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Abstract

Isometries on Banach spaces of measurable functions can typically be characterized as weighted composition
operators. In the non-commutative setting, isometries between symmetric spaces (of trace-measurable operators)
can often be described in terms of a Jordan x-homomorphism (which may be considered a non-commutative
composition operator) weighted by a partial isometry and/or a positive operator. In this thesis we describe
the structures of isometries on various (non-commutative) symmetric spaces associated with semi-finite von
Neumann algebras. This is achieved by extending certain results from the finite setting to the semi-finite setting,
exploring the applicability of disjointness-preserving techniques in generalizations of L,-spaces, and developing

characterizations of extreme points in a certain class of Lorentz spaces and in various types of Orlicz spaces.
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Introduction

Every unital commutative C*-algebra can be represented as a space of continuous functions on a compact
Hausdorff space and every commutative von Neumann algebra as an L..-space over a localizable measure space.
These representation theorems have led to the interpretation of general (not necessarily commutative) C*- and
von Neumann algebras as non-commutative function spaces, and this has inspired research into the extent to
which results for commutative spaces have non-commutative counterparts. In the setting of von Neumann
algebras this research area is called non-commutative integration theory and focuses on the study of non-
commutative analogues of the classical Banach spaces of (equivalence classes of) measurable functions such
as the Lebesgue spaces, Orlicz spaces and Lorentz spaces. Symmetric spaces (both in the commutative and
non-commutative settings) form a common generalization of these spaces and provide a framework for a unified
study of these spaces. In the context of semi-finite von Neumann algebras, the existence of a semi-finite normal
faithful trace makes it possible to represent these non-commutative spaces as spaces of unbounded, closed and
densely defined operators affiliated with the von Neumann algebra. The construction of non-commutative spaces
associated with more general von Neumann algebras has been achieved for L,-spaces ([19]) and, more recently,
Orlicz spaces ([32]). These constructions are a great deal more technically involved and so we will restrict
ourselves to non-commutative spaces associated with semi-finite von Neumann algebras. The specific concepts
and notation to be used throughout this text will be introduced in Chapter 1.

It follows from the spectral theorem that every von Neumann algebra is generated by its lattice of projec-
tions. It is therefore unsurprising that any isometric isomorphism between von Neumann algebras has to be
implemented by a map that preserves this lattice structure, namely a Jordan s-isomorphism, possibly multi-
plied by a unitary operator ([22]). Furthermore, one would anticipate that there would a relationship between
the isometries of symmetric spaces associated with semi-finite von Neumann algebras and the isometries of the
underlying von Neumann algebras. In describing the structure of an isometry between symmetric spaces it is
therefore natural to use the isometry to initially define a map on projections. In order to ensure that this map
preserves the projection lattice structure and can be extended in a well-defined and linear manner, this map
should preserve orthogonality of projections. In the setting of commutative and non-commutative L,-spaces,
for example, this can be achieved by showing that the isometry is disjointness-preserving ([33] and [49]). Since
surjective isometries preserve extreme points, a description of the extreme points of the unit ball of a symmetric
space can provide a further tool in characterizing surjective isometries. In the setting of unital C*-algebras and
Lorentz spaces, for example, extreme points of the of the unit balls of these spaces can be characterized in terms
of partial isometries, and facilitate the description of the structure of surjective isometries on such spaces ([22],
[2], [4])- A third method that can be employed in describing the structure of isometries on symmetric spaces is
the use of characterizations of Hermitian operators on such spaces ([50],[35] and [42]). In Chapter 2 we describe
how these approaches have been used in the commutative and non-commutative settings and outline some of
the results contained in the literature.

Several results in the non-commutative setting have only been obtained for spaces associated with von

Neumann algebras equipped with finite traces. Our first aim is therefore to extend these results to spaces
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associated with semi-finite von Neumann algebras. We see in the proofs of Lamperti’s, Zaidenberg’s and Yeadon’s
results examples of how this may be achieved. Motivated by these and our earlier discussion, we investigate in
Chapter 3 the possibility of defining a map on projections with finite trace and then extending it to a Jordan
s-homomorphism on the whole von Neumann algebra. The first application of these extension procedures will
be in describing the structure of a positive surjective isometry between a symmetric space and a fully symmetric
space. This characterization has been obtained in the finite setting by Chilin et al. (|4, Theorem 3.1]). An
important component in the proof of this result is being able to show that the inverse of a surjective positive
isometry is itself positive under certain conditions. This will also form a significant component of other proofs
and so in Chapter 4 we provide sufficient conditions for this to be achieved in the semi-finite setting. In
Chapter 5 we describe the structure of a positive surjective isometry between a strongly symmetric space and a
fully symmetric space, both with absolutely continuous norm, and hence provide a partial generalization of [4,
Theorem 3.1] to the semi-finite setting. Another aim of this thesis is to consider the applicability of disjointness-
preserving techniques in spaces more general than L,-spaces. Indeed, in Chapter 6 we show that the structure
of a surjective isometry between a strongly symmetric space and a fully symmetric space (both with absolutely
continuous norm), which is not necessarily positive, can be described if we know, in addition, that the isometry
is disjointness-preserving. In Chapter 7 we characterize surjective isometries between Lorentz spaces associated
with semi-finite von Neumann algebras by showing that such isometries are disjointness-preserving and in the
process we provide a generalization of the corresponding characterization in the finite setting ([4, Theorem 5.1]).
The techniques employed in Chapter 7 also illustrate how the extreme points of the unit balls of such spaces can
be used in determining the structure of isometries. In essence, the characterization of these extreme points allows
one to show that isometries between Lorentz spaces map partial isometries onto partial isometries, which plays
a critical role in showing that these isometries are disjointness-preserving, and can therefore be described using
the results obtained in Chapter 6. The final aim of this thesis is to consider further applicability of extreme point
methods. In Chapter 8 we show that characterizations of the extreme points in the unit balls of various types
of Orlicz spaces can be used to describe the structure of positive surjective isometries on these Orlicz spaces,
including the Orlicz space formed by the intersection of a von Neumann algebra with the L;-space associated
with it.

As mentioned earlier, a framework for describing Orlicz spaces associated with general von Neumann algebras
has recently been developed. The possibility of developing similar frameworks for other symmetric spaces
and describing the structures of isometries on such spaces provide interesting possibilities for further research.

Furthermore, there are several results in the semi-finite setting that could potentially be refined further.



CHAPTER 1

Preliminaries

We introduce the concepts and notation to be used throughout the text. To facilitate readability a number
of results to be used in the sequel will be provided in Appendix B. A basic understanding of measure theory,

functional analysis and operator algebras as presented in [37], [6] and [23] will be assumed.

1.1. Measure theory and integration

Let (Q,X, 1) be a measure space, where ) denotes a set, 3 denotes a o-algebra of subsets of Q and pu
denotes a positive measure on X. (2, X, u) is semi-finite (or has the finite subset property) if for every A € ¥
with p©(A) > 0 there exists a B € ¥ with 0 < u(B) < oo such that B C A. A, B € ¥ are p-almost equal if
w(AAB) = 0. The measure algebra of (Q, %, 1) is obtained from ¥ by identifying sets which are p-almost equal.
If the measure algebra obtained from (2, X, 1) is a complete Boolean algebra and (€2, 3, i) is semi-finite, then
(Q,%, ) is called localizable. Any o-finite measure space is localizable. Unless stated otherwise, we assume
that the measure spaces under consideration in this thesis are localizable. We will use Lo(x) to denote the
complexification of the Riesz space of all equivalence classes of almost-everywhere finite real-valued measurable
functions on 2, where functions which are equal p-a.e. have been identified. For f € Lo(u), the distribution
function dy of f is defined as

4N = p({te Qs [fB] > A} A= 0
and the decreasing rearrangement f* of f as

FO) =inf{A>0:d;(\) <t} >0

An important subspace of Lo() is the set of all (equivalence classes of) functions in Ly(x) that are bounded,
except possibly on a set of finite measure. We will denote this space Loo(r). It can be shown that Log(u) is also

given by
(1.1.1) {f€Lo(p): f (t) <ooVt>0}.

Furthermore, if Lgo(p) is equipped with the topology of convergence in measure, then it is a complete metrizable

topological vector space. We present a few results that will be used in the sequel.
THEOREM 1.1.1. [20, p.94] For every integrable function f,
d xT
— t)dt = .e.
o[ rma=r@ e

THEOREM 1.1.2. [20, p.58] If the function f is integrable on the set E, then for every e > 0 there exists a
6 > 0 such that

[ @i <o

whenever A C E is a measurable set with measure less than §.

THEOREM 1.1.3. [37, p.15] Suppose (2,3, u) is a measure space. If f : Q — [0,00) is measurable, then there

exists a sequence ()2, of simple functions such that
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MHo<fi<fpo<..<fand
(2) fn — f pointwise p-a.e.

PROPOSITION 1.1.4. If f € Lo(Q, 2, 1) such that f # 0, then there exists an € > 0 and a B € ¥ with
1(B) =6 > 0 such that | f(z)| > € for all z in B.

PROOF. Let A = {z € Q : |f(z)| > 0}. f # 0 implies that p(A) > 0. For each n € NT, define
Ap={zeQ:|f(x)]>L}. Then A= ‘Elen and so

() =i (B 40) < Dot

A simple proof by contradiction shows that this implies that p(Az) > 0 for some k € NT. Let ¢ = ¢ and

B = Ay. O
1.2. von Neumann Algebras

Unless indicated otherwise, we will use H, K to denote Hilbert spaces, £,n to denote elements of Hilbert
spaces, x,y, z to denote (bounded or unbounded) operators on Hilbert spaces, and A, B to denote von Neumann
algebras. If H is a Hilbert space, then B(H) will be used to denote the algebra of all bounded linear operators
on H. A von Neumann algebra 4 is a unital, weak operator closed, self-adjoint subalgebra of B(H). We will
use 1 or 1 4 to denote the identity element of A, A%® to denote the set of all self-adjoint operators in A and AT
to denote the set of all positive operators. Using the double commutant theorem, one can also characterize a
von Neumann algebra as a unital, self-adjoint subalgebra A C B(H) with the additional property that A = A",
where A’ denotes the commutant of A. For any A C B(H), A’ is a von Neumann algebra and it is easily shown
that A" = (A’) is the smallest von Neumann algebra containing A. We will therefore refer to A" as the von
Neumann algebra generated by A. We will use P(.A) to denote the set of all projections in A, V(.A) to denote
the set of all partial isometries in A and U(.A) to denote the set of all unitaries in A. The center of A is denoted
Z(A). If Z(A) = {al : a € C}, then A is called a factor.

EXAMPLE 1.2.1. [23]

(1) The simplest example of a von Neumann algebra is B(H).

(2) Suppose (€, %, ) is some localizable measure space and let H = Lo(p). For f € Loo(p), we will
use My to denote the multiplication operator induced by f, i.e. My(g) = f.g for all g € La(p). Let
A={M;: fe Lo(p)}. It is easily shown that A is a unital, self-adjoint subalgebra of B(H). It is in
fact weak operator closed and therefore a von Neumann algebra. Furthermore, the mapping f — Mjy
is an isometric *-isomorphism of L., (u) onto A. The weak operator topology on A coincides with the
weaks topology on L. () when My and f are identified. Furthermore, a von Neumann algebra A is
commutative if and only if A is isometrically *-isomorphic to L., (€2, X, 1) for some localizable measure

space (9, %, u).

We will work exclusively with semi-finite von Neumann algebras. These can be defined in terms of the type

decomposition of von Neumann algebras.

THEOREM 1.2.2. [44, p.296] Every von Neumann algebra is uniquely decomposable into the direct sum of
those of type I, type 111, type Il and type I11, i.e. there exist mutually orthogonal projections pr,prr,,prr.,,PIir
such that

1=pr+pr, +pr1., + 0111

and the range of each of these projections is a von Neumann algebra of the corresponding type.



1.2. VON NEUMANN ALGEBRAS 3

If pr7;r = 0 in the decomposition above, then the von Neumann algebra is called semi-finite. A detailed
discussion of the types of von Neumann algebras can be found in [24]. We will however be more interested in
the characterization of semi-finite von Neumann algebras in terms of faithful normal semi-finite traces. Let A
be a von Neumann algebra. We will write z) 1 if {x)}rea C A®® is an increasing net with supremum = € A%%.
A map 7 : AT — [0,00] is called a weight if 7(x +y) = 7(z) + 7(y) and 7(A\x) = A7(z) for all x and y in AT
and all A > 0 (where the convention 0.00 = 0 has been used). If in addition 7(u*zu) = 7(z) for all z € AT and
all u € U(A), then 7 is called a trace. A trace 7: AT — [0, 00] is called

(1) finite if 7(1) < oo;

(2) semi-finite if 7(z) = sup {7(y) : 0 <y < x;7(y) < oo} for all z € AT
(3) faithful if 7(z) = 0 implies that 2 = 0;

(4)

PROPOSITION 1.2.3. Let 7 be a weight on a von Neumann algebra A.
(1) If0 <z <y, then 7(z) < 7(y)

(2) 7 is a trace if and only if T(z*x) = T(xx*) for all x in A;

normal if 0 < z 1 x implies that 7(zy) 1T 7(x)

(3) If T is a normal trace, then T is semi-finite if and only if for every non-zero x in A there exists an y

in AT with 0 <y <z and 7(y) < o

Semi-finite von Neumann algebras can be characterized in terms of their traces as follows. A von Neumann
algebra A is semi-finite if and only if there exists a faithful, normal, semi-finite trace on A™*. If A is a semi-finite
von Neumann algebra, we will usually speak of the semi-finite von Neumann algebra (A, 7) and mean that A is
a semi-finite von Neumann algebra equipped with a (distinguished) faithful normal semi-finite trace 7. If A is
a von Neumann algebra, equipped with a trace, then we will use P(A)7 (or D when dealing with subscripts) to
denote the set of all projections in A with finite trace and V(A)/ to denote the set of all partial isometries in A

whose support projections have finite trace.

EXAMPLE 1.2.4. [15]

(1) Let H be a Hilbert space with orthonormal basis {n; }icr. Let 7 : B(H) — [0, o0] be defined by
T(z) = Z (@(ni), mi) -
iel
Then 7 defines a faithful, semi-finite normal trace on B(H).
(2) Let (9,%, ) be a measure space, H = Ly(p) and A = {M; : f € Loo(p)}. Define 7 : AT — [0, 00]
by 7(My) = fQ fdu. Then 7 is a faithful, semi-finite normal trace. In the special case where the

underlying measure space is the set of natural numbers, equipped with counting measure, we have that
o
7 ((#n)ply) = len-
e

We finish this section by mentioning some of the terminology to be used with regards to projections. Let
p,q € P(A). We will say that p is equivalent to g, relative to the von Neumann algebra A, if there exists a
partial isometry v € A such that p = v*v and ¢ = vv*. If this is the case, we will write p ~ ¢. If there exists
a q € P(A) such that ¢ < g and ¢; ~ p, then we will write p X ¢. A non-zero projection p € P(A) is called
minimal if ¢ € P(A), ¢ < p implies that ¢ = 0 or ¢ = p. This is the abstract analogue of a projection onto
a one-dimensional subspace. If a von Neumann algebra does not contain minimal projections, then it is called
non-atomic.

Further results regarding von Neumann algebras can be found in Section B.1. In particular, results to be
used in the sequel regarding the weak and strong operator topologies, spectral theory, order structure of von

Neumann algebras, projections and partial isometries will be described there.
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1.3. Trace-measurable operators

Trace-measurable operators are the non-commutative analogues of measurable functions. We will introduce
some of the salient features relating to such operators. Suppose x is a closed, densely defined operators on
a Hilbert space and let D(x) denote its domain. The projection k(x) onto the kernel of x is called the null
projection of x; the projection r(x) onto the closure of the range of x is called the range projection of z; and
the projection s(x) onto m is called the support projection of x. The central support projection z(x) of =
is defined as the projection 1 — p, where p is the supremum of all central projections g € A such that qz = 0. If
A C B(H) is a von Neumann algebra, equipped with a faithful normal semi-finite trace 7, then we will often be
interested in the set F(7) defined by

F(r):={z e A:7(r(z)) < co}.
The projections mentioned above have the following properties.

PROPOSITION 1.3.1. [25, p.77] Let x be a closed densely defined operator on a Hilbert space H. Then

(1) s(z) is the smallest projection p € P(B(H)) such that x = xp
(2) r(x) is the smallest projection p € P(B(H)) such that x = px
(3) k(z) = (k(z*))* and k(z) = (r(z"))* = (s(x))*

(4) r(z*z) =r(z*) and k(z*z) = k(z).

Let A C B(H) be a von Neumann algebra. A closed, densely defined operator x is said to be affiliated
with A if u*zu = x for all unitary operators u € A’. If this is the case we will write 2nA. If A = B(H), then
A" =C1 :={al: a € C} and so all closed, densely defined operators are affiliated with A. If H = Lo(p) and
A={M;: f € Lo(n)}, then a closed, densely defined operator on Lo(p) is affiliated with A if and only if it is
of the form My for some f € Lo(u) (where the domain of the multiplication operator My is given by the set of
all g € Ly(p) such that f.g € La(u)).

A subspace D C H is called 7-dense if there exists a sequence of projections (p, )52 C P(A) such that p,, 11
and p,(H) C E, 7(p ) < oo for all n € NT. A closed, densely defined operator z, afﬁhated with A, is called a
T-measurable operator if its domain D(x) is 7-dense. It can be shown ([45, p.4]) that if « and y are T-measurable,
then z +y and zy are pre-closed operators whose closures (the strong sum of x and y, and the strong product of
x and y, respectively) are 7-measurable. Furthermore, z* is T-measurable for any T-measurable operator x, and
the set of all T-measurable operators (denoted S(A, 7)), equipped with strong-sum, strong-product and adjoint
is a x-algebra. In this context the usual notation for sums and products will be used for strong sums and strong
products. The set of self-adjoint elements of S(A,7) will be denoted S(A, 7)%*. If © € S(A, 7), then defining

Re(z) = %(ac—&—x*)
Im(z) = %(3:—:5*)

yields Re (z),Im (z) € S(A, 7)** and © = Re (z) +iIm (x). It follows that S(A,7) = S(A,7)** +iS(A,7)**. An
operator € S(A, 7)%* is called positive, denoted = > 0, if (z£,&) > 0 for all £ € D(z). The set S(A,7)" of all
positive elements in S(A, 7)%® is a proper cone and therefore a partial order may be introduced on S(A, 7)** by
defining < y if y — x € S(A, 7)". With respect to this ordering S(A, 7)*® is a partially ordered vector space.
Recall that if « : D(z) — H is a closed, densely defined normal operator, then there exists a uniquely
determined spectral measure e* such that = = [, Ade®. For z € S(A, 1), we will use B(o(z)) to denote the set of

all Borel measurable functions on the spectrum of z, B(c(z)) to denote the set of all bounded Borel measurable
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functions on the spectrum of z, and By.(o(z)) to denote the set of all Borel measurable functions, which are
bounded on compact subsets of the spectrum of x. Let x € S(A, 7)** and f € B(o(z)). Define

fz) = ( )f()\) de” (X).
The map f — f(x) is called the functional calculus for z. If G is a subset of C, then we will sometimes use
B(G) to denote the set of all Borel subsets of G.

REMARK 1.3.2. We will sometimes prefer to work with a spectral family rather than with a spectral measure.
A family of projections {e(\)}rer satisfying
(1) )\/E\Re()\) =0 and )\\E/Re()\) =1
(2) e(A) <e(N)if A <N,
_ !/
(3) e) = A V)
is called a resolution of the identity or spectral family. If, in addition, there exists a constant o > 0 such that
e(A) =0 for A < —a and e(A) = 1 for A > a, then {e(\)}aer is called a bounded resolution of the identity. If
x € S(A,7) is a self-adjoint operator with spectral measure e, then letting e(A) = e®(—o0, A) for A € R yields

a spectral family. Furthermore, we note that

= () = (4,00)" =, 2,0
For z € S(A,7)%*, let
T = 2€”[0,00)
T = —ze"(—o0,0]

Then 27,2~ € S(A,7)" and z = 27 —x~. The positive cone S(A, )" is therefore generating in S(A, 7)%%. For
x € S(A,7), we define |z| := (x*2)/2, using the functional calculus. If z is self-adjoint, then |z| = 2+ 4+ z~.
It is easily checked that A is an absolutely solid subspace of S(A, 1), i.e. if x € S(A,7) and y € A is such that
|z| <y, then x € A. Furthermore, if (A, 7) is an abelian von Neumann algebra, then S(A, 7) is also abelian.
The functional calculus allows us to provide the following characterizations of trace-measurability, which

will provide a clearer understanding of this notion.

PROPOSITION 1.3.3. [45, p.16] Let = be a closed, densely-defined operator affiliated with A and suppose x

has polar decomposition x = v|x|. The following are equivalent:

(1) z is T-measurable;

(2) |z| is T-measurable;

(3) there exists a projection p € P(A) such that p(H) C D(x) and 7(pt) < o0;

(4) V5 > 0 there exists an € > 0 such that 7 (e®l(e,00)) < 6, where el®! is spectral measure obtained in the
spectral decomposition of |z|;

(5) There exists a X\ > 0 such that 7(e!*!(\, 00)) < oo;

(6) 7 (el*l(X\,00)) = 0 as A — .

It is worth highlighting that a closed, densely defined operator x, affiliated with A, is 7-measurable if and
only if there exists A > 0 such that 7(el*l(\,00)) < co. In general, if z € S(A,7), then there may be certain
values of A > 0 such that 7(el*/()\,00)) = co. The set of all z € S(A,7) such that 7(el*/(\,00)) < oo for all
A > 0 will be denoted S.(A, 7) and is called the set of all compact T-measurable operators.

Next, we define a topology on S(A, 7). For €, > 0, define
N(e,6) :={x € S(A,7) : Ip € P(A) such that p(H) C D(x), |lzp|| < e, T(pt) <4}
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It can be shown (|45, p.18|) that {N(e,d) : €,§ > 0} is a neighbourhood basis at 0 for a metrizable vector
topology on S(A, ), called the topology of convergence in measure or the measure topology. Moreover, S(A, 1)
is a topological x-algebra with respect to this topology. We will denote this topology by 7,,. In the following
example we demonstrate what trace-measurable operators look like in two important contexts and also describe

the measure topology in these settings.

EXAMPLE 1.3.4. [45, p.22]
(1) If A= B(H) and 7 is the usual trace on B(H) , then S(A,7) = A and

Ne d) = {TGA: HTH Se}

for any € > 0 and 0 < 0 < 1, since 7(p*) < 1 implies that p = 1. It follows that the measure topology
coincides with the norm topology. Furthermore, S.(A, ) is the set of all compact operators on H and
F(7) is the set of all finite rank operators.

(2) Suppose (2,3, 1) is a measure space and H = Ly(p). If A= {My : f € Loo(p)} and 7(My) := [, fdpu,
then it can be shown that S(A,7) = {M; : f € Loo(p)} and the map f — My is a *-isomorphism
from Lgo(p) onto S(A, 7). Furthermore, My, % 0 if and only if f,, converges to zero in measure, i.e.
the measure topology on S(.A, 7) corresponds to the usual topology of convergence in measure, via the

*-isomorphism f — M;.

If (A, 7) is a semi-finite von Neumann algebra such that 7(1) < oo, then (A, 1) will be called a trace-finite
von Neumann algebra. We list three easily-checked properties of trace-measurable operators associated with

trace-finite von Neumann algebras.
PROPOSITION 1.3.5. Suppose (A,T) is a trace-finite von Neumann algebra equipped with a finite normal
faithful trace. Then

(1) All closed, densely defined operators affiliated with A are T-measurable and S.(A,7) = S(A,T)
(2) The closure of F(7) in S(A,T) with respect to the measure topology is S(A,T)
(3) If x € S(A,7) and s(x) = 1, then x is invertible in S(A,T)

Further properties of 7-measurable operators can be found in Section B.2.

1.4. The generalized singular value function

The (generalized) singular value function of a trace-measurable operator is the non-commutative analogue
of the decreasing rearrangement of a measurable function. Throughout this section we will use (A, 7) to denote
a semi-finite von Neumann algebra. Let = € S(A, 7) and let |z| = [° Adel*l(\) be the spectral decomposition

of |x|. We define the distribution function of |x| as

d(|z]) (s) :=7 (e‘zl(s, oo)) s> 0.
Note that this is in fact a generalization of the notion of a distribution as defined in the commutative setting,
since if H = Ly(Q, X, ) and A = {My : f € Loo(p)}, then d(My) (s) = p{t € Q : |f(t)] > s} = ds(s). This
follows from the fact that €7 (s,00) = X{req:|f(t)>s}- For @ € S(A,7), the singular value function of x is

denoted i, and is defined to be the right continuous inverse of the spectral distribution function of |z|, i.e.
e (t) =1inf {s > 0:d(z)(s) <t} t>0.

This is a generalization of the concept of a decreasing rearrangement of a measurable function, since if H = La(p),
A={Mj:f€ L(n)}and g€ Loo(u), then

/JMg(t) = inf{s 2 0: d(Mg) (S) S ﬁ} = inf{s 2 0: dg(s) S t} :g*(t)
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The following are some examples of singular functions that can be calculated explicitly.

ExampLE 1.4.1. [15]
(1) If p is a projection in A, then 1, = X[0,+(p))-

m
(2) Suppose z is a simple operator of the form x = " a;p;, where pi,...,p, € P(A)Y with p;p, = 0 for
j=1

m J
j#kand a1 > ar > ... >y >0 Let proy1 =1 — > pj, amg1 =0, = > 7(p;) and v9 = 0. Then
j=1 i=1

m+1

Ha = Zajx[w—h“/j)'
j=1

m+1 g
(3) The simple operator z, described above, can also be written in the form . = ) ,¢;, where ¢; = > p;,
j=1 i=
i = Q5 — (i1 Al m4+1 = U. ote al 1 S 2 S~ ... S Qm S Qm+1 = 1. ne can snow a
B j j+1 and Bp,11 = 0. Note that ¢1 < g2 < ... < ¢ < g1 =1. O how that

k k
P = ZﬁjX[o,T(qj)) = Zﬁjqu-
j=1 =1

The following describes some of the most important properties of singular value functions to be used in the

sequel.

PROPOSITION 1.4.2. [15] For any x € S(A,7), the singular value function of x is a positive decreasing

right-continuous function. Furthermore, for any x,y € S(A, )

(1) pre = [Mpz for all X € C

(2) por = po and i) = piy

(3) if 2] < Iy, then o < sy

(4) pe =0 if and only z = 0.

(5) uz(0) < oo if and only if x € A, in which case u,(0) = HxHA
(6) hm ux( ) =0 if and only if x € S.(A,T)

(7) ( ) ={ua(t) 1t €1[0,7(1))} if w € Sc(A, 7)*

If 2,y € S(A, 1), then we will say that x is submajorized by y and write z < y if

t t
/ ta(s)ds < / py(s)ds for all ¢ > 0.
0 0

Note that in the commutative setting f < ¢ if and only if

t t
/ [ (s)ds < / g*(s)ds vt > 0.
0 0

THEOREM 1.4.3. [9, p.217] If z,y € S(A, 1), then

(1) Haty < pz + fhy

(2) Mz — My < Hz—y
We finish this section by listing two more important properties of singular value functions.
PROPOSITION 1.4.4. [15] Let z € S(A,7)" and let ¢ : [0,00) — [0,00) be an increasing function which is

left-continuous on (0, 00).
(1) If 7(1) = oo, then
Ho(x) = ¢o Ha
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(2) If 7(1) < oo, then
He(z) = ¢ © fhaX[0,7(1))
If in addition ¢(0) = 0, then
Pe(z) = ¢ O fla
PROPOSITION 1.4.5. Suppose v € S(A,7) and > 0. Then p, = BX[o,a) if and only if |x| = Bp for some
p € P(A) with 7(p) = «
Proor. If |z| = Bp for some p € P(A), then using the properties of the singular value function and Example
1.4.1, we have that
Ha = Wa| = Hop = By = BX[0,7(m))-

Conversely, if p, = 8x[0,q), then

. 8 f0<t<a
(1.4.1) inf{s > 0: 7(el”l(s5,00)) <t} = pa(t) =

0 ift>a
Let 0 < t < a. Then 7(el®l(s,00)) > t for all s < B by (1.4.1). It follows that if we fix s < /3, then

7(el*l(s,00)) > a — ¢ for all € > 0 and therefore
(1.4.2) 7(ell(s,00)) > a

Note further, that for ¢ > «, inf{s > 0 : 7(el*!(s,00)) <t} = 0 by (1.4.1) and so 7(el*l(s,00)) < t for all s > 0.
Since this holds for all ¢ > «, we have that 7(el*/(s,00)) < o for all s > 0. Combining this with (1.4.2), we

obtain
(1.4.3) m(ell(s,00) = a Vs<p
It follows that for s < 3, we have

7(el"1(0,5]) = 7(el*1(0, 00) — €l*I(s, 00)) = 7(el*1(0, 00)) = T(el*I(5,00)) =a —a =0,

by (1.4.3). Since 7 is faithful, this implies that e/®/(0,s] = 0 for all s < #. Furthermore, it is clear that = € A
and HxHA = (. Therefore, el®!(s,00) = 0 for all s > 3. It follows that || has two eigenvalues, namely 0 and £,

from which it follows that |z| = Bp for some p € P(A). Therefore i, = Bx[0,r(p)) and hence 7(p) = a. O

1.5. Banach function spaces

In this section we consider spaces of (equivalence classes of) measurable functions. We introduce Banach
function spaces and a few related spaces before considering in more detail Lorentz spaces, Orlicz spaces and
Orlicz-Lorentz spaces, as examples of such spaces. Throughout this section (2,3, 1) will denote a localizable
measure space. A mapping p : Lo(u)t — [0, 00] is called a function norm if it satisfies the following properties,
for all f, g € Lo(u)™ and for all a € F,

(1) p(f)=0ifand only if f =0

@ pllalf) = |a]o(1)

(3) p(f+9) < p(f) +p(9)

(4) g < f prae. implies that p(g) < p(f)
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Let p be a function norm on Lo(u)*. The Kdthe function space E = E, is defined to be the set of all
f € Lo(u) such that ||fHE = p(|f’) < oo. It is clear from the definition of a function norm that a Kothe
function space is a normed space. Furthermore, if f € F and g € Lo(u) with |g| < |f], then ¢ € E and
||g||E = ||f||E A Kothe function space E which is complete with respect to the norm induced by p will be
called a Banach function space. It is worth noting that some authors (eg. [1] and [16]) include the Fatou
property in the definition of a (Banach) function norm, i.e. p(fn) T p(f), whenever (f,,)52; U {f} C LY (p) is
such that f,, T f pointwise p-a.e. A Banach function space consisting of (equivalence classes of) measurable
functions on the positive real line, equipped with Lebesgue measure, will often be denoted E(0,00). We present

one important result regarding Banach function spaces.

THEOREM 1.5.1. [1, p.3] Suppose E C Lo(u) is a Banach function space. If f, X f, then f, — f in
measure on sets of finite measure (i.e. E is continuously embedded into Lo(u), equipped with the topology of local

convergence in measure), and hence some subsequence converges pointwise j-a.e. to f.

If F C Lo(u) is a Banach function space, then F is called rearrangement invariant iff € E, g € Lo(u) and
dy = d, implies that g € F and HgHE = Hf”E The spaces L1 N Loo (1) and L1 + Lo (1) are important examples
of rearrangement invariant Banach function spaces and are defined as the subspaces of Lo(u) generated by the

following function norms

||fHLlﬁLoo = max{Hf| i f||oo}
1 L
(1.5.1) = iglgmln{t,l}/o f*(s)ds
1llzsr o= iflllll, + Rl 2 f =9+ h g€ Lu(u) k€ Loc ()}
1
5. = *(s)ds.
(1.5.2) /0 f*(s)ds

Since the decreasing rearrangement f* of a function f is finite-valued almost everywhere if and only if f € Loo(u)
(see (1.1.1)), it is clear that Ly N Loo(p) and Ly + Lo (1) are contained in Log(p) (they are in fact continuously
embedded when Lgg(p) is equipped with the topology of convergence in measure). Let E C Lgo(p) be a Banach

function space. If

(1) E is rearrangement invariant,

(2) LiNLo(p) € E C Ly + Loo(p) with continuous embeddings, and

(3) f,g € E and f <« g implies ||fHE < ||gHE,,
then F is called a strongly symmetric Banach function space (also sometimes referred to in the literature as a
symmetric space). If, in addition, f € E, whenever f € Loo(p) and f < g for some g € F, then E is called a

fully symmetric Banach function space.

The first family of examples of fully symmetric Banach function spaces we will consider is Lorentz spaces.
There are numerous types of Lorentz spaces found in the literature (see for example [1] and [3]). We will
however focus on the L, 1-spaces. Let w : (0,00) — [0,00) denote a locally integrable decreasing function
satisfying }g% w(t) = oo, tlirglow(t) =0, [, w(t)dt = co and fol w(t)dt = 1. A function w with these properties

will be called a weight function. The Lorentz space L., 1 (1) is given by

n(82)
L) =4 € IooGu) s [ £ (o)t < o).
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Equipped with the norm

n(s)
Ploa= [ 7 Ouityi

L.,1(p) is a fully symmetric Banach function space. A closely related family of Lorentz spaces is the Ay-spaces.
Let ¢ : [0,7(1)) — [0,00) denote an increasing concave function with (0) = 0. The space Ay (u) and its norm

is given by
n(€2)

()
M) = (et [ roaw <l = [ o,

If w is a weight function and we let ¥(t) := fot w(s)ds, then Ay(u) = Ly, 1(p), with equality of norms.

The next family of fully symmetric Banach function spaces we will consider is Orlicz spaces. A function
¢ :[0,00) = [0,00] is called an Orlicz (Young) function if ¢ is convex, ¢(0) = 0 and tli}rgo(é(t) = 00. We assume
further that ¢ is neither identically zero nor identically infinite on (0,00) and that ¢ is left continuous. Let
ag = inf{t > 0: ¢(t) > 0} and by := sup{t > 0: ¢(t) < co}. We can use an Orlicz function to define a modular
14 in the following way

I,(f) = /Q o(17(1) ).

If ¢ is an Orlicz function, then the collection of all f € Lo(u) such that I;(Af) < oo for some A > 0 is called an
Orlicz space and is denoted by L, (p). Restricted to Lg(p), the functional ||||¢ : Lo(u) — [0,00) defined by

/], = mfA1: I(Af) <13

is a norm, called the Luzemburg norm. Next, we consider an important growth parameter on an Orlicz function
¢. If there exists a tp > 0 and a C' > 0 such that ¢(2t) < Cé(t) < oo for all ¢ such that ¢ < ¢ < oo, then
¢ is said to satisfy the As-condition for large t. If {5 = 0, then ¢ is said to satisfy the As-condition globally.
We will sometimes write ¢ € Ay for large ¢ (respectively globally) if this is the case. We present two important

consequences of an Orlicz function satisfying the A-condition.

PROPOSITION 1.5.2. [1] Let ¢ be an Orlicz function satisfying the Ag-condition globally, then

(1) VE > 1, My > 0 such that ¢p(kt) < Mpo(t) for allt >0
(2) ¢ is invertible

As examples of Orlicz spaces, we note that if ¢(¢t) = t? for ¢t > 0, then ¢ is an Orlicz function, satisfying the
Ag-condition globally, and Ly (1) = L, (p), with equality of norms. Furthermore, the Orlicz functions
toifo<t<l 0 if0<t<1

B(t) = and  ¢(t) =
oo ift>1 t—1 ift>1

generate L1 N Loo(p) and Ly + Lo (1), respectively.

We finish this section by mentioning Orlicz-Lorentz spaces, which are a common generalization of Orlicz
spaces and Lorentz spaces. The process of defining an Orlicz-Lorentz space is similar to the one employed for
Orlicz spaces, except that decreasing rearrangements are used and a weight function is introduced. To define
Orlicz-Lorentz spaces, let ¢ : [0,00) — [0, 00] be an Orlicz function, and let w : [0, u(2)) — (0, 00) be a weight

function. Consider the following modular on Lo (u):

n(82)
Ty(f) = / o(f* () w(t)dt
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The Orlicz-Lorentz space Lg ., (1t) is defined as the set of all f € Lo(u) such that Iy ., (Af) < oo for some A > 0.
It can be shown (|29, p.80|) that the Orlicz-Lorentz space Ly ., (1) is a Banach space when equipped with the

norm
||fy|¢,w = inf{A > 0: Iy, (f/A) <1}

The following illustrates how Orlicz spaces and Lorentz spaces may be obtained from Orlicz-Lorentz spaces.

EXAMPLE 1.5.3. [29]

(1) If ¢ is an Orlicz function and w = 1, then Ly (1) = Ly (1) with equality of norms.
(2) If ¢(t) =t and w is a weight function, then Ly ., (1) = Ly 1(1)

0 0<t<1
(3) If p = and w =1, then Ly (1) = Loo(pt) with equality of norms.
oo t>1

1.6. Symmetric spaces

Symmetric spaces and the related spaces to be introduced in this section are the non-commutative analogues
of Banach function spaces. In this section we provide precise definitions for these spaces and mention some general
properties. We will also discuss Kéthe duality, absolute continuity of the norm, and reduced spaces. Throughout
this section, unless stated otherwise, A C B(H) will be a semi-finite von Neumann algebra, equipped with a
faithful normal semi-finite trace 7. A linear subspace E C S(A,7) is called an A-bimodule of T-measurable

operators if uzv € E whenever x € F and u,v € A. If an A-bimodule is equipped with a norm ||HE, satisfying
luzo]| g < flull allollall2lly = € Eouoe A

then F is called a normed A-bimodule. If, in addition, F is complete, then F is called a Banach A-bimodule.
A linear subspace E C S(A,7), equipped with a norm HHE, is called symmetrically normed if x € S(A, 1),
y € E and p, < py, implies that z € E and ||z||, < ||y||,- If, in addition E is a Banach space, then E is
termed a symmetric space (of T-measurable operators). It is easily shown that E is a normed .A-bimodule if F
is a symmetrically normed space. If E C S(A, 7) is a symmetrically normed space and HxHE < ||y||E whenever
x,y € E is such that |z| < |y|, then F is said to have strictly monotone norm. A symmetrically normed
space E C S(A, 1) is called strongly symmetrically normed if its norm HHE has the additional property that
||3:HE < ||yHE whenever z,y € E satisfy x < y. E is called a strongly symmetric space if, in addition, F is a
Banach space. A linear subspace E C S(A, ), equipped with a norm HHE, is called fully symmetrically normed
if it follows from z € S(A,7), y € E and = < y that € F and ||xHE < HyHE If, in addition, E is a Banach
space, then FE is called a fully symmetric space. The next result demonstrates that all the fully symmetric
Banach function spaces mentioned in the previous section can be used to construct natural non-commutative

analogues.

THEOREM 1.6.1. [9, p.218,219] Suppose E(0,00) is a fully symmetric Banach function space and (A, 1) is

a semi-finite von Neumann algebra. Let
E(r) = {zeS(AT):pu, € E(0,00)}

lzllpry = kel pooc)
Then (E(T),

~HE(T)) is a fully symmetric space.

The converse, that every fully symmetric space is derived from a fully symmetric Banach function space on
(0,00) is in fact also true (see [12, p.951]). It can also be shown (see [27, Theorems 8.7 and 8.11] and [14, Theo-

rem 57]) that if E(0, c0) is a symmetric Banach function space, then & — ||z ||, is a norm and E(7) is a Banach

I
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space. It is not yet known if every symmetric space is derived from a symmetric Banach function space on (0, c0).

It E C S(A,7) is a symmetric space, then E** will be used to denote the set of all self-adjoint elements of
E. E*%is a real linear subspace of E and E is the complexification of E%¢, i.e. E = E** +iE%. ET will be

used to denote the set of all positive self-adjoint elements of E. It can be shown that ET is a proper cone which

is closed and generating in E**. Therefore (E°%, ||E) is an ordered Banach space.

REMARK 1.6.2. It will often be convenient to restrict attention to fully symmetric spaces associated with
non-atomic von Neumann algebras. The following technique, described in [7] and [15], allows one to embed a
fully symmetric space associated with a semi-finite von Neumann algebra into a fully symmetric space associated
with a non-atomic semi-finite von Neumann algebra. Let E(0,00) be a fully symmetric space, let H = Lo(0,1)
and let B := {M; : f € Lo(0,1)} denote the von Neumann subalgebra of B(H) consisting of multiplication
operators on H, equipped with the trace v(M;) = fol fdm, where m is the Lebesgue measure on (0,1). Forming
the tensor product B ® A, equipped with the trace 7g = v ® 7 (i.e. 79(M; ® x) = v(My)7(x) for all simple
tensors) yields a non-atomic von Neumann algebra. Let C1 = {A1 : A € C}, where 1 denotes the identity
operator on L2[0,1]. Note that C1 ® A is a von Neumann subalgebra of B ® A. The map

Tir—1Qx re A

is a unital trace-preserving *-isomorphism from A onto C1 ® A and extends uniquely to a *-isomorphism 7 from
S(A,7) onto S(C1® A, 7g). Furthermore, if fiz(,) denotes the singular value function of 7(x) computed with

respect to 7g, then fiz,) = p, and therefore it can be shown that
E(rg) ={y € S(C1® A,1g) : iy € E(0,00)} = {7(x) : v € S(A,7) and p, € E(0,00)}

and
[# @ piryy = l2llpiry Vo € E@).
The restriction of 7 to E(7) is therefore an isometric x-preserving linear map from FE(7) onto F(7g) and is

multiplicative in the sense that 7(zy) = 7(x)7(y), whenever z,y, zy € E(71).

Let P(E) :={pe€P(A):pe E}. If EC S(A,7) is an A-bimodule, then we define the carrier projection
cg by cg :=V{p:p € P(E)}. It can be shown that cg is a central projection in 4 and

(1.6.1) T = TCE = CEX = CEICE Ve e F.
When the carrier projection is equal to the identity, we have the following important inclusions and embeddings.

PROPOSITION 1.6.3. [15][9] Suppose E C S(A,T) is a symmetrically normed space with cg = 1. Then

(1) the embedding of E in S(A,T) is continuous with respect to the norm topology in E and the measure
topology in S(A, 1)

(2) P(A) CP(E) and hence, F(t) C E

(3) L1 NLoo(7) C E(1) € L1 4 Loo(7) and these embeddings are continuous

(4) AC E(1) C Li(7), if (A,T) is a trace-finite von Neumann algebra

We will assume throughout the text that cg = 1. As will be shown later (see Remark 1.6.10), this assump-

tion is not too restrictive.

Next, we discuss Kothe duality. Suppose E C S(A, 7) is a normed A-bimodule. Let

E* :={x e S(A,7):yr € Li(t)Vy € E(1)}
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It is easily checked that E* is a linear subspace of S(A,7) and that E* has the following properties.

PROPOSITION 1.6.4. [13][9]
(1) Let x € S(A, 7). Then x € E* < |z| € EX <= z* € EX
(2) If x € E* and y € A, then xy,yx € E*
(3) Let x € S(A, 7). Then x € E* if and only if xy € L1(7) for ally € E
(4) If x € E* and y € E, then 7(yx) = 7(zy). If in addition x,y > 0, then 7(yx) > 0.

We can define a norm on E* by letting

]| g = sup {r(lxy]) : y € B, ||y]|, < 1}

It can be shown that if F(0, c0) is a strongly symmetric Banach function space, then E(7)* is a fully symmetric

space. Furthermore, E(7)* = E*(7) in this case (see [9, Theorem 7.4]), where
EX(0.00) = {f € Lou): [ Ifgldm < ¥ € E(0,50))
0

is equipped with the norm HfHEX(O soy = SUP {fooo |fgldm : g € E(0,00), HgHE(O 00) < 1}. We mention briefly
the relationship between Kothe duality and Banach duality. Suppose E C S(A,7) is a normed .A-bimodule. For

r € EX, define pf : E — C by
er(y) =7yz) yeE.

It can be shown that ¥ € E*, where E* denotes the Banach dual of E. If it is clear from the context which
space we are working in, we will use ¢, to denote 2. If x € E* and 2 > 0, then ¢, is a positive functional (i.e.

0z (y) > 0 for all y € E1 ). Furthermore, the map ® : E* — E*, defined by ®(z) = ,, is linear and isometric.

In the sequel we will often be interested in the conditions under which the set of all finite linear combinations
of projections with finite trace is dense in a particular space. We will see that the desired condition is order
continuity or absolute continuity of the norm. We devote the next part of this section to these concepts. If
E C S(A,7) is a normed A-bimodule, then the norm HHE is called order continuous if HxaHE J 0 whenever

{z4} is a downwards directed net in E* satisfying z, | 0. The set E°" is defined by setting
E"={z€E:|z]>z, 0= ||za] |0}

It is evident that the norm in E is order continuous if and only if £ = E°". An element x € E is said to have

HE — 0 for every sequence (p,)5%; in P(A) satisfying p, | 0. The set of

all elements of absolutely continuous norm is denoted by E®™. It can be shown ([10, Proposition 6.12]) that if

absolutely continuous norm if Hpnxpn

FE is a strongly symmetrically normed space, then £ = E°". Closely related concepts are the Fatou property
and the notion of a Fatou norm. The norm HHE in a normed A-bimodule E C S(A, ) is called a Fatou norm
if ||x)\||E T HxHE, whenever {z)}aea U {z} C E7T is such that z, 1 z; a normed A-bimodule F is said to have

the Fatou property if for every upwards directed net {z)}rea C ET, satisfying sup Hx,\HE < 00, there exists an
A

x € ET1 such that z) T = and HxHE = sup HxAHE
A

REMARK 1.6.5. If E C S(A, ) is a symmetrically normed space with order continuous norm and {z} U

{zx}xen € ET is such that z) 1 z, then {u,, } is an increasing net, bounded above by p., by Proposition
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1.4.2(3). Since E is symmetrically normed, this implies that {||x>\”E}>\ is an increasing net, bounded above by
||| - Tt follows that

lzll5 = llzallp = [l = (@ =2l g = flell g = |z = 2all o = [|]l -

since 0 < x — x) | 0 and E has order continuous norm. It follows that Hz ,\|| 5 0 ||JL‘H 5 and therefore any order

continuous norm is a Fatou norm.

Note that if E(0,00) is a strongly symmetric Banach function space with order continuous norm, then
E(7) is a strongly symmetric space with order continuous (equivalently absolutely continuous) norm (see [13,
Proposition 3.6]). The following result therefore follows from the corresponding result in the commutative

setting.

PROPOSITION 1.6.6. [34][1]
(1) Ly(7) has absolutely continuous norm for any 1 < p < oco.
(2) Ly1(7) has absolutely continuous norm for any weight function w : [0,00) — [0,00).

(3) Ly(7) has absolutely continuous norm if the Orlicz function satisfies the Ag-condition globally.

THEOREM 1.6.7. [15] Let E C S(A,7) be a strongly symmetrically normed space. If E has order continuous
norm (or equivalently absolutely continuous norm), then F(7) is dense in E (and F(7)" is dense in ET) . In
this case E C S.(A,7) and so tlim 1z (t) =0 for all x € E.

COROLLARY 1.6.8. Suppose E C S(A, ) is a strongly symmetric space and let Gy denote the set of all finite
linear combinations of mutually orthogonal projections, each with finite trace. If E has order continuous norm
(or equivalently absolutely continuous norm), then

(1) g;f, is dense in E(1)7.
(2) Gy is dense in E(T)

(3) the set of projections in E corresponds to the set of projections in A with finite trace.

PROOF. 1) We show that F(7)" is contained in the closure of gj in E and therefore that
EtY =F(r)* CGf =67,

using Theorem 1.6.7. If z € F(7)*, then by Remark B.1.12, there exists (2,,)5°; C g]}" such that z,, 2 2 and
s(xn) < s(x) for all n. By Proposition B.3.3, z, % 2 and therefore z € ﬁ Since elements in F(7) and G; can
be written as linear combinations of positive elements, (2) follows immediately.

3) If p € P(A)7, then p € E, by Proposition 1.6.3(2). If p € P(A) with 7(p) = oo, then 11, = X[g,00)- It follows
that p,(t) - 0 as t — 0 and therefore p ¢ E, by Theorem 1.6.7. O

We finish this section by considering reduced von Neumann algebras and associated symmetric spaces. Let
p € P(B(H)) be a projection onto K = p(H). For x € B(H), define z, € B(K) by setting

zp(n) = px(n)  Vne K,
ie. zp = (px) | K. For any non-empty subset G C B(H), denote
Gp :={zp 2 €G} and pGp = {pzp:x € G}.

If A C B(H) is a von Neumann algebra and p € P(A), then pAp is a x-subalgebra of A with unit element p. Note
that an element = € A belongs to p.Ap if and only if 2(K) C K and 2(K~) = {0}. Furthermore, if z € pAp, then
zp =« | K. In this situation A, is a von Neumann algebra contained in B(X) and the mapping ¢, : pAp — A,
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defined by ¢,(x) = x, is a surjective unital *-isomorphism. A, is called the reduced von Neumann algebra of
A with respect to p € P(A). For the remainder of this section we will use (A, 7) to denote a semi-finite von
Neumann algebra on H. Suppose p € P(A). It will sometimes be convenient to identify A, with pAp via the
map ¢,. With this identification, it is clear that

P(Ap) ={q€P(A): ¢ <p}.
Defining 7, : A — [0, 00] by setting
mplap) = T(pap)  a€ AT,
it is easy to verify that 7, is a semi-finite normal faithful trace. Furthermore, 7, is a finite trace if and only if

T(p) < 0.

If z € S(A, ), then let z, := (pzp) | K, i.e. D(x,) = D(pzp) N K and z,(n) = (pz)(n) for n € D(x,). It
can be shown that the map z + x,, is a unital *-isomorphism from pS(A, 7)p onto S(Ap, 7,) which is a homeo-
morphism for the measure topology and extends the map x — x, : pAp — A,. Moreover, if = € S(A,7)%*, then
e?(s,00) = eP™P(s,00) [pcp) for all s > 0 and therefore pi,, = fipep, Where i, is computed with respect to the
reduced von Neumann algebra A, and the trace 7,. It follows that the extended traces T and 7,, on S(A,7)"

and S(A,, 7,)", respectively, satisfy
Tp(zp) = T(pzp) reS(AT)T.

REMARK 1.6.9. If x € pS(A,7)**p and f € By(R), then one can check that f(z) € pS(A,7)p. For
f € Bp.(R), let T be the map which takes f to ¢(f(z)), where ¢ denotes the *-isomorphism from pS(A, 7)p onto
S(A,, 7). It is easily checked that I' satisfies the conditions of Proposition B.2.6 (with respect to the element
d(x) € S(Ap,7p)) and so I'(f) = f(¢(x)) for all f € By(R), i.e.

f(o(x) = o(f(x))  Vf € B(R).
Now suppose, in addition, that E C S(A, 1) is an A-bimodule. Define
pEp ={pxp:x € E} E,={z,:z € E}.

The map x — z, is a *-preserving linear isomorphism from pEp onto E,. This map is also an order isomorphism.
Moreover, Ej, is an Ap-bimodule of 7,-measurable operators. If, in addition, £ is a normed .4-bimodule, and for
zp € E, its norm is defined by

o]l 5, = llppll -

then E, is a normed Ap,-bimodule and the map = — x, is an isometry.

REMARK 1.6.10. Let E C S(A, 7) be a normed .A-bimodule. Recall that ¢y denotes the central carrier of E.
Note that cg € P(A) and so cpzcy € E for every « € E, since E is an A-bimodule. It follows that cgEcg C E.
If z € E, then cgzcy = x by (1.6.1) and so « € cgEcg. Therefore E = cgEcg. It follows that E is isometrically
isomorphic to the reduced space E.,, whose carrier projection is equal to the identity of A.,. This motivates

our decision to assume throughout that cp = 1.

Tt is easily checked that numerous properties of a normed A-bimodule are transferred to the corresponding
reduced space. We highlight some of these.
PROPOSITION 1.6.11. Let E C S(A,7) be a normed A-bimodule and p € P(A).

(1) If E is symmetrically normed, strongly symmetrically normed or fully symmetrically normed, then so
is By
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(2) If E is complete, then so is E,
(3) If E is a symmetric space, strongly symmetric space or fully symmetric space, then so is E,

(4) If E has order continuous norm or strictly monotone norm, then so does E,
Further properties of symmetric spaces to be used in the sequel can be found in Appendix B.3.

1.7. Regular set isomorphisms and c-homomorphisms

We will see later that characterizations of isometries in the commutative setting typically involve maps
induced by regular set isomorphisms. Furthermore, regular set isomorphisms are often induced by measurable
transformations, in which case, the map induced by the regular set isomorphism is in fact a composition oper-
ator. It is therefore natural to consider the relationships between these types of maps. We will see that it will
also be necessary to consider maps induced by o-homomorphisms. In the present section we will detail some of

the properties of regular set isomorphisms, o-homomorphisms and the maps induced by these.

Since regular set isomorphisms and o-homomorphisms are defined on equivalence classes of measurable sets,
we mention a few details regarding the properties of these equivalence classes. Let (2,2, 1) be a measure space.
Let Xy denote the family of sets of zero measure. For [A], [B] € ¥/%, let

[AJU[B] = [AUB]
[A]n[B] = [ANDB]
[A]° = [A9]

Note that since X is a o-algebra and ¥ is a o-ideal, [X] := X /%, equipped with the operations defined above,
is a Boolean algebra. We will call a sequence ([A4,])22, C [X] pairwise disjoint if [4,] N [A,,] = [0] whenever

n #m. If [A] € [£] and B, C € [A], then u(BAC) = 0 and so p(C) = u(B). Note that [A] = [B] if and only if
w(AAB) = 0 and so if we define [A] C [B] if and only if [A] N [B] = [4], then
[ C[B] < [ANB]=4]
— u((ANB)AA)=0
<~ p(A\B)=0
Furthermore if we define [A]\[B] := [A] N [B]° then [A]\[B] = [A] N [B¢] = [AN B¢] = [A\B]. Regular set
isomorphisms are defined on equivalence classes of measurable sets, but to simplify notation, we will generally

identify A and its equivalence class [A] and ¥ with [X]. Under such circumstances it will be understood that all

equalities, relations and statements hold modulo sets of measure zero.

DEFINITION 1.7.1. [16, p.52] Suppose (€21, %1, 1) and (Qs2, Xo, 12) are measure spaces. A map n: X1 — Xo
is called a regular set isomorphism if
(1) n (nOL:len) = nogln(An) for any pairwise disjoint sequence (A,)52; C ¥
(2) n(21\A) =n(Q1)\n(A) for all A € 3 and
(3) p2(n(A)) =0 if and only if py(A) = 0.

The following properties follow from the definition of a regular set isomorphism.

PROPOSITION 1.7.2. [16, p.52] Let A,B € 1 and n: X1 — X9 be a regular set isomorphism. Then
(1) I A C B, then n(4) C n(B)
(2) 77( OijlAn) = EJoln(An) for any sequence (A,)5%, C ¥
n= n=
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(3) 77( Of?lAn) - N n(Ay) for any sequence (A,)S2; C ¥y
B if and only if ANB =)

We wish to show that a regular set isomorphism induces a linear map from Lg(p;) into Lo(pe). In defining
this map we will be careful to distinguish between a measurable function f and the equivalence class [ f] containing
it and between a measurable set A and the equivalence class [A] € [X] containing it. Suppose 7 : [£1] — [Xo] is

a regular set isomorphism. For [f] € Lo(p1), let
To(f)(t) =S, ifte ﬂr>sBr\ UT<S Br,

where the 1’s represent rational numbers and B, is a representative from n([f~!(—o0,r]]). If we let T,,([f]) :=

[To(f)], then T;, is a well-defined linear map from Lg(p1) into Lo(ps2)-

REMARK 1.7.3. T;, can also be characterized as the unique linear map from Lo(p1) into Lo(u2) such that
Ty([xal) = [xn(ap] for every [A] € [¥].

In listing the properties of the map induced by a regular set isomorphism we will return to our convention

of identifying functions and sets with the equivalence classes containing them.

PROPOSITION 1.7.4. [16, p.52] For any f,g € Lo(u1),

(1) T5,(fn) = T (f) pointwise po-a.e. if (fn)oe; € Lo(21, X1, 1) is such that f, — f pointwise i1-a.e.
(2) T,(f.9) = (Ty(f)) - (Ty(9)) and T,(f) = T,(f)

(3) Ty(If1) = [T (f)]

(4) T, is positive

(5) If f.g =0, then Tn(f>Tn(9) =0

(6) T,,(f)xp =0 if B C n(u)\n(supp (f))

(7) T, is injective

PROOF. Properties (1) - (3) are given in [16]. Properties (4)-(6) are easily checked.
7) If f = xa for some A € ¥; and T),(xa) = 0, then x,4) = T)(xa) = 0. It follows that uz(n(A)) = 0 and

hence p1(A) = 0, since 7 is a regular set isomorphism. Therefore x4 = 0. Next, suppose f = > «a;xa, with
i=1
AiNAj =0 fori#j, a; # 0 for each i and T;)(f) = 0. Since x4,x4, = 0if i # j and applying (2), we have that

o;Ty(xa,;) = ZaiTn(XAiXAj) = Zai(Tn(XAi)TT](XAj)) = (ZaiTn(XAi)>T77(XAj) =T, (f)-Ty(xa,;) = 0.

i=1
It follows T, (xa;) = 0 for each j and hence x4, = 0 for each j, by what has been shown already. Therefore
f = 0. Next, suppose f € Lo(1)" and T;,(f) = 0. By Theorem 1.1.3, there exists a sequence (f,,)72; of simple
functions such that 0 < f; < fo <... < f and f, — f pointwise pi-a.e.. Using (4), we have that

0<Ty(fn) <Ty(f) =0

for all n € N* and hence T),(f,) = 0 for each n € N*. By what has been shown already (and noting that each

n
fn could be written in the form f = " a;xa, with A;NA; =0 for ¢ # j), we have that f,, = 0 for each n € NT.
i=1

Since f,, — f pointwise and f, = 0 for each n € Nt we have that f = 0. Next, suppose f € Lo(p1)*® and
T,(f) = 0. f can be written in the form f = f, — f_ with f,f- > 0 and f..f- = 0. Using (4), (6) and
the linearity of T),, we have that T),(fy),T,(f-) > 0, T,,(f+).T5,(f=) = 0 and 0 = T,(f) = T,,(f+) — T,(f-)- It
follows that T,,(f+), T;,(f-) = 0 and hence by what has been shown before, we have that

0-0=fr—f =
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Finally, if f € Lo(p1) and T, (f) = 0, then using (2), the fact that f = fi + if2, with fi, fo € Lo(p1)%*, and a

similar argument to the one used for positive functions, we obtain f = 0. O

REMARK 1.7.5. It is often possible to show that continuity of the map induced by a regular set isomorphism
follows from the positivity of this map. In particular, suppose (21, %1, 1) and (22, X, o) are measure spaces.
If n : ¥; — ¥y is a regular set isomorphism, then T;, [ Lo (1) is a continuous map (with respect to the norm

topologies) from Lo (1) into Lo (p2)-

Next, we consider o-homomorphisms and the maps induced by them. As in the case of regular set iso-
morphisms, these are in fact mappings of equivalence classes of measurable sets. Following our convention we

identify a set and its equivalence class in what follows.

DEFINITION 1.7.6. Suppose (21,31, p1) and (22, 3o, pi2) are measure spaces. A map 7 : X1 — X is called
a (Boolean) homomorphism if
(1) n(AUB) =n(A)Un(B) for every A, B € ¥
(2) n(ANB) =n(A)Nn(B) for every A, B € ¥,
(3) n(A°) =n(A)° for every A € 3y

If, in addition, 7 preserves countable unions, then 7 is called a o-homomorphism.
We list some properties of (Boolean) homomorphisms.

PROPOSITION 1.7.7. [40, p.15] Suppose (21, %1, p1) and (2, X2, u2) are measure spaces. If n: %1 — 3g is
a (Boolean) homomorphism, then
(1) n(0) =0 and (1) = Q2
(2) AN B =10 impliesn(ANB) =10
(3) n(B\A) =n(B)\n(A) for every A, B € ¥,

The following remark details the relationship between regular set isomorphisms and o-homomorphisms.

REMARK 1.7.8. Let (1,%1,11) and (€9, X, u2) be measure spaces. It follows from Proposition 1.7.7
and the definition of a o-homomorphism, that if n : 31 — 35 is a o-homomorphism with the property that
n(A) = 0 implies A = (), then 7 is a regular set isomorphism. Conversely, suppose 1 : ©1 — Yo is a regular set
isomorphism. Let Q3 = n(1), let X3 denote the ¥y-measurable subsets of Q5 and let 5 = po | 3. Note that
since n(A) C n(Q1) = Q3 and n(A) € X5 for all A € Xy, we have that 1 : X1 — X3. By Properties (2) and (3)
of Proposition 1.7.2, we have that 7 preserves countable union and intersection. Furthermore, by definition of a

regular set isomorphism, we have that for any A € ¥y,
n(Q:\A4) = n()\n(4) = Q3\A
and hence 7 : X1 — Y3 is a o-homomorphism.
If (2,3, 1) is a measure space and E C Lo(u) is a Banach function space, then we will define
K(E) :={xa:A€X, xa € E}.
In the following result we detail some of the properties of a continuous linear map induced by a o-homomorphism.

PROPOSITION 1.7.9. For i = 1,2, suppose (Q;,3;, ;) is a measure space, Loo(u;) has been equipped with the
topology of convergence in measure and E; € {L,(p;) : p € [1,00]} U{Loo(t:)}. If U : E1 — E3 is a continuous
linear operator and there exist an Q3 € Yo and a o-homomorphism n : 31 — X3 (where X3 is the family of
Yo-measurable subsets of Q03) such that U(xa) = Xyca) for all x4 € K(E1), then



1.7. REGULAR SET ISOMORPHISMS AND ¢-HOMOMORPHISMS 19

(1) U is induced by n;

(2) U is positve;

(3) U(f1) = U(f)] for every f € Er;

(4) U(f.g9) =U(f).U(g) whenever f,g and f.g belong to Ey; and
(5) U(K(E1)) C K(E2).

PrOOF. Under the stated conditions S; := span (C(E4)) is dense in E;. In this case we could use 7 to define
a continuous linear map T, : £y — E» in the following way: for x4 € K(E), let T,(xa) := Xy(a).- We could
then extend T}, to &; by setting

n n n
T,(> cixa,) = Y _aiXn(an, > a1xa, €S
i=1 i=1 =1

In general one would have to check that T;, is well-defined and linear, but in this case it follows automatically
from the fact that 7), defined in this way agrees with U on S;. For f € Ei, we can find a sequence (f,)52; € Si
such that f, = f- We could then define

Ty(f) = T T,(f).
In general one would have to check that this limit exists, that T, is well-defined and that 7}, is continuous, but
once again these follow from the fact that T}, defined in this way agrees with U on E;. The properties of U are

easily verified. O

For i = 1,2, suppose (Q;, %;, u;) is a o-finite measure space and E; C Lg(u;) is a Banach function space. Let
A €Yy Amapo:A— Q is called a measurable transformation if c~1(B) € ¥, for all B € ¥;. A continuous
linear operator T : E; — Es is called a (generalized) composition operator if T is of the form
foo(t) ifte A

T(f)(t) = [ € En,

for some A € Y5 and some measurable transformation o : A — Q. If this is the case we will often use C,
to denote the composition operator T. We wish to describe the relationship between (generalized) composition
operators and maps induced by o-homomorphisms. The key component in this relationship is being able to
determine when a o-homomorphism is induced by a point mapping and is described in Sikorski’s Theorem,
which holds for absolute Borel spaces. A topological space is said to be an absolute (standard) Borel space if it
is homeomorphic to a Borel subset of the Hilbert cube. The positive real line and the unit interval are examples.

For the statement of this theorem we will distinguish between a set and the equivalence class containing it.

THEOREM 1.7.10 (Sikorski). [40, p.110] Let €y be an absolute Borel space, %1 the o-algebra of all Borel
subsets of Q1 and X a o-ideal of X1. If ¥y is a o-algebra of subsets of a set Qo and XYy a o-ideal of 3o then
every o-homomorphism 1 : X1 /3] — Yo /%), is induced by a point mapping, i.e. there exists a map o : Qs — Oy
such that

n(A) = 071 (A)] V4] € Sy

We finish this section with a characterization of maps induced by o-homomorphisms.

ProposITION 1.7.11. [30, p.436] For i = 1,2, suppose (S0;,X;, ;) is a measure space, Loo(u;) has been
equipped with the topology of convergence in measure and E; € {L,(u;) : p € [1,00]}U{Loo(w;)}. If U : E1 — E>
is a continuous linear operator, then the following are equivalent

(1) U is induced by a o-homomorphism 1 : X1 — X3 (where Q3 € Yo and X3 is the family of Yo-measurable
subsets of Qs3);
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(2) U(f.9) =U(f).U(g) whenever f,g and f.g belong to L,, (u1), and
(3) U(Ky) C Ks.
If, in addition (Q1,%X1, 11) and (Qo, Yo, us) are standard Borel spaces, then these statements are equivalent to

U being a generalized composition operator.

REMARK 1.7.12. The previous result is given in [30] for spaces associated with standard Borel spaces, but

appropriate modifications to the proof yields the desired result.

1.8. Jordan #*-homomorphisms

Descriptions of the structures of isometries in the non-commutative setting typically involve Jordan -
homomorphisms. In this section we will define Jordan x-homomorphisms, describe some of their properties and
present a characterization of Jordan x-homomorphisms in terms of their action on projections. We will then
consider Jordan *-isomorphisms, present some of the additional properties they possess and provide a character-
ization in terms of the order structure of von Neumann algebras. We will also describe the relationship between
Jordan *-homomorphisms and the linear maps induced by o-homomorphisms. Finally, some motivations will be
presented for viewing Jordan x-homomorphisms as non-commutative composition operators and a definition of

a non-commutative composition operator will be provided.

Let A and B be C*-algebras. A linear mapping ® : A — B is called a Jordan homomorphism if
D(yx + xy) = O(y)P(x) + D(x)P(y) for all z,y € A.
If, in addition, ®(z*) = ®(x)* for all = € A, then ® is called a Jordan x-homomorphism.

REMARK 1.8.1. Some authors define a Jordan x-homomorphism to be x-preserving linear map such that
®(2?) = ®(x)? for all z € A%, Noting that (x + y)? = 22 + 2y + yx + y* for all 2,y € A and recalling that
any element x € A can be written in the form z = z1 4 izo, where x1, x5 € A%, it is easily checked that these

definitions are equivalent.

A bijective Jordan (*-)homomorphism will be called a Jordan (*-)isomorphism. A Jordan *-isomorphism
is sometimes also called a C*-isomorphism. In the next proposition we collect together some of the important

algebraic properties of Jordan x-homomorphisms.

PROPOSITION 1.8.2. [24] [26] Suppose ® : A — B is a Jordan x-homomorphism and let By denote the
smallest norm-closed subalgebra of B that contains ®(A). The following holds:

(1) ®(a™) = ®(x)" for all z € A and for all n € NT

(2) P(ayx) = 0(x)P(y)®(x) for all x,y € A

(3) if v € AT, then ®(x) > 0, i.e. ¥ is positive

(4) if x,y € A and xy = yx, then ®(z)P(y) = (y)P(z) and P(zy) = @(z)P(y)

(5) if p is a projection in A, then ®(p) is a projection in By

(6) if p and q are mutually orthogonal projections in A, then ®(p) and ®(q) are mutually orthogonal
projections in By

(7) ®(1) is the unit element of By and so ®(1)®(x) = ®(z) = ®(x)P(1) for allz € A

We will also be interested in maps with similar properties to Jordan x-homomorphisms, but which are not

necessarily defined on C*-algebras.
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PROPOSITION 1.8.3. Suppose (A,7) and (B,v) are semi-finite von Neumann algebras. If  : F(7) — B is a

positive linear map such that
(2?) = ®(x)*  Vre F(r)*,

then, for all x,y € F(7),

(1) 8(°) = B(2)*;
D(ay + yr) = B()D(y) + B(y)D ()
™) = ®(x)" for alln € NT;
2yz) = B(2)D () B(x);
is a projection for every p € P(A)
®(q) = 0 whenever p,q € P(A) with pg = 0.
if ¢,y € F(7) and xy = yx, then ®(x)P(y) = ®(y)P(x) and ®(zy) = @(z)P(y)
||<I>(x)||8 < ||$||A for every x € F ()%

PROOF. It is easily checked that (1) follows from the fact that ® is linear and positive. A similar argument
to the one used in Remark 1.8.1 shows that (2) holds. Properties (3) to (7) are algebraic in nature and can
therefore be shown using the same techniques as in the proofs of the corresponding properties in Proposition
1.8.2 (see [26]). To prove (8), let « € F(7)**. It follows by Proposition B.1.6 that —Hle <z< Hle Since z

is self-adjoint s(z)xs(z) = x and therefore
—[lzlls(z) < @ < [|2]|s(x),

by Proposition B.2.2(4). Since x € F(7)%%, 7(s(z)) < oo and therefore s(z) € F(7). Since ® is positive and
linear we therefore have

—[|z[|@(s(2)) < B(2) < ]| @(s(x)).

By Proposition B.1.7, this implies that ||®(z)|| < ||z||||®(s(x))||. This completes the proof, since ®(s(z)) is a
projection (using (5)) and therefore | ®(s(z))| = 1. O

We have the following characterization of Jordan x-homomorphisms.

THEOREM 1.8.4. [30, p.442] Let A and B be von Neumann algebras and suppose ® : A — B is a continuous

linear operator. Then ® is a Jordan x-homomorphism if and only if ® maps projections onto projections.

A useful tool for dealing with algebraic calculations involving Jordan -homomorphisms is the fact that any

such map is a sum of a homomorphism and an anti-homomorphism.

PROPOSITION 1.8.5. [41, p.444] If ® : A — B is a Jordan x-homomorphism, then there exists a central
projection p € B such that the map ®, defined by ®1(x) = ®(x)p, for x € A, is a x-homomorphism; the map D
defined by ®5(x) = ®(x)pt, for v € A, is a x-anti-homomorphism; and ® = &, + ®,.

Based on the properties of Jordan x-homomorphisms described thus far we present some supplementary

results that will be used in the sequel.

PropPoOSITION 1.8.6. If ®: A — B is a Jordan x-homomorphism, then

(1) @(|z|) = |®(x)| whenever x € A is normal;
(2) ®(v) is a partial isometry whenever v € A is a partial isometry;
(3) ©(p) ~ ®(q) whenever p,q € P(A) are such that p ~ q.
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Proor. 1) If z € A%®, then, using Proposition 1.8.2(1) and the fact that ® is x-preserving, we have
[©(2)]* = @(2) @(x) = B(z*)®(x) = B(2)* = &(2”) = &(|z[*) = @(|x)*.

Furthermore, ®(|z|) > 0, since ® is positive. Positive square roots are unique; therefore |®(z)| = ®(|z|). Next,
suppose = € A is normal. Then x = x1 + izo, where x1, x5 € A%®. Since x is normal, it is easily checked that
T122 = wox1. It is easily checked that |z|> = 2% + 2% and ®(z1)®(x3) = ®(22)®(x1), by Proposition 1.8.2(4).

Therefore
D(|al)? = B(|of?) = Dat+03) = D(w1)2+ @(22)* = (D(a1) i (w2) ) (@(1) +i®(w2) ) = B(w)*B(2) = |@(2)]*.

Since positive square roots are unique, ®(|z|) = [®(z)|.
2) Suppose v is a partial isometry. By using the properties of a Jordan *-homomorphism it is easily checked
that ®(v)*®(v) is self-adjoint. Furthermore, v*v = s(v) = r(v*) and so v*vv* = v*. Using the properties of a

Jordan x-homomorphism, we therefore have that
(@(v)*@(v))Q - (@(v*)cp(v)q)(v*))@(v) = (v o) B(v) = B(v)D(v) = B(v) D(v).

It follows that ®(v)*®(v) is a projection and hence ®(v) is a partial isometry, by Proposition B.1.28.

3) By Proposition 1.8.5, there exists a central projection e € B such that the map ®; defined by & (z) = ®(x)e,
for x € A is a *-homomorphism; the map ®, defined by ®(z) = ®(x)e*, for z € A, is a *-anti-homomorphism;
and & = ¢, + $,. Since p ~ ¢, there exists a partial isometry v such that v*v = p and vv* = ¢. Let
w = ®(v)e + ®(v)*et. It is easily checked that w*w = ®(v*v) = ®(p) and ww* = ®(vv*) = ®(q). Since
®(p) is a projection, by Proposition 1.8.2(5), it follows that w is a partial isometry, by Proposition B.1.28, and
o(p) ~ 2(q)- O

Next, we consider Jordan x-isomorphisms. We start by presenting some of the additional properties that
Jordan x-isomorphisms possess. One of these properties is normality. A map ® : Ay — By between subspaces of
C*-algebras is called normal if ®(zy) 1+ ®(z) whenever {z)}rea U {z} C A5 is such that z) T z.

REMARK 1.8.7. If ® : Ay — By is a linear map such that ®(zy) 1 ®(z) whenever {z)}rea U {2z} C A is

such that x) 1 x, then ® is normal.

PROPOSITION 1.8.8. [24, p.778][26, p.596] Suppose A and B are von Neumann algebras and ® is a Jordan

x-isomorphism from A onto B. Then

(1) ® is an order isomorphism from A onto B (i.e. ® and ®~! are positive);
2)
3)
4)

)

5) @~ is a Jordan *-isomorphism.

(2) @ is an isometry;
(3) @ is unital;
(4) @ is normal;
(
ProoOF. The proofs of (1) and (2) are given in [26, p.596]. (3) follows by Proposition 1.8.2(7), since
®(A) = B. (4) follows from (1) (see Proposition 4.1.2) and (5) is easily checked. O

By considering the following proposition in the light of Proposition 1.8.8(1 and 3), we obtain a useful

characterization of Jordan *-isomorphisms.

PROPOSITION 1.8.9. [26, p.597] Let A and B be C*-algebras. If ® : A — B is a surjective linear order

isomorphism such that ®(1) = 1, then ® is a Jordan x-isomorphism.



1.8. JORDAN x-HOMOMORPHISMS 23

REMARK 1.8.10. It is worth noting that if ® : A — B is a linear order isomorphism such that ®(1) = 1, but

which is not surjective, then ® need not be Jordan #-homomorphism (see [26, p.598]).

In the next part of this section we describe the relationship between Jordan #-homomorphisms, maps in-
duced by o-homomorphisms and generalized composition operators. The following non-commutative analogue

of Proposition 1.7.11 plays a significant role in analyzing these relationships.

THEOREM 1.8.11. [30, p.441] Let (A, 7) and (B,v) be semi-finite von Neumann algebras. Suppose E €
{S(A,T)}U{Ly(T): 1 <p<oo} and F € {S(B,v)} U{L,(v) : 1 <p<oo}. If: E— F is a continuous linear
operator, then the following are equivalent:

(1) ® maps projections in E onto projections in F;

(2) @ is adjoint-preserving and
P(zy +yx) = 2(2)2(y) + D(y) 2 (x)

whenever x,y € E is such that all second order combinations of x,y,x* and y* also belong to E;
(3) ®(x) >0 and ®(2?) = ®(z)? for any x € ET with 2® € E™.

We demonstrate that in the commutative setting a Jordan *-homomorphism between von Neumann algebras
corresponds to a map induced by a o-homomorphism and therefore in the special case where the underlying

measure spaces are standard Borel spaces, a Jordan *-homomorphism is a generalized composition operator.

COROLLARY 1.8.12. Suppose (§;,%;, 11;) is a measure space and K; = {xa : A € ¥;} for i =1,2. Suppose

D : Loo(p11) = Loo(12) is a continuous linear operator. The following are equivalent

® is a Jordan x-homomorphism
(K1) C Ky

®(f.9) = ®(f).®(g) for every f,g € Loo(pi1)
® s induced by a o-homomorphism n : [X1] — [X3] (where Q3 € Xo and X3 is the family of Xa-

2
3

(1
(
(
(4

)
)
)
)

measurable subsets of 23)

If, in addition, (21,31, p1) and (Qo, Yo, uo) are standard Borel spaces, then these statements are equivalent to

saying that ® is a (generalized) composition operator.

PrOOF. The equivalence of (1) and (2) follows from Theorem 1.8.11. The equivalence of conditions (2), (3)
and (4), and the final claim follows from Proposition 1.7.11. O

Motivated by the fact that in the commutative setting a Jordan x-homomorphism is a generalized com-
position operator (provided the underlying measure space is a standard Borel space), we will sometimes refer
to a Jordan *-homomorphism as non-commutative composition operator and rather imprecisely to a Jordan
*-homomorphism multiplied on the left by a unitary operator and/or a positive trace-measurable operator as
a weighted non-commutative composition operator. We note that in [31], the notion of a non-commutative
composition operator is defined precisely. Before supplying this definition, we first extend the definition of a
Jordan *-homomorphism and present a result that will play a significant role in the formulation of the definition
of a non-commutative composition operator. A linear x-preserving map ¥ from S(A,7) into S(B,v) will be
called a Jordan *-homomorphism if U(xy + yz) = ¥(2)¥(y) + ¥(y)¥(x) for all z,y € S(A, 7).

PrROPOSITION 1.8.13. [31, p.1068] Suppose (A,7) and (B,v) are semi-finite von Neumann algebras and
®: A — Bis a Jordan x-homomorphism. Then ® extends uniquely to a continuous (with respect to the measure

topologies) Jordan x-homomorphism @' : S(A, 1) — S(B,v) if and only if vo ® is e — § absolutely continuous
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with respect to T on P(A) (i.e. for any € > 0 there exists a 6 > 0 such that v(®(p)) < € whenever p € P(A) is
such that T(p) < 0).

Suppose (A, 7) and (B,v) are semi-finite von Neumann algebras and E(r) C S(A,7) and F(v) C S(B,v)
are symmetric spaces. Let ® : A — B be a normal Jordan x-homomorphism such that v o ® is € — § absolutely
continuous with respect to 7 on P(A). If the unique continuous extension ®' : S(A,7) — S(B,v) maps E(7)

into F'(v), then we call the induced linear map E(7) — F(v) a non-commautative composition operator.



CHAPTER 2

Literature review

We will present, some of the results contained in the literature and provide outlines for some of the proofs to
illustrate techniques employed in different settings and to show how techniques in the commutative setting have
been adapted to develop non-commutative analogues of earlier results. We will see that, broadly speaking, these
can be divided into methods utilizing the disjointness-preserving property of isometries; methods involving the
characterization of extreme points and, finally, methods involving the characterization of Hermitian operators.
If (A,7) and (B,v) are semi-finite von Neumann algebras and E C S(A,7) and F' C S(B,v) are symmetric

spaces, then a map U : E — F is called disjointness-preserving if

Up)'U(g) =0=U(pU(q)",

whenever p,q € P(E) = P(A) N E are such that pg = 0. Other aims of this chapter include illustrating how
results obtained in the finite setting can be extended to the o-finite or semi-finite setting; demonstrating some
of the similarities in the methods employed and the results obtained by different authors; and describing the

relationship between results and techniques presented in this thesis and those contained in the literature.

2.1. Isometries on function spaces: the commutative setting

Due to its historical significance, we start by presenting the Banach-Stone Theorem for spaces of continuous

functions.

THEOREM 2.1.1 (Banach-Stone). [6, p.172] Suppose X and Y are compact Hausdorff spaces and C(X) and
C(Y') denote the sets of continuous, scalar-valued functions on X and Y, respectively. A linear map T : C(X) —

C(Y) is a surjective isometry if and only if there exists a homeomorphism o :' Y — X and a unimodular function
h e C(Y) such that

Tf=hC,f VfeCOX),

where Cy is the composition operator induced by o (i.e. Co(f) =0co f, for all f € C(X)).

For the remainder of this section we will be interested in spaces of (equivalence classes of) measurable
functions. Isometries on spaces of measurable functions can typically be characterized in terms of linear maps
induced by regular set isomorphisms. Strictly speaking these are defined on equivalence classes of measurable
sets. We will, however, identify a measurable set A € ¥ with the equivalence class [A4] € [¥] containing it and
a function f with the equivalence class [f] containing it. All equalities and statements regarding functions and
measurable sets in these instances will therefore be understood to hold modulo sets of zero measure.

The next result we will consider is a characterization of isometries on L,-spaces. The outline of the proof
that will be provided illustrates how being able to show that an isometry is disjointness-preserving can facilitate
a description of its structure. The most significant structural feature of L,-spaces utilized in showing that an
L,-isometry is disjointness-preserving, is the conditions under which equality holds in Clarkson’s inequality, as

described in the following lemma.

25
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LEMMA 2.1.2. [33, p.461] If f and g belong to L,(p), then

IN

17+ 9l + 15 = all,
17+l + 17 = all,

For p # 2, equality holds if and only if f.g = 0.

20\ £l +2llgll,  0<p=2

201l +2lgll, P =2

Y%

REMARK 2.1.3. If p = 2 in the above Corollary, then L, () is a Hilbert space and so by the parallelogram
law ([6, p.8])

2 2 2 2
17+ ally + 115 = all, = 2[I1], + 2llgll,
for any f,g € La(p), not just for f and g such that f.g = 0. Furthermore, if H and K are Hilbert spaces, then

a linear map U : H — K is an isometry if and only if

(U&,Un) =(&mn)  V&meH

and two Hilbert spaces are isometrically isomorphic if and only if they have the same dimension ([6, p.19,20]).
We now present Lamperti’s characterization of isometries between L,-spaces.

THEOREM 2.1.4 (Lamperti). [33, p.461] [16, p.53] Let (21,%1, 1) and (Q2, X2, po) be o-finite measure
spaces and let U : L,(Qq, %1, 1) — Lp(Q2, X2, p2), (1 < p < oo, p# 2) be a linear isometry. Then there exists
a regular set isomorphism 1 : 31 — X2 and a function h : Qo — F such that for all f € L,(u1)

(2.1.1) U(f) = h.T,(f)

where T, is the transformation induced by n (see Proposition 1.7.4). Furthermore,
d(pyon™t
(2.1.2) / I[P djuz = / %dm ~n(A)  VAew,.
n(A) n(A) H2
Conwversely, if n is a regular set isomorphism and h : Qo — F is such that (2.1.2) holds, then the operator U
defined by (2.1.1) is a linear isometry.

PROOF. We start with an outline of the proof of the necessary condition. The result is initially shown under
the additional assumption that p1(£21) < co. To define the map 7 : £; — Yo, which one will show is a regular
set isomorphism, one lets

n(A) = supp (U(xa)).
The way in which one shows that U is disjointness-preserving and the role this plays in the process of describing
its structure is as follows. Suppose A, B € ¥; such that AN B = (. It follows by Lemma 2.1.2 that

s+ xall” + I = xall” = 2" + 2l |

and hence
UG +U O + UL = UOa)ll” = 2T’ +2(lU )]
since U is linear and an isometry. It follows from Lemma 2.1.2 that
(Uxa))-(U(xz)) =0,
i.e. U is disjointness-preserving, and hence
n(AUB) =n(A) Un(B).

It is then straightforward to check that 7 is a regular set isomorphism. The disjointness-preserving property of

U therefore plays a crucial role in showing that 7 is a regular set isomorphism. Having assumed that p(£21) < oo,
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one can let h = U(xq,) = U(1). Recalling that n induces a linear map 7T}, with the property that 75, (x ) = Xy(a),
it can then be shown that for any A € ¥4,

U(xa) = h.Xy(a)-

Noting that the map f +— h.T;(f) is an isometry, agreeing with U on characteristic functions and hence, by
linearity on simple functions, one obtains the desired representation, by using the continuity of U and the fact

that the set of simple functions forms a dense subspace of Ly (u1).

The extension to o-finite measure spaces is achieved as follows. If €y is o-finite, then €2; can be written in
the form ; = EJOIQ,", where 111(Q,) < oo for each n and Q, NQ,, = 0 if n #m. Let ¥, := {ANQ, : A€}
n=

For each n, U induces an isometry from Lz(j") (1) == Lp(Q,, %, | Q) into Ly(ug) in the following way: Let

fl) teq, = (n)

fe L;,n)(,ul) and let f(t) = . 140 . Then (f) € L,(u1). Define U,, : L, (1) = Lyp(u2) by

’

n

(2.1.3) Un(f) = U(F)

From what has been shown in the case where u(€;) < oo, we therefore have for each n € NT, a regular set

isomorphism 7, : Z;l — Y9 and a function h,, defined on € such that
(2.1.4) Unf =hn Ty, (f)  f €Ly (m)
Define n : ¥; — ¥4 by

(2.1.5) n(A) = U m(AnQ)

It is easily checked that 7 is a regular set isomorphism. Let

h:= ih"
n=1

One can show that h is well-defined and that
(2.1.6) Uf=hT,f for any f € Ly(1)

For the converse, we note that if n : X1 — 5 is a regular set isomorphism and h : 2o — F is a function such that
(2.1.2) holds, then using (2.1.1) to define a map U, immediately yields U isometric on characteristic functions

of sets with finite measure, since in this case

[l = [ pg, 0l i = 00|
n(A) Qo

and
pa(A) = HXAHP-

n
Noting that | Y a;xa,[? = > |a;[Pxa, (provided A; N A; = () when ¢ # j), we can show that U is isometric
i=1 ;

=1

on the set of simple functions supported on sets of finite measure. If f € L,(u1), we can use the Monotone
Convergence Theorem and the fact that there exists an increasing sequence (f,,)52; of positive simple functions
(supported on sets of finite measure) such that f,, T |f| to show that the image of |f| has the same norm as |f|
(and hence the same holds for f). O

Next, we consider isometries of Lorentz spaces as an illustration of how extreme point methods may be used

in the description of isometries. Recall that if w is a weight function, then we define ¥ (¢t) = fot w(s)ds.
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PROPOSITION 2.1.5. [2, p.22] Let w be a strictly decreasing weight function and let E be the Lorentz spaces
Ly1(0,00). f is an extreme point of the unit ball Bg of E if and only if | f| = mx,q for some A C (0,00)
with 0 < m(A) < co.

THEOREM 2.1.6 (Carothers). [2, p.22]| If U is a surjective isometry of the space Ly, 1[0, 1], then there exist a

+1-valued Borel measurable function h and a trace-preserving Borel measurable map o : [0,1] — [0, 1] such that

UHE) =h)(Co(f)E)  0<E<T,
where Cyy is the composition operator induced by o, i.e., (Co(f))(t) = f(o(t)) for all 0 <t < 1.

PROOF. Suppose A is a Borel measurable subset of [0, 1] and let a4 := m Using the characterization
of the extreme points and the fact that surjective isometries preserve extreme points it follows that |U(aaxa)| =
a4 x4 for some Borel measurable set A’ C [0, 1]. Let n(A) := A’. If A and B are disjoint Borel subsets of [0, 1],
then a direct calculation using the equation

$(AUB)
SmAUB)) A

and the characterization of the extreme points can be used to show that U is disjointness-preserving. One can

|U(xa) +U(xs)| = [U(xaus| =

then check that 7 is a regular set isomorphism and that letting h := U(x(o,1)) = U(1) yields
U(f) = h.T,(f) Vf € Lya[0,1].

Since [0, 1] is an absolute Borel measure space, it follows that there exists a Borel point mapping o : [0, 1] — [0, 1]
such that n(A) = o0~ 1(A) for every Borel set A C [0, 1] (see Theorem 1.7.10). Therefore,

U(f) = hCa(f) vfe Lw,l[ov 1]
(]

REMARK 2.1.7. We note that there are more general results available for isometries on Lorentz spaces (see
for example [3]), but we felt that the previous result most clearly illustrates how extreme point methods can be

used in the commutative setting and most closely resembles the techniques we will be employing in the sequel.

We finish this section by considering isometries on (arbitrary) rearrangement invariant Banach function
spaces as an example of how Hermitian operators can be used in the description of isometries. Suppose X is a
Banach space and [-, -] is a semi-inner product on X which is compatible with its norm, i.e. ||:c||X = [z, x]Y/? for
every z € X. A bounded operator H on X is called Hermitian if [Hz, x| is real for every € X. Note that there
always is a semi-inner product compatible with the norm on any Banach space, but that it might not be unique.
One can show the definition does not depend on the choice of such a semi-inner product. The primary value of
Hermitian operators in the characterization of isometries is the relationship between Hermitian operators and

multiplication operators.

THEOREM 2.1.8. [16, p.121] Suppose (2, %, i) is a purely non-atomic o-finite measure space and let E be
a rearrangement invariant space such that the norm on E is not proportional to the norm on Lo(n). H is a
bounded Hermitian operator on E, if and only if there exists an h € Lo (p) such that H(f) = h.f = My (f) for
all f € E. In this case, ||H|| = HhHOO

THEOREM 2.1.9 (Zaidenberg). [16, p.126] Suppose (21, %1, p1) and (2,9, u2) are purely non-atomic o-
finite measure spaces and suppose E1 and Eo are rearrangement invariant spaces of functions on (1,31, p1) and

(Q2, Yo, u2), respectively. Assume that the norm on E; is not proportional to the norm of the space Lo(u1). If U
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s a surjective isometry from E, onto Es, then there exist a measurable function h and a reqular set isomorphism

n from Xy onto Yo such that
U(f)=hT,(f) Vfe€E.

PROOF. One can show that for any Hermitian operator H on E;, UHU ! is a Hermitian operator on E,
and that the association H — UHU ! is an algebraic isomorphism between the set of Hermitian operators on
E; and the set of Hermitian operators on Fs. Application of these properties and the characterization given in
Theorem 2.1.8 can then be used to show that if A € X1, then there exists an A’ € X5 such that

UM, U ' =M,,,.

Letting n(A4) = A’ yields the desired regular set isomorphism. In the case where u1(€2;) < oo one can let
h:=U(xq,) = U(1) and show that U(f) = h.T,,(f) for all f € E;. In the o-finite case one can use the fact that
there exists an increasing sequence {{1 ,,}>%; of measurable sets, each of finite measure, such that Q = OLZQLH.
Letting h, := U(xq, ), one obtains a pointwise convergent sequence. h can then be defined as this p%;ntwise
limit. The definitions of n and 7}, are obtained in the same as in the finite case.

O

2.2. Isometries on spaces of measurable operators: the non-commutative setting

In this section we will show that many of the techniques employed in the commutative setting have natural
non-commutative analogues. In particular, results concerning isometries on non-commutative Lebesgue, Lorentz
and symmetric spaces will be described and brief outlines of their proofs provided in order to illustrate how
approaches involving the disjointness-preserving property of an isometry, the characterization of extreme points
and the description of Hermitian operators, respectively may be adapted to the non-commutative setting. We
start, however, by stating a result that is of historical interest and will be referenced when considering isometries
on L1 N L.

THEOREM 2.2.1 (Kadison). [22, p.329,330] Suppose A and B are C*-algebras with identity and suppose
U : A — B is a linear isomorphism. U is isometric if and only if there exist a Jordan x-isomorphism ® : A — B

and a unitary operator uw = ®(1) such that
U(z) = ud(x) Vo € A.

REMARK 2.2.2. The previous theorem is originally stated in terms of a C*-isomorphism. One can however
show (see Section 1.8) that the definition of a C*-isomorphism is equivalent to the definition of a Jordan
s-isomorphism. Furthermore, Paterson and Sinclair ([36]) showed that a similar result holds even if the C*-

algebras are not necessarily unital.

To demonstrate how the disjointness-preserving property of an isometry can be utilized in the non-commutative
setting, we consider Yeadon’s characterization of isometries on L,-spaces. The outline of the proof will also
demonstrate how an analogous technique to the one employed by Lamperti can be developed in the non-
commutative setting. The following non-commutative analogue of the conditions under which equality holds

in Clarkson’s inequality is the main structural feature of L,-spaces that will be utilized.

THEOREM 2.2.3. [17, p.175] Suppose (A, T) is a semi-finite von Neumann algebra and 1 < p < oo, p # 2.
If x,y € L,(7), then equality

lz+wll; + llz =il = 2}« +2lly;
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holds in Clarkson’s inequality

IN

le ol +llz=vl; < 2lel;+2lyl; Q=p<2)

\%

lz+ully +llz—vll, > 2[l;+2ls], ©@<p<oo)
if and only if xy* =0 = z*y.

THEOREM 2.2.4 (Yeadon). [49, p.45] Suppose (A;, ;) is a semi-finite von Neumann algebra for i = 1,2 and
1 <r<oo,r#2. A continuous linear operator U : L.(11) — L.(12) is an isometry if and only if there exist,
uniquely, a partial isometry w € Ao, a positive operator b affiliated with As, and a Jordan x-isomorphism ® of
A1 onto a WOT-closed x-subalgebra of Ao such that

(1) w*w = ®(1) = s(b);

(2) every spectral projection of b commutes with ®(x) for all x € A;;
(3) 7i(x) = m2(b"®(x)) for all x € A} ; and
(4) U(z) = wb®(x) for all x € L.(11) N A;.

Proor. Suppose U : L,.(11) — L,(72) is an isometry. One starts by defining a map ® on projections of
finite trace. For p € P(A;)7, let

O(p) = wip) W),
where U(p) = wp)b(p) and wy, is the partial isometry and b, is the positive operator in the polar decomposition
of U(p). It follows that ®(p) = s(U(p)). As in the commutative setting, the conditions under which equality

holds in Clarkson’s inequality can be used to show that U is disjointness-preserving. This is the crucial step in

showing that the map @ is additive on orthogonal projections with finite trace. This enables extension of ® to

Gi*:={z=> \ipi € A1 : X\ €R, pi € P(A)! ,pip; =0 for i # j, n € N*}

i=1

by letting
O Api) =Y N®(p), D> Aipi €G3
i=1 i=1 i=1

The additivity of ® ensures that ¢ is well-defined and real linear on commuting elements from G3*. Furthermore,
the additivity of ® is also significant in showing that ® is square-preserving and isometric. Since any = € F(1q)%*
can be written as the limit of a sequence (x,)52; of commuting elements from G;* and @ is isometric, we can
define

O(x) = lim P(z,).

n— oo
It is worth noting that in order to show that this map is real linear one shows that if x € F(7,)*® and p € P(A;)/
with p > s(z), then

(2.2.1) U(z) = U(p)®(x) = wip)bpy @(x)

The linearity of U can then be employed to show that & is real linear. ® can then be extended to a complex
linear map on F(7;) in the natural way. In the case where 7(1) < oo, A = F(71) and so we can complete the

proof by letting w = wy and b = by. It follows from (2.2.1) that
U(z) = wb®(x)

for all x € A and one can check that ® is a Jordan #-isomorphism of A; onto a weakly closed x-subalgebra of

A with the desired properties. In the case where 71(1) = oo, one shows that for any « € Ay, {®(pxp)}pep,
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(D := P(A;)7) is strong-operator topology convergent and defines ®(z) to be this limit. One can also show

that {w,) }pep, and {e) (A, 00)}pep, (A > 0) are strong operator topology convergent, where

b = /O Adep)(2)
is the spectral decomposition of b(,). We define

w = SOTIlimwy,
e(A,00) = SOTlimeg (A, 00) A>0

b = /OOO)\de()\)

One can then check that these maps have the desired properties and that
U(z) = wbd(x) for all z € L,(m1) N A;.

For the converse, suppose U is a continuous linear map and ®, w and b are as in the statement of the theorem.
One can use the fact that there exists a central projection e € P(A;) such that ® restricted to Aje is a -
homomorphism and ® restricted to A;e" is a *-anti-homomorphism to show (using condition (4)) that |U(z)|" =
b"®(e|z|” + et|x*|") and hence (using condition (3)) that

U@, =m0 Belal” + e*fa*[7) = m(elal” + e [e*7) = m(lel") = |l
([

REMARK 2.2.5. The sufficiency part of Yeadon’s Theorem shows that if we have a continuous linear map
which happens to have the prescribed structure, then it is an isometry. The method employed in the proof
of Yeadon’s Theorem can be adapted to show that if ® is a Jordan *-isomorphism of A; onto a WOT-closed
x-subalgebra of As, w is a partial isometry in Ay, and b is a positive operator affiliated with As, such that

(1) w*w = s(b);
(2) every spectral projection of b commutes with ®(z) for all z € A; and
(3) T1(x) = T2(bP®(x)) for all x € AT,

then defining a map
(2.2.2) U(z) = wbd(x) for all z € L,(m1) N Ay

yields a linear isometry from L,(71) N A; into L,(72). Since L,(71) N Ay is dense in L,y(71), U has a unique
linear extension to an isometry from L,(7y) into L,(72). In other words, we do not need the prior existence of a
continuous linear map U : L,(71) — L,(72), nor do we require w*w = ®(1) in order to show that (2.2.2) yields
an isometry. In particular if ® is a trace-preserving Jordan #-isomorphism from A4 onto B, then using w = 1 = b,
we obtain

e

>HLP(72) = HxHLp(ﬁ) Vo € Ar N Ly(m).

REMARK 2.2.6. As an example of how a result in the commutative setting may follow from the corresponding
result in the non-commutative setting, we show that Lamperti’s Theorem follows from Yeadon’s Theorem.
Suppose (Q1,%1, p1) and (Q2, X9, po) are o-finite measure spaces, 1 <p < oo, p# 2 and U : L,(p1) — Lp(p2)
is a continuous linear mapping. If U is an isometry, then by Yeadon’s Theorem there exist uniquely a Jordan
x-isomorphism ® from L., (u1) onto a weakly closed x-subalgebra of L., (uz2), a partial isometry w € Lo (u2)
and a positive function b € Loo(u2) such that

(1) ww = ®(1) = s(b) (i.e. |w(t)] =1 for ps-a.e t € supp (b));
(2) [q, fdm = [, 0PP(f)dus for all f € Log(p1)*; and
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(3) U(f) = wb®(f) for all f € L,(11) N Loo(p1).

® is a Jordan *-isomorphism and so by Corollary 1.8.12, & is induced by a o-homomorphism 7 : ¥; — 33
(where Q3 € 35 and 33 is the family of all ¥5 measurable subsets of €23). Furthermore, if ps(n(A4)) = 0, then
0 = Xpa) = P(xa). Since @ is injective, it follows that x4 = 0 and hence j;(4) = 0. n: X — X3 C ¥y
is a regular set isomorphism, by Remark 1.7.8 and therefore induces a linear map T}, : Loo(p1) — Loo(p2), by
Proposition 1.7.4. Let S denote the family of all simple functions supported on sets of finite measure. Since
® : Loo(p1) = Loo(p2) is induced by 7, we have that ®(f) = T,(f) for all f € S and hence, for any f € S,

Ulf) = wbe(f)
= w.b.T,(f)

Let h = w.b and suppose g € L,(u1). S is dense in L,(u1) and so there exists a sequence (gn)52; C S such that

In LPLP)“) g. Therefore U(g,) Lpﬂfz) U(g), since U is continuous. By repeated application of Theorem 1.5.1, we

can find a subsequence (g, )72, such that g,, — ¢ pointwise pi-a.e. and U(gn,) — U(g) pointwise po-a.e. By
Proposition 1.7.4, T} (gn, ) = T,,(g) pointwise po-a.e. and therefore

U(gn,,) = h.T,(gn,) = h.T(g) pointwise ug-a.e.

But U(gn,) — U(g) pointwise po-a.e. and hence

Furthermore, for A € ¥y,

[owpds = [ jwbpdu
n(A) n(A)

= / bPd o since b > 0 and |w(t)| =1 pe-a.e t € supp (b)
n(A)

= / WoO(xa)dpz  since (xa) = xna)
Qo

= / Xadp since x4 € Loo(pt1)"
1951

= m(4)

Conversely, suppose 7 : X1 — X5 is a regular set isomorphism and h is a function on €25 such that
(2.2.3) / hPds = i (A) YA €3,
n(A)

By Proposition 1.7.4, n) defines a linear map T}, : Loo(p1) — Loo(pe). Let ® =T, | Loo(p1). By Remark 1.7.5,
® is a continuous map from L. (p1) into Lo, (p2) and hence a Jordan x-homomorphism, by Remark 1.7.8 and
Corollary 1.8.12. T}, and hence @, is injective by Proposition 1.7.4 and so ® is a Jordan *-isomorphism from

i ifh(t) #0

Th '
0 ifh(t) =0

Loo (1) onto a WOT-closed subalgebra of Lo (p2). Let b = |h| and w(t) :=
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- 1 ift € supp (b)
Then b € Loo(p)" and w(t)w(t) := . Furthermore,

0 otherwise

/XAdM1 = (4
(951

/ |h|Pdpg by (2.2.3)
n(A)

(2.2.4)

/ bpq)(XA)duz since b = |]’L‘ and @(XA) = TW(XA) = Xn(A)
Qo

If f=>5 aixa,, with a; >0 and A; € 3; for 1 <i < n, then

=1
fdu = Z/ XA, A
i=1 7

= D / OPP(xa;)dpz by (2.2.4)

i=1 Q22

(951

(2.2.5) = /Q PO (f)dps

Finally, if f € Loo(p1)™, then, by Theorem 1.1.3, there exists an increasing sequence (f,,)°; of positive simple
functions such that f,, 1 f pointwise pi-a.e. By Proposition 1.7.4, ®(f,) = T,,(fn) — T,(f) = ®(f) pointwise
po-a.e. and (P(f,))5%, is increasing and positive. Since b” > 0, we have that bP®(f,) T bP®(f). Using the

Monotone Convergence Theorem, we have that

fndpr 1 fdpr  and
Ql Ql

Po(f,)dus 1 / b (f)dpiz
Qo Qo

However, le Fudpy = sz bP®(f,,)dpo for every n € Nt and so
Fd = [ W0y,
o Qo
For f € L,(11) N Loo(pt1), let
T(f) == wb.®(f)
By Yeadon’s Theorem (see Remark 2.2.5), T has a unique extension to an isometry (which we will also denote
T) from L,(u1) into Ly(p2). For f € Ly(p1), let

U(f) = Ty (f).
It follows from the definitions of ®, w and b that U and T agree on L, (1) N Loo(pt1). Suppose f € Ly(p1). Since
L,(p1) N Loo(p1) is dense in Ly (p1), there exists a sequence (f,)5%; € Lp(p1) N Loo(p1) such that f, Erlyn) f.

Lo

T is continuous and so T'(f,) %#2) T(f). By repeated application of Theorem 1.5.1, we can find a subsequence

(frw)72y of (fn)o, such that
foe —  f pointwise ui-a.e. and
T(fn,) — T(f) pointwise uo-a.e.
By Proposition 1.7.4, the former implies that T(f,,) — T,(f) pointwise ps-a.e. and hence h.T,(fn,) —

h.T,(f) = U(f) pointwise us-a.e. However, h.T,,(fn,) = U(fn,) = T(fn,) for each k € N* and T(f,,) = T(f)
pointwise pio-a.e. Therefore U(f) = T'(f) for each f € L,(u1) and hence U is an isometry.
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To illustrate how extreme point methods can be used in the non-commutative setting we will consider a result
characterizing the structure of isometries on a particular type of Lorentz space. The proof of this result uses a
description of the structure of a positive surjective isometry between a symmetric space and a fully symmetric
space, both associated with finite von Neumann algebras. In the sequel we will provide a partial generalization

of this result to the semi-finite setting; we therefore include this result and an outline of its proof.

THEOREM 2.2.7. [4, p.534] Let (A, 7) and (B,v) be trace-finite von Neumann algebras and suppose E C
S(A, 1) is a symmetric space and F C S(B,v) is a fully symmetric space. If U : E — F is a positive linear
bijection from E onto F such that ||U(gc)||F = HxHE for every self-adjoint x € E, then there exist uniquely a
positive operator a € S(Z(B),v) and a Jordan x-isomorphism ® of A onto B such that s(a) =1 and

U(z) = a®(x) Vz € A

PROOF. Let a = U(14). By showing that U~ is positive, one can show that s(a) = 15, which implies that
a has a closed, densely defined inverse. Since one is working in the finite setting, this inverse is a v-measurable

operator. One can then define the map
®(z) == a 2U(z)a/? z e A

Using the properties of U and U~! one can show that ® is a unital linear order isomorphism from A onto B
and hence a Jordan #*-isomorphism, by Proposition 1.8.9. The desired representation can then be obtained by

—1/2

showing that « is affiliated with the center of B and hence that a commutes with ®(z) for every x € A. O

REMARK 2.2.8. Theorem 2.2.7 is implicitly stated with the added assumption that the traces on the respec-
tive von Neumann algebras are normalized. It is easily checked however that the result does not depend on this

added assumption.

The other important component in the characterization of isometries on Lorentz spaces (Theorem 2.2.10) is

a description of the extreme points of the unit balls of these Lorentz spaces.

THEOREM 2.2.9. [4, p.536] Let (A,7) be a finite von Neumann algebras with 7(1) = 1 and suppose ) :

[0,1] — [0,00) is a strictly concave continuous increasing function with (0) = 0. An element x € Ay (7T) is an

extreme point of the unit ball of Ay (7) if and only if x = w(T(llv\))U for some partial isometry v € A.

THEOREM 2.2.10 (Chilin et al.). [4, p.534] Let (A,7) and (B,v) be finite von Neumann algebras with
7(1) = 1 = v(1) and suppose @b : [0,1] — [0,00) is a strictly concave continuous increasing function with
¥(0) = 0. A continuous surjective linear mapping U : Ay (1) = Ay(v) is an isometry if and only if there exist

uniquely a unitary operator u € B and a Jordan x-isomorphism ® of A onto B such that
7(x) = v(P(x)) Ve e A

and

U(z) = a®(x) Vo € A.

PROOF. The idea of the proof is that one wishes to use U to construct a positive surjective isometry from
Ay () onto Ay(v). Theorem 2.2.7 can then be applied to obtain the desired Jordan *-isomorphism. The
characterization of the extreme points of the unit ball of a Lorentz space plays an important role in constructing
the aforementioned positive surjective isometry. Since one can assume, without loss of generality that (1) = 1,
1= ml is an extreme point of the unit ball of Ay (7), by Theorem 2.2.9. U is a surjective isometry and

therefore preserves extreme points. It follows, using Theorem 2.2.9, that U(1) = ¢(u(1\a|))a for some partial
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isometry a € B. Since B is a finite von Neumann algebra, there exists a unitary operator v € B such that
a = ulal. Let

T(x) :=u*U(x) x € Ay (7).

It is easily checked that this map is a surjective linear isometry from A, (7) onto Ay (v). It can also be checked
(although it involves considerably more work) that T is positive and |a| = 1. Application of Theorem 2.2.7

yields a Jordan #-isomorphism ® from A onto B and a positive operator b € S(Z(B), ) such that
T(x) = bP(z) Vo € A.

In particular,
1

1
L=l = Sy (w<u<|a|>>
Therefore T'(x) = ®(x) for all x € A and hence,

*

la| = u a) =u'U(1)=T(1) =bP(1) =d.
U(z) =uT(z) = ud(x) Vo € A.
Furthermore, since ®(p) = T'(p) for any p € P(A) and T is a Lorentz space isometry,
We@E) = [90)] 4., = [plly, 0y = (7))

and hence ® is trace-preserving on projections, using the fact that v is strictly increasing. This can be used to

show that ® is trace-preserving on all of A.

For the converse, it is shown (using non-commutative interpolation-type techniques) that if ® is a trace-preserving

Jordan *-isomorphism, then

H(I)(x)HAw(u) = ||x||A,¢,(T) Vi e A.
Since Hv@(w)HAw(y) = H(D(x)”Aw(u), whenever v is a unitary operator, it follows that U = u® is isometric (with
respect to the Lorentz space norm) on A. Since A is dense in Ay (7), U is an isometry. d

REMARK 2.2.11. It is worth noting that extreme points appear only to play a role in describing the structure
of U(1) and indirectly in showing that T' = u*U is positive. In the sequel (see Theorem 7.2.9) we will prove a
semi-finite generalization of this result and, interestingly, extreme points will play a crucial role in showing that

the isometry under consideration is disjointness-preserving.

Next, we provide a brief outline of the proof of Sukochev’s characterization of surjective isometries of a
separable symmetric space as an illustration of how the characterization of Hermitian operators may be used in
the description of isometries in the non-commutative setting. The proof will further demonstrate how techniques

employed in the commutative setting may be adapted to obtain results in the non-commutative setting.

THEOREM 2.2.12. [42, p.116] Let H be a Hermitian operator on the separable symmetric space E(A,T). If
E(A,7) # La(A, 1), then H? is Hermitian if and only if H can be represented as either a left multiplication or

a right multiplication by a self-adjoint operator in A.
REMARK 2.2.13. [42, p.116] If a and b are self-adjoint operators in A and
ax = bx Vo € E(1),

then a = b. In particular, if representation of Hermitian operators as operators of left (right) multiplication is

possible, then such a representation is uniquely determined.
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THEOREM 2.2.14 (Sukochev). [42, p.116] Suppose (A, 1) is an AFD factor of type 11; or 11, and suppose
E(0,00) is a separable symmetric Banach function space such that the norms on E(7) and Lo(7) are not pro-
portional. Then a continuous linear mapping U of E(7) onto itself is an isometry if and only if there exist a

unitary operator u € A and a Jordan x-automorphism ® of A such that
U(z) = ud(x) Ve e AN E(T).
ProoOF. Suppose U is a surjective isometry on E(7). For a € A%® and = € E(7), let
lo(z) = ax and rqo(x) := za.

One can show that Ul,U~! and (Ul,U"')? are Hermitian operators for any a € A%®. It follows, using the
characterization of Hermitian operators (Theorem 2.2.12), that Ul,U~! is a left or a right multiplication by a
self-adjoint operator. It can be shown that Ul,U ! must be either a left multiplication for each a € A*® or a
right multiplication for each a € A*%, which allows one to associate with each a € A%® a self-adjoint operator
®(a) € A, such that

UlU™ = Lo

ULUu=—t = To(a)

It can be shown that this map ® : A** — A%® is real linear, square-preserving, surjective and ®(1) = 1. It
follows that the natural complex linear extension of ® onto A is a Jordan x-automorphism of A, which will also
be denoted using ®. To define the unitary operator that will be used in the representation of U, one starts by
showing that if p € P(A)/, then U(p) is a partial isometry v(,) with s(U(p)) = ®(p). Moreover, if p, ¢ € P(A)f
with pg = 0, then ®(p)®(g) = 0 and hence one can show that v(,44) = V() + v(q)- Therefore, if p,q € P(A)f
with p < ¢, then v, = v(,)®(p). This enables one to define a unitary operator u as the SOT-limit of the net
{v) }pep(ays and to show that

Up) =ud(p) VpeP(A).

Using the linearity of ® and U and the density in E(7) N .A of the set of finite linear combinations of projections

with finite trace, one obtains the desired representation.

Conversely, suppose U(z) = u®(z) for all z in E(r) N A, for some unitary u and Jordan s-automorphism
®. Note that since ® is a Jordan x-automorphism of A, ® is trace-preserving. A similar interpolation-type
argument to the one employed in showing that a trace-preserving Jordan #-isomorphism is isometric (on suitable

elements) with respect to the Lorentz space norm, can then be used to show that for all z in E(7) N A,

lw@|g = llue@lz =@ =[]

Since AN E(7) is dense in E(7), U is an isometry.
O

REMARK 2.2.15. We note that all the symmetric spaces we have considered are associated with trace-finite
or semi-finite von Neumann algebras. L,-spaces and Orlicz spaces associated with general von Neumann algebras
have been defined (see [19] and [32]) and in the case of L,-spaces associated with general von Neumann algebras,
their isometries have been characterized (see [21], [38] and [39]). Isometries on such spaces, however, are not

considered in this thesis.
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We finish this chapter by making a few comments about conditions that are either explicitly or implicitly
required in proofs in both the commutative and non-commutative settings. The first comment is regarding
surjectivity. We note that surjectivity is not assumed in Lamperti and Yeadon’s results whereas it is assumed
in all other results mentioned here. The reason for this is that in order to ensure that isometries map extreme
points to extreme points (as used in the proofs of Carothers, Kadison and Chilin et al.); or to ensure that
UHU! exists and is a Hermitian operator whenever U is an isometry and H is a Hermitian operator (as in the
proofs of Zaidenberg and Sukochev), surjectivity of the isometry is required; whereas showing that an isometry
on an Ly-space is disjointness-preserving (as shown by Lamperti and Yeadon) involves only the structure of the
L,-space and the linear and isometric properties of the isometry. The second comment is regarding absolute
continuity of the norm. Although not mentioned explicitly, all of the spaces considered in this chapter, except the
ones mentioned in Theorem 2.1.9 and Theorem 2.2.7, have absolutely continuous norm. If (A, 7) is a semi-finite
von Neumann algebra and F C S(A, 7) is a strongly symmetric space with absolutely continuous norm, then the
set of finite linear combinations of projections, each with finite trace, is dense in E (in the commutative setting
this yields density of the set of simple functions, supported on sets of finite measure). One implication of this is
that having a structural description for an isometry U on E, which holds for all elements in AN E, completely
describes the isometry. Another practical advantage of working with spaces with absolutely continuous norm is
that in the process of describing the structure of an isometry on such a space, it often suffices to show that a
particular structural representation holds for projections of finite trace (characteristic functions of sets of finite

measure in the commutative setting); the remainder will then follow by linearity and density.



CHAPTER 3

Extension procedures

As we saw in the literature review, the procedure involved in using an Lp-isometry to define a Jordan
x-homomorphism involved defining a map on projections with finite trace and then extending this map in a
number of successive steps to the whole von Neumann algebra. Our descriptions of isometries will employ simi-
lar methods. In order to facilitate this process in different settings and to avoid repetition as much as possible we
develop some of these extension procedures in a general context (i.e. independent of an isometry on a particular

type of symmetric space).

Suppose A and B are von Neumann algebras and ® is a map from P(A)f into P(B). Ideally, one would
like to know the conditions on ® which would ensure that it is uniquely extensible to a Jordan *-homomorphism
from A into B (or preferably, in certain instances, from A onto B). There appears to be several difficulties.
The first is in ensuring that the extension to linear combinations of projections is linear (and not just linear on
commuting elements). This can be overcome if there exists a linear map U : A — S(B,v) with the property that
®(p) = s(U(p)) for all p € P(A)/. The second difficulty is in extending ® from F(7) to A, which appears to
require normality of the map ® on F(7) to ensure that the extension to A is linear. We have therefore divided
the extension process into several steps. These steps will be described in the first three sections of this chapter.
The result of these extension procedures is a Jordan x-homomorphism; in the final section we consider sufficient

conditions to ensure the surjectivity of such a Jordan *-homomorphism.

3.1. Extension from a set of projections to finite linear combinations of these projections

There will be two scenarios where we will extend a map from a set of projections to the set of all self-adjoint
finite linear combinations of these projections. The one will be for a map defined on the set of all projections
of finite trace and the other will be for a map defined on the set of all projections. The same technique can be

employed in both cases and will be demonstrated in the following lemma.

LEMMA 3.1.1. Suppose A and B are von Neumann algebras, £ C P(A) is a lattice of projections and H is
the set of all finite linear combinations of mutually orthogonal projections from . If ® : &€ — P(B) is a map
such that ®(p) = 0 if and only if p = 0, and ®(p+q) = ®(p) + ®(q), whenever p,q € € with pg = 0, then defining

(Dl(zaipi) = Zai‘l)(pi) a; ER, p; €&
i=1 im1

yields a well-defined map ®1 : H** — B, which extends ® and is real linear on commuting elements from H*®.
Furthermore,
O (2?) = &1 (z)? and ||<I>1(x)||6 = HxHA
for all x € H**.
PROOF. We show that ®, is well-defined on H**. Suppose x = > ;p;, with p;p; = 0if i # j and a; # 0
i=1

m
for all i. Suppose x = Y B;q; is another representation of =, with ¢;¢; = 0 if ¢ # j and 8; # 0 for all i. Note
j=1

38
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that if p,q € £ with pg = 0, then ®(p) and ®(gq) are orthogonal, i.e. ®(p)®(q) = 0, by Proposition B.1.16, since

k k
O(p) + ®(q) = ®(p+q) € P(B). Note that Y p; = V Diy since this is a sum of mutually orthogonal projections.
i=1 i=
€ is a lattice and therefore it contains this supremum. Similarly, > ¢; = '7\71q‘j € £. Furthermore,
=17 =
k m
Zpi = Zq]— since ; # 0 for all ¢ and B; # 0 for all j and therefore
i=1 j=1
these are representations of the support projection of x
k m
= o) p) = * g
i=1 j=1
k m
— Z(I)(pi) = Z@(qj) since ® is additive on orthogonal projections
i=1 Jj=1
= Vi, ®(p;) = (O _®(q;)@(pi)  since pjp; =0 for i # j implies ®(p;)®(pi) = 0 for i # j

1

(3.1.1) = (®(q;)@(p:))

INgER:

I
-

J
We can similarly show that for every j,

k k

(3.1.2) ®(g;) = B(q;)(Y_0(pi)) = > _(®(a;)®(p:))

i=1 i=1
Furthermore, if 1 <4’ <k and 1 < j" < m, then p;py = 0if i # ¢ and ¢;.q; = 0if j # j'. It follows that

k m

Qi g5 Pir = Qj’(zaipi)pi/ = %’(Zﬂj%)jﬁi/ = Bjrq;pi

i=1 j=1
This implies that ay = Bj or ¢py = 0. Since this holds for every 1 < ¢/ < k, 1 < j° < m and ® maps

orthogonal projections onto orthogonal projections, we have that
(3.1.3) for every ¢, j, either a; = f3; or ®(q;)®(p;) =0

Therefore,

m

Yaidp) = D3 0()e(p)  using (3.11)

j=1

= 3 b))

i=1j=1

- Zzﬁj‘ﬁ(%)q’@i) using (3.1.3)
i=1j=1

m n

= > 8%(a)®(m)

j=1i=1

= 2 82 ®(e)2(p)

= Zﬁjq)(qj) using (3.1.2)
j=1
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It follows that ®; is well-defined. Next, we show that ®; is real linear on commuting operators in H*%.

k

Suppose z,y € H** are commuting operators and §,7 € R. We can write z in the form x = ) a;p;, where
ppose ,y g gl )
=

m
a; # 0 for all 4 and o; # o if @ # j. Similarly, y can be written in the form y = ) §;¢;, where where /3; # 0
j=1

K2

k m
for all i and B; # B; if ¢ # j. Put p= > p; and ¢ = ) ¢; and define
i=1 j=1

Tij = DPigj
Si = Pi—DPig
tji = ¢ —qp
Aij = 0oy + B,

Note that since o; # «; if ¢ # j, the p;’s are spectral projections of x. Similarly, the ¢;’s are spectral
projections of y. Since xy = yx, we have that p;y = yp; for all i, by Corollary B.2.8. It therefore follows by the
same proposition that p;q; = ¢;p; for all 7, j and so r; ;,s; and t; are projections for all ¢, 7. Furthermore, these
are mutually orthogonal, since (p;)¥_; and (qj);.”:1 are families consisting of mutually orthogonal projections. It

is easily verified that

k m k m
(3.1.4) Srqy = DY Nigrij+ > dousi+ » yBjt; € M
i=1j=1 i=1 j=1
Furthermore,
pi = S+ Zri,j
j=1
m
(3.1.5) = B(p;) = D(s;)+ Z@(Ti,j) since ® is additive on orthogonal projections
j=1

and similarly,

k
(3.1.6) () = D)+ Z@(rm)
Therefore,
k m
01 (z) +7P1(y) = 52%‘1’(%) + VZBJ'(I’((IJ')
i=1 j=1
k m m k
= Z&!i [P(s4) + Z‘I’(Tz‘,j)] + ZVﬂj [®(5) + Z‘I)(Ti,j)]

using (3.1.5) and (3.1.6)

kK m k m
= D> [bai +819(ri ) + 250@"1’(51‘) + Zvﬁj@(tj)

i=1j=1
by grouping appropriate terms

k m k m
= Zz)‘i’j@(”»j) + Zéaﬂ)(sz) + Z’Vﬂjq)(tj) by definition of )\i,j
i=1 j=1

i=1j=1
= O1(0z +yy) using (3.1.4)
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n
We show that ®; is square-preserving. Suppose z = > «a;p; € H**. Then
i=1

a? = (Z%‘Pi)Q
i=1
= Za?pi since p;p; = 0 for i # j
i=1
Therefore ®;(z?) is defined and
Bi(2?) = D ai®(p:)
i=1

= (Z%“I’(Pi))z since ®(p;)®(p;) = 0 for i # j

= O (x)?
Finally, we show that ®; is isometric. Suppose x = iloqpi € H**. Then
i=
n
[ P HZ;%'I%HA
i—
= max{||:i=1,2,...,n} since the p;’s are mutually orthogonal projections

n
= HZai@(pi)H 5 since the ®(p;)’s are mutually orthogonal projections and
i=1

P(p;) =0iff p; =0
= [[1@)]]

3.2. Extension from P(A)f to F(7)

In this section, we will prove the following result.

PROPOSITION 3.2.1. Suppose @y : P(A)f — P(B) is a map such that ®o(p) = 0 if and only if p = 0; and
Oo(p + q) = Po(p) + Po(q) whenever p,q € P(A)) with pqg = 0. If there exists a linear map U from F(7) into
S(B,v) such that ®¢(p) = s(U(p)) for all p € P(A), and which has the property that U(x,,) Ty U(x) whenever
(xn)5y U{z} C F(7) is such that x, A 2 and s(xp) < s(x) for all n € N*, then ®y can be extended to a
positive linear map ®3 : F (1) — B such that

H<I>3(x)HB = HxHA and P3(z?) = B3(z)?
for all x € F(r)%*.

The proof is fairly lengthy and so we have divided it into a number of lemmas. ®g satisfies the conditions of
Lemma 3.1.1 and can therefore be extended to self-adjoint finite linear combinations of projections with finite
trace. Since Lemma 3.1.1 only guarantees the linearity of this extension on commuting elements, we will then
prove a sequence of lemmas that will enable us to show the linearity on all elements in its domain. This will
enable us to further extend this map to a complex linear map on all of F(7). We will finish this section by

showing that this extension has the desired properties.
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Let Gy denote the set of all finite linear combinations of mutually orthogonal projections from P(A)f. Since
P(A)7 is a lattice, it follows by Lemma 3.1.1 that defining

@1(20%;01‘) = Zaiq’o(m) Z%Pi €gy”
=1 =1 i—1

yields a well-defined map ®; : G3* — B, which extends ®, and is real linear on commuting elements from G3*.
Furthermore, ®; is square-preserving and isometric. It follows by Proposition B.1.14 that ®; can be extended to
F(7)%® in an isometric fashion. We will denote this extension ®5. Throughout this section we will use the fact
that if p, ¢ € P(A)f with pg = 0, then ®y(p)®o(q) = 0 by Proposition B.1.16, since ®o(p + q) = Po(p) + Po(q).
Furthermore, if p, g € P(A)f with p > ¢, then ®4(p) = Po(p — q) + Po(q) > Po(q). The following two lemmas

will be used to show that ®5 is real linear.

LEMMA 3.2.2. If x € F(1)%%, then
U(z) = U(p)®2(z)
for any p € P(A)! with p > s(x).

PROOF. Suppose x = ¢ for some g € P(A)/. If p € P(A)/ with p > s(q) = ¢, then p — g € P(A)f and

s(Ulp—q)) = Polp—q)
(3:2.1) = Ulp—q)®olqg) = 0  since q(p — ) = 0 implies Po(q)Po(p —q) =0
Furthermore,
Up)®i(a) = Up—q9 +U(q)Po(g)  since @1 extends g
— U(q)®o(g) using (3.2.1)
(3:2.2) = Ulq)  since ©o(q) = s(U(q))

n n
Next suppose x = > «a;p; € G°* and p > s(z) = >_p;. Then
i=1 i=1

3 3

Up)Pi(x) = U(p)Zaiq)l(pi) since ®; is real linear on commuting elements in G*¢
i=1
= ) _aU(p)®1(pi)
i=1

= ZO@U(M) using (3.2.2)
(3.2.3) ~ U

Finally, suppose z is an arbitrary element in F(7)** and suppose p € P(A)/ with p > s(x). By Remark B.1.12,
there exists a sequence (z,)52; € G such that x, 4 z, s(x,) < s(x) < p for every n € N, and the z,,’s
commute with each other and with x. By the assumption on U we have that

(3.2.4) Ulzn) 3 U(x).

®, is real linear on commuting elements (see Proposition B.1.14) and is an isometric extension of ®;. It follows
that @4 (z,,) 5 Oy (). Therefore U(p)Pq(zy,) 5 U(p)®2(z) and hence U (p)®1(z,) Ty U(p)®2(x), by Proposition
1.6.3(1). However, U(p)®1(z,) = U(zy,) for all n € NT, using (3.2.3). It follows that

(3.2.5) U(za) ™5 U(p)®a(a).

Combining (3.2.4) and (3.2.5), we obtain U(x) = U(p)®P2(x), since the measure topology is Hausdorff. O
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LEMMA 3.2.3. If x € F(1)%%, then

for any p € P(A)Y with p > s(x).
ProoF. Suppose z = ¢ € P(A)f and p € P(A)f with p > s(x) = q. As shown in the introduction this
n n
implies that s(U(p)) = ®o(p) > Po(q) = r(P2(q)). if x = > a;p; € G°* and p > s(z) = > p;, then
i=1 i=1
r(®a(z) = (> _ai®o(pi)
i=1
= Z(I)O(pi) since the ®(p;)’s are orthogonal projections
i=1

n
= <I>O(Zpi) since @ is additive on orthogonal projections
i=1

n
< Do(p)  sincep > Y p;
=1

(3.2.6) = s(U(p))

Suppose x € F(7)** and p € P(A) with p > s(x). By Remark B.1.12, there exists a sequence (,,)>%; C G¢
such that x, A x, s(x,) < s(z) < pforall n € Nt and the z,,’s commute with each other and with z. It follows
by (3.2.6) that r(®2(zy,)) < s(U(p)) for all n € N*. Furthermore, ®o(z,) 5 ®y(x), since @y is real linear on
commuting elements and isometric. Recall that for y € S(A, 1), we will use k(y) to denote the projection onto

the kernel of y. Suppose 1 € ker (U(p)). Note that for any n € N,

E{U(p)) = [s(U(p))]* by Proposition 1.3.1(3)
< [r(®a(wn))]t since r(@a(x,)) < s(U(p)), by (3.2:6)
= [r(®a(z,))*)]t  since ®o(x,) is a real linear combination of projections
(3.2.7) = k(®y(z,)) by Proposition 1.3.1(3)

implies that ®5(z,,) 59T ®y(x) and so

~

Furthermore, ®5(x,,) 5 Dy (x
[@2(2)(m)]| = lim [ @y () ()
= 0 since 1) € ker (®y(x,,)) for every n € Nt using (3.2.7)

It follows that n € k(®a(x))(Hz) = [r(®2(x)*)]* (Hs) = [r(®2(x))]*(Hs) using Proposition 1.3.1 and Remark
B.1.15. Therefore s(U(p))t = k(s(U(p))) < r(®2(z))* and hence 7(®a(x)) < s(U(p)). O

We are now in a position to show that ® is real linear on F(7)%®. Suppose z,y € F(7)** and «, 3 € R. Let
p=s(z) Vs(y). Then

U(p)[P2(ax + By) — aPa(x) — BP2(y)] U(ax + py) — aU(x) — BU(y) using Lemma 3.2.2

(3.2.8) = 0 since U is real linear
Furthermore,
F([@a(az + By) — ada(z) — fOo()]) < r(®s(az + By)) V r(@a(x)) Vr(®a(y))
(3.2.9) < s(U(p)) by Lemma 3.2.3, since s(x), s(y), s(ax + By) <p
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Applying Proposition B.2.12(1) to (3.2.8) and (3.2.9), we obtain [®o(azx + By) — a®s(z) — fP2(y)] = 0. Since
a,f € R and x,y € F(r)%* were arbitrary, it follows that ®, is real linear on F(7)%.

Before extending @5 to all of F(7), we show that ®, is positive and square-preserving.
LEMMA 3.2.4. @y is positive and if © € F(7)%*, then
(I)Q(.’Ez) = @2(1’)2.

Proor. To show that ®, is positive we start by considering its action on projections. Suppose p € P(A)7.
n
Then ®5(p) = Po(p) € P(B) and so Pa(p) > 0. If z € Q;r, ie. x = Y a;p; with a; > 0 for all i, p; € P(A)f

i=1

n
for all ¢ and p;p; = 0 if i # j, then ®3(x) = > ;Pa(p;). Therefore ®o(z) > 0, since Po(p;) > 0 and o; > 0
i=1
for every i. Finally, suppose z € F(7)". By Remark B.1.12 there exists a sequence (x,)>; C gf+ such that
2, 3 2. Since z, € Q;r for each n € Nt ®y(x,(z)) > 0, for every n € NT. It follows that ®5(z) > 0, since

Do () 5 Py (z) and BT is closed, by Theorem B.1.5.

Next, we show that ®, is square-preserving. Suppose x € F(7)**. By Remark B.1.12 there exists a se-
quence (z,)5%; C G;* such that z, A & Since ®, is real linear and isometric on F(7)%%, this implies that
Dy (zy,) LS ®y(z). Using the joint continuity of multiplication in A and B, equipped with their respective norm

topologies, it follows that 22 23 22 and
(3.2.10) 0y ()2 B y(x)?
Again using the isometric nature of ®5, but this time applied to the sequence {z2}°° ;, we obtain
(3.2.11) 0y(22) B @y(a?)
However, since x,, € G} for each n € N and ®; extends ®;, we have that ®5(z}) = (®2(,))? for each n € NT,
by Lemma 3.1.1. Combining this with (3.2.10) and (3.2.11), we obtain
Dy(z?) = By(z)?.
O

Finally, we extend ®5 to all of (7). To do so, note that if z € F(7), then © = x1+ixs, where x1, s € F(7)%°.
Let

(1)3(1') = (I)Q(.’El) + Z@(iﬂz)
Since this decomposition of x is unique, ®3 is well-defined and extends ®5. It is easily checked that ®3 is complex

linear and, since ®5 is positive, isometric and square-preserving on F(7)%¢, so is ®s.

3.3. Extension from F(7) to A

Suppose (A, 7) and (B, v) are semi-finite von Neumann algebras on the Hilbert spaces H and K, respectively
and recall that we will sometimes use D to denote P(A)/. We show that if ®3 : F(7) — B is linear, positive,

normal,
B3(p) >0  if0#£peP(A)
and

@3(%2) = @3(1’)2 VZC S ]‘-(T)Sa,
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then ®3 can be extended uniquely to a normal Jordan *-homomorphism & from A into B. Furthermore, in this
case,
O(x) = SOTIIJiGI%q)g(pxp) Ve e A
and
2@l = llell, Vo €A™

We start by defining ® on projections. Since A is semi-finite, D,y := {q € P(A)f : ¢ < p} is an increasing net
whose supremum is p. For the sake of convenience we will use an indexing set and let D,y = {po : @ € I,}. Note
that ®3 is positive and therefore {®3(pa)}acr, is increasing. By Proposition 1.8.3(5), ®3(p.) is a projection
for every a € I, and so SOTiienllp ®3(p.) exists and is a projection. Unless stated otherwise, we will assume

throughout this section that convergence and limits are with respect to the strong operator topology. Let

(3.3.1) ®(p) := lim P5(p,) € P(B)

a€l,

Note that ®(p) = ®3(p) for p € P(A)?. In order to apply Lemma 3.1.1 to extend ® to G, the set of all
self-adjoint finite linear combinations of mutually orthogonal projections in A, we need to show that ® maps
non-zero projections onto non-zero projections and that ® is additive on orthogonal projections. If p = 0,
then D,y = {0} and so ®(p) = ®3(0) = 0, since ®3 is linear. If p > 0, then there exists a 3 € I, such that
0 # pg € D(y), since A is semi-finite. {®3(pa)}acr, is an increasing net and so ®(p) > P3(pg) > 0. It follows
that
P(p)=0 < p=0.

Next, suppose p and ¢ are orthogonal projections in P(A). Note that if p, € D, and gz € D(g), then
Pa + 48 € D(ptq), since p, and gs are disjoint projections, each with finite trace. Furthermore p, +qs T p +¢
(see Remark B.1.4) and so if r € D(;, ), then there exists a (a, 3) € I, x I, such that p, + gg > r. It follows,
using the positivity of ®3, that {®3(po +qs) : @ € I, € I} is a subnet of {®3(r) : r € D(,44)} and hence
D3(po) + P3(gp) = P3(pa + q3) = P(p + q), since ®(p + ¢) := lim P3(r). However, we also have that

T€D(p+q)

D3(po) + P3(gs) — D(p) + ®(q), by definition of ®(p) and ®(¢) and the SOT-continuity of addition. Therefore

®(p+q) =2(p) + 2(q).

By Proposition B.1.16 this further implies that ®(p) and ®(gq) are orthogonal, i.e. ®(p)®(q) =0 if pg = 0.

REMARK 3.3.1. An orthoisomorphism between two von Neumann algebras A and B is defined to be an
injective mapping 6 of P(A) onto P(B) such that

0(p)f(q) =0 < pq=0.

In 1955, Dye ([8, p.83]) showed that in the case where A does not have summands of type I, such an orthoi-
somorphism has to be the restriction of a Jordan *-isomorphism from A onto B. Since we may not be able to
show that ®, as defined above and considered as a mapping from P(.A) into P(B), is surjective nor that pg =0
whenever ®(p)®(¢q) = 0, we will proceed with the process of extending ® more directly.

n
For z = Y a;p; € G°%, define
i=1

®(x) = Zai‘b(pi)~
i=1
It follows by Lemma 3.1.1 that ® is well-defined and real linear on commuting operators in G**. Furthermore,

® is square-preserving and isometric on G**. It follows, by Proposition B.1.13, that ® can be extended, in an

isometric fashion, to the set of all self-adjoint elements in 4. This extension is real linear on commuting elements,
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but need not be linear on all elements of A%¢. Recall that in section 3.2, we showed that the existence of a linear
map U : F(7) — S(B,v) such that ®(p) = s(U(p)) for all p € P(A)/, could, under certain circumstances, be
used to show that the extension of ®g is linear. A similar idea is not applicable in this context, since the map
U we will be interested in in the sequel will typically not be defined on projections with infinite trace. We can
however use the normality of ®3 to prove several lemmas that will enable us to view ®(y) as a SOT-limit for

any y € A°* and hence demonstrate the real linearity of ® on .A%%.

LeEMMA 3.3.2. If p € P(A), then
®3(qpq) = 3(q)®(p)P3(q)

for all g € P(A)7.

PRrOOF. Note that

Pa tacr, P =>  qpaq Tacr, qpg by Proposition B.2.2(7)
= ®3(qpaq) Tacr, P3(gpg)  since Pz is normal
(3.3.2) =  DP3(qpaq) S%T D3(gpq) by Corollary B.1.9
Furthermore,
lim ®3(gpaq) = lim ®5(q)®3(pa)®s(q)) by Proposition 1.8.3(4)
«@ p « p
= P3(q)( her? D3(pa))P3(q) by Proposition B.1.1
(3.3.3) = P3(q)2(p)P3(q) by definition of ®

Combining (3.3.2) and (3.3.3), we obtain

®3(qpq) = P3(q)2(p)P3(q),

since SOT-limits are unique. ]

LEMMA 3.3.3. If p € P(A), then

PROOF. If a € I, then p, € D7) = D and so P3(ps) < V. _P3(q) = ®(1). It follows that

q€D
D3(po) = P(1)P3(pa)P(1) by Proposition B.1.16(3)
SEQ;T O(1)D(p)P@(1) by Proposition B.2.2(7) and Corollary B.1.9
However, ®3(pq) SG%T ®(p) and so

O
These two lemmas enable us to show that for any self-adjoint element , ®(x) can be viewed as a SOT-limit.
LEMMA 3.3.4. If 2 € A%, then pxp € F(1) for every p € P(A)f and

d(z) = lim® .
() Ty 3(pxp)
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PROOF. Suppose z = g € P(A). Then for p € P(A)f,

P3(pgp) = P3(p)P(q)P3(p) by Lemma 3.3.2

oar O(1)P(q)®(1) using ®3(p) ar ®(1) and repeated application of Remark B.1.4

(3.3.4) = &(g) by Lemma 3.3.3

If r = Zaiqi € G*¢, then for p € P(A)f

=1

n
D3(pxp) = Zaid)g(pqip) since ®3 is linear
i=1
n
59T Za@(qi) using (3.3.4) and the fact that the SOT is a vector topology
=1
(3.3.5) = B(x)

Next, suppose that z € A**. Recall that ® has been defined using Proposition B.1.13. Let (z,)22; C G** be
the sequence described in Proposition B.1.13 such that z, A 2 and D () 5 ®(z). Let € > 0 and fix n € K,

with ||n|| . = 1. It follows that there exist ng,n1 € NT, such that
(3.3.6) Hxn - xHA < for all n > ng and

for all n > ny

Wl wlm

(3.3.7) [@(zn) — ()], <

Furthermore, for p € P(A)7 and n > max{ng,n;}, we have

[(@3(p(z =zl e < [[(@a(p(@ = 20)0))| gl 1
< lp(= - .Z‘n)pHA by Proposition 1.8.3(8)
<l =zl
(3.3.8) < 5 by (3.3.6)
Fix n > max{ng,n1}. By (3.3.5), ®(x,) = li€r%¢>3(pa:np). Let ¢ € P(A)/ be such that p € P(A)7, p > ¢ implies
P
(3.3.9) [(@3(pzap) — (@)l < =

3
Then for p € P(A)/ with p > ¢, we have
|(@3(pzp) — @(x))n|| . < |(®3(pzp) — Ps(pznp))nl|  + [|(Ps(pznp) — B(zn))|| , +
[(@3(20) — @((2)n]] 5
< € by (3.3.8), (3.3.9) and (3.3.7)

It follows that ®3(prp)n — ®(z)n for any n € K with ||n||, = 1 and therefore also for any 0 # n € K by
considering 77 = 1747. Therefore ®(x) = lim ®3(pxp). O
B

Lemma 3.3.4 can be used to show that & is real linear on A%* in the following way. If z,y € A%* and

a, f € R, then
a®(z) + P(y) = alim®Ps(pzp)+ LlimPs(pyp) by Lemma 3.3.4
pED pED

lir%(acbg (pzp) + Ps(pyp)) since the SOT is a vector topology
J4S
= lirgtbg(p(ax + By)p) since @3 is linear

J4S

= O(azx+ By) by Lemma 3.3.4
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Next, we extend ® to 4. Suppose y € A. Then y = y; + iy, where y1,y2 € A%*. Let
(y) == (y1) +i®(y2).

® is well-defined, since the decomposition for y is unique. It is easily checked that ® is a complex linear map on

A and
(3.3.10) ®(z) = limP3(pxp) Ve e A
peD
In particular, if # € F(7), then z € q.Aq for some g € P(A)/. Furthermore,
O(x) = limPs(pxp) using (3.3.10)
peD
= li P
pGT%r:ng 3(pep)
= ®O3(x) since pxp = x for all p > ¢
and so @ is an extension of ®s.

LEMMA 3.3.5. @ is a normal Jordan x-homomorphism from A into B.

PrOOF. We know that ® maps projections onto projections (see (3.3.1)) and so if we can show that ® is
continuous, then it will follow by Theorem 1.8.4 that ® is a Jordan *-homomorphism. If x € A, then x = x1 +ix2

for some z1,zs € A*® and so

[e@)]s < [[@@)]s+ [[2@2)]|5
= HleA + ngHA since ® is isometric on self-adjoint elements
< 2|,

It follows that ® is continuous. Next, we show that ® is normal. By Remark 1.8.7, it suffices to consider

{z,}, U{z} C A" such that z., T z. In this case, we have that for any p € P(A)/,

pryp T pxp by Proposition B.2.2(7)
= O3(pzyp) 1T Ps(pzp) since ®3 is normal
= O(pz,p) T P(pzp) since ®3 and ® agree on F(71)

(3.3.11) = O(pzp) = lLm®P(pz,p)
Bt

Since @ is positive, we have that {®(x,)}, is increasing and 0 < ®(z,) < ®(z) < ||<I>(x)||61 for all v, by

Proposition B.1.6. Therefore lim®(z.,) exists, by Lemma B.1.8. Furthermore, for any p € P(A)7,
¥

O(p)®(z)®(p) = P(pxp) by Proposition 1.8.2(2)
= lim®(pz,p) by (3.3.11)
B!

= liﬂryn[tb(p)é(xﬂ,)¢(p)] by Proposition 1.8.2(2)

(3.3.12) q)(p)[li’lyn@(xv)]é(p) by Remark B.1.4

Furthermore, ®(p) = ®3(p) = ®(1) and so

O(1)P(z)®(1) by Remark B.1.4
(3.3.13) = &) by Proposition 1.8.2(7)
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Similarly,
. sor .
(3.3.14) O (p) Um®(z4)]@(p) = limP(x,)
R peD v
By combining (3.3.12), (3.3.13) and (3.3.14), we obtain ®(z) = lim®(z,). Since, lim®(z,) = V®(z,), by Lemma
Bt Bt g
B.1.8, we therefore have that ®(x.) T ®(x). O

We have shown that ®3 can be extended to a normal Jordan *-homomorphism from A into B. We conclude
by showing that this extension is unique. Suppose ¥ : A — B is another normal Jordan s-homomorphism
extending ®3 and let x € A. Since ¥ is normal, we have that ¥(p) 1,ep V(1) and hence ¥(p) Segg U(1), by
Corollary B.1.9. Therefore, !

U(prp) = PY(p)¥(x)¥(p) by Proposition 1.8.2(2)

9T w(1)¥(x)¥(1) by Remark B.1.4

= U(x) by Proposition 1.8.2(7)

Similarly, ®(pzp) sor ®(z), but ®(prp) = ®3(prp) = ¥(prp) for every p € P(A)/ and so ®(z) = ¥(x). Since
this holds for every z € A, we have that ¥ = ®. We summarize the results of this section in the following

proposition.

PROPOSITION 3.3.6. Suppose (A, 7) and (B,v) are semi-finite von Neumann algebras. If 3 : F(1) — B is

linear, positive, normal, square-preserving on self-adjoint elements, and has the property that for p € P(A)f
D3(p) =0 < p=0,

then ®3 can be extended uniquely to a normal Jordan x-homomorphism ® from A into B. Furthermore, in this

case,
®(x) = SOTlim @3 (pxp) Ve e A
peED
and

o () Vr € A%

s = llll.4
3.4. Surjectivity

We have seen that the result of the extension procedures we have detailed is a normal Jordan *-homomorphism.
In this section we describe sufficient conditions to ensure that such a map is surjective. We need a preliminary
result. To prove this result we will need some information regarding the ultra weak operator topology (UWOT).

The ultra-weak operator topology is the locally convex Hausdorff topology on B(H) generated by the semi-norms

P(€),(n)» Where

oo

Pe), (7]) Z 17§n, nn

and (&) = (&,)52, and (1) = (n,)5%; are sequences in H satisfying Z anHZ < oo and io: HnnH2 < co. Three
facts that we require regarding the ultra-weak operator topology arg:tilat the ultra—weail{:olperator topology is
stronger than the weak operator topology; the weak operator topology and ultra-weak operator topology coincide
on norm bounded sets; and a positive linear mapping between von Neumann algebras is normal if and only if it

is continuous with respect to the ultra-weak operator topologies ([15]).

LemMMA 3.4.1. Suppose (A,7) and (B,v) are von Neumann algebras and ® : A — B is a normal Jordan
x-homomorphism. If there exists a k > 0 such that ||z| < k||®(z)|| for all x € A, then ®(A) is WOT-closed.
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PROOF. Since & is positive, linear and normal, it is therefore continuous with respect to the ultra-weak
——WOT

operator topologies on A and B. Suppose b € ®(A) with HbH = 1. Tt follows from the Kaplansky density

theorem ([23, Theorem 5.3.5]) that there exists a net {bx}xea C ®(A) such that |[bx|| < 1 for each A and

by "8T b. Let {ax}rea € A be such that ®(ay) = by for each . Then

laxll < kl[@(ax)[| = Ellea]| < &

for each A\. The unit ball (and hence any multiple of the unit ball) in A is WOT-compact and so there exists
a subnet {ax }axeaca € {ar}aren such that ay WAT , for some a € A with ||a|| < k. Since the weak operator

topology and ultra-weak operator topology coincide on norm-bounded sets, a): uwor . Using the continuity

of ® discussed earlier, we have that ®(ay/) vwor ®(a). It follows that ®(ay) war ®(a), since the ultra-weak
operator topology is stronger than the weak operator topology. However, ®(ay) WET § and so ®(a) = b, since

the weak operator topology is Hausdorff. (Il

We are now in a position to describe the conditions which ensure that a normal Jordan *-homomorphism is

surjective.

PROPOSITION 3.4.2. Suppose (A, T) and (B,v) are semi-finite von Neumann algebras and ® : A — B is a
unital normal Jordan x-homomorphism which is isometric on A%®. If ®(p)B®(p) C ®(A) for all p € P(A)/,
then ® is a Jordan x-isomorphism.

PROOF. Suppose b € B. Since ® is normal and unital, we have that ®(p) Tpep ®(1) = 1. Therefore
@ (p) = 1, by Corollary B.1.9. By Remark B.1.4, ®(p)b®(p) "9 161 = b and therefore D(p)b®(p) Ve,

Since ®(p)b®(p) € ®(A) for all p € P(A)7, it follows that
——wor

b € (A

o
We wish to apply Lemma 3.4.1 to show that (A)W T ®(A) and hence that b € ®(A). We therefore show
that there exists a k& > 0 such that HIH < k||<I>(:v)|| for all z € A. Let x € A. Then z = x1 + ixo for some
x1,22 € A®?. @ is Jordan s-homomorphism and so ®(z*) = ®(z)* for all + € A. It follows that ®(z;) and

®(x4) are the real and imaginary parts of ®(z). Furthermore,

ol = lloy+ieafl 4

< lwalla+ lleall o

||<I>(x1)HB + ||<I>(x2)HB since ® is isometric on A%*

[Re(@(@))| 5 + [[tm(@())]] 5

< [e@)s+ 2@,
= 2[@)|5
This shows that ® is injective and allows application of Lemma 3.4.1 to show that (A)WOT = ®(A) and hence

that b € ®(A). O
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The inverse of a positive isometry

It will be useful to show that a positive surjective isometry is in fact an order isomorphism under appropriate

conditions. We start by presenting two properties of positive maps.

PROPOSITION 4.1.1. Suppose (A, 7) and (B,v) are semi-finite von Neumann algebras and E C S(A,7) and
F C S(B,v) are symmetric spaces. If U : E — F is an injective positive linear map, then x is self-adjoint

whenever U(x) is self-adjoint.

PROOF. Suppose first that y € E**. Then y can be written in the form y = y; — yo, where y1,y2 > 0. It

follows that U(y) = U(y1) — U(yz) is self-adjoint, since U(y1),U(y2) > 0. It follows that U maps self-adjoint

elements to self-adjoint elements. If z € E, then a direct calculation using z = (2 + 2*) + 4 (z — z*), the

linearity of U and the fact that U maps self-adjoint elements to self-adjoint elements shows that
(4.1.1) U(z")=U(2)".
Suppose U(x) is a self-adjoint element. Then
U(z*) = Ux)” by (4.1.1)
= U(x) since U(x) is self-adjoint
This implies that * = x, since U is injective. O

PROPOSITION 4.1.2. Suppose (A,7) and (B,v) are semi-finite von Neumann algebras, E C S(A,T) and

F C S(B,v) are symmetric spaces, and U : E — F is a bijective linear positive map. If U~ is positive, then
Ul 1 U(2),
whenever {xx}aepa U{z} C E** N A is such that zx T x.

PROOF. Suppose {z}rea U{z} C E** N A is such that z) 1 2. Since U is linear, we can assume, without
loss of generality, that all these elements are positive. Since U is positive, we have that {U(z)}, is an increasing
net and

Ulwy) SU@) < [U@)]51 YA,
where the last inequality follows by Proposition B.1.6. Therefore U(z) 1 y for some y € BT, by Lemma B.1.8.
Since U(zy) < U(z) for all A, we have that

(4.1.2) y <U(z)

Since F is a symmetric space and U(x) € F, this implies that y € F, by Proposition B.3.1(5). It follows that
U~1(y) is defined and

o =U"1U(x\) <U Hy) VA,
since U~ is positive. It follows that x < U~!(y), since z is the supremum of {x} ca. Therefore

(4.1.3) U(x) <UU™' W) =y

Combining (4.1.2) and (4.1.2) we obtain y = U(z). O

51
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In the context of symmetric spaces associated with trace-finite von Neumann algebras, one method (see [4])

of showing the positivity of the inverse of a positive operator is to start by proving the following result.
LEMMA 4.1.3. [4, p.528] Suppose (A,T) is a trace-finite von Neumann algebra. If x,y € L1(T)T, then
(z —y) < (z+y).

We present a partial generalization of the previous result. It holds for spaces associated with more general

von Neumann algebras, but yields a weaker conclusion.

LEMMA 4.1.4. Let (A,7) be a semi-finite von Neumann algebra and suppose E C S(A,T) is a strongly

symmetric space with absolutely continuous norm. If v,y € ET, then
lz =5 < llz+vll -

ProoOF. Let z,y € ET and let G denote the set of all finite linear combinations of projections with finite
trace. By Corollary 1.6.8(2), g]}" is dense in ET and so there exist sequences (z,)% 1, (y,)5, C QJ}" such that
zn 5z and Yn 2 y. Let p, = s(xn) V $(yn). Since 7(s(zy)), 7(s(yn)) < 00, we have that 7(p,) < oo, by
Proposition B.1.21(3). Let ¢,, denote the isometric isomorphism from p,, Ep,, onto the reduced space E, . It
follows from Proposition 1.6.3(4) and the fact that A, has finite trace, that E,, C (L1)p, . Therefore

by Lemma 4.1.3. E is strongly symmetric and so Ej,, is also strongly symmetric, by Proposition 1.6.11(3). It
follows that for any n € N*,

H(bn(mn) - ¢n(yn)HEpn < H(bn(l'n) + ¢n(yn)||Epn
— loatan )l < Jntan vl
(4.1.4) = ||on — ynHE < len + ynHE since ¢,, is an isometry

Furthermore, x,, —y,, X r—y and x,+yn, K z+y and so H:En — ynHE — ||x — yHE and H:En + ynHE — Hx + yHE
Since (4.1.4) holds for all n € Nt we therefore have that

lz =l < e +yllo-

O

In the next result we will show that if the conclusion of Lemma 4.1.4 holds in the codomain of a positive
isometry U, then U(z) is positive if and only if = is positive. The reason we state this result separately is that
we will see later (Section 8.4) that the conclusion of Lemma 4.1.4 also holds in certain spaces which do not have

absolutely continuous norm.

LEMMA 4.1.5. Suppose (A, 1) and (B,v) are semi-finite von Neumann algebras; E(7) and F(v) are symmet-
ric spaces, and U : E — F is a positive isometry. If F' is such that ||$ — y||F < ||1: + yHF, whenever x,y € FT,
then z > 0, whenever z € E and U(z) > 0.

PROOF. Let z € F be such that U(z) > 0. Then z is self-adjoint by Proposition 4.1.1. Let x4 and z_ be
the positive and negative parts of = respectively. Then x,,2_ € E, by Proposition B.3.1(3). If z, = 0, then
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x < 0 and so U(xz) < 0, since U is positive. In this case U(x) = 0 and hence z = 0, since U is injective.

x4 # 0, then let by := U(xy), by :=U(z_

) and b := by — by. Since U is positive, by, b > 0. Furthermore,

b1+ 02|, = ||U@s+az_)|,  since U is lincar
= HU(|$|)HF by Proposition B.2.2(2)
= H|x|HE since U is an isometry

(4.1.5)

We show, using induction, that

(4.1.6)

Izl

by Proposition B.3.1(1)

o1+ ko] < ]|

53

If

for all k € N*. It follows by 4.1.5 that 4.1.6 holds for ¥ = 1. Suppose 4.1.6 holds for k = n, for some n € N*.

Note that b; — by =

7(1)1 + leg)

Since b, nby € F(v)*

U(x) > 0 > —b; and hence,

IN

<

b1 — bQ — leg
bl — (TL + 1)b2
b1 + nbs since by > 0

, we have (by using the assumption on F) that

(4.1.7) b= nbs|| . < [b+nbal|
Since b = by — by and by > 0, we have b < b; and hence
(418) 0<b+nby < by +nby
Therefore
N P A
< |[b+nbof, by 417
< Hb1 + nbgHF using 4.1.8 and the symmetry of F
(4.1.9) < ||z||,  using the induction assumption

Furthermore, (z1)*(n+ 1)z_ =
(4.1.10)
It follows that

o1+ (n+1 b2||F

(L

Il

s+ (n+ V| = |oy — (n+ Da_|

Uz + (n+ 1)z
|z4 + (n+Da_||,
s — (b e,
|U(zy = (n+ 1)z
(n+ 1)bs|,
by 4.1.9

(n+ 1)xz4xz_ =0, by Proposition B.2.2(1) and so

by Proposition B.2.12(3)

|| P since U is linear

since U is an isometry
using (4.1.10) and Proposition B.3.1(1)
|| P since U is an isometry

since U is linear
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Thus 4.1.6 holds for ¥k = n + 1 and hence for all ¥ € N, by induction. Furthermore, for all k¥ € NT,
0 <kzx_ <zx4 + kx_ and therefore

kllz—||, < |4 +ka_|,  since E is symmetric
= |U(@y +ka )|,  since U is an isometry
= ||br +kbo||,  using the definitions of by,by and the linearity of U
< |lzl|; by 416
It follows that ||z_||, = 0 and hence z > 0. 0

COROLLARY 4.1.6. Suppose (A,7) and (B,v) are semi-finite von Neumann algebras, E(7) is a symmetric
space and F(v) is a strongly symmetric space with absolutely continuous norm. If U : E — F is a positive

surjective isometry, then U is an order-isomorphism.



CHAPTER 5

Positive surjective isometries between symmetric spaces

In [4] it is shown that any positive surjective isometry between a symmetric space and a fully symmetric
space is in fact a weighted non-commutative composition operator (see Theorem 2.2.7). This result was proven
in the setting of finite von Neumann algebras. In this chapter we develop a partial generalization of this result
in the context of semi-finite von Neumann algebras. In order to facilitate this extension we assume that both
spaces have absolutely continuous norm and that the isometry U has the property that s(U(p)) has finite trace
whenever p is a projection of finite trace (we will call such an isometry finiteness-preserving). More specifically,
throughout this chapter we will assume that A C B(H) and B C B(K) are semi-finite von Neumann algebras
equipped with semi-finite faithful normal traces 7 and v respectively; E C S(A, 7) is a strongly symmetric space
with absolutely continuous norm and F C S(B,v) is a fully symmetric space with absolutely continuous norm;
and U : E — F is a positive surjective isometry such that v(s(U(q))) < oo whenever ¢ € P(A)/. A map with
this final property will be called finiteness-preserving. We will show that there exists a positive operator a,

affiliated with the center of B, and a Jordan *-isomorphism ® of A onto B such that
U(z) = a®(x) Vee ANE.

The proof is lengthy and has therefore been divided into three sections and numerous lemmas. Before describing
the structure of the proof we recall and introduce some notation to be used throughout this chapter. Recall
that P(A)/ denotes the net of all projections in A with finite trace (when dealing with subscripts we will use
D to denote P(A)7). Since E has absolutely continuous norm, P(A)/ is in fact the net of all projections in
E, by Corollary 1.6.8(3). We recall the following notations and properties of reduced spaces (see Section 1.6).
If p € P(A)/, then S(A,,7,) denotes the reduced space of T,-measurable operators on p(H) and is also given
by the set {z, : x € S(A,7)}, where x, := (pzp)|,(a)- Let ¢, denote the canonical map from pS(A,7)p onto
S(A,, 7). Recall that ¢, is a *-isomorphism and that the restrictions of ¢, to pAp and pEp respectively are
isometries onto the reduced spaces A, = {z, : x € A} and E, = {z, : v € E}. Define q(,) = s(U(p)) and let
1p denote the canonical map from q(,,)S(B, v)q(,) onto S(By,; Vg, ). If there is no danger of confusion, we will
denote ¢, by ¢ and v, by 1. We will regularly make use of the fact that if z € pS(A,7)%*p and f € By.(R),
then f(¢(x)) = ¢(f(x)) (see Remark 1.6.9) and a similar relationship holds for elements in g, S(B,v)**q)-
The strategy of the proof is as follows. In section 5.1, we will show that for each p € P(A)f, U induces
a positive isometry (~]p from E, into Fy,,- The finiteness-preserving assumption on the isometry U will ensure
that each U, acts between spaces associated with finite von Neumann algebras. It is problematic to show that
U, is surjective, which would have enabled access to the result by Chilin et al. ([4] - see Theorem 2.2.7) for
the finite setting. Nonetheless, it is possible to describe the structure of (7,) in terms of a Jordan *-isomorphism
ép from A, onto B,

of Theorem 2.2.7. In section 5.2, we convert each <i>p to a Jordan *-isomorphism &, from pAp onto q,)Bq(p)-

and a positive operator a(,) using a similar technique to the one employed in the proof

These maps can then be combined to define a map from F(7) into B, which will be extended in section 5.3 to all
of A and shown to be a Jordan #-isomorphism. In section 5.4 we prove a partial converse to the result obtained

in the first three sections.
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5.1. Converting to the finite setting

We will start this section by demonstrating that for any p € P(A)f, U maps pEp into () Fq(,. This will
enable us to show that U induces an isometry ﬁp from Ej, into Fy . We will then proceed to define a(,), &’p

and show that ®,, is a Jordan -isomorphism such that (ip(:c) = &(p)i)p(:r) for all x € A,.

LEMMA 5.1.1. If p € P(A)/, then
U(pEp) C qp)Fa)-

PROOF. U is positive and therefore U(p) > 0. It follows that »(U(p)) = s(U(p)*) = s(U(p)) = q(p)- This
implies that q(,)U(p)q(p) = U(p) and hence U(p) € gy Fqpy- If ¢ € P(A), then

0 <pgp < plp by Proposition B.2.2(4)
= 0<U(pgp) <U(p) since U is positive
(5.1.1) = Ul(pap) € 9y Fap by Proposition B.3.7(2)

Let G denote the set of all finite linear combinations of projections in A. It follows from (5.1.1) that if 2 =

l a;q; € G, then U(pxp) € q»Fq(y), since U is linear and q(,)Fq(,) is a subspace of F. Let
() * 4(p) (p)* 4(p)
i=1

Gp = 0(9) = {2y : x € G}.

We have that U(¢~1(G,)) C q(p)F'q(p)- Furthermore, E'is a strongly symmetric space with absolutely continuous
norm and therefore E), is a strongly symmetric space with absolutely continuous norm, by Proposition 1.6.11.
It is easily checked that G, is the set of all finite linear combinations of projections in E,. It follows that G,
is dense in E,, by Corollary 1.6.8(1). Let y € pEp. Then z := ¢(y) € E, and let (z,,)52; C G, be such that
T B¢ . Then U(d (zn)) 5 U(p~o(y))) = Uly), since U and ¢~ are isometries. 4 Fq(p) is closed in F,

by Proposition B.3.9 and U(¢™"(2y)) € q(p)Fq(p for all n € Nt; therefore U(y) € g Faqp).- O
We can therefore define ﬁp : By — Fy,, by

Upy=tolUog "
Note that I_'pr is a composition of isometries and is therefore an isometry. We also define the element

i) = Up(6(p) = $(U (D)) € Fy,,.

It follows that @, > 0. We have defined q(,) to be the support projection of U(p). It follows by Proposition
B.3.7(5) that v(q(p)) is the support projection of ¥)(U(p)) = ap). Since 1(q()) is the identity of B
v(qp) = v(s(U(p))) < oo (U has been assumed to be finiteness-preserving), it follows that B

a and

is trace-finite.
d(p)

Therefore a(,) is invertible in S(By,,,vq,, ), by Proposition 1.3.5(3). Furthermore, &(_p% > 0 and (d(pﬁ)lﬂ =

(da)g)*l, by Proposition B.2.2(6) and Proposition B.2.5, respectively. Let a, denote wil(d(p)) = U(p). Note
that if g, # 15, then a,, is not invertible in S(B,v). However, a(,) = ¥(a,) does have an inverse in S(By,, , Vq(,, );
as mentioned earlier. We will therefore use a(_pﬁ' to denote z/)_l(&(_zs) to show that it may not be a true inverse.

However, 1! is a homomorphism and so,

(5.1.2) a(p)a(;s' =y Hap)Y (ag,) = zp—l(a(p)a(*pﬁ) =¥ gp) = qpp)
Similarly a(_pl)'a(p) = q(p)- Furthermore, d(pﬁ, and hence (Ez(_pl))l/2 = &(_101)/2, are positive. Therefore, 1/1’1(61(;/2) is

positive and
L PR V- B
(5.1.3) (a2 = (v7Magh) = g,

where the functional calculi have been applied in S(B,v) and S(B,,, vy, ), respectively.
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Note that since A, is trace-finite, A, C E, by Proposition 1.6.3(4). It follows that ﬁp is defined on all of
A, and hence U is defined on all of p.Ap. Consider the map ®, from A, into S(By,ys Vag,,) defined by

4 ~—1/277 ~—1/2
by(2) = ap, " Up(2)ag,)” v €A,

LEMMA 5.1.2. If p € P(A)S, then ép is a Jordan x-isomorphism of A, onto By .

ProOOF. To show that &Jp is a Jordan *-isomorphism, we will show that fin is a unital order isomorphism of
A, onto By, . The result will then follow by Proposition 1.8.9. Let  := ¢(p) and g := 1(q(p)). Note that p and
q are the identities of A, and By, respectively. We start by showing that i)p is unital.

By(p) = g Up(o(p))ag,

~—1/2 ~—1/2
= g, U m)ag,)
—1/2.  ~—1/2
= Y Y@ %)
= q
Next, we show that <i>p is positive. Note that (71, is a composition of positive maps and hence positive. It follows

that if z € A}, then [j'p(x) > 0. Using Proposition B.2.2(4), this implies that

z L —1/277  N~—1/2
D,(x) = a(p)/ Up(m)a(p)/ > 0.

To show that <i>p maps A, into B
then

4, We start by showing that D,(y) € B, if y € A}. Note that if y € A},

0< 'y <|yl[,p by Proposition B.1.6
P
— 0< Dy(y) < HyHA D, (p) since @,, is positive and linear
P

= ||y||qu since ®, is unital

It follows that ®,(y) € B is an absolutely solid subspace of S(By,, Vg, )-

d(p)? 4(p)
Since any element of .4, can be written as a linear combination of positive elements, and using the fact that

since ||y||Ap(j € By, and B
®,, is linear and By, is a vector space, we have that ®,(A,) C B Next we show that @, is surjective. Let

be B and define c = azﬁbaég Then

ap) -

0 < ¢ by Proposition B.2.2(4)
~1/2 __1/2 . - .
< a(;) HbHBq(p) qau{) using 0 < b < ||b||Bq(p)q and Proposition B.2.2(4)
(5.1.4) = HbHBq(p) ap) since ¢ is the identity of S(By,,vq,,)

Since F is fully symmetric, Fy

implies that ¢ € Fy,, since ||b||&(p) = Hwa(U(p)) € Fy,,- Furthermore, 1~ is a positive linear map and so

is also fully symmetric, by Proposition 1.6.11(3). This, combined with (5.1.4),

0 < ¢! (e) < [[Bllv " (@w) = [Ib|U )
By Corollary 4.1.6, U~! is positive and therefore

0<U (W) < ||b]lp
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It follows by Proposition B.3.6(5) that d := U~'(¢~!(c)) € pAp. Therefore ¢(d) is defined and ¢(d) € A,.
Furthermore,
Bp(0(d) = a, Up(6(d)a,> by definition of &,
= ) P(WoUoe )(é(d)as/* by definition of U,
— a2 (poUod ) 6oU " oy )(@))a /> by definition of d

o —1/2 —1)2
= ) )
= b since ¢ = aé/)zb~é/)2

It follows that <i>p is surjective. Furthermore, it is clear from the above calculation that for y € B

(5.1.5) b, (y) = (po U™ oY) (@ a7

d(p)?

All that remains to be shown is that &); is positive. If y € B , then a(/) ya%/) > 0, by Proposition B.2.2(4).

4(p)’
Since 1!, U~! and ¢ are positive maps, it follows, using (5.1.5), that

- 1/2 ~1/2

(I)pl(y):(¢ oy )( (g) (g))>0
We have shown that fi)p is a unital order isomorphism of 4, onto By, and therefore (i)p is a Jordan *-isomorphism,

by Proposition 1.8.9. (]

In order to show that ﬁp(x) = ap) ®,(z) for all x € A,, we will need to show that a(py commutes with o, (z)

for every x € A,. To this end we prove the following lemma.
LEMMA 5.1.3. If p € P(A)/, then ag,y € S(Z(By,), vq,,)

ProoF. We have a(,y = ¥(U(p)) € Fy,,
family of a(,) and z(\) = z(e(\)) the central support projection of e(A). Note that a,)nl3,,, implies that
e(\) € By, for all A > 0, by Proposition B.2.1(2). We show that z(\) = e(A) for all A > 0. Suppose there

exists a v > 0 such that 0 # 2(v) — e(y) = 2(y)et(y), where the last equality follows using z(v)e(y) = e(y).

and so ) € S(By,, Vg, )- Let {e(A)} be the spectral projection

Furthermore, z(7y) and e () commute; therefore

0 < z(y)et(y) by Theorem B.1.5
= z(v)et(7)z(y) since z(7) is a central projection
< z()(zlet()z(7) using e* () < z(et (7)) and Proposition B.2.2(4)
(5.1.6) = z(7)(z(et (7)) since z(7y) is a central projection
Since et () = sup et (B) (see Remark 1.3.2), we have z(e* (7)) = sup z(e*(3)), by Proposition B.1.17. Using

B>y B>~
this information and (5.1.6), there exists a 3 > + such that z(e(7))z(e*(8) # 0. By Proposition B.1.18 and

using the fact that By,

respectively such that m ~ n. By Lemma 5.1.2 ®, is a Jordan -isomorphism from A4, onto B

is a von Neumann algebra, e(y) and et (3) have non-zero subprojections m and n

4+ 1t follows,

by Proposition 1.8.8(5), that ®;! is a Jordan *-isomorphism. Therefore r := ®7'(m) and [ := ®;(n) are
projections and é;l(m) ~ é;l(n), by Proposition 1.8.6(3). Since E and hence E, is a symmetric space (see
Proposition 1.6.11(3)), this implies that ||r||, = ||I|| ; , by Proposition B.3.1(7). Since (7 is an isometry, this

implies that HﬁP(T)HFq( = Hﬁp(l) and therefore H&z;ép(r ~1/2 _ H~1/2 1/2 . using the

Ir,,, i, Bl

definition of <i>p. By considering the definitions of r and [, this implies that

(5.1.7) agymag) = |layy na )y HF

I»

9(p)
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Furthermore, since n < e+ (/) and Zz(p)eJ-(ﬁ) > Bet(B), by Theorem B.1.11, we have

|~1/2

(5.1.8) Qg n|? = nan = nagye (B)n > nfet (B)n = Bn.

Bq(p) is a trace-finite von Neumann algebra and so by Proposition B.2.13 there exists a unitary operator u € Bq(p)

such that d(l/) n=u a( )n| Tt follows that

~1/2 -1/2 ~1/2)2
Gy Py = g
= u|a )n|2 * by Remark B.1.31(5)
> fBunu® using (5.1.8) and Proposition B.2.2(4)
> 0 by Proposition B.2.2(4)
This implies that
~1/2 .1/2 " .
||a(p) na(p) HFq(p) > 5||unu HFq(p) since Fq( , is symmetric
(5.1.9) = Bn| by Proposition B.3.1(6)
9(p)

Similarly, using the inequality

|~2zf)2m|2 = maym = maye(y)m < mye(y)m = ym

we get
(5.1.10) ||&§,f)2m&§,f)2||pq( o< Almlg,
We therefore have that
Al < [atfina ?;fHFq( 19
= Ha(p) ma HFq< ) by (5.1.7)
< 'yHmHF o by (5.1.10)
= fyHnHF by Proposition B.3.1(7)

9(p)
Since n # 0, it follows that 8 < «. This contradicts the choice of 8 and so z(\) = e(A) for all A > 0. We
therefore have that e(\) € Z(B,,,) for all A\ > 0 and hence a(,)nZ(By,,, ), by Proposition B.2.1(2). Since By,
and hence Z(B,,, ) are trace-finite von Neumann algebras, a(,) € S(Z(By,, ), vy, ) by Proposition 1.3.5. O

COROLLARY 5.1.4. Uy(z) = a(p)Pp(x) for all x € A,.

PRrROOF. Note first that if b € BB
B.2.8, this implies that

then a(,)b = ba(,), by Lemma 5.1.3 and Proposition B.2.9. By Corollary

q(p)? )

(5.1.11) flap)b = bf(ay)  Vf € Buc(o(ay))

Let = € A,. We have by definition of @, that ®,(z) = d(_pl)/zﬁp(x)&_ % and therefore ﬁp(x) = d%ﬁ(i)p(x)d%g.

1/
(¢2)
Since ®,(z) € By, and f(t) :=t'/2 € Bye(o(agp)), it follows by (5.1.11) that

d(p)

Up(z) = ay) (i)p(x)~
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5.2. Extension to F(7)

We have shown that for each p € P(A)/, the isometry U induces an isometry [7 between the reduced
4 and

a positive operator a(,). In this section we convert each <I>p to a Jordan #-isomorphism from pAp onto q(,) Bq,)

spaces I, and F, which can be represented in terms of a Jordan x-isomorphism <I> from A, onto B,

aUp)°
and each a,) to a positive operator a(,) associated with A. We will show that the ®,’s can be used to define a
map ®; from F(7) into B and that the a(,)’s can be used to define a positive operator a which will be used in
the representation of U. Some of the properties of ®; and some of the relationships between ®; and a will be

discussed.

We start by converting the Jordan x-isomorphism ép between the reduced von Neumann algebras to a Jor-

dan x-isomorphism between the corresponding subalgebras of A and B. Define

D,(z) = tod,0¢)(z) z€pAp
and
agy =Ulp) =¥ ' (ag)

Note that ¢ and ¢~! are x-isomorphisms, and hence Jordan *-isomorphisms, from p.Ap onto A,, and By,

onto g, Bq(p) respectively. Since the composition of Jordan *-isomorphisms yields a Jordan *-isomorphism, ®,

is a Jordan *—1somorphism of pAp onto q(,)Bq(,)- Furthermore, if x € pAp, then

agp®p(z) = (G )w*(ép@(m))) by definition of @, and a,)
= ¥ NagpPp(e(z))) since 1! is a *-isomorphism
= ¢~ (T ((b( ) by Corollary 5.1.4
= Y H(WoUo¢ V) (¢(x)) by definition of U,
(5.2.1) = U(x)

We wish to define a map ®; on F(7). If z € F(7)*, then s(z) = r(z), 7(s(z)) < oo and z € s(z)As(z). For
any p € P(A)/ with p > s(x), € pAp, by Proposition B.3.6(4) and so ®,(z) is defined for all p € P(A)/ with
p > s(x). We will show that if € F(7)*, then {®,(2)},ep p>s(a) is a decreasing net, which is bounded below.
This would imply the existence of the SOT-limit of this net and hence enable us to define ®;(z) as this limit.
Since any y € F(7) can be written as a finite linear combination of elements from F(7)*, we can then extend
®; to F(7) in the natural way. In the next lemma we collect together some technical results that will be used

to show that the aforementioned net is in fact decreasing. Recall that for any

LEMMA 5.2.1. Suppose p € P(A)F

(1) If b € q)By(p) and f € Buc(o(agy))), then fag))b = bf(a,))
1/2
(2) If v € (pAp)*, then U(z)'/? = a(/}®,(x)V/?
) € (pAp)*, thon (0,120 @)1 = V) H(af )2, where = 07135
(4) If e € P(A)) with e < p, then q() a(é ey < ( ) 20 (ar, © 1172
(5) If v € pAtp, then U(x )1/2 U(x)'/? = qoU(2)"/? whenever e € P(A) with e > p.
(6)

If v € pAtp , then ®,(z) = U(x)

ProoF. Recall that B(C) denotes the family of all Borel subsets of C.
1) Tt follows from Lemma 5.1.3 that a(,)nZ(B,,,,) and hence e*® (A) € Z(B,,) for all A € B(C), by Proposition
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B.2.1(2). Therefore

@ (A)p(b) = h(b)e® (A) for all A € B(C), since ¥ (b) € B

4(p)
= ap)(b) = P(b)agy) by Corollary B.2.8
= Y(apyb) = P(bagy)) since d(,) = ¥ (a(p)) and ¥ is a homomorphism
= apb = bag, since 1 is injective
= flap)b = bf(agp) by Corollary B.2.8

2) Note that (a 2/)2<I> (2)1/?)? = a(,) ®,(z) = U(z), using Lemma 5.2.1(1) and (5.2.1). Furthermore, d,, is positive

and so ®,(¢(x)) > 0. It follows from & € pAp that ,(5(x)) € By,,, and therefore ®,(¢(x))'/? € By,,,, since B

d(p)? d(p)

~ 1/2 ~
is a von Neumann algebra. It follows that ®,(z)!/? = <w*1(¢>p(¢(x)))> =t (Qp(gb(x))l/z) € q(p)Bq(p) and
2/)2<I> ()% = aé/)ﬂb (x)*%a (/) by Lemma 5.2.1(1)

> a/t 0.4} by Proposition B.2.2(4), since ®,(z)*/% >0

Ap) V)
=0

Therefore U(z)'/? = aaffbp(x)lm, using the uniqueness of positive square roots.
3) Note that

(a(;l)')l/QU(x)l/Q = (a(p) )1/2(11/2 P, (x)"/? by Lemma 5.2.1(2)

(p)
_ 1/2
1(d(p;/2>(w_1(d(p))> D, (x)'/? by (5.1.3)

"
= ¢ l(a (_pl/Q z/)2) ()12 since (770*1(&(1,)))1/ =y a 1/2) and ¢! is a homomorphism
"

)
Y@)®p(x)'?  since G :=1)(q(y)) is the identity of By,

= qpPp(x )/
= D, (x)/? by Proposition B.3.7(4), since ®,(x) € q,)Bqp) = D, (x)t?% e 4(p)Bap)
One can similarly show that U(ar:)l/z(a(_pﬁ')l/2 = ®,(x)'/2, thus completing the proof of (3).
4) e < p implies that a(y = U(e) < U(p) = a(y), since U is positive. By Proposition B.2.2(4), this implies that
(agy ) 2aeagy)? < (ag)) Y 2ag)(ag))
= Y ag) W ag) v G,y by (5.1.3)
= ¢ Ya ()/2&(p)d(;)§/2) since 1! is a homomorphism

(5.2.2) = L](p)

Furthermore, using the definition of a), noting that e € (eAe)* C (pAp)*™ and applying Lemma 5.2.1(3), we

obtain
1/2 _ —1 12, —
(agy)?aly = (a (W/QU( 0)/? = U()"(ap, )" = o} (ag ).
Therefore (a(_zs‘) /2 a(e)( Py )1/2 = a(le/)?a(_pl) (e) Combining this with (5.2.2), we obtain aze/fa(_pi‘ 36/)2 < q@p)- By
Proposition B.2.2(4), thls 1mphes that
2,1/2,-1 1/2 0, ~1y1/2 —1-\1/2 1\1/2
(a)) e agyaiy (ag)? < () Paglagy)"
Z1ya—1/2 1/2 1/2 _—1/2 - —1
= v a, W a)ag T @D @) < (a))  Pam (e )P asin (5.1.3)
= qoapde < (ag))Papla)? asin (5.1.2)
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5) Note first that = € pAp implies that ®,(¢(z)) € By, and therefore D, (p(x))'/? € By, - ®,(2)V/? =

- 1/2 -
(¢_1(<I)p(¢)(x)))> = w_1<<1>p(¢(a:))1/2). It follows that ®,(z)'/% € q(,)Bawp) € qe)Bace), by Proposition
B.3.6(4) and hence ®,(z)'/%q(.) = ®,(x)'/2, by Proposition B.3.7(4). Furthermore,
U@)qe) = (a;®p(2)"*)ge) by Lemma 5.2.1(2)
= a?®,(z)"/>  as shown above

%(p)
= U(z)? by Lemma 5.2.1(2)

Since a}éftbp(a:)lﬂ @, ()" %a E/) , by Lemma 5.2.1(1), we can similarly show that (., U(z)'/? = U(z)'/2.

6) Note that

D,(x) = v HDy(o(x))) by definition of ®,
= Y~ 1(~(_Z$U (p(x))) using Corollary 5.1.4 and the invertibility of a,)
= N ag)v (Up(é(x)))  since ¢~ is a s-isomorphism
= a(_zs'U(x)
O
LEMMA 5.2.2. Suppose e,p € P(A) are such that p > e. If x € (eAe)t, then
Pp(z) < Pe(a).
PRrROOF. Since = € (ede)™ C (pAp)™T, we have by Lemma 5.2.1(6) that
Dy(a) = azlU)
_ (a(—[)§~)1/2(a(—zj)l/QU(x)l/QU(I)l/Z
= U@)"?a U(2)"/* by Lemma 5.2.1(3)
= U(z)1/2q(e)a&)§'q(e)U(z)1/2 by Lemma 5.2.1(5)
< U(:c)l/z(a(_s‘)l/zq(p)( © Y20 ()2 by Lemma 5.2.1(4) and Proposition B.2.2(4)
= (e ))VPU (@) 2q)U @) (a; ) by Lemma 5.2.1(3)
= (e ))2U (@)U (2)"*(a,))"* by Lemma 5.2.1(5)
= a(e) Ulx) by Lemma 5.2.1(3)
= P.(x) by Lemma 5.2.1(6)
O

We are now in a position to define ®; on F(7). Let z € F(7)*. Then s(z) = r(z) € P(A)/ and z €
s(z)As(x). Since s(x)As(z) C pAp for all p € P(A)f with p > s(x), we have z € pAp for all p € P(A)/ with
p > s(z). By Lemma 5.2.2, {®,(2)}pep:p>s(2) is a decreasing net of self-adjoint operators in B bounded below
by 0 (since ®,, is positive for every p € P(A)f). It follows by Lemma B.1.8 that ®,(z) 59T y for some self-adjoint

operator y € B and y = A ®,(x). Define
pED:p>s(x)

P =SO0T 1 P .
1(1') 50 pED:gIzls(x) p(l')

@, is linear for each p € P(A)/ and scalar multiplication and addition are continuous with respect to the strong
operator topology and so ®; is linear on F(7)%. Since any z € G can be written as a linear combination of

positive elements from F(7), we can extend ®; to all of F(7) by linearity (we will also denote this extension by
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®;. Note that if z € F(7) and W and p € P(A)/ is such that p > s(z) V r(z), then ®,(prp) = ®,(z). It is
therefore easily checked that

(5.2.3) SOTlier%q)p(p:rp) = ®,(x) =SOT lim ®,(z)
P

pEDp>s(x)vr(z) |

We note that if e € F(7) is a projection, then ®;(e) = SOT lli)m> ®,,(e) is a projection, since {P,(e) }pepip>e
pEDp>e =
is a decreasing net of projections. In the next lemma we present some of the properties of ®;.

LEMMA 5.2.3. @1 is a positive map and is square preserving on self-adjoint elements.
ProoOF. To show that ®; is positive, suppose z,y € F(7)°* with z < y. Then
x<y = pzp<pyp Vp e P(A)/ by Proposition B.2.2(4)
= D,(pzp) < D,(pyp) Vp e P(A)/ since ®,, is positive for all p € P(A)*
= SOT[l)iergilp(pxp) < SOTzl)ieI%i)p(pyp) since both of these limits exist
— D) <) by (5:23)
To show that ®; is square-preserving on self-adjoint elements, we will use the fact that multiplication is jointly
SOT-continuous, provided the first variable is restricted to a bounded set. We therefore start by showing that
if € F(1)%, then {®,(2)},epp>s(z) I8 bounded in B. By Proposition B.1.6, fHa:HAl <z < ||3:||A1 and

therefore —||x||As(x) <z< HmHAs(x), by Proposition B.2.2(4). This implies that if p € P(A)/ with p > s(z),
then

A

&
=
g
IA

—[l=]| y@p(s(2))

= o]l 415

|xHA<I>p(s(x)) since ®,, is positive

IA
=
=
g
IA

15 since ®,(s(z)) is a projection

It follows that {®,(x)},cp.p>s(x) is bounded in B. Note that since 2 € pAp for p > s(z), 22 € pAp for p > s(x),
since each pAp is a subalgebra of A. Furthermore,
®y(2*) = SOT i @, (2
1(z7) e Pe(@)

= SOT lim (®,(z))? since each ®, is a Jordan *-isomorphism
pED:p>s(x)

= (SOT lim @®,(z))> by Remark B.1.4, since {®,(z)},epp>s(x) is bounded
pED:p>s(x) -

= (®1(2))?

]
Next we define a. Let ag,) = [;° Ade®@ (X) be the spectral decomposition of a(,. Suppose e € P(A)/ with
e > p. Then ay,) = U(p) < U(e) = a(e), since U is positive. Recall that 1)(ae) € Fy,, and so (a))nBy,,-
It follows by Proposition B.2.1(2) that e¥(@®)(A) € By, for all A € B(R). Since e? (@) (A) = (e (A)), by

Remark 1.6.9, we have that e®® (A) € q(,)Bq(p) for all A € B(R) and therefore,

e"® (A1) flawy) = flae))e"® (Ar) Vf € By(o(U(e))), VA1 € B([0,00)) by Lemma 5.2.1(1)
= @ (A1)e(Ay) = e (Ay)e*® (4y) VA, Ay € B(]0, 00))

= @ (\,;00) < e*) (), 00) YA>0 by Proposition B.2.10

Fix A > 0. By Proposition B.1.19, {e%® (X, 00)},cp converges in the strong operator topology. Define

e?(A,00) := SOTlime*® (A, 00).
pED
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One can show that {e®(\, 00)}a>0 yields a resolution of the identity and can therefore be used to define a spectral

measure. It follows by Remark B.2.4 that letting

a= /000 Ade®(\)

yields a closed and densely defined positive operator. It will be shown later that a is in fact also affiliated with

the center of B. The next few results detail the relationship between a and ;.
LEMMA 5.2.4. If x € F(7), then
Dy (z)a = a®q (z).

ProOF. Suppose x € F(7)*. Then z € eATe for some e € P(A)f. For any p € P(A)/ with p > e, we have
that ®,(z) € q()Bq(p) and so for every A > 0,

(5.2.4) O, (x)e® (N 00) = e*® (X 00)P,(x) by Lemma 5.2.1(1)

Fix A > 0. We want to show that ®,(z)e?® (), 00) “3 @} (2)e%(A, 00) and 9 (X, 00)D, () 3" €2(A, 00) Dy ().
Note that @, (x) 59T @4 (z) using (5.2.3), and e*® (A, 00) "= = e(\, 00) by definition of e*(A, 00). Furthermore,
for any p € P(A)! with p > e, we have 0 < ®,(z) < ||x||A13, by Proposition B.1.6, and 0 < e*® (), 00) < 15.
Therefore @, (x)e®® (A, 00) =g Oy (x)e*(N,00) and e*@ (X, 00)P,(z) = =g e*(\,00)®;(x), by Remark B.1.4.
Using (5.2.4), this implies that e®(\, 00)®(x) = ®1(z)e*(\, 00). Since this holds for every A > 0, it follows by
Corollary B.2.8 that a®;(z) = ®1(z)a. The result can be extended to all of F(7) using the linearity of ®;. O

LEMMA 5.2.5. For A\ >0 and p € P(A)/,
e?(\, 00)P1(p) = @ (A, 0).

PrOOF. For e € P(A)/ with e > p, we have that p € pAp C eAe and so ®.(p) is defined. Using the
definition of a(,) and applying (5.2.1), we obtain

(5.2.5) apy = U(p) = a(eyPe(p)

Furthermore, ®.(p) is a projection (since ®. is a Jordan *-isomorphism) and a.)®c(p) = ®c(p)a(e), by Lemma

5.2.1(1). It follows by Proposition B.2.11 that
/ Ade®@ (A)) . (p)

/om Ad(e (\) D (p))

= by (5.2.5)
(5.2.6) = / Adet® (A

It follows from (5.2.6) and the uniqueness of the spectral decomposition that e*@ (A, 00) = e*© (X, 00)P(p) for
every A > 0. As in the proof of Lemma 5.2.4, we can show that e®© (X, 00)®.(p) = =g e*(\,00)®1(p). Therefore,

e ()‘7 OO) = ea()\’ OO)CI)l(p)

COROLLARY 5.2.6. If p € P(A)7, then

agpy = a®1(p)
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PROOF.

a®1(p)

([ ader0)eim)
0
= / Ad(e® (NP1 (p)) by Lemma 5.2.4 and Proposition B.2.11
0

= / Adet® (X) by Lemma 5.2.5
0

We finish this section with a technical lemma that will be used in the sequel to show that ®; is normal.
LEMMA 5.2.7. If p € P(A)/ and = € pAp, then

D1 (p)@p(x) = P1(2) = Pp(2)P1(p)-
PROOF. For e € P(A)f with e > p we have,

= U(x) by (5.2.1), since pAp C eAe

= a(;'U(a:)

= agyUlx) by (5.1.2)

= a(*eﬁ'U(at) by Proposition B.3.7(4), since ®.(x) € q()Bq(e)

= a(e;a( yPp () by (5.2.1)

= a(e; (a®@1(p))®p(2) by Lemma 5.2.5

(o) (a®1(e)@1(p))@y(w)  since @1(e), ®1(p) € P(B) and @1(p) < P1(e)
= a % (aey®1(p))@p(2) by Lemma 5.2.5
= g®.()By(x) by (312)

(5.2.7) = 0. (p)0,(x) by Proposition B.3.7(4), since ®.(z) € q(¢)Bq(e)

= a(

Furthermore, ®.(z) =g ®;(x) and P (p)P,(x) =y @, (p)®,(x). Combining this with (5.2.7), we obtain

Noting that for e € P(A)f with e > p, we have

Po(z)aey = a@e)Pe(z) by Lemma 5.2.1(1)

U(x) using (5.2.1)
we can show, using a similar argument to the one employed above, that

P (z) = ©p(2)P1(p).



5.3. EXTENSION TO A 66

5.3. Extension to A

In this section we show that ®; can be extended to a Jordan *-isomorphism ® from A onto B and that
U(z) = a®(x) for all z € AN E. We have shown that ®; : 7(7) — B is linear, positive and square-preserving on
self-adjoint elements (Lemma 5.2.3). To use Proposition 3.3.6 to extend ®; to a normal Jordan *-homomorphism
® from A into B we need to show that ®; is normal and that for p € P(A)f, ®;(p) = 0 if and only if p = 0.
Note that if p = 0, then ®1(p) = 0, since ®; is linear. If p > 0, then

0 # U(p) since U is an isometry and hence injective
= a) by definition of a )
= ad4(p) by Corollary 5.2.6

It follows that ®1(p) # 0. Next, we show that ®; is normal. Since ®; is linear, it suffices to show that
1 (xy) Ty ®1(z), whenever z, T 2 in F(7)*. Suppose 2, T 2 in F(r)*. ®; is positive and so {®1(z)}, is
increasing; it therefore suffices by Corollary B.1.9 to show that ®4(x.,) sor P, (z). Since z € F(7)", we have
that = € eATe for some e € P(A)f. Let p € P(A)/ with p > e. By Propgsition B.3.6(5), z, € pAtp for all ~,
since z € pAp and 0 < z, < z for all 7. Since ®, is a Jordan *-isomorphism and hence normal (Proposition
1.8.8(4)), we have that ®,(x,) 1, ®,(x). By Corollary B.1.9, this implies that

sor
(5.3.1) Dp(z4) > Dy ()
Furthermore, since p € P(A)f with p > e, we have
Qi(zy) = Pi(p)Pp(z,) by Lemma 5.2.7

=g D1 (p)P,(x) using (5.3.1) and Remark B.1.4
v

=  &(x) by Lemma 5.2.7

It follows that ®; is normal. We can therefore use Proposition 3.3.6 to extend ®; uniquely to a normal Jordan

x-homomorphism & from A into B. Furthermore,
O(x) = SOT;ienlqu)l(pxp) Ve e A
and
[o@lly = llell,  voeam
We will show that U(z) = a®(x) for all x € AN E and that ® is in fact surjective. To do so, we will use the

following result.

LEMMA 5.3.1. Ifz € A and f € Byp.(o(a)), then

PROOF. Suppose z € A*. For any p € P(A)f, prp € F(7) and so by Lemma 5.2.4,

(5.3.2) @1 (pzp)a = a®i(prp)

Furthermore @4 (pxp) ar ®(z) and 0 < @4 (pzp) < HxHAlB for all p € P(A)/. Tt follows by Remark B.1.4 that
D4 (pzp)a =g ®(x)a and a®;(pxp) = a®(x). Therefore, using (5.3.2), we obtain ®(x)a = a®(z) and hence,
by Corollary B.2.8,

O(z)f(a) = f(a)®(x)  Vf € Bye(o(a)).

The result can be extended from AT to A in the usual way. O
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PropPoOsITION 5.3.2. If x € ANE, then
U(z) = a®(z).

PROOF. Suppose = € F(7). Then z € ede for some e € P(A)/. For p € P(A)! with p > e, we have
x € pAp and

Ul(z)

ap)Pp() by (5.2.1)
P1(p)®
o

O (p) @, (pxp) by Proposition B.3.7(3), since = € pAp

a »(2) by Corollary 5.2.6

a

= a®(1)Pq(x) using (5.2.3)

=  a®(1)®(x) since ¢ extends ¥4
()

(5.3.3) a®(x

by Proposition 1.8.2(7)

Next, suppose that * € AT N E. By Proposition B.2.3, there exists an increasing net {z)}xea € F(7)T such
that =) T 2. By (5.3.3),

(5.3.4) U(xy) = a®(zy) for all A
Furthermore, by Corollary 4.1.6, U is an order isomorphism and so, by Proposition 4.1.2,
(5.3.5) U(zyx) T Ulx)

Furthermore, if we let f(t) := t'/2, then f € By.(c(a)) and

a®(zy) = f(a)f(a)®(zy)
= f(a)®(z)f(a) by Lemma 5.3.1
T fla)®(z)f(a) using Proposition B.2.2(7) and the normality of ®
= f(a)f(a)®(x) by Lemma 5.3.1
(5.3.6) = a®(x)

It follows from (5.3.4), (5.3.5) and (5.3.6) that
U(z) = a®(z).

The result can be extended to arbitrary elements of A N E, since any such element can be written as a linear

combination of elements from A+t N E and U and ® are linear. O
PROPOSITION 5.3.3. ® is a Jordan x-isomorphism of A onto B.

PROOF. Thus far we have shown that ® is a normal Jordan *-homomorphism from A into B. In order
to apply Proposition 3.4.2 to show that ® is a Jordan *-isomorphism, we need to show that & is unital and
O (p)BP(p) C ®(A) for all p € P(A)f. We start by showing that ® is unital. Assume that 1 — ®(1) # 0. Since
(B, v) is semi-finite, there exists a ¢ € P(B) such that 0 < ¢ <1 — ®(1) and v(g) < co. This implies that ¢ € F
and hence there exists an x € F such that U(x) = ¢, since U is surjective. E has absolutely continuous norm
and therefore AN E is dense in E, by Theorem 1.6.7. Let (x,)22; C AN E be such that x, £ . Then

n=1
a®(z,) = Ulxy) by Proposition 5.3.2
=N Ul(x) since U is an isometry and hence continuous

= 4q
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However, we also have that

a®(z,) = a®(x,)P(1) for all n, by Proposition 1.8.2(7)

U(z,)®(1) by Proposition 5.3.2

1=

U(z)®(1) by Proposition B.3.1(11)
q®(1)
It follows that ¢ = ¢®(1). However, since ¢ < 1 — ®(1), we have that ¢(1 — ®(1)) = ¢, and so

g =q0(1) = (g(1 - @(1))) (1) =0,

This is a contradiction and so ® is unital. Next we show that if e € P(A)7, then
D(e)BP(e) C D(A).

Recall that for for p € P(A)/, ®;(p) = SOT lim  ®,(p) and ®,(p) < ®,(p) for all ¢ € P(A)/ with ¢ > p (see

g€D:q>p
Lemma 5.2.2). It follows that ®(p) = ®;(p) < ®,(p). Therefore, if p € P(A)f with p > e, then

Dle) < B(p) since ® is positive
< @4(p)
(5.3.7) = ®(e)BP(e) C D,(p)BP,(p) by Proposition B.3.6

Suppose b € (®(e)BP(e))* and p € P(A)/ with p > e. Then b € (,(p)B®,(p))*, using (5.3.7), and so there

exists an z(,) € pAp such that ®,(z(,)) = b, since <i>p is a surjective map from A, onto B We wish to show

Up)°
that {x(,)}pepp>e is increasing, that z(,) T x for some z € AT and that ®(x) = b. We start by showing that

{®(2(p)) }peD:p>e is increasing. Note that ®1(p)®,(z(p)) = Pp(2(p))P1(p), by Lemma 5.2.7. Furthermore,

Q1(zp) = P1((p)Pp(z(p)) by Lemma 5.2.7

(@ () ?®1(p)(Pp(2(p)))/* by Corollary B.2.8

(5.3.8) = 2@ (p)b"/?  since Bz () =b
T b20(1)p/? by Proposition B.2.2(7), since ®;(p) T ®(1)
(5.3.9) = b since ® is unital

To show that this implies that {2 () }pep.p>e is increasing we show that if x,y € ENA are such that ®(z) < ®(y),
then z < 3. Note that if ®(2) < ®(y), then a'/2®(z)a'/? < a'/?®(y)a'/?, by Proposition B.2.2(4). By Lemma
5.3.1, this implies that a®(z) < a®(y) and hence U(x) < U(y), by Lemma 5.3.2. Tt follows by Corollary 4.1.6,
that = < y. In particular, since pAp C F(7) C EN A, for each p € P(A)/ and {®(2(p)) }pepp>e is increasing,
this implies that {2 () }pep:p>e is increasing. Moreover, it follows from (5.3.8) that each ®1(x(,) is positive and
hence each x(, is positive. In order to show that z(,) 1 = for some z € AT, we need to show that {z) }peDp>e

is bounded. Since ® isometric on self-adjoint elements, we have that

Hx(p)HA = H(I)(x(p))HB = Hb‘

using (5.3.9) and the monotonicity of the norm. Therefore 0 < ;) < Ha:(

B’
p)HAl < ||| 51 for all p € P(A)/ with
p > e, by Proposition B.1.6. Since {x(,)},ep:p>e is also increasing, this implies, by Lemma B.1.8, the existence
of an z € A" such that z(,) 1 x. Therefore ®;(z(,)) = ®(x(y)) T ®(z), since ® is normal. However, ®;(x(,)) 1 b
by (5.3.9) and so

d(x) =0.
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Therefore ®(e)BT®(e) C ®(A) and hence ®(e)BP(e) C P(A), since any ¢ € (e)BP(e) can be written as a finite
linear combination of elements from ®(e)B*®(e). ® is therefore surjective by Proposition 3.4.2.
(]

Note that since ® is surjective, ab = ba for all b € B, by Lemma 5.3.1. In particular, au = ua for every
unitary u € Z(B)" = B. It follows that a is a positive operator affiliated with the center of B. We have therefore

proven the following result.

THEOREM 5.3.4. Let A C B(H) and B C B(K) be semi-finite von Neumann algebras equipped with semi-finite
faithful normal traces T and v respectively. Let E(7) be a strongly symmetric space with absolutely continuous
norm and let F(v) be a fully symmetric space with absolutely continuous norm. If U : E — F is a positive
surjective linear isometry such that v(s(U(q))) < co whenever q € P(A)f, then there exists a positive operator
a, affiliated with the center of B, and a Jordan x-isomorphism ® of A onto B such that

U(z) = a®(z) Ve e ANE(T)

We finish this section with a few remarks regarding the additional assumptions made in Theorem 5.3.4.
Firstly, we note that all L,-spaces (1 < p < o0), Orlicz spaces whose Orlicz function satisfy the Ag-condition
globally and many Lorentz spaces (eg. L, ,-spaces and L,, 1-spaces) have absolutely continuous norm. The
applicability of Theorem 5.3.4 to these spaces therefore depends on whether isometries on these spaces satisfy
the finiteness-preserving condition. It will be shown in Corollary 7.2.11 that positive surjective isometries between

certain types of Lorentz spaces are finiteness-preserving and can therefore be described using Theorem 5.3.4.

5.4. Sufficient conditions

In the first three sections of this chapter we showed that the structure of a positive surjective isometry
between a symmetric space and a fully symmetric space can be described in terms of a Jordan #-isomorphism
and a positive operator. In this section we prove a partial converse to this result. More specifically, we will show
that if ® : A — B is a Jordan *-isomorphism (between semi-finite von Neumann algebras), which, in addition,
is trace-preserving, then ® | AN E(7) is a positive surjective isometry from A N E(7) onto BN E(v), whenever

E(0,00) is a fully symmetric Banach function space. We need one preliminary result.

PROPOSITION 5.4.1. Suppose (A, 1), (B,v) are semi-finite von Neumann algebras. If ® : A — B is a

trace-preserving Jordan x-isomorphism, then ® maps AN L1(7) onto BN Ly (v) and ®~! is also trace-preserving.
PROOF. Suppose z € AN Ly(7)". Then ®(x) > 0 and so
v(|®(z)]) = v(®(2)) = 7(x) = 7(|z]) < oo

Therefore ®(z) € ANLy(v). Since P is linear and any element in ANL;(7) can be written as a linear combination
of elements from = € AN Ly(7)", we have ®(AN Li(7)) € BN Ly(v). It follows by Proposition 1.8.8(5) that
®~!is a Jordan *-isomorphism from B onto A. Note that if b € B, then

T(@7H(b)) = v(2(271 (1)) = v(b),
since ® is trace-preserving. It follows that ® ! is trace-preserving and hence that ®~1(BNL;(v)) € ANLy (7). O

THEOREM 5.4.2. Suppose (A,7), (B,v) are semi-finite von Neumann algebras and E(0,00) is a fully sym-
metric Banach function space. If ® : A — B is a trace-preserving Jordan x-isomorphism, then ®(AN E(1)) =
BNE(v) and

H<I>(x

)HE(V) = HxHE(T) Yz e ANE(r)
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Proor. We start by noting that F(7) and E(v) are fully symmetric spaces, by Theorem 1.6.1. It follows
by Proposition 5.4.1 that ® maps AN Ly(7) onto BN Ly(v) and by Remark 2.2.5

|®(x Vo e AN Lqi(7).

)HLl(u) = ||x||L1(T)
Since L;(7) has order continuous norm, it follows from Theorem 1.6.7 that AN Lq(7) is dense in Li(7), and

therefore ® [ AN Li(7) has an isometric extension ®; from L;(7) onto L;(v). For y € L1 + Lo (7), define

Pa(y) = @1(y1) + 2(y2),

where y = y1 +y2, y1 € L1(7) and y2 € Loo(7) = A. We show that @, is well-defined. Suppose y1 +y2 = y3 + 4,
where y1,y3 € L1(7) and y2,y4 € A. Then

Yi—ys = ya—Y2 € LiNLeo(T)
= P —ys) = P(ya—y2)
= D1(y1) — P1(y3s) = P(ya) — P(y2) since @1 (z) = ®(x) for all x € L1 N Lo (7)
= P1(y1) + @(y2) = Pu(ys) + (wa)

and hence @, is well-defined. Furthermore, ®5 | Li(7) = ®; and &5 [ A = &. Note that H<I>1(x)HL1(U) = HxHLl(T)
for every x € Li(7) and, by Proposition 1.8.8, H<I>(a:)HB = HxHA for every v € A. If x € E(1) C L1 + Loo(7),
then ®;(r) < 2, by Theorem B.3.5. Therefore pig, ) < pte and hence pg, ) € E(0,00) (i.e. ®2(z) € E(v)),
using the full symmetry of E(0, c0). Furthermore,

||(I)2('T)||E(V) = H/”’L‘PZ(QU)HE(O,OO)
H”wHE(o,oo) since fig, () < fe and F(0, o) is fully symmetric

IN

(5.4.1) HIHE(T)

Since ®5 and P agree on A, we have that ®(AN E(r)) C BN E(v) and

||(I)(x)||E(u) < ||x||E(T) Vo e AN E(r).

Since ®~! is also a trace-preserving Jordan *-isomorphism, we similarly have that ®~1(B N E(v)) C AN E(7)
and
12 Dl iy < lWllpe, V9 €BNEW).
O

REMARK 5.4.3. Theorem 5.4.2 is a generalization of [4, Lemma 2.5] to more general fully symmetric spaces
associated with more general von Neumann algebras. Furthermore, every AFD factor of type I1; or Il is a
semi-finite von Neumann algebra. Theorem 5.4.2 is therefore also a generalization of [42, Theorem 4.1] (see
Theorem 2.2.14).



CHAPTER 6

Surjective isometries between symmetric spaces

In the previous chapter we showed that under certain conditions a positive surjective isometry can be
represented as a weighted non-commutative composition operator. We will use this result to show that we can
obtain a similar representation for a surjective isometry, which is not necessarily positive, if it satisfies a certain

disjointness-preserving condition. More specifically, we will prove the following result.

THEOREM 6.1.1. Suppose (A C B(Hy),7) and (B C B(Hs),v) are semi-finite von Neumann algebras; E(T) is
a strongly symmetric space with absolutely continuous norm and F(v) is a fully symmetric space with absolutely
continuous norm. If V : E — F is a surjective isometry such that
e v(s(V(p)) < oo whenever p € P(A)/ and
e V(p)*V(q) =0=V(p)V(q)* whenever p,q € P(A) with pq =0,
then there exists a unitary operator v, a positive operator a affiliated with the centre of B and a Jordan -

isomorphism ® from A onto B such that
V(z) = va®(x) Vee ANE.

The proof has been divided into several lemmas and is structured as follows. A map ¥ will be defined on
projections with finite trace. The disjointness-preserving property of the surjective isometry will allow us to
show that ¥ is additive on orthogonal projections and hence to apply Proposition 3.2.1 to obtain a map (also
denoted ¥) from F(7) into B. At this point it would be desirable to show that this extension ¥ is normal on
F(7) in order to apply Proposition 3.3.6 to extend ¥ to all of A. This has proven to be problematic and so we
follow a different approach. We will construct a unitary operator v and show that letting U(-) := v*V(-) defines
a positive surjective isometry U from E onto F. Application of Theorem 5.3.4 will then yield the desired positive
operator and Jordan #-isomorphism. It is worth noting that the map ¥ defined on F(7) will play a significant
role in showing that U is positive and, as will be shown at the end of this section, the Jordan #-isomorphism

obtained using Theorem 5.3.4 will turn out to be an extension of .

For p € P(A)f, we will write V(p) = V(p)b(p); Where v(,) is the partial isometry and b, is the positive
operator in the polar decomposition of V(p). We start by defining a map ¥ on projections with finite trace by
letting

U(p) = s(V(p)) = vjpvp,  pEPA.
Note that, by Remark B.1.31(3), ¥(p) = s(b) = r(bp)) = s(v(p)) and therefore
(6.1.1) \If(p)b(p) = b(p) = b(p)\If(p) and U(p)\I/(p) = V(p)-

To show that W is additive on orthogonal projections, suppose p,q € P(A)/ with pg = 0. Since V(p)*V(q) =
0=V(p)V(q)*, we have, by Proposition B.1.32, that vZ‘p)v(q) =0= ”(p)vqu)' Furthermore, v(,) + v(,) is a partial
isometry, [V(p) +V(q)| = bip) + b and V(p) +V(q) = (vp) + v(q))(bp) + b(g)) is the polar decomposition of
V(p+q) =V(p) + V(q). Therefore

(6.1.2) Vp) + V() =Vptq) a0 by Fbg) = bptg)

71
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and so
V(P + ) = Vs Vo) = (V) T 00)" (V) +0(0) = Vi)V + V(g V@ = Y (P) + ¥(g)-
It follows by Proposition B.1.16(1), that ¥(p)¥(q) = 0. Furthermore, if 0 # p € P(A)/, then V(p) # 0, since

V is injective. It follows that ¥(p) = s(V(p)) # 0. Furthermore, by Corollary B.3.4, V has the property that

Vixy) Ty V(z) whenever (z,)52; U {z} C F(7) is such that z, A 2 and s(z,) < s(x) for all n € NT. By

Proposition 3.2.1, ¥ can therefore be extended to a positive linear map (also denoted by V) from F(7) into B
such that

H\I/(x)HB = ||xHA and \Il(xg) = \I/(ac)2

for all x € F(7)**. To construct the unitary operator mentioned in the introduction, we start by proving a
lemma that will enable us to show that {v(,) },ep is strong operator convergent (recall that when dealing with
subscripts, we will often denote P(A)/ by D).

LEMMA 6.1.2. If v € F(7) and p € P(A)¥ with p > s(z), then

PROOF. Since V(p) = vp)b(p) is the polar decomposition of V (p), the second equality in the statement of
the lemma follows automatically. Suppose x = ¢ € P(A)/ and p € P(A)f with p > ¢. Then p — ¢ € P(A) and
q(p — q) = 0. Note that

byg¥(0) = (byo¥(p—q)¥(q) using (6.1.1)
(6.1.3) = 0 since ¢(p — ¢) = 0 implies that ¥(¢)¥(p —¢q) =0
Similarly, we have that
(6.1.4) Vp—gb(q) = Vp—q¥(p — @)V (q)bg) =0
Furthermore,

V)¥(e) = vepbe) ¥(a)

= Vgt (p-0)V(a+p-0)) Y (2)
= (vig) +vp—q)(b(g) +bp—q)¥(q) using (6.1.2)
= (b ¥(q) using (6.1.3) and (6.1.4)
= V(g

Let Gy denote the set of all finite linear combinations of mutually orthogonal projections, each with finite trace.

Using the linearity of V and ¥, we have that
(6.1.5) Viz) =V (p)¥(x) if z € Gy and p € P(A) with p > s(x)

Suppose = € F(7)** and p € P(A)! with p > s(z). By Remark B.1.12, we can find a sequence (z,,)3%, C g
such that x, A 2 and s(zn) < s(z) < pfor all n € N*. By Proposition B.3.3, this implies that z, X 2
Therefore V(zy,) 5 V(z) and ¥(x,) 5 U(x), since V is an isometry and ¥ is linear, and isometric on self-

adjoint elements in F(7). Furthermore, since F' is a normed B-bimodule,
V@) (2 (n) = W@ o < [V ][ ¥(a) = T@)]5 = 0
and so V(p)¥(x,) £ V(p)¥(x). However, using (6.1.5) and the fact that V' is an isometry, we have that

V() U(zn) = V(ea) 5 V()
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Since limits are unique, we have that V(z) = V(p)¥(z). Finally, since any element in F(7) can be written as a

linear combination of self-adjoint elements and V and W are linear, we have that

whenever z € F(7) and p € P(A)f with p > s(z). O
LEMMA 6.1.3. {v(,) }pep converges in the strong operator topology to a unitary operator v € B and
v¥(p) = vy Vp € P(A).
PrOOF. We start by noting that if p,q € P(A)/ are such that 0 < ¢ < p, then

(6.1.6) V(g) = V) ¥(9)
To show this, note that if p = ¢, then (6.1.6) holds using (6.1.1). If p > ¢, then 0 # p — ¢ € P(A)? and
q(p — q) = 0. Therefore, v(y) + v(p—q) = V(p), using (6.1.2). It follows that
v () = (V) +00-q)¥(9)

= V(g T Vp-q¥ (P —q)¥(q) using (6.1.1)

= U since (p — ¢)g = 0 implies that ¥(p — q)¥(q) =0
Next, we note that if p, g € P(A)/ with ¢ < p, then ¥(q) < ¥(p), since ¥ is positive. It follows that {¥(p)},ep is
an increasing net of projections and therefore converges in the strong operator topology to a projection y € P(B).
Let n € Hy and suppose € > 0. Since ¥(p) 59T y as p Tpep 1, there exists a p. € P(A)f such that p,q € P(A)S
with p,q > p. implies that
(6.1.7) (W (p) — W(g))n|| <e

Let p,q € P(A)f be such that p,q > p.. P(A)f is a directed set and so there exists an r € P(A)/ with r > p, q.
Then

[0y = vig)) [0y (¥ (p) = ¥(g))n||  using (6.1.6)

< v |l (2 (p) = T (@)
< H(\If(p) - \Il(q))nH since v(,y is a partial isometry and hence H’U(T)HB <1
< € using (6.1.7)

Therefore {v(,)(n)}pep is Cauchy in Hy. Since this holds for every n € Hs, we have that {v(,)}pep is SOT-
Cauchy. Furthermore, {v(,)}pep is contained in the unit ball of B(H2) and so v, 79" v for some v € B(Hs),
since norm-closed balls in B(H3) are SOT-complete by Proposition B.1.3. B is SOT-closed and so v € B.
Furthermore, for any ¢ € P(A)/ with ¢ > p, we have

vy = v@¥p) by (6.16)
- v¥(p) as q Tqep 1, by Proposition B.1.1

— U(p) = oW (p)

We show that v is a partial isometry and s(v) = y. Note that

V(p) 59T = ) 3T, since the WOT is coarser than the SOT
= Uy QT by Proposition B.1.2

(6.1.8) = Vplp) — VU by Remark B.1.4
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Furthermore, Ua’)’l}(p) = v | = ¥(p) sor y and so v?p)v(p) war y, since the weak operator topology is coarser
than the strong operator topology. Using (6.1.8) and the uniqueness of weak operator topology limits, this
implies that y = v*v. It follows by Proposition B.1.28 that v is a partial isometry and s(v) = y. We show
that y = 1 and hence that v is unitary. Suppose = € F(7). For p € P(A)/ with p > s(z) V r(z) we have that
px = x = zp and hence, by Proposition 1.8.3(7),

(6.1.9) U(x) = ¥(zp) = V()P (p)
Furthermore,

U(x)y = Y(x)SOTLm¥(p)

peD
= SOT lim [ (z)¥(p)] by Proposition B.1.1
pED:p=s(x)Vr(z)
(6.1.10) = U(x) using (6.1.9)
It follows that if p > s(x) V r(z), then
Viz) = bpyvp¥(z) by Lemma 6.1.2

= by ¥(z)y using (6.1.10)
(6.1.11) = V(x)y by Lemma 6.1.2
Assume that 1 —y # 0. Since, (B, v) is semi-finite, there exists a ¢ € P(B) such that 0 < ¢ < 1—y and v(q) < oco.
This implies, using Proposition 1.6.3(2) that ¢ € F' and hence there exists an « € E such that V(z) = ¢, since

V is surjective. E has absolutely continuous norm and therefore F(7) is dense in E (see Theorem 1.6.7). Let
(xn)52; C F(1) be such that z, X 2. Then V(zn) EN V(z) = q. However, using (6.1.11) we have that

n=1
Viz,) = V(en)y EN V(x)y = qy. It follows that ¢ = qy = 0, since ¢ < 1 — y. This is a contradiction and so

LEMMA 6.1.4. The map U : E — F defined by U(x) = v*V () is a positive surjective isometry.

PROOF. Since v, and hence v*, is a unitary operator, it is easily checked that U is a surjective isometry. We
show that U is positive. To do so, we start by showing that if z € F(7) and p € P(A)f with p > s(z), then

(6.1.12) by V() = V()b
Suppose z = ¢ and p € P(A)! with p > ¢. Then
bp)¥(a) = bigtp—an¥(9)
= (bg) +bp—q)¥(q) using (6.1.2)
= bg¥(g)  since by q¥(q) = by ¥(p —¢)¥(g) =0
= U(q)by using (6.1.1)
= V(g)(bg) +bp—g)  since ¥(q)by—q =¥(q)¥(p—q)bp—q =0
= V()b using (6.1.2)
Using the linearity of ¥, we have that
(6.1.13) by ¥ () = ¥ ()b,

whenever z € G; and p € P(A)! with p > s(x). Suppose z € F(7)** and p € P(A)! with p > s(x). By
Remark B.1.12, there exists a sequence (z,)p2, C G3* such that z, A 2 and s(xy,) < s(x) < pfor all n € NT.
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Since U is isometric on self-adjoint elements, we have that U(x,,) 5 U(z). Note that V(p) = v(,)b(, and so
bipy = UTP)V(p). It follows that b(,) € F', since V(p) € F, v(,y € B and F is a bimodule. Therefore

o (¥ () = (@) < [lo || o[ ¥ () = ¥ ()| g = O

and s0 b(,) ¥ (xy,) EN bp)¥(x). We can similarly show that ¥(x, )b, EN U (2)b(p), but W(z,)bpy = by ¥(zy,) for
all n € N*, using (6.1.13), and so by, ¥(x) = W(x)b(,). Since W is linear, we can extend this result to all of F(7)
in the usual way. We are now in a position to show that U is positive. Suppose z € F(7)" and let p = s(z).
Then p € P(A)7 and

Viz) = vpbpy¥(z) by Lemma 6.1.2

vV (p)bep) ¥ (z) by Lemma 6.1.3

Vb ¥ (x) using (6.1.1)
It follows that
vV(z) = by¥(x)
= b ()b} using (6.1.12) and Corollary B.2.8 (with f(t) := t'/?)
(6.1.14) > 0 using Proposition B.2.2(4) and the fact that ¥ is positive

Suppose z € ET. Since E has absolutely continuous norm, there exists, by Corollary 1.6.8(2), a sequence
(xn)22, C F(r)" such that x, 5 2. U is an isometry and so v*Vi(x,) = Ulxy) 5 U(z). By (6.1.14),

n=1

v*V(z,) > 0 for all n € N* and therefore U(x) > 0, since F'* is closed by Proposition B.3.1(10). O

We have proven the existence of a unitary operator v such that the map U := v*V is a positive surjective
isometry from E onto F. In order to apply Theorem 5.3.4 to describe the structure of U we need to show that
v(s(U(p))) < oo whenever p € P(A)?. To this end, suppose that p € P(A)/. Then

vVip) = vupbe)
= vv¥(p)bey, by Lemma 6.1.3
(6.1.15) = by using (6.1.1) and the fact that v*v =1

It follows from the above, Remark B.1.31 and the finiteness-preserving assumption on V that

v(s(U(p)) = v(s(bp))) = v(s(V(p))) < oo
By Theorem 5.3.4, there exists a positive operator a affiliated with the centre of B and a Jordan *-isomorphism
® from A onto B such that
U(z) = a®(x) Vee ANE.
It follows that
V(z) = va®(x) Vee ANE.

This concludes the proof of Theorem 6.1.1.

We finish this chapter by considering the relationship between ® : A — B and the map ¥ : F(r) — B (as
defined earlier), and the relationship between a and the positive operator b(,) appearing the polar decomposition
of V(p). We will show that ® is the unique normal extension of ¥ and that b,y = a(,) for every p € P(A),
where the a(,)’s are the positive operators used to construct a as in Theorem 5.3.4. Recall from the proof
of Theorem 5.3.4 that ag,) = U(p) = [;° Adegy(N), e(A) = SOT}l)iGI%e(p)()\) and a = [;° Ade(\). However,
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by = v*V(p) = U(p) using (6.1.15) and so b,y = a(,) for every p € P(A)f. To demonstrate the relationship
between ® and ¥, recall that

(6.1.16) ®y(x) = SOT lim O, (x) x € F(r) and

q€D:g>s(z)Vr(z)
(6.1.17) ®p(p) = s(U(p)

We start by showing that if p € P(A)/, then ®(p) = ¥(p). Note that for ¢ € P(A)/ with ¢ > p, we have, by
Lemma 5.2.2, that ®,(p) < ®,(p) = s(U(p)). Using (6.1.16), it follows that

(6.1.18) ®1(p) < s(U(p))
Furthermore, using Corollary 5.2.6 and the fact that ®;(p) is a projection, we have that
ap)@1(p) = (a®1(p))21(p)) = a®1(p) = ay).
It follows that s(U(p)) = s(a(y)) < ®1(p). Combining this with (6.1.18), we obtain
®1(p) = s(U(p)
= s(V(p)) using (6.1.15)
= Y(p) by definition of ¥(p)

(
(

® extends 1 and so ®(p) = ¥(p). Since ® and V¥ are linear, they agree on Gy. Furthermore, G3* is dense in
F(1)%* and so ® and ¥ agree on F(7)°, since both these maps are isometric on F(7)%*. Using the linearity of
® and ¥, we have that

D(z) = ¥(z) Yz € F(T).
Suppose ® is another normal extension of ¥ and let 2 € A*. By Proposition B.2.3, there exists an increasing
net {zx}xea € F(7)" such that zy T z. Therefore

B(z)) T ®(x) and  B(zy) 1T B(x)

using the normality of ® and ®. However, ®(z,) = ®(x,) for each A, since both these maps extend ¥. Therefore
®(z) = ®(z). A similar argument can be used to show that ® is linear, since it agrees with a linear map on
F (7). Since any element in A can be written as a linear combination of elements from A™, the linearity of ®
and ® can then be used to show that & = ®.

REMARK 6.1.5. A reasonable concern regarding Theorem 6.1.1 is that we have placed what may be restrictive
conditions on the surjective isometry in order to describe its structure. In the next chapter we show that any
surjective isometry between Lorentz spaces (of a particular type) satisfies these conditions and in the process we

develop a semi-finite generalization of Theorem 2.2.10.



CHAPTER 7

Surjective isometries between Lorentz spaces

Throughout this chapter w : (0,00) — (0,00) will be used to denote a weight function, i.e. a decreasing
function satisfying }Lr}(l)w(t) = o0, tlgglow(t) =0, fol w(t)dt = 1 and [~ w(t)dt = co. Recall that if (A,7) is
a semi-finite von Neumann algebra, then the space L, 1(7) is defined as the set of all 7-measurable operators
x affiliated with A such that [;° p(t)w(t)dt < oo. Recall further that if we let ¢(t) := f(f w(s)ds, then
Ly 1(T) = Ay(7), with equality of norms. Surjective isometries on these types of Lorentz spaces have been
studied in the commutative setting ([2]) and in the non-commutative setting for such spaces associated with
finite von Neumann algebras ([4]). Our aim in this chapter is to characterize surjective isometries on Lorentz
spaces associated with semi-finite von Neumann algebras. This chapter will also illustrate how extreme point
methods can be used in the characterization of surjective isometries. The basic idea is that the characterization
of the extreme points of the unit ball of a Lorentz space can be used to show that surjective isometries map
projections onto scalar multiples of partial isometries. In the finite setting, this can be used to convert the
surjective isometry to a positive surjective isometry and hence to apply Theorem 2.2.7. In attempting to modify
this approach to the semi-finite setting, we observe that this mapping of projections to scalar multiples of partial
isometries enables us to show that surjective isometries of Lorentz spaces are in fact disjointness-preserving and
therefore allow application of Theorem 6.1.1. We start by describing the structure of extreme points of the unit

balls of Lorentz spaces.

7.1. Extreme points of Lorentz spaces

If F is a normed space, then we will denote
Bp:={z € E: |z <1} and Spi={z e E: || =1}.

Before characterizing the extreme points in the Lorentz spaces under consideration, we present a result (semi-

finite generalization of ([4, Lemma 2.3]) regarding extreme points in more general spaces.

LEMMA 7.1.1. Suppose E(7) is a symmetric space and x € By is such that 7(r(z)) < co (or equivalently

7(s(z)) < 00). Then x is an extreme point of B,y if and only if |x| is one.

PROOF. Suppose x € B, is such that 7(r(z)) < oo. By Proposition B.2.13, there exists a unitary
operator u € A such that 2 = ulz|. Suppose x € extr(Bg(.)) and |z| = %(y + z), with y,z € Bp(;). Then
x = ulx| = %(uy + uz) and uy,uz € Bp(r), since u is unitary. z is an extreme point and so r = uy = uz.
Therefore || = u*x = u*uy = u*uz, i.e. |z| = y = z and hence |z| is an extreme point. The converse is proved

similarly. O

In order to describe the extreme points of these Lorentz spaces, we present the following result which
enables us to use characterizations of extreme points in the commutative setting to obtain analogous results in

the non-commutative setting.

s
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THEOREM 7.1.2. [5][7] Suppose (A, T) is a semi-finite von Neumann algebra and E(0,00) is a symmetric
space. An operator v € Sp(r) is an extreme point of Br(ry if and only if p, is an extreme point of Bp(o ) and
one of the following conditions holds:

(1) pa(o0) =0
(2) n(z)An(z") =0, |z] = pe(c0)s(z),

where 1, (00) denotes tlim o (t).
e el

The following is a non-commutative analogue of [2, Proposition 2.2] (see Proposition 2.1.5) and a semi-finite
extension of [4, Theorem 4.1] (see Theorem 2.2.9). Recall that V(A)f denotes the set of partial isometries in A

with finite-trace support projections.

PROPOSITION 7.1.3. Suppose (A, T) is a semi-finite von Neumann algebra, w is a strictly decreasing weight
function and E = L, 1(7). x is an extreme point of By if and only if x = m for some v € V(A)F.

PROOF. Suppose z = mv for some partial isometry v € A with 7(|v|) < co. Then p, = mx[oﬁ(w)),
by Proposition 1.4.5. It follows that p, is an extreme point of B | (0,cc), by Proposition 2.1.5. Furthermore,
pz(00) = 0 and so z is an extreme point of Br (), by Theorem 7.1.2. Conversely, suppose z is an extreme
point of By (r). By Theorem 7.1.2, y1, is an extreme point of Br (0,0) and so p, = WXA for some
A C [0,00) with 0 < m(A) < oo, by Proposition 2.1.5. Let ¢ = m(A). Since p, is decreasing, we have that
fhe = ﬁ){[w) and hence |z| = ﬁp for some p € P(A) with 7(p) = t, by Proposition 1.4.5. By Proposition
B.2.13 there exists a unitary operator u such that = = u|z|. Since up € V(A) and |up|®> = (up)*(up) = p = p>,

we have that |up| = p and therefore 7(p) = 7(lup|). It follows that z = s for some v € V(A) with

T(Jv]) < 0. O

REMARK 7.1.4. When a first attempt was made at characterizing the extreme points of Lorentz spaces
associated with semi-finite von Neumann algebras, the author was unaware of Theorem 7.1.2. The technique
initially employed was a combination of deriving non-commutative analogues of results contained in [2] and
extending results in [4] to Lorentz spaces associated with semi-finite von-Neumann algebras. This process is
more direct and yielded a result, of independent interest, relating the additivity of the norm to the additivity of
the generalized singular value in the context of non-commutative Lorentz spaces associated with semi-finite von

Neumann algebras. This technique has been included in Appendix A.

The following semi-finite extension of [4, Lemma 2.3] follows immediately from Proposition 7.1.3 and Lemma
7.1.1.

COROLLARY 7.1.5. x is an extreme point of the unit ball of L., 1(7) if and only if |x| is one.

We finish this section with a technical lemma (extension of [4, Lemma 2.6] to the semi-finite setting) that

will be used later in the process of showing that a particular operator is a projection.
LEMMA 7.1.6. Suppose f € Ly 1(0,00) and 0 < s < oo. If f < x(0,5] and f* # X (0,5, then

171

PrOOF. We start by showing that f*(¢) <1 for all ¢ € (0, s]. Note that if 0 < ¢y < s, then

Lot HX(O»SH L1’

to t(J
Fd < / (o) (Dt since f < x(o.
0 0

(7.1.1) = 1 since (X(o,s])* = X(0,]
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Assume that f*(¢;) > 1, for some 0 < t; < s. Then f*(t1) = 1+ ¢ for some € > 0 and f*(t) > 1 + € for all

t € [0,11], since f* is decreasing. Therefore

ty
f*(t)dt > t1(1+6)
0
>t

This contradicts (7.1.1) and so f*(¢t) < 1 for all ¢t € (0,s]. Next, we show that f*(s) < 1. Let a := f*(s).
Assume o = 1. Since f* is continuous from the right (see Proposition 1.4.2), there exists a tp > s such that
[*(to) > 0. Therefore,

/Otof*(t)dt - /f dt+/ £

> (s) + f*(to)-(to — s) since f* is decreasing

> s since f*(s) =1 and f*(to) >0
to
= [ v o
This contradicts the fact that f < x(0,s) and hence o < 1. If @ = 0, then f* =0 and thus
11z, =0<lxoally,,-

If a >0, then let r := 2 [ f*(t)dt + s. Note that for t, > s

to to
ffdt < / fre)de since f* >0
0

0
< [ toa)y @t since f < xo
0
= s
Since this holds for all to > s, we have that [ f*(t)dt < s < co. Put
@) ifte(0,s

filt) =< « ift € (s,r]

0 if t € (r,00)

Note that f; is positive and decreasing. Therefore f; = fi almost everywhere. We show that f < fi.
0 < tg <s, then

(7.1.2) /O Chwdt = /0 " e

If s <ty <r, then

/Oto fi(t)dt

/0S fr@)dt + (to — s)a

v

/ N / Ut since a= f1(s) > f(1) for all £ > s
0 s

to
Fr(0)dt

0

(7.1.3)
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If to > r, then
to r
/ fdt = / Fb)dt since fu(t) = 0 for all £ >t
0 0
- /f*(t)dtJr(r—s)oz
0
S 1 oo
= [ rwas [ rodss—sa

= /O e

(7.1.4) > /tn fr(t)dt
0

Using (7.1.2), (7.1.3) and (7.1.4) and the fact that f;(t) = fi(t) a.e., we obtain
to tO
fr)de < fi@)dt  Vig >0
0 0
and hence f < fi.

Next, we show that f1 < x(,. If 0 <o <'s, then

/Oto fr(t)dt = /Oto FE(t)dt < /Oto Xio.s ().

If s <ty <r, then

| fiwa = [ @i - sa

= / fr(t)dt 4 (to — s)( ! )/ frt)de using the definition of r
0 r—35Js

*(t)dt since tg —s <71 —s

IN
ﬁ
~

to
(7.1.5) = / X(0,s] (t)dt since t9 > s
0

If tg > r, then

to
fidt = fi@®)dt  since ff = f1 almost everywhere and fi(t) =0 for ¢t > r

0
X{0,s(t)dt  using (7.1.5)

0

IN
S— 5— 5—

X?O,s] (t)dt

It follows that f1 < x(0,s. Since f* # X(0,s) and f < X(0,s), it follows that there is an 0 < so < s such that
fi(t) = f*(t) < 1 for all t € [sg,s]. It is therefore possible to construct a decreasing function f on (0, s] such
that f1(t) < fo(t) < 1for t € (0,s], but which has the property that [ f2(t)dt > [; fi(t)dt. Choose 0 < 8 < «
such that letting fo(t) = 3 for all t € (s,r] yields [; fo(t)dt = [; fi(t)dt. Let fo(t) = 0 for all t > r. It
follows from the way we have constructed fo that fo is decreasing and hence f(¢) = f2(t) a.e. Furthermore,
J° f2(t)dt = [ fi(t)dt. We show that f1 < fo. If 0 < to < s, then

(7.1.6) ! fil)dt < ! fa(t)dt since 0 < f1(¢) < fa(t) on (0, s]
0 0
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If to > r, then

/to ft)dt = / fit)dt  since fi(t) =0 fort >ty >r
0 0

- /0 " (bt

(7.1.7) = /0 ' fa(t)dt since fo(t) =0for t >ty > r

If s < tg <r, then we note first that

) ft)dt = h fa(t)dt — h fa(t)dt
0 0 s

= /000 fi®)dt — (r—s)p

and
/Os fdt = /OOO Rt — (r— $)a
Therefore
/O Fa(t)dt — /0 fd = /0 Fa(t)dt — /O F()dt + / Fa(t)dt — / F(t)dt
= (a—=pB)(r—s)+(B—a)(to—s)
(7.1.8) = (a=B)(r—ty) =0

Since f; = f1 and f» = f3, it follows from (7.1.6), (7.1.7) and (7.1.8) that f; < fo. Put € = min{2;2 5}
0 = 1(s+r) and define f3 = fo +€X(s,0) — €X(,r]- Since fo is decreasing, f3 is decreasing on [0, s]. Let ¢, € (s, 0],
to € (0,7r] and t3 € (r,00). Then f3(t3) =0 < g < B — € = f3(t2). Furthermore, f35(t2) < f3(t1) < B+ O’T_ﬂ <
a= f1(s) < fa(s) = fa(s). It follows that f3 is positive and decreasing, and hence fi = fs a.e. As before, it can
be shown that f3 < x(g,s. Furthermore,

0 r
Il = [ sadwtt) + [aviy - [ auen

|f2HL +e((5(s+7)) —¥(s)) — e(p(r) —(5(s + 1)) since 6 = (s +7)

Hf2||val €( % P(s) + %¢(T) —(s)) —e(y(r) — % (s) — % (r)) since 1 is strictly concave
1£2l,.,,

Therefore, using the fact that L., 1(0,00) is fully symmetric and f < f1 < f2 < f3 < X(0,s], We obtain

I, <l <15, < xosly,,

V

O

COROLLARY 7.1.7. Suppose (A, T) is a semi-finite von Neumann algebra and x,y € Ly, 1 (7). If 11y = X(0,4]
(0<s< ), z<y and py # by, then

Il

PROOF. Since p, € Ly, 1(0,00) and pf = p1,, we have by Lemma 7.1.6 that

wa(r) < |y

Ly(7)°

Izl ,ry = ka1, 10,00 < X011, 0000 = 19l r)-
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7.2. Characterization of surjective isometries between Lorentz spaces

Throughout this section we will assume that (A, 7) and (B,v) are semi-finite von Neumann algebras and
that w is a strictly decreasing weight function. The two benefits of working with a strictly decreasing weight
function are that one has access to the characterization of the extreme points (Proposition 7.1.3) and that the
Lorentz spaces under consideration have strictly monotone norm (see [4]). It will be shown that a linear map
U:Lyi(7) = Ly1(v) is a surjective isometry if and only if there exists a Jordan x-isomorphism ® : A — B, a
unitary u € B and a § > 0 such that

(7.2.1) Uz) = %u@(w) Ve e AN Ly 1(T)
and

Y (@(p) = 8v(r(p)  Vpe PA).

Suppose U : Ly, 1(7) — Ly 1(v) is a surjective isometry. Recall that in the finite setting (see Theorem 2.2.10),
the proof that U has the desired representation involves using the characterization of the extreme points of the

unit ball of a Lorentz space to show that
1

Y= S
for some partial isometry a € B. In the finite setting one can then find a unitary operator v € B such that
a = ula|. The most substantial part of the proof is then showing that the surjective isometry T'(z) := v*U(x) is
positive and that |a| = 1. Theorem 2.2.7 can then be used to obtain the desired representation. In the semi-finite
setting, we will show that the techniques used to show that T is positive and |a| = 1 can be adapted to show
that U is disjointness-preserving. Furthermore, the characterization of the extreme points of the unit ball of a
Lorentz space will be used to show that U is finiteness-preserving. This will enable us to use Theorem 6.1.1,

whose interpretation in the context of Lorentz spaces will yield the representation given in (7.2.1).

Let v(t) := fot w(s)ds for t > 0. Note that if 0 # p € P(A)7, then m is an extreme point of the unit
ball of L, 1(7), by Proposition 7.1.3. U is a surjective isometry and so the image of this element is also an
extreme point. It follows by Proposition 7.1.3 that U(p) can be written in the form a,v,), where v,y € V(B)f
and o) = W%. By Proposition B.2.13, there exists a unitary operator wu, € B such that v, = uep,)|v)|-
Define T}, : Ly, 1(7) = Ly 1(v) by

Tp(x) = u(,yUl(z) € Ly 1 (7).

Note that if y € Ly,1(v), then up,)y € Ly 1(v). Since U is surjective, there exists an @ € Ly,,1(7) such that

U(z) = uyy. It follows that T)(z) = uz‘p)

x € Ly 1(7), then using Proposition B.3.1(6) and the fact that U is an isometry, we have that

1@y, , = lumU@l;,, = V@)

It follows that T}, is an isometry. If 0 # g € P(A)7 with ¢ < p, then T, (q) will be scalar multiple of a partial

U(z) = u?p)u(p)y = y and hence T}, is surjective. Furthermore, if

= |l
Ly || Luy,1

isometry, since T}, is a surjective isometry and hence preserves extreme points. If we can show, in addition, that
T,(q) > 0, then this will mean that T,(¢) is a scalar multiple of a projection, by Remark B.1.29. Application of
Proposition B.1.24 to the equation

Tpiq() + Tpig(q) = Tpiqp+q)  0#p,geP(AY, pg=0

will then enable us to show that U is disjointness-preserving. We will therefore show that

Tp(PLuw,1(T)P) € [v(p) | Luw,1 (V) V()]
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and

T,(xz) >0 Va € pLy1(7)Tp.
To accomplish this we start by showing that if 0 # ¢ € P(A)7 with ¢ < p, then |T,(¢)| < |v(y)| and hence that
Tp(q) € [vpy|Luw,1(V)|vp |, by Proposition B.3.7(2). Since T}, is a surjective isometry, we have that 7},(q) = (v

for some v € V(B)/, where 3 = f((f(ﬁgf))) Let y = T,(p + q)- Then

v =ulnU(p) + Tp(q) = aplvg| + Bv

It follows that s(y) < s(|vg)l) V s(v) = |vg)| V |v]. Furthermore, v(,),v € V(B)! and so v(|vg,|), v(Jv]) < oo.
It follows by Proposition B.1.21(3) that |v,| V |v| and hence s(y) has finite trace. By Proposition B.2.13 this
implies that there exists a unitary operator w € B such that wy = |y|. Define W : L, 1(7) = Ly 1(v) by

W(x) = wl,(z) x € Lya(7).

It is easily checked that W is a surjective isometry. Furthermore,

(7.2.2) lyl = wy = wT(p+ @) = W(p+q) = apwlvg)| + fwy

Let m := s(w|v(y)|) V s(wv) V r(wlvy)|) V r(wv). It is easily checked that wlv(,)| and wv are partial isometries
and that s(wlve,)|) = [vp)l, s(wv) = s(v), r(wlvg|) = wvg)|w* and r(wv) = wr(v)w* (see Proposition B.1.28).
It follows that v(s(w|vyyl)), v(s(wv)) < oo and hence v(r(w|vy,)|)), v(r(wv)) < oo, by Proposition B.1.21(1).
Therefore v(m) < oo, by Proposition B.1.21(3). This implies that the identity of the reduced von Neumann
algebra B,, has finite trace. Let ¢ denote the canonical mapping from mS(B,v)m onto S(Bp, V) and recall
that the restriction of ¢ to mBm is a *-isometric isomorphism from mBm onto B,,. Hence, if F' = L, 1(v), then
H(p(gc)HFq( = HxHF for all = € q(p) Fq(p). Note that |y|, w|ve, |, wv € mBm and so ¢(|y|), o(w|vy)|), p(wv) € By,

P

Let M be an abelian von Neumann subalgebra of B, containing the spectral family of ¢(|y|) = |¢(y)|. By
Theorem B.4.1 there exists a conditional expectation E from L;(B,,) onto Li(M). Note that E(B,,) = M,

HE(m)HOO < Hx”oo for all z € B,, and HE(z)HLl(M) < HZHLl(Bm) for all z € L'(B,,), by Theorem B.4.1. Note
that L1(B,) 4+ By, = L1(B,,) and Li(M) + M = L1(M), by the finiteness of the restricted trace and so

(7.2.3) E(x) < z VrxelLl'(By),
by Theorem B.3.5. Therefore,

(7.2.4) | E(x Ve € Lu,1(Bm)

)HLw,l(M) < HxHLw,l(Bm)
since Ly, 1(0,00) is a fully symmetric space. We prove a sequence of lemmas that will enable us to show that
\%Tp(q)| = |v| < |vp| and hence that T;,(q) € v | Luw,1(V)|vep |-

LeEMMA 7.2.1. E(p(w|vy)|)) and E(p(wv)) are projections.

PRrROOF. We start by showing that E(p(wlv(,|)) and E(p(wv)) are self-adjoint. Note that

oly) = B((y) by Theorem B.A.1(3), since p(lyl) € M C LI (M)
= E(e(pwlvg | + fwv)) by (7.2.2)

(7.2.5)

apE(o(wlvgy ) + BE(p(wv)) since E and ¢ are linear
It is easily checked, using the fact that F preserves adjoints and oy, 5 € R, that

Re(ap B(e(wlvgy ) + BE(p(wr)) = ap Re(E(@(wlvg]))) + BRe(E(p(wr))
and so (7.2.5) implies that

(7.2.6) e(lyl) = apReE(p(wlvy)])) + 5 Re E(p(wv))
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Furthermore, M is abelian and so S(M, vy,) is also abelian. Therefore E(¢(w|v(p)|)) is normal, since
E(p(wlvg)))), E(p(wlvg )" € LHM) S S(M, vm).

By Proposition B.2.12(4) this implies that

(7.2.7) [Re E(p(wlvp))l < [E(p(wlvg)))]
One can similarly show that
(7.2.8) [Re E(p(wv))] < [E(p(wv))]

Note the following:

O‘PHE(SO(“’W(IJ)D)HLW(M) + 5||E(‘p(w”))”Lw,1(M) < O‘P||90(w|v(1’)|)||Lw,1(zsm) + 5||<P(w”)||1:w,1(8m) by (7.2.4)

= Hapw|v(p)|| Lu1(B) + 5wv||Lw71(B) since ¢ is an isometry
= HW(p)HLw,l(B) +[[W(q)]

= |lp|

Luw,1(B)

Lot (A) + ||qHLw)1(A) since W is an isometry

= [ s [ e

o0
= / tptq(BD)w(t)dt  since ¢ <p = Uptrq = Hp + Lg,
0

by Example 1.4.1(3)

= lp+dllz,
= HTp(p + q)| Lu1(B) since T}, is an isometry
(7.2.9) = Hy‘ Lo A(B) by definition of y

Assume that the inequality in (7.2.7) is strict. Then

(7.2.10) [Re E(e(wlom |1, Ly < [B@@vmD L, o

since L., 1(M) has strictly monotone norm. Furthermore,

HyHLw,l(B) = H|y‘HLw,1(B)
= (D]

H<p(|y|)HLwy1(M) since |y| € M C B,

[|ap Re E(o(wlvg ) + BRe E((p(wv))HLw’l(M) using (7.2.6)

a|[Re Eo(wlom)]l ;. (e + BlIRe E(p(wn))

since ¢ is an isometr
Lu1(Br) ¥ y

IN

Loy,1 (M)
< o[ Elp(wlvpm L, ae T BIIRe E(p(wv))[,, (1  using (7.2.10)
< op|Ele(wlvpm DL, e T BB, (py — using (7:2.8)
and the fact that L, (M) is fully symmetric
< HyHLw’l(B) using (7.2.9)

This contradiction shows that

(7.2.11) [Re E(p(wlvpD) = [E(p(wlvg]))]

As mentioned before, E(o(w|v(,|)) is normal and so E(p(wl|v(,)|)) is self-adjoint, by Proposition B.2.12(5). We
can similarly show that F(¢(wv)) is self-adjoint.
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Next, we show that E(p(wl|v(,)|)) and E(p(wv)) are positive. Note that E(p(w|v)|) = E(e(w|vgl)™ —
E(p(wlvpy )™, where E(p(wlvp )™, E(p(wlvg[))™ > 0. E(p(wv)) has a similar decomposition. Assume
that E(p(wlvpy )™ # 0 or E(p(wv))” # 0. Then

apE(p(wlvg) )™ +BE(p(wo)™ > apE(p(wlvg, ) + BE(p(wo))
(7.2.12) = ¢(y) by (7.2.5)
Therefore,
[Wlloy . = leWuDll,, oy as before

< e E(p(wlogy )T + ﬂE(g@(wv))*HLw’l(M) using (7.2.12) and the strict monotonicity

of H'HLW(M)

S ||aPE(‘p(w|U(p)|))+|’Lw,1(M) + HBE(‘/’(w”))JFHLw,l(M)

< ||apE(<p(w|v(p)|))||Lw,1(M) + HBE(SD(U}U))HLWJ(M) using Proposition B.2.2(3)
and the monotonicity of the norm

< ||y||Lw71(B) using (7.2.9)

This contradiction shows that E(p(w|vy|))™ = 0 and E(p(wv))™ = 0. Therefore, E(p(wlvy|)) and E(p(wv))

are positive.

Finally, to show that E(p(w|vy|)) and E(p(wv)) are projections, we will show that each of these elements has
spectrum contained in {0, 1}. This will be achieved by calculating the singular value functions of E(p(wlv(y )
and E(p(wv)) and using the relationship between the range of a singular value function of an element and the
spectrum of that element. Recall that wl|v(,| and wv are partial isometries. Since ¢ is a *-isomorphism and hence
a Jordan *-homomorphism, p(w|v,|) and ¢(wv) are also partial isometries, by Proposition 1.8.6(2). It follows,
by Proposition 1.4.5, that the generalized singular value functions of ¢(w|v(,)|) and ¢(wv) are characteristic func-

tions. Note that by (7.2.3), E(p(wl|v(,|) < ¢(w|v(,|). Furthermore, by Proposition 1.4.5, fig(wju,,|) = X[0,s):

where s = vg, (p(|w|vp)l]). Assume wp(p(wlvg,|) # Ro(wlog ) = X[o,s)- Then,

ll., .y = el E@@lomIL, ) +BIE@@ODI L, ny  as before
< ap“@(wlv(p)\)HLw’l(Bm) + BHE(go(wv))HLwJ(M) by Corollary 7.1.7
< el s+ Ble@o)l,, s,  using (7.2.4)
= |yl .  using (7:2:9)

This contradiction shows that PE(p(wlvm]) = Heowlogp)- We can similarly show that ppowe) = Mewy) and
hence these are all characteristic functions. Note that, by Proposition 1.3.5(1), S¢(Bm, vm) = S(Bm, Vm ), since
B, is trace-finite. It follows that E(p(wv)) € S.(Byn, ) and hence o(E(p(wv))) = {0, 1}, by Proposition 1.4.2(7)
(since we also have that E(¢(wv)) > 0). It follows, by Theorem B.1.10 that E(p(wv)) € M is a projection. We

can similarly show that E(p(w|vy,|)) is a projection. O

LEMMA 7.2.2. E(p(w|vy)|) = o(|vp)|) and E(p(wv)) = ¢(|v]).
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Proor. We start by showing that E(p(wv)) = E(p(|v])) and hence that E(e(|v])) is a projection, by
Lemma 7.2.1. Note that

[E@@o)|l,, oy < @)y, s, by (72.4)
= vaHLw (B) since ¢ is an isometry
(7.2.13) o[l s by Proposition B.3.1(6)
Similarly,
(7.2.14) HE(@(W‘”@)D)HLW(M) = H‘U(P)|||Lw71(6)

Assume we have strict inequality in (7.2.13). Then

IN

lllz, . < allBlelvmDly, o +BIE@@L, ny  as before

A

aPH|U(P)‘HLw,1(B) + BH”HLW(B) using (7.2.14) and our assumption

ap||w\v(p)|||Lw,1(B) + BHwUHLw,l(B) by Proposition B.3.1(6)

||y||Lw71(B) as in (7.2.9)
This contradiction shows that
(7.2.15) ||E(‘P(“w))‘ Luwai(M) HUHLU,J(B)
We can similarly show that
(7.2.16) [ElvmDL, o = el s
Furthermore,
0 < E(p(wv))

= E(p(wv))*E(p(wv)) since E(p(wv)) is a projection by Lemma 7.2.1

< E(e(wv)*p(wv)) by Theorem B.4.1(5)

= E(p(v*w)p(wv)) since ¢ is a *-isomorphism

= E(p w wv)) since ¢ is multiplicative on mBm
(7.2.17) = E(p(v])) since w is unitary and v is a partial isometry

Assume E(p(wv)) # E(p(Jv])). This implies that 0 < E(p(wv)) < E(¢(|v])), by considering (7.2.17). In this

case, we have

HE(QD('”‘))HLMJ(M) using E(p(wv)) < E(¢([v])) and the strict monotonicity of the norm
[E(En]

||”HL1,,,1(B)

IN

Lur(Bry DY (T:24)

since ( is an isometry

This contradiction shows that

(7.2.18) E(p(wv)) = E(e(|v])

Next, we use the properties of the conditional expectation to show that E(p(|v])) < ¢(|v|). If we knew that
o(v]) € M C L1(M), then it would automatically follow by Theorem B.4.1 that E(p(|v])) = ¢(|v]). Unfortu-

nately, we only know that ¢(|v|) € B,,. Note that |v| is a projection in mBm and so ¢(|v|) is a projection in
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B, since ¢ is a #-isomorphism. It follows by Proposition B.2.2(4) that

(7.2.19) E(e([o))e([v)E@ (o)) < Ep(v)1s, Ep(lv]) = E(e(v)
Furthermore,

E<E(w(vl))(@(@l)ﬂ@(lﬂl)))) = E(p(loD)E((v)E(p(le]))) by Theorem B.4.1(6)
= E(e(v)E(e(lt)E(e(lv)) by Theorem B.4.1(6)
= Elp(v)  since E(p(Jol)) is a projection
= E(E(p(v]))) by Theorem B.4.1(3)

= 0

I
=

E(E(v]) ~ E(e(lv)e(lo) E(e(lo]))  since E is linear

Using (7.2.19) and Theorem B.4.1(2), it follows that 0 = E(p(|v])) — E(e(|v]))e(Jv))E(e(Jv])). By Proposition
B.1.22(4), this implies that

(7.2.20) E(e(lv])) < o(lv])

Recall that F(p(wv)) = E(p(|v])) (see (7.2.18)) and so, using (7.2.15), we have that

(2 = || B

(Jvl) HLw (M) )HLw,l(M) = ’|90(|”|)||Lw,1(6m)'

Since we are dealing with a space with strictly monotone norm, this implies that the inequality in (7.2.20) cannot

be strict and hence
o(|v]) = E(p([v]))-

The equality E(o(w|vgy|)) = ¢(|vp)l) is proved similarly. O
LEMMA 7.2.3. wv = [v| and wlvey| = vy .

PROOF. If we can show that wv and wlv,)| are projections, then we will have

wlvg)| = (wlog) )" (W) l) = lve) v wlvg) | = v,
since w is unitary. We would similarly have wv = |v[. We start by showing that o(|ve,)|) = E(e(w|vp)|lw*)).

Note that |v(,)| is a projection and so ¢(|v(y|) is a projection. Therefore

elvpl) = v e(vg
- E(sa(w\vp>|>>(E<sa<w|v<p>|>>)* by Lemma 7.2.2

E w|v(p)\ o(wlvey) \))*) by Theorem B.4.1(1)

((p [V(pylw™) > o(lvpylw )) since ¢ is a *-isomorphism
(cp(|v(p)|w*)) ( ([ ))) by Theorem B.4.1(5)

= FE cp((w|v(p))(|v(p)|w*))) since ¢ is a *-isomorphism

= E(p(wvg)|w))
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Assume that (v, |) # E(p(w|vp|w*)). Then

|Hv(p)|||Lw,1(B) = ||<P(|U(p)|)||,;w’1(3m)
< ||E(80(w|v(p)|w*))||Lw {(Ba) using our assumption and the strict monotonicity of the norm
< ||80(w|”(”)|w*)“Lw,1(B using (7.2.4)

m)

||w|”(p) |w” HLW(B)

by Proposition B.3.1(6)

|||U(p)|HLw,1(B)
This is a contradiction and so
(7.2.21) e(lol) = Elp(wlvg|w®))

In particular, E(¢(w|vp|w*)) is a projection. Next, we show that w|v(,)| is normal by showing that ¢(|vy,|) =
E(o(wlvpy|w*) = o(w|vp)|lw*) (and hence that |v,)| = wlvg)|w*). Note that wlvp|w* = (wlvg|w*)* =
(wl|vg |w*)?, ie., wlvg)|w* is a projection. Therefore ¢(w|v, |w*) is also a projection (using the multiplicativity

and *-preserving properties of ¢). Replacing [v| with w|v,|w* in the proof of (7.2.20), we obtain
(7.2.22) E(p(wlvg|w?)) < pwlog|w®)
Furthermore, using (7.2.21) and Proposition B.3.1(6), we have that

[E(ewlvglwN L, 5. = le@a DL, 6. = el @ = [elvele]l,, | =l )l e,

Since L., 1(B,,) has strictly monotone norm, this implies that the inequality in (7.2.22) cannot be strict and
therefore p(w|ve,|w*) = E(p(w|vg|w*)). However, E(p(w|ve,[w*)) = o(jvgl), by (7.2.21) and so w|v(,)|w* =

|v(p)|, since ¢ is injective. It follows that
(7.2.23) wlvg)| = vg)lw

It is easily checked that (7.2.23) implies that w|v(,)| is normal. Next, we show that w|v(,| is self-adjoint by
showing that |[Rew|v(y)|| = |v@|- Since wlv(y,| is normal, we have by Proposition B.2.12(4) that

(7.2.24) Re (w]vg) )] < [wlvg) || = (v lw wlvg ) = v
Furthermore,

o(lvl) = E(e(wlvgl)) by Lemma 7.2.2
= ReE(p(wlvp)l)) since E(p(w|vey,|)) is self-adjoint
= E(pRew|vy))) since E and ¢ are linear

Using the above and (7.2.4), we therefore have that

H‘p(|”(p)|)||Lw,1(Bm) = ||E(<p(Rew|v(p)|))’ Luw1(Bm) < Hap(Rew\v(pﬂ)Hval(Bm)

Using the fact that ¢ is an isometry, (7.2.24) and the monotonicity of the norm, we have that

< |Rewlvpmlll,. ) < Illvg

H|”(p)|HLu,,1(B) w,1(B) P)|||Lw,1(l3)

We therefore get

(7.2.25) = ||Rewlvg,

|||U(I7)‘HLw‘1(B) )|||Lw,1(8)

Using (7.2.24), (7.2.25) and the strict monotonicity of the norm we obtain

(7.2.26) v | = [Re(wlvg,l)|
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However, |v,| = [w|vg|| (see (7.2.24)) and so w|v,| is self-adjoint, by Proposition B.2.12(5). Furthermore, by
(7.2.2),

1
wv = Z(Jy| = apwlvg,|)
B
and so wv is also self-adjoint. Next, we show that w|v(,)| and wv are positive. Assume that (wv)~ # 0. Then
lyl = apwlvg | + Buwv < ap(wlvg) )™ + Blwo)*

Using the strict monotonicity of the norm and the triangle inequality, this implies that

+ +
||y||Lw,1(B) < opl|(wlvl) HLw,1(5) + 8| (wo) ||Lw,1(13)
< apH\w|v(p)||||val(B) + /3’|||wv|| Lo (B) using Proposition B.2.2(3) and
the monotonicity of the norm
||yHLwy1(B) using (7.2.9)
This contradiction shows that (wv)~ = 0 and hence wv is positive. We can similarly show that w|v,)| is positive.

Since, in addition, wv and w|v(,)| are partial isometries, it follows that they are projections, by Remark B.1.29.
O

LEMMA 7.2.4. |v| < |vep)]
PROOF. Recall that 0 < ¢ < p and T,,(¢q) = Sv. Furthermore, by Lemma 7.2.3,
(7.2.27) W(q) = Bwv = B|v] and W(p) = apwlv| = aplv)l

If ¢ = p, then Blv| = W(q) = W(p) = aplvpy| and so |v] = |v,y|. Suppose ¢ < p. Then p — ¢ is a non-zero
projection and 7(p — q) < 7(p) < co. W is a surjective isometry and so W (p — q) = ~b for some b € V(B)/,
where v = %. Put s = |v| V [b] — |v(p)|(v] V [b]). If we can show that s is a projection and s = 0, then we

would have
| Vo] = o [(Jo] V [B]) = [o] V [b] < [vg)| = |v] < o]

Assume that s # 0 and let € = a% and § = -L. We start by showing that ¢ = . To do this we will show that

Ap

|v|s = s = |b|s. Note that, using (7.2.27), we have
1 « B
(7.2.28) b= -W(p—q) =Lyl - —|v
S S o =l

It follows that b is self-adjoint. Furthermore, since M is abelian, S(M, v,) is abelian. Since E(p(wv)), E(p(wlv|)) €
LY(M) € S(M,v,,), it follows that these commute and hence, by Lemma 7.2.2,

e(lv e(lv]) = E(p(wlvg) ) E(p(wr)) = E(p(wo)) E(e(wlvg ) = e(lvhe(vp))-

¢ is multiplicative and so |v(,)|[v| = |v|[v(y,|. Using (7.2.28), this implies that b|v| = |v[b and hence [b[|v| = |v][b],

by Corollary B.2.8. We can similarly show that |v(,)| and |b| commute and therefore s is a projection. It is then
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easily checked that s commutes with |v| and with [b], since |v|, [v(,)| and [b] all commute. Furthermore,

(7.2.29) vyl = e€lv]+0b  using (7.2.28)
— ol (ol V bl = [ogn (0] V D) = (elo] +db)s
= 0 = elv|s+dbs since v |* = vgy|
= slu]Ps = &%s|b|?s
(7.2.30) = elv|ls = 0|b|s since |v|s = s|v|, |b|s = s|b| and hence these are projections
= |vls = |bls since |v|s, [b|s € P(B)

— o|(Jo] V [B] = [ (0] V [B])) 1B](Ju] V [b] — [og | (Jo] V [B]))  recalling the definition of s

(7.2.31) = |v] = |vp)llv]

] = v 0] since all the projections in the previous line commute
Note also that
s = |v[+ 6] = [ol[b] = o) |(Jo] + [b] = |v][b])
by Proposition B.1.16(4), since |v||b| = |b||v|

= (Jo] = fogl[o]) + ([b] = [oyl[b]) = ([o] = [og) [l (18] = [vg [[0])

since v [[v][6] = [v|[v [[b] = [vp) [ [v]|ve | [B]

= (Wl = lvgllol) v (6] = [og) |[6])

by Proposition B.1.16(4), since (|v| — vy, ||v]) and (6] — [v(y,)|]b]) commute

(7.2.32) = ([ =lvgllv]) = (bl = v b)) using (7.2.31)
= [vls = |v|(jv] = v llv])
= ([l = lvgllv])  since [v[|vg)| = |vg)llv] and |v| € P(B)
= s

We can similarly show that |b|s = s. We therefore have that |v|s = s = |b|s and hence that es = ds, using
(7.2.30). Since s is a projection and we have assumed that s # 0, this implies that ¢ = § and therefore 8 = 7,

ie.,

(7.2.33) P(rle) _ PEl—9)

d(v(lv)) b(v (o))
We show that if € = 1 (or equivalently § = 1), then s = 0. If e = 1, then o% —e=1=0= alp and so 8 = ap = 7.
It will be useful to calculate the norm of |v| —b. To do so we first calculate the singular value function of |v| — b.

Note that |v(,)| = [v] 4 b, using (7.2.29) and € = 1 = §. Therefore

(7.2:34) [o] = b = logp| = 20 = vy | = 2log| = [o]) = 2le] = vy
Furthermore,
2
(20101 = o o) + [ogy])~ = 4lv] = Alollogy | + [vgy]  since [vgy|[o] = [ol v
= 2l - log)?

= o] —b)? using (7.2.34)
Furthermore, it is easily checked that 2(|v| —|v(y)|[v]) +[v(p | > 0. Positive square roots are unique and therefore

(7.2.35) ol =0l = 2(|v] = [v)l[v]) + [ve)]
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Note that (|v| — |v()||v]) and |ve,)| are projections. Furthermore [ve,)|([v] — |vpy||v]) = 0 and |vg,)| + (Jv] —
[y l[v]) = vy | V [v], by Proposition B.1.16(4). Therefore, by Example 1.4.1(2),

(7.2.36) B2(ol—loep )+ = 2X[0w(vl=logp) loD) T X (ol =lvg) o) v (v]VIvp 1)

Recall that we have assumed that s # 0. Since s is a projection, v is faithful and ¢ is strictly increasing this
implies that (v (s)) > 0. The following calculation will show that if e = 1 = §, then we obtain a contradiction

and so s = 0 in this case.

we®) = ol a
= lla=w-alll,, 0 sinceap-a)=0= lg—@p-9l=le+{p-ql=p
by Proposition B.2.12(3)

= |[W(g)-W(p- q)HLw \(B) since W is a linear isometry
= [|Blvl - A/bHLw,l(B) using (7.2.27)
= ap|||”| -

bHLwJ(B) since B = ap =1y

oo
= ap(/() M2(|v\f\v(mHu|)+\v(m|(t)dw(t)) using (7.2.35)

= O‘p(/o 2X[Ow<\vlflv<p>|lv\>>(t)dW)+/0 X(V(lv\*\v(m\\ﬂ|)7V(|v|V|v<p>D)(t)dw(t)) using (7.2.36)

- (e vvl = o) llv v(jv| Vv
N < P(v(v (p))))(w( ([l = v l[])) + ¥ (vl V| (p)l))>

_ <¢gf/((v( )| (2((I5(I|Z(7)J|<§;I>)> since [v] — v |v] = 5 (see (7.2.32))

v |
o) (et +1) s Vo] > )| = el ¥ ) > vl )
(p

v

and % is strictly increasing

> (r(p))  since P(v(s)) # 0

This contradiction shows that if e =1 = ¢, then s = 0.

We consider various possibilities. Suppose 7(g) < 17(p). Note that 7(p) = 7(¢) +7(p—q), and so 7(p—q) > 7(q)
in this case. Therefore ¥(7(p — q)) > ¥(7(q)), since ¥ is strictly increasing. Using (7.2.33), this implies that
v(|v]) < v(]b]). A simple proof by contradiction, using the previous inequality, shows that |b| — |b||v| # 0. Note
that |b] — |b]|v| < |b] = s(b), since |v| and |b] commute. Therefore

0 # db(|b] — |b]|v]) by Proposition B.2.12(2)
= (o — o) (bl = llol)  using (7.2.29)
(7.2.37) = Jvl (ol = [bllvl)  since Jv|[bljo] = |v|*[b] = |v][b]

It follows that there exits an n € Hy such that v, [([6] —[b|[v])(n) # 0. Let n1 = (|b] — |b[|v[)(n). Note that since
b is self-adjoint, |b] = s(b) = r(b). It follows using (7.2.37) that |b|[v(,)|(n1) = |b|6b(n1) = db(m1). Furthermore,

[bl[o) [(m) = o) [[61(m) = o) [1BI(16] = [b][0])(n) = [v)[([6] = [Bl|v])(n) # O
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and so b(n;) # 0.

lbllvgy ()] = |[1bllve |[bllve) [m) || since |v(,| and [b] are commuting projections
= [[Ibllve) 1(8b(m)) |
= [8]]|o([bllvgpy | (m)]| since b, [b] and |v(,)| all commute
= |0[|[bllvy|(m)||  since b is a partial isometry and |b]|v(,|(n1) € (Ker(b))™"

Since [b]|vy)|(m1) # 0, this implies that |§| = 1 and hence § = 1, since 6 > 0. This implies that s = 0.

We can similarly show that if 7(¢) > £7(p), then v(|v|) > v(|b]) and |v| — |v]|b] # 0. Therefore

0 # e(lv[—Tvllb])
= €(|v| — |[v]|b]) + 6b|v| — 6b|b||v] since |b| = s(b)
= e[v|(Jv] = [v[[b]) + db(|v| = [vl[b])  since |v[[b] = [b]|v]
= (el + 0b)(Jv] = Jv[[b])
= |vgpl(lv] = [v|[b]) using (7.2.29)

Since [v(y)|(|v] — [v]|b]) and (v — [v]|b]) are non-zero projections, it follows by Proposition B.1.22(5) that ¢ = 1
and hence s = 0.
1

Next, suppose that 7(¢) = 17(p). This implies that 7(p — ¢) = i7(p) = 7(g). Therefore, using (7.2.33)

and the injectivity of 1,
(7.2.38) v(jo]) = v([b])

We consider the cases |v| # |b] and |v| = |b| separately. Suppose |v| # |b]. If we assume that |b||v| = |b], then in
this case [b| < |v] and so v(|b]) < v(|v|). This contradicts (7.2.38) and so |b| — [b||[v] # 0. As in the 7(q) < 37(p)
case, the former would also show that s = 0. Suppose |v| = |b]. Let 0 < p < 1 and put z, = ¢+ ip(p — ¢q). We
will demonstrate that calculating the norms of , and W (x,) for different values of p will lead to a contradiction
and hence show that s = 0, also in the case |v| = |b|. We start by calculating the singular value functions of z,
and W (z,). Note that, since ¢(p — ¢) = 0, we have, by Proposition B.1.23 that |z,| = ¢ + p(p — ¢) and hence,
by Proposition 1.4.2(2) and Example 1.4.1(2),

B, = Hiz,| = X[0,r(p)/2) T PX[r(p)/2,7(p))

Therefore,
lzollz, ) = /0 (Xo.r1/2) + X2 ) (D)
(7:2.30) = 0 (0)/2) + p(W(r(p) — v(r(p)/2)
In order to calculate the singular value function of W (z,), it will be useful to show that b = 2|v(,)| — |v| under

the present assumptions (i.e. 7(¢) = 37(p) and |v| = [b]). Using (7.2.29) and |v| = |b| = s(b), we obtain

[y l[v] = (6b + ev])[v] = dblv] + e|v][v] = b + €[] = [v)]
This implies that |v(,)| < |v]. Furthermore, since 7(q) = 7(¢ — p) and |v| = [b], we have

vrle) _vlle—a) _
(lvl) P (bl)

(7.2.40) p=
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Using (7.2.32) and |v(,| < [v|, we obtain 0 # s = [v| — |v(p[|v] = [v] — |vg)|. We have shown that e = ¢ and so

(7.2.41) b = |vp)| — €| using (7.2.29)

It follows that eblv(y)| = v |* — €|v|lv(y)| and, since |vg,)| < |v], this implies that

(7.2.42) 6b|1}(p)| = (1- €)|U(p)|

Note that |v,)| < |v] = [b] = s(b) and so for any 0 # 1 € |v(,|(H), we have ||b(n)|| = ||n]|, since b is a partial

isometry and n € s(b). Therefore, using (7.2.42), we obtain
ellnll = llebl| = |+ = e)nl| = (1 = €)[|n]
It follows that e = 1 — ¢, i.e., e = 1. Using (7.2.41), this implies that
(7.2.43) b=2lvp| — |v]
This expression for b will enable us to calculate the singular value function of W (z,).
W(z,) = W(g)+ipW(p—q)
= plv| +ipyb see (7.2.27) and the discussion thereafter
= B(|v] +ipb) using (7.2.40)
= B(|v| +ip(2|v(p)| — |U|)) using (7.2.43)
= B =ip)(jo] = [vpl) + B +ip)lvg)|

v] = [vg)| = iplv] + iplogy | + v | +iplvg)))

Since |vy| < [v|, we have that |v] — |v,)| and |v(,)| are orthogonal projections. By Proposition B.1.23, this
implies that

(W ()| = BIL = ipl(Jv] = [vg)|) + BIL +ipllogy| = B(L+ p*)!/2[0]
Using Example 1.4.1 and the fact that pw(.,) = #w(z,), we obtain () = B(1+p2)1/2X[0,y(|vD). We therefore
have that

W@y, e = /Ooo“(l+p2>”2><[o7u<m»)(t)dwt)

@) 4 e
= S e el

= (1+ ,02)1/21/)(7(1))/2) since 7(q) = 7(p)/2

Using (7.2.39) and the fact that |[W(z, this implies that

Wi = l2ollz,
(7.2.44) (14 )20 (0)/2) = ¥ 0)/2) + p (015 (0) — (7 (0)/2))
This holds for all 0 < p < 1. In particular, for p = 0.1 and p = 0.2, we obtain

(7.2.45) (L0 20(r(p)/2) = $(r(p)/2) +01((r(p) = U(r(p)/2))  and

(7:2.46) (L0 20(r(p)/2) = $(r(p)/2) +02((r(p) - ¥(r(p)/2))

Taking 2 x (7.2.45) — (7.2.46), we obtain (r(p)/2) = (2(1.01)1/2 - (1.04)1/2)¢(7(p)/2) and hence 7(p)/2 = 0,
using the injectivity of 4. Since 7 is faithful, this implies that p = 0, which is a contradiction and hence s = 0.
We have shown that s = 0 in all possible cases and hence |v[ < [v(p|. O

LEMMA 7.2.5. Tp(pLw,1(7)P) C |v(p)|Luw,1 (V) |vp)]-
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ProoF. The implication of Lemma 7.2.4 is that |vg,[|v[|vgy| = |v] and hence |[v] € |vp|[Lwi(V)|vpl,
by Proposition B.3.7(3). Therefore v € |v)|Luy,1(v)vp |, by Proposition B.3.7(1), and so T,(q) = pv €
[0y [ Lw,1 (V) v(p) |- Let D) := {e € P(A)! : e < p} and G := span (D(,)). Since 0 < ¢ < p was arbitrary, T}, is
linear and |v(p)|Lw,1(V)[v(p | is a subspace of Ly, 1(v), we have that Tp(ng) C vy Lw,1 (V) |vpy |- Tp is continuous
and, by Proposition B.3.9, |v(p)|Lw,1(¥)|v(p)| is closed; therefore, T,,(gT{) C |v(p)|Lw,1(¥)|vpy|- This completes
the proof of the lemma, since Q’TJ; = pL.,,1(7)p, by Proposition B.3.8. O

LEMMA 7.2.6. If & € pLy 1 (1) p, then
p(x) 2 0.

Proor. Recall that T,(¢q) = Bv. Since v € |v(y)|Luw,1(v)|v)|, this implies by Proposition B.3.7(4) that
pv = Blup|v. Application of Lemma 7.2.3 and (7.2.23) yields

Typ(q) = Blvgy v = Bwlv v = Blugy lwo = Bl ||v].

Since |v| < |v(,)|, we therefore have that |v(,||lv| = |v| and hence T,(q) = BJv| > 0. Since 0 < ¢ < p was
arbitrary, it is easily checked that T,(G,;) C Lu,1(v)*. Furthermore, G = pLy 1(7)"p (see Proposition B.3.8),
T}, is continuous and L, 1(v)" is closed (see Proposition B.3.1(10)). It follows that

Ty (pLuw 1 (7)*p) = Tp(G5 ) € Lua(v)*.

O

The major part of the proof up to this point has been a semi-finite adaptation of the techniques employed
in the proof of [4, Theorem 5.1] (see Theorem 2.2.10). The following lemma shows that this groundwork in fact

enables us to show that any surjective isometry between Lorentz spaces (of this type) is disjointness-preserving.

LEMMA 7.2.7. If 0 # r, s € P(A)! are such that rs = 0, then V() V(s = 0 =0,y v(s), where v(), v(s) € V(B)f
are such that U(r) = a,vi) and U(s) = asv). Furthermore, o, = a5 = Qpys, V) + V) = V(rps) and
oy | + [0 = [v@ts)|, where U(r + s) = rpstrps)-

PROOF. By Proposition B.1.21(3), r+s = rVs € P(A)f and so there exits a partial isometry v(, ;5 € V(B)”
such that U(r + s) = qy4sV(45)- By Proposition B.2.13, there exists a unitary operator u ;4 € B such that
U(rts) = U(T+S)|U(r+s)|. Let u denote U(pts) and note that

Trys(r) =uwU(r) = aru*v(,.).
Furthermore,
(000 (1" 0(0y) = (g ) (0 013) = iy Uy = o
It follows by Proposition B.1.28 that -7, ,(r) is a partial isometry. Furthermore, LT, ,(r) > 0, by Lemma

707‘

7.2.6 (using p = r+s). It follows, by Remark B.1.29, that Q%THS (r) is a projection. We can similarly show that

Q%THS(S) and ﬁTHS(r + s) are also projections. Therefore, u*v(,y, u*v(s) and u*v(,44) are all projections.

Furthermore,
QU vy + s vy = Ty s (1) + Trgs(8) = Trys (1 + 8) = Qg su V()
By Proposition B.1.24 this implies that
u*v(r) = u*q;(s) = u*v(r+s) and Qp + g = g
or

(7.2.47) (u o) (u*vesy) =0, Uy + UV = UV and Qp = Qg = Qpyg
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If we assume the former scenario, then

T * « S
Trys (QT> = Uy = U V) = Trgs <as>

Since T, is an isometry and hence injective, it follows that QL = ai and hence r = s. This is a contradiction,
since rs = 0 and r,s # 0. Therefore (7.2.47) holds. Note that ViU = (u*v(s))* = u'v(,), since u*v) is a
projection. Similarly, vf, u = u"v(,. Therefore (u*v(,))(v(,u) = (U v())(u v(s)) = 0, using (7.2.47). It follows
that
V() V(s = w0.u™ =0
Furthermore, (u*v(y)(u*v(s)) = 0 implies that
UinU(s) = (WG u) (U ve) = 0,
since uu® = 1 and v(,yu = uv(;). Note also that u(u vy + utv)) = u(u vy ), using (7.2.47). Since u is
unitary, it follows that
U(r) +U(s) = V(r+s)-

Furthermore, this implies that

‘U(7'+s)| = Uzkr-i-s)v(r—&-s) = (U(y-) + v(s))*(v(,.) + ’U(s))
= UE})U(,«) + U?S)U(S) since 'UE})’U(S) =0= UZ‘S)U(T)
= v + vl

O

COROLLARY 7.2.8. Suppose (A,7) and (B,v) are semi-finite von Neumann algebras and w is a strictly

decreasing weight function. If U : Ly, 1(T) = Ly 1(v) s a surjective isometry, then
Ulp)*U(q) =0=U(p)U(q)*

whenever p,q € P(A)Y are such that pg = 0.

PROOF. Recall that U(p) = apv(,) and U(q) = aqu(,. Using Lemma 7.2.7, we have that

Up)*U(g) = apviy)aqvig) =0

We can similarly show that U(p)U(q)* = 0. O

Before proving the main result of this chapter, we show that if 0 # p,q € P(A)f are arbitrary projections,
then o, = ay. If p = g, then clearly o, = . If ¢ < p, then 0 # p — g and ¢(p — ¢) = 0. It follows by Lemma
7.2.7 that g = ap_q = Qgp(p—g) = @p. I p £ g and ¢ £ p, then let m = pV q. It follows that p < m, ¢ <m

and m € P(A)f. By what has been shown already this implies that a, = «,, = o,. There therefore exists an
o € RT such that U(p) = awg,) holds for any 0 # p € P(A)/.

THEOREM 7.2.9. Suppose (A, 7) and (B,v) are semi-finite von Neumann algebras and w is a strictly de-
creasing weight function. A linear map U : Ly, 1(7) — Ly 1(v) is a surjective isometry if and only if there exists
a Jordan x-isomorphism ® : A — B, a unitary u € B and a § > 0 such that

1
U(z) = gutb(a:) Vo € AN Ly 1(7)

and

Y((@(p) =&(r(p))  VpeP(A).
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PROOF. We have seen that if p € P(A)/, then U(p) = avy,) for some v(,) € V(A);. It follows that

v(s(U(p)) = v(lvpl) < oo

whenever p € P(A)f. If p,q € P(A)f with p,q = 0, then
Ulp)*U(q) =0=U(p)U(q)",

by Corollary 7.2.8. It follows by Theorem 6.1.1, that there exist a Jordan x-isomorphism ¢, a unitary operator
u € B and a positive operator b affiliated with the centre of B such that

U(z) = ub®(x) Vo € AN Ly (7).
Furthermore, ®(p) = s(U(p)) for every p € P(A)f. Recall that in the proof of Theorem 6.1.1, the positive
operator b was obtained using the spectral decompositions of the positive operators b, (p € P(A)/), where
U(p) = wipbe)

is the polar decomposition of U(p). In our present setting we have that

bpy = UD)] = lavg | = alyy)| = as(U(p)) = a®(p),

where we have used the fact that «,, = o for all p € P(A)/. This implies that if by, = [;° Ade(,)(A) is the

spectral decomposition of b, then

P)>

d(p) f0<A<a
e(p)()\,oo):
0 ifA>a

Furthermore, ® is a Jordan *-isomorphism and hence normal and unital, by Proposition 1.8.8. It follows that
SOTlm®(p) = ®(1) =1 and so
peD

1 fo<A<a
e(A,00) 1= SOTlime, (A, 00) =
rep 0 ifA>a
It follows that b= [~ Ade(X\) = o1 and hence
U(z) = aud(z) Vee ANE.
Furthermore, for any p € P(A)/, we have

U(r(p)) = ||p||Lw,1(A) = ||U(p)||Lw,1(B) = ||O‘U‘I’(p)||Lw,1(B) = aH‘I’(p)HLw,l(B) = ap(v(2(p)))

Letting 6 = é completes the proof of the necessary condition.

To prove the sufficiency part of Theorem 7.2.9 suppose that & : A — B is a Jordan x-isomorphism with
the property that

(7.2.48) (W(®(p) = 0(r(p))  Vp e PA),
for some ¢ > 0 and suppose u € B is a unitary operator. Let

To(z) := %qu)(x) Ve € AN Ly (7).

We show that T can be uniquely extended to a surjective isometry T' from L,, 1(7) onto L, 1(v). We start by

showing that Ty is an isometry with respect to the Lorentz norms. Let Gy denote the set of all finite linear

n
combinations of mutually orthogonal projections in P(A)7. Suppose z = > aip; € Gy, with |a1] > |ag| >
i=1
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n

o > |ap| and p; € P(A) for every i, with p;p; = 0 if i # j. Then |2| = 3" |as|p;, by Proposition B.1.23.
i=1

Furthermore, since p;p; = 0 if ¢ # j, we have that

n n n n n
T = (Zdipi)(zaipi) = Z|Ch‘\2pi = (Zaipi)(zdipi) =zz’.
i=1 i=1 i=1 i=1 i=1

|z| can also be written in the form |z| = > §,¢;, where ¢1 < ¢2 < ... < g, and the ¢;’s are projections. By
j=1
Proposition 1.4.2(2) and Example 1.4.1,
(7.2.49) P = fije] = > _Bjtta,
j=1
x is normal and so, by Proposition 1.8.6(1), |®(z)| = ®(|z]) = > 5;®(g;). Since @ is a Jordan *-isomorphism,
j=1

® is positive and so ®(q1) < P(q2) < ... < (g, ). Furthermore, by Proposition 1.8.2(5), these are all projections
and so by Example 1.4.1,

(7.2.50) Ha(x) = Ha@)] = Y _BiX0u@(,)

=1
The following calculation shows that T isometric on Gy.

1
—ud

| To (x 5 (‘T)HLM(B)

1
= g”‘b(x)’ Luwa(B) s

= 5| me 0wt

)HLw,l(B) - |
1
since = > 0 and w is unitary (see Proposition B.3.1(6))

= 2 Buw@()  wing (7.2.50)
= %Zﬂj&/}(r(qj)) using (7.2.48)

= /OO o (H)w(t)dt using (7.2.49)
0

||$HLU,,1(A)

Gy is dense in L., 1(7), by Corollary 1.6.8(1), and so T has a unique isometric extension T to all of L., 1(7).
We show that T is surjective. To do so, we will start by showing that ®(P(A)7) = P(B)/. If p € P(A)f, then
®(p) € P(B), by Proposition 1.8.2(5). Furthermore, using (7.2.48), we have

P (®(p))) = 0¢(7(p)) < 0,

since 7(p) < oo. It follows that ®(p) € P(B)! and ®(P(A)Y) C P(B)’. Suppose ¢ € P(B)/. ®~! is a Jordan
*-isomorphism, by Proposition 1.8.8(5), and therefore p = ®~!(q) is a projection, by Proposition 1.8.2(5). There
exists {pa}rea € P(A)/ such that py 1 p and therefore

D(py) T D(p) since ® is normal by Proposition 1.8.8(4)

= v(®(py)) T v(®

= Yp(®(pr) T %

We can similarly show that 5v(r(py)) T 8% (7(p)), but B(v(®(py))) = 6¢(r(py)) for all A and therefore

d9p(7(p)) = P(w(®(p))) = ¥(v(q)) < 0

(p)) since v is normal
(

v(®(p))) since v is increasing and continuous
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It follows that p € P(A)f and therefore P(B)f C ®(P(A)/). It follows that P(B)f = ®(P(A)7).

Let K denote the set of all finite linear combinations of projections in P(B)/. Since ®(P(A)/) = P(B)/, it
follows that ®(Gs) = K. Suppose y 6 Ly1(v). Then du*y € Ly, 1(v). Ky is dense in L, 1(v), so there exists a
sequence (y,)52; C Ky such that yn i) gx y. ®(Gs) = Ky and so there exits a sequence (z,,)52; C G such

that ®(z,,) = y, for every n € N*. Tj is isometric on Gy and so for every n,m € N*,

len = nlly, = IToCen =2, o

1
= ngq)(mn — mm)|

Luw,1(B)

1
Lo A(B) since 5> 0 and u is unitary (see Proposition B.3.1(6))

1
= gHCI)(xn) - q)(xm)’

1
= g”yn - ymHLw,l(B)

Since (yn)52, is convergent and hence Cauchy, it follows that (z,,)52, is Cauchy in Ly, 1 (7). Therefore z,, P
x, for some & € Ly, 1(7). Since T is continuous, this implies that T'(z,) Fa) T(z). Furthermore, ®(z,
Yn L) 50 y and so
T(z,) = %u@(mn) = %uyn Fua(v) %u(éu*y) =y.
It follows that T'(z) = y. O

REMARK 7.2.10. Suppose (A, 7) and (B,v) are finite von Neumann algebras with 7(1) = 1 = v(1) and
suppose w : [0,1] — [0, 00) is a strictly decreasing weight function with (1 fo Hdt=1.Ifd: A— Bisa

Jordan *-isomorphism, then the condition

(7.2.51) b((@(p)) = (r(p)  Vpe P =P

for some § > 0, is equivalent to ® being trace-preserving. It is clear that if ® is trace-preserving, then (7.2.51)

holds for 6 = 1. Suppose (7.2.51) holds for some § > 0. In particular,

P (2(1))) = op(r(1))
= § = zgg;; since ®(1) = 1 by Proposition 1.8.8(3)
= 1 since 7(1) =1 =v(1) and ¥(1) =

Using (7.2.51), this implies that ¥ (v(®(p))) = ¥(r(p)) for all p € P(A). Since ¥ is strictly increasing and
hence injective, it follows that v(®(p)) = 7(p) for all p € P(A). Since v, ® and 7 are linear, it follows
that v(®(z)) = 7(z), whenever z € G = Gy. Suppose z € AT. By Remark B.1.12, there exists a sequence
()22, C G such that x, A2 ®isan isometry, by Proposition 1.8.8(2), and so ®(zy,) 5 ®(z). Furthermore,
A is trace-finite and hence A is continuously embedded into L; (7). Similarly, B is continuously embedded into

Ly (v). It follows that x,, LiT z, ®(x,) ﬁ) ) and hence, since these are all positive elements,
T(zn) = HanLl(T) - H33||L1(T) =7(z) and v(®(zn)) = H(I)(mn)HLl(u) - ||(I)(x)||L1(zx) = v(®(z)).

However, v(®(x,)) = 7(x,) for each n € Nt and so

Since any element in A can be written as a linear combination of positive elements and ®, v and 7 are linear,

we have that ® is trace-preserving.
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We finish this chapter with a corollary to Theorem 5.3.4, which shows that if we are dealing with Lorentz
spaces associated with different weight functions, then we can still describe the structure of a surjective isometry

between these spaces, provided we know, in addition, that the isometry is positive.

COROLLARY 7.2.11. Let A C B(H) and B C B(K) be semi-finite von Neumann algebras equipped with
semi-finite faithful normal traces T and v respectively. Let wy and wy be strictly decreasing weights on [0,00). If
U : Ly, 1(T) = Ly, 1(v) is a positive surjective linear isometry, then there exists a positive operator a € S(B,v)

and a Jordan x-isomorphism ® of A onto B such that
U(z) = a®(x) Ve € AN Ly, 1(7)

Proor. Note that E = L, 1(7) and F' = Ly, 1(v) are fully symmetric spaces with absolutely continuous
norm, by Proposition 1.6.6. Furthermore, if p € P(A)/, then mp is an extreme point of Bg, by Proposition

7.1.3. U is an isometry and so U(Wp) is an extreme point of Br. It follows by Proposition 7.1.3 that

U(wl(i(p))p> = W(Dl(lv‘)v for some partial isometry v € B with v(|v|) < co. Therefore s(U(p)) = |v| and hence
v(s(U(p))) < co. The result therefore follows by Theorem 5.3.4. O



CHAPTER 8

Positive surjective isometries on Orlicz spaces

In Chapter 5 we considered positive surjective isometries between a symmetric space and a fully symmetric
space. We assumed that these spaces have absolutely continuous norm, which in the context of Orlicz spaces
implies a restriction to Orlicz functions which satisfy the As-condition. In this chapter we consider positive
surjective modular isometries on certain Orlicz spaces whose Orlicz functions do not satisfy the As-condition.
Suppose (A, 7) and (B,v) are semi-finite von Neumann algebras and ¢ is an Orlicz function. For x € S(A, 1),

we let Iy(x) = I4(pz). A map U from Lg(7) into Ly (v) is called a modular isometry if

1,(U(x)) = / " b (1)t = / T (a0t = Iy(x) Vo€ Ly(r).

Any modular isometry is an isometry (since it is easily checked that ||x“¢ =inf{A > 0: I4(xz/\) < 1} for every
x € Lg(7)) and if U is a modular isometry from L, (7) onto Ly(v), then U~! is a modular isometry, since if
y € Ly(v) and © = U~ (y), then

In the commutative setting it is, in fact, also true that any surjective isometry of a complex Orlicz space is also
a modular isometry (see [28, Theorem 4]). The first scenario we will consider is an Orlicz function ¢, which has
the property that ay :=sup{t > 0: ¢(¢t) =0} > 0 and by :=sup {t > 0: ¢(t) < oo} = co. The second scenario
will arise in the case where 7(1) < oo and the Orlicz function satisfies by < 0o. In both these cases A C Lg(7)
and we will show in both these cases that if U is a positive surjective modular isometry from L4(7) onto Ly (v),
then the restriction of U to A is a Jordan *-isomorphism from A onto . For the final scenario we use the fact
that there is an Orlicz function ¢ such that L4(7) = L1 N Lo (7) with equality of norms. Then Ly(7) C A, and
we will show that if U is a positive surjective isometry from L; N Lo (7) onto Ly N Lo (v), then U is uniquely
extensible to a Jordan x-isomorphism from A onto . In the latter two scenarios, characterizations of extreme
points will play a fundamental role. Throughout this chapter we will call a function discontinuous if it has at

least one point of discontinuity.

8.1. Extreme points of Orlicz spaces

Before describing the extreme points of several Orlicz spaces, we substantiate some of the claims made in

the introduction and provide a useful corollary to these results.

PROPOSITION 8.1.1. Suppose (A, T) is a semi-finite von Neumann algebra with 7(1) = oo and ¢ is a dis-
continuous Orlicz function with 0 < ay < co. The following hold:
(1) AC Ly(7)

(2) If p € P(A) with 7(p) = oo, then ||p||, = -
(3) If (zn)22, U{x} C A is such that x, A x, then x, Lol
(4)

4) Ly(7) does not have absolutely continuous norm.

100
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PRrROOF. 1): We start by noting that ¢(as) = 0, since ¢ is continuous from the left, and therefore

Is(app1) = /0 #(aox(0,00)(t))dt = 0.

It follows that 1 € Ly(7). Suppose z € AT. Then 0 < z < HJIHA]., by Proposition B.1.6 and hence = € Ly(7),
by Proposition B.3.1(5) (since ||x||A1 € Ly(7)). Since any element in A can be written as a linear combination
of positive elements and Ly (7) is a linear space, we have that A C Ly (7).

2): We note that for A > 0, /5 = %X(O,T(p))? and so

0 Zf 1/)\§a¢
oo if 1/A>ay

L(p/A) = / " o (0)dt = / " o1/t =

It follows that ||p||L¢(T) = i_
3): Suppose (z,)52; U{z} C A is such that z, A Then, since 1 € Ly(7), we can use the fact that Ly(7) is

a normed A-bimodule to obtain

lzn =l () = @0 =2)1 oy < Nl =2 4l12] g,y =0

4): Since ¢ is increasing and continuous from the left ¢(¢) = 0 for all ¢ € [0, ay]. Since a, > 0 this implies that ¢
is not invertible and therefore ¢ does not satisfy the As-condition globally, by Proposition 1.5.2. L4(7) therefore

does not have absolutely continuous norm. O

COROLLARY 8.1.2. Suppose (A, T) and (B,v) are semi-finite von Neumann algebras with 7(1) = oo = v(1)
and ¢ is a discontinuous Orlicz function with 0 < ay < 0o. If a linear map T : Ly(T) — Ly(v) is continuous

with respect to the Orlicz space norms and is such that T(A) C B, then T is continuous with respect to the norms
on A and B.

ProOOF. We note that A C Ly(7), by Proposition 8.1.1 and so T is defined on all of A. Suppose (z,)52, U
{z} C Ais such that x, A 2 and T(xzy) 5 y for some y € B. It follows from Proposition 8.1.1 that =, FelD) 4 and
T(xy) Fely) y. T is continuous with respect to the Orlicz space norms and so T'(zy,) Fely) T(x). It follows that
T(x) = y and hence T is continuous with respect to the norms on 4 and B, by the Closed Graph Theorem. O

The extreme points of the unit balls of the types of Orlicz spaces we are considering have been characterized
in the commutative setting. We wish to provide non-commutative analogues of these results. For ease of reference

we include the following result which characterizes the extreme points of unit balls of commutative Orlicz spaces.
THEOREM 8.1.3. [18, p.506] Suppose ¢ is an Orlicz function, (0,3, 1) is a measure space and
But(9) 1= R \{u € R* : 3w,v € RY 10 £ w, u= (v +w)/2, 6((v+w)/2) = (6(v) + d(w))/2}.

o Assume ¢ is continuous and (Q, %, u) does not contain atoms of infinite measure. Then f is an extreme
point of By, if and only if 1,(f) =1 and either
(1) |f(®)| € Ext(¢) for p-a.e. t € Q or
(2) there ezists an atom A such that |f(t)| € Ezxt(¢) for p-a.e. t € Q\A and ¢(|fxal) # 0.

o If ¢ is discontinuous and I4(f) = 1, then f is an extreme point of By, if and only if either (1) or
(2) above holds.

o If ¢ is discontinuous and 14(f) < 1, then f is an extreme point of Br (. if and only if |f(t)| = by for
p-a.e. t €.
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It is easily checked that Ly N Loo (1) = Ly (1) with equality of norms, where ¢ is the Orlicz function

t if0<t<1
¢(t) =
oo if t>1,
and (2, X, ) is any measure space. One can therefore use the second condition in Theorem 8.1.3 to characterize
the extreme points of the unit ball of Ly N Lo ().

COROLLARY 8.1.4. [18, p.509] Suppose (2, %, 1) is a non-atomic measure space such that () = oo and
let X = L1 N Loo(p). f is an extreme point of Bx if and only if |f| = xa for some A € ¥ with p(A) = 1.

We present the following non-commutative analogue of the previous result.

COROLLARY 8.1.5. Suppose (A, 1) is a semi-finite von Neumann algebra and E(0,00) = L1 N Lo (0,00). x

is an extreme point of Bg(;) if and only if x = v for some partial isometry v € A with T(|v|) = 1.

PROOF. Suppose x is an extreme point of Bg(;y. By Theorem 7.1.2, p, is an extreme point of Bg g )
and hence, by Corollary 8.1.4, u, = |pz| = xa for some A C (0,00) with u(A) = 1. Since pu, is decreasing,
XA = X(0,1) a-e. It follows by Proposition 1.4.5 that |z| = p for some projection p € P(A) with 7(p) = 1. By
Proposition B.2.13 there exists a unitary operator v € A such that = u|z| = up. It is easily checked that up is
a partial isometry (with initial projection p) and hence 7(|up|) = 7(p) = 1. Conversely, suppose = v for some
partial isometry v € A with 7(|v[) = 1. By Proposition 1.4.5 p, = X(0,1) and therefore y, is an extreme point

of Bg(o,00), by Corollary 8.1.4. By Theorem 7.1.2, z is an extreme point of Bg ., since p,(c0) = 0. O
We are also interested in considering the third possibility in Theorem 8.1.3 in the non-commutative setting.

COROLLARY 8.1.6. Suppose (A, T) is a trace-finite von Neumann algebra and ¢ is a discontinuous Orlicz
function with by < co. If I4(x) < 1, then x is an extreme point of Br (- if and only if x = bgu for some unitary
operator u € A.

PROOF. Suppose Iy(pz) < 1 and x = byu for some unitary operator u € A. By Proposition 1.4.5, u, =
b X[o,7(1)), since |u| = 1. It follows by Theorem 8.1.3 that u, is an extreme point of Br(o,r(1)).- Furthermore,
pz(00) = 0 and therefore z is an extreme point of By (;), by Theorem 7.1.2. Conversely, suppose I4(u,) < 1
and z is an extreme point of B ;). By Theorem 7.1.2, p, is an extreme point of By, (0,-(1)) and therefore
pz(t) = bg for m-a.e. t € (0,7(1)), by Theorem 8.1.3. Since p, is decreasing it follows that p, = bgx(0,r(1))
m-a.e. and hence |x| = byp for some p € P(A) with 7(p) = 7(1), by Proposition 1.4.5. Furthermore, 7(1) < co
and so it follows that 7(1 — p) = 0. Since 7 is faithful and p < 1 we have that p = 1 and hence é is unitary. O

Before considering characterizations of isometries on Orlicz spaces, we motivate why we confined ourselves
to the finite setting for the previous result. Suppose I(p;) < 1 and z = byu for some unitary operator u € A.
As shown in the proof of the previous result, p, = bsX[0,(1))- Note that in this case

7(1) T(1)
Lo dw) = [ oot = [ oo

0 0

0 if0<t<by
and hence this scenario is only possible if 7(1) < oo or ¢(t) = . In the latter case Ly(7) =
oo ift> b¢,

Lo (1) and the norm on L4(7) is proportional to the norm on L., (7). Isometries on such spaces are covered by
Kadison’s Theorem (see Theorem 2.2.1) and therefore it suffices to restrict ourselves to the finite setting in the

previous result.
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8.2. Positive surjective isometries on Orlicz spaces (0 < a4 < 00, by = 00)

Throughout this section we will assume that (A, 7) and (B, v) are semi-finite von Neumann algebras with
7(1) = 0o = v(1) and that ¢ is a discontinuous Orlicz function with 0 < a4 < oo and by = co. Note that this
implies that L,(7) and Ly(v) do not have absolutely continuous norm, by Proposition 8.1.1(4). Furthermore,
A C Ly(7) and B C Lg(v), by Proposition 8.1.1(1). Suppose U is a positive surjective modular isometry from
Lg(7) onto Ly(v). We will show that the restriction of U to A is a Jordan s-isomorphism from A onto B. The
structure of the proof is as follows. Using the fact that U is a modular isometry, we will show that U is unital.
The positivity of U will then be used to show that U(A) C B. The fact that U ! also preserves the modular will
play a significant role in showing that the reverse inclusion also holds and that U~ restricted to B is positive.
The idea of the proof has some similarities with the proof of Theorem 2.2.7 and represents one setting where
the aforementioned theorem can be extended to the semi-finite setting without being confined to spaces with

absolutely continuous norm. The details are as follows.
LEMMA 8.2.1. U is unital and U(A) C B.

PrOOF. We start by showing that U is unital. To prevent possible confusion, we will use 14 to denote the
identity of A and 15 to denote the identity of B. For A > 0, we have jx1, = AX(0,00), by Proposition 1.4.5. In

particular, using A = a4, we obtain

(8.2.1) Totasta) = [ om0t = [ otag)at =

since ¢ is continuous from the left and hence ¢(ay) = 0. Since U is a modular isometry, we have that
0= Ly(asLa) = 10 agLa) = [ ia,a.o(®)dt

and hence ¢(puy(a,1.4)(t)) = 0 for m-a.e. t > 0. It follows that aguy(1,4)(t) = Hu(a,1.4)(t) < ag for m-a.e t > 0.

Since pgr(1,) is decreasing and continuous from the right, this implies that

(8.2.2) puayt) <1 V>0

We will show that the reverse inequality also holds. Fix A > a4. Since ¢ is increasing it follows from (8.2.2) that

(8.2.3) S(hu o (®) = 9oy ®) < 6 V>0

Furthermore, ¢(\) > 0 and so
(8.2.4) %0 = 7(14)60N) = 1) = LU = [ dlwra(0)d
Let A := {t € [0,00) : y(x1,4)(t) > ag} and note that
oo = / d(pu(aaq(t))dt using (8.2.4)
0
= [ ooyt + [ ol )
A Ae
= [4¢(ANU(1A)(t))dt since (pp(r14)(t)) < ¢ag) =0 for all ¢t € A

< /A¢(/\)dt using (8.2.3)
= m(A)o(})
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Furthermore, by = oo and so ¢(\) < oo. It follows that m(A) = oco. Since jyr(a1,) is decreasing, this implies
that py1,)(t) > ag/X for all t > 0. Since A > a4 was arbitrary, we have that pgq,)(t) > 1 for all £ > 0.
Combining this with (8.2.2), we have that
Pu(1a) = X[0,00)

and hence, using the positivity of U and Proposition 1.4.5, we have that U(14) = |U(14)| = ¢, for some
projection ¢ € P(B) with v(¢) = co. Since U~! is also a modular isometry, we can similarly show that
|[U~=(15)| = p for some projection p € P(A). Note that since U is positive and injective, U~1(15) is self-
adjoint by Proposition 4.1.1 and therefore U~'(15) < [|[U'(15)| 4,14, by Proposition B.1.6. Furthermore,

Ut = |lU=( |p|| , = 1 and so U (15) < 14. U is positive and therefore

15)|| 4 16)ll| =

15 =UU '(15)) <UQ1a) =q < 1p.

It follows that U(14) = 1. We are now in a position to show that U(A) C B. Suppose z € A". Then
0<z< ||:cHA1A, by Proposition B.1.6. Furthermore, since U is positive,

0<U(@) <U(||2 414) = |l2] T (1a) = [|2]] 415

Therefore U(x) € B, by Proposition B.3.1(5) (since (HxHAlg € B). Since any element in A can be written as a

linear combination of positive elements, U is linear and B is a linear space we have that U(A) C B. O

LEMMA 8.2.2. The restriction of U1 to B is positive and U~1(B) C A.

ProOOF. In Chapter 4, techniques were developed to determine the positivity of the inverse of a positive
operator. Corollary 4.1.6 is not applicable here, since L,(v) does not have absolutely continuous norm. If we
could show that Hx — y||L¢(V) < Hx + yHLd)(V) for all x,y € Ly(v)™, then the positivity of U~! would follow from
Lemma 4.1.5. We will follow a different approach, however. Suppose 0 # g € P(B). Then Haygt = @pX(0,0(q*))s
by Proposition 1.4.5, and so

v(g™)
Saoq* /w%q pit= [ slag)ar =0,

Since U and hence U~! is a modular isometry, we have that 0 = [ ¢(ague(t))dt, where z = U= (qh). It
follows that agp,(t) < ag for all ¢ > 0. Since p, is continuous from the right, 1, (0) < 1. By Proposition
1.4.2(5), z € A and

(8.2.5) |z , = pa(0) <1

Note that x = U~!(¢+) and U~*(q) are self-adjoint, by Proposition 4.1.1. Therefore U~ ||U
1, by Proposition B.1.6 and using (8.2.5). It follows that

i

(8.2.6) Ulg)=U'1)-Ug)2U'1)~1=0,

since U~1(1) = 1. Let G denote the set of all finite linear combinations of elements from P(B). It follows from
the linearity of U~! and the fact that U~1(q) > 0 for every ¢ € P(B) that U~'(y) > 0 for every y € GT. Suppose
yeBT. It follows from the Spectral Theorem that there exists (y,)2>; € G such that y, 5 y. By Corollary
8.1.2, U (y,) 3 U~1(y). Since y, € G* for all n € N*, we have that U Y(yn) € AT for all n € N*. Since AT
is closed by Proposition B.3.1(10), U~!(y) € A*. Similarly to the proof of the previous lemma, it follows that
U—1(B) C A. O

THEOREM 8.2.3. Suppose (A, 7) and (B,v) are semi-finite von Neumann algebras with 7(1) = co = v(1)
and ¢ is a discontinuous Orlicz function with 0 < ag < oo and by = oo. If U is a positive surjective modular

isometry from Lg(T) onto Ly(v), then the restriction of U to A is a Jordan x-isomorphism from A onto B.
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Proor. It follows from Lemmas 8.2.1 and 8.2.2 that U(A) = B. Let ® denote the restriction of U to A.
It follows from Lemma 8.2.1, Lemma 8.2.2 and the positivity of U that ® is a linear order isomorphism from A

onto B such that ®(1) = 1. Therefore, ® is a Jordan *-isomorphism, by Proposition 1.8.9. O

REMARK 8.2.4. It follows from the fact that the restriction of U to A is a Jordan x-isomorphism that U is
disjointness-preserving and maps projections onto projections. We saw in the proof of Theorem 7.2.9 that the
characterization of the extreme points of the unit balls of Lorentz spaces enabled one to show that surjective
isometries on such spaces map partial isometries onto partial isometries, and this played a fundamental role in
showing that these isometries are disjointness-preserving. To further illustrate some of the patterns we have
seen in this thesis we demonstrate that we can use the fact that U(1) = 1 more directly to show that U (as
in Theorem 8.2.3) is disjointness-preserving. Suppose p,q € P(A) with pg = 0. Let « = U(p)U(q) and assume
x # 0. Since this implies that |2| # 0, there exists A; > 0 such that el*/(\;, 00) # 0. Note that xs(U(q)) = = and
so s(z) < s(U(q)). By Remark B.1.31, s(z) = s(|z|) and so el*/(\;, 00) < s(|z]) = s(z) < s(U(q)) = V(@ (0, 00).
Therefore

0 # ell(A1,00) = €l"I(A1, 00)e” (@ (0, 00).

Assume that el®l(A},00)eV @ (X, 00) = 0 for all A > 0. Let f, := X(1/n,00)- Then fi T X(0,00) and hence
£2(U(@) 1 X(0,00)(U(q)), by Proposition B.2.5(4). Since this implies that €Y@ (1/n,oc0) 59T eU(@)(0, 00), we
have that

0 =el*l(\y, 00)eV D (1/n, o) 59T elel (A1,00)eY(@ (0, 00).

This is a contradiction and so there exists Ay > 0 such that el*/(\;,00)eV(@(\g,00) # 0. Let r denote the
projection onto e/l (\1, 00)(H) N eV (@ (\y, 00)(H). We can use a similar argument to the one employed above to
show that there exists a A3 > 0 such that

reV(®) (A3, 00) # 0.

Let 7 denote the projection onto 7(H)eV(®)(\3,00)(H) and let € := min {); : i = 1,2,3}. Then
er' < doel’(V (2, 00) < U(g)e” ! (A, 00) < U(q)

Since we also have that er’, U(q) € BT, this implies by Lemma 8.2.2 that U~ !(er’) < ¢ and hence s(U~!(er’)) <
s(q) = ¢. Similarly, s(U=(er’)) < p. It follows that

s(U ' (er')) <qAp=0

and hence U~ !(er’) = 0. U! is injective and therefore er’ = 0. This contradicts the fact that r’ # 0.

8.3. Positive surjective isometries on Orlicz spaces (b < c0)

Next, we consider the setting where we can apply the characterization of the extreme points of the unit
ball of the particular type of Orlicz space given in Corollary 8.1.6. We will therefore be restricting ourselves to
trace-finite von Neumann algebras, in which case the von Neumann algebra is contained in the associated Orlicz
space and the structure of isometries on the specified Orlicz spaces can be described using Theorem 2.2.7. The
characterization of the extreme points given in Corollary 8.1.6 will, however, enable us to refine the structural
description given of such isometries. More specifically, we will show that a positive surjective modular isometry
between the specified Orlicz spaces is unital and that applying this knowledge to the conclusion of Theorem
2.2.7, will enable us to show that the restriction of the aforementioned isometry to the von Neumann algebra is

a Jordan *-isomorphism.
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THEOREM 8.3.1. Suppose (A, T) and (B,v) are trace-finite von Neumann algebras with 7(1) = v(1) and ¢
is a discontinuous Orlicz function with 7(1)¢(by) < 1. If U is positive surjective modular isometry from Ly (T)

onto Ly (v), then the restriction of U to A is a Jordan *-isomorphism from A onto B.

PROOF. By Theorem 2.2.7, there exists a Jordan x-isomorphism @, from A onto B, and a positive operator
a, affiliated with the center of B, such that

U(z) = a®(x) Vo € A.

Furthermore, we note from the proof of Theorem 2.2.7 that a = U(1). We will show that U(1) = 1 and hence
that U(z) = ®(x) for all z € A. Note that

7(1)
Iy(by1) = / O, () dt = 7(1)(bs) < 1

and so byl is an extreme point of By, (;), by Corollary 8.1.6. U is a surjective isometry and so U(bgl) is an
extreme point of By (). Furthermore, I4(U(by1)) = I5(bg1) < 1, since U is a modular isometry. It follows by
Corollary 8.1.6 that U(by1) = byu for some unitary v € B. U is positive and therefore v = 1, by Remark B.1.29.
It follows that U(1) = 1. O

8.4. Positive surjective isometries on L; N Lo (T)

Kadison ([22]) and Yeadon ([49]) have characterized Lo.-isometries and L,-isometries, respectively. Sup-
pose (A, 7) and (B,v) are semi-finite von Neumann algebras. It is interesting to consider if it is possible for a
map U : L1 N Loo(7) = L1 N Loo(v) to be an isometry with respect to the maximum norms on these spaces
without being both a L,.-isometry and a Li-isometry. In this section we show that this is impossible if U is
a positive surjective isometry. More specifically, we will show that if U is a positive surjective isometry from
Ly N Loo(7) onto Ly N Lo (v), then it has to be the restriction of a Jordan *-isomorphism from .4 onto B and
hence both a Li-isometry and a Ly-isometry. Conversely, it will also be shown that the restriction of any Jordan
s-isomorphism from A onto B maps L; N Loo(7) onto L1 N Lo () in an isometric fashion. We note that since
Ly N L (1) does not have absolutely continuous norm, we cannot apply Theorem 5.3.4 to describe the structure
of positive surjective isometries on L1 N Lo (7). Instead, the key element in showing that such isometries are in
fact restrictions of Jordan x-isomorphisms, will be showing that such isometries map orthogonal projections of
finite trace onto orthogonal projections of finite trace. This will be accomplished using a characterization of the

extreme points of the unit ball of L1 N Lo (7).

Let (A,7) and (B,v) denote semi-finite von Neumann algebras. Suppose ® is a trace-preserving Jordan -
isomorphism ® from A onto B. Then ® maps Ly N Lo (7) onto Ly N Lo (v), by Proposition 5.4.1. Furthermore,

using Proposition 1.8.8 and Remark 2.2.5, we have

le@ s =l and f2@l,0) = o],

for all x € L1 N Loo (7). Tt follows that

|®(x Vo € L1 N Loo(T).

)HLme(u) = HxHLlan(r)
Conversely, suppose (A, 7) and (B, v) are non-atomic semi-finite von Neumann algebras with 7(1) = oo = v(1)
and suppose U : L1 N Lo (7) = L1 N Lo (v) is a positive surjective isometry. To show that U is the restriction
of trace-preserving Jordan x-isomorphism, we proceed as follows. We start by using the characterization of the

extreme points of the unit balls of L1 N Lo (7) and L1 N Lo (V) to show that
e U(p)U(q) = 0if p,q € P(A)F with pg = 0; and
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e U(p) € P(B)f whenever p € P(A)f.
This will enable us to conclude that U maps orthogonal projections onto orthogonal projections. Letting ®(p) =
U(p) for p € P(A)! will then yield a map which can be extended (by Proposition 3.2.1) to a positive linear map
on F(7) which is square-preserving and L..-isometric on self-adjoint elements. To show that this map can be
extended to all A (using the extension procedure outlined in section 3.3), we will show that ® agrees with U on

F(7) and that U is normal. The details are as follows.

LeEMMA 8.4.1. If p € P(A)f with 7(p) = 1, then U(p) is a projection, with v(U(p)) = 1.

Proor. By Corollary 8.1.5, p is an extreme point of the unit ball of Ly N Lo (7). U is a surjective isometry
and so U(p) is an extreme point of the unit ball of L; N Lo (v). It follows by Corollary 8.1.5 that U(p) = vy
for some partial isometry v(,) € B with v(|vg,|) = 1. Note that U(p) > 0, since p > 0 and U is positive. By
Remark B.1.29, U(p) = v is therefore a projection, and

v(U(p) = v(IU()]) = v(jvp)) = 1.
LEMMA 8.4.2. If p,q € P(A) with pg = 0, then

PRrOOF. Suppose p,q € P(A)! with pg = 0 and 7(p) = 1 = 7(q). By Proposition B.2.12(3), [p—q| = |p+q|.
Since |||y|||LmL "= HyHLmL ) for every y € L1 N Lo (7), it follows that

lp=dllpnreery = lp+als,ar. e
= max{||p+qHL1(7')’ p+qH.A}
= |p+dl, .
= 2
Furthermore, U is linear and isometric and so
(8.4.1) |U(p) - U(q)HLlﬂLO@(u) =|lp - qHLlﬁL(x,('r) =2

By Lemma 8.4.1, U(p) and U(q) are projections and so —1 < U(p) — U(q) < 1. Therefore ||U(p) — U(q)HB <

||1HB =1, by Proposition B.1.7. Using (8.4.1) it follows that

2 = max{|U®) - U@, |10G) - U@l
= |vw) -U@ll,,,, since|[Up)-Ul@|z<1
< |[vw+U@l,,,  byLemmad414
< u®lg, ) + U@L, 0,

2 since U(p) and U(q) are projections with v(U(p)) =1 = v(U(q))
It follows that
(U@ + U@y, 0+ [VE) = V@], ) =2+2=2([UG) 1,0, + 1@ 1,0)-
Application of Theorem 2.2.3 yields
Up)Ulg) =U(p)"U(a) =0

and so U(p) and U(q) are orthogonal projections. Next, suppose that p,q € P(A)f with pg = 0 and 7(p), 7(¢q) < 1.
By Proposition B.1.27, there exist p1,q; € P(A)f such that
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o p+p1,q+aq € P(A)

e 7(p+p1) =1=7(¢+q) and

e (p+p1)(g+aq)=0.
It follows by what has been shown already that U(p+p1) and U(g+¢1) are orthogonal projections. Furthermore,
since U is positive we have that 0 < U(p) < U(p+p1) and therefore s(U(p)) < s(U(p+p1)) = U(p+p1). Similarly,
r(U(q)) <U(q+ ¢1) and thus

Up)Up +p1)U(g+a)U(q) = Up)U(q).

However, U(p + p1)U(q+ ¢1) = 0 and so U(p)U(q) = 0.

Finally, for general p,q € P(A)f with pg = 0, we note that since (A, 7) is non-atomic, we have by Corollary
B.1.26, (pi)i_y, (¢;)7—; € P(A)/ such that

k n
e Y pi=pand ) g =g
i=1 =1
e pip; =0=qq; if i # j; and
o 7(p;),7(g;) < 1forall i,j.

Since p; < p for each i and ¢; < ¢ for each j, we have that p;q; = 0 for all 4, j. Therefore U(p;)U(q;) = 0 for all

1,7 and so

k n k n
U(pU(a) =3 Up:)y_Ulg) = 3> Up)U(g5) =0

i=1j=1

LEMMA 8.4.3. U(p) is a projection for any p € P(A)S.

PROOF. Suppose p € P(A)/ with 7(p) < 1. Since (A,7) is non-atomic, there exists, by Lemma B.1.25,
p1 < p* such that 7(p1) = 1 — 7(p). It follows that p +p; € P(A)/ and 7(p + p1) = 1. Therefore, by Lemma
8.4.1, U(p+ p1) is a projection ¢ with v(¢) = 1. By Lemma 8.4.2, U(p)*U(p1) = 0 =U(p)U(p1)* and therefore,
by Proposition B.1.32, s(U(p))s(U(p1)) = 0 and

(8.4.2) s(U(p)) + s(U(p1)) = sU(p) +U(p1)) =s(U(p+p1)) =U(p+p1) =¢.

This implies that s(U(p)) < ¢ and so for n € s(U(p))(H) we therefore have that

n=qn=U(p)+Up))n=Upn,

since U(p1)n = U(p1)s(U(p1))s(U(p))n = 0. It follows that U(p) = s(U(p)). Next, we consider the case where
p € P(A)Y with 7(p) > 1. By Corollary B.1.26, there exists (p;)F_, € P(A)/ such that Xk:pZ =p; pip; = 0 if
i # j; and 7(p;) < 1 for all 4,j. By what has been shown already we have that U(p;) is a prOJectlon for each
i and these projections are mutually orthogonal, by Lemma 8.4.2. It follows that U(p) = ZU(pZ) is a sum of

mutually orthogonal projections and is therefore a projection, by repeated use of Propos1t10n B.1.16(1). O

We have that U maps projections with finite trace onto projections. We know from Theorem 1.8.4 that if a
continuous map from A into B maps projections onto projections, then that map is a Jordan *-homomorphism.
This raises the question if U can be extended to a map ¥ from A into B that is continuous with respect to the von
Neumann algebra norms; and if this is the case, can U(P(A)f) C P(B) be used to show that ¥(P(A)) C P(B)?
We will follow a different approach. We will show that the restriction of U to F(7) satisfies the conditions of

Proposition 3.3.6 and can therefore be extended to a Jordan *-homomorphism from A into B. We will achieve
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this indirectly by first considering U | P(A)f and showing that this map can be extended to a map on F(7)

that has the necessary properties and which can be shown to agree with U on F (7).
LEMMA 8.4.4. U can be extended to a normal Jordan x-homomorphism ® from A into B such that
0@y = e, veean

Proor. For p € P(A)/, let ®(p) := U(p). By Lemma 8.4.3, ® maps P(A)/ into P(B) and using the
linearity of U (or Lemma 8.4.2), ®(p + q) = ®(p) + ®(q) if p,q € P(A)f with pg = 0. U is injective and so
®(p) # 0if 0 # p € P(A)f. Furthermore, by Corollary B.3.4, U has the property that U(z,,) Ty U(z) whenever
(25,)22, U {z} C F(7) is such that xz, A 2 and s(zy) < s(z) for all n € NT. By Proposition 3.2.1, we can

therefore extend ® to a positive linear map from F(7) into B such that for all x € F(7)%%,
||<I>(x)||6 = ||xHA and (z?) = d(z)?

We show that U and ® agree on F(7). Using the linearity of U and ®, we have that U and & agree on Gy.
Suppose z € F(7)**. By remark B.1.12, there exists (z,);2; C G} such that z, A 2 and s(zy) < s(z) for all

n € NT. ® is isometric on F(7) and so
B
b(x,) = P(x)
We show that U(x,,) LY U(z) and hence that U(z) = ®(z). Note that

H"En - xHL1(T) = H((En - !E)S(CL‘)HLl(T) = ||$” - xHAHs(x)HLl(T) =0
It follows that

e =,y = m e =l o o =l =0

LiNL

Therefore U(x,) = U(x), since U is an isometry. Furthermore,

U () - U(xnmzs <|[U(xn) - U(x)HLlﬁLoo(l/) —0
and so U(zy) 5 U(z). Using the linearity of U and ® we have that U and ® agree on F(7).

Next we show that U is normal. If z,y € L; N Ly (v)", then Hx —yHLl(V) < Ha:—i—yHLI(V), by Lemma
4.1.4. Furthermore, —(z +y) < 2z —y < x4y and so ||:c - y||B < Hx+y||B, by Proposition B.1.7. It follows

that lz =yl 0r ) < et ullnar )
4.1.2 that U is normal. Note that if {xy}xea € F(7)T is an increasing net and = € F(7)" is the supremum of

and hence U~! is positive, by Lemma 4.1.5. It follows by Proposition

{zx}xrea in F(7), then it is easily checked that x is the supremum of {z)}xea in Ly N Loo(7) using the fact that
F(7) is an absolutely solid subspace of A. Since U is normal, it follows that U(x) is the supremum of {U(x))}x
in L1 N Ly (v) and therefore also in B. Therefore, ® is normal. By Proposition 3.3.6, we can extend ® to a
normal Jordan *-homomorphism from A4 into B such that H@(m)HB = HxHA for all z € A%*. Furthermore, since
U and ® are normal and agree on F(7)7, it follows, by considering Proposition B.2.3, that U and ® agree on
L1 N Loo(7)T (and hence on all of L1 N Lo (7)). O

LEMMA 8.4.5. ® is trace-preserving.
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PROOF. Suppose p € P(A)/ with 7(p) > 1. Then

T(p) = HpHLl(T)

Pl nrey  since llplly =1 < el

= HU(p)HLmLx(V) since U is an isometry
= H@(p)HLmLOO(V) since ® and U agree on Ly N Lo (7)
= H(P(p)HLl(u) since H(I)(p)HB =1< H(I)(p)HLlﬁLoo(u)

= v(®(p)) since ®(p) is positive

Suppose p € P(A)f with 7(p) < 1. (A, 7) is non-atomic with 7(1) = co and so, by Lemma B.1.25, there exists
p1 € P(A) with p; < pt and 1 < 7(p;) < oo. Using the linearity of ®, v and 7, and what has been shown

already, we have that

v(®(p)) = v(®(p+p1—p1) =v((p +p1) —v(®(p1)) =7(p+p1) — 7(p1) = 7(p)
It follows that
(8.4.3) v(®(z)) =7(x)  Vx€Gy,

using the linearity of ®, v and 7. Suppose x € F(7)*. By Remark B.1.12, there exists (z,)%2; C gf+ such that

2n 3 2 and s(xy,) < s(z) for all n € N*. By Proposition B.3.3, z,, 116 4 and so
(8.4.4) T(zn) = H:EnHLl(T) — HxHLl(T) =7(x)

Furthermore, ®(z ) ®(x), since @ is isometric on self-adjoint elements. Note that 0 < x and therefore
xs(x) = x = s(x)x. It follows, using Proposition 1.8.2(4), that ®(z) = ®(xs(z)) = ®(x)P(s(z)) and thus
s((®(x)) < ®(s(x)). Furthermore, 0 < ®(z,,) < ®(z) for all n and therefore s(P(z,)) < ( (z)) < ®(s(x)) for

all n. Since v(®(s(x))) = 7(s(z)) < 0o, we have, by Proposition B.3.3, that ®(z,,) # ) and therefore

(8.4.5) v(®(zy)) = H<I)(:En)||L — H@(m)HLl(V) =v(®(x))

By considering (8.4.4) and (8.4.5) and using the fact that v(®(z,)) = 7(x,) for each n (see (8.4.3)), we have
that v(®(x)) = 7(x). Next, suppose that € A". By Proposition B.2.3, there exists {xx}xea € F(7)* such
that x) T z. Using the normality of 7, ® and v, we have that

1(v)

T(z)) 1T 7(x) and v(®(xy)) T v(P(x))

However, v(®(x))) = 7(x,) for each A and so v(®(z)) = 7(z). Finally, using the linearity of ®, v and 7, we can
extend this result to all of A. O

LEMMA 8.4.6. ® is surjective.

PrROOF. We start by showing that ® is unital. (B,v) is semi-finite and so there exists an increasing net
{@x}rea € P(B)f such that gy 1 1. Since P(B) C L1 N Loo(v), U1(gy) is defined for each A. Furthermore,
U~! is a positive surjective isometry and so {U~!(gx)}aea is an increasing net of projections, by applying
Lemma 8.4.3 to U~!. It follows that py := U~ () 1 p for some p € P(A). Furthermore, ® is normal and so
®(px) T @(p), but

D(pa) =UU " (qx) =aqx 11
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and so ®(p) = 1. Since p < 1, we have that ®(p) < ®(1). By Proposition 1.8.2(5), & maps projections onto
projections and so ®(1) < 1 = ®(p). It follows that ®(1) = ®(p) = 1. Next, suppose p € P(A)f. Then
®(p) € P(B)/, since @ is trace-preserving, by Lemma 8.4.5. It follows that

P(p)BP(p) € F(v) € L1 N Loo(v) = U(L1 N Loo(7)) € (A).
® is therefore surjective, by Proposition 3.4.2. O

We have therefore shown the following result.

THEOREM 8.4.7. Suppose (A,7) and (B,v) are non-atomic semi-finite von Neumann algebras with 7(1) =
oo =v(l). If U : L1 N Loo(7) = L1 N Loo(v) is a positive surjective isometry, then U is the restriction to
L1N Lo (7) of a trace-preserving Jordan x-isomorphism ® from A onto B. Conversely, if ® is a trace-preserving

Jordan x-isomorphism from A onto B, then ® is positive and maps L1 N Lo (T) isometrically onto L1 N Lo (V).

REMARK 8.4.8. We show that the conclusion of Theorem 8.4.7 holds even if the von Neumann algebras
are not necessarily non-atomic. Suppose (A, 7) and (B,v) are (general) semi-finite von Neumann algebras and
suppose U : L1NLoo(7) = L1N Lo (v) is a positive surjective isometry. Let 7 and 7 denote the trace-preserving
x-isomorphisms from (A, 7) onto (C1 ® A, 7g) and (B,v) onto (C1 ® B, vg), respectively (see Remark 1.6.2).
Recall that m and 7s extend uniquely to *-isomorphisms 7; and 75 from S(A, 7) onto S(C1 ® A, 75) and from
S(B,v) onto S(C1 ® B, vg), respectively. Since the restrictions of 71 and 72 to L1 N Loo(7) and Ly N Lo (v),
respectively are x-isometric isomorphisms from L; N Lo (7) onto L1 N Lo (7g) and Ly N Lo (v) onto L1 N Lo (Vg),
the map

Uly) =fpoU o (y) y€LiNLe(tg)
is a positive surjective isometry from L; N Loo(7g) onto L1 N Loo(vg). (C1 ® A,7g) and (C1 ® B,vg) are
non-atomic semi-finite von Neumann algebras and so by Theorem 8.4.7, there exists a trace-preserving Jordan

s-isomorphism ® from (C1 ® A, 75) onto (C1 ® B, vg), which agrees with U on Ly N Lao(7g). Letting
o = 7r2_1 odo T

yields a trace-preserving Jordan -isomorphism from .4 onto B, which agrees with U on Ly N L. (7). This follows,
since my, Ty, ! are trace-preserving *-isomorphisms (and hence Jordan -isomorphisms) and the composition of

trace-preserving Jordan x-isomorphisms yields a trace-preserving Jordan s-isomorphism.



APPENDIX A

Alternative proof of the characterization of the extreme points in

Lorentz spaces

In Chapter 7 we used a characterization of the extreme points of the unit balls of certain Lorentz spaces to
describe the structure of isometries between such Lorentz spaces. The characterization of the extreme points in
the non-commutative setting follows from the corresponding result in the commutative setting using Theorem
7.1.2. As mentioned earlier, the author was initially unaware of Theorem 7.1.2 and therefore proved the charac-
terization of the extreme points by developing non-commutative analogues of some of the techniques employed
in the proof of [2, Proposition 2.2] (see Proposition 2.1.5) and adapting aspects of the proof of [4, Theorem 4.1]
(see Theorem 2.2.9) to the semi-finite setting. The end result is achieved a great deal more efficiently by the
proof given for Theorem 7.1.3, but it is interesting to consider a more direct proof. The details will be provided
in this chapter. An important ingredient is the relationship between additivity of the norm and additivity of

the generalized singular value as given in the following non-commutative analogue of [2, Lemma 2.1].

LEMMA A.1.1. Suppose (A, ) is a semi-finite von Neumann algebra and w : (0,00) — (0, 00) is a continuous

strictly decreasing weight function. If x,y € Ly, 1(7), then

le+yllp,, = lellz,, +llll.,, < tory = pe+ .

Proor. The structure of the proof is exactly the same as the structure of the proof of [2, Lemma 2.1], with
the exception that generalized singular values replace decreasing rearrangements. Many of the details have been
omitted in [2] and have therefore been included here to demonstrate that there are no hidden difficulties relating
to the replacement of decreasing rearrangements with generalized singular values. The author could however

only provide these details under the added assumption that the weight function w is continuous.

If ppty = po + py, then

& +y]

vr = [ mealiut
— [ O+ m oo
= [ s [ uo

=]z, + vl

For the converse, suppose z,y € L, 1(7) are such that Hx—&—yHLw.l = HxHLM1 + HyHLwl. Let h(t) =
pa (8) + py () — proty(t) and let H(t) = fot h(s)ds. We show that H = 0. Note that h = H’ a.e., by Theorem
1.1.1 and

/OOO h(s)w(s)ds = /ODO uz(S)w(s)der/Ooo My(s)w(sms_/ooo oy (5)w(s5)ds

= |ellp,, +lvll.,, —lle+vl.,,
(A.1.1) = 0

112
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Furthermore, |h(s)w(s)| < pg(s)w(s) + py(s)w(s) + pzty(s)w(s) for all s > 0 and so

/0 |h(s)w(s)|ds < /0 uw(s)w(s)ds—i-/o py(s)w(s)ds—i—/o Pty (S)w(s)ds
= llzllp,, +lvlz,, +le+yly,,
< oo,

i.e., h(-)w(-) is integrable and therefore, by Theorem 1.1.2,
(A.1.2) lim/ |h(s)w(s)|ds = 0
t—0
Furthermore, by Theorem 1.4.3, jiz1y < g + by, i.€.
t t t
[ rtsias < [Cnaods+ [nois viso
0 0 0

Therefore H(t) = fg h(s)ds > 0 for all ¢t > 0. It follows that

0 < /0 h(s)ds[w(t)] since w >0

< [ wastu
< / |h(s)|w(s)ds since w is decreasing
— ast — 0, by (A.1.2)
We show that
(A.1.3) / h(s)ds[w h( Jw(s)ds V>0
Let o > 0. Since fo s)ds[w(t)] = 0 and fo w(s)ds — 0 as t — 0, there exists a 7, > 0 such that

t < 7, implies that |f0 (s)ds|w(t)] — fot h(s)w(s )ds\ < « and therefore,

(A14) /O h(s)ds[w(t)] —a < /0 h(s)w(s)ds
For n € N*, let

f(fhs if0<t<n,

ga,n(t> = « kdt o,n+Va :
fo dS =+ Z fk ’1)’§ttjn+'ya h(s)ds[w(k(st,oe,n + ’Yoa)] if t > 7,
where 5t,a,n = 7%1 . Let tn k= ]415,5 an T Yo

We start by showing that fot h(s)w(s)ds > fot h(s)ds[w(t)] — « for all ¢ > 0. To do this we will show that
Gan(t) > fot h(s)ds[w(t)] — « for all t > 0 and g4 ,(t) — fg h(s)w(s)ds pointwise as n — oo for all t > 0. Fix

n € N*t. If 0 <t < ~,, then
t
Gan(t) = / h(s)w(s)ds
0

/ h(s)ds[w(t)] — by (A.1.4)

0

v
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If t > 74, we show that g, () > fo (t)] — a by showing that

/ h(s ds+z /tt h(s)ds[w(t, )]

k=1

(A.1.5) 2/0 h(s)ds[w(tn )] —

holds for all 1 < p < n. Note that (A.1.5) holds for p = 1, since

t[”mm®@+/%%@@mmm

VYo

> /O%‘ h(s)ds|w(va)] — « +/ ni h(s)ds[w(tn.1)] by (A.1.4)
= A%MWMMmm—a+/mh@@mwn]
since w is decreasing and - h(s)ds >0
0

_ / " h(s)ds[w(tn,1)] —
0

Suppose that (A.1.5) holds for some p = m, 1 < m < n — 1. We show that it must then also hold for
p=m + 1. We need to consider two possibilities. If ft" ™ h(s)ds > 0, then

'm mtl

ds—i—Z/Ml w(tn )]

tn,k

0

Yo

B(syw(s)ds + 3 / h(s)ds[w(tr)] + /tm+ o)

0 k=1"Ytn k-1 n,m

tn,m tn,m+1
> / h(s)ds[w(tnm)] —a +/ h(s)ds[w(tn,m+1)]
0 tn,m
since we have assumed that (A.1.5) holds for p = m
trn,m tn,m+1
> [T sttt o+ [ b s ot )
0 t

n,m

tn m
since w is decreasing and / h(s)ds >0
0

tn,m+1
_ / h(s)ds[w(tnmi1)] — o
0

If f::’:“ h(s)ds < 0, then

/tn”"“ h(S)ds[w(tn,mH)] > /t o h<5>d5[w(tn»m)]'

n,m n,m
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Therefore,
Ve m—41
| syuts)as + > / w(t 1)
0 tnk—1
tn,m tn,m+1
> / h(s)ds[w(tpm)] — o + / h(s)ds[w(tn,m)]
0 tn,m
trn,m+1
= / h(S)dS[w(tnﬂn)} -«
0
tn,m+1
> / h(s)ds[w(tn,m+1)] - Q,
0

since w is decreasing and ft” " h(s)ds > 0. It follows that if (A.1.5) holds for p = m, 1 < m < n — 1, then
(A.1.5) holds for p = m+ 1, but (A.1.5) holds for p = 1 and hence for all 1 < p < n. Applying p = n, we obtain
Gon(t) 2 [ h(s)w(t)] - o

Next, we show that g, ,(t) — f(f h(s)w(s)ds. For t < =y, this is trivial, since gon(t) = fot h(s)w(s)ds for

all such ¢. Fix t > ~, and let € > 0 be given. Note that
t t
/0 h(s)lds = / 1 (5) + 11y (5) — o (5)]ds

< [ uets [ s+ [ nerslolas

(A.1.6) < o0 by Remark B.3.2

Since w is continuous on [y,,t] and hence uniformly continuous, there exists a § > 0 such that

(A1.7) Ir—sl<d = |w(r)—w(s)|<
fo |h |ds
Choose n. € N* such that t;i < 4. Then for n > ne,
t t n tn,k
[ hueds = gantl = | [ eul)s =3 [ ns)dstu(ta.)
0 Ya k=1"1tnk—1

by applying the definition of g4, (t)

n,k

< Z / $)llws) = w(tn)lds

tn k—1

€
< |h(5))\d5t7 by (A.1.7)
Ya Jo 1h(s)lds
< €
Since fg h(s)dslw(t)] — a < g n(t) for each n € NT and gq n(t) — fo s)ds, we have that

(A.1.8) /h )ds|w /h

Since e > 0 was arbitrary, we have that

(A.1.9) /0 h(s)dsjw(t)] < /0 h(s)w(s)ds forallt >0
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It follows that
0 < H@t)w(t) since w, H > 0

[ #stuto)
0

(A.1.10) < /Ot h(s)w(s)ds by (A.1.9)

Since we know that fot h(s)w(s)ds — 0 if ¢ — oo (see (A.1.1)) or t — 0 (see (A.1.2)) and (A.1.10) holds for all
t > 0, we have that

(A.1.11) tllglow(t)H(t) =0 and
(A.1.12) limw()H(t) = 0

We proceed to show that H = 0. Consider the following:

/0 T Hd(—w(t))

—/ H(t)w'(t)dt  since —w is strictly increasing

[—H(t)w(t)]e° + / H'(t)w(t)dt using integration by parts
0

= —lim H(r)w ()+hmH / h(t since H = h a.e.

T—00

(A.1.13) = 0 by (A.111), (A.1.12) and (A.1.1)

Assume that H # 0. By Proposition 1.1.4, this implies that there exists A C [0,00) and € > 0 such that
m(A) > 0 and H(t) > € for all t € A (since we know that H > 0). Note that since w is strictly decreasing,
w’ < 0. It follows that if B C [0, c0), then

/ H(1

/B Ht)d(—w(t)

N~—
I

(A.1.14) > since H > 0, w' <0
and so
| H0a-ee) = [ Hedcum) - [ BOd)
0 A Ae
> / H()d(—w(t)) by (A.1.14)
A
> e/ Ld(—w(t))
A
> 0 since —w is strictly increasing and m(A4) > 0
This contradicts (A.1.13) and so H = 0. Therefore h = 0 a.e., since h = H' a.e. g

We are now in a position to prove the characterization of the extreme points more directly.

THEOREM A.1.2. Suppose (A, 1) is a semi-finite von Neumann algebra, w is a continuous strictly decreasing
weight function and E = L., 1(7). Then x is an extreme point of Bg if and only if v = m for some

v e V(A

PROOF. Suppose x = gy for some v € V(A)f. Then |z| = Ty for some p € P(A)f. To show that

|z| is an extreme point we will use a non-commutative analogue of the corresponding argument in the proof of
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[2, Proposition 2.2]. Suppose |z| = (a+b) for some a,b € Bg. Let y = 5 and z = g Then |z| =y+2z,y,2#0
and HyHL + Hz‘ I = ||b’ I It follows that

=1, since it is easily checked that H H I

= :L”
Loyt H

Therefore, 1. = piy + 1z, by Lemma A.1.1. By Proposition 1.4.5, 1, = ax[o,-(p)), Where a = 1/¢(7(p)). We

w,1 w,1 w,1 w, 1

ly =+ =] pun = 1= lole,, + 1zl

w,1

start by showing that p, and p. are scalar multiples of X[ ~(p))- Note that y,z # 0, py, u. > 0 and p,, p. are
decreasing. Therefore f1,,(0), 11,(0) > 0. Furthermore, 15(0) = 1, (0) + p-(0) and so 0 < 1,,(0), p-(0) < . Let
ty(0) = B. Assume that 1, (t) # S for some t € (0,7(p)). Then p,(t) < 3, since p, is decreasing, and so

/Lz(t) = Mz(t) - ,U/y(t> >a—f= Mz(())

This contradicts the fact that p. is decreasing and so j,(t) = f for all ¢ € [0, 7(p)). Furthermore, observe that
if £ > 7(p), then p,(t) = p.(t) = 0, since 0 < py () + p=(t) = pa(t) = 0. It follows that 1, = BXx[o,r(p)) and
therefore y1. = (a— B)x[0,r(p)), i-€- 11y and . are scalar multiples of x|o r(p)). Furthermore, by Proposition 1.4.5,
ly| = Bq and |z| = (o — B)r for some ¢, r € P(A) with 7(¢) = 7(p) = 7(r).

Next, we show that ¢ = p = r. Let n € p(H) and assume that n ¢ ¢(H). Then

O‘HWHH = H|5C\ HH since |z| = ap
= lym) + 2],
< vy + =M 4

Nyl + [[1z1m)]] by Proposition B.1.22(2)

= Bllamll;; + (= B)rmll
< 6||q(77)HH + (o — 6)||77HH since r is a projection
< Bln|l, + (a=B8)|nl, by Proposition B.1.22(3)

allnll

This is a contradiction and so n € ¢(H). Since n € p(H) was arbitrary, this implies that p < ¢ and hence
7(q —p) = 71(q) — 7(p) = 0, since 7(q) = 7(p). Therefore, ¢ — p = 0, since 7 is faithful. We can similarly show
that p =r.

* 2
Let v = % and w = ;Z5. Then v'v = yBQy = ‘B—L = ¢ =pand w*w = r = p and so v and w are partial

isometries, by Proposition B.1.28. We show that v = w. For n € p(H),

ol = llelmll,  since n=p(n) and ap = ||
(A.1.15) = ||Bv(n) + (o — B)w( HH since x| =y + 2z = pv+ (o — fw
< [Be g + l[(@ = Bwm)]|;
< ﬁHnHH +(a—pB) ||77||H since v and w are partial isometries
= afull;

Therefore ||Bv(n) + (o — ﬁ)w(n)HH =||Bv(m)|,, + ||(a = ﬂ)w(n)HH and so

s

(A.1.16) Bu(n) = ~yla—pBlw(n),
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for some v € C, by Proposition B.1.22(1). It follows that
allnly = [|Bv(n) + (a = Bwm)||, by (A.1.15)

| (7(04 —B)+(a— ﬂ))w(n)HH by (A.1.16)
= [ya=B)+(a=pB)|n|,  sincen e p(H) = ker(w)"

Therefore,
(A.1.17) a=lyla=p)+(a=p).
Note that v and w are partial isometries, n € p(H) = ker(w)* = ker(v)* and w(n) = ﬁv(n); therefore,
\ﬁ| =1,ie |yl = afﬁ. It is easily checked that 0 < Rey = |y| and so v = aLiﬁ It follows that for
n € p(H),
goin) = (—2=) («— Buln) = pun)
a—p ’

using (A.1.16). Since this holds for every n € p(H) = ker(w)! = ker(v) and 8 # 0, we have that v = w.

we have y = QLEBZ and therefore

Since v =% and w = —%,
a—p

S

a
(A.1.18) || =y+ 2= -
We show that |z| = a = b. Note that

1

5 =llar2lly, = 1lll.,, =Wl , =l8el,,, = Be0E@).

Therefore 8 = %(m) = § and hence, by (A.1.18),

ol = agﬁzz a—aa/2<2> =0

It follows that |z| = a = b and hence |z| is an extreme point. By Lemma 7.1.1, z is also an extreme point, since

s(z) = |v] and 7(|v|) < oc.

Conversely, suppose 2 € By is such that there is no p € P(A)f such that |z| = m. To show that x is
not an extreme point, we will adapt the corresponding part of the proof of [4, Theorem 4.1] to the semi-finite
setting. Let {e(\)}rer+ be the spectral projection family of |z|, i.e. e(\) = €l®/([0,)]). We show that we can
choose A > 0 such that

(A.1.19) 2(Jz]e(A) + Aet (V)| =1.

Loyt

Let gx(t) := t.X[0,] + A-X(n,00) and f(t) :=t. Then gx(|z[) = |z[e(A) + Aet(X). Note that 0 < g, (t) T f(¢), for
all t > 0. Therefore g, (|x|) T f(|z|) = |z|, by Proposition B.2.5(4). Tt follows that, as n — oo,

(A.1.20) | gn(lz])|

o, Tl =1,

by Remark 1.6.5. Furthermore, g,/,(t) — 0 for all £ > 0 and so g/, (|z|) 90 by Proposition B.2.5(3). It

follows that gy /,,(|2[) | 0 as n — 00. L, 1(7) has order continuous norm and so

(A.1.21) lgr/m(2Dll,, + 0
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We show that p: A ||ga(|z] is continuous. Suppose v > 0 and ()5, is such that A, 1. Then

)HLw,l n=1

0<grn.ty T gy(t) forallteo(lz])

= 0<gx,(

z))]

It follows that p is continuous from the left. If (A,)5%, is such that A, | ~, then gx,(¢t) — g,(¢t) for all

t > 0 and so gx, (Jz|) =g g~(|z|), by Proposition B.2.5(3). Since {gx, (]z])} is also decreasing, it follows that

L 1 0. Therefore

z]) 1T gy(|z]) by Proposition B.2.5(4)

= p(\) = [lon, (2D, . T llga(2Dll,, , =p(y) by Remark 1.6.5

9, (|z]) = g5 (|x]) L 0. Ly 1(7) has order continuous norm and so ||gx, (|z[) — g-(|=])|

pOn) = llar (Dl , + v (2Dl = P()

and hence p is continuous from the right. Using (A.1.20) we can find a A\; > 0 such that p(A\;) > 3;
(A.1.21) we can find a Ay > 0 such that p(\s) < 1. Since p is continuous, there exists a A > 0 such that

2
|z]e(A) + Aet (V)] = p(A\) = 3. Using this A we obtain ||2(|z|e()) + Ae-(N))|| = 1, as desired.

using

Ly,

Fix A as above and let 1 = 2(|z|e(A) + Aet (X)) and x5 = 2(|z| — 221). Then |z| = (21 + 22) and
z2 = 2(Jz] = (|zle(A) + AeT(A))) = 2(|zle (A) = Aet(A)

We show that [|lza||, = 1. Tet f(£) = (= A)-X(x00)(t) and g(t) = £.x(0,x (£) + A-X(r,00) (£). Then z1 = 2g(|z)
and xo = 2f(|z|). Furthermore, by Proposition 1.4.4, sy = f(iz) = (W2 — )‘)'Xuﬂ(k,oo)' Similarly,
Hg(jz) = “'””"X%T[W + )\.XH;‘()\’OO). It follows that

ter(lal) + tg(el) = f(2) + 9(1e) = tle) = Be(ah)+£(2)

Therefore H|x\HLwl = HJ'"(|31:\)HLW1 + Hg(\x|)HLw,l, by Lemma A.1.1. However,

9Dl , = 2lall,,, =2
using (A.1.19), and ||x||Lw = L. It follows that | f(| = 1 and hence ||3:2HLw =1L

)HLw,1 -2

Next, we show that z7 # x5, using a proof by contradiction. Assume that 27 = 5. Then |z| = 1, since
x| = (21 + x2). It follows that

jzle(X) = z1e(N) = 2(|zle(A) + Aet (A))e(A) = 2lzle(N)
This implies that |z|e(A) = 0 and hence |z| = 21 = 2(0 + Ae(A) = 2Ae*(A). Furthermore, |||z]|| = Hx1|| =1
and so

1=A;wwwm:A (0o (B)dE = 225 (7(e - (A))).

This implies that 2\ = m and therefore

1
b(r(et(N))

This is a contradiction and so z1 # xo. Therefore, |z| is not an extreme point.

et (\).

|z =

In the finite setting, it would follow immediately from Lemma 7.1.1, that z is also not an extreme point.
We have to do a little more work to show that x is not an extreme point. Let « = v|z| be the polar decomposi-
tion of z. We have that || = (21 + #2) and so @ = §(vz1 4 vas). Furthermore, v is a partial isometry and so
||m:1||Lwy1 < H:z:1||Lw,1 = 1 and similarly ||m:2||Lwy1 < 1. Note that v*v = s(z) = r(|z]), by Remark B.1.31 and

SO

vioay = r(|z))z = 2r(|x|)<|x\e()\) + Aei(x)) - 2(\x|e()\) + Aei@)) =,
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We can similarly show that v*vze = x5. Since we also have that x; # za, a simple proof by contradiction
shows that vz, # vrs. It follows that z is not an extreme point. In terms of proving the converse, we have
therefore shown that if x is an extreme point, then |z| = m for some p € P(A)f. If this is the case, then by
Proposition B.2.13 there exists a unitary operator u such that z = u|z|. Since up € V(A) and 7(p) = 7(|up|),

we have that z = —r for some v € V(A) with 7(|v]) < cc. O



APPENDIX B

Supplementary results

We include here results referenced in the text. In those instances where results have been adapted from

those in the literature, short proofs have been included (unless the proof is particularly straightforward).

B.1. von Neumann algebras

In the main body of the text, many standard properties of the weak- and strong-operator topologies, spectral
theory, order structure of von Neumann algebras, projections and partial isometries have been used. For ease
of reference those have been included here. Unless stated otherwise, we will use A to denote a (general) von
Neumann algebra. Certain of the results to be mentioned hold more generally for C*-algebras, but since we do

not require this increased generality, we will not distinguish such results.

B.1.1. Topologies. We start by listing some of the properties of the weak and strong-operator topologies
and discussing certain notational conventions employed in the text. Recall that the strong operator topology
(SOT) is the locally convex Hausdorff topology on B(H) generated by the family of semi-norms {p¢ : { € H},

where

pe(z) = HacfHH, x € B(H)
and the weak operator topology (WOT) is the locally convex Hausdorff topology on B(H) generated by the
family of semi-norms {p¢ ,, : §£,n € H}, where

peq(a) = [(z&m) |,  x € B(H).

PROPOSITION B.1.1. [23, p.115,116] Suppose H is a Hilbert space.

(1) The strong operator topology on B(H) is a vector topology, i.e. addition and scalar multiplication are
SOT-continuous

(2) Multiplication is separately continuous in the strong operator topology and jointly continuous, provided
that the first variable is restricted to a bounded set.

(3) However, when H is infinite dimensional, neither of the mappings

(y,z) — yx

r — ¥

is SOT-continuous in general. The latter mapping is, however, SOT-continuous on the set of normal

elements.
PROPOSITION B.1.2. |25, p.207| The mapping of x — x* of B(H) into B(H) is weak operator continuous.
PROPOSITION B.1.3. [23, p.116] Closed balls of B(H) are complete in the strong operator topology.

REMARK B.1.4. We make a brief comment regarding the notation to be used when dealing with joint SOT-
continuity. Let (B(H)) = {z € B(H) : ||z|| < k}. Suppose {za}aca € (B(H))x is such that zq G x e
(B(H))y, and {yg}pep C B(H) is such that yg ar y € B(H). Let D := A x B and define a relation < on D

121
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by setting (o, 8) < (o/, ') if and only if @ < o/ and f < . Tt is easily checked that D equipped with this
relation is a directed set. Let U be a SOT-neighbourhood of zy. Since multiplication is jointly SOT-continuous,
provided the first variable is restricted to a bounded set, there exists a SOT-neighbourhood V' C (B(H))j, of
and a SOT-neighbourhood W C B(H) of y such that 2’ € V and 3y’ € W implies that «'y’ € U. We have that
Ta 59T & and so there exists an ag € A such that o > « implies that x, € V. Similarly, there exists a 8y € B
such 8 > By implies that yg € W. It follows that for («, 8) > (a0, So), we have (z4,y3) € V x W and hence
zqys € U. Therefore

SOT lim =xz,y3 = zy.
(aBeD Yp Y

We will usually omit these details and write
Tolg — TY
or
limz,ys = zy.

If {za}aeca € B(H) is such that z, Glre B(H) and {ys}secp C B(H) is such that yg Gy € B(H), then we

will similarly write
sSoT
To+yYs — T4y

and omit the details regarding the indexing of this net.

B.1.2. Order structure. Next, we list some of the properties of the cone of positive operators AT, discuss
some of the relationships between the order structure and the norm on A, and demonstrate the relationship
between the SOT-convergence of an increasing net of self-adjoint elements and the existence of a supremum of

such a net.

THEOREM B.1.5. [23, p.245] A™" has the following properties.

(1) AT is closed (with respect to the norm topology) in A
(2) Ifa,b € AT and ab = ba, then ab € AT
(3) Ifae AT and —a € AT, then a = 0.

PROPOSITION B.1.6. [23, p.246] If x is a self-adjoint element of A, then
|z]| 1 £z >0.
PROPOSITION B.1.7. [23, p.250] Suppose x and y are self-adjoint elements of A. If —x <y < z, then
[yl < 1]

LEMMA B.1.8. [23, p.307] Suppose {xr}rea C A is an increasing net of self adjoint operators. If there
exists a k > 0 such that xx < k1 for all X\, then there exists an © € A°* such that x) SOT o and z is the least

upper bound of {x}xen.

COROLLARY B.1.9. If {zx}xea C A is an increasing net of self adjoint operators such that xx 1T x for some
x € A%, then x) 59T 4. If {ys}rea € A is an increasing net of self adjoint operators such that yy 59T y for
some y € A%, then yx Ty
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B.1.3. Spectral theory. We present some well-known properties of the spectrum of a normal element,

present, the Spectral Theorem for bounded self-adjoint operators and discuss some consequences of this result.

THEOREM B.1.10. [23, p.271] Suppose x is a normal element of A. Then
(1) z is self-adjoint if and only if o(x) C R.
(2) z is positive if and only if o(z) C RT.

(3) x is unitary if and only if o(x) C {t € C: |t| = 1}.

(4)

4) x is a projection if and only if o(x) C {0,1}.

THEOREM B.1.11 (Spectral Theorem for bounded self-adjoint operators). [23, p.310,311] If x € A%%, then
there exists a bounded resolution of the identity {e(\)}aer such that xe(\) < Xe()) for each A, Ae(A)+ < zhe(N\)*
for each \ and

x = Ade(N)

=l

in the sense of norm convergence of approximating Riemann sums; and x is the norm limit of a sequence of

finite linear combinations of orthogonal projections of the form e(N') — e(X).

REMARK B.1.12. Let G denote the set of all finite linear combinations of mutually orthogonal projections
in P(A). If x € A%, then it follows from the Spectral Theorem that there exits a sequence (z,)52; C G** such
that z, 2> z; s(xy,) < s(x) for all n € NT; and the x,,’s commute with each other and with z. Note that if, in
addition 7(r(z)) < oo, then x,, € G} for every n € N*, where Gy denotes the set of all finite linear combinations
of mutually orthogonal projections in P(A)/, i.e. if z € F(7)%, then there exists a sequence ()32, C g
such that z, 2 z; s(zy,) < s(x) for every n € NT; and the z,,’s commute with each other and with x. It also
clear that in either case the sequence will consist of positive elements if x is a positive element, since in this case
o(x) C[0,00).

Any linear isometry defined on a dense subspace of a normed space into a Banach space has a unique
extension to a linear isometry on the whole space. Using Remark B.1.12, it is easily checked that the argument

employed to prove this can be modified to obtain the following two results.

ProOPOSITION B.1.13. Suppose A and B are von Neumann algebras. Let G denote the set of all finite linear
combinations of mutually orthogonal projections in A. If T : G5* — B is isometric on G** and real linear on
commuting elements of G*¢ (i.e. T(ax + By) = oT'(x) + BT (y), whenever a, B € R and x,y € G5* are such that
xy = yx), then T can be extended to A** in an isometric fashion and this extension is real linear on commuting

elements of A%®.

PROPOSITION B.1.14. Suppose (A,T) is a semi-finite von Neumann algebra. Let G; denote the set of all
finite linear combinations of mutually orthogonal projections in P(A)f. If T : g;a — B is isometric on g;za and
real linear on commuting elements of Q;a, then T can be extended to F(7)°® in an isometric fashion and this

extension is real linear on commuting elements from F (7).

REMARK B.1.15. Note that if 7" is an isometry from G** (or G3*) into B°* and is real linear on commuting

elements, then the extension also maps into B*¢, since B is closed in B.

B.1.4. Projections. Recall that projections are the self-adjoint idempotents in B(H). We list among
others, properties of orthogonal projections, central projections and projections in non-atomic von Neumann

algebras.

ProprosITION B.1.16. [6, p.40][23, p.110,111] Suppose p,q € P(A). Then
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(1) p+q€P(A) if and only if pg =0

(2) pq € P(A) if and only if pg = qp

(3) pg =p if and only if p < q

(4) pVg=p+q—pq and pAq=pq, if pg=qp

Recall that if € A, then z(z) denotes the central support projection of x, i.e. z(z) = 1 — p, where p is the

supremum of all central projections g € A such that gz = 0.
PROPOSITION B.1.17. [23, p.333] If {px}ren is a family of projections in A and p = \/\/pA, then z(p) = \){z(p,\).

PROPOSITION B.1.18. [24, p.403] Two projections p and q in A have non-zero equivalent subprojections if
and only if z(p)z(q) # 0.

PROPOSITION B.1.19. [23, p.112] If {pr}rea is an increasing net of projections, then py 59T VDa.

Recall that if p,q € P(A), then p ~ ¢ if there exists a partial isometry v such that v*v = p and vv* = q.

Next we list some properties of this relation.

PROPOSITION B.1.20. [24, p.402, 445][15]
(1) ~ is an equivalence relation on P(A).
(2) If z € A, then r(z) ~ s(x)
(3) If x € A, then r(z) ~ r(z*)
(4) If p,q € P(A), then
pVqg—q~p—pAg
and sop 3 q- if pAqg=0.
(5) If p~q and r is a central projection, then rp ~ rq.

(6) If p and q are finite projections and p ~ q, then p~ ~ q*-

PROPOSITION B.1.21. [15] Suppose A can be equipped with a trace T and let p,q € P(A).

(1) If p ~ q, then 7(p) = 7(q) and, in particular, 7(s(z)) = 7(r(z)) for any x € A.
(2) Ifp 3 q, then 7(p) < 7(q).
(3) If p,q € P(A), then pVv q € P(A)

ProposITION B.1.22. Suppose A C B(H) is a von Neumann algebra.

ProoOF. (1): If |n+&|| = ||n| + ||¢]|, then

[nll” + 2Re (o, ) + [l€]]” = llnll* + 2l ]l + lie”

It follows that 0 < HnHHgH =Re(n,&) <|(n,&) | < Hn““ﬁ“ and hence Re (n, &) = (n,£), since we have a complex
number whose real part is positive and equal to the modulus of the complex number. Combining this with the

previous set of inequalities we have that

(B.1.1) (n:€) = [l [¢]l
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We can write £ in the form & = an + ¢ for some o € C and ¢ € H with ¢ L n. It follows that

(B.1.2) 0< (n,€) = (n,an +¢) = (n,am) < [Jn|[[|an]-

Furthermore, ||f||2 ={an+,an+¢) = Han“2 + ||CH2 and so
2 2 2 20 412 2 2
(ol + 1<l nll* = Nl lnl* = . < [l

using (B.1.1) and (B.1.2). It follows that HQHQ = 0 and therefore £ = an.
(2) - (5) are easily checked. O

PROPOSITION B.1.23. Suppose (p;)'_; C P(A) is a family of mutually orthogonal projections. If 0 < p < o0
and (o;)]—; C C, then

n

n
|Zaipi|p = Z|ai\ppi-
i=1

i=1
PROOF. We start by noting that

n n n
|Z%’Pi\2 = (Z%Pi)*(zaim)
i=1 i=1 i=1
n

Z|Ozi|2pi since p} = p; = p? for every i and pip; = 01if @ # j.
i=1

n n n+1
Let z = > ||?pi, Pny1 = 1= p; and a,, 1 = 0. Then the spectral measure e® of z is given by e = > Oja;|2Dis
i=1 i=1 i=1

where for any Borel set A C [0,00), jq,2(A) = 1 if |a;]* € A and 0 otherwise. Therefore

n n 00 n
|Z%’Pz‘\p — (Z|Ch‘\2pi)p/2 _ / AP/2 et — Z|ai|ppl_
i=1 i=1 0 i=1

ProposITION B.1.24. If 0 # p,q,7 € P(A) and a, 8,7 > 0, then ap + Bq = yr if and only if

p=q=r and a+p=v
or
pg=0,p+qg=r and a=p=y

PROOF. It is clear that the sufficiency part of the proposition holds. To prove the converse, we start by
showing that » = p V ¢q. Note that

(B.1.3) ner(H)t < m=0 < apn+ B =0

If the above holds and we assume that pn # 0, then —8qn = apn # 0 and so
0 < allpn||” = a (pn,n) = =B {an,n) = —B||an||* < 0.

This is a contradiction. It follows that apn + Sgn = 0 if and only if pn = 0 and gn = 0. Therefore
ner(H)t < nepH) Ng(H)" = (pVa)(H)"

This shows that 7+ = (pV ¢)* and hence r = pV q. This implies that p, ¢ < r and therefore » — p and r — q are
projections onto r(H) N p(H)* and 7(H) N q(H)=*, respectively.

Next, we show that if p # r, then r =p+¢q, pg=0=¢qp and a« = § =~. If p # r, then r — p is a non-zero
projection and hence there exists a 0 # n € r(H) such that pn =0 (using p < r). Therefore,

0 # %n =B (yrn) = B~ (apn + Ban) = qn.
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Multiplying through by ¢, we obtain
%qn =q¢*n=qn
and therefore % = 1, since qn # 0. Therefore 8 = ~. Furthermore, r # ¢, since if we assume r = ¢, then
yr = ap+ Bq = ap+7r, i.e. ap = 0, but this contradicts the fact that o # 0 and p # 0. As before, we can show
that this implies that o = . We therefore obtain vr = vp + ~v¢q. It follows that p + ¢ is a projection and hence
pq = 0 = gp, by Proposition B.1.16.
If p =r, then yr = ar 4+ Bq. Furthermore,

("Y - a)q = (’Y - Oé)’r‘q since ¢ < 7
= B¢ since (y — a)r = fq
= Bq

Therefore (v — a — 3)g = 0. Since g # 0, we obtain v = a 4+ 3. Furthermore,

q=%('yr—ap):%(’yr—ar)zrygarzr.

We finish this subsection by considering a few properties of non-atomic von Neumann algebras.

LeEMMA B.1.25. [15] Suppose (A, T) is a non-atomic semi-finite von Neumann algebra and p,q € P(A) with
p < q. If @ € R is such that 7(p) < o < 7(q), then there exists a projection e € P(A) such that p < e < q and

T(e) = a.

COROLLARY B.1.26. [15] Suppose (A, T) is a non-atomic semi-finite von Neumann algebra and 0 # p € P(A)
with 7(p) = a. If n € N, then there exists {p;}j—_; C P(A) such that 7(p;) = < for each i, pip; = 0 if i # j,

n
and ) p; =p
=1

PROPOSITION B.1.27. Suppose (A, T) is a non-atomic semi-finite von Neumann algebra with 7(1) = co. If
p,q € P(A) with pg =0 and 7(p), 7(p) < 1, then there exists p1,q1 € P(A) such that
(1) prp=0 and 1q =0, i.e pr + p,q1 +q € P(A);
(2) T(p+p1)=1=7(¢g+q1); and
@3) (p+p)lg+q)=0
PrOOF. Note that p < ¢* and ¢ < p*, since pg = 0. It follows that p*~ —¢q € P(A) and 7(p*~ —¢q) = oo, since
7(pt) = 7(1) — 7(p) = ¢ and 7(¢q) < 1. (A,7) is non-atomic and so, by Lemma B.1.25, there exists p; € P(A)
with p; < pt — g and 7(p;) = 1 — 7(p). Note that

L —q¢)g  sincep; <pt—g¢q

pig = pi(p
pi(g—q)  since g < p*

(B.1.4) =0

Furthermore, p;p = 0, since p; < p~ — ¢ < p*. By Proposition B.1.16, p; +p € P(A) and 7(p + p1) = 1. Using
(B.1.4) we have that (p + p1)g = pg + p1g = 0 and hence (p; + p) < ¢*. In a similar way to before, we can find
q1 € P(A) with ¢; < ¢+ — (p+p1) and 7(¢1) = 1 — 7(q). Note that

ap = ql¢ —(@+p)p
((p—p)  since p<q-and p<(p+p)

Il
<

= 0
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and

P+p)(g+aq) = pigi  since pg =0 =pg = piq

= pi(¢t —+m))a  since ¢ < gt — (p+p1)
(p1 —p1)@n  since py < ¢+ and p; < (p1 +p)
= 0

(]

B.1.5. Partial isometries. Recall that a partial isometry is an operator w € A with the property that
|wé]| = ||¢|| for all € in (ker (w))*, the orthogonal complement of the kernel of w. The projection onto (ker (w))*
is called the initial projection of w and the projection onto the closure of the range of w is called the final projection
of w. We present a useful characterization of partial isometries and list some of the important properties of the

polar decomposition of unbounded operators.

PropOSITION B.1.28. [24, p.400] The operator v € B(H) is a partial isometry if and only if v*v is a
projection. In this case v*v is the initial projection of v and vv* is the final projection of v, i.e. s(v) = v*v = |v|

and r(v) = vv* = |v*].
REMARK B.1.29. If w € A is a partial isometry and w > 0, then w is a projection, namely |w| = s(w).

THEOREM B.1.30. [24, p.404][45, p.5][15] Let = be a closed, densely defined linear transformation from one
Hilbert space to another. There exists a partial isometry v with initial projection r(|x|) and final projection r(x)
such that

x = vl|z|.
If x = wy, where y is a positive operator and and w is a partial isometry with initial space the closure of the

range of y, then y = (z*z)'/? and w = v.

REMARK B.1.31. [43, p.4][15] Let « be closed, densely defined operator with polar decomposition x = v|z|

and let A be a von Neumann algebra. Then

j—
=
&
m
P
o+
=
@D
=}
\.@
<
—~
&
~
Py
&
~
m
™

ProposITION B.1.32. Suppose x and y are closed, densely defined operators with polar decompositions
x =vl|x| and y = wly|, respectively. If x*y = 0 = xy*, then
) v*w =0 =ovw* and w*v =0 = wv*;
(2) s(2)s(y) = 0 = r(@)r(y);
(3) v+ w and v —w are partial isometries;
(4) |z +yl=lz|+ lyl;
(5) x+y = (v+w)(|z|+ |y|) is the polar decomposition of x +y and x —y = (v —w)(|z| + |y|) is the polar
decomposition of x — y.

(6) s(zty)=vv+ww=s(zr)+s(y)
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Proor. (1): Since zy* = 0, we have that

s(y) = r(y") < k() = (s())*.
Therefore (w*w)(v*v) = s(y)s(z) = 0 and hence
wl(w*w)(v*)]v* = whv* =0

Since ww* = r(w) and vv* = s(v*), this implies that wv* = 0 and hence

vw* = (wv*)* = 0" = 0.
One can similarly show that v*w = 0.
(2) and (3): Using (1) we have that (v + w)*(v £ w) = v*v + w*w and s(z)s(y) = (v*v)(w*w) = 0. It follows
that v*v and w*w are orthogonal projections and hence v*v 4+ w*w is a projection. Therefore, v +w is a partial
isometry, by Proposition B.1.28. One can similarly show that r(z)r(y) = 0.
(4): Tt is easily checked, using (2), that

(] + ly))? =z + Jy|*.
Furthermore,

oty = JalP+ P since sy =0 =y
= (lz] + ly})?

and hence |z+y| = |z|+|y|, since positive square roots are unique. One can similarly show that | —y| = |z|+|y|-.
(5): Note that

wHw)(zl+ ) = z+v(wwly)+w@olz)+y  since ww = s(ly]) = r(lyl) and vv = r(|z|)
= x4y using (1)
The result follows using the uniqueness of the polar decomposition of x4y and the fact that the initial projection

of v4+w is 7(|z]| +|y|). One can similarly show that z —y = (v —w)(|z|+ |y|) is the polar decomposition of x —y.
(6) follows from (5), (1) and (2). O

B.2. Trace-measurable operators

Throughout this section we will assume that H is a Hilbert space and (A, 7) is a semi-finite von Neumann

algebra. We mention some properties of affiliated operators.

PROPOSITION B.2.1. [45, p.6]
(1) If = is closed and densely defined with polar decomposition x = v|z|, then xnA if and only if v € A and
|z|n.A.
(2) If x is normal, then anA if and only if e*(B) € A for all Borel sets B C C
(3) If x is normal and xnA, then f(x)nA for any Borel function f:C — C

Next, we present two results pertaining to the order structure of the set of trace-measurable operators.

PROPOSITION B.2.2. [15] Suppose z,y € S(A,7)**. Then
(1) zy2_=0
(2) Jal = o4 +2_

(B) 0<zy,z <laf

(4) z*zz < z*yz for all z € S(A,T), whenever x <y
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(5) €"(A,00) 3 e¥(A,00), whenever 0 <z <y

(6) 271 >0, whenever x > 0 and x is invertible

(7) z*zaz 1 2*xz for all z € S(A,7), whenever x > 0 and {x}ren is an increasing net in S(A,T)°* such
that x\ T x

PROPOSITION B.2.3. [15] If 0 < z € S(A, 7)%, then there exists an increasing net {zx}rea C F(7)T such
that ) T x.

Next, we present several results related to the functional calculus.

REMARK B.2.4. Let (2,%) be a measurable space and let M(Q,Y) denote the set of all complex-valued
Y-measurable functions. If e : ¥ — B(H) is a spectral measure, then [ fde is a closed and densely defined
operator on H, for every f € M(,X) (see [6, Proposition 10.4.10]).

PROPOSITION B.2.5. [15] Suppose (A, T) is a semi-finite von Neumann algebra and x € S(A,T)%*
(1) The mapping f — f(x) is a x-homomorphism from By.(o(z)) into S(A,T).
(2) If (A, 7) is trace-finite, then f(z) € S(A, 1) for all f € B(o(x))
(3) If f € By(o(x)) and (fn)2y is a uniformly bounded sequence in By(o(z)) such that f,(t) — f(t) as
n— oo for allt € o(x), then f,(z) = = f(z).
(4) If x > 0, then fo(x) T f(x), whenever f, f,, € Bpc(o(x)) (n = 1,2,...) are positive functions such that
0 < fu(t) 1 f(t) for allt € o(x).

PROPOSITION B.2.6. [15] Let x € S(A,7)%* be fized. If T : Bp.(R) — S(A, ) is a unital x-homomorphism
satisfying:
(1) (L)—:c where 1(t) :=t for all t € R;
(2) (fn) I'(f) whenever (fr,)o2, U{f} C Bye(R) is such that f, — f uniformly on compact subsets of
R;
(3) T(fn) T T(f) whenever (f,)52 U{f} C Bu(R) are positive functions satisfying fn(t) T f(t) for all
t R,

then T'(f) = f(x) for all f € By.(R).

If « and y are closed densely defined operators, then we will write = C y if D(z) C D(y) and z£ = y¢ for all
¢ € D(x).

THEOREM B.2.7. [15] Suppose x : D(x) — H is a normal operator. For y € B(H), the following are
equivalent
(1) ye*(A) = e®(A)y for all Borel sets A C C

(2) yf(x) C f(z)y for all f € By(o(z))
(3) yxz Cxy

We note that if z,y € S(A, 7) with = C y, then x = y, (see [45, Corollary 15]) and so we obtain the following
Corollary.

COROLLARY B.2.8. Suppose A C B(H) is a semi-finite von Neumnann algebra. Let x € S(A,T) be a self-
adjoint operator. For y € B(H), the following are equivalent
(1) ye*(A) = e*(A)y for all Borel sets A C C
(2) yf(x) = f(x)y for all f € Bye(o(x))
(3) yz ==y
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ProprosIiTION B.2.9. Ifx € S(Z(A),T), then
Ty = yr Yy € A.

PROOF. Suppose x € S(Z(A), 7). Then & = 1 +ixa, where x1, 29 € S(Z(A), 7)%*. For i = 1,2, we therefore
have that e”(A) € Z(A) for all Borel sets A C R, by Proposition B.2.1(2). It follows that e” (A)y = ye™ (A)
for all Borel sets A C R, since y € A. Therefore x;y = yx;, by Corollary B.2.8, and so zy = yx. O

PROPOSITION B.2.10. Suppose z,y € S(A,T) are such that 0 < z < vy. If e*(A)e¥(B) = e¥(B)e*(A) for all
Borel sets A, B C [0,00), then
e (A, 00) < eY(A, 00) YA > 0.

ProoOF. The result is holds for =,y € B(H) (see [15]). Adapting the proof in [15] yields the desired
result. g

PROPOSITION B.2.11. Let x be a closed, densely defined self-adjoint operator on H and let x = fix;o Ade*(A)

be its spectral decomposition. If p is a projection commuting with x, then
Tp = (/ Ade”’(A))p :/ Ad(e®(A)p).

ProoF. For a closed, densely defined self-adjoint operator y, {ex}rcr is the resolution of the identity for y
if and only if yey < ey and A(1 —ey) < y(1 — ey) for all A (see [23, Theorem 5.2.3]). Let {ex}rer denote the
resolution of the identity for x. Since p commutes with x, p commutes with ey for each A, by Corollary B.2.8,
and so €} := eyp is a projection for each A. It is easily checked that {€}}\cr is a resolution of the identity.
Furthermore, for any A,

(zp)e) = preap < pAeap = Xeéj,

using zey < Aey, Proposition B.2.2(4) and the commutativity of z,p and ey. One can similarly show that
AL —e)) < (zp)(1 —¢))

and therefore {€) } cr is the resolution of the identity for zp. O
We finish this section with three general results regarding trace-measurable operators.

PRrOPOSITION B.2.12. Suppose z,y € S(A,T).
(1) If zy =0 and r(y) < s(x), then y = 0.
(2) If p is a projection such that 0 # p < s(x), then xp # 0.
(3) If z*y =0, then |z +y| = |z — y|
(4) If z is normal, then |z|?> = (Rex)? + (Imx)? and |Rez|,|Imz| < |z|
(5) z is self-adjoint if |x| = |Rex]

ProoF. (1): Assume y # 0. This implies the existence of an 1 € D(y) such that yn # 0. Since zy = 0,
we have that yn € ker (z). Furthermore, 7(y) < s(z) = k(z)* and so yn € (ker (z))*. It follows that yn €
ker (z) N (ker (z))*+ = {0}, i.e. yn = 0, which is a contradiction.

(2): Assume that zp = 0. Note that s(z) — p is a projection, since p < s(z). Furthermore,

z(s(x) —p) =xs(x) —ap=2x—-0==x.

This contradicts the fact that s(z) is the smallest projection ¢ such that zq = x (see Proposition 1.3.1) and
hence zp # 0.
(3)-(5) are easily checked. O
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ProprosITION B.2.13. If z € S(A,T) is such that 7(r(z)) < oo (or equivalently 7(s(z)) < o0), then there

exists a unitary v € A such that © = u|z|.

Proor. We start by noting that 7(r(x)) = 7(s(x)), by Proposition B.1.21, and hence 7(r(z)) < oo is
equivalent to 7(s(x)) < oo. Let 2 = v|z| be the polar decomposition of z. Let p = v*v and ¢ = vv*. Then p ~ ¢
and hence by Proposition B.1.21, 7(p) = 7(¢q) = 7(r(z)) < co. Since any trace-finite projection is finite, p and ¢
are finite projections. By Proposition B.1.20(6), p- ~ ¢*-. We can therefore find a partial isometry w € A such
that w*w = p* and ww* = ¢*. Note that, using Proposition 1.3.1 and Remark B.1.31,

and hence v*w = 0. We can similarly show that vw* = 0 and hence w*v = 0 = wv*. Let u = v + w. Then
wu=vv+o'uF+uwr+ww=p+0+0+p- =1.

Similarly uu* = 1, and hence w is unitary. Furthermore,

wlz| ws(w)r(|z|)|z] by Proposition 1.3.1 (1) and (2)

L

wpLplz| since r(|z|) = r(z*) = s(z) = p and s(w) =p

= 0

It follows that

ulz| = (v + w)lz| = vlz[ + 0 = z.

B.3. Symmetric spaces

We present some supplementary results on symmetric spaces. Throughout this section we will assume that
(A, 7) is a semi-finite von Neumann algebra. The following details some of the most significant properties of

symmetric spaces.

PrOPOSITION B.3.1. [9] |15] Let E C S(A,7) be a symmetric space. The following assertions hold:
(1) If x € S(A,7), then x € E if and only if |x| € E if and only if x* € E. In addition H:EHE = H|m|HE =

"
(2) If x € E, then Rex,Imx € FE and ||Re:z:||E, HIm:z:HE < HxHE
(3) If x € E*%, then xy,z_ € E and ||x+HE, Hx,HE < HICHE

(4) If x,y € E and piy = 1y, then HwHE = HyHE

x*

(5) If z € S(A,7) and y € E are such that |z| < |y|, then z € E and HmHE < HyHE
(6) If x € E and u € A is unitary, then HuxHE = Hz”E = qu”E
(7) If p € P(E) and q € P(A) such that p ~ q, then q € P(E) and ||p||, = ||4/ »
(8) If p € P(E) and q € P(A) such that ¢ X p, then ¢ € P(E) and HqHE < HpHE
(9) If p,q e P(E), thenpV q € P(E) and Hp\/ qHE < HpHE + HqHE
(10) ET is closed in E.
(11) If (zn)22, U{a} C E is such that x, X x, then zpa ~ za and az, 5 az foralla e A.

Next, we remark on the local integrability of singular value functions for elements in strongly symmetric

spaces.
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REMARK B.3.2. If F is a strongly symmetric space and = € F, then

t
/ pe(8)ds < o0 vt > 0.
0

ProoF. If x € E, then x € (L1 + Lo )(7), by Proposition 1.6.3(3) and so, by (1.5.2),

1
/0 ta(s)ds = HxHLH_LOC < 00.
For 0 <t <1, we have
t 1
/ 1 (8)ds S/ 1 (8)ds < oo,
0 0
since u; > 0. For ¢ > 1, we have
t 1 t 1
[ rsids = [ pslds+ [ ps)ds < [ ps)ds 4 (¢ - D) < o,
0 0 1 0
since p, is decreasing. (]

Next, we consider the conditions under which convergence in the von Neumann algebra yields convergence

in an associated symmetrically normed space.

PROPOSITION B.3.3. Suppose E C S(A,T) is a symmetrically normed space. If {z} U (z,)52; C ENA is
such that z, 2 = and s(x), s(x,) < p for all n € Nt for some p € P(A) (or r(z),r(x,) < p for all n € Nt for
B
some p € P(A)), then z, = x.

PROOF. Suppose s(z),s(z,) < p for all n € Nt for some p € P(A)! and z, A &, Note that p € E, by
Proposition 1.6.3(2). Furthermore, for n € N,

l|lzn — IHE | (2 — x)pHE since s(x), s(zp) <p

IN

Hxn - xHAHpHE since F is a normed A-bimodule and z,, —z € A

0

1

If r(x),7(z,) < p for all n € N* for some p € P(A)/, we can use # — x,, = p(r — x,,) and a similar method to

the one used before to show that x,, £ O

COROLLARY B.3.4. Suppose (A, 1) and (B,v) are semi-finite von Neumann algebras and E(7) and F(v) are
symmetrically normed spaces. If U : E — F is continuous map with respect to the norms on E and F, then
U(zy) Ty U(x), whenever (z,)52, U {x} C F(7) is such that =, A 2 and s(xy) < s(x) for all m € Nt (or
r(zyn) < r(z) for alln € NT).

PROOF. Suppose (z,)52; U {x} C F(7) is such that =, A 2 and s(xy,) < s(z) for all n € NT. Note that
x € F() implies that s(x) € P(A)f and so, by Proposition B.3.3, x,, E 2. 1t follows that U(zy) 5 U(x), since
U is continuous. Therefore U(zy,) Ty U(z), by Proposition 1.6.3(1). O

The next result provides a useful characterization of submajorization.

THEOREM B.3.5. [11, p.b9] Suppose (A, 7) and (B,v) are semi-finite von Neumann algebras. Let 3(A, B)
denote the set of linear operators T : L' + L*°(1) — L' + L*(v) such that T(A) C B, T(L*(A)) C L'(B),
||T(33)||1 < ||JCH1 for allz € L*(A) and HT(:U)HOO < Hz:”oo forallx € A. Ifx € L'+ L*>(7) andy € L' + L>(v),
then y < x if and only if there exists a T € (A, B) such that y = T(x).
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We finish this section by presenting several supplementary results regarding reduced von Neumann algebras
and associated symmetric spaces. The majority of the results presented in the first two propositions are given

in [15]; the rest are easily checked.

PROPOSITION B.3.6. Suppose A is a von Neumann algebra and p € P(A). Then

(1) the center of A, is equal to (Z(A))p

(2) A, is a factor if A is a factor.

(3) (pAp)™ =pAtp.

(4) If g € P(M) and q > p, then pAp C qAq.

(5) If v € S(A,7)" and 0 < x <y for some y € pAp, then x € pAp.

ProPOSITION B.3.7. Let E C S(A, 1) be an A-bimodule and suppose p € P(A).

(1) Suppose x € S(A, 7). Then x € pEp if and only if |x| € pEp.
(2) If x € E and y € pEp are such that |z| < |y|, then x € pEp.
(3) If x € E, then x € pEp if x = pxp.

(4)

(5)

5) If x € pEp, then s(z,) = s(z)p.

If © € pEp, then px = x = xp = pxp.

The following density result follows from the density results given in Corollary 1.6.8 and the properties of

the canonical map from pEp onto F.

PROPOSITION B.3.8. Suppose E C S(A, ) is a strongly symmetrically normed space and suppose p € P(A).
Let D,y :={q € P(A)) : ¢ < p} and g(fp) := span(Dy). If E has order continuous norm, then g(fp) is dense in
pEp and (g(fp))+ is dense in (pEp)™ = pETp.

The final result in this section is also easily checked.

PROPOSITION B.3.9. Let E C S(A, 1) be a normed A-bimodule. If p € P(A), then pEp is closed in E.

B.4. Conditional expectations

Suppose (B, 7) is a semi-finite von Neumann algebra and A is a von Neumann subalgebra of B. A positive
linear mapping E : B — A satistying E(1) = 1 and E(zyz) = xE(y)z for all 2,z € A and y € B is called a

conditional expectation from B onto A.

THEOREM B.4.1. [46, p.177] Suppose B is a von Neumann algebra acting on a Hilbert space H. If A is a
von Neumann subalgebra of B, then there exists a positive linear map E from L'(B,T) onto L*(A,7) such that

for any x,y € L*(B, 1)

(1) E(z*) = E(z)"

(2) >0 and E(x) =0 implies that x =0

(3) E(2) =z for all z € L'(A,7) and in particular E(E(z)) = E(z);

(4) E(B) = A and HE(Z)HOo < Hz”oo for all z € B

(5) E(z*)E(z) < E(2*z) for all z € B

(6) E(E(w)v) = E(wE(v)) = E(w)E(v) for w € LY(B,7) and v € B orv e L*(B,7) and w € B
@ £, < el
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REMARK B.4.2. Note that if x,2 € A and y € B, then E(z) € A C B and yFE(z) € L'(B, 7). Therefore
E(xyz) = E(E(z)(yE(2))) since z,z € A C L'(A, 1) implies that E(z) = z and E(z) = 2

E(z)E(yE(z)) by Theorem B.4.1(6)

E(z)E(y)E(2) by Theorem B.4.1(6)

= zE(y)z by Theorem B.4.1(3)

Furthermore F(B) = A, by Theorem B.4.1(4) and E(1) = 1, by Theorem B.4.1(3), since 1 € L'(A, 7). It follows
that E is the extension of a conditional expectation from B onto A. We will therefore call £ a conditional
expectation from L'(B,7) onto L'(A, ).
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Symbols

Ap: reduced von Neumann algebra 15
(A, 7): semi-finite von Neumann algebra A equipped with a (distinguished) faithful normal semi-finite

trace 7 3

B(H): set of bounded linear operators on H 2

B(o(z)): Borel measurable functions on the spectrum of x 4

By(o(x)): bounded Borel measurable functions on the spectrum of z 4

Bye(o(x)): compactly bounded Borel measurable functions on the spectrum of x 5
B(G): Borel subsets of G 5

cg: carrier projection of an A-bimodule F 12

C,: composition operator induced by ¢ 19

dy: distribution function of f 1
D(x): domain of the closed densely defined operator = 4

E(0,00): Banach function space of (equivalence classes of) functions on the positive real line 9
E(7): non-commutative space generated by E(0,00) 11
E*: Kothe dual 12

f*: decreasing rearrangement of f 1
f < g: f submajorized by g 7
F(7): set of z in A with 7(r(x)) < 00 4

Im (z): imaginary part of z 4

I4: Orlicz modular 10
k(x): projection onto the kernel of = 4

L1 N Loo(p): intersection of Ly (p) and Loo (i) 9

Ay (p): Lorentz space 10

L, 1(p): Lorentz space 9

Ly(p): Orlicz space 10

Ly + Loo(pr): sum of Ly(p) and Loo () 9

Lo(p): set of (equivalence classes of) complex-valued measurable functions on € 1

Loo(p): set of (equivalence classes of) complex-valued measurable functions on 2 that are bounded except

possibly on a set of finite measure 1
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Symbols

Mz multiplication operator induced by f 2

P(A): projections in A 2

P(A)/: projections in A with finite trace 3
P(E): projections in E 12

p ~ q: similar projections 3

p =2 q: p similar to a subprojection of ¢ 3
Re (x): real part of x 4

r(x): projection onto the closure of the range of x 4

1o singular value function of x 6

s(z): support projection of x 4

T,: linear map induced by regular set isomorphism »n 17
S(A,7): T-measurable operators affiliated with A 4
Sc(A, 7): compact T-measurable operators affiliated with A 5

Tm: topology of convergence in measure 6

V(A): partial isometries in A 2
V(A)/: partial isometries v in A with 7(|v|) < oo 3

xnA: z affiliated with A 4
T < y: x submajorized by y 7

xx Tx: {zx}rea is an increasing net with supremum z 3

Z(A): center of the von Neumann algebra A 2

z(x): central support projection of x 4
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