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1.1 

verse was "born" 

on 
it appears that at a time t 0 our observed uni-
a at the size of the universe was 

relativistic invariants such as energy and curvature 
the initial the universe starts in an hot and 

",,,,,,,,i .. ,,,, in size. After the universe 
Ge V and has a curvature scale of the 
ext)ec'ted to be described by <.;li;;\.:>1:jl'Ci:l.l 

effects. As the 

nrotc)n-neutlron conversion 
Three minutes the 

InTel .. "",."., and helium. The ",>""rli,,,,",,.n 

describing the early universe, telnDl~ra:tUl"Bl: ale often given in particle physics units. They relate 
to the thermodynamic scale via lGcV c:::: 

2The absence of anti-baryons must be eXl)lalIlOO 
asymmetry between matter and anti-matter. 

a different model - it could e.g. be due to a slight 

3 
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helium 

success of this 

1. WHY 

more since 
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1.2. THE A 5 

refined oV",,",o.·iTY>O~'." 

fine-

or 
of matter and energy whose 

to us 

1.2 

loose 

summarize 
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6 1. WHY 

3This means that String 
However, Theory is still far from 
hidden in BOrne compa.ctification or be forbidden 

conjecture is an of as discussed in section 1.5.2. 

review 

~ ..• ,~~~ ... , .. observed. 

0;...-,,""'''''' could be 

prefer to use the term for the lID super-gravity limit; we will not do so here. 
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1.2. THE A 7 

ory. an 
constraints. Then 4U<Ul1uULU 

the 
yu,C"Ul,''''C;U in a way, 

constraint are well-understood. This means that 
there exists a with a Hilbert space of states 
that can be viewed as the kinematical Hilbert space of the 
rlA"n.t:A tremendous work and progress towards 
the 
are still not resolved. For a detailed review of 
or [7]. 

It should be out that there exist several alternative att;enlpt;s 
others the twistor 

received considerable attention is non-commutative 1".""J!!J.c;ul 

that coordinates themselves do not commute an 
These models are now it has been observed that in certain limits 
of the entire can be described by a gauge 
commutative space This means that on a certain level Theory aUL'VLLJLa, 

has some of built-in. 
What all these have in common is that even if they are pr<Jmisirlg 

it is hard to tell whether 
the \.lUa.U'OUl .. 

since all these candidate theories are <VA .. ACUO>I,,",U 

at the Planck energy any low energy limit is 
not to mention the of In time any low energy 
limit there has been recent progress 

""'''''''''''0 '"'v,,. .. ' .... vn"'"" to deduce the 

Cm;m()lo:glCal models. In 
we have to com-

manifold so that we are with an 
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8 

in 
select these very 
vacua, and in case 
in order for the models to 

A further vUll1V.UU::'~H.'!'; 

as extra and/or 
l>CSl>mcji!: field for any new model 
agree with the universe we live 

1 

In what <>1-f·o,...' ..... 1- to outline the 

therein. 
\.,uc, .. ""u,<,.",:u modellru;Pllrea 

which used the 1980s 

1. WHY 

ideas the aIr[en~nt ...... ''-'<0.10 
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1.3. 

W""~''AA why we live in four dimensions. The 
dimension the same 
with a gas and 

universe in this 
it has to aO<lre!jS 

The IJU''''UJUILY 

9 

in order for the IJUI::IHJIUl::lllJ-

U!-'"L>U,;O to match at tree level [209, This means 
where the universe appears 

much work has since then carried out on the search 
Most iTn .... r.·~i" and Waldram 

",H,~n+;"'" action for Hofava-Witten and exact cos-
UUJucao. The existence of these ov,.u.V.'VAl'O 

we refer to e.g. for details. 
here means much larger than the weak scale. 
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10 

1 

not contain any SUl)er-SVm 
ative tension the 

is of order of the 
<>-alml~nS10na.I Planck 

1. WHY 

fields - which are what we our <>v,r",T',rn<>nlr" 

then the way to see the extra dlrnerlSl()llS 
constrained on small 

is H""""H':" 
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1.4. THE RANDALL-SUNDRUM 11 

new is introduced. The mechanism for ".-.,.nnlu· 

model is so effective bec:aU!~e 

tension mwt be 
Cm>IIlIDlO'gy on the brane solving the 

nn'~lnl"p tension are how we want them to be: the energy '-'vAADAI"vO 

OT~'""''' is attractive. This was one of the motivations for the second model 
called where it was now assumed that the o~a,l1U':U 

nn",t-,.,., tension and tension brane is moved 
This means that the model now has a extra dimension which is 

not but still possesses ~_""n>rn,oi-.. ·" as in does not atl;eulpt 
since the brane on which this could be done is removed to solve the 

the RVR:teIlrt. cOlnbma,tlO>ll of the two models may to <>n£ir""'" 

prc)bll:!m as we will outline we now 
wonder whether this still agrees with Newtonian 

well. It turns out that when 
llULHl"'~lUl'" in terms of the 

11l"'1lL<"'U.U,; bound state and continuum of 
is no mass gap "'TIT"",", n,p models like and while the ITr'r,nTlirl 

the rumal Newtonian p01ten.t1 rise to non-newtonian 
LUL'U."," these can be reach 

far away from the 
hence have very 

has evoked the interest of a 
which we will II of this thesis. We vAU+''''''''''"'"v 

not seem to violate well-tested 
uu....,L,-vO.llUl.1COlO and late time This model 
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12 1. WHY 

one extra dimension. 
There are two ways to so: p.T.7Jp.rimp.'nit.Q on earth 
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1.4. THE 

inverse square law on "UlU-'.UU.UUJ":;;~'~' distances and SP{~CltLC new 
tures. 

micrometers 

energy collider 

results constrain the number of extra dimensions in the ADD model to more than 
constrain the RS models. 

eXl)erlment;allsts have been '~V'U"'b 

13 

results 

<UI..'UCW with different were constrained 
2dF and SDSS. 

Ia supernovae aTIT""""" 
matter on the brane in the form of dust. The same data 

, where it was shown that models a scalar curvature term in 
the SN Ia and the WMAP data very well - even in a model 

v"' ... .".J\.JJU!'. UJ"'!Jl!ULU~!\-""! constant on the 

black holes can 
curvature radius the RS2 model [180j. 

UflJD<J:reU that the entire class of models 

that various constraints 
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14 1. 

when not Impo:sm,g Zn_""fTUTl,pt.rv in"·r",,,,i ........ the number extra dimensions. 

1.5 

The of Black Hole l.,;G.mlple:m€~nt.ar] 
either side the horizon sees a violation 
redundant statement - should we 
should first of 

Now let us consider a 
pal'lsiIllg the horizon with the information will >v,-".u .. ,<:; 

and to underlie any 
the context Black 

states that no observer on 
This a 

YU't:<ll,lUl.1, we 
ditterl~nt observers. An 

the horizon 

the horizon. Let us call this copy 1. The external E on the other hand will see the 
mtlorD1atlOn absorbed and the horizon as copy 2. Thus the bit 

the either or the 
Xerox It is clear that the E could never see copy 1 since this copy is locat€:a 

the horizon. E travel the horizon once she has .. ",(,,,,,,,,,,,(1 
re-emitted copy 2. the the first observer could send her a 
with copy 1, and she of the same bit of in violation 
of the Xerox 
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1.5. SPACETIMES VVITH HORiZONS 15 

The resolution of this lies in the fact that there is very little time for the 
"'.h.~;1la.JLl5'" to occur before either of the observers hits the The 

observer will have to send the to observer E in a very short 
of time. to the laws of 4. U',",'.UUl Ul"''-'ll<>''"w'' this will a very amount 
of energy. It can be shown that the energy to 
is in fact than the energy contained in the Black 
It is thus not to to violate the 

This realization of the " •... _.,y._ 

the signal to observer E in time 
which leads to a contradiction. 

can be translated into the statement that the two observers 
use the same Hilbert space, but measure observables in their 

cOlilCel)t has been space with horizon and in its gen-
eral form is often called Observer or Horizon CClm'plE~mentaI 
The states that any two observers in a space with a horizon never see a vi­
olation of the known laws of This translates into the mathematical statement that 
the of observers who are "","""'" ..... y 

aelpellaEmt tensor factors the same Hilbert space but measure 
observables. Observer that the semi-classical 
with a horizon can be described an external observer outside the horizon. 

1'1"·,,,1,.., .... 0' radiation of Black Holes cannot be described by a free field 
that is defined on both sides of the horizon: one must instead describe the Black 

restricted to the spll.Cetinle outside the horizon 

goes back to when 't Hooft studied Black Hole 
It is well-known that the maximum in any 

a measure for the number of must 
not the volume of the If this was not the case 

Black Hole formation would cause the second law of nOT",,,r'r! Y J"GlU",," to be violated as first 
demonstrated Bekenstein 

In his plOineEmlllg paper [100], 't Hooft """,·.,.o<,t",rl Dh'V'Sll~S can be recon­
ciled with mechanics if one a He 

reasoning from Black Holes to ''''''''' I,U "...,. in 
line with Bekenstein's arll;t1nlent. 

The notion of cutoffs in 
energy our 4-dimensional should be 
dimensional lattice in where the lattice relates to the cutoff scale 
and is to be of the order of the Planck scale. 't Hooft however that at 
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16 1. WHY 

the Planck should be a 2-dimensional lattice 
"rot,.",.,,, must be attributed not to the 

but instead to the of freedom of all qUll~nnzea 
borhood of the horizon. This means that the of deJ!;reE~S 

of the Black Hole horizon is finite and to the horizon area. 
of space inside a closed surface should be 

de~!;rel~ of freedom can be 
, and "one Boolean variable per surface element 

fice" to describe all the in the inside It is now clear this COJilCemt 

n,.,n,..·'n"~··. He further considered the limit where the "''',,"U'.Aa.L 

'"'v ....... ,JLU"'·u that in fact any 3-dimensional space can 
as this surface rang~ to This 

de~!;rel~s of freedom in a must be 
on this fundamental scale the ae~~«~s 

of freedom of a 2-dimensional lattice. 
in 1994 that this has 

model by Klebanov and Susskind 
of a .""n.,.,-on."" 

version of the VAAl:;"""" 

n.".·",.oml' Principle for any 
construct the relevant surface based on the construction of null-surfaces 
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1 

the 1.,,"''''U,'''u-·..., 
... n,<lnlr,pr we summarize the cmim()101~lClll nrrm,prt, 

in mind that this is not a """UH'U" a summary of 

The effective action for on which the matter are 

s 

where 

(2.2) 

is the Einstein-Hilbert action 
nrtln",u'au" in the bulk. 

constant. 
The matter on the brane is 

where is the matter on the to the 
vacuum energy of the brane. The exact form of the 3-brane .uu.."'"".""u"".""u 
the five-dimensional metric in the state. 

19 
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20 2. 

The e-Ollm.en:SlOJUal Einstein 

= 

The H7"·UU.UV."O'VUo,. elneI·gy-m.onleIJltum tensor 

brane vacuum energy>.. This means that the total energy momentum tensor 
form 

+ 

with 

+ 
Note that we have to defined tensor to include the 

in contrast to e.g. 

which is 
and 

is of the 

cosmo-

eql1ac,lOIlB ""»b,,tv'mO' 4-dimensional Poincare invariance is 

is the 4-dimensional metric. 
value y in the metric 

+ 

enlOE:ddled in a slice of It COE;m()lO'~lCI:U constant A(5) is 
to the brane -..v,,,,,,,,v/,»v.,,, 

then we 

4-(UIIlenSlOnal ",v,un'nVI"'''''''''' constant A to zero. 

"h.,pr'JPr! that if the fine-tuning condition (2.8) is violated 
an effective 4-dimensional constant 

A 
1 
2 

a 

which will cause late time acceleration of the universe in agree~m{~m; with 

for "'A<UH'~'''' 
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2.2. 21 

is the brane to the cm;m{)lOl~lCl'tl 
for a current review 

In this way we obtain a relation hpj-_",,,,pn 

if the bulk is to the fact that exact is ,..""f",.vn 
brane energy momentum tensor. We will this mechanism in the 

the . We will then able to de(:omlpO!:le 
"",mn"111,.,. matter 

have correction terms from the extrinsic curvature 

2 

to the Minkowski or we can choose U<J'W'''U;'''' normal coordinates y 

such that the metric takes the form 

+ 
XI-' are coordinates on the the 
affine the proper um""",.l'-'" 

Y = 0 without loss of 
this choice 

to be the unit normal to the brane. The "A'"U''''''' metric on the brane is 

gAB = 

and the extrinsic curvature of slices of constant Y is 

= 

The "ua.u!".", of 
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22 

The 4-dimensional Riemann curvature tensor 
l>-CIlU1lenSlOnal curvature 

= 

= 

+ 

n-cllU1lenslonal .Ly'",.u.""uu tensor 

+ 

where T = and 

and the 5-dimensional 
the form 

2. 

<>V,",,,,,,,,,,,,,.r! in terms of the 

the 4-

into scalar curvature 

+ 

we that the 4-

is the electric 
conditions [114]: 

of the l>-CllmlemSlOltlal tensor. We now UAAOJ"",", 

= 0, 

= 

X= is obl~ailled on the 
en<erl!Y-lmOlmEmtum tensor 
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2.2. 23 

Because 
extrinsic curvature. 

at Y 0 determines the 
is by 

the energy momentum tensor 

+ 

where 

The 4-dllmenSlOn.al constant is 

= 6 

and the "i-CnmlenslOnru '-''"'''''''''Vl''>'''''''''' constant A is the mismatch the 

U"'.'''<;'u in 
is not U"""'v'" on the 

in the limi t Y ....... 

Lo,."U,lo" COllplm~ constant 
.v""'v,v.«"'. cOllplmg constant K, ,",UII0L'''-''L 

tension ,\ is taken to infinity. 
If we rewrite 

we can see that the effective 4-d are very similar to the l')"a'O;:;L<:U relativistic Einstein 
equations, but with two correction terms: the tensor in the brane 
energy momentum and entails the effects the and 
the tensor carries the non-local 

the O;:;A~JU,",.lL 

o. 
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24 2. 

this and the 4-d contracted Bianchi lU";U~,'~'~'O 
constraint 

= 0 one ODl;al[L8 the additional 

For 

= 

are the evcllUtlOn and inho-
matter content . 

... ": .. "" •• ,, onto the 

n:a'",...,l'"V uI-L to 
As in standard 

'"'.1." .... "£'"'&£ tensor onto the ')-l;iDHlCe8 on,nug,Ullli:U to the 
cOlrrel,pcmd to the instantaneous rel;it-Sipaces 

+ 
the 

where for any tensor 

It ... ). • 

The choice of uI-L also uellm~8 a proper time the often called 
the "dot 

IJU11""'UlCU in the covariant derivative of the 
vector which can into its 

where 

of a and 

We also the r.nvajrIHlIn; spaI;:lW curl for any vector XI-L or tensor XI-LV via 
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2.3. COVARlANTLY KINEMATICS 25 

is the volume rate of of the and related to the 
H e = 3H. From now on we will use H instead of but the 
lu~~n:;Hi:LU!!.I~i:LIJ'l~ up to a factor of 3. 

• The trace-free and is the shear tensor = =0, = 0) 
and describes the distortion of the fluid. 

• The Sk€~W-:SVIlomet WP.II is the 
the rotation of the fluid relative to a nOlo-rlotaLtlIllg 

It is often useful to define the UUlL!!,U'" 

= = 

and the vector 

Wp.= 

If the vanishes tensor satisfies 

=0 

and serves as a metric on the rest spaces orl;no.gonaJ 
A can be I'",,,,,,."'.T.1c dec:oIIiposed as 

+ + +'lTp.I/, 

where 

=0, =0, 'lTJi.II =0. 

This ,.,,,,,,,,,,,,,, defines the 

• p 
is the relativistic energy aensllty relative to 

• is the energy flux relative to 

.p= pressure and 

• 'lTP.1I = is the aIllIS()tI'OJ)lC stress. 

1 If WI-W =/; 0, then this statement still holds locally, but not globally. 
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26 2. RANDALL-SUNDRUM 

we can the 

= + + 

where we define 
=0, = Of =0, =0. 

the 
aniiso1~rooic stress 

a fluid ~ .... __ ._~ .. of state 
or""'i-',... .... of state of radiation. For this reason 

of the fl uid. 
is a "I-'G'."'''. s:vrnlml~trlc 

to the usual energy flux vector stress tensor 11" IJ.II 

For the rellm:l.InU!~r of this 
no,rt.:,,-i- fluid form 2 

we will assume that the matter on the brane is of 

+ 11"p.v = 0, 

cases can be summarized a 

p= "I = canst, 

where 0 :5 "I dOlmiltlaIlt energy ('nl1/1.T.lnn and to 
preserve """Ll"G'U"Y, 

"I = 0: a false vacuum or CO~im()lOI~iCl!ll constant state with -'1'--.-- of 

"I = 1: 

"1= 
"I = 2: 

state p = -p, 
pressure free often called "dust" or "cold dark matter" 

with p = 0, 
a Fermi gas with p = 
the stiffest jJU,,,,,,'U,,,, "'4'.I."'"lUU 

"stiff matter" . 

often "radiation" , 
state 3, P = p, often referred to as 

The non-linear matter correction tensor then SlIllpllnElS to 

1 
= + + 

and on the effective energy rlPl1<:.t:V pressure, flux and aniisol;rooic stress become 

Ptot = p+ + 

the general case with ql-', 'IT 1-''' 1= 0 see 
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2.3. COVARIANTLY DECOMPOSED 27 

Ptot = p+ + + 3 ' 

= 

= 

We can see that the effective energy carries the bulk effects in the two correction 
terms and. There are three different energy 
times or at late times when ap:pr()achirlg 
term dominates » p, 
If the dark radiation term is the dominant energy then we 

of the dark radiation 7"''''1.7£1.''_ 

At late that the fluid energy rl<>.,,,,t:., is the term in 
p » limit we recover the relativistic effective energy 

It is to note that the non-local bulk effects geller,:wy n,,,,,""""',. fluid 
into an fluid as can be seen from 

We also observe that the effective of state ""''''-''15''''' 

'Ytot == + 1 = ...:.--....:..:....;...-,,-----!.-!..-=... 
Ptot 

At low p « >. and = 0, we recover the usual "'cl'U.a.L!V'W 

enterg:les p » >. on the other when we can 5""-1"''''''UY nej1;lec3t 
, the effective of state is stiffened: 'Ytot 

Tnrv,,·h,.,1- consequences close to and crunch U"'o~"~' 
correction terms the constraint for the onset of inflation section 
the effect that matter ('Y = 1) feels an effective non-zero 
pressure ('Ytot = 

2.3.1 

The prcIJecte<1 Einstein field eql1atiorLs 
obtain and constraint 

the local and non-local fluid cornp(ments 
a.V'"Ca.'L'V,UGL field on the brane 

"''-1[ .... < ............ ,." on 

~_,~~., .. ",,~~~,~ in order to 
defined kinematic 

and and the free 

We will de(30napC)se the 4-d ruemann tensor into scalar curvature rucci tensor 
and 

+ 
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The tensor 
into the electric 

We "'lll.j.lU"""' .. "'" that 
confused the electric 

There are three sets of 
identities. 

Ricci identities 

CHAPTER 2. 

.",.,tU"'''' field on the brane can be 

= 

brane tensor and must not be 

AU"' .... , •• "", and the Bianchi 

The rued identities for the vector field uf.L are 

When sul)stitut.ing 

+ 

= 

+ + 

shows how the non-local 
shear of the brane. 

+ 

= 

pn)p~Lga.tlO!fi and constraint 
af.L"" We can see that the bulk 

act as additional source terms. 

+ -A 

=0. 

"''i'..\'''L.lU'.., that does not include any bulk terms. 

+ = 

•• ",.lV.""'" field as well as the non-local shear induce 

The three constraint eQl1atlorLS are the shear constraint 

- curlwf.L- = 
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the constraint 
=0 

and the or constraint 

curIal''' + + =0. 

Once-contracted Bianchi identities 

A second set of arises from the Bianchi identities 

=0. 

deC!OmlpOised form of the Riemann tensor into the once-

=0, 

we find prO'pi:ti~atl 

the brane. 
"'4' .... "lVl1l> for the gra,vlt,o-e'lect;n 

The 

and the gra,vmo-nlagnet;lC 

= 

The constraint 

+ 
",2 

2 

ua.,,.v ... , are the emaVII"LO-eleC1GI 

and the gr:avilto-m.agnettc rlh", ... , .... ""yu .. "" 

= +-
6 

+ 

+ 

and graLvit;o-lna:gnE~tic fields on 

+ 
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If the 
brane 

= 0), then the i:l.I.L.IUUi:U) ...,...,'u"",,.- ....... uu, ........... equal>IIUIlilS on the 

+ 
-2A= 

relate the kinematic to the curvature of the : .. _snAl'ps, is the 
Ricci tensor for 3-surfaces 
scalar of the ;j-spac:es. 

"'U'I')U'"'''''' to up. on the brane and 

Twice-contracted Bianchi identities 

The twice contracted Bianchi identities 

=0 

lead to the conservation of the energy momentum tensor 
to the constraint for the 
tensor Up., we obtain the usual energy 

f;+ + =0, 

+ + =0, 

where a dot denotes 
FLRW models. 

andH is the Hubble exl>8l1ISl(]ln when \JV£<..,.U,"" 

and obtain pr1op,ag:atlon equa1;U::lns for the non-local 

pn)p~Lgaj;lOIl ec:}uBLtioon for the non-local stress 
V'Y. , ...... V.lLO on the brane are not and the exact form of 

obtained from the full 5-dimensional This pn3selnts 
U","I,'V'." around the exact FLRW 

"'<OJ"""'u' or curvature 
ua.".v.", into metric 
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Irnt.u"" .. ",." about the 
",nt"nT\1"'" and tensor 

make sure that these ""'''',,vr.nt, 
HULl,",''''; constraints on 

are at least self-consistent. The 
tions can be proven in a full treatment of the 5-dimensional bulk 

.... " ................ '" on 

Just as in General we are often interested in the case where the matter is de-
a scalar field on the brane. The main of this section is to show that there 

ull- associated with the scalar "fluid", which allows us to 
ua',!V£lO with to ull- as described above. 

scalar field cp confined 

+ 

where is a p01GeULlaJ """"'''U'''''.'I<. the self-interaction of cp. 

Covariant Scalar Field 

On 

and on 

of motion can be derived from .c 
the Klein-Gordon " .. """t:l .... n 

the 

_ 8V =0. 

Noether's 'neore:m, the emergy-Inome:ntl11m tensor has the form 

+ 

we find that this enl~rgY-I:nOIne]lt tensor is conserved: 

o. 

that the momentum ~~'''V'·".' is time-like 

<0, 



Univ
ers

ity
 of

  C
ap

e T
ow

n

32 

¢ is not constant and so the surfaces 
1-1,,",,<:;-''''''1<:; • We can now define the 

u~= 

2. RANDALL-SUNDRUM LlIlLL1..l\JLJ 

are well-defined ::;Ui;l.\;I;:'-Ull'l;: surfaces in 

(2.76) 

to the normals of the surface 
a.u,,,,v~;u<:; of the fundamental comov-

the 
derivative and the time derivative '~V'''"''J the 
normalization factor '¢ as the momentum rlo,~",t"v ".a!'.,'''"''''''"''", or the momentum of 
the field '¢ = The can be defined as usual and are in ",,, •• ,,r:",1 

of and 
it is easy to see that we can 

fluid 

= 

if we define energy dellsit;v p and pressure p of the scalar field fluid as 

p + 
p = 

the usual energy and momentum conservation 
exJ>UClt form p and p the energy con-

¢+ =0, 

which is the covariant form of the valid for any brane 
with a scalar field on the brane and the defined 

It is convenient to relate p and p 

p=(')'-

This index is constant in the case of a 
case of a scalar field it varies with time: 

the index ')': 

+ 
p 

= 
p 

one-colnp,onl~nt hA:rntrn1ni 

- 2) 

cP were constant, then energy conservation implies V = constant, hence we would be 
effective constant instead of a dynamical scalar field. For more details see 

5u i' is in fact the unique time-like eigenvector of the energy-momentum tensor. 

but in the 

with an 
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2.4. SCALAR FIELD DYNAMICS ON THE BRANE 33 

Of interest later is the limit "f -+ O. 
~_ .... _ .. ___ to slow-roll behavior ¢2 -+ 0, which seems to 

we that 
that the second 

rlh,pr,::rp..: in this limit. a more careful 

Wt:l.l-Ut:llJ.lt:U if "f -+ O. To show we first invert to obtain 

= "fp, 

2V = (2-

This means that the limit "f -+ 0 is to 

v 
-+ 0 and - -+ 1. 

P P 

Since Vip a constant value as "f ----+ 0, 
of the derivatives with to ¢ as "f -+ 0, i.e. 

V' 
----+ const 

as "f ----+ O. Therefore 

dV 1 I 1 
·-;-=V·-;-,,-, 

¢ ¢ 
= . H ----+ const . H, 

that <>,.",,,1:".,,,.. 

rate H is finite. 

2.4.1 

is still valid in the limit "f ----+ 0 as as the Hubble <:;"",J""'J''''U'll 

As in General a scalar field can cause the brane to inflate. The Randall-Sundrum 
model definition has so inflation must be caused a scalar field confined 
to the brane. There do however exist braneworld models in which a bulk scalar 
field can cause the brane to inflate e.g. 

The condition for accelerated ii > 0 can be obtained from the 
as usual. For a FLRW brane with = 0 this condition becomes 

-+ 0, we recover the usual condition for inflation "f < 
enElrglles, we find that the of state must be more 

inflation to occur, and when pi>' ----+ 00 we find that inflation 
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The energy term does on the other hand increases the Hubble rate as can be seen 
from the Friedmann The increased Hubble 'friction' the 
kinetic energy of the scalar to be reached earlier. This 
ar~:uIlrleIlt can be made more formal e, 1] as in 

e -

1} -

We can see that at ~."""".~~, these nruraJlrlp.ters become 

where 1}gr are the standard slow-roll 
-+ 00, the terms in square brackets become very 

pOloen,tl8JS too to cause inflation in 
below>. inflation comes to a natural end. 

pn'~ra,p., even when In<:lWlmg 

0, it can be eX1P1ic:ltly 
UUJLL-"l"",W. contribution to the 

When 

is ""'''''OT',I'''' 

and not - as 
- by the shear. Furthermore numerical indicates in this 

rli~:A.nnp'~.r~ in a fixed interval of time after a transient 
- unlike in [156]. 

of RS2 braneworld inflation can differ ,,.0 ..... ,.\..""." • .)' 
relativistic ones and may be used to constrain the different braneworld UUJ"'''"'.VU':w. 

models. First of the number of e-folds between two inflaton values for a 
is in the model than in the relativistic model due to the 

increased Hubble friction in braneworld model. The main for any in-
na'LIOl[laI'y model however is the of caused fluctuations 
of the scalar or inflaton field. The increased Hubble friction in the RS models 
can lead to deviations from scale invariance of the the for the 

in!llationlyY ""' ...... v/',u'v. In TUn"T.Il'·1l 

are under nU"r .. ",.'" pressure from a","."aT';",O""'" 

1I1lll8\,IOlll:!.l"Y models mentioned above 
waves due to the fact that are "'UJ'".l"CWJ.Y 

further constraints in order to agree with uU'"",;'vO.Y 
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2.4. FIELD ONTHEBRANE 35 

graVH<u,!U>IlW wave can 
gra,Vltl:ttloiIlal wave PYT\prj,mp'nt" such as LIGO II and LISA 
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In this we will the of certain 
will assume that the FLRW braneworld is with a mrnmlally 
scalar V(4)) = 

braneworld context 
COITe!lPonding to the 

theories 
attractors in 

models with a wide set of initial 

models in the 

we are not 
uU.U>.>AVJ... "'JlAO~vU''', we are interested in the local 

of new critical 
models 1 

lIn the literature, these models are often also denoted fbi in order to be consistent with the "<.;<.;UIU'UlI<C 

literature we will denote the BDL model by m in this chapter and by fb in the chapter. 

37 
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1 

see 
To most nh,,,<:,,'<> 

state of 

3. 

due to the extra dimension become dominant. 
"""'," III '" of the state space of more 

the energy conditions and 

case where the matter is 
We that our 

<:v"t:Plm" can be associated an abstract state space 
Qv<:,r"rn at a time t to an x( t) 

that each 
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We will restrict ourselves to the case where the state space is a subset of Rn, so that each 
element of the state space is of the form x = ... , we will assume that 
the evolution of the is an autonomous differential equano1n 

. dx x= = 
,.,1"<,,.,...,..,,,j-<>I1 as a vector field on R n, 

....,,,' ...... ,.v .. (3.1) then reduces to a of n 
It can be difficult or to solve a 

for each initial condition 
and even if the 

we are often not interested in the 
we want to know about the 

"U~;""U ",CHU.h ", the initial ('n,r"1'I1"u,,..,, 

LUi"'U!','" in 

dynalml(~S of the solution: 
will the solution evolve 
This can be answered -

methods. 

x XI) are zero. This means that if the is in the state x = XI) at some time 
it will there forever. For this reason such a is called or fixed 

An can be classified as a 
as will be below. 

It is also useful to find the invariant sets of a of differential eqllations. 
These are subsets S of the entire state space, with the that each element in Scan 

evolve to another state xES. In this sense, invariants subsets of the state space are 
similar to of vector spaces. 

Note that if one k additional constraints 

=0, 1, ... ,k 

on the each of the constraints 0 will rise to the new constraint = 0, 
and one must make sure that each of the new constraints is satisfied and pf()pa,ga'ted itself. 
This means that each constraint can rise to an infinite chain of new ('n1rleTT!>1 

each new constraint is a linear combination of the old constraints: 

= 

where are functions of x. 

which is an 
comment on this in the 
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If the state space is not '"'V"U1-''''''~, it is often useful to colnp;act.lty 
new in order to the behavior of the 

boundaries. 

3.1.1 

eql:UU,lUIIS with constant coefficients in 
order to ," ...... "'''1£ . ., 

and can be cOIIVeni€~ntlly written as a matrix &>,."",.1",,,," 

x=Ax, 

where x .. ~ . , =aijERfor 1, ... , n. The solutions of are 

n 

= 

are the COITeEiPOndinJ!: eiJ!:en'Ve<:tolrs vi. and bi are 
need not be real. An _-.' ______ _ 

If the Vi 
in the state space 

at some time to + 10, where 10 is a taken to be ,,,,,,u.J,Vr.. 
into real (Xi and then the solution 

n 

i=l 

One can see that a real + 10) grows as time evolves 
-+ to + + 10) decreases in time if (Xi is The on 

the other hand does not influence the but causes the orbit 
to oscillate. A more formal discussion can be found in For our purpose, it is en<)UIl:h 
to in the lV"V" UJ,l'; way: 
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• if the real 

return to 

• if all non-zero 

• if the real 

• ifsome 
then the set is 

Let 

x= 

dispia,cerneIlt from 

the 
will 

are 

41 

is called a source 
will move the 

is called a sink or At:I,rA,,..1".rlr 

in and the system will 

and some are then 

U""-'''',"'I'> with a line a "'-'u.UUO;::UI:I,lUj,UU 

which can be classified 

real then the set is called a source, 

the set is a 

are and some are HC'«].I,1 v 

, ... , 

",,,,,1"""rn ,,,,,,",;,.,,;0 the condition = O. 
we define in the 

e=x-xo 

the "''1'''''''''' we 

J. + 

Ix=xo 
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is the .;<tl,UUl""U of f 
This means that in the Xo, the UVJ.'-U""''''' ,""" ..... n. 

be in linear order 

non-linear 
We will however often with sets of 

>AGue .. ,",,, of (a) FLRW models and 
each with a 1111.UUJllGll.Y ""jU..,,,,,,,,u 

ex])oDlen1GIal pol;enltial of the form 

Here K. is the 4-cllIILenSlOnal 
determines the ~ ___ ...... __ _ 

be 

Xo· 
can 

one 
the 

b ::; 0 

We will assume effective 'r"'llUJlt:Ui~lUJll<tl "'V<"","V'<,'v'''' constant A is zero; the 
models are recovered if p the kinetic energy 
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the scalar field is "'-'I~"F,H"'.V. poteIltuU is constant. This case 
,",'-'<>='"'-'!')!''':;''' constant as can be seen 

from the covariant 
When 

section 3.4 
since the 

section 2.3. 

The class 
statements: 

In these 

the FLRW models in section our will be 
energy correction terms. In the of the .LJUUIUlH 

we will have to make on the form of the non-local stress 
field on brane are not closed as discussed at the end 

" ..... I': ....... n',.. FLRW models is the 

=0 

o. 

flat 

+ a2 (t) + 

distances of 
have constant curvature 

can be to be 

f(r) ~ { 
sinr k= +1 
r k=O 
sinhr for k =-1. 

the time the world lines is 

The only non-trivial equations out of the full set of ,..""""rv<l1".ll,n pnJpl:tl!.8,tlOln and constraint 
are the 

= 
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the i''riedlman constraint 

= + 3 3 ' 

energy nun-AU'"""" energy conservation which become 

via 

= 
models 
is zero, 

= 

"""'.HA";"" scalars f. The 
tensor vanishes: 

the 
that 

= + 
i=l 

are identlcall~ Slttis:tied 

=0, 

=0 

is the 

o. 

= 0 relative to up. must be zero, 

=0. 

the Bianchi I 

UUjl(""'~" as 
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With the metric in this see that the Bianchi I models are 
since at any time t = to all the ai(tO), i 1,2,3 are constants. The <In·,,,nt.rll.T>V 

is characterized the different scale factors ai in directions . If 

3 3 

= tPi and = = 1, 
i=l i=l 

we obtain the anj[so1tro:pic Kasner The case = = 
to the FLRW limit. 

Since we have chosen cOlTIolTin.!l ... ,"n,erhT""'~"''' the time derivative the fluid lines 
is 

= 

We can define the average scale factor 

= 

and the average Hubble rate 

=-
a 

The conservation for the Bianchi I models then become 

=0, 

There is no ~~')I'G''''D"'V'U 
Ua..,IV',"" on the brane do not close as <O"'"IJ.a. .... ,," 

the FLRW since the \..1Ii:LU".'-V'UU~"""'! 
these models. For the Bianchi I models hn,,,,,,,,,,,,,. 

constrain 
we are interested in the evolution of the 

For this reason, we will 
that does not involve This can be done 

which for the Bianchi I models take the form 

3 
=0. 
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In General one can the GR of 
(J" /-LV' The same can be done here if we assume that 

This ass'um'ptl()ll may 
dark radiation 

hand. 

3 

We now want to construct a 

=0. 

it is an 

of the shear prc'paigatlon eqllation 
of the shear tensor: 

=0. 

MODELS 

after contraction with 

in 

an evolution 

models. As in vAIJCU'IO'''''' normalized vari-
ables via the Friedmann "''Y., .... ,.v.. state space. 

In 1",r:"vl1:v one has to the case ~ 0 when 
<lAjR .. "!)'..,OU normalized coordinates for the FLRW models 

207]). We here include an additional 'l------O,-J 
£1"."""ou,1". from the which can be 

have to consider four different subcases when "r:",r\"'nO" 

u""n",.v", in order to obtain a t'nTnn,,, ... r: state space. 
The different cases are 

~ 0 and :5 0, 
~ 0 and ~ 0, 
:5 0 and :5 0, 
:5 0 and ~ O. 

The total state space is of these 4 which are U.!o"",v,u .. ,,,,,.,,,U., since 
tories cannot leave one sector and enter another. 

In the four sections we will 
and then combine the results in section 3.3.5 to discuss 

3.3.1 2':0 :s;o 

several authors e.g. a NU ... ...,"'''r: state space is obtained by 
the dimensionless relativistic variables 
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with the new variables: 

contributions of the ,,"r!ln'>l'" 

from the evolution 

1_ 

of H. 
and (3.40), the Friedmann constraint becomes 

c=. + + -1 O. 

since the time of the Friedmann con-
which we use to derive the 

one can 

since 

U"".'Ut'U in 
we 

here choose to eliminate 
The of the scalar field are determined 

tion state 1, which is dimensionless and bounded 
o ~ 1 ~ 2. 

This means that the minimal set of variables 
(1, state space [0,2J x 

l"'U.Hl~Lllll constraint 
comes 

We can see from 
can be r"'r'n"..,r~'" 

H 
transformation also L11oM11 .. "''' 

to time reversal 7 -4 -7. 

into 1 be-

'-'U'.li:WU<J. the case ;p 2': 0, since the case ¢ ~ 0 
TIA'''''',iV ""a.u.ou"o the of ¢ 

below we can see that this 
, which means that ;p -4 
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U"""LA'"'' of the 

coordinates in state 
We notation 

-------r-- F for the flat FLRW 
\JVlJL<:'pO.Ull', (€ = -1) 

"y of the 
solution. 

The cOITe~monding to relativistic models are 
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Model 

FLRW,v.H.nJL:.J.LJU 

in row 5 

b=O 
b#O 

(0,1,0,0) 
1,0,0) 

0, 
(0,0, 0) 

0,1,0) 
0,0,1) 
0,0,1) 

• the flat FLRW universe with 

-5, -1) 

-1) 

3,b2 2, ,b2 4) 

(-1- -1+ 

(-~(1 + (), 2, 

matter ("{ = 2, k = 

• the rerlres:em;lngthesamenn'v~H'~ the 
0) with a(t) = t, 

• the flat = 

and curvature = 1 -

The '''VI'''''''' with '-""""U,"'''' dark radiation tension are 

= 

• the flat non-!,)""'''.L.:u-relativistic model with"{ 2, (k = 0) and scale 
= 

• a line non-
extends in - direction. 

FLRWmodel 
not appear in 

discussed in detail in [41], 

critical 
This set is denoted 

with"{ = k = 
3.1. 

with"{ = 0 = 
it contains the flat 

this 

49 
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In addition to these 
> 0: 

3. 

with V(t1Jl!<lU!H5 

• re}:)re:serlt the same model: a vacuum model = k = 

as 

The model m~ 

We observe that the scale 
energy conservation _.., '~~V'_" 

as the radiation FLRW 

occurs for 0 ::::: ::::: 6, 

BDL model cannot directly 
since for this model both 

-+L 

observe that if'Y = 2 and k = = 0, the scale factor for )!,ellt:rl'IJ 

= (t-

The models 

with 

= 

The HIV'..!.C." like: their scale factor can u~a,UL<::'U from 
energy conservation <:;UI,-a.~.lUH 

~{ 
i sinh (t -

by 

for k = +1 

for k = 0 
for k -1, 
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where 

3 + 
acts as an effective cO!;m()lOlgmal 

These models have VClUu"".uU5 ""Ll""' .. V ...... 
and f = +1 (f = and a set of saddle 

the full non-linear 
The infinite for b ~ 0 is obtained 

want to know. We could make this statement 
described in A. 

The vacuum models with 'Y = 0 

form a set of sinks if b = 0 
if b ~ O. This statement can be verified 

a process: 

= 00. 

VV<O."-"''''',U<O'U, it does show that per­
do grow, which is all we 

methods as 

is that the Jacobian of the in the of 
the vacuum models with 'Y 0 - = 1) and 
In this case we have to use methods in order to 
models. We the 
other 

~o 

as mentioned above. 
the nature of these 

detail in the 

the 
where we define 

we will use the variables 'Y, 

and the variables with a tilde are the 
"",,,n,,,,,,1: to D instead of H. 

the time derivative 

,-

+ 

of those in and 

"""".1",,,,,., for D U"""VIJLIJ1<"<:> from the evolution "''i'''''''"'lVl.m for 

+ + 1 , 

but normalized 

The Friedmann 
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from which it can be seen that the "n;'UIl,H,lIU
'"' whereas Q takes values 

COlnp.act state space. As "'''''I"''''''U'''''' 
Or()OB,ga1ted since we ensure 

is satisfied. 
we find that the evolution of, is the _,. ____ ,. __ 

" = + 

and we can see from and below that (p --+ 

reversal 7 --+ -7. Therefore we restrict ourselves to the case (p ;::: 0 in the 
and we find that the of the models in this sector 

are of non-linear differential 

= 

= 

= 

= 

We can Im:me,aH~te,l:V Rlt:llLH.y the invariant sets, 0,2, the flat subset Q = the brane­
in section the dark-radiation-free subset = O. 

+ 
their coordinates in state space and their 

recovered in this sector. 
which for b2 :/= 4 a model with non - ,,,,,",,,,,oU"Uo 

The static models E 

In addition to on the vv'uu,.u: .... of sectors A and we find a 
1 - set of static = 0) models E """"'''UUUJLI', 

models occur for any fixed values of ), constraints 
and 

) - = 0 

as well as 
=0. 

Notice that the constraint comes from the in hence from the 
dynruffiH::S of scalar and does not occur in the studies of a similar model with 
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solutions with 
p = p. are cOJlstan1~s 
static model denoted 

= 0 = 1. 

+ 
U .... f ... r'''.1 relativistic ..... , __ ."'/'>"'0..- static un.luc;." 

Q # 0), the static models E do not admit 
This is due to the that if Q = 0, then a = a. and 

= 0 p. = 0, which leads to = O. The 
since this model has Q 0, 

The models E have the same line - element as the Einstein universe = 0, k = + 1), 
but in also have non - zero brane tension A and nonlocal energy nPT1<'''·.V 
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cOI're~;ponding to a static cm;mC)lo;glcal 

energy 

even set E 1'''_O'V.uvo 

state space, it is not of interest to our stability 
are uu.>vau.", 

The vacuum models with 'Y = 0 

are presented in 3.3.5. 

:::;0 :::;0 

state space 

H 
Z= , 

the aYl[lanrllCl'l,l 

the Jacobian is well­
r----=-'-

and the non- zero eigenvalues of E are given 
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I.na,uu;'u in section reads 

+ + =1. 

all the terms in that sum are non- by hence the variables 
take 1]. 2] and Z E we that 

the state space is 
vU'.lvU"':' the time derivative 

1_ 

the evolution N del~OllDlles the rest of the variables. 

"I' = 

= 

= 

This system has the usual invariant sets "I = 0,2, the dark-radiation-free subset Z = ±1, 
the subset = 0 and the brane-tension-less subset = 0, as well as the vacuum 
subset + 1. 

The equilibrium this """T.<>1rYl their UH,'''''''':;'' in state space and their 
are in table 3.3. 
recover the mClaelS = 0 that we have uvu,u.,-,u in the two sections. 

Notice that the 4]. This is due to the that 
the UCI.JCUUU.'J<:. on the value the 

TlP,,.,U'VP nonlocal energy 
. For b2 4, the .. 

= 0 and "I = Thus the 
<>"j".<>1"'"O' the sector 

The static models S 

the set S static rnCloe.lS = 0), whose coordinates 
,0, 

2 + =0 
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and 
O. 

energy that the constants a., 

>-

of this set 
= which stands in 

occur for all 
if 

= 2, 
1 5 

-2"-

which lies within state space if < 
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3.3.4 

FLRW 'VL'LlL/U WITH 

HdUll'lJ<Ul.l' these models are not very mt·erestllUg, since 

~o 2::0 

we need to take into account that the Friedmann GU''-'''".1Ull 

""""Tl'''P terms in this sector. It turns out that we can obtain a ,",V'HI-""'v" 

the dimensionless variables W, , where 

H 
W=­- p' 3 ' 

57 

has 

and the variables with a hat are aeJlnc::a as those in and but normalized with 
r.oQ".o,'ic to P instead of H. The Friedmann constraint now reduces to 

and the time derivative 

we can 
It is to note that 

+ = 1, 

,-
IJrLlpagal,eu as usual. 

..... '-lv"' .... , it can be seen from its UG'IUlJ."lU'H U'ClUJlH"'" to the interval 
[-1,0]. As we can see from Ul<,t'"H"a with W E [-1,1] 
and 'Y E [0,2], we find that these variables a state space. 

The of the state space are Oy"r.o..."pn by the evolution C"i'>t'''UlV'.", 

UUU"' .• "WJ"'"'''' variables , which are derived by 

= 

= 

W+ 

(1-

The obvious invariant sets 'Y = 0,2, The 
vacuum subset + = 1 is another invariant set. 
fiat subset is an invariant set too. We on 
models are characterized = 1 + we can then that 

- 1 - )' = 0, which means that fiat models can never evolve to non-fiat models: the 
fiat subset is invariant. 
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Table 3.4: This table 
with < 0 and 

variables. The ""IT"'''',!> 1= 1. The 

E 

in row 3 

b ° 
bl=0 

b2 E [0,2] 

,;a,""vuv(J""U,"," are 
we recover the 

subsection. 

The models E 

In a,U'l.ll".'VU 

E. 
have the same 

reads uUlry-.u 

this RV~IT.plm their -""""""u,,., in state space and the 

that reLlres:ent flat mClaelS obtained in 

non - zero brane tension and non-
Their ,0, 

1- =0 

and 

If b 1= 0, 
for all "y E 

are no solutions to For b = 0, we static models 
these models are unstable as indicated in table 3.4. 
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3.3.5 structure state space 

The full state space is obtained sectors A-D. From the definitions of the different 
sectors it is clear that we must match sector A and sector B at the fiat invariant subsets 
k = 0, and sector C must be matched with sector D the fiat invariant subset. Note 
that in sector fiat models are characterized = 1 + . This means that we have 
the identification 

sector A and C as well as sector B and D roc,r .. ,,..t1',,olu match for = 0: 

When the different sectors of state space, we must of course ensure that we match 
,.o"·lf\l",,,, of state space models with of state space 

n,.",..",plv there are 5 disconnected sectors: the <:;AI~"'J,'UJ:UJ<. 
andD. 

It is hard to visualize the non-trivial state space. We 
illustration of the entire state space here. Instead we will 

yn:amclCS of the relativistic the 
relation to the work and the of a state space. We will 
illustrate the of this 2-dimensional set embedded in the 3-dimensional 
with non-zero brane tension. We will then discuss the of the full 4-dimensional 
state space, the results in tables without of the state 
space. 

Since the on the ""r"Yno't,,,. 

the nature of these critical 

will also move in state space as b2 

functions of b. We also find critical which 
as we increase b2 . 

For certain values of b, some of the pl<rpn'Jl'IilI1P'" 

b, the state space is "torn" in that it In contrast to 
the appearance of such bifurcations in our model does not coincide with the appearance of 
lines of critical This is a consequence of the fact that in our the 
critical are in state space. Bifurcations appear, when two of the 

merge, which occurs at b2 = 0,2,4,6. 
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The GR-

As the relativistic subsets 
invariant subsets of sector A and B In the 

OF INFLATIONARY ~'.I.\.J""'J.:./".JIJ 

= 0 are 
we will refer to them as 

the open sector and the closed sector We need not consider sectors C and 
since these match A and B if the dark radiation is zero. It is to note that it 
makes sense to the in the relativistic subsets because these sets are 
invariant. 

The GR- submanifold has first been discussed by Halliwell who "", .. "".,~",u. 
namics of a relativistic scalar field with in a FLRW This 
work was extended Burd and Barrow to 
dimensional Bianchi I models. In both works the here denoted as 

and were found to be the of the state space of the 1+3 di-
mensional FLRW " ..... <,,.,, .. ,,..,.,,, 

Their however was somewhat since the state space considered was 
non- with the undesired consequence that the authors could not discuss the 
librium at the of our "VlUp"""',U'~;U 

The variables chosen to describe the of hOlnOli!',;eDle01 
models were [92J 

Here the n ......... "'t; 

t-+T 

do; 
X= ,y= 

has been absorbed into the time derivative 

d 
= 

and a: relates to the scale factor a(T) 

= 

1"",,,,,,,lU]<. the time variable 

We find that these coordinates relate to our eX];>aILsic)ll normalized variables via the 
transformations: 

= 

= 
2-')' 

for,), oF 2, oF 1. We can see that the boundaries of our state space cOI're!,poud to 
Halliwell's variables "at .... uu'cy 

x -+ 00 <=> -+ O. 
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This means, that we have ,",Vl.up"""'UU;;;U the state space by y E ---+ "f E [0,2] 
and x E [0,00] ---+ E 1]. In this way we have extended the work that has been done on 

models with in the relativistic context. We 

I, II in In we obtain the 
to a FLRW universe with matter and the 

of our state space, 
nOU-C:OIlIDlict state space discussed 

cOl~ref;;p(md to x, y -;. 00. 

vV'"P'U'"'U''''''''' state spaces in order to 
Notice that we also find the new 

it is to work with 
of the ,,,,<,1-,,,,,,,, 

QlEiCrl~p~mc:y one 

in order to 
""'''ue;'' (that means 7 = 
as ¢ -;. 0 since x' =I 0. 

We will now .... ,.,-."£.,,,rt 

"'1\.JI-'''''~L''''U to be dominant at 
the bottom 
bulk we refer 

vV'''''i''''U''5 open sector are not very since 
P"'",O' .... vUv. value b: the flat FLRW model with constant energy is 

and the flat FLRW with matter is the future attractor for all 
3.1). 

",mv""'" the more of the and 
ex:paJrlCillng open models for the ranges of the paralne:ter 

a bifurcation of the state space, since for this value of b, the "''f'ULUJL 

,",VA .. ,",'.U"', as well as F2 and 
closed models will evolve into either or 

initial l-V'.".uu.v"". The Einstein universe appears as an unstable saddle 
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As the Einstein universe '-1"'''''1-'1-''''':''' 
which moves in Q- as b2 until it reaches the 

flat sector Q = 1 at b2 = 2. it merges with t:AI.JeUJLUu.11'> . For 

0< 

At merge, which causes a bifurcation of state 

of 

all 

At 

critical is at value 
but a 
At this 

is a 

It is now 

the future attractor for all t:A]JaJ.1Ulll"" open 

.... u. ..... '-,""o,.v .. when the node sink turns into a sink for 

= 6, we find another bifurcation of the state space. The two and 
This turns from a source into a 

:2:: 6, all open or are still 

In limit 
the vacuum 
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M' 

63 

Milne 
the flat FLRW model with 

BDL model with stiff matter and a line of non-
\. A"'''AU'UU''!':. the flat model 

with 'Y = 0). We are in the invariant from which the 
whole dynamics can be deduced. The structure of this of the whole state space does 
not with the value b. The full state space can be obtained 
this section to 



Univ
ers

ity
 of

  C
ap

e T
ow

n

64 3. 

space for the 
and the "'A~Wl!UjlU5 
the 

relativistic model with constant energy 
is a line of static Einstein universes with 

Einstein model with = 1 'Y = must be excluded as <:;""If"""''''''U 
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the models with 0 < b2 < 2. 

with'Y = 

Y y 

models with The 

This causes the 
on 

All open and flat models are attracted to this , whereas 
all closed models are the 3.2 for more details. 
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3.5: 

open sector and 

FLRW mOllelS 

sink. 
cap,tiOl:lS of 

space for models b2 = 
structure of the state space has not "AU".AP,,,,", 

3.2 for more details. 

for all U1U'U,",',", 
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3.7: space 
the structure of state space is C;OOC;U',lG.lIJ 

of 3.2 for more U"",W!.i:>. 

the models 

with the equilibrium 

< 
same as 

tOI>ol()g)' of the state space is at this value of 
an attractor in 
the of 

into a in that direction 
3.2 for more details. 

67 
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U!\.J'UC;.,,, with 

Vru0HIHI<. the open vacuum UV'LUlIJ.CU 

3.2 for more uc;l,auo. 

has moved out 
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We now turn our attention to the nature 
sections 3.3.1-3.3.4 we have the 
this we obtain the 
are obtained in table 3.3.5 

Table 3.5: character the critical 

O<b2 <2 b2 = 2 

saddle saddle 

source source 
saddle saddle saddle 

saddle saddle saddle 

saddle saddle saddle 

source source source 
sink sink sink 

saddle saddle saddle 

saddle saddle saddle 

sink sink saddle 

saddle saddle saddle 

saddle saddle saddle 

the 

latter two models are 
The UlU'U.CO,", 

is another 
The future attractors are the 

from the solution for 

To be nr~'f'l~,f' 

2<b2 <4 

saddle 

source 
saddle 

saddle 

saddle 

source 
sink 

saddle 

saddle 

saddle 

sink 
saddle 

69 

state space. In 
sectors. When 

The results 

the class models. 

b2 = 4 4<b2 <6 b2 = 6 b2 > 6 

saddle saddle saddle saddle 

source source source source 
saddle saddle saddle saddle 

saddle saddle saddle saddle 

saddle saddle saddle saddle 

source source source source 
sink sink sink sink 

saddle saddle saddle saddle 

saddle saddle saddle saddle 

saddle saddle saddle 

sink sink sink sink 
saddle saddle saddle saddle 

within the brane - world 
the 

is an attractor for b2 < 2 and 
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> 2. This means that the future evolution of the class of FLRW 

In summary, 
,.,,,,,,,,,,,.,, become d01miltlaIlt 
as the attractor 

the energy no 
The last issue we want to address here is the existence of static universes. In 

into account 
static Einstein universe like mCldels 

here described 
a static universe in case of a con-

element as the Einstein universe 

,,,,",u.,,,,, in are "' .. ,"" .. ,,""'" 
corTespondl,ng to brane tension and non -local 

"t = and this 
""AlL"'O,', we now find static for all values of b. 

3 As explained the static model in with o and = 1 must be excluded. 
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in 
the additional <>,.."",,,,{"\n 
discussed the non - zero contributions from the five - dimensional 

but since the second one has no evolution we will assume 
= O. This is consistent in the sense that it leads to an ,nt"cne", 

that is consistent on the brane = 0 also 
the non-local energy conservation _...,~_'".~ .. 0, since 

the non-local energy can be at very early 

we will 

to 
4 

~ 0, 
::; O. 

.. """u,~" in each 

this seems to be a reasonable 
"CLL,lUll<:U waves, it should not affect 

,.ht1~"r,"nt cases: 

w here we discuss the 
models. 

the state space 
then combine the results in 

the class of the Bianchi I 

1 

This case is very similar to the ,..n,nT\",,..t state 

space the dimensionless variables "y, , where 

defines a normalized variable for the shear ''''''<£'-'''''''.<£5 variables are 
.... 'co ..... "', .... by and reduces to 

+ + + = 1, 

and is as 
the time derivative 

4 However, evidence has recently built up suggesting that the non-local stress may not be neglected at 
early times [40, A final answer to this issue can only be given using the much more complicated bulk 
field equatious instead of the brane equations. 
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the of dYltlarmcal e<luatlOllS is 

€ 

= € 

= € 

= € 

obtain in this subsection LVLHjJ'tIJ. are 
~.ml"'nlt:rnnjr ...... , .... <0 • ., K. 

Identlhe(:1, since the 
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::;;0 

U"'!.!UC;'U in 
aellne,a as in subsection 3.3.3. With these variables the Friedmann 

constraint as usual - reads 

+ 

With rp"np,'t: to the time derivative I == 

"I' = 

= 

to sector C in the state space of 
"I = 0, 2, the subset Z = 

+ = 1. 

the becomes 

,,,,,,.,.,,,,rYI has the invariant sets 
subset = 0 and the brane­

tension-less subset 0, as well as the vacuum subset = L The v'lleuU'.)! 

of this their coordinates in state space and their 
table 3.7. 

The static models E 

In addition to the 
whose coordinates 

and 

2 - 3 (1 + 
2 

saddle 

=0 (3.80) 

the constants must satisfy the condition 

> 

in order for the energy p. to be non-
The set of static models nE forms a 1-

b = 0 uc;~~"'u,". 
which for 

---"' •••. 0 in mind that there are no static 
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with 
r-----~----~---

r.p= 

The infinite "''''''''U1'''''''''''' 

Model 

vacuum = with :f: 0, we find that 
solution 

=0, = 

models are the same as the ones 

= 

. Their 

where qi are constants which 

3 3 

qi = 0 and = 
i=l i=l 

(3.80) and 

are 

and 

within 

:f:l. 

has the 

We out that <M~_uv"",u H = 0, the scale are in not static. It is 
= 1 which remains constant. The matter can still 
shear axes, if one qi 
if two of them are "O>'T!l1-nTO> 

The set nE is an invariant subset of the state space, as can be seen the full non-
linear It is an unstable because it has """'-"'U1f""-'''''''' 

we point out that the of the 
al'_p~"'''''-'_UHJL''' nE if = 0 5. In that case a 

I = b = 0 the Jacobian is well defined and the non - zero eigenvalues of nE are given by ±!p ±2. 
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Table 3.8: uauU'",a, character of the of the class of Bianchi I models. 

Model b=O O<b2 <4 b2 = 4 4 < b2 < 6 b2 = 6 b2 > 6 

saddle 

saddle saddle saddle saddle saddle 

sink saddle saddle saddle saddle 

source source source source source source 
source source source source source source 

sink sink sink sink sink sink 
saddle saddle saddle saddle saddle saddle 

nE saddle saddle saddle saddle saddle saddle 

sink sink saddle saddle saddle 

saddle saddle saddle sink sink sink 

the nE 1"Y.=0 are in state space. 

I state space 

prE~e:nt€:a in 
tables 3.6 and 3.7. 

The models described since 
non-zero 

dynalrnl(~S in sector F alone. 
of the state space the 

presented in table 3.8 below. 
YU.",,..lUU we want to address here is whether the initial "'""'bu ....... 

or not when our to Bianchi I models. We obtain the 
For b = 0 we find that the only of the 

sources and stable initial 
ex'pallldilng non.. relativistic BDL model with "y 2, and the line of the and 
"'v ..... I-'''u.,'"' models with "y = 0 denoted u."'.uu ... o the FLRW model and 
mcl.XlmClUl,V uV.''-l',vuvu" relativistic BDL model. All these AU"'''''''''' 
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source u",.uv,"",u 

with, = O. 
This means that if b 

5 

3. 

possesses in addition to the sources 
reDreS{~nts the 

0, the initial must 

times. 

times. If on the other hand the T"lnc.pnn 

in this 
we discuss the occurrence and 

FLRW Bianchi I models 
obtained 

"e(~onQl:V we discuss the issue 
results et al in 

the new TP"1Cl.rp" 

" which was considered 
that we should to obtain 

of these 
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issue we want to address here is the issue 
braneworld scenario is ITO,nOT"""" 

non-~~enlefl'tl relativistic BDL.-model m+ with scale factor 
all Bianchi IX and it was also ".".UAllC;U 

source relevant values / ~ 1. In the work PrE~selnt€;d 
\.CUt>V""" we have considered the more situation / E [0,2]. We 

of the state space and lr1"'nf",'ln",rI the attractors 
any constraints on /. We that the BDL / = 2 is a geIlefilC 
in the FLRW case and the Bianchi I case. 

We out the I Kasner model 
with / = 0 is attractor unless the . This model 

equation of state p = - p and to a slow rolling scalar ~ < < V. 
of this model is in line the results obtained in [145], where it was shown 

model of 

pressure 
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was among 
is effective in this sense, but it 

",,,,U'C\TW71' the universe. ~.uJ.Ja"Jv" 

nomc)geneou8 Cll'.JU"'U initial data in order for inflation 
to one could pernl'tps view that one smooth 

in an non- smooth initial universe is all that is needed to "'""'I"'''''''''' 
Va"lUU<!, this may not be 

the 

aim is to show that at very matter corrections 
become the that the 

79 
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VUUvJ'UF, the fluctuations seen in the 

vector and tensor 
""y,.a""',lVllO in the low energy, dark radiation and the 

energy limit in sections 4.4-4.6. We summarize our results in section and 
in section 4.8. 
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Here 
to the 

here 

81 

prt~seIlt a covariant (jp",..rlnt.lrm 

Ua,I,AVAW for several different flat 
Vdl.Ul>.L1UJl14 C()Sl1nOlOgllCa! constant on the brane (A = 

the 

alW = =0 (4.1) 

dUl.",11I"l> of scalars f vanish in the 

=0. 

the matter on the brane a with of state 
to values of 0 < 'Y ::; 2. The case 'Y = 0 can be treated 

We not study this 
on how to treat this case. 

stress we restrict 

= 

outside the state space of hOlmogeIleo 
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We will now 
We recall the pelrturblltHlnS 

and 
are the ,..rllYln"", 

and the eX1PRrlSlClll 

tensor variable 
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O"'''I-',L''''OO the calculations however it should be noted that and not is the 

pelrturbltti()Us are characterized the ""''nAUlT' 

In it is convenient to 
inhomogeneity in the eXjJarlSlCm 

mUlltl··comu.onent form of the total fluid energy "P''';!1T''' 

makes sense to ~""'--"-.. J tailored by uv ....... <W."' .. "5 

of energy ~~'W'"," non-local energy and the non-local energy flux respe(~t to 
the energy term in the Friedmann prt"""r.n .... 

For the low- energy limit we use the dimensionless 

since P* is the dominant term in the dark radiation dominated ~"'I<.uu"" the appro­
UUIOlJ[lOll,eltell;Y variables are 

In the - energy limit we 

since the '''''''UUl'!''. 

space 
attained. It is therefore sufficient to 

ua',lUl'" of this model. In other words we may 

to 

1 

11) 

which becomes our normal-

where 
in the 

"",I,.f",,., .... /., close to the but not on the exact ..... u"~.~f'.v ........... 
the equations into harmonics we will have to deal with the curls of 

some of the variables. be to eliminate the curls second 
and order or alternatively introduce new 
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the 

we 

4.2.3 

4. 

correS]pOIlldirlg to non-local flux 

also use 

d d 1 d 
= = ---.,--:-

.,"''''H.nn of the 

= (1 + + 

usual 

/1+ 
(-y- =0, 

conservation 

(4.16) 

(4.18) 

(4. 
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4.2. 

The 

are to 

= 

a 
cO~lm()lo.glca1 constant A is 

= + 
3 + 3 . 

= (31'­

(q -

= 

dimensionless constraints: 

0, 

= 

85 

,,;;,,"\j-r{),n1{' back-

+ 
(4.21) 
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curls of 

constraints 4.22 and 4.25 are pn>pa,gal;e<1, 
other ones. If 

con-

eX]JanIOlI1lg the 

a covariant and gauge invariant "j.lJLA~"U'~ 
constraint for vector and tensor modes. 

Thus a scalar vector X a to and tensor can 
t;;AIJ<LJ.'Ut,U as follows 

x 
= 

+ 
T and also restrict our 

on the and nr,..,n'~T'f:.'<>'" 

""'.UI'>"n limit scalar evolution "''i''''''''''V'''' kinematics which 
in of scalar are 

(q-

(q+ 
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4.3. 

and these are --'-.J~'-- to the HHRJlI'VLllt< constraints 

+ 

w = W= 
2E+ 

2£+ 

= 

87 

follow from 

In addition we have scalar evolution mtl0l1nOl5erleI1~y variables which follow 
from after harmonic 

]L:. 

= L:.. 

and in terms of vector harmonics we obtain the 
evolution for the kinematic and non -local with their curls: 

= 

= 

= 

= 

These "''-1''''0.""\.",,, are 

+ 

constraints which are 

3E+ 

+ 

4(q+ 

= 2(q+ 

f: + 
t = + 

from and 
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= (q -

+ 
t, 
t, 

- (q+ 

to the constraints 

=0, t= 

where we fix an ",.'",'t:1n.TV initial condition = 1. The deceleration 
r'HTI""~"'r is 

q = -1, 

and the energy ~~"~""-' scales as 

p= 

The constants of lnt",mr",t are related via F'riedmamn constraint as 
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In this case the Ui:tl,lUllb for the kinematic ,-!U,t:tlll,lLll:Jb are 

-e, 
(4.37) 

while the constraints are 

W = = 

2E+ 

3~ 2e+ 

and Ua",.V'.lD for the mlJlOlllOgenE)lty variables become 

= 

The above can be 

= 

for 'Y ::f j, and 

Ina 
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of the 
matic 
we omit non - zero 
E=o; 

tor and tensor modes, is 

harmonic 

mode a3"1- 2 

E Eo El Eo El 
£ Eo El Eo El 
1-£ 
W 
L\ Eo 2El + Eo E1 + 
Z· Eo 2El + Eo E1 + 

Uo 

!>rlnr.n-or-v constants of 

into 
correslDoIlld to the 

"....r>1'Tl,rl "",lni',nT'" for H and p: 

= 

for I,," i and 

= 

'f 2 1 1 = 3' 

to the 
< 2, 

vec-

Eo El 
Eo EI 

1-£0 1-£0 1-£1 

cOITeElpond:ing to the four 

Ina 

pr~::lpl'l.g~Ltl()n c;',luc ..... 'uO for the kinematic and 
non-
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4.4. LOW 

to the 

while the 

Solutions can 

and 

LIMIT: THE 

be 

= 

= 

constraints 

3 
4 

= 3E+ 

6~ 3£+ 

E=£= 
0, 

obtained and are 

E 

£ = 
= 

w 

91 

variables are 

(4.49) 
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for 'Y i- i, and 

For tensor 

to the 

The solutions are 

where 

4. 

= 

we have converted the solutions for into the 
'U,",""IJ'""U'U'-'.AV modes cOlrre:sp<)ll<iing to the constants of 

the 

= 

= 

constraints: 

=0, 

E 

£ 

t = 

are four 

in the 

-£, 

-t, 
-t, 

E= 

+ 

constants of 

limit are 

» 
0, 
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4.5. THE 93 

The '.J<;"-""'F,.LVUC"U same metric as a 
scale factor a, 

In the case 

to 

while the 

The 

and 

scalar the 

constraints: 

W 

2E+ = 

2£+ 

for the 

= 

solutions can then be 

~ + 

= 

= 

E 

£ 

, H= , q = 1. 

,,"vA un;,,", for small but non - zero 
We 

reduce to: 

= -£, 

£ 2E, 

=t=£=Q=O 

+ 

variables are 
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for f -1= ~. We do not give the solutions for f = ~, since all values of f > 2 are un-
are four constants , ilo, to the 

In the case of vector 

which are ~_'J.I~'J' to the 

can then 

+ 

can be written as 
= -+ 0 as p -+ 0. Hence the rI""""t·" 

+ 
the radiation solution. 

rOatlOlls the prC)paif!;ation equlauons are 

+ 
+ 

= 
= -e, 
= e - 2E, 

= 

constraints 

+ 

=0, 

+ 

0, 

The mnomogeneity o.uo,"'.1<:;O evolve !>N'nr,rl, to 

il' 

= 
= + 
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4.5. THE 

The to this are 

and 

Ll + 

where "I of:. ~. 

E 

e 

w 

This time there are six constants of 
vector modes of the nn",,,,,,,,,, 

The tensor of the nr,'w", "'<> "''f, .. aL,!U!W in the 

to the constraints: 

= -e, 

= 

e 2E, 

-t, 
E t, 

=0, E= 

95 

limit are: 
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The solutions are 

with a constant of 

E 

£ 

= 
t = 

4. 

, H= q= 1 , 

where 
density 

we fix an initial condition ch()osing ao = 
in the usual way: 

p 

From the we find that = 

case to 

= -£, 

to the constraints 

w 
2E+ 

6Ll. + 

so this time we 

",U.,,-,"'~. q of these 

= 1. The energy 
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4.6. 

The scalar evolution 

Solutions can 
are 

for 'Y ft· The scalar 
are 

= 

LIMIT: THE 

inblOIIlOg,em~itv variables are 

= 

be easily obtained 

= 

= 

E 

£ 

7 2+ 3 
2" 

+ 

the above n".';'~'~ 

Ina 

Ina 

97 

of linear 

(4.81) 

Ina 
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For vector 

to the 

The 

are 

4. 

are " .. I .. ih"" .. " constants of 

V""'>lV"" the 

= 

= 

= 

constraints 

UI.J,ea.Uit;U and are 

E 

£ 

w 

(9, -

3E+ 

3£ + 
f: t 

=0. 

correslPOIitdiIiLg to the inde-

are 

+ 

(4.94) 
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4.6. HIGH ENERGY LIMIT: THE BACKGROUND 

and 

= 

= 

= 

= 

= 

= 

U(HE) = 

for,), = i. 
There are six constants of ,n1-m"'",1-i 

The tensor of the prc)pa;gatlon eqlLations in 

to the constraints 

solutions are 

E 

£ 

11 

£ = 
There are four constants of ,n1C",,,,·,,,1C, 

-£ , 

-£ , 
-£ , 

= 0, E = 11. 

99 

Ina 

""'.- .... ' /) In a 
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In the three sections we have (1<>."<>I ..... n •• (1 

the low energy, dark radiation and 
The main results of our 

<>''''I'Y'I'nt{,t;{'R a ..-...+ 0 of the nnVR'l''''' 

models are unstable with respe(~t 

.... ,. ... :,.",t- the 

Oal;lOllS into the which was the pr()bl,em 
in the introduction and the motivation for mlilatlOn. 

In the dark radiation we find that for any value of'Y there is a '"1"""""""".1 

as a ..-...+ 0, The dark radiation an unstable 
in the state space of flat FLRW models and can therefore be attained for 

very initial conditions, For this reason it should be that the peJrturbl~tl(mS 
around the dark radiation model grow at times, 

The main result of this relates to the evolution of the .... p,'T,111en", 

in the energy We find that all relevant pelrturbll.ti(ms 
to zero at times if 'Y > The same results holds for 'Y = 
OL<o.u .. ~ .. " of the non-local flux tend to a finite constant value, In n""rtil'" 

both shear and ......... 'OAU' gradielnt 
.,"" •• "."..., e'qmtti()lls of state when we include 

In this we have a l''''T1nr",t.",n 

braneworld models with VWAJ"",llUI;; CIOSIl[lO!'Ugl,Ca.! COI1Stlll,ut, 

braneworld .''',,",'nnn,n 

To make this 
each 

""UU"""""'''''',""'',, variables that were 
further the 
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scale behavior of the non - zero relevant and kine-
matic f111:"nt:iti,3" for the different in the limit a -+ O. The values T in 
brackets denote see how the appro-

U(DR) 

E"Q;;(8,V) 

1'060(8, V) 

E,(8,V) 
6 0 (S, V) 
6,(S,V) 
Ea(S,V) 
6 0 (S, V) 

Q.(S,V) 

E,(S,V) 
Q.(S,V) 

00 

0 

canst 

0 
00 

0 

const 

00 

00 

00 

00 

0 

const 

0 
00 

0 

const 

00 

00 

00 

00 

0 

const 

0 
00 

0 

const 

00 

00 

00 

00 

0 

conat 

0 
00 

0 
const 

00 

00 

00 

00 

0 

const 

0 
00 

0 
const 

00 

00 

00 

00 00 

0 0 

const const 

0 0 

00 00 

0 0 
conet canst 

00 00 

o o 
00 00 

converge for wider ranges 

00 

0 

const 

0 
00 

0 
const 

o 

o 
00 

of Po and 

00 

0 

const 

0 
00 

0 
const 

o 

o 
00 

00 

00 

00_ 
0 
0 

0 
const 

o 

o 
o 

00 

00 

const 

0 
0 

0 

const 

o 

o 
o 
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some of different spaces with horizons: 

and Anti-de Sitter space. The of 
of de Sitter space is described 

a horizon which allows no loss of 
Minkowski and space can be 

This means that the external observer in these 
GLU'."'"'VU, must describe his physics a finite 

in the context 
of many the calculation of real time correlation 
functions in finite Its connection with black holes was realized 
Israel and elaborated in the n(IlOI~ra,pnlC context Maldacena 

1 

We will here introduce the basic of thermofield We start with a thermal 
characterized a Hilbert space a Hamiltonian H and a T = 

The thermal ensemble is described the Boltzmann matrix 

1 
p= exp 

Thermal values of real time correlation functions 
information not only about but also nOltl~~quLl1llDnum 

response function can be 

105 
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106 CHAPTER 5. WHY THERMOFIELD DYNAMICS? 

that has been kicked out of A _ ... ___ ..... _ has the form 

= 

ij 

In fact the full set of thermal real time correlators contains information about 
far from "''4 ........ J. 

The thermofield formalism introduces a fictitious that consists of two of 
the The two are labelled 1 and 2. 1 is of as the real 

while copy 2 is introduced as a trick to calculations 1. The doubled 
is called the thermofield double. The Hilbert space for the thermofield double 

is 
= 

where each factor space is IdentICal to the VUjs .... :w Hilbert space. The Hamiltonian for 
the thermofield double is 

H= 

Notice that the energy "'.JO<."' .. ·.cw.'L.,,:;O for "" },.,,,,,,,t,,,·,...... 2 are of V!.III-'V~',"O;;; 
now construct the """,cw.Lo''''U 

I1/!) = 

where the state means the eu~:en'lIeCJ;or 
The state I1/!) is a OA.rt.i .. " 

has been constructed so 

from those of 1. We 

and will be called 
with an 

The correlation function in 5.2 may be written as an "'A~J"''''"a.".vu value: 

"t.II.1viY • .,. c()Smlologicla.! spaces with horizons however, it turns out that copy 2 describes physics 
behind the horizon as first noticed by Israel in the context of Black Holes 
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5.2. EXAMPLE: THE IN 107 

,-,,,,.a.u,:! attached to correlators we may 

Note that in both 5.7 and 5.8 the time the operators can be defined via the 
the thermofield Hamiltonian Let us examine pY1nl"~'""i,r.n 

11/1) = 
ij 

idE!ntica.l, to 5.2. The similarity between the two can be more 

ij 

= (5.10) 

This demonstrates that correlators can be PV1"1""'RR~'rl as con-
tinuations of thermal correlators. 

5 

We will now consider the eternal Black Hole in Anti-de space to illustrate how 
"p<, .... ,,""!!"'O with horizons. We choose 

" ... e .... Y.'''F. the causal 
structure of this 
thus to 
6. 

are 
like boundaries of the space. The 
invariance in I III and as invariance under OIJ'A"L-H<~L 
II and IV. 

an observer on the UUUU'Ua.Jl.Y 

the 

relate to the causal patch 
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108 5. WHY 

5.1: The Penrose nnW'-"Tn and de space. 

and construct the 
We can then see that 'IjJ is an ell!emreC"tor 

== J1 + 
this section is group with >LV)U"""", 

acts on thermofield Hilbert space, and not on space of available to an observer 
one side of the horizon. Moreover transformations mix of Trp"'r1'"lTTl 

of the two 
We can now relate 

the 

when 1 + 1 dimensional Minkowski space 
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5.2. AN D1>. .. ' ..... !VLf THE 

conformal 
with the state i.,p) 

that this allows to 
horizons of the Black Hole 

BLACK IN 109 

These two copies are W"~~VA.' the 
state. it has been noted 

which are behind the 
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Observational evidence that we are 
is [9]. An exact formulation of universe 
however appears to be very elusive [70]. 

The causal structure of de Sitter space is the same as the causal structure of the eternal 
Schwarzschild Anti-de Sitter space mentioned in 5.2. For this reason it was 
that there exists a dual of in de Sitter space defined on the 

of de Sitter space. If one could define such a 
~"-~''-1 to the 

space poses severe obstacles to 
de Sitter space has no obvious '-'VUll'Ll"") 

to use the 
which are the two disconnected boundaries of de Sitter space, since 
these appear to be the boundaries on which the dual can be defined 

There remains a severe drawback: no observer will ever be able to measure these 
since this would of the entire inflated 

for any real observer in de Sitter space. 

fiat spaces or 
It has been shown that the UV'L.Ul\ .. l<'" 

inevitable Poincare recurrences [61]. 
>,~UU'~'.1 define a Hilbert space on 

to define !>n,nn'm 

the well-defined observables are so far S-matrices in 

HI 

Anti-de Sitter space. 
are not well-defined due to 
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in the all versions agree that ron'"""-,,, 
space should be described as an isolated 

and that the thermal of the should be finite. We will 
exists and examine the consequences. 

est)eciall'\l with Matrix and the we 
dual of de space will not look much like classical 

its of freedom will be very connected to the local 
of the space. That raises an .... 1-., .... <:1- • .,.,« y'w:;".'vu. 

presented with the de dual. 

its o:v,nrr".t .. i 

most of the group involve 
The manifest of the causal are the - 1) rotations which preserve 
the and the time translations. There are another D - 1 and 
D - 1 which the to a new 
do not act on the Hilbert space of a observer. As motivated in section 
construct the double in order to these 

D-dimensional de space can be visualized as the 

= l2 

This surface is the n,rn .. ,'nn 

de 
reaches a minimum radius and re-,eXt)andS. 

The de 1t,1/ = 0, ... , D - 1) on the is the induced 
metric from the standard flat space Minkowski metric. The Einstein 
tensor of de space satisfies the Einstein field eqlllat;iOIls 

=0 

if we define the cosmologllcal 

A = -'----'-',,----'-

this part of the thesis we choose the signa.ture - which is the opposite of the signature 
used in the previous part II - in order to be consistent with the relevant field theoretic litera.ture. 
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6.2. CLASSICAL GEOM1:"RY OF DE SlTTER SPACE 

" I , 

.-.- _. , ----~-- -
'\m -c:l 
) 1'" 
/ \ ! ..... 

-- - . . ~-.----

Figure 6.1; 2-dimensional repre .. ntation of global de Sil ter space. Time X O runs vertically 
whit., slices of cunstaut X" are elrcl"" or I-spheres 51. D-dimensional de Sitter space i.<J 

obtained by repbcing the circles by (D.lhpher"" SD-'. 

"Ibere exist many different cOGrdinate "Y"iem in which to deoo:;ribe de Sitter "pace. A natural 
chok .. uf rourdin&l"" is given by 

(6.4) 

where dnb_1 is the "t~ndard metric of a (D-l)-"phe:re SD-1. ~rom thidorm ofthe metric we 
ea.n clearly _ that- de Sitter S])&C<l.' indeed 011 ""IX'nentialiy contr""ting and ro-exp..ooing 
"phere SD-I. The oonstaut I is the minimal radius of the sphere. 

We will DOW "tudy the de Sitter sl""-" Pern_ diagnUYL which c.ptures the c.usaJ 
structure of the =etime. A. mentiuned hefore, the Penr",", diogr= of do Sitter 'P""" 
is the """,e as .he one of eterno.! ScllWlU'Z.dlikl.AdS "p""'" ~nd given by figure 5.1. nue to 
diffe"""",," in the gOO"'"try, the il,terp""'ation of the Penro!!Oo diogrom in de Sitter sp""" i. 
yerr different to tbe interp.-etation in Anti-de Sitter "p""e. In doe Sitter sP""". the horiwnt."J 
lines are time-like and ooIT"'pond 10 the infini\eJy inflated future and the inllni\eJy inflated 
past. The vertieallines "'" not boundarie< of the "poce. but instead coIT<'S]Xlnd to oboorvers 
on the opposite ]XIle" of the (D-l)-<lphere. Every point - except the on .. on the vertical 
lin ... - represents .. (D-2)-sphere. 

Let us now consider t"" observers sitting on opposite poles of the (D-l)-sphere. A signal 
...... t by the ,-,"""rver on the "'-'uth pole to the ot-rver on the ''''rth]XI1e will never get there, 
as eM be seen from the doubled Porn06e diagram in figure 6.2. 

In fact il eM easilr be seen that an~ two points on the sphere will ", .. ntually fallout of 
causal oontac! with each uther. E, .. ry """,,rver is surrounded br .. past and .. future hurLoon 
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CHAPTER 6. THE TROUBLE WITH DE SITTER SPACE 

infinite ly innete~ tutur e 

• 
& 

infinit~ly cnt lated pa' t 

Figure 6.2: The doubled Penrose di"1:ram for de Sitler ,pace, The left and the right ve~ical 
borders IllUst be identiJi.ed , TIle center..rea is the causal diaIllond for the ohserver on the 
"""th pole; , tatic coordinate\; """ indicated. 

heyond which he c;\Ilnot """,ive or send signals re'pectively. Thi" motivates too definition 
of the causal diamond Or causal patch as the ,egion of spo.cetime that a giYl'n observer is 
in full causal oontact with. The ""usal diamond for an observer situated at the south pole 
i, the center a.re~ in figure 0.2. 

It make, ,.,nse to define coordinates that are re' trictOO to \00 causa.! patch, 
useful parametrization yields the static metric 

~ r 2 r ~22 ( ') ( ')-' ds _ I-j2 dt - 1-
12 

dr -r dflD_2 , 

One veIY 

(6.5) 

The oboorver at the oouth pole oorresponJa to T _ 0, At T _ I the metric become, .ingular, 
which is due to the foct that thi. iI'l the Ioc~tion of the oo, rn<>/ogical bo-ri"on for thi. partieul,.,­
ob"",ver. The '\I!.tic <POTdinate' a:re ~l "" indicated in the cansal maruond of figure 6.2. 
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6.3. CONDITIONS ON THE DUAL 115 

on 

As CAl.pu."",,"ocu we do not know the details of the uu,.u/",""'P1U\J 

in de Sitter space - unlike the AdS case, where the dual 
conformal field defined on the timelike bOlunc1ax'y 
that such a dual exists. 

Il"n,.,,,,,ma the exact form of the dual we do know that this 
must 
space, and """"'VUUA.Y 

to which every causal 

6.3.1 

•••••.• ~v' •• , group of classical D dimensional de Sitter space is the group which 
the Lorentz group of the D + 1 dimensional space of the de Sitter 

For we will from now on consider the case of 1 + 2 dimensional de 
Sitter space, but our can be extended to de Sitter space of any dimension. 
In the case of D = 3, there are six three boosts and three rotations. One of 
the rotations and one of the boosts preserves the causal we will refer to these as R 
and H R rotations (() --+ () + and H time 
translations. More H shifts time forward in 
II. The two boosts and rotations do not preserve the causal 

mix the two of the thermofield double in a way to the action of 
Minkowski translations on the Rindler The the 

= 
= 
= 
= 

o. (6.6) 

The thermofield formalism where acts on 
acts on rotate the static to a new 

"""'H"Ala. .. !'.'''''' the thermofield double Since the Ji mix the two 
eXl)ressed as a sum or difference of nn,PT<I,tnlr<: 

are Hamiltonians for static which are rotated 
of too mix the of freedom in the OrIlgIn,i:ll 
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116 CHAPTER 6. THE TROUBLE 'WITH DE SITTER SPACE 

The de Sitter group is of the group of coordinate which in ,->,<:;""'.1",1 

,aT"",.·" is the gauge group. For this reason states should be invariant under the 
action of any of its Note that this refers to the in the thermofield 
double and not to the individual 

to the definition 

=0. 

to the Horizon the de Sitter space dual 
can be described a restricted to the causal of a observer. The 
n,.r'n",,.ti,~~ of the causal a thermal matrix. The additional 
condition in order to have a dual of de Sitter space is that 
the thermal of one causal is finite. The value of the is connected to 
the size of the de Sitter space the Gibbons formula for de Sitter 

S 
Horizon Area 

For our purposes we can 6.8 as the size of the de Sitter space T:mcrm'ITn its 
which we can \JV1"I-/'""''' in terms of the matrix 5.1: 

S= (6.9) 

The we will assume is that the is finite. The consequences of that for 
the of are very clear: the must be discrete. More ~n """-"i:>';:ay, 

the number of with energy less than any value must be finite. This 
condition of must be countable and cannot have any 
accumulation of this statement can be found in C. 

In the literature much conditions been assumed for the of 
Banks and Fischler have that the Hilbert space of states should be finite 
dimensional. This may be so, but it does not follow from the finiteness of the The 

to the of the space of states when the is 
infinite. be finite even the Hilbert space of states is infinite 

the weaker condition that the is discrete. 

6 

We are now to prove a no-go theorem: the finiteness of the entror,lv 
with the existence of the and the 
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a hermitian t"\ ..... ~r"t"r define the hermitian opl~rator L -= + It follows from 6.6 
that 

=iL. 

In IJPT1Pr:,.,1 

which of course is inconsistent with the hpT'mpt.lrj 

L itself is not is a group element and a 
easy to see that 

= 

We will now assume that the " ..... ""t,.",'" and use the ssu,mI)ticm to 
derive a contradiction. We have 

1=1 8. 

Here is some state in the Hilbert space, and 8 > 0 because is and L is 
non-zero. We also have 

10;) . 

-> 1 as t -> 00, and = 1 - 5 < 1. We will now prove that is 
e.g. the of [60]). sum of the form 

is if 

hpy'pt,wP it suffices to show that 
the state Io;} in the energy 

Consider the sum 

1m} 
m,n 

n,m 

00 

n=l 

00 

n:=l 

can be written as a sum of this form. 

= 
n m 
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= 1, and the terms are 

::::; 1, {6.18} 
m 

and therefore 

m,n 

This shows that satisfies the criterion is 
since < 1, can not tend to 1 as t -+ 00, and we have a contradiction 

This proves that H can not have a countable and that the cannot 
be discrete and the cannot be finite. 

Finiteness of appears to be with de Sitter What are we 
to make of this no-go theorem? One is that de Sitter space has infinite "'ni"r,.., .... " 

"'nT'1",.., ... '" differences are finite. this seems to run the 
over the last decade. The horizon of de Sitter space is 

black hole. It is hard to see one would have an 
infinite ",n·t ... ,..,..,v 

If the .. nt:,." .. "" pa1;chl:!S must be the 
Hamiltonians and energy How would these effects manifest 
themselves? The discreteness of the energy introduces a new time scale of order 

where 8 is of order the of levels. For a with S the 
level is of order exp and the time scale is the Poincare recurrence [60, 
time tp "" exp S. This is the time scale on which the discreteness of the <rn'''l't:r",m 

"'AE,UU .. " .. "",H effects. Thus the violations of de should become 
times of order tp and recurrences should not We may "1"::<.;UllC."O::: 

no space can behave like idealized de Sitter space for times than tp - eternal de 
does not because there are instabilities which cause the space to 

in a time shorter than the recurrence time. 
Jln the lifetime of de Sitter space in the context of 

.l'l .. ""lV"''', Linde and Thivedi Since 
''''''''''''1''5 vacuum energy it is to 

tunnel out of any local minimum of the scalar there will be 
a barrier to the which may be as as the string or Planck scale . 
. U."U'V'<>A', Linde and Trivedi the rate for over such a barrier and found 

less than the recurrence time. This has for the 
energy of the metastable de space. Since the lifetime is than 
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the recurrence each energy level must a width "y at least of order exp 
In a situation of the studied in the width of each level is 
than the level which is reminiscent of a Schwarzschild black hole in fiat space. 

I'> ....... ~ •.• u has been Bousso which is that because 
",,,'t1F"",,,~rl by thermal than tp 

and Paban process 
in de Sitter space, no can ever last a time to the recurrence time. 
Hamiltonians that agree for time scales less than <'V tp be considered 

In terms of the energy levels this would mean that the level shifts 
from one to another should be no than the level exp If 
can be made and the consequences of different Hamiltonians are 
then the exact choice of Hamiltonian would become of the gauge in a 

The transformation from one to another would include such a gauge 
transformation. It is not clear to us whether this would mean that Poincare recurrences 
are or if it means that there is an additional of in their 

characteristic energy gap 8E for a 

clear that in 
sYInrIletl~y of the space will never break 

"""1"5.,'Ul-',. .. 0,...;-,.,... ... ", of I and III will be infinite. 
effects which make the " ... ",,,tr11.TI discrete and 

A hint is that the size 
which is the 
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1 

many features of 
believed that some "Hllplun::u 

"I-',,,,,,,;"u ... ,", dimensions. In order to achieve a 
solutions where some of the extra dimensions are 

to rn",f'r'''''f'{)n, 

which raises the interest in in 
The that must be addressed is whether these models are indeed realistic. In 

this "U""I-'"";> 
constrain the f-/U,,,,,,UJ.C; 

any consistent 
This 

the 

2 

1 

We nr""""n1",.nO' the 

space 

of Minkowski space in 7.1. 

121 
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7.1: The conformal for Minkowski space, <1h,-.unm 

III. In Rindler CO()nlllnaltes, \.,v""UJeUUJL5 from I to III involves 
we,dg(}s I and 

time 
if3 /2, in accord with 5.10. 

dimensional Minkowski space can be divided into four quadrants: 
I, I and III consist of from the 
like in II and IV are '.U"'IJ"~U::;U 
the of an accelerated observer in Minkowski space and called Rindler space. It 
can be described the metric 

(7.1) 

where r is proper distance from the 
coordinates are related to the 

and t is the dimensionless Rindler time. These 
fiat space Minkowski coordinates via 

= rsinht 
= rcosht. 

The accelerated Rindler observer sees himself surrounded by a past hA"'","m 

between I and and a the between rlll<>"'"" 
In any dimension other than the area 
of dimensional Rindler space 

The Rindler may be described the Unruh thermal state with ternpera 

1 1 
= (7.3) 
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We can now construct the in ~ ........ ".~~ 
the double of Rindler space in us <:;A'''' ..... 1.Y 

To see this we of all note that the Rindler Hamiltonian is the boost 
the Minkowski vacuum is boost it is an of the boost 

with V"'j.ll"JU.HJL~ ell.!euv,alule 
treeo()m in the two 

the Minkowski vacuum is an state of the 
I and III. it is well known that when the 

Uo.'UH.U. I is obtained 

It is easy to see that correlators between 
exactly the same continuations derived from 
Rindler in 7.3 is 

t -t t - i7r, (7.4) 

or, from 

Thus the tn€~rmlOnelO continuation takes I to III. 

The Poincare group in dimensions has three O'Alr1AT·"t.,,,,.Q which the 

The IT",r,A,."t" translations in space and The choice 
the Jl',<OJ"caa.,,, 

translations. time 
t, it can be identified as the Hamiltonian 

The do not act on the Hilbert space of one act on 
the full space of from the two halves. In the 
case of a free this means that the modes of one Rindler 
combination of modes of both under the action of the 
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The 

is not 
infinite. 

7. 

.... .u<.~"';:;L 6, COllsl<1er 

(t) == 

=iP_ 
=0. 

becomes: 

space, 

observer in a .... V.l.u~}"'~."u ..... '" 

space sees a horizon of 

<,..,.",,1crn111 of is continuous . 

implicitly assume that basic geometric concepts such as the notion of area and volume hold. 
statement is proven in appendix C. 
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We will now assume that the of His UUluaLm::, and use the """"'UUAIJ'AVU to 
derive a contradiction. have 

1=1 6. 

Here 10:) is some state in the Hilbert space, and 6 > 0 because 
non-zero. 

(t) 10:) = 

From F(t) -7 1 as t -7 00, and 
will now prove that F(t) is 

in the energy 

n,m 

vu,nu'v' the sum 

m,n 

olllsldenng the inner sum, we have 
are real and nrl'" ',HlP 

m 

and therefore 

m,n 

as "'C;l,lHt'''' in 6.15. 

Ifnl 2 

n m 

In) ::; 1, 

This shows that the criterion is 

is and P_ is 

(7.10) 

C;A~J<UJ,'" the state 

1) 

= 1, and the terms 

since < 1, can not tend to 1 as t -7 00, and we have Ii contradiction. 
This proves that can not have a countable and therefore that the 

cannot be discrete and the cannot be the area of the Rindler 
horizon in dimerusions is 

see that there is a fundamental conflict between the and the 
existence of a stable of to 1 + 1 dimensional Minkowski space. 

3The energies Wi are the eigenvalues of the thermofield Hamiltonian and hence are m.rr,p...,." .. po of 
pairs of energies of the Rindler Hamiltonian HR, see the last paragraph in section 7.3.2. 
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We have found that U!<JL.IU.!UaJ".) 

mensions in which the hnl"'7.-'" 

7. 

to 1+1 di-

of be extended to other maxi-
space to 

our is trivial our ~E,~U.Av" 
are zero, and there is no conflict with the In non-trivial cases 
fications to 1+1 dimensional Minkowski space must be unstable and have to ..... '''uv.''IJ''''<J\,,~.y 

We will to understand in the context of 
any will 
space. These massless ae~!;TeE~ 
fields. 

than the 'U'llrl111""r,t. nr""'''l1:t."rl 

but it 
massless. 

we note that 
such as pp waves in anti de space and the linear 
varies either to time or space. These '<Jv."IJ"' .... ,'"''"''' 

invariance and do not contradict our conclusion. 
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of this thesis we will discuss the results of the work prE~e:nted here and 

we have discussed the 1>LGLU1JlHV nr,l)ntfl!rtlp.s 

classes of Randall-Sundrum braneworlds. One of the main 

for since 
inflation needs a In the RS2 scenario on the other 
hand there exists considerable evidence that the initial "U"J<.U.UU is UPT1PT1"",,,1 

We have this two different ap'prc.ac.nes 
<'n'IT, .. '~r 3 we studied the state space of the class of FLRW and the class of Bianchi 

models with a scalar field with We 
the state space and 

of the different sectors of state space. the information obtained in the 
different we could the attractors and of the full state space. We 
concluded that the of the full state space of FLRW models is the BDL model: 

amount of 
[145]. We 
model. 

our results. 

energy model 4. We obtained a similar result when 
Bianchi I sector: the BDL model is a but now the 

and under certain conditions the initial is 
that for this reason the attractor is in fact the 

hOl:tOJmm~ts to our the class of Bianchi I models is 
class of models should be studied in order to confirm 

the Bianchi II ........ ""'." 
and in the class of 

models was All works agree with the results obtained here. 
the Bianchi I models we the non-local 

be flawed as "'AjJl""U"'U 

UU"'''L1VU for future work would be to find the bulk solution COI[1ta~mng 
Bianchi I branes 5 , to solve for and insert the solution into our 
the of an exact a viable form of the non-local 
stress could be found and used. 

In 4 we chose a to the of the or"',..",'",," initial 

order to agree with the according litera.ture we denote the same model as m in chapter 3 and as Fb 
in chapter 4. 

SIn only a. very special subset was considered. 
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braneworld We focused on flat FLRW u""'-; ..... I<..,I.) with three different matter 
contents cOJrresp~)n~jiIllg to the 
dominated 
tions and found that for the 

apIJro;acbjng very 
case of radiation 

Both the low energy and dark radiation ht>f'll"a ... n,,,.,,1 

of the here grow when times. Our result 

cases 

~ ... ''''','',,'' one in 
stress since its 

ro~~tl(ms on 
vector and tensor 

HUH..,,,:; to check whether our results remain true when 
the lines of [46] or 

we need to out that the Randall-Sundrum scenario 
very models. The RS action 

includes the term linear in the curvature invariant. For a more 1<.'::"''''''''''' 
when 

vary from the RS field 
energy limit. It would be ;nt., ... ~."tin<r 

isotro,pi21atilon results remain true in "Gauss-Bonnet """"'1h," 
In III of this we have studied different "",co"",,,,,,,,,,,,,.1 "',,rn'm.,'tnt' c~,m(JiOli1;lC;al 

horizons: 4-dimensional de Sitter space and 1+1 dimen­
that our results remain valid for de Sitter space of any 

",,,,,,..,,,'n1',, ~""~'d"""& from semi-classical Black Hole 
H"ln".,.""nl"," were assumed to hold. These "'''''''''''''",,'1"'' 

dual to 
restricted to the causal 

t.,Yn..-""".",t11''''' of the this 
must be a finite ""Tnn'~r 

We then showed how to ImpJe:mEmt in de Sitter space 
1+1 dimensional Rindler space \"' .. ,<>""""'. and found in each case that these "",nrr,,,tri 

conflict with the finite ternperaLture of the horizon. Thus one must either 
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and <>T1·rrn,.,..." or the exact e''''''T1''<>T of the classical 
space. 

main is on conventional 
reason that we in fact seem to be 

and that de space seems to be a 
universe. In this case we have that as a natural consequence the 111{~tllme 

can not exceed the Poincare recurrence time introduced in [60J. In 
we concluded that de solutions in are at best with a finite 

ditter~~nt authors 
is at best metastable 

to ask what the \JV,:X:HlU":; 

vacuum energy, there cannot exist any 
to de space. For this reason 

space may or "tunnel" to 
lower vacuum energy, and should tunnel to 

va".,,,,,,,.,,/<, vacuum energy or one with 
This statement has been COIU1rm€:d 

these results are 
co]cresp()ll(1mg to certain "initial conditions" in the state 

In an to find a more 5<:;"""':" 

;jW,Skmd has introduced the notion of the of 

in which to study the 
in order to shed more on the 

of 
sPI:tcetinles cannot 

horizon area. way to avoid this is a very small internal space with 
PTllr,rnnv in which case there is order one state in the Hilbert space, and the symmetry 

rOT.rrl.3n1" does not dimensional 
must be the internal !H(>U!!V!,U 

volume.6 

This result is since Minkowski space, unlike de space, 

a supersymmetric of heterotic to 1 + 1 dimensions 
has been presented as a counter-example to our results. We believe however that this model is trivial in the 
sense that it has a trivial S-matrix due to IR despite the lack of massless propagating 
degrees of freedom. 
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VG1.uO"U'"'15 vacuum energy is therefore not prone to 
vacuum with lower vacuum energy density. It 

can confirm our This 
vA~;U~A"A.y ~~~UJ,a"J .. ~the 

syrnmletI1es to exact, an infinite horizon area 
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We will here describe in 
the nature of the lies in both sectors A 

and the Jacobian of the in the 
of 

We will here describe how np,·t.11 .. h~,ti evolve in sector A. The 
UUl,lVAlO in sector C in order to understand the 

this 
and r(r), the 

(ry, 1- y,L,z, 

in state space. that the evolution of the 
is 

-6fX-

y' - 4fr, 

L' 2fL, 
Z' 2fZ, 

r' -2fr. (A.6) 

UCU,lU1H> within the state space, the Friedmann constraint 
''':.L10UCU, which means that the must the constraint 

O:5;y-L-z-r:5;l, (A.7) 

133 



Univ
ers

ity
 of

  C
ap

e T
ow

n

134 A. 

which means that the last square root 
We aim to the order ov.U""" .... " 

at this that both the vA.' ...... uu"!'. 

state space, since e.g. 
grow whereas T\"",~".,.h" in 

or vice versa. 
does however break down when o 

where r = O. In that case the evolution y, Land z is of the same 

The solutions to 

zo, ro are 
these 

to determine whether the model is a 

are UUI,aHl"'U and 

L = 
z 
r 

we that 

y= + 

We now turn our attention to If b = 0, then shows that the 
for € = and grows € = -1. If however b ~ 0, then there are two terms 

to the in x. If € = then both these terms are so it is 
clear that the grows as r --J. 00 in that case. The case € = + 1 on the other 

o..;U!H !-,uo..;,;> Lt:U, since there are now two the first one 
np,,,,.,,,,,,,, and the second one since b < O. 

which term at late i.e. whether the as 

to 

We can now 

We will first 

-6x-

which transforms 

8' -38-

the solutions 
o since in that case the 

rh •• t.irm X '-'U''''U!~vO 

10) 

into 

this "'4'''''"'UU in the full state space, and then the 
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AN EXAMPLE 

In 
root. 

Yo Zo is non-zero, so that we can second term in 
1) then has the solution 

s= 

a: is a non-zero constant can be determined X= 

X= + 
This means that the at late times. 

If Zo = 0, then 11) has 

s= 

where the constant f3 is determined from 

is ... YO .......... " .. 

invariant set 
to 

and dark energy 

X= 

We now want to run 
space. As motivated in 

1. The zero VV.UU\J'V'"'''''''' constant 

2. The relativistic "'UILJ"'~""""'''' 
= 0 or L = z = r = O. 

is 

""'r,l'If"'''' we want to study: 

In case 1. the s becomes 

s' = -3s-

leaamlg order solution 

s 

if Yo # Zo and 

s= 

the 

o. 

135 

square 

solution 

(A. 

(A.15) 

state 
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if Yo = Zoo means 
condition Yo = zo, 

considered and 

For the 

OVLlLL""-'U is 

It is Imlme(jla1~elJ 
the 

APPENDIX A. 

grows in time if Yo =I- Zo and for 
corresOOIlds to = x grows in a subset of the 

subset 

s' = -3s-

s= + 
x = grows if Yo =I- 0 

even in the subset h, 

is a 

if Yo = O. This means 
full state space. 
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operators constructed with the 

stant proper Here and we 
denote with Q the whole set of covariant harmonics defined in the next sections: 
a standard but scalars are denoted by QS, vectors 

and tensors we shall omit the type index: for eXl:tmple 
should denote the vector constructed with the scalar harmonic , to Ul~'"""~ 

from the solenoidal vector : we use this index when we have to use the 

an almost we can use these harmonics in t::Alt'o,l'U'UO 

UO,.U", O,t::" , for t::A''''''''IJ''C, for a scalar T we have: 

now look sU(~ceSSl at 

We take the scalar harmonics as 
Beltrami operator 

T 

and tensor harmonics for a 

the 

(B.1) 

= 0) back-

defined .LIo,le'la..et:: 

where from now on we the index (k) from the This scalar harmonic can be used 
to with this we can also define a vector via 

= 

137 
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a trace- tensor 

= + 
harmonics are U'U1U1C;U in 

o· , 
", .. "",,,,rhr and commutation we 

=0, 

we various l'W,"",>rh above .... ,,', ..... , .... 

of 

a sOlenc)lOI!l.l vector: 
=0. 

this we can construct a trace - free tensor 

+ 
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B.3. 

Both these harmonics are constant 

=0. 

The relations hold for the tensor 

a=O 

(B. 

and also reSipectl the relations 

we have 

and 
=0, 

where this tensor is trace - free and Ol'VeI'genC1B-IIBSS 

and satisfies 

139 

flow lines: 

Oellll€lO from the vector 
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<>n'trn,nv must have a discrete The statement 

number of states below any energy 
can not have discrete accumulation this is central to 

6 and 6, we a short of this statement 
S == -Tr plnp, where p == 

Here trace means the sum over all the states in the 
an with the proper measure in the case that the 

J:'.ixpanollllg the relation above 

s= +lnZ) = lnZ + 

which is As can be 
seen from S is not anect;ea 
we can take the arrmn,rl 

for any constant 
will assume the energy is 

Then and 

S~lnZ In ~ln 

is the Nth energy and we have assumed that the 

from 

(C.2) 

Now the is clear: if there exists any energy below which there are 
an 'n1",nl1,<> the will and hence finite implies a 
discrete with no Note that this does not that the 
Hilbert space is finite. In f'V , at least for T » 
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In this appelrldlX we illustrate how the group of Minkowski translations acts on 
rreleoc)m. For we a Minkowski toy model with a scalar 

The Minkowski coordinates are by X and take values in 
for a free scalar 

c= 
.l.Ui.RW',. coordinates are U"iiU':;U 

r= 

in 

1 X+T 
T = 2" In X _ T' 

Rindler but time and radius run 
"'''', .. ''''''". In these coordinates the wave takes the 

(- + o 

where u = In r and dot indicates derivative with "p"'np,~t. to T. Let us note that as we 
the of 

horizon. 

143 

case 
This is of course the region very near the 
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the wave "fl •• "f:"'ln can 

where Ck = 47rWk are normalization constants and Wk 

The two of ( at r = 0 are on two 

can 

The 

as 
r' = 

and 

r' 

In the right 

The 

eX])arlcte:ct in creation and annihilation nTlPT"'f.ll1r" 

"'H""VJ'" by a, and b, bt for X > 0 and X < 0 ,..,,,'ru't"f:, 

((r,r) 

.. ~u,."'.'-'. • , ... " , ........ of freedom 

r a 
r-a 

ones in the left .. "",.~.v. 

(, ( at r = 0 have form 

- a) 

+ - r)-ikbt (k)]8(a -

r). 

creation and annihilation 

+ (D.9) 
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we find 

k)a{k) + k)b{k)] (D.lO) 

with the 

= 

where b) is the 

(D. 

and we have used the b). In the massless limit these coeffi-
dents to 

k) 

k) 

(sgn(l) - sgn(k))-;-,;-:'--'-" 

= (sgn(l) - sgn(k))-;-,;-~:-7' 

the left Rindler space. 
see Minkowski space mix the two 
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