus, by Theorem 4.1.25,
W = Uf(Cmiy U,) is a bounded morphic image of an ultrapower of 4 U,. Then,
by Lemma 4.1.24, W € H,U4P,{U, : A € A}. Since K is closed under ultraprod-
ucts W € H,UgqK and so Uf(B) € H,H,UgK = H,U4K. Let v be a bounded
morphism such that v : |,y Vo — Uf(B), where V,, € K.

We will show that Uf(A) € HyUgX, where X is a collection of one-generated
inner substructures of the V,. Since K is closed under one-generated inner sub-
structures X C K and hence Uf(A) € H,UaK. Let

W, = {w €V, T'J(w) € Uf(A)}

Then ¥, . W, = v ![Uf(A)]. Since preimages of inner substructures and com-
ponents of disjoint unions are again inner substructures, each W, is an inner sub-
structure of V,. By the preceding lemma W, is a bounded morphic image of
one-generated inner substructures. But then each of these one-generated inner sub-
structures are inner substructure of the V,, € K.

Applying Lemma 3.1.15 we get CmUf(A) € SPCmK. Recall that A is a subal-
gebra of EmA = CmUf{A), whence A € SPCmK. O

If K is an universal class of algebras then we also get a necessary condition. (As
remarked prior to Definition 3.1.8 p. 35, we can consider the algebras in the following
theorem as relational structures and thus Theorem 4.3.17 applies for the “sufficient”
condition.)
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THEOREM 4.3.18. Let K be a universal class of algebras. Then K is closed under
one-generated inner substructures if, and only if, V(CmK) = SPCm/K.

PRrROOF. Assume that K is a universal class of algebras. Then by Theorem 2.5.19
(p. 26) it follows that SK C K and P, C K.

Suppose V(CmK) = SPCmK. Take any A € K, such that, for some a € A,
B = S2({a}) ¢ K. Since K is closed under subalgebras it follows that B ¢ SK.
Hence B caniot be a subalgebra of A. Clearly the universe of B is contained
in that of A. whence there must exist some functional symbol f and elements
bo, e bn_] & B such that

(b, ... . bu_1) # b for any b € B.
where ar(f) = n.
As B is an inner substructure of A, it follows, by Proposition 3.1.9 (p. 35},
that CmB € HCm{A} € V(CmK) = SPCmK. Then CmB € SCmKX, since by

Lemma 4.3.14 CmB is subdirectly irreducible. But X is a class of algebras, thus the
universal formula

X.g?é‘t,...,Xn_,] ?‘E—%f{XoXn_l}%ﬁ:

is satisflable in the class SCmK. Clearly if we take X; = {b;} this formula does not
hold in CmB, contradicting the fact that CmB ¢ SCmKX.

The converse follows directly from the previous theorem. O

In Proposition 6.3.1 (p. 114} we show that the varieties of Boolean algebras
and Boolean rings are trivially closed under one-generated substructures, since their
members have no proper inner substructures. Similar results can be proven for the
varieties of gioups, rings and lattices. Hence the classes SPCmBA, SPCmBR.
SPCm(groups), SPCm(rings) and SPCm(lattices) are complex varieties. (The
class SPCm{groups) is referred to as the class of group relation algebras and has
been studied intensively, c.f. [McK70l, [Com86 and [HiH99).)

Discriminaior varieties. Before the advent of the result proved above it was al-
ready known that for a class of discriminator varieties HSPCm = SPCm. But
the class of semi-lattices is not a discriminator variety, it is however closed under
one-generated inner substructures and hence the result above applies.

There are however many other reasons to study discriminator varieties not least
of which being that they have very nice structural properties. We now make a slight
detour into this field presenting some results that are useful in the study of many of
the examples of complex varieties mentioned above. (Many of the results contained
in this section were published in [Jip93.)

DEFINITION 4.3.19. A discriminator algebra A is an algebra for which there exists
a ternary term ¢, called a discriminator term. such that for z, 4,2 € A

A diseriminator variety is a variety generated by a class of algebras which all have
the same discriminator £.

In the case where we are dealing with varieties of complex algebras all these
algebras have an underlying boolean structure. In this case a discriminator term in
such a class of algebras can be expressed as a unary term.



4.3. COMPLEX, COMPLETE AND CANONICAL VARIETIES 87

DEFINITION 4.3.20. Let B be a Boolean algebra. We call ¢ a unary discriminator
over B if
B =Cand Blx)=1if 2 > 0.

PrOPOSITION 4.3.21. Let B be a Boolean algebra. B is a discriminaior algebra if,
and only if, B has a unary discriminator term.

PrOOF. Le' ¢ be a discriminator term over B and define ¢(z) = ~t(0,z,1).
Clearly c¢ is a unary discriminator term over B. For the reverse implication we let
tz,y.2) = (zAclzay)) V{(zA~c(z2y)), where sy = (x A~y) V (~xAy). O

The first justification for our statement that discriminator varieties have a nice
structure theory is the fact that for a BAO variety V the statement that a subdirectly
irreducible member of V has a discriminator term can be characterised by equations.

THEOREM 4.3.22. Let V be a vartety of BAOs and let ¢ be a unary term of V. The
following are cquivalent:
(1) ¢ is a unary discriminator in all subdirectly irreducible members of V, and
(il) V satusfies the equations ¢(C) = 0. z < c{z) and
flele)) < clx) and fy (~clz)) < ~clz)

for each operator f and i < ar(f).

For the proof of this result we refer the reader to [Jip93] Theorem 3.

Secondly a discriminator variety V has the nice property that any universal sen-
tence can be translated into an equation such that the sentence holds in simple
members of V if, and only if, V satisfies the corresponding equation.

DEFINITION 4.3.23. Let ¥V be a BAO discriminator variety with unary discriminator
c{x). Then for any universal formula o we define o~ inductively as follows:

(i) If o is an atomic formula s = ¢, let 07 = ~(s & 1),
(it) if o is a conjunction of two open formulas ¥ and ¢, let 6™ = ¥~ A ¢~, and
{iti) if o is the negation of an open formula ¥, let 0= = ¢(~y™).

As described in [Jip93| (also c.f. [McK75| Theorem 1.3 and [Wer78] Lemma
1.10 ) this then gives us our translation

(4.17) VE( =1 it S ko,

where § is th class of all simple members of V. Note that for any member A of
a discriminator variety, with |A| > 2, the concepts of an algebra being simple and
being subdirectly irreducible coincide (c.f. [Wer78| Theorem 2.2).

Transferring equations. To conclude this section on complex varieties we turn
to the transference of equations between varieties and their complex counterparts.
Most of the results and definitions presented here where first published in [Gau57|
(c.f. also [Jip01)).

DEFINITION 4.3.24. Given a term 7, we let var(r) denote the set of variables in 7.

A term 7 is seid to be linear if each variable in 7 occurs at most once in 7.

Note that ~he following results only make sense when considering terms con-
structed without the Boolean operations.
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LEMMA 4.3.25. If 7 is a n-ary linear term in the similarity type of R then
T . CT X)) = ™, tn) 21 € Xp, oo, 20 € Xy}

We refer the reader to the proof of this lemma in [Gau57].

LEMMA 4.3.26. Let o(z) and 7(z) be any terms and let K be a class of algedras.
Then K = o z) =71(z) if, and only of, CmK = xg #CA ... Az, # 0 implies
o(z) N7(z) # 0.

PROOF. Assume K | o(z) = 7(z) and let Xg, ... .. X -1 be nonempty subsets of
A for A € K. Let z be some element of X = Xy x -+ x X,,_; then o(z) € o(X)
and 7(z) € 7(X). But o(z) = 7(z), hence o(X) N 7(X) # 0.

For the backwards direction assume that the implication in CmK holds, and

let x € A" Then the singleton sequence X = {({xg},....{z,—1}) satisfies the
premise of this implication. Hence o(X) N 7(X) # 0. But for singleton sequences
o(X) = {o{x)} and similarly for 7, thus o(z) = 7(z). O
LEmmMA 4.3.27. Let o and 1 be terms, and x = (xg... ... v 1) and let o be linear.

(1) K | o) =7(z) of, and only if, CmK E o #CA... Az, #C umplies
olx) < 7).
(i) Ifvar(r) C var{g) then K = o(z) = 7(z) if, and only if, CmK = o{z) < 7(z).
(iil) If 7(x) s binear and var(r) C var(o) then K = o(z,yo, ..., Ym-1) = 7(x) if,
and only if, CmK [ o(z,1,...,1) = r(z).
(iv) If 7{x) is linear, and var(o) = var(7) then K |= o(z) = r(z) if, and only if,
CmK k= o(z) = ().

PrOOF. We will do the proofs of the forward implication of parts (i) and (ii)
as examples. The converse direction of the proofs use similar arguments as in the
lemma proved above.

(i): We assume o{z) = 7(z) holds in K. Let Xo,..., X1 be nonempty subsets
of A forsome A € Kand let a € 0(Xg,.... X,—1). By Lemma 4.3.25 we know there
exist r; € X, for i < n, such that a = o{x). Then a = 7(z) € 7(Xo,....- Xp1) as
required.

(ii): If all the z;’s are non-zero then the proof of part (i) suffices. Hence we
consider the case where for some j < n, r; € var(o) and x; = 0. Since o is only
constructed using operators it is easily seen that o(z) = 0 C 7(x).

The proof of (iv) is due to Gautam (c.f. [Gaub7]), who in addition showed
that the restrictions on o and 7 are necessary in this case (see also (GrW84| and
[GrL88)). O

4.3.2. Complete varieties.

PROPOSITION 4.3.28. Let V be a variety. If there exists a class of structures K such
that V(CmK) =V then V(CmStrV) = V(CmK).

PRrOOF. Recall that by definition StrV = {K : CmK € V}.

We assume that CmK C V. Consequently it follows that Cm/X C CmStry C V.
Hence V(CmStrV) = V(CmKX). O

Thus we can reformulate the definition of a complete variety as follows.

DEFINITION 4.3.29. A variety V is complete if, and only if, V = V(CmStrV).
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Recall that in Theorem 4.3.2 we proved that every complex variety is complete.
The question whether the converse holds, has been answered in the negative. In
'Gol89] (Theorem 3.7.1) it is shown that the variety of diagonalisable algebras is
complete, but not complex. (Diagonalisable algebras are Boolean algebras extended
with one unary operator f, where f satisfies the inequality f(z) < f(x — f(z)).)

4.3.3. Canonical varieties.

To conclud> we give two characterisations of canonical varieties without proofs.

(We refer the reader to [Gol89] Theorem 3.5.5 and Theorem 3.6.7 for the proofs of
these results).

THEOREM 4.3.30. V = V(CmK) is canonical if, and only if, CmStrV is closed
under canonical embedding algebras.

THEOREM 4.3.31. If K is closed under ultraproducts, then V(CmK) is canonical.

This result is a strengthening of Theorem 4.3.4, since Theorem 4.3.4 only implies
that V(CmK) will be complex.

We end this section by quoting some results proven in [J6n95] (c.f Theorem 3.11
and Theorem 4.1). To this end we require the following definition.

DerFINITION 1.3.32. Let L = Lga W F be a functional language. A term 7 in the
language L is called strictly positive if it does not involve the complementation, i.e.
~, in its defirdtion.

THEOREM 4.3.33. Let B be a BAO and o and v be strictly positive terms in the
language of B. Then B |= 0 = 7 implies EmB = o = 7.

This result is in fact a weaker one than that proven in [J6n95], but provides a
simpler presentation than that of the original result published in [JoT51].

THEOREM 4.3.34. Let B be a BAO and p, o and 7 be strictly positive terms. Then
BEo#0—p=7impliesEmB o #£0 —p=r1.

4.4. Open problems

We conclude with some unanswered questions related to the theory we have cov-
ered in this chapter.

(1) The proof given of the Keisler-Shelah Theorem (Corollary 4.2.5) relies on The-
orem 4.4, which uses the Generalised Continuum Hypothesis. As was men-
tioned it has been shown that GCH is not necessary to prove the Keisler-Shelah
Theoren:, however it is still unknown whether or not GCH is required for the
proof of Theorem 4.2.4.

(2) As was mentioned in Section 4.3.2 there exist varieties that are complete but
not complex. However it is still unknown whether or not there are any complex
varieties that are not canonical.

{3) Another longstanding open problem is the question whether every canonical
variety of BAOs is of the form V(CmK) for some class K closed under ultra-
products.
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CHAPTER 5

Complex algebras and logical games

In [Lyn50 R. Lyndon used a step-by-step method to construct proper relation
algebras from a class of finite relation algebras satisfying certain conditions, he then
proved that these conditions were both necessary and sufficient. With the use of
this result he proceeded to demonstrate the existence of non-representable relation
algebras answering a question first raised by A. Tarski (c.f. [Tar41] for more on
relation algebrag). Other well- known examples of this kind include the construction
of the represeatable relation algebras (RRA) using complex algebras of full pair arrow
frames (FPAF}, constructing modal algebras using complex algebras of Kripke frames
and group relation algebras (GRA) using complex algebras of groups.

As mentioned in the introduction logical games have proved very useful in this
regard and there is now an abundance of application of this technique to different
classes of strictures. In general they have been useful in answering the following
generic quest-ons for some class of structures W = SCmKX.

(i) Can we find axioms for W?
(ii) Given some finite boolean algebra with operators how do we check if it is in
w?
(ili) When is the equational, quasi-equational, universal or first order theory of W
decidable?

In this chapter we will only address the first two of these questions. Most of the
results we present here were first demonstrated by Hodkinson, Mikulas and Ven-
ema (c.f. [HMV99]), we use their results to model our answers to these questions
on. Most of the proofs in this chapter are then also based on those presented in
[HMV99 . We conclude by discussing how their work can be extended to incorpo-
rate a bigger class of problems.

5.1. Networks and games

We now proceed to systematically introduce the tools required to play these logical
games which we will use to answer (i) and (ii).

For the rest of the section we will be considering the language Lgao = Lga U F
where F' is a finite set of operators. V will be some fixed variety of F-algebras. Due
to the extensive use of the logical connectives v (disjunction) and A (conjunction)
in this chapter we will take Lga = {+, —.0) to avoid any confusion. We consider 1
the usual abbreviation, i.e. 1 = —0, and define the boolean conjunction ‘-’ in the
usual manner.

91
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5.1.1. Preliminaries.

DEFINITION 5.1.1. We say an algebra B is representable over a structure N if there
exists an embedding rep : B — CmN. B is representable over a class K if it
belongs to SCmK.

Note that B is representable over (a structure) N exactly when B is representable
over the class {N}.

We will use specific structures, called networks, to show whether an algebra is
representable or not. But before we can define these “networks” we need to make a
slight detour into the theory of partial algebras.

DEFINITION 5.1.2. A structure N = (N, FN} is called a partial F-algebra if each
symbol in f € F' is functional.

Note that the only difference between an F-algebra and partial F-algebra is that
the condition that f must be defined for all ar(f)-tuples. is dropped. Hence all
F-algebras are partial F-algebras. As we will be working with a fixed set F' we will
generally refer to partial algebras instead of the more verbose partial F-algebras.

DerFntTION 5.1.3. Let N be a partial F-algebra and let ¢ and 7 be terms in the
language F'. An equation o = 7 is said to be satisfied in N, if for any assignment of
the free variables of o and 7 to elements of N, where both o™ and 7V exist for this
assignment, it implies that they are equal.

We extend shis definition in the natural way to include formulas of type F.

DEFINITION £.1.4. Let V be a variety and N a partial algebra. We say N is a partial
V-algebra if it satisfies all the equations of V.

Consequently if such a partial algebra were a (total) algebra then it would be a
member of V.

ProrosIiTiON 5.1.5. Let N be a partial V-algebra. If N is an algebra then N € V.

Lastly we extend the notion of subalgebras to our current context.

DEFINITION 5.1.6. Let M = (M, F™) and N = (N, FN) be two partial alge-
bras. We say M is a partial subalgebra of N if M C N, and for any f € F and
Koy ..o hnoy € M, if fM(kq,... k,_1) is defined, then fN(kq,....k,—) is defined,
and fM(ko,.. . koo1) = fN(ko, ... kn-1), where ar(f) = n.

5.1.2. Networks.

We are now ready to introduce the networks which, in the sequel, will form the
playing boards for the logical games we are constructing.

DEFINITION 5.1.7. Given some Lgao-structure B = (B, +.—,0, FB), a network over
B is a structure N = (N, FN_A) such that (N, FN) is a partial algebra and A a map
N—B. Elements of N are called nodes, and A is called the labelling of the network.
The empty network (B, 0,0) is denoted by Nj.

A network N = (N, FN_ )} is called a V-network if (N. FN) is a partial V-algebra.
N is said to be coherent if A(k) # 0 for each node k € N, and in addition A satisfies
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the following condition for each function symbol f € F, where ar(f} = n, and all
nodes ko, ..., kn_1, such that fN(ko.... k, ) is defined,

(5.1) AN (Ko, - k1)) - SB(AKo). - A(kno1)) # 0.

We say a nctwork N = (N, FN X) is finite if the underlying set N is finite.

DEFINITION 5.1.8. A network N' = (N’, FN'_\") over an algebra B is said to extend
or to be an eztension of a network N = (N, FN A}, written N < N, if (N, FN) is
a partial subaigebra of (N', FN') and B = X(k) < A(k), for all k € N. For such a
Aand A we sey A is a tightening of A.

5.1.3. Games.

Informally a game will consist of us (the earthlings) bringing some BAO to the ta-
ble with the intention of showing them (the aliens) that this algebra is representable
over some network N. Being the devil's advocates that all aliens are, they will ask
us whether our network satisfies certain conditions and we will then have to either
show them that our network N already satisfies it or we will have to extend our
network to show that we can in fact satisty their condition.

First, however, let us introduce some notation. Given two sets X and Y, a function
S X" —VYandag,...,a,1 € X, bEY, welet fiq )—p) be the new function
[ X — Y where:

yersllp—1

b if oy = a,; for all { < n,
flxo, ..., xqy) otherwise.

In the case wuere ar(f) = 1 we simply write fi,_;. Where convenient we write
Ja—s, and assume that a is in the domain of f. By fio rbg.a,r-b1..a, b, i} W€ MeAN

(o (Sragmbol) g, be] - - ay,y—bei)- I ar(f) =1 we will abuse our notation somewhat
and write fi,y for Slao—bo.a1—b1,.sn - 1—bn_1]-

Especially for labelling functions it will be convenient to have the following ab-
breviation with similar conventions to those mentioned above. For a function
fi X" —Y and g€ X" beY we define fiq.y to be the function fi.sa).9)-

DEFINITION 5.1.9. Let B be some BAO with associated language Lgao = LgaUF as
before, let N be some network over B and let n < w be an ordinal. We define a game
GL(N.B,V) between two teams of players: V (the aliens) and 3 (the earthlings).

A match of the game consists of n rounds numbered 0,1,....4,..., for i < n.
The match starts with the network Ng = N, and each round then successively
generates a sequence of networks No, Ny, ... N, ... (i < n), all networks over B.

A particular round consists of a move by V and a response move by 4. In the ith
round the plaving board consists of a network N;, the actions of the teams during
this round will determine the playing board N, ; for the next round; and so on.

During each round ¥ have a choice of four kinds of moves theyv can make, described
below. In round ¢ of the game they will propose to extend the network N;, forming
the current pliyving board, in some way. 3 will then have to either accept or reject
their proposal and in doing so generate the playing board for the next round. At
our (i.e. the earthlings’) disposal we also have a fixed infinite set @ from which to
draw new nodes if we wish to enlarge N;. We extend the labelling A to include @
by defining A(m) = 1B, for any m € Q \ N.
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a: The first type of move consists of V choosing a node & of the network N; and
an element b € B. If 3 accept we let Ny, = (N;, FN:, Alke-b]), Otherwise we let
.-’\/vi,‘_l = <.’V¢, FNi, /\{k%_bw.

J: In the second type of move ¥V choose a node &k € N;, a symbol f € F, where
ar(f} = n, and by,..., b1 € B. If 3 reject this move then the board for the

next round will be
Nivr = (Vo N Mo 2. 0))-

If = accept this move and there exist elements mg, ..., my,_; € N; such that
N (myy, . mpy) = k we let Nypy = N;. Otherwise, if no such elements
axd h N, such th N; ’ ) is
exist, we must choose my, ..., My € N; UQ such that f©i(mg,...,m,_;) is

undefine:d. We then let fNe+1(myg, ..., m,_1) = k and define
Ni-i—l = <1\[¢ U {mg, C ey mn..l}, [ier1 U {f{i;;’_’k]}, Aﬂ@“@]%

where i1 = F\{f}, m is the n-tuple (mg,....m,_;) and b is the n-tuple
by, ).

v+ The third kind of move consists of ¥ choosing a symbol f € F, with ar(f) = n,
and nodes kg, .. .. k,_1 € N;. We then have no other choice but to accept this
move. 1l f{k = m) then we let N;;; = N;. Otherwise we have to choose
m € Q' N; and define

N = (N;u{m}, HN U {f[I;Lm]}s A),

where H = F\{f} and k is the n-tuple (ko,....kn_1).

o: In the last kind of move V choose b € B with b 5 0. Again 3 have no choice
but to accept and so provide a node k£ € @ U N; and define the new playing
board as follows

Ni+l ponad <?\‘Ti U {}Zﬁ}. FNI. }\{}gq_;b]>.

3 are said to win the match if Ng and every N;.q, for i < 7, is a coherent
V-network. If we do not win the match, then ¥ do.

As mentioned before the idea is that the aliens make a specific type of move which
forces us to make our network satisfy certain conditions. We are now in a position
to elaborate cn this. V will make a type («) move if they want to know whether 5
or —b "holds’ at some point & of the representation. Informally we say b holds at &
if b > A(k). Move (3) ensures that if we have that fB(by.....b,_1) holds at some

point k., we bave corresponding myg.....m,_, € N, such that fN:(m) = k and b
holds at m (note the homomorphism like quality of this condition). It is easy to see
that moves of type () ensure the totality of each operator. To see the purpose of
moves of type (0) we remind the reader that a BA-homomorphism % is injective if

h(b) # 0, for every b # 0.

We need to be able to talk about whether or not 3 actually have a representation.
To this end we make the following definition.

DEFINITION 5.1.10. 3 are said to have a winning strategy for the game G,(N, B, V)
if there is a set of rules that tells us how to win any match. In other words, given a
particular match the set of rules describe how we should respond to V in each round.
depending on play so far, such that if we follow these rules we will win the match.
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5.2. Characterising the game

In this section it is our aim to prove the following characterisation of the game
described above. As before we will assume a fixed language Lgag = Lga U F, where
F is a set of uperators. (This result was first proved in [HMV99] Theorem 4.1.)

THEOREM 5.2.1. Let B be a countable BAO. Then 3 have a winning strategy for
the game G ,(Ng, B, V) 1f, and only if, B belongs to SCmV .

We will naturally break the proof up into two parts. First we show the left to right
part {c.f. Theorem 5.2.2), also called the soundness direction. Then in Theorem
5.2.5 we show the converse, also referred to as the completeness direction.

5.2.1. Soundness.

Here we can drop the restriction of the countability of B. The following result was
first presented in [HMV99]| Proposition 4.2. We here present a proof of this result
including the arguments for moves of type {«), () and (J) which were omitted in
HMV99].

THEOREM 5.2.2. Let B be an algebra in SCmV. Then 3 have a winning strategy
Jor G,(Ng, B. V).

Proor. If B = (B, +, —,0, FB) belongs to SCmV then there exists an algebra
A = (A, FA) € V and a representation map rep : B — P(A) which embeds B into
CmA.

Now let N = (N, FN )) be a network over B. We say N matches with rep if

N = (N, FN} is a partial subalgebra of A, while \ satisfies
() k € rep(A(k)), for all k € N,

;

l.e. N can be seen as an approximation for the representation of B. We will take
the universe of A to be the set of nodes ) available to 3 during play.

We will presently show how 3 can maintain the condition that the current network
matches with rep.
Claim: If N matches with rep then N is a coherent V-network.

By definition N is a partial V-algebra. Since rep is injective and rep(A(k)) # 0 it
follows that A(k) # 0 for all k € N.

Let f € F, where ar(f) = n, and assume that fN(ky,... k,_) is defined for
ko,....kn-1 € N, We will show that
(#%) rep(A(fN ko, kuo1)) - FP(A(Ko). o AMEacr))) # 0.

Then by the injectivity of rep it follows that
AN (koy o ) - FP(A ko). . MRao)) # 0.
Since rep is a homomorphism
rep(ALSN (g, oo k1)) - fRME0). o A(Bne1)))
= 1ep(A(fN(ko, ... kn_1))) N FO A (xep(Alko). ... Alkn1))).

Now N muatches with rep, whence fN(ky,.... k1) € rep(AMfN(ko. ... kne1))).

But N is a partial subalgebra of A and {k;} C rep(A(k;)), for i < n. Thus
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Hence, by the existence of fN(ko, ..., kn_1), (¥*) is satisfied.

We will now prove that if N = (N.FN )\) is a network that matches with rep
then 3 can ccunter any move of V with a new network N’ = (N, FN' X'} which
again matches with rep. Let us take a look at each type of move separately. (Where
applicable we take ar(f) = n.)

a: In this kind of move V picks £ € N and b € B. If k£ ¢ rep(b) then 3 rejects
the move and all that changes is that \' = Apq._y), i.e. A (k) = A(K) - —b. Thus
rep(X(k)) = r2p(A(k)) \rep(b). But since N matches with rep k € rep(A(k)) and by
assumption k ¢ rep(b), it follows that k € rep(\'(k)). The argument for acceptance
is similar. Hence («) type moves preserve (x). Note that there is no change to the

underlying pa-tial algebra (N, FN). Consequently N’ matches with rep.
J: For this kind of move V chooses f € F, k. € N and b, ..., b, 1€ B.

If & ¢ rep(f(b)) 3 rejects the proposal and thus the new network N’ will be
(N.FN, Afksa— 1))} - Since the only difference between N and N’ is in the labelling it
suffices to check () for & and . But N(k) = Ape._ (k) = (k) - —f(b), whence
rep(A'(k)) = r2p(A(k)) \ rep(f(b)). Thus, by the inductive hypothesis and a similar
argument to () above, k € rep(N'(k)). Consequently N’ matches with rep.

On the other hand assume k& € rep(f(b)) € A. Since rep is a homomorphism it
follows that

rep(/B(8)) = rep(fB{bo, ... .bu1)) = FE™ M (xep(bo). . .rep(barr)).

Hence eithe: fN(a) = k already or there exist elements ag, ..., a,-; € A such that
k= fA(ag,....a,-1) and a; € rep(b;) for each i. 3 then defines N’ as the network
(Nu{a; ;i < n}, HN U {f[I;Hk]},A[Q%Q]>, with H = '\ {f}. Since the labelling of
k € N does not change it follows from the inductive hypothesis that &k € rep(\'(k)).
However we n=ed to check that a; € rep(N'(a;)), where X(a;) = Aa;) - b;. Ifa;, € N
then by the inductive hypothesis a; € rep(A(a;)), otherwise A(a;) = rep(l) = A.
Consequently

a; € rep(A(a;)) - rep(b;) = rep(N'(a;)).

Clearly N U {a; : i <n} C A and the only change in FN' is to the interpretation
of f. Note that by assumption fA(ag,...,a, 1) = k € A. Hence the partial algebra
(NU{a;:i<n}, HN U {f@tk]” is still a partial subalgebra of A.

v: In this type of move V choose an f € F and kg,....k,_1 € N. 3 can only
accept. However the function f# is total and hence there exists an a € A such that
fAko, ... ko 1) = a. Thus we take N’ = (N U {a}, HN U {f[IIjHa]}, A) to be the
new network. where H = F'\ {f}. We need to show that a € rep(\(a)). If a € N
then this result follows from the inductive hypothesis. Otherwise A(a) = 1B. But
a € A = rep(1B) = rep(\(a)).

Observe thet a € A and that f4(kg,....k,_1) = a. Hence by a similar argument
to that for acceptance of 8 moves (N U {a}, HN U {f} ,}) is a partial subalgebra
of A.

0: In the last kind of move V chooses b € B with b # 0. Again 3 have no
choice but to accept. Since rep is an embedding it follows that there exists some
non-empty X such that rep(b) = X C A. Then 3 picks any node a € X and lets
N' = (NU{a}, FN,X), where X' = A,qp). Clearly, whether or not a € .V, it follows
that a € rep(XMa)) - rep(b) = rep(N'(a)).

Since a € A and there is no change to any of the interpretations of symbols in F
it follows that (N U {a}, FN) is a partial subalgebra of A.



5.2. CHARACTERISING THE GAME 097

We have thus shown that irrespective of which type of move V chooses to make
3 can respond in accordance with the requirements of such a type of move and the
resulting network after such a move still matches with rep. By definition this means
that 3 will wia any match of length i by following this strategy, where : <w. U

5.2.2. Cormpleteness.

Before proving the converse to Theorem 5.2.2 let us take an informal look at how
we aim to achieve this objective. As has been intimated our aim is to show that
we can use the countable game G,,(INg, B, V) to construct a network N such that B
is representable over N if 3 have a winning strategy. Each of the possible types of
nmoves correlate to ensuring that the network is in fact a representation of B.

In particular to ensure that our eventual network satisfies all the required prop-
erties we will consider the game where ¥V will list all possible moves that become
possible during the match and then actually make each of these moves at some stage
during the match. 3 of course will play according to our winning strategy. However
our game has at most w rounds and thus we should be sure that ¥V can play all their
moves before the end of the game. (For simplicity we will consider a signature F
limited to onc symbol f, i.e. F'= {f} with ar{f) = n.} Consider the following set

M=(QxB)U(B"xQ)Ju(Q")UB.

If the reader 1ooks back on the definitions of moves («) through (4) it should be clear
that Al encodes all the possible moves that V can make. Now by assumption B is
countable, however we have not limited the size of Q). In fact |@Q| could be greater
than w. Clearly the generalisation of M to arbitrary finite F is still countable.

Considering the possible moves open to 3, it should be clear that in no type of
move do we require more than a finite number of elements from (). Since there are
at most a countable number of moves, we need a set () of at most w elements to
choose from. Lastly recall that we require the set I of symbols to be finite. Hence
M| < w and so ¥V will be able to play all their moves.

Since we are playing according to our winning strategy, 3 will be busy constructing
a chain of nevworks
Np<aN;<---N,<g---, for i € w.

We will take the universe of our new structure to be the limit of this chain, i.e.

(5.2) N =V

However we require some kind of algebraic structure on this universe N, i.e. if
we take N = (N, fN) we need to define the interpretation of f over N. As was
mentioned earlier, moves of type (7v) are supposed to ensure the totality of our
operators, since at any round ¢ in our game f might only be a partial function.
Note that if, at any round i and for any n-tuple &, fN:(k) is defined then it follows
that fN:(k) == fNo(k) for all rounds j at which fNs(k) is defined. Hence the following
definition is unambiguous, where k € N,

(5.3) fN(k) = fNe(k) for any i such that fN'(k) is defined.

Lastly we need to define the representation function rep : B — CmN. For the
moment howaver we only have the labelling functions A; : N; — B to work from.



98 5. COMPLEX ALGEBRAS AND LOGICAL GAMES

Observe that At(CmN) = N. To get an idea of how to define rep, we take a look
at the map Ai(rep) : At(CmN) — At(B). By definition At{rep)({k}) = a if, and
only if, rep(a) > {k}. Or equivalently & € rep(a). By (4) we must have played a
k € N, UQ at some round 7 such that a > A, (k). Thus we define rep as follows

(5.5%) rep(a) = {k:a > \(k) for some i € w}.
For convenience we let

(5.4) Ak)y=1{beB:b> \(k) for some i € w}
and then we can more succinctly define rep by

(5.5) rep(a) = {k € N:aec A(k)}.

First we prove that N is in fact the kind of algebra we are looking for.

LEMMA 5.2.3. Let G(Ng,B,V) be a game such that 3 have a winning strategy.
Then there ezists a (total) algebra N = {|J,c, Vi, FNY such that N belongs to V,
where each [ < F satisfies the following condition.

If fNi(k) is defined, then fN(k) = fNi(k), for any k € N,

Proor. We take N to be defined as in equation (5.2). Let f be any symbol in
F, with ar(f) = n, and take (5.3) to define fN. We will show that fN is a total
operation.

Consider any elements ko, ..., k,-1 of N. By construction there must exist some
Nisuch that &y, ..., k,—; € N;. Since we assume ¥ will play according to the strategy
mentioned above it should be clear that at some round j > ¢, ¥ will make a move
of type () in which they choose kg, ..., k,_1 and the symbol f € F'. But then by
our winning strategy fNo+t(kqg, ..., k,_1) will be defined and hence fN(kg, ..., kn 1)
will be definec.

Since each N; is a coherent V-network it follows that N is a partial V-algebra.
However we have just shown that N is total and hence N € V. lf].

LemMa 5.2.4. Let G (Nyg, B, V) be a game such that 3 have o winning strategy.
Then the function A defined in (5.4) maps from N to ultrefilters over B, where
N=JN,

1w

PROOF. Let. A be the function defined in (5.4) we will show that A(k) is an
ultrafilter for v € V.

Note that, for any & € N, \i(k) > A;(k) where i < j. Clearly A(k) must be
upwardly closed. Let a,b € A(k) then there exist 7,7 such that a > A\(k) and
b> X(k). Ifi > jthen a-b> A(k). Hence a-b € A(k). A similar argument suffices
for j > i. Thus A(k) is a filter.

To see that A(k) is proper observe that each N; forms a coherent V-network and
hence A;(k) > 0. Thus 0 ¢ A(k). To conclude we will show that for any b € B
either b € A(k) or —b € A(k). From our assumption on the strategy of ¥ it follows
that at some round i they will play move («) with the element b. If 3's winning
strategy implies that we accept the move then it should be clear that b > A, (k).
hence b € A(k). Otherwise if we reject the move then —b > A (k) and thus
—b e Alk). 4d

THEOREM 5.2.5. Let B = (B, -, —.0, ') be a countable Boolean algebra with op-
erators F'. If 3 have a winning strategy in the game G,{Ng, B, V) then B is repre-
sentable over V.
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PrOOF. Le: N = (N, FN) be the algebra in Lemma 5.2.3, A to be the function
from Lemma £.2.4 and rep to be defined by (5.5). Thus all we need to do to complete
the proof is t¢ show that rep is in fact an embedding.

First we show that rep is a Boolean homomorphism. Le. we need to prove that

(i) rep(a +t) = rep(a) Urep(b),
(it) rep(—b) -= B\ rep(b) and
(iii) rep(0) = 0.

We here on y present a proof for (i), the other conditions follow by similar argu-
ments using the fact that \(k) is an ultrafilter.

Assume k € rep(a +b), for k € N and a.b € B. Then a + b € A(k). Since A(k) is
an ultrafilter it follows that either a € A(k) or b € A(k). Hence &k € rep(a) U rep(d).

For the corwverse suppose that & € rep(a) Urep(b). Thus either & € rep(a) or
k € rep(b). Consider the case where & € rep(a). Since a +b > e and A(k) is a
filter it follows that a + b € A(k). A similar argument suffices if & € rep(b). Hence
k €repla—+b.

Let f € F with ar(f) = n. To show that rep is a BAO-homomorphism we need
to prove that for any by, .... b, € B

rep(fB(b()} cobpy)) = fcmN(rep(bg) ..... rep(b,-1)).

Assume k € rep(fB(bg,....b,_1)). By the definition of A there exists some i such

that fB(bo,...,bn1) > Ni(k). By our assumption on Vs strategy, it follows that at
some round j they make a move of type (3) choosing &, f and by,...,b,-1. But 3
will accept, since A;(k) < —fB(by,....b, 1) would contradict the fact that we are
playing according to our winning strategy. Thus we can choose k. .. ..k, 1 € N such
that fNi(kq,.... k1) = k and Ajr1(ks) < b Consequently fN(ko,.... ky 1) =k
and k; € rep{);) for i < n. Hence k € f™N{rep(by). ... .rep(b,_1)).

Conversely let & € f™N(rep(by),....rep(bo-1)). It follows that at some round
J there exist nodes ko, ..., k, 1 € N; such that fNo(ko, ... . k, 1) = k, Nj(ki) < by,
and either \;(k) < fB(by,... by 1) or Nj(k) < = fB(bg,....b,_1). Note that since

fB is an operator it follows that

Consequently. using the coherence of N; and the fact that f Nolko, ... kno1) = kK,

Aj(kY - fB(bay ... byr) # 0.

Thus A;(k) %5 —fB(by,...,ba 1), and so Aj(k) < fB(by, ... by_y), whence we see
that & € rep(fB(by, ..., bu_1)).

We conclude by showing that rep is injective. Since rep is a BA-homomorphism
it is sufficient to show that rep(d) # @ for any b # 0. But at some round i of the
game ¥V will play a move of type (#) choosing the element b. 3 can only accept and
in doing so will choose a £ € N such that A\ 1(k) < b Hence b € A(k) and so
k € rep(b). O

This theorem and its proof were first presented in [HMV99] Proposition 4.3.
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5.3. Axiomatisations via games

So far we heve shown how logical games can be used to see whether an algebra is
representable or not. Let us now take an informal look at how these games work.

In our exposition of the types of possible moves we have tried to convey how each
ensures that certain properties are satisfied by the networks we use to play these
games. Thus at each round i of a game G_{IN.B.,V) the associated network N,
will satisfy these properties up to a limited extent. But even the language we have
used thus far is suggestive of some underlying formulas that are satisfied or “hold”
for each of these networks. In fact it will turn out that each of these moves can
be “translated” into universal formmulas. The hope is then that the set of all such
translated forimulas will in fact axiomatise the class of representable algebras under
consideration.

Obviously we will be considering games for which 3 have a winning strategy. So
before we consider translating any of the types of moves we need to capture the
concept of a network being coherent. We start off by associating a term with each
node in our network. To be a bit more precise, given a partial algebra N = (N, FN)
we associate a map 7, called a term labelling, with each member of ¥, i.e,

(5.6) 7: N — Termga(X).

For our network N to be coherent we require the underlying structure (N, FN)
to be a partial V- algebra. Thus we define the following term

(5.7)

1 otherwise.

m(N) = {‘P if (N, FN)is a partial V-algebra

Furthermor:: we require that, for each node k. the label A(k) should be non-zero
and Mm)- f{A ko), ..., Ak,1)) # O0for fN(k) = m, where k = (ky, ..., k,-). Thus
if we can find some way of mapping term labels into network labels the following
term would capture these requirements,

58 x(N) = Artyzoa AN (rm) F(rtko) 1) ).

keN FEF f(k)=m
where k = (ko ..., Kkarep—1)-

Bringing these two terms together should determine whether a network is indeed
coherent. Henze we let

(5.9) wo(N) = 7{IN) A x(N).

Our intention is now to recursively define terms ¥; to express whether or not 3
have successfully managed to survive round /. To do this we first need to translate
each of the possible types of moves into terms.

Recall that “or moves of type (@) 3 have the option of either accepting or rejecting
the move. (Tliese options will be reflected as disjuncts in the term we will define.)
In this type of move V will choose some new element of b € B after which 3 will
change the lalelling to satisfy b or —b such that we end up surviving this particular
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round. Consequently the state of the board after the /th round has been played by
the execution of a type («) move could be encoded as follows

(510) (fi—?l{N) - V.L' /\ ({?}/’7(<A\7 F"N. TE;CQ_,TD) YV w,((.\’v FN-, T[qu ,,,,, J}])))‘

keN

where 2z is a new variable.

For the second type of move V chooses a node k. a symbol f with arity n, and
elements by, ..., b.—y € B. If 3 reject this move then the new board will be nothing

but a label change and hence expressed as
() G (N, N Tpaay)))

If 3 accept the move then we must choose myg, . ... m, ;1 € V;UQ such that if f{m)
is undefined taen fNe+1(m) = k and change the labelling so that b; holds at m;, for
each ¢ < n. Thus the term corresponding to acceptance should be

(%) u',vi(<N. HN U {fgn_ﬁk]},’r@q_,gﬁ).

However we need the term to hold for any of the possible choices of the n-tuple
m. Hence we will have a disjunction over possible choices of m. This is problematic
though, since N; U @ is infinite and thus would lead to an infinite disjunction and
hence an infinite term.

To take care of this problem we need to take a careful look at how we will make
choices for m. Note that each N, is finite and that we only need to add at most ar(f)
possible nodes from @Q for the game to proceed. If we can thus have some canonical
way of adding these ar(f) new nodes we would be left with a finite disjunction. In
the discussion at the beginning of Section 5.2.2 we mentioned that ) need only have
at most w nodes. Consequently we can easily enumerate all the members of ) with
order type w.

Let @; be the set containing all members of @ chosen up to round i. Note that
@; € N;. If we now need n new nodes we can use the enumeration mentioned above
to choose the first n available nodes, i.e. the first n nodes in @\ Q;. Thus we define
the set 1 which contains all current nodes and the n canonically chosen new nodes
in the following way
(5.11) M} =N;U{g0, - . Qn-1}

where the ¢, nre the first n nodes in @ \ ¢;. By construction M is finite.

We are nov ready to translate the type (J) moves using () and (xx}. We define
the “translation” term in the following way

(5.12) Fa(N) = \ A V(s (N PN, rp o))V

kEN fEF
Vo eV Um HN U U b i) )
meMe )
where x is a ar(f)-tuple of new variables.
For moves of type () V choose a f € F and ar(f)-tuple k from N. Then 3 must

add one node m € M} such that f(k) = m and extend the labelling so that at least
1B holds at n. This option of choices of m is represented as the disjunct below.
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But = must be able to respond no matter which f and k are chosen, hence the two
conjunctions. In fact this is not completely correct since if fN(k) is already defined.
3 could obviously just choose the previous value of fN(k). Thus we should exclude
this possibility from the term.

(5.13) yiaMN) = A A a(Vuimb HENU{fR o} Time))
JEF genNortf) meM}
N

where fN(k) 1 is defined to be true if fN(k) is undefined, false otherwise.

Lastly. in nwoves of type (4), d must again be able to extend N by choosing a
m € M} such -hat the new network is coherent for any non-zero b € B chosen by V,
where m gets relabeled so that b holds at m.

(5.14) 5,0 (N) = ‘v’m(;x A0\ w((VU {m},FN;[mMQ))_

mée M ll

Finally we have the tools to complete the definition of the 1;, we let
(515) /¢"i+1(N) = (}fi+1(Nj A 3i+1\/N) AN Afi-i-l(N) A 5i+1(N).

We still require some way of mapping between term labels and (network) labels.
To achieve this we first define a different kind of network. unsurprisingly called a
term network.

DEFINITION 5 3.1. A term network is a structure N = (N, FN_ 7} such that (N, '™}
is a finite partial algebra and 7 is a term labelling.

Given a terin network N, we let var(N) denote the set of variables occurring in
the term labels of N, i.e. if 7: N — Termga(X) then var(IN) = X, for the minimal
possible X.

Now a (network) labelling should map from N to B. each term 7(k) has an
interpretation in B, defined inductively using the construction of 7. Thus if we have
some assignment of the variables of a term network N to elements of B we can easily
associate a network with N.

DEFINITION 5.3.2. Let N = (N, FN 7} be a term network and B an F-algebra.
Then for any assignment h : var(N) — B we define a network N* = (N, FN 7).
where

k) = TB(E) (h(zo), . Al 1))

for k € N, anc with @, ..., 2, the free variables occurring in 7(%).

In deference to our standard notation we will write NB = (N, FN 7B} when the
assignment is clear from the context, instead of explicitly indicating the assignment
bv writing N”

Previously we saw that 3 having a winning strategy for the game G_{Ng, B, V)
is equivalent to B being representable. From our current discussion we have seen
that each round of the game produces a particular term related to B. Put in an-
other way, if 3 = +,(IN) then we would expect 3 to have a winning strategy for
G,(NB FN A1) Now if being able to win all games of finite length implied that
3 could win the game of length w we might very well be able to get an axiomati-
sation for B using the ¥;. (The following theorem and proof were first presented
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in [HMV99| Theorem 5.1. Note that the result in HMV99] did not explicitly
mention the fiaiteness restriction on the network N.)

THEOREM 5.3.3. Let B be o countable BAO and N a finite network over B. Then 3
have a winning strategy for the game G(N.B, V) if, and only if, 3 have a winning
strategy for every game G,(N,B,V) of length n < w.

Proor. The forward direction of the theorem follows directly from the definition
of G,{IN.B,V). For the converse assume that, for any n € w, 3 have a winning
strategy for (',(N,B,V). We need to show that 3 have a winning strategy for
GL(N.B. V).

A network M is said to be safe for 3 if for infinitely many j we have a winning
strategy for G;(M, B, V).

Since we can win all finite games starting with N, N is obviously safe for 3. We
will prove that 3 can win the game G_(IN. B, V) by maintaining the condition that
at any round / the current network N; is safe. We do this by induction on ¢. le.
we show that, at round 4, 3 can survive one round while maintaining the condition
that N, is safe.

Suppose we are currently at round 7 of the game G_{IN,B,V) and let N, be the
current board, where N; is safe for 3. From the discussion surrounding the definition
of M (p. 10_) it should be clear that after ¥ make their /th move 3 only have a
finite number of possible networks to respond with. But, by assumption, there are
infinitely many j for which 3 have a winning strategy in the game G;(N;, B, V).
It follows that for at least one of the networks N’ that = can respond with 3 have
a winning strategy for the games G;_1(N;, B. V), unless j = 0 (in which case we
disregard this particular 7). Since there were infinitely many j to start off with we
will have infin tely many games of length j — 1 for which we have a winning strategy
starting from the network N'. Consequently such an N’ will again be safe for 4. It
is not hard to see that if we choose N’ to be our response in the ith round of the
game G,(N.B, V) we will maintain our condition of safety. O

We can now define the formulas that we expect will axiomatise a particular rep-
resentable algebra B. Recall that when we were characterising the representation
games we always started with the network Ng. Thus we let

(5.16) i = wi(Np)
and
(5.17) (V) ={pi:icwh

LEMMA 5.3.4. Let B be a BAO and N = (N, FN.7) be a finite term network . Then
B k= w,(N) if. and only if, 3 have a winning strategy in the game G,(NB B, V).
ProOOF. We prove this lemma by induction on 7.
Claim 1: B |= ¥(N) if, and only if NB is a coherent V-network.

Observe that the validity of 7(N) corresponds directly to (V. FN) being a partial
V-algebra, while x(N) takes care of the coherence condition (5.1).

Claim 2: Assume the lemma holds for n. If B = #,,.1(IN) then 3 have a winning
strategy in th> game G,(NB, B, V).
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Assume that B = ¢,.1(IN). We need to construct a winning strategy for 3.
Consider a particular match of length n+ 1 in the game G, (NB B, V). Let

respectively b: enumerations of the moves V makes during this match and the net-
works N; arising from these moves, where Ny = NB,

We here only contemplate the case where the move p,.; is of type (3) with V
choosing the node k € N,,, f € F and by,....b,—y € B (ar(f) = n). The proofs
for moves of tvpes (a), () and (J) can be dealt with in a similar fashion using the
explanations surrounding the definitions (5.10), (5.13) and (5.14).

By assumption B = 8,41(N) and hence. for some b = (bg, ....b,_1) either

(%) B i (V. FN e s))
or, for H = F\ {f},
() Bl \/ o((Num HNU {5 g} Times)))-

Assuming that (**) holds, there exist some m € ;\/[,?r(f ) such that

B }: ’lbi(<]V Um, HN U {f[g,_,k]} T[mq_,b]>).
By the inductive hypothesis it follows that 3 can win any match of length n in the
game G,(N’, B, V), where N’ = (N Um, HN U {f[I:I_n,Hk]},T[I;%Q]>. Let 77 = Timaoy)-
Since N C N Um, fN(z) = N (z) for all x # m and B |= 7/ < 7 it follows that 3
can counter any move u,; for i < n + 1 by using our winning strategy for the game
G,(N',B, V). Clearly 3 will accept and then survive round n+ 1 by choosing m and
defining the n>w board N, as required by acceptance.

The argument for the case where (*) holds is a simplified version of the argument
above and leads to 3 rejecting ¥V's move.

Claim 3: Assume the lemma holds for n. If 3 have a winning strategy in the
game G, 1(NB B, V), then B &= v, 1(N).

Suppose 3 have a winning strategy for G, 1(NB. B, V). We will demonstrate the
proof for §,11N).

Let b be some non-zero element of B we will show that there exists a node m such
that B k= w,(« NU{m}, FN, 7.9.4))). Since 3 have a winning strategy we know that
if V plays a move of type () at round ¢ < 7, specifying the element b, then 3 can
respond with a node m such that the new board is still coherent. Clearly 3 then have
a winning strategy for the game G,(N’,B.V), where N’ = (N U {m}, FN, T[l?n%b]>.
Using the indnctive hypothesis it follows that B = ¢,((N U {m}, FN. 7ma)).

Similarly we use moves of type (a) to prove that B }= a,41(N), type (3) for
B = 3,11(N) and type () for B = v,+1. Thus B = v,.1(N). O

COROLLARY 5.3.5. Let B be a BAO. Then B |= ®(V) if, and only if, 3 have a
winning strategy in the game G,(INy, B, V), for every n < w.

Proor. Ttlis follows directly from the definitions of »,, ®(V), Theorem 5.3.3 and
Lemma 5.3.4. O

Using the ecrlier characterisation theorem for representable algebras and the corol-
lary above we can now show that ®(V) gives our required characterisation. (This
result was first present in [HMV99| Theorem 5.5.)
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THEOREM 5.3 6. Let B be a BAO with operators F' and V a variety of F-algebras.
Then the folloving are equivalent:

(i) B is representable over V,

)
(ii) 3 have a winning strategy for the game G,(Ny. B. V),
(ili) 3 have a winning strateqy for the games G,(Ny, B. V), where n < w, and

PRrROOF. By Theorem 5.2.1 (i) implies (ii), by Theorem 5.3.3 (ii) implies (iii)
and (iii) impliss (iv) follows directly from Corollary 5.3.5. Clearly the backward
implications would hold if B were a countable BAO.

Hence we consider the case where |B| > w. We wish to prove that (iv) implies (i)
for such a B. Suppose B |= (V). Since the o, are universal formulas it follows that
each subalgebra of B satisfies ®(V). By our previous observation this implies that
every countable subalgebra of B is representable over V, i.e. for every A < B with
|A| < w we have A € SCmV. Since V is an elementary class it follows, by Theorem
4.3.5 (p. 82), that SCmYV is an elementary class. Consequently using the Downward
Loéwenheim-Skolem Theorem (p. 20) there exists a countable algebra A such that
A =< B. But s our previous observation A | ®(V) and hence A € SCmV and
since A < B we get B € SCmV as required by (i). ]

There is one underlying assumption to constructing a recursive axiomatisation
that needs some elaboration. In defining m{IN) above we are assuming that there is
some effective way of deciding whether N is in fact a partial V- algebra. Clearly if
V itself only had a finite set of axioms we could easily define an effective decision
procedure. For most classes of algebras that will play the role of V they in fact
have finite axiomatisations. However there do exist varieties of BAOs that only have
countable axiomatisations.

To deal with such axiomatisations we need a slightly modified game. We firstly
enumerate all the axioms of the variety V. At each round i of this modified game we
only consider whether our current board is a partial V- algebra to the extent that it
satisfies the first ¢ axioms of V. Since our game has a countable number of rounds
this would ensure that the final playing board N were in fact in V. For a formal
definition of this game we refer the reader to HMV99|.

5.4. Extending the game

In this the penultimate section of this chapter we informally discuss two modifi-
cations to the zame already presented.

Games for SPCmK. As we have seen in the previous chapter any complex variety
V can in fact »e characterised by a class K in two ways, either V = SPCmK or
otherwise V = SCmK. Let K be a class of algebras, to show that an algebra B
is a member of SPCmK we need to show that there is an embedding of B into
a product of members of CmK. The smallest element of a product is always the
empty product and hence it suffices to show that at least one element of B gets
mapped to a member of CmKk.

If we take a look back at the proof of Theorem 5.2.1 we will note that moves of
type (4) were -equired throughout the game to ensure injectivity. However in the
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case at hand it will suffice for this kind of move to happen only once. To play the
game over SPCmK we thus modify the rules of the game such that ¥ is only allowed
to make a move of type (&) in the first round of the game. (This modification of the
game is by nc means new and receives a cursory mention in [HMV99].)

Games for partial algebras. Another modification to the game arises from repre-
senting BAQOs over partial algebras. As we have already noted in an earlier discussion,
moves of type () ensure that each of the functions of our representation is total.
As the follow ng result shows the complex algebra of an partial algebra is in fact a
BAO.

ProrosiTioN 5.4.1. Assume A is a partial F-algebra. Then CmA is a boolean
algebras with operators F.

Proor. Let f € F, with ar(f) = n and let Xo,....X,-) € A. If for some X;
f(zo,. ... &p-1) is undefined for all z; € X, then f™(X,...., X,-1) =0 € CmA.
Consequently fC™A is a total function. Clearly ™A will be both normal and

additive. 0

Thus it would not be too surprising it we can modify the games presented in this
chapter to include representations over partial algebras. All we need is to find the
appropriate partial algebraic version of equational classes of (total) algebras.

DEFINITION 5.4.2. Let A be a partial F-algebra. We write A = ¢ = 7 if A satisfies
the equation 7 = o (in the sense of Definition 5.1.3). For a set of equations ¥ we
write A = 2 if, and only if, A |= o for every o € L.

Now we are ready to define the partial algebraic equivalent of an equational class.

DEFINITION 5.4.3. Let & be a class of partial algebras. We call & an equational
class of partial algebras if there exists a set of equations ¥ such that

AcSitAEY
A is called a partial S-algebra if A € S.

We then give a modified definition of the networks presented at the beginning of
this chapter.

DEFINITION 5.4.4. Assume § is an equational class of partial algebras. A network
N = (V, FN A} is an S-network if (V, FN) is a partial S-algebra.

‘1o represent a boolean algebra with operators over an equational class of partial
algebras we play the game over these S-networks and do not allow ¥ to make any
moves of type 7.

5.5. Further research

To conclude we present two avenues along which further research in this field can
be done.

(1) The two modifications to the original game above present tools to study several
new classes of representations. However these modifications are not applicable
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to classes of partial algebras such as Brandt groupoids and full pair arrow
frames s'nce the definition of equality is too weak. However these two classes
are the canonical examples used in representing relation algebras. The question
thus is how do we modify this game to deal with stronger versions of equality
for partial algebras.

In (HiH99] R. Hirsh and [. Hodkinson present a game to cope with axiomati-
sations of representable classes over pseudo-elementary classes. This is a much
broader setting than ours (which only considers representing classes over vari-
eties and equational classes of partial algebras). Thus it would be interesting
to see how the games described in this chapter can be modified to include a
wider range of underlying classes.
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CHAPTER 6

Case Studies

We conclude this dissertation by presenting some case studies and avenues for
further research that relate to the theory introduced in the previous chapters. We
limit the examples we look at to certain subvarieties and expansions of the vari-
ety of groups One well-known example of such a subvariety is the class of Brandt
groupoids used in [JoT52] to give a concrete representation of the class of repre-
sentable relation algebras. Another early example is that of the complex algebras of
groups which generate the variety GRA of group relation algebras (c.f. [Mon64]).

6.1. Rectangular bands

The class of semigroups has also provided fertile ground in the study of complex
varieties. Two such examples are the varieties Lz and Rz of left-zero and right-zero
semigroups, defined by x -y = z and = -y = y respectively. C. Bergman (c.f.
Ber]) showed that the complex varieties generated by Lz and Rz are finitely based
(c.f. Definition 2.5.10). An equational basis for V(Cmlz) is given by the standard
equations for the boolean part, along with

(6.1) r-{yvz) = (z-y) V(- z)
(6.2) (@Vy)-z = (x-2)Viy 2),
(6.3) €z = 0 = r-0,
(6.4) r-{y-z) = (zr-y) =z and
(6.5) z-1 = r = x-ur

Equations (6 1) through (6.4) along with the boolean part define the variety BSg of
Boolean semigroups. Thus V(Cmlz) and V(CmRz) are subvarieties of BSg.

6.1.1. Hyper-rectangular bands.

based {this follows from a result of Andreka and Nemeti {c.f. [AnN96]) that the
composition of reducts of representable relation algebras generates a non-finitely
based variety).

In this case study we will consider the variety of rectangular bands. This variety
covers Lz and Rz in the lattice of semigroup varieties.

DerFiNITION 6.1.1. RB, the variety of rectangular bands is the class of semigroups
defined by the identity = - y - 2 = x. By the variety of hyper-rectangular bands.
denoted HRE, we mean the class V(CmRB).

109
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As we have mentioned the subvarieties V(Cmlz) and V(CmRz) of BSg are finitely
based. Which motivates us to ask whether HRB is finitely based.

For the rest of this section we will leave out the operation symbol " where confu-
sion is unlikelv, thus abbreviating z -y to xy. We also assume that *-’ has precedence
thus reducing the number of brackets we use.

6.1.2. Axiomatising rectangular bands.

LEMMA 6.1.2. Let B be a rectangular band. For oll XY, Z C B we have

(i) XNYZ 40 implies XYNY #0 and ZXNZ # 0 and
(i) XNXYNYX #0 implies X NYY #£ 0.

PROOF. To see why (i) holds note that in a rectangular band if z = yz then
ry = yzy =y and 2r = zyz = z.

For (ii) suppose xg,z1,22 € X and y;,y2 € Y such that zg = x1y; = yozs. Then
Y1ty = Y171y = Y1 and Toya = YoTaye = Yo, SO Yay1 = ToYay1To = To. U

Note that the term d{x) = 1zl is a unary discriminator for complex algebras of
rectangular bands (i.e. d(0) = € and d{z) = 1 if z # ). Thus CmRB forms a class
of discriminator algebras. It follows by (4.17) p. 87 that any inequality that holds
in HRB can be translated into an equation that holds in HRB.

THEOREM 6.1.3. An equational basis for HRB s given by all the identities for BSg
together with the following identities:
(i) x <z,
(ii) zly = zy,
(ifi) 121 Ay < 1(x Adyl)l,
(iv) Ha Ay2)L <L{xy Ay)LAl{zx A 2)L, and
(v) Yz Ay Ayz)l < L{z Ayy)l.

Proor. Considering that in all rectangular bands we have that r = zx2z = zx
and zzy = rrxyzy = Ty, it easily follows from Lemma 4.3.27 that {i) and (ii) hold
in CmRB. Since d(z), defined above, is a discriminator term it follows that (iii)
must hold. Finally, (iv) and (v) are just (injequational translations of Lemma 6.1.2.

Let B be any boolean semigroup that satisfies (i) to (v). Then for any z,y € B,
using (6.1) ard (6.2), it is easy to show that zy < z1 and zy < 1y. Hence the unary
term d(z), defined by d(x) = 121, satisfies the following properties:

(1) Ld(z) < d(x)
(2) d(2)1 < d(z)
(3) x < d(z) from (i)
(4) d(C) = 0 from (6.3)

From property (iii) it follows that z A d(y) = € if. and only if, d{z) Ay = C.
Consequently d(~d(z)) Ad(z) = C and so

(5) 1(~d(x)) < ~d(z).
Let A be a subdirectly irreducible Boolean semigroup that satisfies (i) to (v).

)
Then from properties (1) through (5) it follows, by Theorem 4.3.22 (p. 87), that d
is a unary discriminator for A. This property and the positive identities (i) to (v)
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are preserved by canonical extension (c.f. Theorem 4.3.33 and 4.3.34 p. 89}, so d is
a unary discriminator for EmA.

We will now show that EmA € SCmRB by constructing a rectangular band B
such that EmA is embedded in CmB. Let D = (D.-P) be the structure At{EmA)
and for a.b € D, define a = b if a < bb. Observe that, since -’ is an operator, if
a.b € D then ab > C.

Claim 1: = is an equivalence relation.

From (i) we get a = a. Let a = b, then a A bb # (, hence using (iv) ab A b # L.
Since a,b € L it follows that bAba Aab # 0. Thus, by (v), bAaa # C, and so b = a.
Lastly, let a << bb and b < cc then a < ccce. Hence, by (ii) and since ¢ is an atom,
it follows thar a < clecle = ¢le = ce.

Note that ca = V{b e D :b < aa} = \/(a/=), for each atom a.

Claim 2: The set {aa : a € D} is the universe of a rectangular band C = (C, ).

First we neced to show that C is closed under multiplication. For a,b € D, we
have ab < aarb < alb = ab. Hence it suffices to show that ab € C. i.e. ab = cc for
some atom ¢,

In fact, for any atom d < ab we have dd < abab < alb = ab. For the reverse
inequality we use (iv) and the fact that both a and b are atoms. Since d A ab # €,
(iv) implies a A da # 0, whence a < da. Similarly, d < ab implies b < bd by (iv).
Therefore ab < dabd < dild = dd. (Observe that if ab = ¢ € ' and ¢ > d this
argument shows that ¢ = dd.)

To see that C is a rectangular band observe that aabbac = alabbala = ala = aa,
since abba # O for a,b € D.

We define two sets L and R by L = R = (. It is not hard to see that the
partial function g : D -—— L x R, defined by g{aa) = (aa,aa) for a € D, can be
extended to #n isomorphism ¢’ : C — (L x R.o}, where the operation ‘o’ is given
by (u,v) o {w.x) = (u, x).

Let B = ((L x D) x (R x D),o). Since |(c] N D> < |D x D|, we can choose, for
each c € C, amap f.: (/N D — P(D x D) such that

(6) a # binplies fo{a) N fo(b) =0 (for all a,b € D),
() {u:{u.v) € fola)} =D ={v:{u,v) € fa)} (for all a € D), and
(8) WH{fela) :e>ae D}y =D x D.

Define the map h: D — CmB by
h(a) = {((r1 ¢'(aa),u). (rrg'(aa),v)) : (4, v) € faala)}

and extend it to a map h : EmA — CmB by distributivity over V. Then, by (6),
h is a Boolean embedding. It remains to show that h{ab) = h{a) o h(b).

Consider any a,b € D then ab < aabb < alb < ab. whence ab € C. Hence we let
ab = c € C. Now

h(e) = | J{h(d): c > d e D}
= | J{H{mL g (), u). (mrg (). v) t (. v) € fold)} :c > d € D}
= {((rrg'(e),u). (trg'(c),v)) : (w.v) € D x D}

where we use the observation that ¢ = ab = dd in the second step, and property (8)
in the third step. On the other hand,
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hla) 0 h(b) = { (2 ¢'(aa), u), (7r g'(aa).v)) : (w.v) € fuala)}
o {((mpg'(bb), u). (mpg'(bb). 1)) : (u.v) € fon(B)}
= {((rrg'(aa),u), (rrg'(bb).v)) : (u.v) € D x D}.

by property (7). We observe that ¢ = ab = aaab = aac, from which it follows that
mrg'(c) = 7 g'(aac) = wp(g'(aa)og'(c)) = 71 ¢'(aa). Similarly 7g g'(c) = 7z g'(bb).
Hence h(ab) == h(a)oh(b). (iv). Using 6.1 and (i) it is easy to show that x < x1 and
2 < 1x hence the unary term d(x), defined by d(x) = Lz1, is a congruence element
for each x € A. O

The above result and its proof was first presented in [Jip0l]. In this paper
it is also obscrved that HRB is term-equivalent to the variety Df, of diagonal free
2-dimensiona cylindrical algebras {(c.f. [HMT85] for a definition}. Hence the above
proof is an alternative demonstration to the one in [HMT85| that all members of
Df; are representable. Since the equational theory of Dfy is known to be decidable
HM'T85], the same holds for HRB.

6.2. Semigroups

In her dissertation [Rei96] P. J. Reich studied the class of complex algebras of
semigroups. (We denote the variety of semigroups by Sg.) In this informal case
study we present some comments and results relating to her original monograph.
First we define the partial algebraic equivalent of semigroups.

DEFINITION 6.2.1. A partial binary operation on a set S is said to be strongly
associative if. for any a,b,c € S, a % (b * ¢) is defined if, and only if, {a *b) x ¢ is
defined. and 1 # (bxc) = (a*xb) *c.

A partial semigroup is a partial algebra S = (S. x) where ‘%’ is a binary operation
that is strongly associative. We denote the class of all partial semigroups by PSg.

Note that the concept of equality used in the definition above is stronger than
that required by Definition 5.1.3 (p. 92).

Let S = (S, %) be a partial semigroup. For some 0 ¢ S we define an algebra
So = (Sp. ), where Sy = SU {0} and ‘-’ is a binary operation defined by
(6.6) 0ob o axb ifa*b’isdeﬁned
0 otherwise
with a.b € &y (in particular 0%« b = 0 = a % 0). It follows from the definition of
strong associativity that Sy is a semigroup.

ProrosiTION 6.2.2. CmPSg € HCmSg.

PROOF. Lot S = (S, %) € PSg and define Sq as above. Observe that if axb =c € S
then a - b = ¢ € 55 Hence S is an inner substructure of Sg. Thus CmS is a
homomorphic image of CmS; {(¢.f. by Lemma 3.1.15 p. 37). ]

Consequently V{(CmPSg) C V(CmSg). It is easily seen that any semigroup is in
fact a partial semigroup. Thus giving us the following corollary.
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COROLLARY 6.2.3. V(CmPSg) = V(CmSg).

It follows from zag that any inner substructure of a partial semigroup is again a
partial semigioup. Hence PSg is closed under one-generated inner substructures and
it is not hard to see that PSg is also closed under ultraproducts. Hence, by Theorem
4.3.17 (p. 85), V(CmPSg) = SPCmPSg. However, the 2-element constant semi-
group has an inner substructure that is a partial semigroup but not a semigroup.
Thus V(CmSg) # SPCmSg by Theorem 4.3.18.

Consider any transitive relation R, we define a binary operation on R by taking
{a,by x {c.d) = (a,d) if b = d and undefined otherwise. The transitivity of R then
implies that (R, %) is a partial semigroup. Let K be the class of all pair semigroups.
It can be shown that for any semigroup S, CmS € K. Hence

V(CmSg) C V(CmK) € V(CmPSg).

By the corsllary above it follows that these varieties coincide. Consequently to
decide if a BAO is in V(CmSg), one may instead check if it is in V(CmK). It
turns out thar K is closed under one-generated inner substructures and ultraproduct.
Therefore V(CmK) = SPCmK. Recently Jipsen (c.f. [Jip0O1]} has shown that each
of the 4-element BAOs listed in Appendix A of [Rei96] are members of V{CmSg).
However there are many 8-element BAOs with an associative operator that are not
in V(CmSg). Moreover there exist sequences of such BAOs (with > 8 elements)
whose ultraproduct is in V(CmSg), which shows that this variety is not finitely
based.

6.3. Boolean algebras and rings

In this case study we turn to the varieties generated by complex algebras of
Boolean algebras (HBA) and Boolean rings (HBR). Previously {c.[. [GoV99]) the
variety HBA was studied as the algebraic semantics for Hyperboolean Modal Logic,
described below. (Note that we diverge from [GoV99] in that they denote the class
of all full complex Boolean algebras CmBA by HBA.)

Notationally we shall use lowercase letters for variables when writing formulas in
the language of HBA and HBR whereas uppercase is used for CmBA and CmBR. For
the boolean cperations in the language of BA and BR we use +, -, &, —, Ll and 0. In
the case of the complex algebras we use V, A, ~, 1 and C, where z Ay = ~(~xV ~y)
and 1 = ~0.

The language of Hyperboolean Modal Logic HBML contains:

e &, = {11, p2, ...} — a countable set of propositional variables,
o ~ V. A 0,1 — the classical boolean connectives.

e (——) — binary diamond modality (internal implication) and

e (0) — propositional constant (internal zero).

Observe that the modalities (-) and {0) make HBML a modal logic. Note that we
take the notion of formulas in HBML to be the usual one for modal logics.

The algebraic semantics of HBMU is over CmBA. Let B = (B, +,—,0) be a
Boolean algebra. By a valuation we mean any function V' : &, — P(B5), i.e. for
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each p € @, V(p) is a subset of B. Each valuation V is then extended to arbitrary
formulas by induction:

¢ V(0) =0, VIXVY)=V(X)UuV(Y) and
V(~X) -NV( ) = B\V( );
o VIX(=Y) = =V(X)+ V(Y) and
o V{{0)) = {0}.

A formula A s said to be valid in CmB if for any valuation V we have V(A4) =
6.3.1. Hyperboolean algebras and rings.

A Boolean ring is a ring R with unit 1 {(i.e. R = (R,<.-,0,1) where ‘@’ denotes
ring addition and *-" denotes ring multiplication), such that for every x € R we have
r-r = x. Given a Boolean ring R and by letting B = R we can define a Boolean
algebra B = «B, +, —,0), in the following way

(6.7) —r=x4%1
and r+y=—(-x —y)
Similarly given a Boolean algebra B = (B, +., —,0) and by letting R = B we can
define a Boolean ring R = (R, ®, -, 0, 1}, in the following way
(6.8) zoy=—(-r+-y).1l=-0
and z@y=(r-—y)+(—z-y)

This gives 1s the natural term definitional equivalence between Boolean algebras
and Boolean rings first noted in [Sto36!.

ProrosiTioN 6.3.1. V(CmBA) = SPCmBA and V(CmBR) = SPCmBA.

Proor. We will show that no Boolean algebra has a proper inner substructure
from which i~ follows that BA is closed under one-generated inner substructures.
Then by Theorem 4.3.18 (p. 85) the first result will follow.

Take any A & BA such that B is a proper inner substructure of A. Then the
embedding function v : B — A is a bounded morphism. Note that 1 € B since B
is a subalgebia of A. Clearly is a BA-homomorphism and hence v(1) = 1. Since B
is a proper substructure there exists an 2 € A\ B. Then ¢+ v(1) = +(1) = 1 € B,
contradicting zag, since for all y € B v(y) # z.

The result for BR follows a similar argument using the observation that z&x = 0

and v(0) =0 0

We now formally introduce the complex varieties associated with BA and BR.

DEerFINITION 6.3.2. By hyperboolean algebras, denoted HBA, we mean the variety
V{CmBA). We call the elements of the variety V(CmBR) hyperboolean rings and
denote this cass by HBR.

Clearly by Proposition 6.3.1 and Proposition 4.3.6 {(p. 82) these are complex
varieties.

DEFINITION 6.3.3. Let V and W be varieties, not necessarily of the same type, and
let D be a nap relating each operation f of the language of V to a term D(f) in
the language of W. Then D can naturally be extended to terms. V is said to be
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interpretable in W, written V <p W, if for all terms o and 7, V |= ¢ = 7 implies
Wk D(a) = D(r).

Note that V is interpretable in W if each W-algebra A = (A, (g® : g € Fw))
can be considered as a V-algebra D(A) = (4, (D(f)* : f € [V)). A more detailed
discussion can be found in [GaT84,.

Suppose now that D(f) is linear for each fundamental operation f of the language
of V. The following calculation shows that for any A € W. the algebra CmD(A) is
equal to the algebra D(CmA)

FOmPAN LX) = P ) € XY
= D21 .. 20) 1 € X5}
= DA (X, X))
where the first and last equality follows from Lemma 4.3.25.

In our setting, D(—z) =z & 1land Dz +y) = ((z & 1)(y £ 1)) & 1 gives the
interpretation from BA to BR (c.f. equation {6.7)). Note that these terms are linear.

COROLLARY 6.3.4. HBA s interpretable in HBR.

PROOF. Assume HBA | o=7, then CmBA = o=r. We wish to show that
CmBR }= D(7)=D(7). Let R € BR. Then CmD(R) € CmBA, so CmD(R) E o=7.
By the preceding observation CmD(R)=D(CmR), so D(CmR) }= o=7. Hence
CmR E D(o)=D(r). O

However HBA and HBR are not term definitionally equivalent. To demonstrate
this we turn to the Boolean algebra 2. The elements of 2¢ will be represented in
binary 4-tuples, so that the top element of 2* will be 1111 and the bottom element
0000.

Let X = {0001, 0010,0100, 1000, 1100, 1010,0110} and consider the Boolean sub-
algebra B of P(2%) with {0000}, {1111}, X and —X as atoms. To see that B is the
universe of au HBA B observe that 1B = {1111}, 0B = {0000},

+ | 0B 1B X —-X
0B | 0B 1B X -X
1B 1B 1B 1B 1B

X|Xx 1B Xv-Xx -xvIB
~X|=-X 1B —Xv1B _Xxv1B

and {0B 1B, X, — X} is clearly closed under internal complementation.

If the symmetric difference ‘4’ were term definable in HBA then B would be closed
under this op=ration. However this is not the case since 1000 = 001051010 € X& X,
but 0001 € X 5 X since to find zg, 27 € X with rg © r; = 0001 we need zy and
r; to agree on their first three coordinates but disagree on the last. It is easily
checked that no two elements of X satisfy this criteria. It follows that HBR is not
mterpretable in HBA.

6.3.2. Equations valid for hyperboolean algebras.

[GoV99 nse so-called Gabbay style irreflexivity rules (c.f. [Gab81]) to show
that all valid equations of HBA can be deduced from a finite list of equations.
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Because of the nonstandard deduction rules, this result does not answer the question
whether HBA is finitely based. Here we give a list of equations that are valid on all
hyperboolean algebras, and for an algebra of type (2,1, 0. 2. 1, 0) with corresponding
abstract operations {V,~,0, +, —, 0} and size < 2!, these equations hold if, and
only if. the algebra in question is a member of HBA.

GoV99)) and K is a class of simple algebras that generates HBA, it is well
known that fcr any universal formula ¢ there is a corresponding equation ¢* such
that £ = ¢ iff HBA |= ¢* (c.f. [McKT5] and [Jip93| for more detailed discussions
of this result). Since ¢ is often much shorter than ¢*, we will usually only give the
universal formula and check it holds in all CmB.

We begin with some formulas that are derived from equations which hold in the
underlying Boolean algebras. Since the commutativity, associativity, involution and
De Morgan’s laws are linear and each variable appears on both sides it is easily seen
(c.f. Lemma 4.3.27 p. 88) that they lift to HBA.

comm: r+ y=y+2zx

assoc: (z+y)+z=x+(y+z)
ident: z +J) ==z

invol: — —r =2

deMorgan: -y = —(—z + —y)

The following are typical BAO equations (c.f. Definition 3.1.1 p. 30).

operator: + (yVz) = (x+y)V(z+2) ~{yVz)=—yV-z
normal: + + =0 =0

The next few formulas are derived from BA equations that are not linear or do
not have the same variables on each side of the equation. In this case they still
lift partially, as can be checked easily using Lemma 4.3.27(i)-(iii) (p. 88). In the
formulas below 1 = ~0 and z Ay = ~{(~z V ~y).

idem: r < r+x

distr: z+ (y - 2) < (z+y) {z +2)
zero: r # C implies x +1 =1

least: x A0 = C implies (z +1) A0 =C

To obtain further equations, and to check the independence of some of the above
equations, it is useful to consider small simple algebras of the HBA similarity type.
Since HBA = V(CmBA) it follows from Jénsson's Lemma? that 0 and 1 are atoms
of any simple HBA. 1f 0 = 1, then it follows from the ident and zero formulas
that » # 0O implies x = 0, so this characterises the algebra CmBg, where By is
the 1-element Boolean algebra. (The finite Boolean algebra (B, +, —.0) with 2"
elements is denoted by B,,.)

*Let V be a congruence variety and Ay € Vfor A e AL If B < A =][,., As and § € ConB is
such that B/# is a non-trivial subdirectly irreducible algebra. then there is an ultrafilter F over A
such that 845 € 8, where 6 is the congruence on A defined by

{a by € 05 iff A€ A:a()) =bA)} e F.

(C.£.[BuS81] Co-ollary 6.9 for a proof.)
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We now list the possible HBA-type algebras with 22 and 23 elements. For a finite
BAO it suffices to define the operators on the atoms.

+]0 1 R |-
Sl S el S T A
010 111 ;
i1 1l o i1 1 1 0
RIR 1 RV R
(The last column lists the result of applying ‘—" to the corresponding atom in the

first column.)

The first of these two algebras 18 CmB;. Its structure is determined by the
ident and zevo formulas. The second algebra is a subalgebra of CmBs, where
R = B>\ {0,_}. To see that it is the only possible model of the above formulas,
we note that ¢ll entries in the table except the R + R entry are determined by the
invol, ident and zero formulas. On the other hand, the idemp and least formulas
imply that R-- R = RV 1or R+ R = R. The latter possibility is excluded by part
(1) of the lemma below.

LEMMA 6.3.5. The class of all full complex Boolean algebras CmBA satisfies the
following formulas (for all z, y ).

(i) zvy<zr+yandz=—-yandzxVy=~(0V1) and y Az +x) = 0) imply
=0, and

(i) d<zx+yande=—-zandy = -y andxVy=~0V1)andx A{y+y) =0
and y ANM{x + ) =C) imply x = 0.

Proor. Consider any Boolean algebra, B = (B. +. —,0), and X, Y such that:

(i): X.Y ar> any subsets of B. Consider the following calculation

{n(X+=-Y)#0 if le X+-Y
ifft l=zx+—yforsomezrecX.yeVY
it y<zrforsomezre X.yeVv.

From the final statement it follows that r = x +y forsome z € X and ¥ € Y and so
X (X +Y) #£0. To prove the right to left direction we assume X N (X +Y) # 0
then there exist x,z9 € X and y € Y such that x = xy + y from which it follows
that y < z.

(ii): X.Y are subsets of B, all the premises hold and X # . Then there exists
an r € X and since X C X + Y we see that for some 25 € X and y € Y we have
that »r = ro + y and thus y < z. Similarly since Y € X +Y we can find a w € X

such that w < y. Since z € X = —Y we have —r € ¥ C X + Y and so there exists
2z € X with ¢ < —z.
The following calculation shows that (—y - —z+w)+x=—-z€ Y.
~y-—z+w+r= -y -—2+2 (since w < r)

= —y-—2z+zr-—2 (sincer < —z)
= -2 (—y+zT)
But —x < -y, from which —y + 2 = 1 and so the equality follows. Since (X +

X)NnY =0and XUY = ~{0,1} = B\ {0.1} we have (—y - —z +w) € Y, thus
~(—y-—z+w)={(y+2z)-—w € X. From the following calculation we see that
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(y+2) —wst —y=-—
(y+2)—w+~y=y-—w+ 2z —w+ —y (since z < —w)
=y +z+ -y —w+—y
=W+ -
Since w < y the result follows. But (y + z)- —w € X and —y € X contradicting the
assumption that (X + X)NY = (.

(ili): X,Y are subsets of B, the premises are satisfied and X # @. Then there
exists an z € X and, as in (ii}, since X C X + Y we can deduce that there is some
y € Y such that y < z. Then

~y-r+y={(—y+y) - @+y =1l-zr=u2a
So —y-z€ X since (Y +Y)NX=0and XUY =~{0,1}. But
—yr—rt-r=(—y+x)-(z+-2)=—y-l=—yeyY
and —z € X which contradicts (X + X)NY = 0. O

We note that since CmBA turns out to be a class of diseriminator algebras
([GoV99]), using (4.17) p. 87 the above formulas can be translated to equations
that hold in V(CmBA) = HBA.

Because of the ident and zero formulas, the rows and columns for 0 and 1 are
always the sarie, and will be omitted. The two remaining atoms are denoted by R
and S. Because of commutativity we further omit one of the entries. The following
algebras labeled (i)-(iii) show that each of the formulas (i)—(iii) is necessary and is
not implied by the others.

+| R S |- + R S |-
(i) R Rv1~u S (iii) R]RV1 ~0 || S
S R S Sv1iilR

The list of HBA-type algebras with 2% elements (thus 4 atoms) which satisfy the
above formulas is somewhat longer. We first consider the case where —R = S. In
this case R + S > 1 by the idemp formula and Lemma 6.3.5(i), and R+ R > R.
S+5 > S by the idemp formula. It follows from the least formula that none of these
entries include 0. Hence there remain four cases for each entry depending on whether
they include none, one or two of the remaining two atoms. These 64 possibilities are
further reduced by eliminating isomorphic copies and applying Lemma 6.3.5(i1) until
we are left with the algebras C; to Cy. A similar analysis, using Lemma 6.3.5(iii),

of the algebras with R = —R and S = —S vields the remaining two algebras Cs
and Cg.
RS- < RS |-
(C,) R R 1|8 (Cy) RIRvVv1 RV1|S
S S' R S S “ R
f RS |- LRS-
S| RVS| R fm}R
RS |- |
(Cs) RIRV1I ~0 || R (Cy) R
S I
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These algebras were found by listing all (non-isomorphic) 4-atom BAOs with one
binary and one unary operator and then checking which of them satisfy the axioms
for HBA.

LEMMA 6.3.6. (i) CmBy is a representation of Cy.
(i} By taking R as a non-principal witrafilter of any infinite Boolean algebra we get
a representation of Cy.
(i) By taking R as the set of co-aloms of Bs we get a a representation of Cs.
(iv) C4, Cs and Cq are representable in the free Boolean algebra on w generators,
Fga(w).

PROOF. The proofs of (i), (i) and (iii) are fairly simple and are left to the reader.
The more interesting constructions are found when looking at (iv).

First we introduce a bit of notation. For i € w we write Fpa{zg, ..., x; 1) for the
free Boolean algebra on ¢ generators {(i.e. Fga(wo,....2i—1) = Fgal{zo,-...2i1})
and Fga(w) for the free algebra with free generating set {z; : 71 € w}.

Cy: For a.b € R, let [a,b) be the right-open interval, and define 7, = {/3, %) :
i < 3%} for k <2 w. The set F of all finite unions of intervals in Us<o Zk is a countable
atomless Boolean algebra F = (F, +, —, 0}, where + is union, — is complementation
with respect 1o [0,1), and 0 = §. Note that since all countable atomless Boolean
algebras are icomorphic (c.f. [ChK77! Proposition 1.4.5), F is isomorphic to Fga(w).
We show that Cj is isomorphic to a subalgebra of CmF.

For any X < F| there exists & € w such that X is a union of intervals in Z;. The
subsets R and S of F are defined as follows: For X € F\{[0,1).0}, let X € Rif X
is the union cf an odd number of distinct intervals in Z;, and let X € § otherwise.
This is well-defined since if j > k then each interval in X splits into 39~* intervals,
so X is also the union of an odd, respectively even, number of intervals in Z;. Since
7y, has an odd number of elements, S = —H = {~X : X € R}. We have 1¥ in
R+ S, 5+ S5 and R+ R since

F =0, =0 )Ulh ) =0)ul.y=0HuiE .

Toseethat R+S5 2 Rand S+ 5 D R, consider X € R. Then [ = [3‘;, 1—5};‘) C X for
some { < 3 and k € w. Since [ € Rand X\ I € S we have X € R+ S. Moreover,

we have

X =53 uX\[& 3 eS+8S.

3% 3
The argument for R+ S O 5§ and R+ R 2 S is similar. Since one always has
R+~ R2DRuand §+5 2 85, it follows that B and S are the atoms of a Boolean
subalgebra of CmF isomorphic to Cy.

C;: The representation of Cy is achieved by starting in Fga{xg) and colouring
o and —xp 1ed (ie. xg, —xp € R). We then generate the Boolean subalgebra of
Fgalzg) containing all red elements and ensure that each of these red elements will
have two silver elements (i.e. elements of S) below it. We then produce new red
elements such that each silver element has one red and one silver below 1t. We
iterate this process until we've coloured the whole of Fga(w).

An explicit description of the atoms of R;, i.e. all the red elements after i itera-
tions, is given by the following definition.

o Ay =10 Dy = {{zo, ~xo}t},

o A, ={{" &z} te X forsome X € D;_1}, fori >0 and

* D,; = {1\: . {-—3}2} X e Di—l} U {Y . {‘L’g“/ —in} Y e ‘41‘_1}{ for i > (.
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Let 4, = {t : {t} € A;} and let D, = {sVvit:{st} € D;}. Finally we let
R ={VX:XCAUD;} and S; = Fga(zg,....2:) \ (R; U{0,1}). We now define
k= URz\{Dl} and S = LJSZ

1EW iEw

Note that, for each i € w, A; U D, is the set of atoms of Fgal(zg,...,2z;). Thus

it follows that R; is a Boolean subalgebra of Fga(zg,...,z;) and so |JD; C S,

Since each R; is a Boolean subalgebra of Fga(zg,...,z;) it follows that R = —R,
S=-Sand R+ R2 RU{1}. To see that R+ R C RU {1}, observe that { € S,
if, and only if. there exists a {f1,t2} € D;_; such that ¢; < ¢ and t, < —t, thus
t € S;_1 implies ¢t € S;. Hence R, NS;_; = 0 and so R+ R C RU {l}. From
D; D {Y {z;, —z;} : Y € A;_1} it follows that S; + 5, O R,_; and hence S+S 2 R,
and so S+ S = ~0 and R+ S D R. Recall that |JD;_; is the set of atoms of
Fga(zo,...,z,-1) in S;_1 and that R, 1NS;_; = 0. Thus by construction A, ensures
that there are elements of 1; below each element of S;_; and thus R+ S C S.

element of 5;_1.

sentation of Clg, let Sy = S} = Ry = 0 and Ry = X; \ {0.1} and then recursively
construct Ry and Sy, for £ > 1, in the following way.

RQi = Rg._l for i Z 1.

Sgi = XQ, \ (Rm;l U XQZ;Q U {O 1}) for ¢ 2 1.
RQH_l = “(224_1 \ (Sgi U Xgi_l U {O7 1}) for i _>_ 1.
SQH._l = Sgi for i Z 1.

We let R = || Ry and S = |J Sy

k€w kEw
It follows that R = —R, S = =S, RN S = { and that RU S U {1} U {0} is the
universe of Fea(w). To see that R C S + S observe that if r € R then there exists
i € wsuch that r € R;, but r = r - ;4.1 + 7 - —x;,, and from our construction
r-z;y1 and r- —x;,, are elements of S;; ) and hence of S. Note that if r € R; then
r=r+r-x;q withr-z;,; € S;;1 and so R C R+ S follows from a similar argument
as before. O

Cg: Take X; to be the universe of Fga(zo, .. .. x;_1). To demonstrate the repre-

From the ccmment earlier we can see that all the universal formulas described so
far give rise to equations that fully characterise any algebra B of the HBA similarity
type up to size < 21 ie. B satisfies the equations if. and only if, B € HBA.

6.3.3. The undecidability of HBR.

First we note a result from [AGN97| (c.f. Corollary 2.10(i)).

THEOREM 6.5.7. Let K be a class of relation algebras that contains the complex
algebra of an nfinite group. Then the equational theory of K is undecidable.

So we restrict ourselves to reducts of HBR consisting of the external boolean oper-
ations 'V . ~" and ‘C’, the internal symmetric difference ‘<" and 0. These algebras
are symmetric relation algebras (symmetric means that the converse operation, a
fundamental operation of relation algebras, is the identity map), with relation com-
position given by & and identity element 0. Let (2¢.=.-.1.0) be the countable

product of 2-e.ement Boolean rings. Its complex algebra is in HBR. and its reduct is
the complex algebra of (2¥ &, 0) which is an infinite group. Hence the result follows.

COROLLARY 6.3.8. The equational theory of HBR is undecidable
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6.4. Open problems

We conclud: this chapter with a few open problems related to the work presented
here.

(1) In the previous section we presented a finite set of equations which determine
BAQs of the HBA similarity type of up to size 2*. It is however still unknown
whether either of the varieties HBA and HBR are finitely axiomatisable.

(2) As we have seen the equational theory of HBR is undecidable. In |{GoV99]
Goranko and Vakarelov proved that HBML does not have the finite model
property. which still begs the question as to whether the equational theory of
HBA is decidable.
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